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ABSTRACT 

Nowadays, the use of the Computational Fluid Dynamics (CFD) allows to analyse fire 

scenarios otherwise expensive to conduct experimentally or too complex to assess with 

analytical solutions. During the assessment of fire structural resistance and of occupants’ 

life safety, the study of the fire plume and its ceiling jet is a critical task. Here, a test case 

concerning these two flows is numerically addressed using the LES code Fire Dynamics 

Simulator (FDS).  

The aim of the thesis is to gain an insight into the physics of the time and length 

scales of the two flows, with regard to the characteristics of the code, its turbulence solver 

approach and the choice of the grid. To this aim, a spectral analysis is discussed in both 

the frequency and wavenumber domains for three different grids. If the spectral analysis 

in the frequency domain simply involves the use of the Fourier Transform, in the 

wavenumber domain the methodology to obtain the spectra is more challenging due to 

some limitations in the use of the direct method or in the Taylor’s hypothesis for the fire 

related flows: inhomogeneous turbulence, high turbulence intensity and lack of a large 

number of points closely spaced. We present a viable alternative using the 

Inhomogeneous Wave Correlation (IWC) method, which looks for the 

frequency/wavenumber correlation, avoiding physical models and their limitations. 

Special care in the spectral analyses is given to assess the influence of the implicit filtering 

used in FDS, the quality of the grids and the power law in the inertial subrange of the 

spectra.  

The analyses show that for the test case the inertial sub-range of the specific 

turbulent kinetic energy spectra follows the Kolmogorov power law. The use of the 

coarser grid, even following the rule of thumb proposed by the FDS user guide, brings to 

a restricted extension of the inertial sub-range for the plume, and to grid dependent results 

for the ceiling jet. For our plume and its ceiling jet, practical rules able to predict the 

cutoff frequencies and wavenumbers in the spectra are developed. The IWC method 

allows to obtain a correlation between the frequencies and wavenumbers that is not in 
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agreement with the Taylor’s hypothesis for both the flows. Thus the phase and group 

velocity do not coincide. Furthermore, the IWC method has the attractive advantage of 

pointing out the differences in the turbulence dissipation behaviour between the fire 

plume and the following ceiling jet.  



SOMMARIO 

L’applicazione della termo-fluidodinamica numerica (CFD) all’ambito della Fire Safety 

Engineering consente di analizzare scenari di incendio altrimenti eccessivamente costosi 

da riprodurre sperimentalmente o troppo complessi da valutare con soluzioni analitiche. 

La valutazione della resistenza delle strutture e dell’incolumità degli occupanti in caso di 

incendio verte principalmente sullo studio di due moti: il plume e il ceiling jet. In questa 

tesi, si è affrontato un caso di studio riguardante proprio tali moti utilizzando il codice 

Fire Dynamics Simulator (FDS), il quale adotta per la turbolenza la formulazione Large 

Eddy Simulation (LES). 

Lo scopo della tesi è quello di analizzare le scale temporali e spaziali dei due moti, 

tenendo in considerazione le caratteristiche del codice numerico, il suo approccio alla 

turbolenza e la scelta della griglia. A tale scopo, si è eseguita un'analisi spettrale sia nel 

dominio delle frequenze che in quello dei numeri d'onda su tre griglie differenti. L'analisi 

spettrale nel dominio delle frequenze prevede semplicemente l'uso della trasformata di 

Fourier, mentre nel dominio dei numeri d'onda le metodologie per ottenere tali spettri 

sono più impegnative. L’impiego diretto della trasformata di Fourier sui dati spaziali 

richiede, per ottenere risultati soddisfacenti, che i dati siano ottenuti in punti molto 

ravvicinati tra di loro, mentre l'adozione dell’ipotesi di Taylor è limitata a moti con 

turbolenza omogenea ed a bassa intensità di turbolenza, condizioni generalmente non 

soddisfatte nei moti tipici dell’incendio. A fronte di tali criticità, in questa tesi, si è 

riconosciuta come valida alternativa l’utilizzo del metodo Inhomogeneous Wave 

Correlation (IWC), che individua la correlazione frequenza/numero d'onda, evitando 

modelli fisici e le rispettive limitazioni. Le analisi spettrali sono state svolte ponendo 

particolare attenzione sull'influenza della filtrazione implicita di FDS sugli spettri, sulla 

qualità delle griglie e sulla legge di potenza nel sub-range inerziale negli spettri. 

Le analisi eseguite hanno dimostrato che, per il nostro caso il sub-range inerziale 

degli spettri dell’energia cinetica turbolenta specifica segue la legge di potenza di 

Kolmogorov. L'uso della griglia più lasca, pur seguendo la regola pratica proposta dal 
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manuale di FDS, ha portato, nel nostro caso, ad un’estensione ristretta del sub-range 

inerziale degli spettri relativi al plume, e a risultati grid-dependent per il ceiling jet. Per 

entrambi i moti si sono sviluppate regole pratiche in grado di prevedere le frequenze e i 

numeri d'onda di cut-off negli spettri. Il metodo IWC ha consentito l’ottenimento di una 

correlazione tra frequenze e i numeri d'onda, che si è rivelata non essere in accordo con 

l'ipotesi di Taylor con la conseguenza che le velocità di fase e di gruppo non coincidono. 

Inoltre, il metodo IWC ha dimostrato l'interessante vantaggio di evidenziare le differenze 

tra plume e ceiling jet in termini di dissipazione della turbolenza. 
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H number of points for the discretization in the direction x1 (-); 

HRR’ heat release rate per unit length (kW/m); 

HRRPUV heat release rate per unit volume (kW/m3) 

I turbulence intensity (-) 

IWC Inhomogeneous Wave Correlation; 

J number of frequency step (-); 

k wavenumber (m-1); 

K number of time step (-); 

L hydraulic diameter of the burner (m); 

LH flame height (m); 

n versor normal to the considered plane having surface S 
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PSD Power Spectral Density; 

psd half of the sum of the PSDs of the fluctuating velocity component 

(m2/s); 

q"' specific heat release rate (kW/m3) 

Q number of points for the discretization in the direction x2 (-); 

Q maximum heat release rate (kW); 

Q* non dimensional heat release rate (-); 

r  the pointing vector centred in the source of the signal 

R two times correlation function of the fluctuating velocity components 

(m2/s2); 

Re Reynolds number (-); 

S surface (m2) 

t time (s) 

T temperature (K); 

tke turbulent kinetic energy (m2/s2); 

TKE Fourier Transform of the turbulent kinetic energy (m2/s2); 

u velocity vector (m/s); 

𝑢 velocity components (m/s); 

U time-averaged velocity components (m/s); 

V group or phase velocity 

u velocity component fluctuations (m/s); 

w generic signal (-); 

W Fourier Transform of the generic signal w (-); 

x component of the position vector (m); 

Greek Symbol 

x uniform grid size (m); 

 filter size size (m); 
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 second coefficient of the McCaffrey analytical model; 

 first coefficient of the McCaffrey analytical model; 

 kinematic viscosity (m2/s2) 

  carbon dioxide concentration fraction (-); 

 air density (kg/m3); 

 inhomogeneous general wave; 

Subscript 

1,h discrete along the direction x1; 

2,q discrete along the direction x2; 

3, d vertical stream-wise direction of the dissipative wavenumber; 

3,m discrete along the direction x3; 

3, n vertical stream-wise direction of the position vector, related to a sector 

of annulus; 

3, p vertical stream-wise direction of the propagative wavenumber; 

3, d discrete along the direction x3 for the flame height calculation; 

Alpert calculated with the Alpert’s model; 

bulk bulk average; 

c lower limit of the of the attenuated region; 

cj ceiling jet 

CO2 derived from the carbon dioxide concentration along the x1-axis; 

CO2,D carbon dioxide concentration along the x1-axis at the characteristic 

length scales; 

CO2,min minimum value of carbon dioxide concentration along the x1-axis; 

CO2,max maximum value of carbon dioxide concentration along the x1-axis; 

d dissipative 

fc upper limit of the attenuated region; 

FDS derived from the cutoff defined by the FDS User Guide; 

FDS/2 derived from the cutoff defined by the FDS, and divided by 2; 

g group 
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h hydraulic 

i direction of the axis (1,2,3); 

IWC calculated with the correlation law; 

j discrete in frequency; 

k discrete in time; 

L,m discrete along the longitudinal direction; 

L,p longitudinal direction, propagative; 

L,d longitudinal direction, dissipative; 
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McCaffrey calculated with the McCaffrey’s analytical model; 
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p propagative; 
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/2 divided by the factor /2; 

 far field; 



Chapter 1 

INTRODUCTION 

In events of fire in civil or industrial buildings, fire “plumes” of hot gases, soots and 

aerosols, produced by the incomplete burning of combustibles in fire sources, rise by 

buoyancy. When the hot gases and the incomplete combustion products of a plume 

impinge on a horizontal ceiling surface, they deviate, flow along the ceiling, and the 

plume turns into a “ceiling jet” [1-5]. The study of this configuration is necessary during 

the assessment of fire structural resistance and of occupants’ life safety. Fire plumes and 

ceiling jets are usually characterised by reacting flows, turbulence, and buoyancy and 

hence are complex phenomena.  

In the plume, over the fire source, a buoyancy force driving upwards the combustion 

products is induced by the temperature difference between flame and surrounding air, the 

“smoke plume zone” [1]. This typically shows a truncated cone pattern starting from the 

source of the fire (Morton [6]). The region around the plume, where the flow interacts 

with the solid ceiling, is named “turning zone” (Alpert [7]). As the flow moves away from 

the impingement area, the ceiling jet begins [8]. It consists of a flow of hot combustion 

products in the shallow layer below the ceiling surface, driven by the momentum of 

flowing products moved by buoyancy. In flows of practical interest, both plume and its 

ceiling jet are turbulent. 

The open source CFD code “Fire Dynamics Simulator” (FDS in the following) is 

commonly used for the numerical modelling of these flows. The code is characterized by 

a turbulent LES solver able to show the evolution of flames and smoke and their turbulent 

nature. The LES approach allows to resolve the larger eddies and to model the finer ones. 

Except for the explicit filtering, the resolved scales are proportional to the dimension of 

the cells: the finer this size the finer the solved scale. This means that to solve highly 

turbulent flows, characterized by large and small characteristic dimensions connected by 

an extended inertial sub-range, and to show a significant number of turbulent structures, 
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a large number of cells and of time steps (FDS uses an explicit time solver) is needed. It 

is therefore important to understand where to place the bound between resolved and 

modelled turbulence.  

1.1 SPECTRAL ANALYSIS IN A LES FRAMEWORK 

Significant information on the bound between resolved and modelled turbulence in a LES 

code can be obtained with a spectral analysis of the specific turbulent kinetic energy (tke 

in the following) [9]. To gain an insight about the study of the spectra obtained by using 

the results of a LES code, an overview of the spectral analysis in turbulence, and the 

influence of the LES approach on the spectra are briefly described in Par 1.1.1 and Par 

1.1.2, respectively. 

1.1.1 Spectral Analysis of Turbulent Flows 

At high Reynolds number the dynamics of flows is described by the existence of a vast 

number of length-scales, some of which play a specific role in the elucidation of these 

turbulent flows. In these flows a wide range of length scales occurs, bounded from above 

by the size of the flow field and from below by the diffusive effect of the viscosity [10]. 

The observation that a broad range of eddy sizes exists, and that dissipation is associated 

mainly with the finest eddies, led Richardson [11] to introduce the concept of the energy 

cascade for high Reynolds turbulence. Richardson’s hypothesis states that, in a turbulent 

flow, the tke is continually passed down from large-scales to small scales, at which it is 

dissipated by viscous stresses. The Author [11] considered it as a multi-stage process 

involving a hierarchy of vortex sizes.  

A further major feature of the turbulent flows is the randomness. This makes the 

application of a deterministic approach to turbulence problems impossible because of the 

difficulty to describe all the individual time variations in the parameter of interest such as 

velocity, pressure or temperature. Thus, the only possibility in the theory of turbulence is 

an approach based on a statistical elucidation [12]. Many of the fundamental ideas in the 

statistical theory of turbulence were formulated already in the 30’s by Taylor. The Author 
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introduced the application to the turbulence of the concept of the “two points correlation 

function” at a certain time, between the fluctuating velocity components in a point and in 

the surroundings points, and its Fourier transform [13] (see Eq (A.1) in the Appendix A 

for more details). The “two points correlation function” allows to describe the evolution 

of a fluctuating function in order to know how the values at different locations are related. 

In the 1940s the statistical theory of turbulence was the subject of Kolmogorov’s research 

[14-16] assuming homogeneous and isotropic turbulence. Kolmogorov’s theory asserts 

that the statistical properties of the small scales depend only on the kinematic viscosity 

and on the rate at which energy is passed down the energy cascade. Furthermore, this 

theory states that, at high Reynolds numbers, the small scales are statistically isotropic 

and have structures, which are statistically universal [12].  

The most used statistical tool for the turbulence elucidation is the spectral 

analysis [17]. In Taylor’s paper [13], the Author also introduced the spectral 

representation of turbulence. In particular, He introduced the Fourier Transform 

of the “two point correlation function”, named Power Spectral Density (PSD) in 

the wavenumber domain (see Eq. (A.2)). The analysis proposed by Taylor 

[13] in the space domain can be performed, analogously, for the time domain. In

particular, the “two times correlation function” can be calculated in a point, between 

the fluctuating velocity component in an instant and in the other instants and its 

Fourier Transform is named PSD in the frequency domain (see Eqs. (A.3, A.4)). 

The spectral analysis in the turbulence framework can be applied to many different 

variables, such as pressure, velocity, temperature or directly to tke (see Eq. (A.5)). One 

of the applications of the spectral analysis consists in the direct use of the Fourier 

Transform to the time history of the tke (see Eq. (A.6)), which allows to obtain a complex-

valued function of frequency, whose magnitude represents the amount of that frequency 

present in the original tke time history, and whose argument is the phase offset of the 

basic sinusoid in that frequency. This application of the Fourier Transform to the time 

history of tke is not the only tool to investigate the tke properties. Thus, in the time domain 

framework, a spectrum is calculated (psd(f) in the following) that is the sum of the PSDs 

of the fluctuating velocity components multiplied by 0.5. The most important property of 

this spectrum regards its integral, which is the time-averaged tke. In the space domain, a 
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further spectrum can be calculated as explained in several textbooks [10 -11], and it is 

named ‘three-dimensional spectrum’. The use of the ‘three-dimensional spectrum’ is not 

widespread due to its limitations to isotropic and homogeneous turbulence. For this 

reason, one-dimensional spectra are usually preferred, limiting the separating vector 

between the two points of the correlation function to one single direction. 

Each of the above mentioned spectra may be divided into three ranges of 

frequencies or wavenumbers [10]:  

 the energy-containing range,

 the inertial sub-range

 the dissipation range.

The energy-containing range shows the behaviour of the larger eddies that are 

characterized by anisotropy. Here, the larger eddies supply energy to the finer eddies and 

there is no viscous dissipation.  

The inertial sub-range and its fundamental features were brought to light thanks to 

the pioneering work of Kolmogorov [14-16]. Kolmogorov demonstrated with the 

hypothesis of homogeneous and isotropic turbulence that when the Reynolds number is 

large enough, in a locally isotropic range of length scales named inertial sub-range, the 

statistical functions depend only on the dissipation rate and on a particular power law of 

frequency or wavenumber. It can be noted that the inertial sub-range has a 1/fpower law 

(or 1/k in the wavenumber domain) dependence, which is typical of the fractal 

phenomena such as the one happening in the energy cascade, as described by Mandelbrot 

[18]. In particular the psd(f), the three dimensional spectrum and the one dimensional 

spectrum follow the “-5/3 power law”. The “-5/3 power law” is often attributed to 

Kolomogorov because it is an immediate consequence of his studies [14-16] on the so-

called “structure function” which has a 2/3 power law. The “-5/3 power law” was not 

explicitly written in Kolmogorov’s first turbulence paper. It was found for the first time 

in Obukhov’s paper [19], but this theory was actually independently discovered during 

the same period, by different famous scientists. Therefore, at the end of 1945 Heisenberg 

[20] and von Weizsacker [21] developed a closure theory of fully developed turbulence

quite similar to that of Obukhov, which also leads to the “-5/3 power law” for the psd(k). 

Onsager arrived at the “-5/3 power law” by considering the energy cascade and 
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requesting, like Kolmogorov, the dependence only on the wavenumber and on the energy 

dissipation rate [22]. A detailed history of the discovery of the “-5/3 power law”, can be 

found in the paper of Battimelli and Vulpiani [23].  

The tke spectrum has an inertial sub-range also characterised by a 1/fpower law 

dependence. For the tke spectrum, the inertial range follows a “-2/3 power law” (see 

Appendix C). A further consequence of Kolmogorov’s studies is that, for any given kind 

of turbulent flow, it is well known that this locally isotropic, inertial subrange should be 

broader in frequency or wavenumber as the Reynolds number increases [24]. 

Finally in the dissipation range, the small-scale eddies are affected by viscous 

forces, and it is there, ultimately, that turbulent energy is dissipated. 

1.1.2 Large Eddy Simulation and Filtering Approach 

The concept expressed by Kolmogorov [14-16] with reference to the statistical properties 

of the small scales, which at large Reynolds number are statistically isotropic and have 

structures which are statistically universal led to the invention of the Large Eddy 

Simulation (LES in the following). 

The LES is a mathematical approach for turbulence modelling used in 

computational fluid dynamics, originally applied by Smagorinsky [25] in 1963. While in 

the Direct Numerical Simulation approach all the turbulent scales are resolved (the grid 

is finer than the finest turbulent eddy), in LES the aim is to resolve only the large energy-

carrying scales, and to model instead the effect of the small scales of turbulence. Since 

the small scales tend to be more homogeneous and universal, their models can be simple 

and require fewer adjustments when applied to different flows than for the larger scales 

[26]. 

The partition of the scales in large resolved scales and the small non-resolved ones 

is formally achieved by applying a spatial filtering operator to the Conservation 

Equations. For a generic scalar field containing all the scales, the filtered variable that 

“captures” the resolvable-scale is the integral over the entire domain of the product 

between the scalar field and a function named “filter function” (or filter kernel), which 

depends on the spatial coordinates and on a length scale also defined as “filter width”. 

This integrating operation to obtain the filtered variable is intended to be a low pass 
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filtering in the wavenumber domain, and allows us to decompose the generic scalar field as 

a sum of a function representing the resolved large-scale and a further function 

representing in LES the unresolved component that is obtained, instead, through the 

models [27-28]. 

For the small scales, different models, named sub-grid scales models, have been 

developed, usually imposing an eddy viscosity model to provide dissipation. The 

Smagorinsky model [25], the Dynamic Smagorinsky model [29-30] the   Deardorff models 

[31] and the Vreman model [32] are some of the most used sub-grid scale models, to

mention just a few.

Before proceeding we have to distinguish between two types of filtering in LES: the 

explicit and the implicit filtering.  

In the explicit filters, the filter function is directly specified and can be of different 

kinds: gaussian, top-hat, sharp cutoff, to mention just a few (see [27] for a detailed 

description). 

In the implicit filtering approach, the one originally used at the beginning of the 

LES approach [25-26], the filtering operation is not invoked. Instead, it is based on 

numerically solving the Navier-Stokes Equations with the available spatial resolution. 

Thus, the quantity of resolved scales and the quantity of modelled ones by the sub-grid 

scale model is assumed to be implicitly determined by several factors. 

Firstly, in the implicit filtering the geometric mean of the filter dimensions  can 

be considered the filter width, because it directly affects the scale partition. Therefore, we 

can only resolve the wavenumbers up to the Nyquist wavenumber kc=. 

Secondly, the numerical method and their related truncation error, even if it cannot 

be considered as a filter, can affect the cutoff wavenumber and the trend of the spectra in 

the wavenumber domain.An implicit filter is always to be considered, also when applying 

an explicit filtering. Thus, the explicit filter is effective only if its width is larger than the 

grid dimension

Figure 1.1 shows the comparison between the spectrum obtained with LES 

calculation that adopt an implicit filtering only (fine dashed line), the one obtained with 

an explicit filtering (blue solid line) and the “true” spectrum (black solid line), which can 

be calculated with t he  DNS  approach.  The LES spectrum  (fine dashed line)  diminishes 
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more sharply than the “true” spectrum (black solid line), preceeding the grid 

cut-off wavenumber. The region named ‘numerical error’ is proportional to 

the missing energy that could have been in theory resolved with its 

grid. (Jameson and Bull [33]).  The effect of the modelled sub-grid scales 

(the region marked as SGS) on the resolved scales is usually approximated 

by the above-mentioned sub-grid scale models. In general, a region of 

the spectrum characterized by an attenuation, where the influence of the 

implicit filtering occurs, can be identified. This “attenuated region” is 

bounded by two characteristic wavenumbers: the wavenumber where the 

trend of the spectrum deviates from the true spectrum and the 

wavenumber where the filter completes its action on the spectrum. In 

the spectrum obtained by explicit filtering (blue solid line), the energy in 

the resolved wavenumbers close to explicit filter wavenumber cutoff is 

closer to the true spectrum than in the one obtained with implicit filtering ([33]).  

Figure 1.1: Exact DNS spectrum (solid black line), explicit filtering (solid blue 

line), implicit filtering (fine dashed line) 
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1.2 LITERATURE REVIEW AND STATE OF ART 

An overview of the literature about the spectral analyses of the plumes and the ceiling 

jets is presented in Par 1.2.1. Despite its importance in Fire Safety engineering, the 

spectral analysis of the ceiling jet has received less attention by the researchers than that 

of the plumes. As explained in Par. 1.1.1 the spectral analysis involves the study of the 

frequency domain or the wavenumber domain. If the spectral analysis in the frequency 

domain simply involves the use of the Fourier Transform, in the wavenumber domain the 

methodology to obtain the spectra is more challenging. Thus, an overview of the available 

method to obtain the spectra in the wavenumber domain is presented in Par. 1.2.2 . 

1.2.1 Spectral Analysis of Fire Plume and Ceiling Jet 

In the past, the spectral analyses of the plumes have been widely discussed in the time 

and space domain. Ting and Hay [34] experimentally analysed, with an instrumented 

tower, the plume caused by the strong insulation on the terrain. Following the well-known 

Taylor’s hypothesis (TH in the following) described in detail in Par. 1.2.1, the Authors 

studied PSDs of temperature and vertical velocity in the wavenumber domain. In more 

details, the TH was applied by using the mean wind velocity to relate frequencies and 

wavenumbers. The PSDs show a “- 5/3 power law” in accordance with the Kolmogorov 

theory.  

Limiting the spectral analysis just to the frequency domain, other Authors studied 

the PSDs for the plumes. Papanicolaou and List [35] studied experimentally round 

vertical buoyant plumes by using optical techniques. PSDs were produced for vertical and 

longitudinal components of velocity fluctuations, separately. Dai et al. [36] carried out an 

experimental study of the structure of round buoyant turbulent plumes to analyse the PSD 

in the frequency domain of the mixture fraction fluctuations. The Authors observed that 

this PSD was in accordance with the “- 5/3 power law”.  

A considerable amount of literature about the plume concerns the application of the 

spectral analyses to the data obtained with numerical calculations. In particular, Zhou et 
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al. [37], Chung and Devaud [38], McGrattan et al. [39] performed numerical calculations, 

using CFD codes following a LES approach. These Authors [37-39] calculated the PSD 

in the frequency domain for the axial velocity fluctuations, identifying, in the inertial 

region, the “-5/3 power law” of the Kolmogorov decay. Rankin et al. [40], for a buoyant 

fire with and without an impingement, compared experimental measurements performed 

using the radiation intensity imaging technique, with numerical simulations produced 

with a LES approach. The agreement between measured and computed PSDs in the 

frequency domain was good. Fabregat et al. [41] numerically investigated, by using the 

Spectral Element Method, a deep-water oil blowout generated by a multiphase plume 

where the total inlet buoyancy flux was set by the combined presence of gas, oil, and heat. 

The PSD in the frequency domain limited to the axial velocity fluctuations in the flow 

direction shows the “- 5/3 power law” of the Kolmogorov decay. Cerminara et al. [42] 

developed a LES CFD code to study the PSD of temperature and pressure fluctuations in 

the frequency domain. Both the PSDs follow the expected decay with the “- 5/3 power 

law”. Kumar and Verma [43] performed numerical simulations with a DNS approach to 

analyse a thermal buoyant plume in a cubic domain. They obtained the spectra in the 

wavenumber domain by invoking the TH. Their PSD follows a decay with the “- 5/3 

power law”. 

If the spectral analyses of the plume flows have been widely discussed in the 

literature [35-43], only one reference [44] about the spectral analysis of a ceiling jet have 

been found. Husted [44] analysed a ceiling jet of a fire in a retail store, using FDS with 

different sub-grid models. In particular, the Author analyzed in one point the time domain 

obtaining a PSD in the frequency domain. The different cases showed a similar decay of 

the PSDs following the “- 5/3 power law”.  

To gather more information we also focused on flows having similar characteristics 

to the ceiling jet. In particular, we paid our attention to the jet impinging on a surface. 

Both the flows after the impingement on a surface deflect along the surface as shear flows. 

However, it has to be taken in account that in the jet impinging on a surface, the buoyancy 

forces can be totally absent. Shukla and Dewan [45] discussed the results of a LES 

calculation pertaining the flow and the thermal characteristics of a jet impingement. In 
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particular, they analysed the PSDs of the vertical velocity component at different 

locations in the wall jet region. The PSDs follow a decay with the “- 5/3 power law”, but 

there are also spectra with different slopes. Different cutoff frequencies can be noted in 

the PSDs along the flows deflecting on the impingement. Grenson and Deniau [46] 

analysed using a LES code an impinging heated jet for a small nozzle-to-plate distance. 

In particular they [46] presented a PSD placed in the wall region away from the centre-

line, following a decay with the “- 5/3 power law”. Xu et al. [47] analysed with a LES 

code an impinging jet on a Semi-Cylinder Concave Target. In particular they analysed 

the PSDs of the radial velocity component at different locations far from the centre-line 

of the jet. The PSDs at the different locations follow the “- 5/3 power law”, but with 

different frequency range extensions. 

From our review of the literature [34-47], we can argue some considerations. 

Most of the quoted literature [34-41] for the plumes discusses the spectral analyses 

in the time domain.  

In the experimental investigations, the issue of avoiding a measurement apparatus 

with multiple devices able to simultaneously acquire the data, allows for an experimental 

set-up limited to the gathering of the data of velocity components in a single point or in a 

limited number of points. 

For the plumes, in part of the literature reviewed [34,43], the PSDs in the 

wavenumber domain were analysed only by using the TH, which implies a linear 

correlation between frequencies and wavenumbers.  

For the ceiling jet and the flows having similar features, in the reviewed literature 

[45-47], the PSDs generally follow the “- 5/3 power law”. In particular, for the flows 

having features similar to the ceiling jet, moving away from the centre-line of the jet, the 

PSDs change in terms of extension of the inertial sub-range. Furthermore, using the LES 

codes, the cutoff frequency changes, moving away from the jet impingement centre-line. 

1.2.2 Spectra in the Wavenumbers Calculation Technique 

In the wavenumber domain, the main method for the calculation of the spectra is the direct 

one, (see for instance Tennekes and Lumley [10]), which goes through “the spatial 
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correlation function” at a certain instant between the fluctuating velocity components in 

a point and in the surrounding points. A use of particular interest of the direct method was 

discussed by McMahan et al. [48] for a river. They analysed a two points and two times 

correlation function, and its Fourier transforms in time and space obtaining the so-called 

frequency-wavenumber spectrum. Regrettably, we did not find papers using this direct 

method for plumes. In the application of the direct method, a difficulty stems from the 

necessity of data in a large number of points closely spaced. This issue has consequences 

not only in the experiments where a lot of probes need to be involved simultaneously, but 

also in the numerical calculations, where refining the grid to have more available data 

points increases the amount of resources in terms of computational efforts and has 

implications on the geometry of the domain. In turbulence calculation the lower 

computational effort allowing to obtain a PSD is the LES. However, this approach focuses 

on two main concepts: resolving an adequate portion of the spectrum and limiting the 

number of nodes to save computing effort. Thus, the difficulty due to the necessity of data 

in a large number of closely spaced points is not overcome even with the use of LES. 

Therefore, a limited number of points where the data are available affects the resolution 

of the PSD in the wavenumber domain. Regrettably, we did not find papers using the 

direct method for plumes. 

As an alternative to the direct method, for the plumes, in part of the reviewed 

literature [34, 43], the PSDs in the wavenumber domain were obtained only by using the 

Taylor’s hypothesis, relating the spatial and temporal characteristics of turbulence. Taylor 

[13] theorized that if the root mean square of the fluctuating velocity is small compared

to the time-averaged flow velocity U and the turbulence is homogeneous, then the 

temporal response at a fixed point in space can be viewed as the result of an unchanging 

spatial pattern, also named frozen turbulence, advecting turbulence uniformly past the 

point at the time-averaged flow velocity. This assumption implies a linear transformation 

between time and space, x = Ut. Thence, it is possible to express the wavenumber k as a 

function of the frequency f, using the relationship k=2f/U. Thus, if a PSD in the 

frequency domain shows the “- 5/3 power law”, the use of the TH implies that this feature 

is observed also in the wavenumber domain. To conclude our considerations, outside the 
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applicability limits of the TH, when a linear correlation between frequency and 

wavenumber is not acceptable, as often happens in fire related flows, and when it is not 

possible to directly produce with sufficient accuracy the PSD in the wavenumber domain, 

other approaches are needed. 

Beside the TH, to analyse the spectra in the wavenumber domain as alternative to the 

direct method, different model-based approaches were proposed in literature: 

 different corrections to TH,

 the random sweeping model,

 the elliptic approximation.

These approaches are based on the search for correlations between frequencies and 

wavenumbers. 

TH has been an invaluable method of correlation since Taylor’s proposal in 1938 

(Taylor [13]). An example of this approach is the analysis of the PSD in the wavenumber 

domain in a tidal channel, performed by Grant et al. [49], using a velocity measuring 

probe towed by a ship moving at the mean flow velocity. TH was used, and it is still used, 

in many applications, significantly economizing the efforts in calculating the PSDs in the 

wavenumber domain. If a PSD in the frequency domain shows the “- 5/3 power law”, the 

use of the TH ensures that this feature is observed also in the wavenumber domain. Lin 

[50] has shown that TH is applicable only if the turbulence level is low, viscous forces

are negligible, and the mean shear is small. This research [50] suggests that a possible 

application of the TH to a fire plume can be difficult due to the highly turbulent flows 

generated by fires (Westenberg and Rice [51]). Lin also argued that there is no general 

justification of extending TH to the case of shear flow. This suggests that also the 

application of the TH to a ceiling jet, which is a typical shear flow, can be critical. 

Although in only a few cases of turbulent plumes or ceiling jets the PSD of the 

fluctuating velocity in the wavenumber domain was investigated with the TH, it was 

widely used in other configurations, such as grid generated turbulence, turbulent jets or 

shear flows. One of the first applications of the TH can be associated with the grid 

generated ‘isotropic’ turbulence. Among these applications, we can mention Comte-

Bellot and Corrsin [52] and Kistler and Vrebalovich [53] for grid generated turbulence in 



Introduction 35

ducts, and Favre et al. [54] for a grid placed upstream a boundary layer. For a turbulent 

jet, Champagne [55] analysed, experimentally, the PSDs of the fluctuating velocity 

components by applying the TH using the mean stream-wise velocity. For a nearly 

homogeneous turbulent shear flow, Champagne et al. [56] analysed experimentally the 

PSD of the velocity fluctuations in the wavenumber domain, by applying TH. Extensive 

studies that assess the reliability of the TH, are reported in the literature. Among these 

Zaman and Hussein [57] and Mi and Antonia [58] can be mentioned. For a turbulent shear 

flow in a duct, Zaman and Hussein [57] found experimentally that using the local time-

averaged velocity produces unacceptable distortions in the spatial distributions of the 

vortical structures. For an experimental analysis on a turbulent circular jet, Mi and 

Antonia, concluded that the usual form of TH applies only near the jet axis [58]. 

The unpleasant effects of the TH suggested the introduction of corrections to the 

TH. In particular, for high turbulence intensity shear flows Lumley [59] proposed to 

correct the high wavenumber range of the one-dimensional spectra and subsequently Hill 

[60] and Gledzer [61] extended Lumley’s correction ideas to other flows. Heskestad [62]

proposed a correction to TH, doing an order of magnitude estimate of the terms in the 

streamwise momentum equation, for his case of high turbulent free shear flow. More 

recently Buchhave and Velte [63] proposed a correction to the TH for highly turbulent 

flows. Another correction to the TH was made by Wills [64]. The Author [64] introduced 

an effective velocity useful to correlate frequencies and wavenumbers. To the aim, he 

analysed the two points two times correlation function between the fluctuating velocity 

components in a point and in the surroundings points and between an instant and the other 

instants. The two points are separated by a “separating vector” and the instants are 

separated by a “time shift”. He defined the “convection” velocity as the ratio between 

“separating vector” and “time shift” which maximises the covariance of the fluctuating 

velocity components between two points and two instants. This convection velocity 

allows to obtain the spectra in the wavenumber domain by correlating frequency and 

wavenumber similarly to the TH. This Wills’ definition arised from the experience of 

Willmarth and Wooldridge [65] that presented a space-time correlation graph of the 

velocity components of a turbulent boundary layer produced on a smooth surface. When 
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the TH is invoked, it is implied that the iso-contours of a space-time correlation graph are 

straight lines. Wills noticed, instead, that the covariance contours in this graph behave 

differently from the TH assumptions. Furthermore Wills  noted that when the turbulence 

intensity is high, the convection velocity may differ considerably from the mean velocity, 

while it is shown that different turbulent spectral components appear to travel at different 

speeds. Fisher and Davies [66] noted that large departures of the convection velocity from 

the local time-averaged velocity can be due to the skewness of the probability distribution 

of the velocity fluctuations. Furthermore, they noted that the turbulent structures at the 

lower wavenumbers move slower than at the higher wavenumbers.  

Further definitions of the convection velocity have been provided by different 

researchers. Bradshaw et al. [67] defined the convection velocity as “the rate that 

minimizes the change of the maximum correlation with respect to time only”. Davies et 

al. [68] defined the convection velocity as “the rates at which change of correlation in 

space and time are equal”. Finally, Favre et al. [69] defined the convection velocity as the 

geometric mean of two convection velocities, the one defined by Wills [64] and the other 

defined by Davies et al. [68]. 

Goldschmidt et al. [70] experimentally analysed the convection velocity on a plane 

jet issued from a rectangular slit. The Authors state that quantitatively the convection 

velocity defined by Wills [64], Bradshaw [67] and Davies [68] are not very different. The 

Authors [70]  refer to the convection velocity as the phase velocity and studied the relation 

with the local time-averaged velocity. These results of Goldschmidt et al. [67] confirmed 

the ones of Fisher and Davies [66]. Furthermore, their results indicate that the ratio of the 

convection velocity to the local time-averaged velocity is greater than unity, for high 

wavenumbers. 

A literature review of the limitation of the TH and of the corrections proposed has 

been discussed by Geng et al. [71] and by Wallace [72]. 

To relate frequency and wavenumber domains, Kraichnan [73] and Tennekes [74] 

used the so-called “random sweeping hypothesis”, which assumes that the small-scale 

fluctuations in a turbulent flow are swept by the large-scale eddies in a random manner. 

Wilczek and Narita [75] introduced a model to calculate the frequency-wavenumber 
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spectrum based on the random sweeping hypothesis [73]. This is the “random sweeping 

model” and is based on the concept that the statistical nature of the sweeping velocity is 

Gaussian and that it is assumed to be not a function of frequencies and wavenumbers. The 

resulting diagram that correlates frequencies and wavenumbers is a contour plot where 

the iso-correlation contour distribution shows the presence of a Doppler effect. As shown 

by Narita [76], the mean flow causes a Doppler shift, while the variation of the large-

scale flow causes Doppler broadening around the Doppler shifted frequency. This method 

was applied by Narita [77] for the plasma turbulence and by Wilczek et al. [78] for 

atmospheric boundary layers. 

Always following the concept of the random sweeping hypothesis [73-74], He and 

Zhang [79] and Zhao and He [80] developed the so-called elliptic model. Based on this 

approximation, in contrast to the TH, the elliptic model allows to relate frequencies and 

wavenumbers, using the elliptic curve obtained by combining the local mean and the 

random sweeping velocities, the latter is defined by Kraichnan [73] as the root mean 

square of the fluctuating velocity.  

The identification of a correlation between frequencies and wavenumbers is a 

critical task also in other fields, in particular, in the structural modal analysis and in 

acoustics. Within this framework, different approaches were developed based on the 

behaviour of the wave propagation in the media. The oldest approach, developed in the 

18th century, is Prony’s method (Marple [81]), later modified and extended for structural 

vibrations by Grosh and Williams [82], that allows to identify the dispersion relation 

using an exponential model of the spatial response. McDaniel and Shepard [83] 

developed a method that allows to identify numerically and iteratively a correlation 

between frequencies and wavenumbers. One of the novelties of the method consists in 

avoiding any physical model. Berthaut et al. [84] generalized the method, named now 

Inhomogeneous Wave Correlation method (IWC method in the following) because it 

consists in the comparison of the signals of a wavefield with an inhomogeneous wave in 

the space domain. IWC method, starting from the spectra in the frequency domain, allows 

to obtain the so-called dispersion curve i.e., the correlation between frequencies and 

wavenumbers. With the IWC method a comparison between the PSDs in the frequency 
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domain and the inhomogeneous wave cannot be done, but instead the Fourier Transform 

of a signal should be used, as it will be explained in Par. 2.3. The IWC method is now 

consolidated and has been widely used in the structural and vibro-acoustic field by many 

Authors. For instance Van Damme and Zemp [85] and Santoni et al. [86] applied the 

IWC method along a unidimensional straight line,  whereas Ichchou et al. [87],Cherif et 

al. [88], Tufano [89] Tufano et al. [90] applied the  IWC method in bidimensional 

coordinates.  

1.3 SCOPE OF THE THESIS 

For a test case concerning a turbulent reacting plume and the following ceiling jet, 

the tke is analysed both in frequencies and wavenumbers with a correlation between these 

parameters identified by using the IWC method.  

The aim is to gather and discuss all the information to gain an insight into the 

physics of the time and length scales of the two flows, with regard to the characteristics 

of the numerical code, its turbulence solver approach and the choice of the grid. To this 

aim, the spectral analysis of the tke is discussed in both the frequency and wavenumber 

domains. If the spectral analysis in the frequency domain simply involves the use of the 

Fourier Transform, in the wavenumber domain the methodology to obtain the spectra is 

more challenging due to some limitations in the use the direct method or in the TH for 

the fire related flows: inhomogeneous turbulence, high turbulence intensity and lack of a 

large number of points closely spaced. However the information provided by the tke 

spectrum in the wavenumber domain is fundamental for two main reasons: 

 to elucidate of the nature and distribution of spatial scales in such turbulent

flows,

 to have direct information about the filtering, which in FDS is implicitly

imposed in space by the grid.

With tke spectrum in the wavenumber domain this information is achieved 

straightforwardly, whereas in the frequency domain the knowledge of the phase velocity 
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is needed. 

We opted for the IWC method, which looks for the frequency/wavenumber 

correlation avoiding physical models.  

To the best of our knowledge, an extension of the IWC method to turbulence has 

not yet been attempted.  

For the fire plume and its ceiling jet, special care, in the spectral analyses of the 

frequency and wavenumber domain is given to assess: 

 the influence of the implicit filtering used in FDS on the tke spectra,

 the study of practical rules to predict the influence of the implicit filtering on

the tke spectra,

 the quality of the grid,

 the scaling law in the inertial subrange, verifying whether it follows the

Kolmogorov theory,

 the quantity of time-averaged resolved tke and the modelled one,

 the difference about the turbulence dissipation behaviour between the fire

plume and the following ceiling jet,

 the phase and group velocity of the tke along the centre-line plume and along

the ceiling jet radius.
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Chapter 2 

NUMERICAL CALCULATION AND 

THE IWC METHOD 

2.1 CASE STUDY 

A turbulent ceiling fire is investigated in the cubic domain (10 m x 10 m x 10 m) shown 

in Figure 2.1. A square burner (1.5 m x 1.5 m) is in the centre of the bottom plane on a 

support 0.5 m heigh. Coordinates are given in a cartesian reference system shown in 

Figure 2.1, with the origin in the centre of the bottom plane of the domain.  

Propane, released with a flow rate such as to achieve an imposed heat release rate 

(HRR), is used for the fire. HRR reaches, with a linear growth, a maximum value of 

5 MW after 10 s (Figure 2.2), and remains constant until 100 s, the end of the simulation. 

The domain has a box shape with top and bottom solid surfaces. The lateral faces 

are free to communicate with the external ambient.  

The problem is numerically studied with FDS (release 6.7.1). No slip condition is 

assigned to the bottom and the top walls. The remaining faces are modelled as open 

boundaries where the fluid is allowed to flow into or out. On these faces the boundary 

conditions on the total pressure are assumed. The far field wind velocity is null. A 

sensitivity analysis with respect to the domain dimensions is performed to ensure that 

moving away the open boundary, enlarging the domain, not appreciable results in our 

spectral analysis can be revealed. 

Concerning the heat transfer, to the solid top and bottom wall a temperature of 20 °C 

is assigned. The same boundary condition is assigned for the lateral walls of the burner 

as well. The far field air temperature is 20 °C. For the thermal radiation, the open 

boundaries are treated as black walls, where the incoming radiation intensity is the 
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blackbody intensity of the far field air temperature. 

The time step used is 10-3 s, which was chosen to be regular and fine enough that 

the time stability constraint is always satisfied (see Par. 2.2 for detail about the code). 

2.1.1  Choice of the Mesh 

FDS allows the use of only structured rectilinear grids. The analysis was started by 

choosing grids using the rule of thumb proposed in the FDS User Guide [91] and in the 

report NUREG 1284 [92], in which the ratio between the fire diameter, D*, and the cell 

size has to be chosen between 4 and 16. The fire diameter is calculated as: 

2/5
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(2.1) 

where Q  is the maximum heat release rate, cp is the specific heat at constant pressure, g

is the modulus of the gravity acceleration, ρ  and T  are the far field air density and 

temperature, respectively. In this case study, D* is 1.83 m. Two ratios in the suggested 

range are chosen: 7 and 15 corresponding to the grid sizes: 0.25 m and 0.125 m, 

respectively. An additional grid size of 0.0625 m with a ratio of 30, outside the suggested 

range, is used. The total number of nodes for the three different grids are: 64.103 nodes, 

512.103nodes, 4096.103, respectively. In the following we refer to the grids 0.25 m, 0.125 

m and 0.0625 m using the acronyms CG, MG, FG respectively, which stands for Coarse 

Grid, Medium Grid and Fine Grid. 

Finally the dimensionless heat release rate (Q* in the following) 
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should be inside the range 0.3Q*2.5, suggested by Cox and Kumar [93] for natural 

fires in buildings. For our case study a value Q* = 1.2 arises, which is inside the range. 



Numerical Calculation and the IWC Method 43

Figure 2.1: Computational domain. 

Figure 2.2: HRR curve imposed to the burner. 

2.2 METHODOLOGY 

2.2.1 Description of the Numerical Model 

As stated in the FDS User Guide [94]  the solver algorithm of FDS is second order 

accurate in space and time. A time stability constraint has to be always satisfied. The flow 
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solver is based on the finite difference method, whereas the scalars (combustion, 

soot, etc…) are managed with the finite volume method. Turbulence is resolved with 

a LES approach. Different sub-grid turbulent models are available. In these calculations 

we used “Deardorff” with a turbulent eddy viscosity given as function of the geometric 

mean of the cell dimensions, , and the subgrid turbulent kinetic energy, tkesgs [94]. In 

the implicit filtering approach used by FDS, the grid is the only filter. As a consequence 

of the Nyquist Theorem, no scales finer than 2 can be captured in the numerical 

calculation. The cutoff wavenumber associated to 2is assumed as the Deardorff limit

. The subgrid kinetic energy is then approximated by integrating the Kolmogorov

spectrum from the cutoff wavenumber, to infinity.

The details of the numerical methods adopted by the FDS code are fully 

described in the FDS Technical Guide [95] (discretization, pressure-velocity 

coupling, spatial interpolation of advection terms, time stepping algorithm, subgrid 

model).  

FDS treats combustion chemistry using a simplified approach. Only fuel, air, 

and products are tracked and we refer to each one of them as “lumped species”. A 

lumped species consists of a mixture of gas species (defined “primitive species” in the 

following) that transport together and react together. Concerning the numerical 

model, a lumped species can be treated as a single species. The mass transport 

equations make no distinction between single or lumped species. For example, air is a 

lumped species that consists of nitrogen, oxygen, and traces of water vapor and carbon 

dioxide. The lumped species mass fractions of air fuel and products, are linearly related 

to the primitive species mass fractions. Thus, the conversion from one to the other can 

be performed with a matrix multiplication. The products are defined stoichiometrically, 

usually including prescribed yields of soot (for smoke) and carbon monoxide that can 

be obtained from empirical relationships for each specific fuel.  

Using the LES approach for the numerical calculations of fire related flows 

implies the issue that the "length and the timescales associated with the chemical 

reactions may be orders of magnitude below what can be spatially and temporally 

resolved by the simulation"[95]. It is thence important to consider the behaviour of a 

sub grid scale model as the LES filter width (cell size) varies. To this end, as explained 

by McDermott et al.[96], 
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FDS uses a simple mixing environment method that includes the Eddy Dissipation 

Concept (EDC) model of Magnussen and Hjertager [97-98]. In particular, depending on 

the filter width, the reaction time scale varies with different rates in their specific ranges 

(see McDermott et al.[96]). 

Examples of past applications of FDS to fire simulations are provided by the FDS 

Validation Guide [95] where the results of a large number of  numerical calculations are 

presented and compared with experimental data for validation purposes. 

2.2.2 IWC Method 

The spectral analysis performed in this thesis involves the discussion of the tke spectra in 

the frequency and wavenumber domains. As discussed in Par. 1.3, if the spectral analysis 

in the frequency domain simply involves the use of the Fourier Transform, in the 

wavenumber domain it is more challenging due to some limitations in the use the direct 

method or in the TH for the fire related flows: inhomogeneous turbulence, high turbulence 

intensity and lack of a large number of points closely spaced. For our test case, we want 

to produce the tke spectrum in the wavenumber domain, by avoiding using the spatial 

correlation or the TH. To this aim, we use the IWC method (Berthaut et al. [84]) that 

allows to correlate frequencies and wavenumbers with the ‘correlation-law’. Unlike the 

methods described in Par. 1.2.2 [64-69] that look for the convection (phase) velocity by 

analysing the two-point two-time correlation function, the IWC method allows to produce 

directly a correlation law between frequencies and wavenumbers. Furthermore, unlike 

other phenomenological approaches that make ad hoc assumption, such as TH that treat 

the local mean as the convection velocity and the Kraichnan approach [73] or the elliptical 

model [79-80] that uses also the sweeping velocity to assess the dependence between 

frequencies and wavenumbers, the IWC method does not use any model. 

A further characteristic feature of the IWC method, typically used in the structural 

and vibro-acoustic field, is the estimation of the damping in the structures. This feature 

will be applied to estimate the dissipation characteristics for the plume and its ceiling jet. 

The application of the IWC method requires a signal variable in frequency and 

space, W (f,x ) . When a signal variable in time and space, w (t,x ) , is available, the 
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signal in the frequency domain, W(f,x) , is obtained with the Fourier transform: 

i (2π f t)W(f,x)= w(t,x)e dt  (2.1)

The IWC method compares W(f,x)  to an inhomogeneous wave, travelling along a 

specified path. The inhomogeneous wave can decay in one or more directions because of 

damping components. It can be plane, cylindrical, or spherical: 

0 p di (-k x) (k x)

n

i(2π f t )e  e
σ(f,  x)

|

e
=

| r

 
(2.2) 

where pk  is the propagative wavenumber vector, dk  is the dissipative wavenumber 

vector, 0 t  is an instant, r is the pointing vector centred in the source of the signal, n is 0 

for the plane wave, 1/2 for the cylindrical and 1 for the spherical one.  

If we introduce: 

0
0

i(2π f t )=eσ (f) (2.3) 

Equation (2.2) can be rewritten: 

p d
0

i (-k ) (k )

n

σ (f) e  e
σ(f , x)=

|r|

x x 
(2.4) 

A detailed derivation of the inhomogeneous wave is addressed by the Appendix D. 

The IWC method is based on the comparison of the signal wave-field with the 

inhomogeneous wave in the space domain. Therefore, the method considers the 

inhomogeneous wave as the theoretical model of propagation of the signal and quantifies 

the adherence of the original signals to the theoretical model. The comparison is 

performed by calculating an indicator able to assess the degree of consistency between 

the signal W(f,x) , at a specified frequency, and the inhomogeneous wave (f, x) . This 

indicator is the square root of the Modal Assurance Criterion (Ewins [100]), which is 

defined as the Hermitian inner product of signal and inhomogeneous wave (Vacher et al. 

[101]). The indicator is specified as: 
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p d
2 2

 *(f, x) W(f,x) dx

IWC(f,k , k )
(f, x) dx W(f,x) dx








 


 

(2.5) 

where * denotes the complex conjugate and  is here the line integral. For the application

of the IWC method, the line where the signal is available is named “propagation line” and 

its origin, in terms of coordinate reference system, coincides with the lower extreme of 

the line integral. This Method is applied by assigning a specified frequency and 

performing the calculation of the IWC parameter for every combination of propagative 

and dissipative wavenumbers associated to the specified frequency f. Thus, the 

combination of pk  and dk associated to the specified frequency f is the one that 

maximizes the parameter p dIWC(f, k , k ) . This means that the signal of the wave-field at 

the specified frequency f and the inhomogeneous wave at the identified propagative and 

dissipative wavenumbers shows the highest adherence. This procedure allows us to 

identify the correspondence between a frequency and the combination of propagative and 

dissipative stream-wise wavenumbers, at which the IWC of Eq. (2.5) parameter is the 

maximum. Two datasets, one that relates pk  with f and the other relating dk  with f, 

allow us to obtain the propagative and dissipative dispersion graphs, respectively. 

The theory of the IWC method described in this paragraph, involves continuous 

signals in space and time. Nevertheless, usually, for both the experimental and the 

numerical fields, the signals are distributed in a finite number of data points and time 

steps. Thus, the application of the method needs to follow a numerical approach. 

In Par. 2.3 the IWC will be studied for our turbulence problem and specified for 

the plume and its ceiling jet. 

2.3 APPLICATION OF THE IWC METHOD 

As discussed in the Introduction, plumes and ceiling jets differ evidently in the flow 
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patterns. The plume is a typical boundary free shear flow, whereas the ceiling jet can be 

classified as a wall bounded shear flow. Furthermore, as it will be clear in the discussion 

of the results (Chapter 3), the two flows differ also in their turbulent behaviour. The plume 

shows a typical propagative behaviour due to the large production of momentum from 

the buoyancy forces. Differently, the ceiling jet, where the momentum is not produced 

but comes from the flow of the plume, shows a dissipative behaviour. For this reason, the 

plume and the ceiling jet deserved two different approaches. 

Whereas, in Par. 2.2 the IWC method was exemplified for continuous signals, in 

this Paragraph it is applied to the results of our numerical calculations. The signals are, 

therefore, discrete in time and space. Thus, instead of the parameters x , t and f, in the 

following mx , tk and fj will be used. The subscripts emphasize that the variables are 

discrete. The velocity components are then  i m ku x ,t .

We use the Reynolds’ decomposition to separate the fluctuating component of 

velocity. We always verify that, in the considered time interval, the mean of the fluctuating 

velocity components is null. The time-averaged value of the velocity components is also 

analysed. In our cases, considering a time interval 20 s ≤ tk ≤ 100 s, starting 10 s after 

the end of the growth phase of the HRR (Fig 2.2), the turbulence was suitable for the 

application of the IWC method  

2.3.1 The IWC method for the fire plume 

For the plume, we used the IWC method to analyse the tke spectra in the wavenumber 

domain. It is applied to evaluate, along a straight propagation line, the degree of coherence 

between the tke spectra and the inhomogeneous waves. The fire plume has a truncated 

cone pattern, with an aperture angle of about 10° (Turner [102]). As shown in Fig. 2.3 

this aperture is so small that the pattern tends to a cylinder. This suggests that the front of 

propagation of the fire plume is a plane, so the inhomogeneous wave to be considered is 

also plane. The IWC method is applied along the vertical centreline of the domain. The 

properties of this path are: it is rectilinear, it follows the direction of propagation, and, 

along this line of propagation the nodes of the computational domain are equally 
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separated. The results are used, starting from 1 m of height (0.5 m of height from the 

burner) up to 0.5 m from the upper limit of the domain. Unlike what is shown in Fig. 2.1, 

in the application of the IWC method for the fire plume, the origin of the coordinate of 

the reference system is in the vertical centreline of the domain at 1 m of height, at the 

starting point of the analysis. 

The application of the method starts with the calculation of the values of 

m jTKE(x , f )  with a discrete Fourier transform (DFT) using a FFT algorithm: 

m j m kTKE(x ,f )=FFT(tke(x ,t ))  (2.6) 

where m ktke(x ,t )  was calculated in every node mx  as shown in Eq. (B.1). 

Once the values of m jTKE(x , f )  are calculated, the IWC method begins allowing us to 

explore the wavenumber domain. As shown in Eq. (2.2), the scalar product between 

wavenumber vectors ( pk  and dk ), and x  is done. Along the centreline of the fire plume,

the vector x  reduces to mx  = (0,0, 3,mx ). Thus, the inhomogeneous wave of Eq. (2.2) 

reduces to: 

3,p 3,m 3,m3,d
0

i (-  x ) (  x )
3,m j j

k kσ(x ,f )=σ (f )e e (2.7) 

Figure 2.3:  Plume and its truncated cone pattern propagation highlighted in red 
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The IWC method is implemented on Matlab using three nested cycles, calculating 

the IWC parameter: 

3,p 3,m 3,d 3,m
0 j m

j 3,p 3,d

3,p 3,m 3,d 3,m
0 j m

N
i(- k  x ) (k  x )

j
m=1

2N N 2i(-k  x ) (k  x )
j

m=1 m=1

σ (f )e e TKE(f ,x )

IWC(f ,k ,k )=

σ (f )e e TKE(f ,x )



 
(2.8) 

where N is the number of centroids along the centreline. 

The external cycle allows us to select progressively, at each step, a frequency fj, 

using the step size frequency of the array created for the FFT. The middle nested cycle 

allows us to select, for every loop of the external cycle, the propagative stream-wise 

wavenumber, using a step-size of 0.1 m-1 for k3,p. The inner cycle allows us to select, for 

every loop of the external and medium cycle, the dissipative stream-wise wavenumber, 

using a step-size of 0.01 m-1 for k3,d. The step-size of k3,p and k3,d was chosen by 

progressively refining them until appreciable differences could not be find. This 

procedure allows us to obtain every combination of f, k3,p and k3,d. In every loop of the 

inner nested cycle, for every combination of frequency propagative and dissipative 

stream-wise wavenumbers, the IWC parameter is calculated with Eq. (2.8). 

Now it is possible to identify the stream-wise wavenumber (both the dissipative and 

the propagative ones), corresponding to the maximum of the IWC parameter between the 

ones calculated in the outer nested cycle. Two datasets, one that relates k3,p with f and the 

other relating k3,d with f, allow us to obtain the propagative and dissipative dispersion 

graphs, respectively. The propagative dispersion graph has f in abscissa and k3,p  in 

ordinate, while the dissipative dispersion graph has f in abscissa and k3,d in ordinate. 

The equation that fits the frequency-streamwise propagative wavenumber datasets 

of the propagative dispersion graph is the correlation-law. Now, it is possible to switch 

from the frequency domain to the wavenumber domain, and to obtain the tke spectra in 

the wavenumber domain in every point along the propagation line.  

Furthermore, important information about the attenuation caused by the medium 

can be obtained with the dissipative dispersion graph. 
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2.3.2 The IWC Method for the ceiling jet 

The ceiling jet spreads radially from the turning zone. The propagation pattern of the 

stratified combustion products has the shape of a radially expanding hollow disk. The 

propagation line, where the IWC method is applied, should be chosen along a radius of 

this radially expanding hollow disk, the turning zone avoided. With reference to the 

geometry of the ceiling jet, the propagation line begins from 1 m of distance from the 

centre and stops at the external boundary. It is placed at a distance of 0.25 m from the 

ceiling, inside the smoke layer, with the origin of the coordinates of the reference system 

in the centre of the plane. For a more representative analysis four radii were considered, 

in two perpendicular directions, where the data points are aligned and equally spaced. The 

time histories of the fluctuating velocity component  i m ku x ,t  of the nodes that, for each

radius, have the same distance from the centre, are placed in series to obtain a single 

radius that can be considered representative of the four radii. It is checked that the 

concatenated histories of the fluctuating velocity component  i m ku x ,t  are random by

ensuring that the results of the IWC method remain the same by changing the order on 

which the histories of the velocity component are placed in series. Using these 

concatenated velocity components, the m jTKE(x ,f )  is calculated.  

In applying the IWC method, the choice of the appropriate type of inhomogeneous 

wave is considered. Thus, the flows spreading radially from the centre of the domain can 

suggest that the appropriate inhomogeneous wave to be compared with the wave-field is 

the cylindrical one instead of the mainly used [86-90] plane inhomogeneous wave. Both 

the cylindrical and plane inhomogeneous waves have been used to assess whether this 

choice can bring appreciable differences.  

The wavenumber vectors pk  and dk , as shown in Eq. (2.4), are projected on

m L,mx (x ,0,0)  (where the L subscript stands for longitudinal, which is in the direction 

along the radius). Thus, the inhomogeneous wave of Eq. (2.4) reduces to: 

L,p L,m L,d L,m
0

i (- k x ) (k x )

L,m j n
σ  e  e

σ( x , f ) =
| r|

(2.9) 
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where n is 0 when the plane wave is adopted, and ½, when the cylindrical wave is adopted. 

The difference between the plane wave and the cylindrical wave can be clearly seen 

if we look at the homogeneous wave (the inhomogeneous wave where the dissipative 

wavenumber is zero, see Appendix D for detail). As shown in Figure D.2, the cylindrical 

wave has an attenuation derived by the geometry of its wave-front that is not present in 

the plane one of Fig. D.1. 

The same algorithm explained for the plume is applied, but Eq. (2.5) is numerically 

calculated for every frequency fj by using: 

L,p L,m L,d L,m
0

j L,m

j L,p L,d

L,p L,m L,d L,m
0

j L,m

i(-k x ) (k x )N

n
m=1

2
i(-k x ) (k x )N N 2

n
m=1 m=1

σ e e
TKE(f ,x )

|r |
IWC(f ,k ,k )=

σ e e
TKE(f ,x )

|r |



 

(2.10) 

The algorithm already explained for the plume is used for the ceiling jet to calculate 

the dispersion graphs. 

The correlation-law between the frequency and the stream-wise wavenumber 

domains is the fitting on the dispersion graph. The tke spectrum in the wavenumber 

domain is calculated by using the correlation-law. Furthermore, the identified correlation 

between the frequencies and the dissipative wavenumbers can suggest important 

information about the attenuation that is taking place in the flow. 
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RESULTS 

As mentioned in the Par. 1.3 “Scope of the thesis”, we seek to gain an insight into the 

physics of the time and length scales of our plume and its ceiling jet with regard to the 

characteristics of the numerical code, its turbulence solver approach and the choice of the 

grid.  

As the first step, in Par. 3.1 “Preliminary Analysis” we focus on the scales of the 

fire plume and its ceiling jet. This step involves not only the discussion of the most 

significant length scales, but also the comparison between the scales assessed through the 

use of the numerical calculations and the ones obtained with analytical solutions. A 

particular scale considered is the turbulence intensity that plays an important role in 

assessing the applicability of the TH. 

Secondly, the attention is focused, for both the plume in Par. 3.2 and its ceiling jet 

in Par. 3.3, on the spectral analysis. In both Par. 3.2 and 3.3 we discuss the tke spectra in 

the frequency domain. In particular, we assess the features of the inertial sub-range: its 

power law, extension and attenuation. The analysis of the cutoffs allows to gain 

information not only about the flows but also about the numerical code. We use this 

information to develop practical rules and we verify whether they are able to predict these 

cutoffs. For the plume we use the spectral analysis also to assess the quality of the 

numerical calculation with the different grids. In particular the time-averaged resolved 

tke and the modelled one are discussed. Subsequently, the results of the IWC method are 

shown: the dissipative and the propagative dispersion graphs. A discussion about the 

fitting function applied to the propagative dispersion graph to obtain the correlation-law 

is done. Furthermore, through the correlation-law it is possible to obtain the group 

velocity and the phase velocities. Through the dissipative dispersion graph, differently 

from the propagative one, we can have an insight on the attenuation of the turbulence 

intensity due to the medium. 
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Finally, once the correlation-law is found, we apply it to the tke spectra in the 

frequency domain to obtain the tke spectra in the wavenumber domain along the 

propagation lines. As for the tke spectra in the frequency domain, also in the wavenumber 

domain special care has been given to the identification of the cut-off frequencies, 

evaluating whether they are predictable with practical rules. 

3.1 PRELIMINARY ANALYSIS 

The assessment of the scales of the fire plume and its ceiling jet is here presented and 

organized into several paragraphs, each one representing a preliminary analysis before 

doing any spectral analysis. 

Firstly, in Par. 3.1.1 a preliminary estimation of the characteristic largest and finest 

scales of the plume and its ceiling jet is performed. This assessment gives us an insight 

of the ‘true’ spectrum extensions that could be obtained with a DNS. This can lead us to 

understand the limitation of our numerical calculations, which are performed with a LES 

approach. 

A further step in the preliminary analysis, is the comparison of the results of our 

numerical calculations with the analytical models available in literature. This is not only 

to assess the reliability of our calculation, but also to check our capacity to do a priori 

predictions of the scale of interest in order to have additional data for the choice of the 

grid. One of the scales that is a best practice to compare with the analytical models is the 

flame height. In particular, in Par 3.1.2 our numerical results and the ones of Cetegen’s 

analytical [103] model are compared. Furthermore to have an insight of the flow velocity 

of our problem we compared our results produced by the numerical calculations with 

those obtained with analytical models available in literature [104-105] for both the flows. 

A further quantity assessed for our plume and its ceiling jet is the turbulence 

intensity. In Par. 1.2.2, we already discussed the use of this quantity to define the 

applicability of the TH.  



Results 55

3.1.1 Estimation of the Largest and Finest Scales 

In a boundary free shear flow, such as the fire plume, the identification of the upper and 

lower length scales can be a critical task. In these flows it is not possible to assign as 

characteristic length (D in the following) the dimension of the field because it is not 

confined. This issue is reflected also on the estimation of the finest scale in the turbulent 

flow (Kolmogorov scale, , in the following), that is usually estimated using the so-called 

Kolmogorov scale relation, described for instance by Tennekes and Lumley [10]: 

(3.1) 

Despite the relationship of proportionality of Eq. (3.1) cannot lead to a precise calculation 

of the Kolmogorov scale, our scope is to use it to find an order of magnitude of this length 

scale. In this paragraph, we discuss the approaches to estimate the main parameters 

involved in Eq. (3.1): the characteristic length (D in the following), the characteristic 

velocity and the kinematic viscosity, (in the following). The characteristic length D was 

calculated with different methodologies by several Authors: 

 D = lU/2, twice the distance from the centre up to the point where the half of the

maximum vertical component of the time-averaged velocity is reached (Shabbir and

George [106]),

 D = lT/2, twice the distance from the centre up to the point where the half of the

maximum of the time-averaged temperature is reached (Antonia et al. [107]),

 D = D*, characteristic fire diameter (Drysdale [3]),

Together with these approaches found in literature to calculate the characteristic length 

D, we have also considered: 

 D = Dh, the hydraulic diameter:

Dh = 4A/per (3.2) 

where per is the perimeter of the square burner, 

 D=DCO2, the distance between the points where the carbon dioxide concentration

reaches the value of CO2,Dφ :

CO2,D CO2,min CO2,max CO2,minφ =φ +0.1(φ -φ ) (3.3) 
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where CO2,minφ  is the minimum carbon dioxide concentration and CO2,max  is the

maximum carbon dioxide concentration. Since the combustion products include 

carbon dioxide, we used its concentration to track the presence of the smoke. In 

Figure 3.1 for the finer grid we compare the carbon dioxide concentration time-

averaged in the interval 80.000 s≤tk≤80.001 s with that time-averaged in the interval 

20 s≤tk≤100 s. The carbon dioxide concentration time-averaged in the more 

extended interval is distributed in a wider spatial range than the one calculated in the 

interval 80.000 s≤tk≤80.001 s. This is due to the horizontal fluctuations of the fire 

plume that can transport the gases increasing the values of the carbon dioxide 

concentration if time-averaged on extended time intervals. To avoid the 

overestimation of DCO2, the carbon dioxide concentration is calculated in the interval 

80.000 s≤tk≤80.001 s. 

In Tab. 3.1 the values of characteristic length D are summarized, for the different grids, 

at 5 m above ground. For the coarser grid lU/2 is underpredicted while lT/2 is overpredicted 

when compared with the values of the finer grid. DCO2 gives for the three grids comparable 

results. The velocity considered for the Reynolds number calculation is the bulk velocity 

(Ubulk in the following) that is calculated as: 

bulk

ρ (u n)dS

U
ρdS

S

S

 



 (3.4) 

where is the time-averaged density, u is the velocity vector, n is the versor normal to 

the considered plane having surface S. Here, Eq. (3.4) can be rewritten as: 

3

bulk

ρ u dS

U
ρ dS

S

S



 (3.5) 

where u3 is the vertical time-averaged velocity component. Since the smoke plume 

typically shows a truncated cone pattern starting from the source of the fire our plane, its 

horizontal section is disk. For this reason we divided the domain in annuli (see Figure 

3.2), each one divided in four sectors of annulus, so the Ubulk is numerically calculated  
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Figure 3.1: Carbon dioxide concentration: disk:( ) calculated in 0.001s;triangle ( ): 

time-averaged k20s t 100s  , FG.

Table 3.1: Summary of  the characteristic length of the plume, D. 

D (m) CG MG FG 

lU/2 1.53 3.83 4.00 

lT/2 1.30 1.07 1.14 

D* 1.83 1.83 1.83 

Dh 1.50 1.50 1.50 

DCO2 1.92 1.93 1.94 

Figure 3.2: Division of the plane in sector of annuli (left) and its detail in the centre 

(right). 
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along the radius, as: 

N

n 3,n n

n=1
bulk N

n n

n=1

ρ u S

U =

ρ S




(3.6) 

where n and u3,n are, respectively, the time-averaged density and the vertical velocity 

component in each sector of annulus having area Sn.  

The kinematic viscosity, is obtained by linearly interpolating the values from the 

table of White [108], using the bulk temperature at 5 m above the ground. The bulk 

temperature, Tbulk is calculated as: 

N

n p,n n 3,n n

n=1
bulk N

n p,n n

i=1

ρ c T u S

T

ρ c S





(3.7) 

where cp,n, and Tn are, respectively, the time-averaged specific heat at constant pressure 

and the temperature in each sector of annulus having area Sn. Figure 3.3 and Figure 3.4 

show the bulk velocity and bulk temperature graphs for the FG. In Tab. 3.2, the results of 

Ubulk , Tbulk and  are shown, where the summations in the Eqs. (3.6-3.7) are limited to the 

annuli up to 2 m of distance from the centre.  

Figure 3.3: Bulk velocity graph at 5 m of height above ground, FG. 
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Figure 3.4: Bulk temperature graph at 5 m of height above ground, FG

The Reynolds number and the Kolmogorov lengths ℓ are summarized in Tab. 3.3 

and Tab. 3.4, respectively. It can be noted that the Kolmogorov length, ℓ, lies within the 

same order of magnitude in a range of 2·10-4 m ≤ ℓ ≤ 3·10-4 m. Thus the calculations of 

ℓ are weakly affected by the choice of the characteristic length D. This range of value is 

far below the finest grid size (62.5∙10-3 m). This has an immediate consequence on the 

wavenumbers because the wavenumber cut-off due to the grid size (proportional to 1/x) 

is always far lower than the highest wavenumber (proportional to 1/ ℓ ). Thus, the highest 

possible frequency of the plume is far higher than the resolved ones. 

For the ceiling jet, we also estimated the Kolmogorov scale using Eq. (3.1) to look 

for an insight of the extension of the tke spectrum before doing any spectral analysis. 

Since the Reynolds number varies along the ceiling jet, for an order of magnitude 

evaluation we calculate the Kolmogorov scale at 1.5 m, 3.0 m, 4.5 m from the axis. The 

ceiling jet Reynolds number is calculated with the velocity modulus and the thickness of 

Table 3.2: Values of plume velocity, temperature and viscosity summarized. 

CG MG FG 

Ubulk (m/s) 2.00 1.81 1.75 

Tbulk(K) 148.3 174.2 179.0 

 m2/s 2.17·10-05 2.28·10-05 2.30 10-05 
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Table 3.3: Plume Reynolds number for the different grids, largest scale and velocities 

considered. 

Re (-)

CG MG FG 

lU/2 14.1·104 30.2·104 30.4·104 

lT/2 12.0·104 8.4·104 8.7.4·104 

D* 17.0·104 14.4·104 13.9·104 

Dh 13.8·104 11.9·104 11.4·104 

DCO2 17.7·104 12.3·104 14.8·104 

Table 3.4: Finest scale of the plume for the different grids, largest scale and velocities 

considered. 

 (m)

CG MG FG 

lU/2 2·10-4 3·10-4 3·10-4 

lT/2 2·10-4 2·10-4 2·10-4 

D* 2·10-4 3·10-4 3·10-4 

Dh 2·10-4 2·10-4 2·10-4 

DCO2 2·10-4 2·10-4 3·10-4 

the ceiling jet as the characteristic parameters. In Figure 3.5 the soot density for the three 

grids is shown. The ceiling jet thickness is roughly graphically estimated using the ruler 

included in the FDS view of the soot density. The value of thickness is 0.6 m ± 0.2 m 

(0.2 m is the resolution of the ruler) for the three grids. The modulus of the velocity (UCJ 

in the following) for the three different grids, at different distances from the centre-line is 

reported in Tab. 3.5. The Reynolds numbers are reported in Tab. 3.6, whereas the 

Kolmogorov scales are reported in Tab. 3.7. The Kolmogorov scales of the ceiling jet are 

then in the range 7 10-5 m≤ ℓ ≤ 13 10-5 m, then below the range of the Kolmogorov scale 

in the plume and far below the finest grid size (62.5∙10-3 m). We have to expect the highest 

wavenumber far higher than the wavenumber cut-off due to the grid size. Thus, the 

highest possible frequency of the ceiling jet is far higher than the resolved ones.  
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Table 3.5: Modulus of velocity in the ceiling jet for the three different grid, at the three 

different position. 

x1 
UCJ (m/s) 

CG MG FG 

1.5 m 3.8 4.1 4.3 

3.0 m 2.6 3.4 3.6 

4.5 m 2.0 2.7 3.0 

Table 3.6: Ceiling Jet Reynolds number for the different grids, at the three different 

positions. 

x1 
Re (-) 

CG MG FG 

1.5 m 1.5 105 1.6 105 1.7 105 

3.0 m 1.0 105 1.3 105 1.4 105 

4.5 m 0.8 105 1.0 105 1.2 105 

Table 3.7: Ceiling jet Kolmogorov scale for the different grids, at the three different 

positions. 

x1 
 (m) 

CG MG FG 

1.5 m 8 10-5 7 10-5 7∙10-5 

3.0 m 10 10-5 9 10-5 8 10-5

4.5 m 13 10-5 10 10-5 9 10-5 
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Figure 3.5: Soot Density, CG (top), MG (middle) and FG (bottom)
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3.1.2 Estimation of the flame height and comparison with the results of  Cetegen 

analytical model 

A characteristic length analysed for fire safety engineering purposes is the height of the 

flame above a burning fuel bed (flame height, LH, in the following), as this will determine 

how the flame will interact with its surroundings. Because of this importance, the 

estimation of the flame height has been the object of many studies by different Authors 

[103, 109-112]. Among the researches, we used, for comparison purposes with our 

numerical results, the analytical method proposed by Cetegen et al. [103] (Cetegen’s 

model in the following) that considers the two different equations: 

Q*<1  2/3
S-CLH = 3.3 Q* D (3.8) 

Q* 1  2/5
S-CLH = 3.3 Q* D (3.9) 

where DS-C is 4A/π and the value of Q* is defined in Eq. (2.2). As from Par. 2.1, our 

Q* is 1.2, then Eq. (3.9) should be used. The flame height calculated with Cetegen’s 

model is 6.02 m. It is reported in Tab. 3.8 labelled as “Cetegen”. 

Due to the intermittent nature of the flame, the flame height has always been a 

discussed concept. The flame height was defined by McDermott et al. [113] and in the 

FDS documentation [94, 99] as the distance above the burner, on time-average, at which 

99% of the fuel has been consumed. This is obtained numerically calculating the heat 

release rate per unit length (HRR’) in a horizontal plane for each increment in x3: 

3, 1, 2, 3, 1, 2,

1 1

'( ) '''( , , )

 

  
QH

s h q s h q

h q

HRR x q x x x x x (3.10) 

where x1,h, x2,q and x3,s are the discrete coordinates, x1,h andx2,q are the step size for 

the coordinate x1,h and x2,q and q"' is the specific heat release rate in each cell centroid. 

Thus, the flame height is the distance from the burner up to the point where the cumulative 

of HRR’(x3,s).x3,s (CHRR in the following), reaches the 99% of the time-averaged HRR 

over the time interval 20 s≤tk≤100 s (HRRPL in the following). For our case study, as 

expected from the input HRR, the HRRPL is 5000 kW (see Figure 3.6), so the 99% of the 
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Table 3.8: Comparison of LH calculated with FDS and with  Cetegen’s model. 

x Flame Height (LH) 

95% 

(m) 

Cetegen 

(m) 

99% 

(m) 

CG 3.89 6.02 5.48 

MG 5.35 6.02 7.09 

FG 5.82 6.02 7.09 

HRRPL is reached at 4950 kW. In Figure 3.7 the CHRR for the different grids are shown 

with an indication of the flame height and a polynomial interpolation (see Tab. 3.9). The 

value of flame height calculated as the height at which 99% of the fuel has been consumed 

are reported in Tab. 3.8 labelled as “99%”. It can be noted that the CG leads to a flame 

height of 23% lower than the FG. In Figure 3.8 the isosurface of heat release rate per unit 

of volume (HRRPUV in the following) at 80 kW/m3, are shown respectively for CG, MG, 

FG. This value of HRRPUV is used as default to graphically estimate the flame height. 

The tip of the flames of Figure 3.8 are in accordance with the one calculated, considering 

that the burner is placed on a support of 0.5 m of height. 

For a comparison, the value of flame height calculated as the height at which 95% 

of the fuel has been consumed are also reported in Tab. 3.8 labelled as “95%”. For the 

MG and FG the flame height lies in the range between the 95% and a 99% of the HRRPL 

as shown in the Validation guide [95], whereas in the CG the flame height seems under-

predicted. 

Table 3.9: Polynomial fitting of the CHRR. 

x 5th degree polynomial fitting function 

CG CHRR=-0.2386z5+5.652z4-37.4z3-48.57z2+1294z+1566 

MG CHRR=-0.0669z5+3.795z4-55.222z3+222.39z2+613.65z+732.12 

FG CHRR=0.1927z5-2.5638z4-3.1967z3+73.044z2+714.383z+409.82 



Results 65

Figure 3.6: HRR curve, input (black line) and output (grey dot), CG (top), MG (middle) 
and FG(bottom).
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Figure 3.7: CHRR for the different grids, CG (top), MG(middle) and FG (bottom).
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Figure 3.8: Isosurface: HRRPUV=80 kW/m3, CG (top), MG(middle) and FG (bottom).
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3.1.3 Numerical/Analytical comparison 

The comparison of the velocity profile calculated by FDS with the one calculated with an 

analytical model allows us to assess the reliability of our numerical calculation. 

Furthermore the analytical model can give us important information that we can use 

during the choice of the grid, as we will see in Par. 3.2 and Par. 3.3.  

McCaffrey [104] proposes an analytical model that allows to obtain the time-

averaged vertical velocity, McCaffreyU , along the centre-line of the plume as: 

η
1/53

McCaffrey 2/5

x
U = Q

Q

 
 
 
 


 (3.11) 

where x3 is the height from the burner at which the vertical velocity is calculated, the 

parameter  and  depend on the characteristics of the region where we calculate 

McCaffreyU . McCaffrey [104] classifies three regions based on the value assumed by 

x3/�̇�2/5: 

3x
0.08

2/5
Q




Flame 

3x
0.08 0.2
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Based on the region, the values of  and are

 =6.8 
1/2m
s

=1/2 Flame 

 =1.9 
1/5

m

s kW
=0 Intermittent 

 =1.1 
1/5

m

s kW
=-1/3 Plume 

Thus, if we want to analyse the McCaffreyU at 4.5 m from the burner (5 m from the base of 
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the domain) as we do in Par. 3.2, x3/�̇�2/5 is 0.15. So Eq. (3.11) become: 

McCaffrey
1/5

U  =1.9 Q (3.12) 

McCaffreyU  at 4.5 from the burner is then 10.4 m/s, 2% higher than the value calculated by 

FDS with x = 0.0625 m of 10.2 m/s. The vertical velocity profile obtained with FDS 

(using the FG) is compared with McCaffrey’s analytical model in Figure 3.9. The two 

velocity profiles shows a good agreement up to about 7 m. This discrepancy downstream 

this height is due to the McCaffrey model that does not take into account the presence of 

an impingement above the plume. 

A similar comparison can be done between the results of our LES calculations and 

the analytical model developed by Alpert [105] able to predict the modulus of the velocity 

along the surface of a ceiling jet (we refer to this velocity as UALPERT in the following). 

Alpert [105] defines two zones depending on the ratio between the radial distance from 

the centre of the ceiling jet (d in the following) and the height of the compartment above 

the burner (ht in the following). Thus the time-averaged velocity modulus in the ceiling  

Figure 3.9: Vertical velocity along the centre-line of the plume: white disk ( ) with FDS 

and Cetegen's model (red line). 
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jet is: 

1/3 1/2

Alpert 5/6

0.195Q ht
U

d



(3.13) 

for d/ht greater than 0.15 and 

1/3

Alpert
Q

U =0.96
ht

 
 
 


(3.14) 

for d/ht finer than 0.15. 

In Figure 3.10 the time average modulus of the velocity profile calculated by FDS 

with FG is compared with UALPERT. In the turning zone the analytical model is not in 

agreement with the velocity profile. On the contrary, the agreement increases advancing 

away from the vertical centre-line. 

Figure 3.10: Modulus of the velocity profile along the radius of the ceiling jet: white disk 

( ) with FDS and Alpert's analytical model in red line.
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3.1.4 Discussion on the Turbulence Intensity 

As discussed in the Introduction, an important condition for the applicability of the TH is 

that the turbulent fluctuations are small compared to the mean velocity, in other words 

that the turbulence intensity must be low. The turbulence intensity is defined as: 

 2 2 2
1 2 3

2 2 2
1 2 3

1
u + u + u

3I(x)=
U +U +U

(3.15) 

where the angle bracket, 〈 〉, stands for the time-averaging. 

An accepted criterion is to apply the TH to cases in which the turbulence intensity is less 

than 0.1 [114-115] . 

In Figure 3.11 the turbulence intensity is shown, for the different grids, along the 

vertical centre-line of the plume. The results of the three grids show comparable 

turbulence intensity, with a minimum value about 0.15 near the burner support and with 

a maximum of about 1 near the ceiling. These values suggest high-turbulence. This 

evaluation is in line with the experimental results of a fire plume carried out by 

Westenberg and Rice [51]. 

As indicated in the Introduction, downstream the turning zone, where the free shear 

flow of the plume impinges the ceiling, the free shear flow becomes the ceiling jet, which 

Figure 3.11: Turbulence intensity along the vertical centre-line of the plume. Blue 
square: ( ) CG,  red disk: ( ) MG, white triangle: ( ) FG. 
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is a wall bounded shear flow. In free shear flows many experiments (e.g., Tong and 

Warhaft [116]) have shown TH to fail, but no experiments including the measure of the 

turbulence intensity of the ceiling jet have been found. 

In Figure 3.12 the turbulence intensity is shown, for the different grids, along the 

radius of the ceiling jet. As we go further away from the plume centre-line, the differences 

between the CG and the cases with finer grids become higher.  

The turbulence intensity has a minimum about 0.35 far from the centre-line, with a 

maximum about 0.6 in the centre-line of the plume. All these values exceed the reference 

0.1, then can be classified as highly turbulent. 

Figure 3.12: Turbulence intensity in the ceiling jet along a radius, Blue square: ( ) CG, 
red disk: ( ) MG, white triangle: ( ) FG.
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3.2 PLUME

In this paragraph, the results concerning the spectral analysis of the turbulent reacting 

plume are presented [117]. The dimensional analysis of the scale of the Par. 3.1.1 is used 

to provide a basis for the presentation of this spectral analysis. Furthermore, the results 

are interpreted taking in account also the information of the Par. 1.1.2 concerning the LES 

approach used in FDS that adopts implicit filtering.  

In Figure 3.13 the results of the tke spectra of the plume in terms of frequency for 

the three grids are presented. These results are obtained calculating the tke spectra, in a 

centre-line cell at 5 m of height above the ground (d/L  3, where L is the hydraulic 

diameter of the burner and d is the distance from the burner). Since the tke spectra are 

characterized by annoying fluctuations, which make them difficult to read, the signal has 

been Tukey windowed using intervals of 8 s with 2 s of overlapping (see for details 

Appendix B.2). 

In these spectra of tke, the −2/3 power law feature, which can be derived from 

the Kolmogorov “-5/3 power law” for a PSD, is evident. For the coarser grid, obtained 

with the rule of thumb proposed by the FDS User Guide [91], (see Par. 2.1.1 for the 

discussion about the choice of the grid), the frequency range including the inertial sub-

range is extremely restricted. As expected, the inertial sub-range widens for finer grids. 

As described in the Par. 3.1 , the Kolmogorov scale, at 5 m of height above the 

ground, is in the range of 2·10-4 m   3·10-4 m, far below the finest grid size

(62.5∙10- 3 m). This has an immediate consequence on the wavenumbers because the 

wavenumber cut-off due to the grid size (proportional to 1/x) is far lower than the 

highest wavenumber (proportional to 1/ ). Thus, the highest possible frequency of the

plume is far higher than the resolved ones.  

In FDS an implicit grid filtering is used, so the filter size depends on the mesh 

spacing, uniform in this case study. In Figure 3.13, a region of the tke spectrum where the 

influence of this implicit filtering occurs, can be identified (Jameson and Bull [33]). This 

region is characterized by a strong attenuation, for this reason indicated as “attenuated 

region”. It is bounded by two characteristic frequencies: the frequency where the trend of 
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a) CG b) G

c) FG d) tke spectra of the three cases

Figure 3.13: tke spectra in the frequency domain at 5 m of height. The dashed lines are ffc 

and fc. 

the tke spectrum deviates from the -2/3 power law (ffc in the following) and the frequency 

where the filter completes its action on the tke spectrum (fc in the following). In Figure 

3.13 both these frequencies, ffc and fc, are shown with dashed lines. With a direct graphical 

estimation of ffc and fc, we obtained the values reported in Table 3.10. It can be noted that 

these bounding frequencies increase the finer the grid.  

In the tke spectrum the extension of the region characterized by the − 2/3 power law 

feature can be a qualitative indicator to assess the quantity of resolved scales. 

Nevertheless, in the literature quality indicators able to give a posteriori quality metrics  
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Table 3.10: Values of frequency bounding the “attenuated region” in the plume. 

ffc (Hz) fc (Hz) 

CG MG FG CG MG FG 

From data 9.8 21.0 39.0 24.1 51.0 101.0 

FDS - - - 20.0 42.4 81.6 

FDS/2 10.0 21.2 40.8 - - - 

/2 - - - 25.5 54.0 102.9 

are usually preferred. They have been objects of study in the years by several Authors 

[118-119] and are still an active field of research. Among the most widely used, the one 

defined by Pope [120] is the fraction of the time-averaged modelled tke on the total one. 

Pope established that for homogeneous isotropic turbulence this parameter should not 

exceed the 20%, to ensure that the grid Nyquist limit is within the inertial sub-range.  

The complementary to 1 of the quality indicator defined by Pope is 

SGS

μ=
tke

tke tke
(3.16) 

where the angle brackets denote the time-averaging, tke  is the resolved time-averaged 

tke and 
SGS

tke  is the sub-grid modelled time-averaged tke. The indicator  is here 

calculated for the different grids and reported in Tab. 3.11. We also report in Tab. 3.11 

the time-averaged sub-grid scale tke calculated directly with FDS and the resolved tke, 

both made dimensionless with the square of U for a comparison between the different 

grids. We also assess the dimensionless time-averaged tke related to the attenuated region. 

For the assessment of this parameter, differently from the analyses already presented 

involving the study of the tke spectrum, we use the PSDs of the fluctuating velocity 

components. The content of time-averaged resolved tke up to the frequency f is: 

f

0

(f ) (f ')df 'tke psd  (3.17) 
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where psd(f) is the sum of the PSDs of the fluctuating velocity components expressed as 

one-sided. Since we work in a numerical framework, Eq. (3.17) is used as: 

lim j j+1 j
j 1

(f ) (f ) (f f )
N

tke psd


  (3.18) 

In Tab 3.11 the dimensionless time-averaged resolved tke up to the lower and upper 

frequency cut-off are also reported. The dimensionless time-averaged tke calculated by 

extending the “- 5/3 power law” of the psd(f) of each grid in the attenuated region between 

ffc and fc is indicated as 
5/3

tke 
 in Tab. 3.11. Finally, the ratio between [ tke (fc) - tke

(ffc)] and 
5/3

tke 
 is reported in Tab. 3.11. 

As expected,  increases the finer the grid. If we extend the Pope criterion to our 

case, the results pertaining  to the coarser grid (78%) should be considered of poor quality. 

This could have been infered also from the restricted extension of the inertial sub-range 

in Fig. 3.13-a. The values of tke  / U2 for the different grids are highly comparable, 

whereas tke SGS / U2 decreases the finer the grid. In this point, tke SGS / U2 becomes a 

good quality indicator by itself, because it is highly grid dependent. As tke SGS / U2, the 

dimensionless 
5/3

tke 
 decreases the finer the grid. Finally, the dimensionless tke

attributable to the attenuated region is by an order of magnitude lower than the other 

values reported in Tab. 3.11. It can be noted that time-averaged resolved tke in the 

attenuated region from ffc up to fc is always lower than 
5/3

tke 
. The ratio between 

[ tke  (fc) - tke  (ffc) ] and 
5/3

tke 
 is always small and decreases the coarser the grid. 

A significant fraction of resolved time-averaged tke is hence underestimated in the 

attenuated region. This issue is not addressed in the indicator defined by Pope, where the 

attenuated region is not accounted for.  

In the application of the IWC method to our plume moving in the direction of x3, 

the propagative and the dissipative dispersion graphs that relate the frequencies with the 

stream-wise wavenumbers k3,p and k3,d are obtained. As discussed in Par. 2.3.1, the 

propagative dispersion graph allows us to get the correlation-law, whereas the dissipative 

dispersion graph allows us to get information about the decay of the signal associated 

with the dissipation along the medium. 
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Table 3.11: Time-averaged tke fractions. 

CG MG FG 

(%) 78 87 92 

tke  / U2 8.68.10-2 8.67.10-2 8.72.10-2

tke (fc) / U2 8.67.10-2 8.67.10-2 8.66.10-2

tke (ffc) / U2 8.59.10-2 8.44.10-2 8.41.10-2

tke SGS / U2 2.45.10-2 1.29.10-2 0.77.10-2

[ tke (fc) - tke (ffc)] / U2 8.18.10-4 23.0.10-4 25.6.10-4

5/3
tke 

 / U2 7.99.10-3 7.44.10-3 5.54.10-3

[ tke (fc) - tke (ffc)] / 
5/3

tke  0.102 0.309 0.471 

In Figure 3.14 for the three different grids, the results of the data reduction regarding 

only the propagative behaviour are presented. The dispersion graphs of Figure 3.14 show 

an area characterized by a high correlation, the “propagation area”, and an area with a 

low correlation, the “non propagation area”. In Figure 3.15 for the three grids the 

propagative and dissipative dispersion graph area is shown. The application of the IWC 

method to our plume flow, gives for each grid always zero dissipation wavenumbers. This 

suggests that, in the analyzed range of wavenumber, there is a prevalent propagative 

behaviour due to the large production of momentum by the buoyancy forces. No 

attenuation due to the dissipation can be revealed. In Figure 3.16 the propagation areas of 

the three dispersion graphs are shown together and the correlation-law is graphically 

highlighted. As expected, the propagation area widens as the grid resolution increases.  

In Figure 3.17 the IWC parameter in frequency along with the dispersion graph for 

the different grids is shown. It can be seen that where the propagative areas of the 

dispersion graph ends, the IWC parameter in frequency drops sharply.  
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a) CG

b) MG

c) FG

Figure 3.14: Propagative dispersion graphs 
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a) CG

b) MG

c) FG

Figure 3.15: Dispersion graphs: black disk: (=) propagative component, red square: 
(=) dissipative component..
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Figure 3.16:  Propagation areas of the dispersion graphs of the three different 

grids. 
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a) CG

b) MG

c) FG

Figure 3.17: IWC parameter in frequency and the dispersion graph; white disk: ( ) 
propagative component, black line: IWC parameter.
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A further insight about the IWC method can be gathered also by analysing the steps 

of the IWC method. In Figure 3.18, the IWC parameter in the wavenumber domain is 

analysed and shown for the coarser grid, for different frequencies. The frequencies 

considered are 10 Hz, 15 Hz and 20 Hz, which are inside the propagative area of the 

dispersion graph, and the frequency 25 Hz which is in the non propagative area. The 

graphs of the IWC parameter in the wavenumber of the frequencies inside the propagative 

10 Hz 15 Hz 

20 Hz 25 Hz 

Figure 3.18: IWC parameter in wavenumber for CG, for different frequencies:  10 Hz, 15 
Hz, 20 Hz, 25 Hz. The x represent the IWC that maximise the correlation between 
frequency and wavenumber. 
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area have a shape similar to a probability function, with only few peaks, whereas the 

graph in the non propagative area shows a large number of peaks with a regular occurence 

and a similar height. 

A linear fit of the data reported in the propagative dispersion graphs does not match 

the distribution of the data of the dispersion graphs. As a consequence, TH cannot be 

applied in this case of reactive turbulent plume. Conversely, a function given by a ratio 

of polynomials fits well our data in the propagation area: 

3,p

af+b
k =

f+c
(3.19) 

In the following we assume the interpolating function for the finest grid as the correlation-

law. The terms a, b and c, for the finest grid are: a = 250.2 m-1, b = 307.2 m-1s-1 and 

c = 387.0 s-1. A horizontal asymptote is placed at 250.2 m-1(the 99% of this asymptote is 

reached for a frequency of 38 kHz). When used to extrapolate, the interpolation for the 

grid spacing 0.25 m highly under-predicts the wavenumbers at high frequencies, while 

the remaining two give comparable results. 

With reference to the wave propagation theory [121], in Figure 3.19 the phase 

velocity, it means the rate at which a wave propagates, and the group velocity, it means 

the rate of the wave-packet that carries the information of the signal, here the tke, are 

shown (solid lines) in the stream-wise wavenumber domain (k3,p). In particular the group 

and phase velocity obtained with the fitting Eq. (3.19) are shown in Figure 3.19 with solid 

lines. If the dispersion curve is linear, the group velocity and the phase velocity coincide. 

Since the validity of TH means a linear correlation-law, if the TH can be applied, the 

group velocity and the phase velocity should coincide. Here, instead, the two velocities 

are different, as evident from Figure 3.19. Different Authors, such as Goldschmidt et al. 

[70], Del Àlamo and Jimenez [122] and Moin [123], state that the convection velocity is 

the phase velocity. For our plume, the phase velocity is: 

ph 3,p
3,p

f
V (k )=2π

k
(3.20) 

and the group velocity: 
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g 3,p
3,p

d f
V (k )=2π

 d k
(3.21) 

With reference to the correlation-law in Eq. (3.19), the group velocity here is always 

higher than the phase velocity. Both the velocities have an increasing trend. For the phase 

velocity this is confirmed by the consideration of Fisher and Davies [66] and Goldschmidt 

et al. [70] that the turbulent structures at the lower wavenumbers move slower than at the 

higher wavenumbers. The trend of the convection (phase) velocity in the wavenumber 

k3,p domain is analogous to the one shown by Goldschmidt et al.[70].  

The ratio of polynomials of Eq. (3.19) was not the only fitting function used, but 

also a 2nd degree polynomial was applied: 

k3,p = a f2+b f+c (3.22) 

Here the terms a, b and c, for the finest grid are: a = -1.17.10-3 m-1, b = 0.63  m-1s-1 

c = 0.67  s-1. In Figure 3.19 the group and phase velocities obtained by applying Eqs. 

(3.20-3.21) to Eq. (3.22) are shown in dashed lines compared with the ones obtained with 

Eq. (3.19) represented with solid lines. The fitting Eqs. (3.19-3.22) produces velocities 

with similar trends. Thus, we can suppose that also the use of a 2nd degree polynomial as 

Figure 3.19: Vg and Vph obtained with the ratio of polynomial fitting (black and red solid 

lines) and with the 2nd degree polynomial (dashed lines) in the wavenumber domain. 
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interpolating function would give similar results. 

In Figure 3.20 the values of the time-averaged vertical velocity component along 

the centre-line from 1 m above the ground to 9.5 m, are reported. The velocity profile is 

variable, and its maximum 10.2 m/s. If we compare the spatial distribution of the mean 

velocity in the region where the correlation is found with the group and phase velocities 

in the wavenumber domain, we can see that the higher the wavenumber the more the 

phase velocity exceeds the maximum velocity along the region of interest. Goldschmidt 

et al. [70] obtained the same results but having a constant spatial distribution of time-

averaged velocity. 

The group velocity, which gives the propagation of the envelope of the signal, here 

the tke, for k3,p = 0, is 9.7 m/s, which is not far to 10.2 m/s that is the value of the 

maximum velocity along the centre-line. This value (10.2 m/s) is reached by the phase 

velocity at about 21 m- 1. Furthermore, Vg(k3,p = 0) (9.7 m/s) is reached by the phase 

velocity at about 14 m-1.  

The tke spectra in the wavenumber domain are obtained by reducing the tke spectra 

in the frequency domain with the IWC method. In Figure 3.21 for the different grids, the 

tke spectra in the wavenumber domain are shown. These spectra are calculated using the 

Figure 3.20: Vertical time-averaged velocity along the vertical centre-line of the domain
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correlation-law, Eq. (3.19). Qualitatively these spectra are similar to those presented in 

Figure 3.13. As for the frequencies (Figure 3.13), the inertial subrange, characterized by 

 the -2/3 power law feature, is captured in all the three grids. As for the frequencies, the 

“attenuated region” is bounded by the wavenumbers kfc (lower limit) and kc (upper limit). 

We observed different behaviours for the two coarser grids and for the finer one.  

For the two coarser grids after the region characterized by the -2/3 power law 

feature, as for the frequencies, a sharp decrease (attenuated region) begins. For the finest 

grid (0.0625 m), in the tke spectrum there is a slight departure from the -2/3 power law at 

14 m-1, followed by a sharp decrease at 23.8 m-1 (both are indicated with dashed line in 

Figure 3.21c together with kc). If on one side kc increases evidently the finer the grids, 

this cannot be seen for kfc that for the finer grid is close to the one found for x=0.125 m. 

This suggests that for the finest grid, the lower bound of the attenuated region, kfc, is not 

where the slight departure from the - 2/3 power law begins, but it is where we appreciate 

a sharp decrease from the slowly decreasing trend due to the non-linearity of the 

correlation-law. As already discussed, in Figure 3.13 the tke spectra in the frequency 

domain shows the -2/3 power law feature followed by a sharp decrease (attenuated 

region). The preservation of the -2/3 power law feature from the frequency to the 

wavenumber domain implies a linear transformation, then the applicability of TH. This 

applies for the whole inertial subrange to the two coarser grids. For the finest grid, instead, 

the departure from the -2/3 power law implies a deviation from the TH that occurs inside 

the inertial sub-range.  

In Figure 3.22 the tke spectra for the three grids are shown together. With the dashed 

lines we indicate the wavenumber at which Vg(k3,p = 0) is reached by the phase velocity 

(14 m-1) and the wavenumber at which for the finest grid, the sharp decrease begins (23.8 

m-1). It can be noted that, only for the finer grid, the sharp decrease exceeds 14 m-1. At

this wavenumber begins the slight departure from the - 2/3 power law, hence, the 

deviation from the TH. The true attenuation due to the implicit filtering appears then at 

kfc = 23.8 m-1, as reported in Tab. 3.12. It seems that, for our plume, the wavenumber at 

which begins the deviation from the TH could be the one at which Vg(k3,p = 0) is reached 
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a) CG

b) MG

c) FG

Figure 3.21: tke spectra in the propagative wavenumber domain at 5 m of height. The 

dashed lines are kfc and kc. 
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Figure 3.22: tke spectra in the wavenumber domain at 5 m of height. The dashed red 

line highlights the wavenumber 14 m-1 and 23.8 m-1. 

Table 3.12: Values of wavenumber bounding the “attenuated region” in the plume. 

kfc (m-1) kc (m-1) 

CG MG FG CG MG FG 

From data 6.4 13.1 23.8 16.0 33.0 55.5 

IWC 6.9 13.6 23.6 16.2 31.3 53.6 

FDS - - - 12.6 25.1 50.3 

FDS/2 6.4 12.6 25.1 - - - 

/2 - - - 16.0 32.0 64.0 

by the phase velocity. 

Since the tke spectra and their bounding frequencies are only available at the end of 

time expensive numerical calculations, we decided to look for practical rules to predict 

ffc and fc (reported in Tab. 3.10) to have an a priori idea of the significant resolved scales 

of the problem. 

At first, we considered the frequency corresponding to the spectral cut-off 

wavenumber given by FDS [91] as: 

c,FDS

π
k =

Δx
(3.23) 
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where x is the grid spacing. The corresponding frequency, indicated as fc,FDS and 

reported in Tab. 3.10, is: 

c,FDS

U
f =

2Δx
(3.24) 

where U is here the time-averaged axial velocity in the node given by FDS. Since we are 

interested in an a priori analysis, an estimation of this value can be also obtained with 

analytical models like the McCaffrey one [104], already described in Par. 3.1.3, which 

showed a good agreement up to the intermittent zones. When comparing ffc and fc with 

fc,FDS, no matching is obtained. The frequency fc,FDS is always lower than fc, and higher 

than ffc. The disagreement is certainly due to the choice of the local mean velocity as U 

in Eq. (3.24). The choice of a proper convection velocity for U would certainly improve 

the accordance. However, here we are interested in a fast analysis and for this we move 

between the values available through the analytical models. 

Secondly, as practical rule, we decided to adopt for ffc, the half of fc,FDS: 

fc,FDS/2

U
f =

4Δx
(3.25) 

These values, also reported in Tab. 3.10, are in a good agreement with those of the lower 

bounding frequency ffc.

Since the frequencies fc, for the different grids, is higher than fc,FDS., it was 

developed a further practical rule to obtain values closer to fc. This practical rule differs 

from Eqs. (3.24-3.26) in the denominator where a π/2  is used as multiplicative coefficient 

of the grid spacing. This predicting bounding frequency is: 

c,π/2

U
f =

π/2Δx
(3.26) 

In our plume this practical rule, also included in Tab.3.10, gives values in good 

agreement with fc. 

Since the tke spectra in the wavenumber domain are obtained by applying the 

correlation-law to those in the frequency domain, kfc and kc  (reported in Tab. 3.12) can 

be identified by applying the correlation-law to ffc and fc, obtaining kfc,IWC and kc,IWC. The 

latters identify quite accurately kfc and kc. It can be noted that for the finer grid, the 

parameter kfc,IWC seems to predict where the spectra sharply decrease at 23.8 m-1, and not 
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the slight departure from the -2/3 power law at 14 m-1. This is due to the correlation-law 

that deviates from the TH inside inertial sub-range, so the ffc has a corresponding 

wavenumber kfc value not aligned with the other values of the -2/3 power law range.  

However, the application of the correlation-law is disadvantageous for this purpose 

because it implies the performance of the numerical calculations and the use of the IWC 

method. Thus, we decided to use practical rules, as for the frequencies, to have an a priori 

rule of thumb to have an estimation of the resolved scales. At first, we considered and 

reported in Tab. 3.12 , the Nyquist wavenumber kc,FDS, defined in Eq. (3.23) and 

highlighted also in the User Guide [91]. This practical rule can give only a rough 

estimation of kc.  

Secondly, as done for the frequencies, we considered the half of kfc,FDS (reported in 

Table 3.12 as kfc,FDS/2). A comparison shows a good agreement with the lower limit kfc. It 

can be noted that for the finer grid, as for kfc,IWC, the practical rule kfc,FDS/2 predicts where 

the spectra sharply decrease, and not the slight departure from the -2/3 power law at 

14 m- 1.  

Finally, the wavenumber corresponding to fc,/2, which is four times the inverse of 

the grid spacing, is taken into account to predict kc. This kc,/2 seems to give a good 

estimation of the upper limit of the “attenuated region”, better than kc,FDS. Although kc,/2

is less accurate for the finest grid than kc,IWC, it has the advantage to give an acceptable 

estimation of kc before performing the LES calculations. 

3.3 CEILING JET

In our cubic domain, the ceiling jet radially spreads. Its propagation pattern has the shape 

of a radially expanding hollow disk. We analyse our data in the diameter along the axis 

x1, where the data points are aligned and equally spaced. In Figure 3.23 for the layer 

below the ceiling surface, the time-averaged longitudinal, transversal, and vertical 

components of velocity along a diameter at 0.25 m from the ceiling surface are shown. 

This wall bounded shear flow is characterised by a variable distribution of time-averaged 

longitudinal and vertical components of velocity. Due to these variations, the tke is 
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analysed in different positions along the axis. 

In Figure 3.24 the time-averaged longitudinal component of velocity for the 

different grids is shown. The differences between the 0.25 m grid and the cases with finer 

grids suggest that the results of the coarser grid are unacceptable. Due to this 

consideration the spectral analysis in the ceiling jet is restricted to the MG and FG.  

In Figure 3.25 the tke spectra in the frequency domain at 1.5, 3.0 and 4.5 m from 

the axis are shown. Since the tke spectra are characterized by annoying fluctuations, 

which make the tke spectra difficult to read, the signal has been Tukey windowed using 

intervals of 8 s with 2 s of overlapping (see for details Appendix B.2). This analysis shows 

that a tke frequency spectrum follows the typical trend obtained with the codes adopting 

a LES approach with implicit filtering. After a region following the - 2/3 power law, the 

tke spectrum deviates gradually in the “attenuated region” up to a final cut-off. The region 

following the -2/3 power law increases by refining the grid.  

As calculated in Par. 3.1.1, the smallest scales in a Kolmogorov scale analysis lie 

in a range (7.10-5 m    13.10-5 m) lower than that of the Kolmogorov scale in the plume

Figure 3.23: Time-averaged velocity components along the x-axis, at 0.25 m from the 

ceiling. 
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Figure 3.24: Time-averaged longitudinal velocity component along the x-axis at 

different resolutions. 

and far lower than the smallest grid size (62.5∙10-3 m). We have then to expect the highest 

wavenumber (connected to the Kolmogorov analysis) far higher than the wavenumber 

cut-off due to the grid size. Thus, the highest possible frequency of the plume is far higher 

than the resolved ones.  

In the attenuated region of the tke spectra (see Figure 3.25), in Table 3.13 the values 

of ffc and fc directly graphically estimated in Figure 3.25 are shown and labelled as “from 

data”. Considerable attention was paid in the graphical estimation of the bounding 

frequencies. In particular, for a more precise reading, we used graphs in a linear scale 

where the significant deviation from the –2/3 power law was noticed in points otherwise 

not noticeable in logarithmic scale. The analysis in linear scale of the tke spectra in the 

attenuated region shows a sharp decrease preceding a final horizontal trend. The upper 

limit of the attenuated region is estimated where the prolongations of these trends 

intercept. 

The upper limit of the attenuated region has a tendency, more pronounced in the 

finer grid, to slightly move backward when advancing away from the centre of the ceiling 

jet.  
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MG. x1 = 1.5 m FG. x1 = 1.5 m 

MG. x1 = 3.0 m FG. x1 = 3.0 m 

MG. x1 = 4.5 m FG. x1 = 4.5 m 

Figure 3.25: tke spectra in the frequency domain. x1 = 1.5 m, x1 = 3.0 m, x1 = 4.5 m. The 

dashed lines are ffc and fc
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Table 3.13: Values of frequency bounding the “attenuated region in the ceiling jet. 

x1 
ffc (Hz) fc (Hz) 

 MG  FG  MG  FG 

From data 

1.5 m 

9.0 18.2 34.0 82.0 

FDS - - 16.6 34.8

FDS/2 8.3 17.4 - - 

From data 

3 m 

8.0 13.5 34.0 65.0 

FDS - - 13.4 28.8

FDS/2 6.7 14.4 - - 

From data 

4.5 m 

9.0 13.0 30.0 56.0 

FDS - - 10.6 23.8

FDS/2 5.3 11.9 - - 

In Figure 3.26 for the finer grid the three tke spectra adimensionalised with the 

square of the local velocity modulus are shown together. As noticeable in Figure 3.26, 

the attenuated regions of the spectra are shifted backward moving away from the centre 

of the ceiling jet. Buchhave and Velte [63] provide comparable information to the one we 

are interested in regarding the behaviour of the PSDs along the radius of a free round jet 

in air. In their experimental investigation the spectra did not show the attenuated region. 

The Authors show for different PSDs at different distances from the centre of a jet a 

backward shift similar to the one shown in Figure 3.26. As stated in [63] “the temporal 

energy spectra are shifted towards higher frequencies as the mean velocity increases” due 

to the progressively decrease of the Kolmogorov length scales. In our LES calculation the 

final cut-off frequency is far lower than the frequency associated to the Kolmogorov 

scale, then we cannot be sure that the backward shift of fc in Figure 3.26 is the same 

noticed for the cut-off frequencies in the spectra shown by Buchhave and Velte [63]. If 

on one side one can expect that the backward shift due to the different Kolmogorov scales 

of the whole spectra has a direct effect on fc, on the other, as it will be shown in the 

application of the IWC method, the presence of dissipation has a further significant 



Results 95

95 

Figure 3.26: Adimensionalised tke spectra in the frequency domain at 1.5 m, 3.0 m and 

4.5 m from the centre, FG. 

indirect effect to be taken into account. 

The frequency spectra are then reduced with the IWC method to obtain the 

correlation between frequencies and wavenumbers. The propagation pattern of the 

stratified combustion products, in a ceiling jet, has the shape of a radially expanding 

hollow disk. This trend suggests a cylindrical propagation, even though, after a certain 

distance from the centre, the radius of curvature of the cylindrical wave is sufficiently 

large that the cylindrical wave could be approximated by a plane wave. Due to these 

considerations, we performed for the MG the IWC method using the cylindrical wave and 

the plane wave, obtaining two sets of propagative and dissipative dispersion graph. In 

Figure 3.27 we compared, for every frequency of the dispersion graph, the wavenumber 

pertaining to the cylindrical wave with the one of the plane wave with the scatter plot, 

whereas in Figure 3.28 the same comparison is done for the dissipative wavenumbers. 

From these comparisons we can argue some considerations. For the propagative 

dispersion graphs the two data-sets are coincident. On the contrary, for the dissipative 

dispersion graphs the dissipative wavenumbers are lower for the IWC method that adopts 

the inhomogeneous cylindrical wave when compared to the plane one. This is due to the 
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Figure 3.27: Scatter plots of the kp obtained by the IWC method using the Cylindical 
wave against the ones obtained using the Plane wave.  

Figure 3.28: Scatter plots of the kd wavenumbers obtained by the IWC method using the 
Cylindical wave against the ones obtained using the Plane wave.  
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geometrical spread of a cylindrical wave (see Appendix D for details) that is not taken 

into account by the model of the plane inhomogeneous wave. For our ceiling jet, we used 

then the cylindrical inhomogeneous wave.  

For the ceiling jet, the propagative and dissipative wavenumbers of the dispersion 

graph for the FG are shown in Figure 3.29. For the finest grid, the propagative 

wavenumbers are in a range from 0 m-1 to 76 m-1, whereas the dissipative ones are in a 

range from 0 m-1 to -5 m-1. For the plume case (Par. 3.1), the dissipative wavenumbers 

were always null. For the ceiling jet, from Figure 3.29 it is evident that the dissipative 

wavenumber cannot be neglected. Thus, it is possible to put in evidence an important 

feature of the IWC method: it allows us to assess the presence of dissipation in a wave-

field.  

As for the plume, a linear fit of the propagative data in the dispersion graph does 

not match the distribution (Figure 3.29). As a consequence, we assume again, as 

correlation-law, the function given by a ratio of polynomials: 

L,p

a f+b
k =

f+c
(3.27) 

Figure 3.29: Dispersion graphs for the FG grid spacing; red disk: ( ) propagative 
component, white square: ( ) dissipative component. 
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The terms a, b and c, for the FG, are: a = 83.2 m-1, b = 64.3 m-1s-1 and c = 59.7 s-1. A 

horizontal asymptote is placed at 83.2 m-1 (the 99% of this asymptote is reached for a 

frequency of 6 kHz) and this asymptote is far finer than the one found for the correlation-

law of the plume of 250.2 m-1.  

With reference to the fitting function, Eq. (3.27), in Figure 3.30 the phase velocity 

ph L,p
L,p

f
V (k )=2π

k
(3.28) 

and the group velocity 

g L,p
L,p

d f
V (k )=2π

 dk
(3.29) 

are shown. 

Qualitatively the group and phase velocities have similar features when compared 

to the ones of the plume. The group velocity values are always higher than the ones of the 

phase velocity. The higher the wavenumber the higher the velocities became. 

Furthermore, the trend of the phase velocity in the wavenumber kL,p domain is analogous 

to the one shown by Goldschmidt et al. [70]. The group velocity for kL,p = 0, is 4.4 m/s 

then comparable to the maximum time-averaged longitudinal velocity of 4.3 m/s.  

Figure 3.30: Group velocity (black line) and phase velocity (red line) in kL,p.
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There are also important differences between the group and phase velocity of the 

two flows. For the ceiling jet both the velocities increase more rapidly in the streamwise 

wavenumber domain than for the plume. The TH would imply a linear transformation 

between frequency and wavenumber. As a consequence, the phase velocity and the group 

velocity, which in the application of TH would coincide, would be independent of 

wavenumbers. Thus, a more rapid increase for the ceiling jet than for the plume of both 

the velocities in the streamwise wavenumber means a more pronounced deviation from 

the TH. This more pronounced departure from the TH in the shear flows, such as this 

ceiling jet, has been already found by Lin [50], where this Author concludes that “there 

is no general justification of extending Taylor’s hypothesis to the case of shear flow”.  

The tke spectra in the wavenumber domain are obtained by reducing the spectra in 

the frequency domain with the IWC method. In Figure 3.31 for the two different grids the 

tke spectra in the wavenumber domain at 1.5, 3.0 and 4.5 m are shown. These spectra are 

calculated using the correlation-law, Eq. (3.27). Qualitatively these spectra are  similar to 

those presented in Figure 3.25. The inertial subrange, characterized by the -2/3 power law 

feature, is captured by the two grids. In Figure 3.31 we directly graphically estimated the 

wavenumbers kfc (lower limit) and kc (upper limit) that bound the “attenuated region” 

(highlighted in Fig. 3.31 with black dashed lines). These data are reported in Table 3.14. 

For both the grids, in the tke spectra at the three different locations there is a slight 

departure from the -2/3 power law at 9 m-1 followed by a sharp decrease. The wavenumber 

at which the sharp decrease begins increases evidently the finer the grid (black dashed 

lines in Figure 3.31). As for the plume, this suggests that the lower bound of the attenuated 

region , kfc, is not where the slight departure from the -2/3 power law begins. In Figure 

3.25 the tke spectra in the frequency domain shows the -2/3 power law feature followed 

by a sharp deviation (attenuated region). The preservation of the -2/3 power law feature 

from the frequency to the wavenumber domain implies a linear transformation, then the 

TH applicability up to the frequency where the slight departure from the -2/3 power law 

occurs. In Figure 3.31 the red dashed line indicates the wavenumber at which Vg(kL,p = 0) 

is equal to the phase velocity (9 m-1). For the MG the range between the wavenumber at 

which the departure from the -2/3 power law (9 m-1) can be noticed and the beginning of 



100 Results 

MG. x1 = 1.5 m FG. x1 = 1.5 m 

MG. x1 = 3.0 m FG. x1 = 3.0 m 

MG. x1 = 4.5 m FG. x1 = 4.5 m 

Figure 3.31: tke spectra in the propagative wavenumber. x1 = 1.5 m, x1 = 3.0 m, 
x1 = 4.5 m. The dashed lines are kfc and kc.



Results 101

the sharp decrease is more restricted than for FG. Thus, for the finer grid the slight 

departure from the -2/3 power law, and hence the deviation from the TH, is more evident 

than for the MG. The true attenuation due to the implicit filtering appears then where the 

sharp decrease begins, as reported in Table 3.14. As for our plume, it seems that, also for 

the ceiling jet, the wavenumber at which begins the deviation from the TH could be the 

one at which Vg(kL,p = 0) is equal to the phase velocity. Finally the backward shift of the 

tke spectra moving away from the centre of the ceiling jet already noted in the frequency 

domain is preserved also in the wavenumber domain. 

In the following, a study of the frequencies bounding the “attenuated region” is 

presented (the definitions already provided in Par. 3.1 are used). With reference to the 

bounding frequencies fc and ffc, as for the plume, we decided to look for practical rules to 

predict ffc and fc to have an a priori idea of the significant resolved scales of the problem. 

Table 3.14: Values of wavenumber bounding the “attenuated region in the ceiling jet. 

x1 
kfc (m-1) kc (m-1) 

 MG  FG  MG  FG 

From data 

1.5 m 

12.0 21.5 26.0 51.0 

IWC 11.8 20.3 26.2 48.6 

FDS - - 25.1 50.3

FDS/2 12.6 25.1 - - 

From data 

3 m 

11.5 19.7 26.0 44.0 

IWC 10.8 16.3 26.1 43.9 

FDS - - 25.1 50.3

FDS/2 12.6 25.1 - - 

From data 

4.5 m 

10.0 15.0 24.0 43.0 

IWC 11.8 15.8 24.5 40.8 

FDS - - 25.1 50.3

FDS/2 12.6 25.1 - - 
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Using the practical rules already adopted in the plume (Par. 3.2) in Tab. 3.13 the values 

of bounding frequencies are shown. In more details, in Tab. 3.13, the frequencies ffc,FDS/2, 

fc,FDS are reported for the different grids. Here, as for the plume, these practical rules imply 

the use of the local time-averaged U calculated with FDS because these are values of 

bounding wavenumbers to be transformed in frequencies. For a preliminary analysis, the 

Alpert analytical model [105] or a RANS can be used for an estimation of U. As can be 

noted in Table 3.13 for the frequency domain, the practical rule ffc,FDS/2 can predict ffc  

with a decreasing accuracy moving from the centre of the plume out. The practical rule 

fc,FDS seems to underpredicts fc, in contrast to what we noticed in the plume. This issue 

can be due to different possible reasons: the grid that seems to not act as a filter, the choice 

of a wrong velocity for the transformation from the wavenumber domain to the frequency 

domain, the presence of dissipation (Figure 3.29) in the ceiling jet that increases the 

higher the frequencies. The transformation from the wavenumber to the frequency 

domain of the cut-offs due to the spatial implicit filtering (grid) usually involves the use 

of the local time-averaged velocity. The use of this velocity seems to be inappropriate, as 

suggested also by many Authors [58-62] for instance when the TH was not applicable. 

Furthermore, the analysis has shown that the dissipation revealed by the IWC method 

plays an important role in modifying the spectra tending to shift them backward the far is 

from the centre-line, where the plume develops without the dissipation. Thus, an analysis 

involving predictive practical rules should be done also for the cut-off wavenumbers 

before drawing a conclusion. 

Regarding the aforementioned needs, the study of the cutoff wavenumbers kfc 

(lower limit) and kc (upper limit) reported in Tab. 3.14 is presented. The first available 

data are those graphically estimated and labelled as ‘from data’. These values are 

immediately followed by kfc,IWC and kc,IWC obtained by applying the correlation-law, Eq. 

(3.27). These are able to predict rather good kc and kfc. However, these theoretical rules 

imply the application of the IWC method in addition to the LES calculation. For this 

reason, we checked the predictability of the practical rules already used for the plume: 

kfc,FDS/2, kc,FDS. This comparison allows us to draw up some considerations. Both the 

bounding wavenumbers kfc,FDS/2, kc,FDS do not depend on the position along the flow, 
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where the spectra show a backward shift more pronounced the far from the centre-line. 

The estimation of the lower bounding wavenumber given by kfc,FDS/2 seems to give a 

prediction progressively rough advancing away from the centre-line. The practical rule, 

kc,FDS also predicts kc with a decreasing accuracy moving along the ceiling jet from the 

centre of the plume out. Thus, the increasing discrepancy between practical rule and 

values labelled “from data” moving from the centre of the plume out can be addressed by 

the dissipation noticed in the ceiling jet. 

In the wavenumber domain a prediction of the wavenumber bounding the 

attenuated region with the practical rule is then possible only where the ceiling jet begins. 

Downstream the dissipation tends to progressively shift backwards this wavenumber. 

This does not apply also to the frequency domain. We can suppose then that a velocity 

different from the local time-averaged should be chosen. Thus, for our ceiling jet, local 

time-averaged velocity is not significant for the transformation from wavenumber to the 

frequency domain, as in the TH. 
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Chapter 4 

CONCLUDING REMARKS 

The spectral analysis of the plume and its ceiling jet is performed to obtain a deeper 

insight about the properties of the flows, the characteristics of the numerical code, its 

turbulence solver approach and the choice of the grid. A detailed review of the state of 

the art of the spectral analysis of the fire plumes and the ceiling jets is presented. If the 

spectral analysis in the frequency domain simply involves the use of the Fourier 

Transform, in the wavenumber domain the methodology to obtain the spectra is more 

challenging due to some limitations in the use of the direct method or in Taylor’s 

hypothesis for the fire related flows: inhomogeneous turbulence, high turbulence intensity 

and lack of a large number of points closely spaced. A further detailed review of the 

methods to obtain the spectra in the wavenumber domains is presented. For the difficulties 

cited above, we adopt the application of the Inhomogeneous Wave Correlation (IWC) 

method to the turbulence, which to our knowledge was never attempted before.  

Some preliminary analyses are presented drawing up some considerations about our 

plume and the ceiling jet.  

Firstly, an estimation of the length scales is performed for both the plume and its 

ceiling jet. In particular, we are interested in the Kolmogorov length scale to assess 

whether the finest scale can be resolved by our grid. For our plume and its ceiling jet the 

Kolmogorov scales are far below the finest grid size (62.5∙10-3 m). Thus, the highest 

wavenumber is far higher than the wavenumber cut-off due to the grid size and the highest 

possible frequency far higher than the resolved ones. 

Secondly, a comparison between the results obtained with LES calculations and the 

ones obtained with the analytical models available [102-103] is performed. For the plume, 

the time-averaged vertical velocity along its centre-line obtained with the LES 

calculations is in accordance with the results of the analytical solution proposed by 

McCaffrey [104] up to the intermittent zone. As expected, downstream this zone the 
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interaction between the plume and the ceiling, which is not accounted for in the 

McCaffrey model [104], causes a discrepancy between the analytical model and the 

results of the LES calculations. For the ceiling jet the analytical solution proposed by 

Alpert [105] to predict the time-averaged velocity along the plume matches the results of 

the numerical calculation only outside the turning zone. An analysis of the flame height 

is done for the three grids. The results of the LES calculation are compared with Cetegen’s 

analytical solution [103]. For the MG and the FG the accordance between the analytical 

model and the calculations is satisfactory, whereas for the CG the flame height is lower 

than the ones obtained with the finer grids and Cetegen’s analytical solution [103].  

Finally the turbulence intensity along the plume and along a diameter of the ceiling 

jet is calculated. An accepted criterion is to apply the TH to cases in which the turbulence 

intensity is less than 0.1. For both the flows, the values always exceed this limit. Thus it 

can be supposed that the TH is not applicable for our plume and its ceiling jet because 

they have high turbulence intensity. 

Returning to the spectral analysis of our plume and ceiling jet, their discussion is 

articulated as: 

 analysis of the tke spectra in the frequency domain,

 application of the IWC method,

 analysis of the tke spectra in the wavenumber domain.

For the ceiling jet the differences between the longitudinal component of the time-

averaged velocity of the coarser grid and the ones of the finer grids bring to consider the 

results of the coarser grid unacceptable. As a consequence, for the ceiling jet the spectral 

analysis is restricted to the two finer grids, whereas for the results of the plume all the 

three grids are included. 

The original contribution of this research is the application of the IWC method to 

turbulence. Here, the IWC method is used to numerically calculate the propagative and 

the dissipative dispersion graphs. With a fitting function the propagative dispersion 

graphs are interpolated, finding the functions named correlation-law. The use of a linear 

correlation-law, which can be derived from the TH, is not representative for both the 

flows. We use then as fitting function a ratio of polynomials, which is more effective.  

The correlation-law is hence applied to the tke spectra in the frequency domain to 

obtain the tke spectra in the wavenumber domain. 
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We also draw up practical rules to predict the frequencies and the wavenumbers 

bounding the attenuated region. Regarding the frequency domain, for the plume, the 

bounding frequencies are in good agreement with the corresponding values of the 

practical rules, whereas for the ceiling jet there is a discrepancy. This can be addressed 

by the use of the local time-averaged velocity in the practical rule, which for the ceiling 

jet is not significant for the transformation from wavenumber to the frequency domain, 

as in the TH. Regarding the wavenumber domain, for the plume, the wavenumber 

bounding the attenuated region are in good agreement with the corresponding values of 

the practical rules, whereas for the ceiling jet the predictions are progressively rough 

advancing away from the centre-line. 

A further result of the IWC method regards the dissipative dispersion graphs. Thus, 

for the plume, null dissipative wavenumbers are shown, whereas for the ceiling jet the 

dissipation dispersion graph shows the presence of a dissipative behaviour. 

Finally, a posteriori assessment is conducted for the plume to evaluate the quality 

of our grids. In particular, we assessed the ratio between the resolved time-averaged tke 

and the total tke. Extending the Pope criterion [120] to our case of inhomogeneous and 

anisotropic turbulence, the results pertinent to the coarser grid (78%) should be 

considered of poor quality.  

In conclusion the IWC method can be listed between the methods already used to 

relate frequencies and wavenumbers in the turbulence framework: the TH, the methods 

that apply correction to the TH, the elliptic approximation and the random sweeping 

model. Compared to the TH, it has the advantage that it can be applied to flows with 

inhomogeneous turbulence and high turbulence intensity such as the fire plume and the 

ceiling jet. A further advantage of the use of the IWC method is its feature of avoiding 

any physical model, differently from the other model mentioned above. 

In our LES analyses, the IWC method allowed us to obtain accurate tke spectra in 

the wavenumber domain despite the lack of a large number of points closely spaced. 

A further advantage of the IWC method is the ease of application comparable or 

lower than the above mentioned models that relate frequencies/wavenumbers in the 

turbulence framework. Thus, the IWC method can be performed without any knowledge 

of the characteristics of the flow such as the local time-averaged velocity or its 
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turbulence intensity. 

Our work has also led us to conclude that the IWC method is also able to provide 

important information about the dissipation that is undergoing in the flow of interest. For 

the plume a typical propagative behaviour due to the large production of momentum from 

the buoyancy forces is shown, whereas for the ceiling jet, where the momentum is not 

produced but came from the flow of the plume, a dissipative behaviour is revealed. 

A possible limitation in our analysis can be the use, as interpolating function, of a 

ratio of polynomials to obtain the correlation-law. Thus, this interpolating function does 

not derive from a physical model. However, we have used, alternatively as interpolating 

function a 2nd degree polynomial obtaining comparable results. 

A further conclusion can be done about the use of the rule of thumb of the FDS 

User Guide [94] for the choice of the grid of our case study. For the coarsest grid it yields: 

 unacceptable results for the longitudinal time-averaged velocity for the ceiling

jet,

 a restricted inertial subrange of the tke spectra,

 a ratio between the resolved time-averaged tke and the total tke that does not

satisfy the Pope criterion [120],

 a lower flame height compared to Cetegen’s analytical model and to the finer

grids.

Since the assessment of the fire structural resistance and of occupants’ life safety involves 

the study of the fire plume and its ceiling jet, also for practical applications the rule of 

thumb should be always supported by a grid assessment analysis and by a comparison 

with the results of the analytical models. Furthermore, the study of the ratio between the 

resolved time-averaged tke and the total tke and the analysis of the tke spectrum are also 

shown to be good indicators of the quality of the grid.  

Future work will concentrate on the implications of our spectral analysis on the heat 

transfer. In particular, the interaction between the fire plume and the ceiling JETwill be 

an object of study. The study of the flame height has already shown that for the coarser 

grid the restricted inertial subrange in the tke spectrum has a severe implication on the 

flame height that is lower than the one obtained with the finer grid and with the Cetegen’s 

analytical model, consequently there will be an effect on how the flame will interact with 

its surroundings. To further our research we plan to study the implications of our spectral 
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analysis on the parameters of interest such as temperature and heat flux and concentration 

of the fire products.  

During the iterations of the IWC method, the maximum of the IWC parameter in 

the space of the wavenumber (for example k3,p and k3,d in the plume) is obtained by an 

approach in which both parameters are made to vary over a range of values causing a 

large number of iterations. A future research perspective can consist in using an 

optimization algorithm based e.g. on a gradient ascent method that would allow a quicker 

and more accurate identification of a maximum correlation. 

Finally, a future improvement in this research also regards the IWC method, that is 

here applied to the results of a numerical calculation of a plume and a ceiling jet. In 

particular, we applied the IWC method as described by Berthaut et al. [84], and no 

modifications were made. A fascinating future prospect is to partially revise the statistics 

of the method during the research of correlation between frequency and wavenumber, 

making it more efficient for turbulence.  
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Appendix A 

FOURIER TRANSFORMS AND POWER SPECTRAL DENSITIES 

The “two point correlation function” is: 

i iR(r) u (x,t)u (x+r,t)dt




  (A.1) 

where r is the pointing vector centred in the source of the signal and u is the fluctuating 

velocity component. The Fourier Transform of the “two point correlation function” is the 

Power Spectral Density (PSD) in the wavenumber domain and is expressed as: 

2πi r k(k) R(r)e d rPSD






  (A.2) 

The “two times correlation function” can be calculated in a point, between the 

fluctuating velocity components in an instant and in the others: 

i iR( ) u (t)u (t+τ)dt




  (A.3) 

where  is the time shift. The Fourier Transform of the “two times correlation function” 

is the Power Spectral Density (PSD) in the frequency domain and is expressed as: 

2πifτ(f ) R(τ)e dτPSD




   (A.4) 

The spectral analysis in the turbulence framework can be applied to many different 

variable, such as pressure, velocity, temperature or directly the specific turbulent kinetic 

energy (tke in the following), which is defined as: 

2 2 2
1 2 3

1
( ) (u (t)+u (t)+u (t))

2
tke t  (A.5) 



122 Fourier Transforms and Power Spectral Densities 

One of the main application of the spectral analysis consists of the direct application 

of the Fourier Transform to the time history of the tke 

2πift(f ) (t)e dtTKE tke




  (A.6) 

Eq. (A.6) allows us to obtain a complex-valued function of frequency, whose magnitude 

represents the amount of that frequency present in the original tke time history, and whose 

argument is the phase offset of the basic sinusoid in that frequency. 

Given the fluctuations of the velocity components u1(t), u2(t) e u3(t), the Fourier 

Transform of each velocity component fluctuation are defined as: 

-i2πft
1 1u (f) u (t) e dtF





  (A.7) 

-i2πft
2 2u (f) u (t)e dtF





  (A.8) 

-i2πft
3 3u (f) u (t)e dtF





  (A.9) 

For every fluctuation of the velocity components, it is possible to calculate the Power 

Spectral Density, using the Autocorrelation Theorem enunciated in Par. A.1. The psd(f) 

spectra is: 

2 2 2
1 2 3( ) 0.5 (| u (f) | | u (f) | | u (f) | )psd f F F F    (A.10) 

It can be demonstrated that the time-averaged tke ( tke  in the following) is: 

0

(f')df'tke psd


  (A.11) 

Where psd is expressed as single sided. 



A.1 Autocorrelation Theorem

Consider a time signal of a generical fluctuating velocity component u(t). Assuming that 

this signal is known over an infinitely long interval [-∞, + ∞]. 

The following Theorem intends to demonstrate: 

2(f ) | u (f) |P SD F  (A.12) 

where u is a generical velocity component, PSD(f) is the Power Spectral Density, F 

denotes the Fourier Transform. Since the two times correlation function ( )R  is: 

R( ) u(t) u(t τ)dt




   (A.13) 

With the Fourier Transform of R() is possible to obtain the Power Spectral Density 

PSD(f) 

2πifτ 2πifτ(f ) R( )e dτ u(t) u(t τ)e dtdτPSD 
  

  

      (A.14) 

If it is considered t+=y, Eq. (A.12) can be reduced as: 

2πif(y-t)(f ) u(t) u(y) dt dyPSD e
 

 

   (A.15) 

which can be further reduced as: 

-2πift 2πify(f ) (u(t)e ) (u(y)e )dtdyPSD
 

 

   (A.16) 

Since (u(t)e-2ift) is independent of y and (u(y)e-2ify)  is independent of t, the two integral 

can be separated: 

-2πift) 2πify(f ) (u(t)e )dt (u(y)e )dyPSD
 

 

   (A.17) 

In the second member of Eq. (A.17), it is shown the product of the two integrals of the 

time histories of complex numbers. One is respectively the complex conjugate of the other 

because the exponentials have the same modulus and argument but opposite sign. Thus, 

it is obtained: 
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*(f ) u (f) u(f)PSD F F   (A.18) 

where the asterik denotes the complex conjugate. Finally Eq. (A.12) can be rewritten as: 

2(f ) | u (f) |P SD F  (A.19)



Appendix B 

SPECTRA CALCULATION 

B.1 tke spectrum and psd(fj)

This paragraph pertains the calculation of the tke spectrum and of the psd(f) of discrete 

signals. 

For the tke spectrum, given the discrete time history of the specific turbulent kinetic 

energy: 

2 2 2
k 1 k 2 k 3 k( t ) 0.5 (u (t )+u (t )+u (t ))tke   (B.1)

it is possible to obtain the tke spectrum by performing the FFT algorithm using the DFT: 

k j-i2π(t -1)(f -1)

K

1

( ) ( ) e

K

j k

k

DFTtke f tke t

 
  
 



  (B.2) 

For the calculation of the psd(f) of discrete signals, the Power Spectral Densities of 

the discrete time histories of the fluctuations of the velocity components u1(tk), u2(tk) e 

u3(tk) are calculated, respectively, with the Autocorrelation Theorem illustrated in the 

Appendix B.2, using FFT instead of the Fourier Transform. Thus, the discrete psd(fj) is: 

2 2 2
j 1 j 2 j 3 j(f ) 0.5 (| u (f ) | | u (f ) | | u (f ) | )psd DFT DFT DFT    (B.3)

The tke spectrum and psd(fj) obtained with Eq. (B.2) and Eq. (B.3), respectively, 

are affected by annoying fluctuations which make them difficult to read. This issue is 

solved with the method described in Appendix B.2. 

The psd(f) for the different grids at 5 m above the ground, using the method of 

Appendix B.2 to reduce the undesired fluctuation, are obtained and reported in 

Figure B.1. They show the characteristic “-5/3” power law” that follows the 
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Kolmogorov’s theory, the attenuated region already shown in the tke spectra and an 

inertial sub-range that, as for the tke spectra increases refining the grid. 

a) x = 0.25 m b) x = 0.125 m

c) x = 0.0625 m d) tke spectra of the three cases

Figure B. 1: psd(fj) at 5 m of height. 

B.2 Method to reduce the fluctuations for tke spectrum and psd(fj)

In Figure B.2 the tke spectrum is shown without any windowing technique to 

reduce the fluctuations. This tke spectra appears difficult to read. When the length of a 
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data set to be transformed is larger than necessary, as in our case, to provide the desired 

frequency resolution, a common practice is to subdivide it into finer sets and to window 

them. Here every set is multiplied by a Tukey window function [124]. To mitigate the 

"loss" at the edges of the window, the individual sets may overlap in time. In particular, 

the tke spectrum is obtained by dividing the tke time history, 20  tk  100, in 13 sets with 

8 s of extension, with 2 s of overlapping (see Figure B.5). An ensemble average of the tke 

spectrum of every set is performed, obtaining a tke spectrum with reduced fluctuation 

(see Figure B. 4). 

In Figure B.5 the psd(f) is shown without performing any windowing technique. 

The same annoying fluctuation already found in the tke spectrum can be noted. We 

reduced these fluctuations also for psd(fj), with the same method, dividing in sets u1(tk), 

u2(tk) and u3(tk). On every set, for each fluctuating velocity component, the Power 

Spectral Density is computed. The Power Spectral Density of every fluctuating velocity 

component is calculated by ensemble averaging the sets. Eq. (B.3) is applied to these 

ensemble averaged Power Spectral Density obtaining a psd(fj) with reduced fluctuation. 

In Figure B.6 the psd(f) obtained with this procedure is shown. Now, the readability of 

this psd(f) can be considered satisfactory for our aim. 

Figure B. 2: tke spectra without windowing. 
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Figure B. 3: Division in sets of the signal with Tukey windows 

Figure B. 4: tke spectra with windowing. 

Figure B. 5: psd(fj) without windowing. 
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Figure B. 6: psd(fj) with windowing. 
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Appendix C 

TKE AND POWER SPECTRA 

C.1 tke and power spectrum in the frequency domain

Consider a tke spectra in its inertial subrange interval, I, of wavenumbers ( f I  ). 

Assuming the existence of signal -αt  known for t > 0 , where  is our unknown of the

problem. 

We intends to demonstrate: 

(2/3)(f ) ftke  (C.0) 

Doing the one sided Fourier transform of -αt  for t > 0 , we obtain:

-α -i2πft

0

(f ) t e dtG


  (C.1) 

The change of variable z=i2πft  allows us to obtain: 

-α
-z

0

z dz
(f ) e

i2πf i2πf
G


   
  (C.2) 

which can be rewritten as: 

α-1 -α -z

0

(f ) (i2πf) z e dzG


  (C.3) 

α-1(i2πf)  can be placed outside the integral and (f )G  can be rewritten as: 

α-1 -α -z

0

(f ) (i2πf) z e dzG


  (C.4) 

Since the integral is not dependent on the frequency, the following proportionality 

relation can be written:  
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1(f ) fG   (C.5)

As a consequence, given a signal (t) such that: 

-α(t) t , t 0    (C.6) 

if we do its Fourier Transform we obtain: 

(α-1)(f ) f   (C.7) 

If we consider as signal the time history of a component of velocity ui(t) such that: 

-α
iu (t) t , t 0  (C.8) 

where 𝛼 is a constant. Thus, its spectrum is: 

(α-1)
i| u (f ) | f (C.9) 

In the interval I of frequencies of the inertial sub-range, the PSD of the time history of a 

fluctuating velocity component ui(t) obtained with the autocorrelation theorem 

(see A.1 “Autocorrelation Theorem”), for the Kolmogorov theory follows the “-5/3” 

power law. Thus it can be written: 

2 -(5/3)
i| u (f) | f (C.10) 

It is worth noting that the absolute value is needed because the velocity spectrum, 

iu (f) is a complex-valued function following the relation:

iu (f) = a(f) + ib(f)  (C.11)

where i here denotes the imaginary number. Thus the square of iu (f) would allow us to

obtain: 

2 2
iu (f)=a - b (C.12) 

Doing the absolute value of ui(f), instead, we obtain: 

2 2
i|u (f) |= a +b (C.13) 

Doing the square of Eq. (C.13) we obtain: 

2 2 2
i|u (f)| =a + b (C.14) 

If we consider Eq (C.9), and the Kolmogorov power law, we can write: 

(5 / 3) 2 ( 1)    (C.15) 
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Thus, Eq. (C.15) can be rewritten as: 

1/ 6   (C.16) 

Furthermore, doing the square of both the side of Eq. (C.8), we obtain: 

2 -2α
iu (t) t (C.17) 

Introducing the variable such as 

2   (C.18) 

with Eq. (C.16) we obtain : 

1/ 3   (C.19) 

Thus, following Eq. (C.9), doing the spectrum of the square of ui(t) we obtain: 

2 (γ-1)
i| u (f) | f (C.20) 

Substituting Eq. (C.19) in Eq. (C.20) we obtain: 

2 - (2/3)
i| u (f) | f (C.21) 

What achieved for the generic component of fluctuating velocity ui(t) can be done 

for the three component of fluctuating velocity u1(f), u2(f), u3(f) that are: 

2 -(2/3)
1|u (f)| f (C.22) 

2 -(2/3)
2|u (f)| f

2 -(2/3)
3|u (f)| f

As a consequence, being tke(f): 

2 2 2
1 2 3

1
(f ) (| u (f)|+|u (f)|+|u (f)|)

2
tke   (C.23) 

then : 

(2/3)( )tke f f  (C.24) 
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C.2 tke and power spectrum in the wavenumber domain

Consider a tke spectra in its inertial subrange interval, I, of wavenumbers ( k I  ). 

Assuming the existence of signal -αx  known over for x > 0 , where  is our unknown of

the problem. 

We intends to demonstrate: 

(2/3)(k) ktke   , k I  (C.25) 

where I is the interval of wavenumbers of the inertial subrange. 

If we consider as signal a component of fluctuating velocity in the space ui(x) such that: 

iu (x) x , x 0  (C.26) 

Thus, its spectrum is: 

| ui(k) |k( 1) (C.27)=

In the interval I of wavenumbers, the PSD of ui(t) distributed in space obtained with 

the autocorrelation theorem (see A.1 “Autocorrelation Theorem”), for the Kolmogorov 

theory follows the “-5/3” power law. Thus it can be written: 

2 -(5/3)
i| u (k) | k (C.28) 

If we consider Eq (C.27), and the Kolmogorov power law, we can write: 

(5 / 3) 2 ( 1)    (C.29) 

Thus, Eq. (C.29) can be rewritten as: 

1/ 6   (C.30) 

Furthermore, doing the square of both the side of Eq. (C.26), we obtain: 

2 2
iu (x) x  (C.31) 

Introducing the variable such as 

2   (C.32) 

with Eq. (C.30) we obtain : 

1/ 3   (C.33) 

Thus, following Eq. (C.27), doing the spectrum of the square of ui(x) we obtain: 
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2 ( 1)
i| u (k) | k   (C.34) 

Substituting Eq. (C.32) in Eq. (C.33) we obtain: 

2 -(2/3)
i| u (k) | k (C.35) 

What achieved for the generic component of fluctuating velocity ui(x) can be done 

for the three fluctuating component of velocity u1(x), u2(x), u3(x) that are: 

2 -(2/3)
1|u (k)| k (C.36) 

2 -(2/3)
2|u (k)| k

2 -(2/3)
3|u (k)| k

As a consequence, being tke(k): 

2 2 2
1 2 3

1
(k) (| u (k)|+|u (k)|+|u (k)|)

2
tke  (C.37) 

then : 

-(2/3)tke(k) k (C.38) 
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Appendix D 

INHOMOGENEOUS WAVE 

A particular solution of an inhomogenous wave equation is the following one-

dimensional plane inhomogeneous wave: 

3 0 3,p 3 3,d 3σ(x ,t)=σ exp(-ik x )exp(k x )exp(-i2πft) (D.1) 

where k3,p stands for propagative wavenumbers and k3,d for dissipative wavenumbers. A 

further solution of an inhomogeneous wave equation is the following cylindrical 

inhomogeneous wave: 

0
r,p r,d

σ
σ(r,t)= exp(-ik r)exp(k r)exp(-i2πft)

r
 (D.2) 

where r is the radius parameter of the cylindrical coordinates. 

In Fig. D.1 is shown in red the inhomogeneous wave of Eq. (D.1) and in black the 

homogeneous wave (k3,d≡0). A clear attenuation due to the loss introduced by the term 

exp(k3,dx3) is shown by the inhomogeneous wave. In Fig. D.2 is shown in red the 

inhomogeneous wave of Eq. (D.2) and in black the homogeneous wave (kr,d≡0). The 

amplitude reduction of the cylindrical homogeneous wave (black line of Fig. D.1) that is 

not present in the plane one (black line of Fig. D.2) is due to the geometrical spreading. 

An attenuation that further reduce the amplitude of the cylindrical wave is instead due to 

the loss introduced by the term exp(k3,rr)  in the inhomogeneous wave (red).  
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Figure D. 1: Homogeneous plane wave (black) and inhomogeneous plane wave (red). 

Figure D. 2: Homogeneous cylindrical wave (black) and inhomogeneous cylindrical wave 

(red). 
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