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Abstract8

The present study focuses on a three-dimensional computational methodology

aimed at modeling the detachment of FRP plates from reinforced concrete

beams. Most finite element models introduce FRP-to-concrete bond-slip laws

difficult to be derived, while simulate the cracks in the concrete with smeared

crack models. Conversely, the proposed approach is based on the regularized

eXtended Finite Element Method with a mechanism-based detachment. It does

not require bond-slip laws, and makes use of standard material parameters. The

introduction of a regularization length and the adoption of a proper mechanical

framework lead to an accurate and predictive methodology for smooth simu-

lations of the FRP-detachment process. In the currently investigated range of

thicknesses and widths of the FRP plate, the proposed methodology discloses

the dominance of detachment by intermediate flexural cracks.
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1. Introduction10

In the last twenty years, FRP plates have been commonly used to increase11

the structural strength and delay the ultimate failure-load of concrete beams.12

Based on a three-dimensional regularized eXtended Finite Element Method with13

a mechanism-based detachment, the present approach provides a reliable and14
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complete picture of the circumstances under which FRP plated beams typically15

fail.16

Since the 1990s, experimental tests and numerical analyses have been inten-17

sively investigating the strengthening effect induced by FRP plates externally18

bonded to concrete beams, proving their suitability for the rehabilitation of19

engineering structures [1, 2]. Experiments show that failure of FRP-plated con-20

crete beams is brittle and occurs as a consequence of the detachment of the FRP21

plate from the concrete support [3, 4, 5, 6]. Though interfacial debonding at22

the interface between the FRP plate and the adhesive layer has been reported,23

in most cases, a thin layer comprehensive of the FRP plate, the adhesive layer24

and a thin concrete-cover detaches from the beam[3, 7, 8]. The FRP plate de-25

tachment can occur through different mechanisms, the most typical ones being26

displayed in Fig. 1. For instance, in the intermediate-crack-induced interfacial27

debonding, also referred to as shear-flexural or intermediate detachment, de-28

tachment propagates from a region of high stress concentration, such as flexural29

or shear cracks, towards the plate end, as shown in Fig. 1a. In the plate end30

debonding of Fig. 1b, detachment propagates from the plate end towards the31

midspan, often after concrete cover separation at the level of the longitudinal32

steel rebars[3, 9]. While plate end detachment is more typical of steel-plated33

beams [10], shear-flexural detachment represents the dominant failure mecha-34

nism for FRP-plated concrete beams [3, 7, 11, 12], especially for comparatively35

long bonding lengths [13].36

The development of analytical and computational models of the FRP plate37

detachment from reinforced concrete beams is a complex task. Analytical mod-38

els compute shearing and normal stresses at the interface between the beam39

and the FRP plate by imposition of the equilibrium and compatibility condi-40

tions [14, 15, 9, 4]. Among the available analytical models, the so-called bond-41
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a) Intermediate crack debonding b) Plate end separation/debonding

Figure 1: The main failure modes by FRP-detachment

slip models [16] typically underestimate the importance of peeling stresses. This42

underestimate contrasts with what observed in single-lap shear tests on concrete43

blocks [17, 18], where the values of peeling stresses are significant. Analytical44

interface laws are often implemented in Finite Element (FE) models. In par-45

ticular, FE models simulate the surface of detachment either through discrete46

cracks along the element edges [19, 20, 21], or cohesive-crack laws [22, 23, 24].47

Discrete crack models aim at simulating only dominant cracks. Their main48

drawbacks are mesh bias and the necessity of mesh adaptation [25]. On the49

other hand, cohesive-crack laws rule the traction-separation law of the surface50

of detachment. For the simulation of the debonding of FRP plates, interface51

elements analogous to cohesive laws have been adopted along the FRP-concrete52

interface. Most literature studies model the FRP-concrete interface by means of53

bond-slip laws obtained from pull tests on FRP-to-concrete joints [16, 26]. How-54

ever, effective bond-slip laws require the knowledge of the fracture energy, the55

identification of model parameters of difficult determination, and depend on the56

actual debonding mechanism [13]. Furthermore, loss of convergence of existing57

FE models is quite common [27]. As for concrete, cracks are typically modeled58

through smeared cracks [28] and crack-band models [29, 30, 31, 12, 32]. The59

latter overcome the primal mesh-dependency inherent to the originally proposed60

smeared crack models by relating the smallest finite element size to the fracture61

energy [33]. However, both smeared crack and crack-band models distort and62
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spread crack patterns [25]. Moreover, scaling the finite element size with the63

fracture energy introduces a secondary mesh-size dependency.64

With respect to discrete crack models, where the discontinuities have to be65

aligned along the finite element edges, the so-called enriched FE models, such66

as the Generalized Finite Element Method (GFEM) [34, 35] and the eXtended67

Finite Element Method (XFEM) [36, 37, 38], embed the discontinuity within68

the finite elements by defining additional nodal degrees of freedom. Based on69

the partition of unity property of standard shape functions, GFEM and XFEM70

enrich the standard space of the shape functions with additional functions fea-71

turing the shape of the expected displacement field. Examples are the Heavi-72

side function for displacement jumps and the asymptotic crack tip functions for73

cracks [39]. XFEM can also easily accommodate cohesive-crack laws [40, 41]74

and discrete cracks [42].75

Developed by the authors in previous studies [41, 43, 44], the regularized76

XFEM method is a special variant of the XFEM fully suited to the modeling77

of the debonding failure of FRP-strengthened reinforced concrete beams. Un-78

like most FE models, where the interfacial stresses normal to the FRP-concrete79

interface are neglected [26], the present mechanism-based approach takes into80

account normal and shearing stresses, and can reproduce both shear/flexural81

cracks detachment and plate end separation. In the present study, concrete is82

modeled as an elasto-damaging material with a softening stress-strain law. The83

mesh-dependency of FE codes in the presence of softening constitutive laws84

is well known since the 1980s. This mesh-dependency is ascribed to the fact85

that the strain tends to localize into the narrowest possible finite element with86

the consequence that the structural path becomes mesh-size dependent. Cor-87

respondingly, the detection of mesh-dependency has spurred the development88

of non-local damage models [45, 46, 47], whose main merit is the introduction89

4



of an additional characteristic length acting as a strain localization limiter. In90

fact, smeared crack, crack-band, and non-local models introduce an additional91

characteristic length into the modeling. In a pure mode I loading, the adoption92

of smeared crack models or non-local models is necessary to get mesh-size objec-93

tive results. However, according to authors’ experience [18, 48], when the aim94

is the simulation of the structural behavior of FRP-plated concrete beams, it is95

the detachment rather then the concrete cracking that needs to be regularized.96

Therefore, this rules out the real necessity of non-local or smeared crack models97

for the concrete bulk.98

In the present methodology, the detachment of the cover made of the FRP99

plate and a thin concrete layer is localized within a volume. This volume tends100

to the surface of detachment for vanishing value of a regularization length. First,101

the displacement field is assumed to exhibit a regularized jump across the limit102

surface of detachment. This assumption introduces an additional length that103

describes the thickness of the detachment zone. Then, a suitable constitutive104

law is adopted for the detachment zone that allows for both shear/flexural-105

cracks-induced and plate end detachment. Finally, a continuous-discontinuous106

transition procedure is activated in the concrete elements that are crossed by107

the surface of detachment. It is recalled that XFEM procedures based on a108

regularized kinematics, however, completely different from the present one, have109

been applied to delamination in composite laminates [49, 50]. The role of size110

effects in the failure of FRP-strengthened beams has been recently investigated111

through a high order 1D XFEM based on a layered beam theory with high order112

kinematic relations [51].113

The main novelty of the present study consists in the introduction of an ad-114

ditional regularization length that controls the width of the process zone and en-115

sures a smooth continuous-discontinuous transition like non-local and smeared-116
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crack models, but without spreading the fracture zone. Moreover, unlike existing117

FE models based on bond-slip (interfacial) laws of difficult identification, the118

proposed regularized XFEM formulation requires few physically-consistent ma-119

terial parameters and gets the same results as discrete crack models without the120

need of mesh adaptation.121

The mechanism-based regularized XFEM has succeeded in modeling single-122

shear lap tests [18, 52] and three point bending tests carried out on steel-fibre-123

reinforced concrete beams [48]. The present study applies for the first time the124

proposed methodology to FRP-strengthened reinforced concrete beams. What125

makes the present application different from the previous authors’ publications126

on the mechanism-based regularized XFEM is the fact that it accounts for the127

interplay between the strengths of the concrete, the FRP plate and the steel128

rebars.129

2. FRP detachment by means of the regularized XFEM approach130

This section describes the kinematics of the regularized XFEM, the con-131

stitutive laws, and the damage evolution laws embedded in the continuous-132

discontinuous transition procedure. Specific subsections are devoted to the evo-133

lution of the damage in the concrete and the degradation of the mechanical134

properties of the steel.135

2.1. Kinematics136

Experiments suggest that the FRP reinforcement detaches together with the137

adhesive layer and a thin concrete substrate, while the surface of detachment138

S is roughly parallel to the FRP plate [3]. Across the surface of detachment,139

the displacement vector field u exhibits a jump [|u]| = u+ − u−. Accordingly,140

in the standard XFEM framework [36, 39, 37, 38, 53], the displacement field is141
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Figure 2: Qualitative scheme of the cracks distributed in the detachment zone

approximated as142

ust = NU +HNA , (1)

where the Heaviside function H takes the values ±1 across the discontinuity143

surface. In Eq. (1), matrix N contains the classic finite element interpolation144

functions, vector U collects the standard displacement degrees of freedom, and145

vector A gathers the additional degrees of freedom representative of the nodal146

displacement jumps.147

2.2. A mechanism-based detachment mode148

Basically, the surface of detachment results from the coalescence of meso-149

cracks developing in the concrete along a direction almost orthogonal to the150

direction nf of the maximum principal tensile stress [54, 13]. In mixed-mode151

loadings, these meso-cracks are not orthogonal to the macro-surface of detach-152

ment [55, 13]. A possible qualitative picture of the expected meso-cracks devel-153

oping in the detachment zone for the expected detachment mode is displayed154

in Fig. 2. In the mechanism-based regularized XFEM, the knowledge of the155

vector field nf is crucial to the computation of the stress fields, as explained156

in Sec. 2.3. To this purpose, the directions of the expected meso-cracks is as-157

sumed, and, thus, the vector nf is taken perpendicular to the directions of the158
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Figure 3: Scheme of the vectors nf for the mechanism-based detachment

assumed meso-cracks. This way, the computation of the principal stresses at159

each integration points is avoided, and nf becomes a sort of model parameter,160

that allows to unblock the detachment of the enriched layer. Fig. 3 shows the161

field of vector fields nf above the FRP plate in the detachment zone. The dif-162

ferent directions of nf are highlighted with different colors. In particular, nf163

between the loadings is aligned along the yellow (0, 0, 1) vectors. In the span164

from the loading point to the plate end, the direction of nf coincides with that165

of the green (0, 1/2,
√

3/2) vectors. To allow for plate end detachment, at the166

back edge and along the side edges, nf is aligned with vectors (0, 1, 0), in blue,167

and (
√

3, 1,
√

3), in orange, respectively.168

2.3. Regularized XFEM169

In the regularized XFEM approach, the surface of detachment is replaced170

by a regularized discontinuity, as shown in Fig. 4. Let the regularized Heaviside171
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function Hρ [41] be172

Hρ(d̄(x)) =
1

Vρ

∫ d̄(x)

0

e−
|ξ|
ρ dξ = sign(d̄(x))(1− e−

|d̄(x)|
ρ ) , (2)

where Vρ is the normalization volume and is equal to ρ [41]. The regularized173

function depends on the signed distance d̄(x) from the surface of detachment S174

of normal n. The macro-surface of detachment is implicitly simulated as a level175

set function [56] of d̄(x). Based on the nf vectors normal to the meso-cracks,176

whose mechanical meaning has been illustrated in subsection 2.2, the derivative177

of Hρ with respect to x is approximated as178

∇Hρ ≈ δρ nf , (3)

where δρ = ‖∇Hρ‖. Fig. 5 shows the shape of Hρ and the Dirac’s delta shape of179

δρ, for ρ = 0.125, 0.25, 0.5 mm. The red dashed line denotes the intersection of180

the surface of detachment. For vanishing value of the regularization parameter181

ρ, the function Hρ tends to the standard Heaviside function H. Because the182

support of the regularized functions Hρ and δρ is not compact, a truncated183

support of 40ρ has been adopted, neglecting the contribute from nodes with184

distances from S larger than 20ρ. This choice of the truncation length is based185

on previous accuracy studies [57].186

Therefore, Eq. (1) is replaced by the regularized displacement field187

u = NU +HρNA . (4)

Eq. (4) tends to ust (1) for vanishing ρ.188

Finally, the strain field is evaluated189

ε = ε(1) + ε(2) , (5)
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Figure 4: Qualitative picture of the detachment zone in the regularized XFEM

d̄(x) d̄(x)

a) Hρ b) δρ

Figure 5: One-dimensional representation of the functions Hρ (a) and δρ (b); the red dashed
line denotes the trace of the surface of detachment
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where190

ε(1) = BU +HρBA , ε(2) = δρ(NA⊗ nf ) . (6)

The field nf is assumed based on the concept of mechanism-based detachment,191

as explained in the next section.192

2.4. Concrete damage evolution and continuous-discontinuous transition193

In the present work, concrete and steel are modeled with non-linear constitu-194

tive laws, while FRP and adhesive are modelled as elastic materials. As known,195

FRP plates should be modeled as orthotropic [15, 29]. However, because the196

fibers orientation of FRP plates used in the present applications is uniaxial and197

aligned with the loading direction, the FRP elastic modulus along the trans-198

verse direction is neglected, and the only longitudinal FRP elastic modulus is199

considered. This choice is quite common in the literature [30, 12, 32, 26, 32].200

Moreover, concrete and steel have been modeled as isotropic materials. The201

damage evolution and the continuous/discontinuous transition procedure have202

been thoroughly discussed in previous references [58, 59]. In particular, an203

elasto-damage constitutive law is assumed for concrete, while the steel is gov-204

erned by an elasto-plastic-damaging law. Moreover, perfect bond is assumed205

between steel bars and concrete.206

The process of degradation of the mechanical properties of the concrete is207

controlled by two scalar isotropic damage variables, called d(1) and d(2). More208

precisely, the stress fields are computed as209

σ(1) = (1− d(1))Eε(1) in the concrete ,

σ(2) = (1− d(2))Ecε
(2) in the detachment zone .

(7)

It was proved [41, 43] that, for consistency reasons, Ec has to be assumed equal210

to E/tδρ, t being a unit dimensional parameter.211
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The variational formulation associated with the present regularized XFEM212

formulation has been thoroughly discussed in previous studies [41, 43, 44], that213

have shown that the stress σ(2) must be coupled with the strain term ε(2)
214

and decoupled from ε(1), in order to get mechanically consistent results. The215

complete derivation is omitted for the sake of brevity. The mechanical work is216

expressed as217 ∫
V

σ(1) · ε(1) + σ(2) · ε(2) dV − Lext = 0 , (8)

where Lext is the external work.218

A total-strain-driven damage format [60] is adopted, where the evolution of219

the damage ω is governed by the exponential Rankine law [61]220

ω = 1− r0

ω
exp

(
−2Hs

ω − r0

r0

)
, (9)

where ω denotes either d(1) or d(2), and the threshold r0 is equal to the tensile221

concrete strength fctm and Hs is a softening parameter.222

The loading-unloading functions controlling the evolution of d(1) and d(2)
223

are224

ψ = ς − r ≤ 0 , ∆ω ≥ 0 , ψ∆ω = 0 , (10)

where the scalar ς is an equivalent stress, and r is the current damage thresh-225

old. The constitutive law based on Eq. (9) is reported in Fig. 6a for the one-226

dimensional case when ft = 3 MPa, E = 30000 MPa, and Hs = 0.1.227

The damage d(1) pertaining to the bulk ranges from the value 0, for the228

sound material, to the damage activation threshold dcr. Once d(1) has reached229

the value dcr at least in one integration point of a finite element, there, the230

regularized discontinuity is activated. Then, d(1) switches to d(2), with d(2)
231
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Figure 6: Qualitative one-dimensional representation of the damage laws adopted for the
concrete matrix (a), with fctm = 3 MPa, E = 30000 MPa, Hs=0.1, and the steel rebars (b),
with K = 1200, n = 0.08, Dc = 0.98, εd=0.01, and εr=0.04

assuming values from dcr up to 1 for complete detachment. In synthesis,232

d(1) = min{dcr, ω} , d(2) = max{dcr, ω} , (11)

where ω is computed through Eq. (9).233

The computation of the equivalent stress scalar ς is different for concrete and234

regularized detachment zone. In the former, the stress that rules the evolution235

of d(1) is σ̄(1) = EBU; in the latter, the driving stress is computed as σ̄(2) =236

Ec δρ(NA⊗n). Let the principal stresses of σ̄(1) and σ̄(2) be {σ̄(1)
i } and {σ̄(2)

i },237

respectively, with i = 1, 2, 3. Then, the equivalent stress at the current state is238

computed as239

ς(1) = max{〈σ̄(1)
i 〉} , i = 1, 2, 3 , (12)

in the concrete, and240

ς(2) = max{〈σ̄(2)
i 〉} , i = 1, 2, 3 , (13)

in the regularized detachment zone, where the Macauley brackets 〈·〉 select the241
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positive part of their argument ·.242

Noteworthy, damage in compression is not taken into account. This restric-243

tion precludes detecting failure by concrete crushing.244

2.5. Steel constitutive law245

The non-linear behavior of steel is modeled through a well-known elasto-246

damaging law based on a modified version of Ramberg-Osgood’s law for ductile247

plastic damage [62, 63]. For instance, in the one-dimensional case, the plastic248

strain εp and the steel damage d are related to the von Mises stress σeq trough249

εp =

[
σeq

(1− d)K

] 1
n

, (14)

where K and n are material coefficients. In Eq. (14), εp and εR denote the250

one-dimensional strain at damage threshold and at failure, respectively. The251

intrinsic value of damage at failure Dc is assumed to be material properties [62]252


d = 0 εp ≤ εD

d = Dc εp − εD
εR − εD

εD < εp ≤ εR

d = Dc εp ≥ εR

. (15)

Fig. 6b displays a one-dimensional representation of the stress-strain of the steel253

for one-dimensional tension for K = 1200, n = 0.08, Dc = 0.98, εd=0.01, and254

εr=0.04.255

3. Validation of the mechanism-based regularized XFEM256

The present section presents the results obtained in the simulation of four257

point bending tests of FRP strengthened beams carried out on several beam258

geometries for both plated and unplated configurations [7, 8]. For the whole set259
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of simulations, the experimentally determined material properties have been260

adopted. In fact, the concrete elasto-damaging model and the continuous-261

discontinuous transition procedure require few model parameters that can be262

deduced from the producer’s data. The values of the regularization parameters263

ρ, indicated in Tab.1, have been kept constant during the simulations. Consid-264

ering that the computed thickness of the detachment zone turns out being 40ρ,265

ρ has been identified based on the experimental structural paths, and assuming266

a thickness of the detachment process zone of about 1− 2 cm. Noteworthy, for267

fixed ρ, the results of the present regularized XFEM formulation were previously268

shown to be independent of the mesh size [58].269

The application of a local damage model usually leads to results dependent270

on the mesh employed. In a recent work [48], the mesh independence of the271

regularized XFEM approach has been proved for steel fiber reinforced concrete272

beams subjected to three point loading tests.273

Based on the experimentally observed failure modes, the detachment surface274

has been placed in the middle of the concrete cover between the FRP plate and275

the steel bars.276

To solve the incremental problem, an arc-length iterative procedure has been277

implemented in a 3D Fortran code developed by the authors [64]. The code is278

made fully available to the interested researchers.279

3.1. Thick beam: geometry and material parameters280

The experimental test performed by [8] has been modeled. It is based on the281

beam of Fig. 7a with l/h of about 5, and a shear span to depth ratio of 1.76.282

The concrete material parameters are taken directly from the reference ex-283

perimental data [8] and are collected in Tab. 1. Young’s modulus and ten-284

sile strength were estimated through the expressions [65] 22000 [fcm/10]0.3 =285

34360 MPa and 0.30 f
2/3
cm = 3.28 MPa, respectively, with fcm = 44.2 MPa.286
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Figure 7: Geometry of the thick (l/h ' 5) and the thin (l/h ' 15) beams tested in [8] (a)
and [7] (b), respectively

Exp. set [8] Exp. set [7]
E [MPa] 34360 25000
ν 0.2 0.2
fctm [MPa] 3.28 2.8
Hs 0.008 0.01
ρ [mm] 0.15 0.45
dcr [mm] 0.999 0.999

Table 1: Mechanical properties and parameters of the concrete

Exp. set [8] Exp. set [7]—
E [MPa] 210000 210000
ν 0.3 0.3
fts [MPa] 765 575
K 1000 640
n 0.10 0.03
Dc 0.98 0.98
εD 0.020 0.005
εR 0.040 0.05

Table 2: Mechanical properties and parameters of the steel

Exp. set [8] Exp. set [7]
EFRP [MPa] 240000 127000
νFRP 0.3 0.3
tFRP mm 0.33 0.8
bFRP mm 80 140

Table 3: Mechanical properties and geometry of the FRP plate
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The material parameters and mechanical properties of the steel of the rebars287

and the FRP plate are gathered in Tabs. 2 and 3. To avoid an excessive mesh288

refinement, the FRP plate thickness has been taken equal to 2 mm. Conse-289

quently, an effective Young’s modulus ĒFRP = EFRP tFRP bFRP /2 has been290

set.291

The mesh made of 109264 tetrahedral finite elements is shown in Fig. 8a.292

Only the first layer of finite elements above the FRP plate has been enriched.293

In the enriched layer, the characteristic mesh-size is 6 mm. To reduce the294

computational burden and exploit the symmetries of the beam, one quarter of295

the specimen has been modelled. The surface of detachment is in the concrete296

at a distance of 3 mm from the upper surface of the FRP plate. Furthermore,297

a regularization parameter equal to ρ = 0.15 mm has been adopted.298

On an i7-5930K PC with 6 3.50 GHz cores, the numerical simulation of the299

complete structural path required almost 20 hours.300

3.2. Thin beam: geometry and material parameters301

The numerical model has been applied to the experimental test [7]. The302

geometry of the beam having l/h ' 15 and shear span to depth ratio of about303

6, is shown in Fig. 7b. The material properties deduced from the experimental304

data are reported in Tabs. 1- 3.305

A regularization length of ρ = 0.45 mm has been adopted leading to a306

regularized layer whose thickness includes three rows of enriched finite elements.307

308

The mesh employed for numerical analysis, reported in Fig. 8b, is made of309

243771 tetrahedra with a characteristic size of 6 mm in the most refined part.310

With the same processor used for the thick beam, the entire simulation run for311

3 days. The simulation time is three times that of the previous test, because312

the number of enriched elements is three times larger as well, while the number313
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a)

b)

Figure 8: Meshes and details of the steel reinforcement for the two studied beams: a) 108354
elements with 70704 dofs for the beam tested in [8]; b) 243771 elements with 157809 dofs for
the beam tested in [7]
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of finite elements is doubled.314

The surface of detachment has been imposed at a distance of 9 mm from the315

upper surface of the FRP plate.316

3.3. Structural results317

Fig. 9 displays the experimental and computed load-midspan-deflection curves318

for both the thick (a) and the thin (b) beam.319

The post-detachment structural path of the thick beam exhibits a brittle320

drop and eventually joins the path of the control beam in the unplated configu-321

ration, up to exhaustion of the strength of the steel rebars. On the contrary, the322

failure of the thin beam is reached as soon as the FRP plate detaches, because323

the steel rebars had previously failed. In both the thin and the thick beam, in324

the first stage of the structural path, the response of the beams is almost elastic325

until the occurrence of the early cracks. Then, flexural and shear cracks develop326

within the concrete with subsequent loss of structural stiffness, while the pro-327

gressive propagation of cracks increases the stress on the tensile steel rebars. In328

the last part of the structural response, the rebars gradually yield until failure.329

The gain in maximum load and stiffness obtained after application of the FRP330

plate is remarkable. The FRP reinforced systems shows higher performance on331

maximum load and flexural stiffness. However, failure changes from ductile to332

brittle. The experimental failure loads are properly estimated by the numerical333

procedure, with a discrepancy less than 6%.334

3.4. Detachment mechanism335

Detachment occurs by an intermediate flexural detachment mechanism. This336

can be deduced from Fig. 10, which displays the contour plots of the damage d(1)
337

in the concrete matrix and in the steel reinforcements for three representative338

load steps of the test [8]. The early macro-cracks occur under the applied339
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Figure 9: Comparison between experimental and numerical load-midspan-deflection curves
for the beams tested in [8] (a) and [7] (b), respectively
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Figure 10: Contour plots of the damage d(1) at steps A, B and D of Fig. 9a for the thick beam
tested in [8].

load (Step A). Then, cracks develop within the concrete bulk (Step B). The340

concrete damage starts at the midspan and propagates towards the plate end.341

At a certain distance from the plate end, the damage-front stops, and a new342

damage-front develops from the plate end to the beam midspan. Finally, the343

FRP plate fully detaches from the reinforced concrete beam in a single load step344

(Step D).345

Fig. 11 illustrates the contour plots of the damage in the thin beam [7]346

over the detachment surface at steps A, C, and D. This confirms the same347

intermediate flexural cracking detachment mechanism already observed in the348
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Figure 11: Contour Plots of the damage d(1) at steps A, C and D of Fig. 9b for the beam
tested in [7]
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Step D Step D

a) Thick beam b) Thin beam

Step C Step C
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Step A Step A

Figure 12: Damage d(1) evolution for the beams tested in [8] (a) and [7] (b), respectively,
corresponding to stages A, B, C, and D of Fig. 9; the elements where the regularized XFEM
has been activated are in red.
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thick beam. On the right, the damage in the longitudinal rebars is shown to be349

localized at the flexural cracks.350

The evolution of damage d(1) on the defined surface of detachment for both351

sets of experimental tests is shown in Fig. 12. The damage evolution starts from352

the midspan in the loaded area and propagates towards the plate end at step353

A. At a certain distance from the plate end, a secondary front of damage arises354

propagating from the plate end to the beam midspan (step B); failure and total355

detachment coincide and occurs at steps C-D. In this figure, the elements in red356

are those where the regularized XFEM has been activated.357

4. Role of thickness and width of the FRP plate358

To study the influence of the geometries of FRP reinforcement on the struc-359

tural behavior of the beam, variable thicknesses and widths of the FRP plate360

have been considered. To the authors’ knowledge, numerical studies of the in-361

fluence of the FRP plate width bFRP are only available for shear debonding of362

FRP sheets from concrete [66].363

4.1. Structural effects364

For the case of the experimental test of Fig. 7b, the behavior of the reinforced365

system for different values of the FRP thickness tFRP has been evaluated and366

compared with the experimental results whenever available, namely for tFRP =367

0.8 mm and tFRP = 1.2 mm. To extend the numerical analysis and identify a368

trend, tFRP = 0.4 mm has also been simulated for constant beam cross section.369

The experimental and the numerical load vs deflections curves are reported in370

Fig. 13 for variable tFRP . In particular, beams with thicker FRP plates exhibit371

higher stiffness. Both simulations and experiments detected almost the same372

failure load and interfacial flexural crack detachment mechanism, irrespective373

of the FRP thickness. However, the thicker the FRP plate, the higher the374
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Figure 13: Comparison between experimental and numerical load-midspan-deflection curves
for variable FRP plate thickness tFRP and the test [8]

beam stiffness, and the more brittle the structural path. In other experimental375

tests [11], a similar trend was observed.376

In Fig. 14, the contour plots of the damage of the steel reinforcements are377

reported at failure for tFRP = 1.2 mm (a) and tFRP = 0.4 mm (b). It can be378

observed that the thinner the FRP plate, the more damaged the steel rebars.379

The structural influence of the width of the FRP plate has been investigated380

for the thick beam for the FRP widths bFRP =20, 40, 80, and 120 mm. The381

computed load vs deflection profiles are shown in Fig. 15. It can be drawn382

that failure loads slightly increase with bFRP . An analogous increase of the383

failure load with the plate width was detected in previous studies [10]. For the384

specimen with bFRP = 80 mm, the numerical and the experimental maximum385

loads differ by the 3%. The experimental failure loads for different FRP-widths386

are not available.387

4.2. Design loads388

The current subsection suggests how to draw from the simulations an indica-389

tion about the design loads and the corresponding maximum strain of the FRP390

25



a) tFRP = 1.2 mm

b) tFRP = 0.4 mm

Damage
0 0.5 1

Figure 14: Comparison between the damage in the steel bars at the peak load for tFRP =
1.2 mm (a) and tFRP = 0.4 mm (b) for the test [7]
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Figure 15: Load-midspan-deflection curves for variable FRP plate width bFRP for the beams
tested in [8]
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plate for variable FRP width and thickness and constant beam cross section.391

To this purpose, a comparison with a reference design rule [67, 68] has been392

carried out. The reference design rule is detailed in the Appendix, and aims to393

design FRP-reinforced systems with a fair safety factor. Hence, the reference394

design loads have been compared to the loads detected at the occurrence of the395

early macro-cracks rather than to the computed failure loads.396

For the thin beam [7], Fig. 16a and Fig. 16b compare the computed loads and397

maximum FRP strain for variable FRP-thickness tFRP with the corresponding398

values evaluated through the reference design rule. In particular, the values399

computed at the occurrence of the first and second macro-crack in the concrete400

beam have been considered. These values are plotted with dashed lines marked401

with ’x’ and dash-dotted lines marked with ’2’, respectively. The reference402

values fall within the range of the values computed when the first and second403

beam macro-cracks are detected. Noteworthy, the design rule leads to design404

loads and FRP strains increasing for decreasing thickness of the FRP plate. This405

is in contrast with the present results, and with the fact that the computed and406

experimental failure loads have been shown to increase with tFRP .407

For variable width bFRP and in the case of the thick beam [8], the numerical408

and the corresponding FRP maximum strain, evaluated at the occurrence of the409

first macro-crack, are displayed together with the reference values in Figs. 17a-410

b, respectively. In this case, the simulations are in good agreement with the411

design rule. In both computed and reference values, the larger the FRP plate412

the higher are the design loads and the smaller the FRP maximum strain.413
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Figure 16: Comparison between numerical loads(a) and maximum FRP axial strain (b) and
the design values [68] for variable thickness tFRP , obtained for the thin beam tested in [7], at
the occurrence of the first and second macro-crack in the concrete beam.
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Figure 17: Comparison between numerical loads (a) and maximum FRP axial strain (b),
detected at the first concrete macro-crack, and design values [68] for variable width bFRP of
the FRP plate, obtained for the thick beam tested in [8]
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5. Discussion of the results414

The present results show that, in the investigated examples, the damage415

process of the detachment zone above the FRP plate is triggered by the early416

flexural crack developing in the concrete under the load. Damage proceeds from417

the central part of the beam to the plate-end until the concrete cracking pattern418

reaches the plate end itself. Then a new damage front is activated proceeding419

very fast from the plate end to the center, subsequently joining the previous420

damage front. At this point, the FRP plate detachment is complete. In fact,421

either the detected structural failure is brittle, and almost simultaneous with the422

FRP plate detachment, or the post-detachment path joins that of the unplated423

beam.424

As expected, the structural failure of the simulated plated beams depends425

on the interplay among the strengths of the concrete beam, the steel bars, and426

the FRP plate. In particular, the structural failure is postponed with respect to427

the FRP plate detachment, provided that the steel transverse reinforcement is428

correctly placed in the loaded region, and the yielding of the steel rebars is not429

complete. This is the case of the thick beam [8], having a shear span to depth430

ratio less than 2, where the steel reinforcements carry the load after the FRP431

detachment. On the contrary, in the tests by Rahimi and Hutchinson [7], with a432

shear span to depth ratio of about 6, the sections were adequately reinforced for433

the load history carried by the unplated beams, whereas they resulted under-434

reinforced with respect to the load levels reached by the plated beams, based435

on Rahimi and Hutchinson’s assumption that only under-reinforced beams pre-436

sumably require further reinforcements, hence the lack of stirrups at the beam437

center. The experimentally detected failure mode for the plated beam was shear438

failure followed by concrete cover separation and FRP detachment. Failure oc-439

curred suddenly, as usual in the case of shear failure of the concrete beam.440
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The simulations closely reproduce the experimentally detected failure mode,441

as proved by the fact that the computed post-failure path displays a sudden442

significant loss of stiffness from step C, eventually loses convergence immedi-443

ately after step D, and does not join the structural path of the unplated beam.444

Therefore, the simulations confirm that, depending on the steel reinforcement,445

the strengthening effect induced by the FRP plates on under-reinforced concrete446

beams can change the failure mode of the unplated beam into brittle shear fail-447

ure, where the FRP plate detachment follows, instead of preceding, the beam448

failure.449

The loads computed at the first crack are not significantly sensitive to the450

width and thickness of the FRP plate. On the contrary, it is in the post-elastic451

regime that the structural behavior displays its dependency on the width and452

thickness of the FRP plate. In particular, the loads at which the FRP plate453

detaches increase with the FRP plate width, while they are not remarkably in-454

fluenced by the FRP plate thickness. On the other hand, the midspan deflection455

at detachment increases with the thickness in all the modeled beams, though456

more markedly in the thin beam.457

Finally, the present study suggests that the loads corresponding to the oc-458

currence of the early macro-cracks in the concrete beams can be assumed as459

design loads. Such an estimate has been shown to be reasonably close to that460

provided by the reference design rule [68].461

6. Conclusions462

Numerical models that compute the structural behavior of FRP plated beams463

abound in the relevant literature. However, most of them require the definition464

of interfacial laws to be identified a priori, often lose convergence, and are unable465

to satisfactorily capture the concrete cracking pattern and the complete FRP466
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plate detachment. The proposed mechanism-based regularized XFEM over-467

comes the previous limitations. In fact, it requires only basic material properties468

and few model parameters, allows for a smooth transition from the continuum469

stage to the detachment stage, and models the mixed-mode fracture process470

zone in a physically consistent way.471

It has been shown that:472

• if the goal is to increase the deflection and moderately improve the detach-473

ment load, FRP plates made of two or three-plies and almost 20-40 mm474

wide should be used.475

• Larger thicknesses and widths enhance the detachment load and reduce476

the ultimate deflection.477

• Surprisingly, an increase of thickness and width of the FRP plate has478

negligible effects on the values of the midspan deflection and the load at479

which early cracks occur.480

• Design loads increase by less than 2% when doubling the FRP plate width,481

and are quite constant for variable thickness.482

Finally, the proposed regularized XFEM approach has consistently predicted483

the structural response and the crack pattern for two different four point bending484

tests on FRP plated reinforced concrete beams, and the procedure for transi-485

tioning from the continuous to the discontinuous regimes has been proved robust486

in three-dimensions.487
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Appendix The CNR design rules [68] are based on the CEB-FIP code [67]688

and the following hypotheses: cross-beam section plane and perpendicular to689

the beam axis after deflection; perfect bond between FRP and concrete, and690

steel and concrete; concrete as a no-tension material; FRP linear elastic up to691

the failure; failure due either to concrete crushing or to FRP tensile rupture For692

plate end debonding failure, the ultimate design strength is693

fdd =
1

γf,d
√
γc

√
2EFRP ΓFk

tf
, (.1)

where γf,d and γc are the safety partial factor, EFRP is the Young modulus694

of the FRP reinforcement and ΓFk is the specific fracture energy of the FRP-695

concrete interface. The specific fracture energy can be expressed as ΓFk =696

0.03 kb
√
fck fctm, where697

kb =

√
2− bFRP

b

1 + bFRP
400

≥ 1
bFRP
b
≥ 0.33 (.2)

depends on the geometry of the FRP reinforced system. Finally, fck and fctm698

are the characteristic compressive strength and the mean tensile strength of the699

concrete, respectively. For lFRP ≤ le, where le =
√

EFRP tFRP
2 fctm

is the optimal700

bonded length namely the shorter length of the FRP bonded area that allows701

the maximum force transfer between concrete and FRP, the ultimate strength702

has to be reduced according to703

fdd,rid = fdd
lFRP
le

(
2− lFRP

le

)
. (.3)

For flexural intermediate debonding failure, the design rule specifies the ultimate704

40



design strength as fdd,2 = kcr fdd where kcr = 3.705
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