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Abstract
A novel approach is presented for the isogeometric Boundary Element analysis of domains that contain predefined inclusions with material properties that are different
to the rest of the domain and which also may exhibit inelastic behavior. The paper
is complementary to a paper published recently in this journal, which focussed on
plane problems. The theoretical framework and implementation are extended to threedimensional problems here.
In our approach the geometry of inclusions is described using NURBS surfaces.
The advantage over currently used methods is that no discretization into cells is required, in order to evaluate the arising volume integrals. The implementation is verified
on test cases by comparison with either exact solutions or ones computed by the Finite
Element method.
Keywords: BEM, isogeometric analysis, elasto-plasticity, inclusions

1. Introduction
The Boundary Element method (BEM) is ideally suited for a seamless integration
with NURBS based Computer Aided Design (CAD) programs [1]. The use of isogeometric methods [2] allows simulations to use geometry information directly form CAD,
without the generation a mesh. Implementations of the isogeometric BEM for linear
solid mechanics problems and for homogeneous regions have been published recently
[3, 4, 5, 6, 7, 8, 9, 10, 11, 12] .
The isogeometric BEM has been extended in a previous paper, published in this
journal [13], to allow the simulation of heterogeneous, inelastic domains under plane
∗ Corresponding author. Tel.: +43 316 873 6181, fax: +43 316 873 6185, mail: gernot.beer@tugraz.at,
web: www.ifb.tugraz.at
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strain/stress conditions. Here the theoretical framework and implementation is extended to 3-D problems. In the following we attempt to avoid duplication of material
from the mentioned 2-D paper and readers are encouraged to read this publication first.
Using the theorem of Betti as explained in [14], the boundary integral equation can
be written in incremental form and in matrix notation as:
c u̇(y) =

Z

U(y, x)ṫ(x) d S(x) +

S

−

Z

Z

U(y, x̄)ṫ0 (x̄) d S0 (x̄)

S0

T(y, x)u̇(x) d S(x) +

Z

(1)
U(y, x̄)ḃ0 (x̄) dV0 (x̄)

V0

S

where c is a free term, U(y, x) and T(y, x) are matrices containing fundamental solutions for the displacements and tractions at a point x due to a source at a point y [15],
u̇(x) and ṫ(x) are increments of the displacement and traction vectors on the surface
S, defining the problem domain. ḃ0 (x̄) are increments of body force at point x̄ inside
the inclusion and ṫ0 (x̄) are increments of tractions related to the body force acting on
surface S0 , bounding V0 .
The integral equations can be solved for the unknowns u or t by discretization. As
in majority of previous work on the isogeometric BEM we use the collocation method,
i.e. we write the integral equations for a finite number (N) of source points, yn
c u̇ (yn ) =

Z

U (yn , x) ṫ (x) d S(x) +

S

−

Z

Z

U (yn , x̄) ṫ0 (x̄) d S0 (x̄)

S0

T (yn , x) u̇ (x) d S(x) +

Z

(2)
U (yn , x̄) ḃ0 (x̄) dV0 (x̄)

V0

S

with n = {1, . . . , N}.
For the discretization of the surface integrals over S we divide the boundary into
patches and use a geometry independent field approximation approach for each patch,
i.e. we use different basis functions for the description of the geometry and for the field
values.
xe =

K

∑ Rk (s,t) xek

k=1

ue =

Kd

∑ Rdk (s,t) uek

(3)

k=1

te =

Kt

∑ Rtk (s,t) tek

k=1

In above equations the superscript e refers to the number of the patch, Rk , Rdk and Rtk
are NURBS basis functions with respect to the local coordinates s,t for the geometry,
displacements and tractions respectively. The parameters xek specify the location of
control points. The parameters uek and tek relate to the displacements and tractions. K,
2

K d , K t specify the number of parameters for each patch.
For an external Neumann problem for example the system of equations
[T] {u} = {F} + {F}0

(4)

is obtained where [T] is an assembled matrix with coefficients related to Kernel T and
{u} is a vector that collects all displacement components on points yn . On the right
S
hand side of (4) the vector {F} is related to the given tractions and {F}0 = {F}00 +
V0
{F}0 is related to the body force effects, i.e. to the integrals over S0 and V0 in (2).
Details of the implementation of the isogeometric BEM for 3-D elastic homogeneous domains can be found in [15, 16]. Here we concentrate on the definition of the
geometry of the inclusions and on the evaluation of the volume integrals.
2. Basic approach and previous work
The basic approach is to solve the problem in an iterative way. First the elastic
problem is solved considering an elastic homogeneous domain. Then the solution is
modified to account for the presence of inclusions and inelastic behavior.
The procedure can be summarized as follows:
1. Solve the elastic, homogeneous problem and determine the increment of stress
σ̇ inside the inclusion V0 .
2. Determine an increment in initial stress σ̇0 due to the fact that the elastic material
properties of the inclusion are different from the ones used for the fundamental
solutions and/or due to the fact that the elastic limit has been exceeded.
3. Convert σ˙0 to body force and traction increments ḃ0 , ṫ0 .
4. Compute new right hand side by evaluating the arising volume and surface integrals.
5. Solve for the new right hand side and compute a new increment of stress σ̇ inside
the inclusion.
6. Repeat 2 to 5 until σ̇0 is sufficiently small.
2.1. Elastic inclusions
Elastic inclusions can be modeled with the multi-region method (see for example
[14]) and this involves an additional discretization and increases the number of unknowns. Here we include their treatment in the iterative process required for plasticity.
To compute the initial stress increment for the case where the inclusions have elastic
properties which are different to the ones used for the fundamental solutions we use the
relation between increments of stress σ̇ and strain ˙ in Voigt notation
σ̇

= C ˙

(5)

˙

= C−1 σ̇

(6)

where C is the constitutive matrix for the domain, used for the computation of the
fundamental solutions. The difference in stress between the inclusion and the domain
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and therefore the initial stress increment can be computed by
σ˙0

= (Ci − C) ˙

(7)

where Ci is the constitutive matrix for the inclusion.
2.2. Inelastic behavior
If the inclusion experiences inelastic behavior then additional initial stresses are
generated. Here we use the concept of visco-plasticity, but it is obvious that the method
presented here can also be applied to elasto-plasticity. In visco-plasticity we specify a
visco-plastic strain rate
∂ vp
1
∂Q
= Φ(F)
(8)
∂t
η
∂σ
where η is a viscosity parameter, F is the yield function, Q the plastic potential [17].
The function Φ is defined as:
Φ(F) = 0

if

F <= 0

(9)

Φ(F) = F

if

F > 0.

(10)

The visco-plastic strain increment during a time increment ∆t can be computed by
an explicit scheme by solving
∂ vp
∆t.
(11)
˙vp =
∂t
The time step ∆t can not be chosen freely and if chosen too large, oscillatory behavior
will occur in the solution. Suitable time step values can be found in [18]. The initial
stress increment is given by
σ̇0 = C ˙vp .
(12)
2.3. Previous work
Previous work on this topic has been discussed in detail in [13] and this will not
be repeated here. The common approach for the evaluation of the necessary domain
integrals in these publications is to use cells. Figure 1 shows a possible discretisation
of an inclusion into linear cells. Cells are identical to isoparametric elements, i.e. the
definition of their geometry involves a mapping to a local coordinate system ξ , η, ζ .
For the evaluation of the contribution of each cell to the volume integral, initial stresses
are usually interpolated between nodal points, using Lagrange ploynomials.
The disadvantage of using cells and the motivation for the work presented here, is
that this approach involves additional discretisation effort. In addition, because continuous shape functions are used to interpolate the initial stresses inside cells, a problem
arises when the elasto-plastic boundary crosses a cell. In this case, errors would be
introduced in the integration of the volume terms. The approach presented here, involving a single mapping, allows the region of integration to be subdivided into subregions that accurately represent the plastic zones, thereby avoiding the integration error
that may occur with cells. Another motivation is that in applications in geomechanics,
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Figure 1: Example of the discretisation of an inclusion with linear cells, showing the mapping of the highlighted cell to a local coordinate system.

geological inclusions are usually defined in CAD data by their bounding surfaces. This
opens up the possibility of using this information directly in the simulation.
In the following it is first outlined how the geometry of inclusions is defined using
NURBS surfaces and how the arising volume and surface integrals are numerically
evaluated. Then the computation of {F}0 in (4) is shown. Finally, the accuracy and
efficiency of the proposed approach is demonstrated on two test examples.
3. Geometry definition for inclusions
The first task is the description of the geometry of the subdomain V0 . For this we
propose to use a mapping method introduced recently for trimmed surfaces in [8] and
[15]. This means that the domain of an inclusion is defined by two NURBS surfaces
and a linear interpolation between them.
We establish a local coordinate system s = (s,t, r)| = [0, 1]3 as shown in Figure 2
and perform all computations such as integration and differentiation in this system and
then map it to the global x, y, z-system. The global coordinates of a point x with the
local coordinates s are given by
x(s,t, r) = (1 − r) xI (s,t) + r xII (s,t)

5

(13)
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Figure 2: Example of the geometry definition of an inclusion with the proposed approach. Left: the inclusion
in the global coordinate system. The bounding surfaces are colour coded and the associated control points
depicted by coloured and numbered hollow squares. Right: the local map. Note that in contrast to the cell
based approach no discretization and only one map is involved.

where
xI (s,t) =

KI

∑ RIk (s,t) xIk

and xII (s,t) =

k=1

K II

∑ RIIk (s,t) xIIk .

(14)

k=1

The superscript I relates to the bottom (red) surface and II to the top (green) surface
I
II
and xIk , xII
k are control point coordinates. K and K represent the number of control
I
II
points, Rk (s,t) and Rk (s,t) are NURBS basis functions.
Remark 1: It should be noted that in this mapping approach the bottom and top surfaces may have a different number of control points.
The derivatives are given by
∂ x(s,t, r)
∂ xI (s,t)
∂ xII (s,t)
= (1 − r)
+r
∂s
∂s
∂s
∂ x(s,t, r)
∂ xI (s,t)
∂ xII (s,t)
= (1 − r)
+r
∂t
∂t
∂t
∂ x(s,t, r)
=
−xI (s,t) + xII (s,t)
∂r
where for example:
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(15)

I

K ∂ RI (s,t)
∂ xI (s,t)
k
=∑
xIk
∂s
∂s
k=1

II

and

The Jacobian matrix of this mapping is

∂x
∂s




J =  ∂∂tx



∂y
∂s
∂y
∂t
∂y
∂r

∂x
∂r

and the Jacobian is J(s) = |J|.

∂ xII (s,t) K ∂ RII
k (s,t) II
=∑
xk .
∂s
∂s
k=1

∂z
∂s





∂z 

∂t 


(16)

(17)

∂z
∂r

Remark 2: The implementation explained in the following is not restricted to the simple geometry description, outlined above. Any method that allows the mapping of the
geometry to a unit cube can be applied. In the following we have used this description
mainly in order to simplify the explanation of the method.
4. Computation of {F}0
Here we discuss the computation of the right hand side during iteration. This
involves the evaluation of the integrals in Equation (2) over S0 and V0 using Gauss
quadrature. For an accurate integration it is necessary to subdivide the integration region into subregions. The subdivision strategy is determined by several factors:
1. The limited span of basis functions as governed by the knot vectors.
2. The extent of the plastic zone.
3. An imposed limit on the number of Gauss points available for integration.
4.1. Computation of the surface integral over S0
For the numerical integration Gauss Quadrature is used. Following the implementation of the integration procedures for the elastic BEM outlined in [15] we distinguish
between singular integration when the collocation point is inside the integration region,
nearly singular integration when it is close to the region and regular integration when
it is further away.
4.1.1. Regular and nearly singular integration
If the collocation point is not inside the integration region then the number of integration points depends on the proximity of the point y to the region and the size of
the region. In the implementation a Quadtree method is used, meaning that the size
of the integration region is subdivided until the criterion for the maximum number of
Gauss points defined by the user is fulfilled (for further details see [15] ). We first integrate over the two surfaces defining the inclusion (i.e. over s,t = [0, 1]2 for r = 0, 1)
and then over the edges. A possible subdivision for a given location of the collocation
7
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Figure 3: Explanation of the Quadtree method: Surface in the global x,y,z, the local s,t and the ξ , η system.
The collocation point is depicted by a hollow square and y, Gauss points are depicted by crosses.

point y, using the Quadtree method is shown in Figure 3. For the integration along the
bounding surfaces I and II the global locations of Gauss points are computed by
xI (s, t) =

KI

∑ RIk (s,t) xIk

and

xII (s,t) =

k=1

K II

∑ RIIk (s,t) xIIk

(18)

k=1

The Jacobian of this transformation is J i . Gauss integration requires the use of a local
coordinate system ξ = [−1, 1]2 . The transformation is given by
s=

∆sn
(1 + ξ ) + sn
2

and t =

∆tn
(1 + η) + tn
2

(19)

where ∆sn , ∆tn denotes the size of the integration region ns and sn ,tn are the local coordinates of the edge of the subregion. The Jacobian of this transformation is Jsn .

8

For the integration along the edges we have for example for edge e1 at t = 0:
x̄(s, r) = (1 − r) xI1 (s) + r xII
1 (s)

(20)

where xI1 (s) and xII
1 (s) are the coordinates of a point on the top and bottom curves of the
bounding surfaces with the local coordinate t = 0. The Jacobian of this transformation
is J e1 . The transformation to the ξ coordinate system is given by
s=

∆sn
(1 + ξ ) + sn
2

and r =

∆rn
(1 + η) + rn
2

(21)

where ∆sn , ∆rn denotes the size of the integration region ns and sn , rn are the local
coordinates of the edge of the subregion. The Jacobian of this transformation is Jen1
S
We can now write the sub vector of {F}00 related to the collocation point n as
2

F0n0 = ∑
S

Ns

∑

Z1 Z1

i=1 ns =1
−1 −1

4

U(yn , x̄)ṫ0 (x̄) J i Jsns d ξ d η + ∑

Ns

∑

Z1 Z1

j=1 ns =1
−1 −1

U(yn , x̄)ṫ0 (x̄) Je j Jenjs d ξ d η
(22)

where Ns is the number of subregions.
4.1.2. Singular integration
If the collocation point is located on S0 the integrand approaches infinity as the
point is approached. Here we apply the method that has been used for dealing with
weakly singular integrals over surface S. It involves the transformation to a local coordinate system where the Jacobian tends to zero as the collocation point is approached.
This method is well documented (see for example [15]). An example of a singular
integration is given in Figure 4.
4.2. Computation of the volume integral over V0
For subregion ns of integration the transformation from s coordinates to ξ = (ξ , η, ζ )| =
[−1, 1]3 is given by
s =
t

=

r

=

∆sn
2 (1 + ξ ) + sns
∆tn
2 (1 + η) + tns
∆rn
2 (1 + ζ ) + rns

(23)

where ∆sn × ∆tn × ∆rn denotes the size of the integration region and sn ,tn , rn are the
edge coordinates. The Jacobian of this transformation is Jξn = 18 ∆sn ∆tn ∆rn .
V

The sub vector of {F}00 related to collocation point n can be written as:
V
F0n0

=

Ns

∑

Z1 Z1 Z1

ns =1
−1 −1 −1

U (yn , x̄(ξ , η, ζ )) ḃ0 (x̄(ξ , η, ζ )) J(s) Jξns d ξ d η d ζ

where J(s) is the Jacobian of the mapping between s and x coordinate systems.
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(24)
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Figure 4: Subdivision into integration regions when the collocation point y is part of S0 in global x,y,z, local
s,t and ξ , η coordinates. The black lines indicate the limits of the integration region, the red thin lines the
subdivision into a triangular subregion. Gauss points are depicted by crosses.

Applying Gauss integration we have:
V

F0n0 ≈

Ns

M

L

K

∑ ∑ ∑ ∑ U (yn , x̄(ξm , ηl , ζk )) ḃ0 (x̄(ξm , ηl , ζk )) J(s) Jξns Wm Wl Wk

(25)

ns =1 m=1 l=1 k=1

where Ns is the number of integration regions and M, L and K are the number of integration points in ξ , η and ζ directions respectively. To determine the number of Gauss
points necessary for an accurate integration we consider that, whereas there is usually a
moderate variation of body force, the Kernel U is O(r−1 ) so the number of integration
points has to be increased if yn is close to V0 .
If the integration region includes the collocation point yn , then the integrand tends
to infinity as the point is approached. To deal with the integration involving the weakly
singular Kernel we perform the integration in a local coordinate system, where the
Jacobian tends to zero as the singularity point is approached. For this we divide the
integration region into tetrahedral sub-regions. The transformation from the local ξ
coordinate system, in which the Gauss coordinates are defined, to global coordinates
involves the following transformation steps:
1. from ξ to a local system (σ , τ, ρ)| = [0, 1]3
2. from (σ , τ, ρ) to s
3. from s to x
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Figure 5: Singular volume integration, showing a tetrahedral subregion and the mapping from the local
σ , τ, ρ system to the s coordinate system. A point with the local coordinates σ = τ = ρ = 0.5 (i.e. ξ = η =
ζ = 0) is shown.

Steps 1 and 3 have already been discussed, so we concentrate on explaining the second
step. Referring to Figure 5 we assume that the singular point is an edge point of the
integration region.
For this case the transformation is as follows: First we determine the local coordinates s1 to s5 of the edge points of the tetrahedron, with 5 being the singularity point.
Next we define a linear NURBS surface with points 1 to 4 and map the coordinates of
the point (σ , τ) onto this surface:
4

s0 (σ , τ) = ∑ Ri (σ , τ) si

(26)

i=1

where Ri (σ , τ) are linear basis functions. The final map is obtained by interpolation in
the ρ direction:
s(σ , τ, ρ) = (1 − ρ) s0 (σ , τ) + ρ s5
(27)
The Jacobian matrix of this transformation is given by:



(1 − ρ) ∂∂ sσ0
J =  (1 − ρ) ∂ s0 
∂τ
s5 − s0

(28)

The Jacobian of this transformation tends to zero as the singular point is approached.
4.3. Implementation
{F}0 has to be recomputed at each iteration and this involves considerable computational work. It is therefore convenient to pre-compute matrices that multiply with σ0
and b0 . At each iteration step the computation only involves a matrix multiplication:
{F}0 = B{σ0 } + BV {b0 }
11

(29)

where B and BV are pre-computed matrices and {σ0 } and {b0 } are vectors containing a list of values of initial stress and body force at points inside the inclusion.
4.4. Computation of ṫ0 and ḃ0
For the evaluation of the integrals (22) and (25), the values of ṫ0 and ḃ0 must be
computed at the Gauss points and their determination involves stress or strain evaluations inside the inclusions. Since the location of quadrature points vary depending
on the location of the collocation point yn , this would involve a very large number of
NURBS evaluations for each iteration. In addition some computations would involve
singular integration.
It is therefore convenient to compute the required values at regular grid points inside
the inclusion and then interpolate or extrapolate the values to the locations of the Gauss
points. An advantage of this scheme is that required differentiations can be carried out
numerically using finite differences. A regular grid of points is therefore established in
the the local (s) coordinate system of the inclusion.
Remark 3: It should be noted that theoretically it is possible to compute the strain and
subsequently the initial stress and body force (using a derived fundamental solution)
exactly at the Gauss points. However, this would involve a considerable computational
overhead and the authors feel that for practical problems this is not really necessary.
So, in order to reduce the computational effort the mentioned approximations (using a
regular grid with interpolation and numerically computing the derivatives) have been
introduced. The test examples show that convergence to accurate results is achieved as
the number of internal points is increased.
After computing the initial stress increment σ̇0 using the procedures outlined in
sections 2.1 and 2.2, the initial traction increments ṫ0 are computed from the initial
stresses by


σ̇0x τ̇0xy τ̇0xy
(30)
ṫ0 = τ̇0xy σ̇0y τ̇0yz  n
τ̇0zx τ̇0zy σ̇0z

where n is the unit outward normal vector to the surface S0 . The body force increment
ḃ0 can be computed by


∂ τ̇0xy
∂ τ̇0xz
∂ σ̇0x
∂x + ∂y + ∂z




 ∂ τ̇0yx ∂ σ̇0y ∂ τ̇0yz 

ḃ0 = −  ∂ x + ∂ y + ∂ z 
(31)





∂ τ̇0zy
∂ τ̇0zx
∂ σ̇0z
+
+
∂x
∂y
∂z

It is convenient to compute the derivatives with respect to local coordinates s first and
then transform them to global coordinates. For example the global derivatives of σx in
terms of local derivatives are given by the transformation
σx,x = J−1 σx,s

12

(32)

where
 ∂σ 

 ∂ σx 

x

∂x

 
 
 
σx,x =  ∂∂σyx 
 
 

∂s

 
 ∂σ 
x
σx,s = 
 ∂t 
 

and

(33)

∂ σx
∂r

∂ σx
∂z

and J is the Jacobian matrix (17).
The derivatives are numerically computed using finite differences. For grid points
inside the inclusion that have other points left and right (or top and bottom) of them we
use a central finite difference, whereas for points that only have one point on a side we
use forward or backward finite differences.
Remark 4: In the following examples we apply a simple linear interpolation between
grid points and a linear extrapolation from grid points to the boundary S0 . Obviously
more sophisticated schemes may be applied. However care has to be taken for the case
when the variation of the initial stress is discontinuous. Also it has to be considered that
in our approach the internal points are used to numerically compute the derivatives of
the initial stresses. The simple scheme applied here leads to an increase in the accuracy
for determination of the derivatives and for the evaluation of the associated integrals as
the number of grid points is increased. The convergence of the solution as a function of
the number of internal points is investigated in one of the numerical examples below.
5. Computation of results inside the inclusion
The solution algorithm requires the evaluation of strains and stresses at internal
points. The displacements at a point yi inside the inclusion is given by:
u (yi ) =
+

Z

Z
S

U (yi , x) t (x) d S(x) −
Z

U (yi , x̄) ṫ0 (x̄) d S0 (x̄) +

Z

T (yi , x) u (x) d S(x)

S

U (yi , x̄) ḃ0 (x̄) dV0 (x̄)

(34)

V0

S0

The strain can be computed by
 (yi ) =
+

Z

Z
S

S (yi , x) t (x) d S(x) −

S (yi , x̄) ṫ0 (x̄) d S0 (x̄) +

Z

Z

R (yi , x) u (x) d S(x)

S

S (yi , x̄) ḃ0 (x̄) dV0 (x̄)

(35)

V0

S0

For the first iteration we set ḃ0 = ṫ0 = 0. The evaluation of the arising surface and
domain integrals follows the methodology described above.
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Figure 6: Test example 1: Geometry definition of cube with 6 NURBS patches showing control points in
local numbering as hollow squares, loading in blue and boundary conditions as red arrows in restrained
directions.

5.1. Implementation
Since the strain has to be evaluated at each iteration step it is convenient to precompute matrices that multiply with σ0 and b0 . If this is done, the computation only
involves a matrix multiplication:
 = {C} + [A]{u} + [D]{σ0 } + [D]V {b0 }

(36)

In the above {C} is a vector related to known values, [A] is a matrix related to
unknown values {u} and [D] , [D]V are matrices related to the initial stresses and body
forces.
6. Test examples
In the following sections the theory is tested on simple examples, where the solution
is known or can be obtained using a different numerical model.
6.1. Test example 1: Cube in bending with elastic inclusion
The first example tests the algorithm for the case of a single elastic inclusion. It
consists of a unit cube [0, 1]3 , composed of two different materials. Its geometry is
defined by six NURBS surfaces (patches) with basis functions of order 1. The cube is
loaded with a moment and fixed at the bottom as shown in Figure 6.
The inclusion is defined by two linear NURBS surfaces and assigned a Young’s
modulus E of half the one used for computing the fundamental solution and no change
in the Poisson’s ratio ν.
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Figure 7: Test example 1: Definition of inclusion with 2 linear NURBS surfaces shown in green and red with
the associated control points marked with hollow squares. Collocation points are numbered and shown as
black filled squares.
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For the analysis, the concept of a geometry independent field approximation was
used and the basis functions for approximating the displacements were defined using
the following knot vectors in the local s,t directions:
• Patch 1: Ξs = 0, 0, 1, 1; Ξt = 0, 0, 0, 0.5, 0.5, 1, 1, 1
• Patch 2: Ξs = 0, 0, 1, 1; Ξt = 0, 0, 0, 0.5, 0.5, 1, 1, 1
• Patch 3: Ξs = 0, 0, 1, 1; Ξt = 0, 0, 0, 0.5, 0.5, 1, 1, 1
• Patch 4: Ξs = 0, 0, 1, 1; Ξt = 0, 0, 0, 0.5, 0.5, 1, 1, 1
• Patch 5: Ξs = 0, 0, 1, 1; Ξt = 0, 0, 1, 1
• Patch 6: Ξs = 0, 0, 1, 1; Ξt = 0, 0, 1, 1
with all weights equal to one. This approximation results in a quadratic variation of
the displacements in the vertical direction with a C0 continuity at the interface between
materials. The resulting location of the collocation points are shown in Figure 7 and this
will give the exact solution for the applied loading. The results are shown in Figure 8
and Figure 9. It can be seen that convergence to the exact solution is achieved after
about 10 iterations.
6.2. Test example 2: Cantilever beam with an inelastic inclusion
The second example tests the capability of the method to simulate inelastic material behavior. It is a cantilever beam of dimension 1 × 1 × 5 meters with an equally
distributed load of 0.049 kN/m2 at the end. The elastic modulus was assumed to be
10 kPa and the Poisson’s ratio was assumed to be zero. A von Mises material law
was used with a yield stress of 1 kPa . The geometry is defined by 8 control points
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Figure 10: Test example 2: Left: Definition of the geometry with 6 linear NURBS patches (associated
control points are shown as hollow squares). Also shown is the loading. Right: Location of collocation
points (restrained points are marked with red arrows). Also shown is the definition of the inelastic inclusion
with the internal points.
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Figure 11: Test example 2: Convergence of the maximum displacement as a function of the number of iterations for three configurations of internal points. The results are compared with an ANSYS Finite Element
simulation.

and 6 patches (Figure 10 left) . Figure 10 right shows the collocation points obtained
after order elevating two times (from linear to cubic) in the z-direction and one time
in the y-direction. The simulation has 24 × 3 = 72 unknowns. The elastic maximum
displacement for this refinement was 2.5223 mm which compares well with the exact
solution of 2.5235 and an elastic Finite Element simulation. Also shown is the definition of the inelastic inclusion, depicting the location of internal points for one of the
test runs. For this case only one point in x-direction was necessary as the variation of
stress is constant in this direction. For the convergence study various combinations of
number of points in each directions were tried. The convergence of the displacement
with three different internal point configurations is shown in Figure 11 and compared
with an non-linear Finite Element simulation with 18 000 unknowns using the commercial code ANSYS. It can be seen that the run with 1 × 9 × 10 internal points (i.e.
one in x-direction 9 in y-direction and 10 in z-direction) gives the best agreement with
the ANSYS results.
7. Optimization
The calculation of the strains at internal points, required for computing the initial
stress and body force, is very compute intensive as it involves many NURBS evaluations at Gauss points. In order to reduce the number of internal point evaluations
it is proposed that the strains are only evaluated at a small number of points of the
inclusion (interpolation points) and the values at internal points determined by interpolation, which is carried out in local coordinate system of the inclusion. The strains at
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Figure 12: Comparison of normal and optimised method for computing values inside the inclusion.

an inclusion point with the local coordinate s,t, r are given by:
I

(s,t, r) = ∑ Ni (s,t, r)i

(37)

i=1

where Ni (s,t, r) are suitable interpolation functions and i are the values of strain
computed at the interpolation points. To test this we compare the most accurate solution
obtained with the previous method with the proposed optimized method. A linear
interpolation was used. It can be seen that the approximation due to the interpolation
does not alter the result in this case. However, the computation time for the optimised
version is about 10% of the normal one and is not significantly increased with the
number of internal points.
8. Conclusions and Outlook
The aim of this and a previous paper ([13]), dealing with plane problems, was to
remove a main impediment, that has prevented the widespread use of the BEM for
heterogeneous and non-linear problems. In the past the application of the BEM to
these types of problems has required additional discretisation effort, including a volume
discretisation for the evaluation of the arising volume integrals. The emergence of the
isogeometric BEM, with the promise of avoiding mesh generation completely, has lead
to the idea of applying this technology also to the treatment of volume effects. The
work presented here opens the way for simulations without mesh generation, by taking
geometrical data directly from CAD. As has been demonstrated in the examples no
mesh is generated. Instead the geometry of the problem, as well as that of the inclusions
is defined with very few parameters, using NURBS patches. These data can be taken
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directly from a CAD program. Another feature of the method described here, is that
accurate solutions with very few degrees of freedom can be obtained. For the example
of the non-linear cantilever beam only 72 degrees of freedom were sufficient to get the
same result as with 18 000 degrees of freedom with the FEM.
The main conclusions are
• Accurate results can be obtained with very few degrees of freedom
• Geometry data can be taken directly from CAD programs
• The geometry independent field approximation allows flexible refinement options
The method is currently restricted to cases where the zones of in-elastic behaviour
can be specified (as inclusions). However, it is possible to define zones of plasticity
automatically and this is a topic of further research.
The area of application that would most benefit from this new approach would be
geomechanics since this involves an infinite domain. Domain methods suffer from the
fact that meshes need to be truncated. A user friendly BEM method, that can deal with
heterogeneous ground conditions and material non-linear behaviour, would be ideal for
such applications. In addition, using this approach the information about geological
inclusions could be taken directly from the CAD program.
We believe that the most promising way to achieve the "holy grail" of a simulation
without mesh generation is via the BEM. This paper presents a further step towards
this goal. Open issues are a better and more general mapping method for inclusions,
an automatic detection of plastic zones and - most importantly - an optimization of the
computational procedures, in order to reduce the significant time spent for the numerical integration.
At the moment the method is restricted to solid mechanics but there may be applications in other fields such as fluid dynamics, where zones of non-linear behavior
are treated as volume effects. It is hoped that this paper gives impetus to much needed
research in this exiting new area of simulation.
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Geometry data can be taken directly from CAD programs
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