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Abstract

In this review, we discuss computational methods to study condensed matter systems
and processes occurring in this phase. We begin by laying down the theoretical frame-
work of statistical mechanics starting from the fundamental laws governing nuclei and
electrons. Among others, we present the connection between thermodynamics and sta-
tistical mechanics using a pure statistical language, which makes it easier to extend
the microscopic interpretation of thermodynamic potentials to other relevant quanti-
ties, such as the Landau free energy (also known as the potential of the mean force).
Computational methods for estimating the relevant quantities of equilibrium and non-
equilibrium statistical mechanics systems, as well as reactive events, are discussed. An
extended Appendix is added, where we present artificial intelligence methods recently
introduced. These methods can enhance the power of atomistic simulations, allowing
to achieve at the same time accuracy and efficiency in the calculation of the quantities
of interest.
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1 Introduction

The general framework to describe and predict the behavior of macroscopic matter,
statistical mechanics, was laid down in the 19th century by Boltzmann and Gibbs. The
first ingredient of this theoretical framework is the atomistic hypothesis: matter is made
of particles obeying Newton’s equations. Complications came about when, in the 20th
century, it was found that matter obeys quantum mechanics. This, however, does not
disrupt our theoretical framework, as discussed in the following. Boltzmann postu-
lated that since the characteristic time of the motion of atoms is much shorter than
the macroscopic time of our observations, macroscopic phenomena result from the
time average of microscopic events along the trajectory of these particles. Boltzmann
figured out that in equilibrium, the microscopic states of the system are distributed
according to a suitable probability density (ensemble). This idea was further developed
and widened by Gibbs, who observed that the concept of average along a trajectory was
unnecessary, that the role of this trajectory is sampling microscopic states (drawn from
an ensemble), which are observed with a given frequency along it. Thus, the Boltz-
mann’s time average is turned into an ensemble average. This two-time framework,
fast atoms and slow observations, is insufficient to represent all phenomena occurring
in nature. For example, chemical reactions are (at least) a three-time phenomenon:

(1) the time of fast individual atomic motions (e.g., vibrations),
(ii) the characteristic time of the reaction at hand, with the ensuing bond rearrange-
ment,

(iii) the equilibration time (in principle infinite, in practice long but finite) the system
takes to go from the initial condition, e.g., when the system contains only the
reactant, to the final equilibrium state, with the proper chemical composition of
the system, containing the proper amount of reactant and product species.

Thus, the theoretical description of reactive processes within the framework initiated
by Boltzmann and Gibbs requires the introduction of a macroscopic intermediate time,
a time which is long on the atomistic scale and short on the equilibrium scale. A local
time average around this time allows one to determine the value of the macroscopic
observables at that time.

So far, we implicitly excluded that external perturbations are acting on the system.
However, the statistical mechanics framework can be extended to this case. Here,
the time-dependence of the macroscopic observable arises not only from the initial
conditions, possibly out of equilibrium, but from the action of external biases, being
them either genuinely time-dependent or constant but acting on the system starting
from a given time.

The framework can also be extended to take into account the fact that the particles
constituting matter obey quantum mechanics. Additionally, a connection can be drawn
between statistical mechanics and thermodynamics, achieving the double objective of
providing to thermodynamics a theoretical foundation and a systematic procedure to
calculate its quantities, which otherwise can only be obtained from experiments , e.g.,
the value of the heat capacity, or from approximate phenomenological laws, e.g, the
van der Waals equation of state. With these two extensions, statistical mechanics is
a complete theory providing the laws to describe and predict properties of matter in
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equilibrium or under the action of external perturbations. A key problem is that the
solution of these laws is of exceptional complexity. Thus, initially, apart the simplest
cases, the community could not follow the plan given by the fundamental dynamical
laws: apply the theory to physical problems and obtain, using approximations when
necessary, all possible consequences. The advent of computers, and their availabil-
ity to the scientific community in the 1940s, opened novel perspectives: numerically
solve the equations of statistical mechanics. These laws typically require calculation
of averages of suitable microscopic observables over ensembles (mechanical proper-
ties) or calculation of absolute frequencies (partition functions) associated to thermal
quantities. Brute force approaches to compute these integrals require a prohibitive
effort (see Sect. 3) and the founding fathers of computational physics proposed an
alternative approach: (i) one introduces a model of the real system, a computational
system made of a large enough number of particles suitably interacting among them,
and (ii) evolves these particles according to some suitable law (which has to be estab-
lished, it is not part of the general statistical mechanics theory) sampling from the
given ensemble and computing averages. This strategy, however, is not straightfor-
ward. For example, while it is perfectly suitable for computing simple averages, it
does not allow, in practice, to compute absolute frequencies, hence it is of no help
to compute thermal properties. e.g., thermodynamic potentials. Additionally, while
methods for sampling equilibrium ensembles were immediately identified, for non-
equilibrium problems, where one does not explicitly know the mathematical form of
the time-dependent ensemble, a way to formulate sampling methods has to be found.
Even more, while statistical mechanics of the early days focused on sampling states of
a system, the power of its descriptive capacity encouraged physicists (as well as math-
ematicians and chemists) to extend its use to the statistical analysis of paths connecting
states of the system. These concepts provide the statistical mechanics framework for
(bio)chemical, (bio)physical processes and, in the dreams of Kirkwood and Irving,
Alder and many others, the theoretical foundation of engineering of this and next
centuries. As for sampling paths, the problem required the introductions of novel sta-
tistical concepts. For example, while in basic statistics, one asks what is the probability
that a given event occurs, the statistics of paths requires to sample probabilities that
time-correlated events occur. In other words, the availability of computers allowed to
estimate not only relevant quantities of statistical mechanics, but also processes, so
enabling to address questions of growing complexity, e.g., reactive paths. This, in turn,
fostered theoretical research to formulate problems and equations in a form that can
be better solved on computers, also bringing to the development of novel numerical
analyses and algorithms. This has been supported by computational capabilities which
progressed exponentially (Moore law) over the last ~ 3040 years.

The objective of this paper is to lay down the theoretical framework of statistical
mechanics to describe condensed phase system starting from the fundamental laws
governing nuclei and electrons. This requires several steps, which are summarized
below in this introduction. We start by presenting and discussing the theoretical frame-
work of statistical mechanics. After, we introduce computational methods to estimate
the quantities of interest within this theory. In particular, we focus on methods based on
molecular dynamics (MD). We are well-aware that complementary approaches exist
based on Monte Carlo [1]. However, the generous but limited space available to this
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article, our expertise in molecular dynamics, and the goal of writing an article in which
the theory and methods are discussed in sufficient detail, and not just listed, convinced
us to focus only on methods belonging to MD. For analogous reasons, we do not
discuss all MD-based methods available in the literature. In other words, concerning
methods, we privileged depth to breath.

The plan of this work is the following: (i) Starting from quantum mechanics of
a system made up of nuclei and electrons, we derive a representation of the sys-
tem made up of classical nuclei and quantum electrons. Then we show that under a
large set of conditions of interest for systems on Earth, one can reduce the problem
to the knowledge of the electronic ground state (depending on nuclear configura-
tion) or, with increasing approximations, basic electron excitations. (ii) This entitles
one to develop the equilibrium and time-dependent statistical mechanics of classical
nuclei interacting via a potential deriving from electrons in their ground state. (iii)
The connection between thermodynamics and statistical mechanics is introduced and
discussed. (iv) (standard) Molecular Dynamics is introduced to compute expectation
values of quantities of interest for equilibrium statistical mechanics in the so-called
microcanonical ensemble. (v) This case is exploited to discuss the key ingredients of
Molecular Dynamics, in particular the so-called classical molecular dynamics, where
interatomic forces are approximated by empirical force models. (vi) modifications of
Newton’s/Hamilton’s equations of motion (EoM) are introduced to allow the sampling
of ensembles beyond the microcanonical one. Here a general theory of the statistical
mechanics of non-Hamiltonian systems is presented, systems governed by equations
of motion that cannot be derived according to Hamilton. (vii) Next we consider the case
in which forces are derived from electronic ground state calculations. (viii) We proceed
introducing special techniques for computing ordinary and Landau free energies. As
alluded above, these quantities in general cannot be straightforwardly computed by
Molecular Dynamics. Landau free energy is a key ingredient in the calculation of (ix)
rates of processes governed by barriers and (x) techniques for finding the most likely
reactive path and other relevant properties for these processes. (xi) We conclude the
review considering the case of non-equilibrium systems. In this case, no general tech-
nique exists for investigating all non-equilibrium systems and problems. Thus, here we
focus on two cases: the calculation of transport coefficients and evolution of a system
initially at some constrained equilibrium relaxing to equilibrium or evolving under
the action of an external perturbation. (xii) The article is completed by an extensive
Appendix discussing artificial intelligence methods to enhance atomistic simulations.
We conclude with some comments on future perspectives.

2 Classical statistical mechanics in condensed matter

In this section (i) we will introduce the system at the core of this article, a sample
of nuclei and electrons; (ii) we will explain what legitimates us, within suitable con-
ditions, to treat it as a system of point particles sitting at the nuclear positions and
interacting via an effective potential; (iii) summarize the statistical description of this
system; finally; (iv) we will connect the fundamental quantities of statistical mechanics
to their thermodynamic counterparts.
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2.1 From the quantum to the classical mechanics of condensed matter systems at
low energies

Let us first introduce the systems we consider in this article. We focus on condensed
phase systems at low energies, i.e., in the regime in which relativistic effects can be
neglected and nuclei are stable objects that can be treated as point particles, i.e., we can
avoid to explicitly take into account the strong and weak forces among nucleons. Addi-
tionally, we consider systems that do not interact with photons (absorbing/emitting).
Summarizing, we deal with systems made of nuclei and electrons interacting through
electrostatic forces, possibly under the action of external fields. The gravitational force
among these particles can be neglected as this is much weaker than the other terms.
This does not imply that the effect of an external gravitational field can be neglected.
Indeed, physical phenomena such as Benard convective cells are the result of combined
thermal gradient and gravity field.

A system such as the one described above evolves according to the (time-dependent)
Schrodinger equation:

m%wr, R,7) = H(r, R, )W (r, R, 1), M

where W (r, R, 7) is the wavefunction of the system made by N, electrons and N,
nuclei at time 7. r and R are the 3N, and 3N,, dimensional vectors of the electron’s
and nuclei’s positions, respectively. H(r, R, t) is the Hamiltonian of the system, here
assumed to be of general time-dependent form. This Hamiltonian can be split into two
parts: an internal and an external contribution:

H(r, R, 1) = Hins (£, R) + Vexe (r, R, 7). @)

The external, possibly time-dependent, term is the contribution to the Hamiltonian
arising from any external field, e.g., the gravitational field. The internal term contains
kinetic contributions of electrons and nuclei and the Coulomb interactions among the
particles composing the system:

Ne Ny
Him<r,R>=Z(—— r,)+ ( ﬁ)
i=1 2me a=1 2
Ne N)l Z Z
_ Lakp
- Z + .
i>j= 1 _rjl a>p 1|R _Rﬂ|
NF N}l

R v @

In Eq. (3), Vi, and VR, denote the gradients with respect to the position of the
electron i and nucleus «, respectively. m, is the mass of electrons, while My, is the
mass of nucleus «. We assume the so-called atomic units, where the charge of electrons
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and protons is —1 and +1, respectively. Finally, z, is the atomic number of nucleus
o, i.e., its charge in atomic units. For reasons that will be clear shortly, we recast the
equation above as the sum of two terms:

Ne

Hor:R) = 3. (—£2-72)

i= 1
+ Zlmfr,\ i Yl i
i>]
4)
+ % ZaZp
asft Ra~Rsl

Ky = %}( 2Al/[aV2 )

o=

The first term, dubbed electronic Hamiltonian, contains the kinetic energy operator
of the electrons plus electrons—electrons, electrons—nuclei and nuclei-nuclei poten-
tial energy terms. The second term is the kinetic energy operator of the nuclei. Let
us consider the eigenfunctions { X (r; R)}j:o’oo and the corresponding eigenvalues
{€j(R)},_ , of the electronic Hamiltonian:

He(r; R)x(r; R) = €;(R)x;(r; R). (&)

We remark that { xj(r; R) }j:O,oo and {e i (R) }/.ZO’OO depend (parametrically, in the
first case) on R because the electronic Hamiltonian does. One can expand W (r, R, 1)
on {Xj (r; R)}j:O,oo: v, R, t) = Zj:O’oo &;(R, 1)y (r; R). First, we consider the
case where no external (time-dependent) potential (Vex( (1, R, 7)) acts on the system.
Inserting this representation of W(r, R, #) in Eq. (1) one gets

& (R,
> x,~<r;R)ih¥= 3 KN R) + He(r: R)] (1 RIE (R, 1)

j=0,00 j=0,00
= > 6@ R [Ky®R) +€;(R)]& (R, 1)
j=0,00
+ Y &R DKNR)X;(r; R)
j=0,00
N)‘l

1
n Z Z<__> Ve, Ej(R, 1) - Vg, xj(r; R)

j=0,00 =1

(6

where in the second equality, we exploited the fact that x ; (r; R) is an eigenfunction of
H(r; R). Neglecting the last two terms of the r.h.s., i.e., those related to the derivative
of x;(r; R) on the nuclear degrees of freedom, is the so-called Born—Oppenheimer
(BO) approximation. Within the BO approximation, Eq. (6) turns into a set of inde-
pendent effective Schrodinger equations, one per eigenstate x ; (r; R) of the electronic
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Hamiltonian, of the form

ihai-‘j(R, 1) _

5 [KnR) +¢;(R)] & (R, 1) (N

where €;(R), the j-th eigenvalue of the electronic Hamiltonian, plays the role of
an effective potential driving the dynamics of the effective eigenfunction &; (R, 7). A
consequence of the Born—Oppenheimer approximation is that if the system is initially
in a state consistent with a single term of the expansion on { x;(r; R)} i=0.00° it will
remain forever in this state. Considering the difference between ¢; (R) of different
electronic states, a system in thermal equilibrium at the typical temperatures of most
phenomena occurring on the planet Earth is in its ground electronic state. This implies
that we can consider only the term j = 0 of the set of Eq. (7).

Next, we focus on some general characteristics of &;(R, t), namely the order of
magnitude of its (thermal) wavelength, A. Consider the de Broglie relation, A =
h/~/MykgT, with kg the Boltzmann constant. Thus, for example, for carbon at room
temperature A ~ 10~'2 m, two orders of magnitude smaller than typical values of
bond lengths, for covalently bonded systems, and interatomic distances, at ordinary
pressures, 1071°—107° m. This entitles one to treat nuclei as classical point particles
obeying Newton’s equations of motion driven by the potential € (R):

MR = —Vzeo(R). (8)

Here, €p(R) is the ground state eigenvalue of the electronic Hamiltonian. A practi-
cal implementation of Eq. (8) takes advantage of the so-called Hellmann—Feynmann
theorem, [2, 3] showing that Vgep(R) = (VRH(r; R))(. Here, () denotes the expec-
tation value on the electronic ground state wavefunction. We remark that an equivalent
theorem exists for the density functional theory approach to the quantum many-body
problem, [4] which is the quantum mechanical approach most used these days in simu-
lations. This approach requires the calculation of the ground state eigenfunction of the
electronic Hamiltonian within some suitable approximation. This is computationally
very expensive, unfortunately.

For many systems, it resulted possible to approximate €p(R) with a many-body
empirical potential function explicitly depending on nuclear positions. This many-
body potentials typically depend on parameters, whose value can be obtained from
the fitting of experimental properties or quantum mechanics data (see, e.g., Ref. [5]).
Often, these many-body potentials can be expressed as sum of additive pair potential
terms. A typical example is the Lennard—Jones potential, embodying the short-distance
repulsive and the long-range attractive (van deer Waals) interactions between non-

covalently bonded atoms. Given N atoms in the configuration R = (Ry, ..., Ry):
12 6
o o
eL1(R) = de ( ) - ( > 9
(gg Rap Rap

where Ry is the distance between point particles « and B representing the correspond-
ing atoms. A detailed description of so-called force fields for covalently bonded and
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non-bonded systems is left for the following. In the Appendix A, we introduce poten-
tials exploiting recent developments in the field of artificial intelligence. Here, we
simply remark that these empirical potentials, requiring no calculation of the ground
state of the electronic Hamiltonian, are computationally very efficient.

Let us now consider the effect of an external, possibly time-dependent, field act-
ing on the system via the potential Vex (r, R, 7). In the limit of weak perturbation,
e.g., when the potential is small with respect to the energy difference between the
ground and first excited electronic state, the problem can be treated within the first-
order perturbation theory (see Ref. [6], page 111 and following). Here, one represents
the time-dependent wavefunction in terms of projection on the stationary solutions of
the unperturbed system. Non-negligible projections are restricted to those stationary
states of energy within 27 i/, where 7 is the time from the beginning of the perturba-
tion. Thus, already on the time scale of the nuclear motion, few femtoseconds, only
stationary states within few tenths of eV have a non-negligible projection and, as a
consequence, semiconducting and insulating systems (including molecular systems)
can be safely described by their electronic ground state. Thus, Eq. (7) (restricted to
the electronic ground state) can be written as:

S OERD

o7 [/CN(R) + €o(R) +fdr X0(r; R)I> Vext(r, R, t)} §o(R, 1)

= v ®) +co®) + VIR, 1) | R 1) (10)

where V;‘:ﬁ R, 1) = f dr |x0(r)|> Vex (r, R, 1) is an effective external, possibly time-
dependent, potential where the effect on electrons in taken into account in a mean-field
sense. If, same as in Eq. (8), nuclei are treated as classical particles, then forces acting
on nuclei arise from the gradient of the electronic eigenvalue of the ground state plus

the effective external potential:

MR = —Vg [eo(R) + Ve (R, t)] . (11)

2.1.1 Equilibrium statistical mechanics

Within the framework we just developed, any property is a function of the phase space
of nuclei, which also parametrically depends on the properties of the correspond-
ing atoms, e.g., their mass, effective charge, etc. Thus, the generic property reads
AT; {mg}a=1.N>{qga}a=1.N,-..). In absence of any time-dependent external field,
AT; {mg}a=1.N,{qga}a=1.N, -..) depends on time via I", the point in the phase space
evolving according to the equations of motion. However, on the macroscopic scales,
in equilibrium conditions, these properties have no time-dependence. Thus, following
Boltzmann, macroscopic observables correspond to time average of their associated
microscopic ones:

N B L
A=A= lim —/ ds A'($); {ma}a=1.N+ {gata=1.N ) (12)
o T Jo
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Hereafter, the bar, e.g., A, denotes time average and hat, e.g., A, the microscopic
observable associated to the corresponding macroscopic one. Here and in the follow-
ing, we will replace A(F (s); {mata=1.N, {ga}a=1,n, . ..) with the shorter notation
A (T’ (s)). Other quantities which will parametrically depend on {my }¢=1 N, {ga }a=1.N>
etc. will also be denoted with a similar, shorter notation, avoiding to explicitly report
the parametric dependence on these quantities in the symbol. One can transform the
time average of Eq. (12) into an ensemble average, i.e., an average over the probability
density to be at the I' point in phase space. To illustrate this, one (i) first discretizes the
integral of Eq. (12), (ii) reorganizes the terms of the sum according to a tessellation
of the phase space, and (iii) recognizes that this sum over the tessellation of the phase
space corresponds to a phase space integral.

T—>00 T

Y I A,
A = lim —/ ds A(C(s)) ~ lim —ZA(F(si))h
0 T—00 T P

L . 1
= lim —;A(l"(si))z lim NZ;A(F(S,-))

T—00 T 4 N=t/h—00

N, N,
. A nOl lim A~ p()[ A A~
=1 Ayg— = iy V= A AQy = [ dTAT)pT) = (A).
NE“OO; “ hmmwo; «aq A% /Q (D)p (D) = (A)

13)

where £ is the discretization step of the integral over time, with N = 7 /h the corre-
sponding number of discretization points, 7 is the number of I" (s;) points falling in
the ath cell of the tessellation, Aa is the value of A(I‘) in a suitable point within cell
o, N, the number of cells and the limit of NZ‘”Qa is finite. Thus, for a fixed step in
time, h, the limit for T going to infinity turns into the corresponding limit on N, the
elements of the sum over the trajectory. A2 is the volume of the phase space cell of
the tessellation. p, = limy_,« 1y /N is the probability to find the system in the o'th
cell and py, = po/AS, is the corresponding probability density. Ag is the average
value of A(T") computed over the phase space points falling in the ath cell. Finally,
(-) denotes ensemble average. The equivalence between time and ensemble average
is the so-called ergodic hypothesis. The ergodic hypothesis implies that each phase
space cell is visited an infinite number of times with a probability density consistent
with that of the ensemble simulated by the molecular dynamics setup (see below). In
other words, we assume that there are no impediments, i.e., no region of the phase
space is prevented to be visited in an infinitely long trajectory. Summarizing, the value
of any macroscopic observable can be obtained from the ensemble average of the
corresponding microscopic one:

Axyz = (A)xrz = / dPAT) pxyz(T) (14)

Here, the indexes XY Z of the macroscopic observable, Axyz, and of the proba-
bility density function, pxyz(I"), highlight the conditions the macroscopic system is
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subject to. For example, Ay denotes properties computed in conditions of constant
number of particles, N, volume, V, and temperature, T, according to the corresponding
probability density function pyy 7 (I'): the so-called canonical ensemble.

Within statistical mechanics, a phase space point is a random variable and, through
it, so is any microscopic observable A(T"). Hence, one can ask what is the probability
(density) to observe a given value, A*, of A(I‘):

Oy 7 (A¥) = / dT pxyz(T) 8(A(T) — A*) (15)

The meaning of Eq. (15) is that the probability that AT) = A* is equal to the
probability to be in any phase space point consistent with the given condition. The
delta function within the integral selects these phase space points.

One can also define the joint probability of observing the system at a phase space
point I' and given values of a set {A;};_ ,, of observables

P s (AL, ) = pxrz(@) [8(A:@) — A7), (16)

i=1

together with the associated conditional probability (density):

pxyz(T) [T 8(A; (D) — AY)

{Ai}izlm
B . ) = N ’
=L [T pyyZ (D) TTI, 8(A(T) — A¥)

pxyz (Tl {AT}

a7

Notice that Eq. (15) can be meant as the marginal probability density

Py s " (A%}, ) of the joint probability density pyy 5~ (T, {A7},_, ) defined
in Eq. (16).

Of course, the probabilities of phase space and/or observables contain more infor-
mation than just the average value. For example, they can tell whether the system
contains metastabilities, i.e., large local maxima of the probability density. For some
systems, these local/absolute maxima are separated by regions of low probability. This
is the scenario of many chemical reactions and physical processes discussed in Sect. 5.
In these cases, for a system lying in a metastable state to reach the stable (absolute
maximum, if it exists,) one, it must pass through low probability regions. This makes
this process unlikely, thus occurring once in a blue moon. This is the conceptual
framework beneath the kinetics of many processes—Ilike chemical reactions, phase
transitions, conformational isomerization (including protein folding)—characterized
by the presence of barriers.

i=1,m

2.1.2 Non-equilibrium statistical mechanics

Let us now lift the condition imposed in the previous section, that the system is at the
equilibrium. We remark that this is just the declaration of non-equilibrium statistical
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mechanics, with a detailed discussion reserved to Sect. 6. In non-equilibrium sys-
tems, the probability density function is, generally speaking, time-dependent: p (", 7).
p (", t) obeys a continuity equation, the Liouville equation:

dp@®t) (D o
T_O_<8t+r Vp),o(l",t). (18)

Notice that Eq. (18) holds only for Hamiltonian systems. Equation (18) can be
proven by computing the flux of trajectories across the boundary of an arbitrary vol-
ume in the phase space. Such a flux is equal to the variation of the probability density
function with time, with positive sign if the overall flux is inward, and negative oth-
erwise. The surface integral underneath the calculation of the flux of trajectories can
be turned into a volume integral over the divergence of the current through the Gauss’
divergence theorem. If the system is Hamiltonian, d¢/dg = —d p/dp and one is left
with Eq. (18).

2.2 From classical statistical mechanics to thermodynamics

In thermodynamics, any quantity can be derived from the so-called thermodynamic
potentials: entropy S(N, V, E), enthalpy H(N, P, S), Helmholtz’s F(N,V,T) or
Gibbs’s G(N, P, T) free energy, and grand potential ®(u, V, T'), depending on the
thermodynamic variables one controls: number of particles (N), chemical potential
(w), volume (V), pressure (P), energy (E), temperature (T). For example, recalling that
V =(@G(N, P,T)/dP)n T, theisothermal compressibility, 8 = —1/VaV /9 P, can
be expressed in terms of derivatives of the Gibbs’ free energy with respect to pressure
P. Above, we have shown that given the probability density function pxyz(I"), one
can compute the so-called mechanical properties, namely those properties that can be
expressed as an ensemble average of microscopic observables. These include some of
the thermodynamic variables, such as P, E and T (or additional macroscopic variables
in the case of more complex systems). More in general, being founded on a microscopic
description of matter, statistical mechanics contains thermodynamics. Thus, we are
left to establish an identification between thermodynamics potentials and statistical
mechanics’ quantities.

Let us first focus on the case of constant number of particles, constant vol-
ume and constant energy system, denoted NV E in the following. The associated
thermodynamic potential is the entropy, S(N, V, E). Entropy is additive, i.e., the
entropy of a (macroscopic, bulk) system grows linearly with its size, and is a non-
decreasing function of E. Consider the absolute frequency that a system stays at given
values of N, V, and E, P(N, V, E). An absolute frequency is a non-normalized
probability (density) to observe an event. Under the assumption that any micro-
scopic state is equiprobable at NV E, P(N,V, E) is proportional to the number
of microscopic states consistent with these macroscopic conditions: |’ nry=gdl =

f dI' 6(H(T') — E). Apart constant terms, 1 /h3N N/, this is the partition function
Qg(N, V, E). Notice that, apart the named multiplicative constant, Qg(N, V, E) is
the (surface) integral of the invariant measure of the N — 1 dimensional hyper-surface
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HT) =E: faszS(N,v,E) do/|VH (I')|. For regular enough Hamiltonians, this integral
is a non-decreasing quantity of E, which is one of the properties of entropy. How-
ever, Qg(N, V, E) scales exponentially with the number of particles in the system,
while S(N, V, E) being additive scales only linearly. Thus, one identifies the In of
Qs (N, V, E) with the entropy and so, for dimensional consistency,

S(N,V,E):=kgInQs(N,V, E) (19)

where kg is the Boltzmann constant. This probabilistic interpretation of entropy can
be extended to the case of the other ensembles. For example, the Gibbs and Helmholtz
free energies and the Gran Potential can be identified with the logarithm of the corre-
sponding partition function:

F(N,V,T):=—kgTInQr(N,V,T) (20a)
G(N,P,T):=—kgTInQg(N, P, T) (20b)
D(u, V,T) = —kpT InQo(u, V,T) (200)

In all cases, thermodynamic potentials measure the non-normalized marginal prob-
ability densities to be in the given macroscopic conditions understood as random
variables [7].

3 Molecular dynamics

In this article, molecular dynamics is introduced as a tool for implementing statisti-
cal mechanics in realistic cases of interest for condensed matter physics, chemistry,
biochemistry, biophysics, engineering, etc. (see Sect. 2). Initially, this might look
bizarre: in Sect. 2, effort has been spent to turn time into ensemble averages and,
apparently, here we follow the opposite path. To illustrate why molecular dynamics
can help implementing the plan of statistical mechanics, let us make some back of the
envelope calculation to prove that a direct calculation of the integrals associated to
ensemble averages is impossible. Imagine one has a computational sample contain-
ing 1000 atoms, representing a reasonably sized model of a real system (see below).
Imagine one wants to compute the ensemble average of an observable depending only
on the atomic coordinates R. A possible intuitive approach is to numerically compute
integrals like the one of Eq. (13) by discretizing the configuration space and trans-
forming them into the corresponding sums (penultimate term of Eq. (13)). For each
bin, one computes the value of the observable and of the probability density in a refer-
ence point, and average over the bins. The cost of this approach is proportional to the
total number of bins partitioning the 3N-dimensional configuration space. The total

number of bins, 7}, scales exponentially with the number of bins along each degree

of freedom: n}’" = niN , assuming each degree of freedom is discretized in n;, bins.
Imagine, for example, that one decomposes the configuration space along each degree
of freedom in (just) 10 bins, with 1000 atoms, a very small sample these days, one

has to evaluate 103°%0 times the integrand of Eq. (13). Considering the shortest time
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necessary to perform an arithmetic operation on a modern computer, ~ 1/3 107 s,
to accomplish the proposed task one needs 1/3 102! s, much longer than the age of
Universe. Thus, the direct approach is impossible.

In 1953, Metropolis et al. [8] proposed a method circumventing the problem of
the direct calculation of ensemble averages: Metropolis Monte Carlo.! This method
consists of generating a Markov chain, a suitable series of configurations sampling
asymptotically the probability density function of the given ensemble (the canonical
ensemble, in this case). This suggested that any method generating a Markov chain
sampling the ensemble of interest can be used to compute ensemble averages, and,
among others, a trajectory obtained by integrating Newton’s/Hamilton’s (or any suit-
able) EoM: molecular dynamics is born! [10, 11]

In this section, we describe how to perform molecular dynamics. First, we focus on
the case of Newton’s/Hamilton’s dynamics, which is suitable to sample the constant
number of particles, constant volume and constant energy ensemble, NV E. Within
this context, we discuss:

e how to numerically integrate the equations of motion (Eq. (8));

e what boundary conditions the system is subject to and how they are imposed;

e how to avoid the solution of the quantum electronic problem with empirical poten-
tials, already alluded in Sect. 2 (see also Appendix A);

Next, we move to discuss how Newton’s dynamics can be modified so as time
averages along the trajectory is consistent with the average of other ensemble than
NVE (Sect. 3.2). Next, we discuss how molecular dynamics is performed without
resorting to empirical many-body potentials (Sect. 3.3).

In the following sections, we discuss special techniques to deal with the calculation
of free energies (Sect. 4), so-called rare events (Sect. 5), processes governed by (free)
energy barriers, and non-equilibrium problems (Sect. 6).

3.1 Microcanonical ensemble

Let us start from the case of a microcanonical system, requiring the sampling of the
ensemble at constant number of particles, constant volume and constant energy. As
we said at the beginning, we are mainly discussing condensed phase bulk systems,
although with due caution the technique presented in this section can be extended to the
case of surfaces (2D), wires (1D), dots and molecules (OD). We first briefly introduce all
the ingredients of molecular dynamics, which we will discuss in detail in the following.
First, we focus on an atomistic model of a system. Within the computational power of
modern supercomputers, we can handle models consisting of up to 10°—107 atoms in
the case of so-called classical molecular dynamics, the one in which forces arise from
empirical force fields mentioned in Sect. 2 and discussed in detail below.

Atoms in the range of 10°—107 are very few with respect to the ~ 10?3 contained
in bulk systems, e.g., those contained in a glass of water. This poses the problem of

! Readers interested in understanding the principles of Monte Carlo, a complementary technique to address
the problems considered in this review, are encouraged to read Ref. [9]. More modern and comprehensive
articles exist on Monte Carlo but the one suggested is rather clear on the general principles of the technique.
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boundary conditions of the computational model. To understand this aspect, imag-
ine putting two systems in vacuum, one made of the number of atoms in the range
mentioned above and one made of a mole of atoms. Of course, the smaller one has
a much higher surface/volume ratio. This implies that in the smaller sample atoms
(molecules) at the surface, which have a different environment than the interior ones,
can significantly affect the properties of the system. This effect is much smaller in the
large system. Thus, a 10°—107 atoms (molecules) computational systems in vacuum
cannot accurately represent the properties of a macroscopic (~ 10?3 atoms/molecules)
one. This problem is typically solved using the so-called periodic boundary conditions,
where the computational system is put in a simulation box of suitable size, so that the
density is the same as the experimental one. This box is virtually repeated an infinite
number of times in space. If the characteristic length of the interatomic forces is smaller
than half the box size, there is no interaction between the atoms in the box and their
periodic images. Thus, the effect of the periodic nature of the computational system
on its characteristics, the fact that the computational sample is essentially a supercrys-
tal, is negligible. Of course, this sample lacks almost any surface effect. Instead, in
macroscopic systems, surface effects on the bulk properties are really negligible.

Once the general characteristics of the computational sample for modeling bulk
systems are set, we focus on solving the EoM of a system of point particles, the nuclei,
that interact via an effective potential depending on the position of the particles, V (R).
Here, it is convenient to consider the EoM expressed in Hamilton’s form:

I'={T',H} = (VpH - VRT — VRH - VT') = iLT (21)

where i L, the Liouvillian operator (multiplied by the imaginary number), is equal
to (M _lp -VR — VRV(R) - Vp), with p the 3N vector of momenta, M the diagonal
matrix of atomic masses, and H = K + V, respectively kinetic energy and the inter-
atomic potential among point particles representing the atoms in the classical picture
of the system discussed above. The Liouville operator applied to the vector I' must
be understood as operating element by element, e.g., I'; = iLT;, where I'; is the
i-th element of the phase space vector I'. These equations of motion can be formally
solved by

') = ST (0) = explitLIT(0). (22)

where S(7) is the time evolution operator of the system. Generally speaking Eq. (22) has
not an explicit solution. Following Tuckerman et al. [12], exploiting the Trotter theorem
[13], one proves thatexp[it L] = lim,_, o {explit/2nLo]explit/nLi]explit/2nL,]}"
where i£; =R - Vg andiLy, = —VRV(R) - Vp. More in detail, for a finite value of
n, explitL] = {explit/2nLs]explit/nLylexplit/2nLs>]}" + O(3/n3). Notice that
another equivalent approximation of the time evolution operator exists where i £ is
applied externally and i £, internally. However, the writing reported above, leading
to an algorithm for integrating the EoMs equivalent to the so-called velocity Verlet
algorithm, is computationally convenient. The advantage of the approach presented
here with respect to the direct derivation of velocity Verlet, is that integrators based
on time evolution operators written in terms of Liouvillians can be extended to EoMs
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Fig. 1 Algorithm for the integration of the EoM according to the Liouvillian integrators. Notice that this
algorithm corresponds to the so-called velocity Verlet

suitable to sample other ensembles (see below). Following Yoshida [14] and Suzuki
[15], higher-order accuracy decompositions of the time evolution operator of Eq. (22)
can be systematically developed. However, the corresponding integrator algorithms
require to compute atomic forces — VRV (R) multiple times for each time step ¢/n,
and one typically prefers to shorten the time step (increasing n).

It is important to stress a key characteristics of S(t) = {explit/2nLy] explit/nL]
explit/2nL;]}": thisis the exact time evolution operator for an unknown ' (I') Hamil-
tonian whose difference from the real Hamiltonian of the system is bound and can be
reduced by reducing the time step (increasing the value of n). The proof of this state-
ment is somehow involuted and is not provided here. This issue is further discussed
in Ref. [16], pages 80-81. Thus, for suitable values of the time step, along molecu-
lar dynamics trajectories obtained using integrators derived from the time evolution
operator S@), energy fluctuates but does not diverge. As a consequence, Liouvillian
integrators produce trajectories properly sampling the microcanonical ensemble at the
relevant energy with an accuracy that can be tuned by tuning the length of the time
step.

S(1) readily allows to derive a corresponding integrator algorithm. Notice that both
explit/nL] and explit/2nL,] have the same structure: exp[ f () V,], where u and v
are positions and momenta, or vice versa. The application of such an operator on a
function g(u, v) results in a shift of the v variable by f(u): exp[f(u)V,lg(u, v) =
g(u, v+ f (u)). Thus, the application of exp[iz /n L] orexplit /2nL>] to I results into a
shift of the r part in the first case, or of the p one in the second. The algorithm reported
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in Fig. 1 corresponds to the velocity Verlet algorithm and is the typical symmetric
algorithm implemented in most of the modern codes. Note that in the inner loop of
the procedure, the force is computed only once as F (r”) at time step ¢ is identical to
F (r) at the subsequent time step ¢ + At.

Itis seen that the integration algorithm requires initial positions and momenta. This,
indeed, is an obvious consequence of the EoM written in the Hamiltonian formalism,
which are first-order differential equations in R and p. Initial positions can be set in
many different ways, e.g., placing the atoms or molecules at the position of one of
the crystalline structures of the chemical species, or by randomly distributing them
within the simulation box under the prescription that their distance is larger than some
predetermined value, consistent with the typical distance in the given thermodynamic
conditions (see, e.g., [17]). Initial momenta can be set from a Maxwellian distribution.

The last ingredient of molecular dynamics that is left to be discussed is the choice
of the atomic forces —Vg V (R) and their calculation. In the previous section, it was
explained that under the typical conditions of condensed matter, when the Born—
Oppenheimer approximation holds, one can use an approximated form of the forces
with an explicit dependence on the atomic positions. This avoids to perform a quantum
mechanical ground state calculation at each time step of the integration algorithm of
Fig. 1. (Conservative) atomic forces are obtained from the gradient of the potential
V(R). Generally speaking, this potential is many-body, i.e., the value of the potential
depends on a function or sum of contribution of terms depending on the position of
several atoms. This is computationally very expensive as the calculation of the potential
scales with n-power of the number of atoms, where n is the order of the many-body
potential. It turned out that in several cases, one can have a good representation of
the interatomic interactions by pair additive potentials, i.e., V (R) can be adequately
expressed as sum of terms depending on the positions of two atoms, which makes
the calculation to scale with the second power of the number of atoms.? Of course,
pairwise additive potentials are not general and are unsuitable to describe many relevant
systems, such as metals, for which the embedded atom model [21] is often used. Going
beyond simple atomistic systems, i.e., considering a system made of molecules, typical
forms of V(R) consist of bonded and non-bonded terms, the former represents the
covalently bonded atoms of molecules and the latter intra- and intermolecular terms
between non-covalently bonded pairs. This representation is suitable for a broad class
of systems, systems ranging from biological matter (e.g., proteins) to polymers to
molecular liquids (e.g., water). These typically depend on (i) distances between pairs
of atoms, modeling the stretching/compression of bonds, (ii) angles between three
atoms, modeling bending, (iii) dihedral angles between four atoms, modeling rotations
around single bonds, the process leading to conformational isomerization, and (iv) so-

2 Smart approaches have been developed over the years to make the calculation of V (R) faster. They are
based on the observation that the pair interactions between non-covalently bonded atoms can but cut beyond
some prescribed distance. Thus, at each time step, each atom interacts only with a subset of all atoms. Thus,
at each time step, the number of pair force calculations does not scale as O(N 2) with the size of the system
but only as O(Nm), with m the number of interacting neighbors. This observation led to the development,
for example, of the so-called Verlet lists, which are still O(N 2) but with a very low coefficient, hence very
efficient, or of the linked cells, where interacting pairs are sought after in cells of the size of the interaction
length partitioning the simulations box. A detailed description of these methods and some more advanced
techniques can be found in Refs. [16, 18-20].
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called improper dihedrals, controlling the planarity of molecules like aromatic rings.

Nbonds b
Vi(R) = Y (AR — ARY)?
i=1
Nangles k4
+ ) 5 66
i=1
Ndihedrals
+ > K1+ cosimei — ¢)))
i=1
Mimpropers a
+ ) S E—E) (23)

i=1

where AR;, 6;, ¢;, and &; are the values of the i-th bond length, angle, dihedral and
improper dihedral, respectively. The corresponding symbols with asterisks represent
the target value, e.g., AR} is the equilibrium bond length of the i-th bond. The strength
of each term, e.g., how much a given elongation of a bond from its equilibrium value
causes an increase of energy, depends on the value of the corresponding force constant,
kf’ in the case of bond stretching/compression. The index i in the target values and force
constants does not mean that one has to define a value for each specific bond. Typically,
these values are defined for classes of bonds; For example, single, double and triple
carbon—carbon bonds are characterized by decreasing bond lengths and increasing
force constants along the series. Notice the difference between improper and ordinary
dihedral terms: the first is associated to a harmonic potential, whose effect is to restore
the equilibrium value of the angle; the second presents m equivalent minima separated
by a corresponding number of equivalent maxima, which is the typical energy profile
observed for the rotation around a single bond. This is insufficient, for example, to
represent rotations around bonds in alkanes (C,,H»;2), were minima and maxima are
not all equivalent. Alternative forms, such as the Ryckaert—Bellemans form [22], have
been proposed.

Non-bonded interactions account for electrostatic and van der Waals interactions.
Typically, electrostatic interactions are represented within the fixed point particle
approximation, with charges at atomic positions. van der Waals interactions can be
approximated by several representations, a very common one being the so-called
Lennard—Jones pair potential [23]. Overall, the non-bonded interactions are typically
expressed in the following form:
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12 6
qiqj Oij Oij
Vap(R =E — E 4e;; — 24
nb( ) AR,’Q,’ +i>j €ij ((AR,‘/) <ARU) ) ( )

i>j

where AR;; is the distance between atoms i and j, ¢; and ¢; are their charges, and
€;j and o;; and the characteristic energy and length of the van der Waals interaction
between the chemical species of atoms i and j as modeled in the Lennard—Jones
potential. We reiterate that, same as in the case of bonded interactions, ¢g; and ¢;,
and ¢;; and o;; depend on the chemical species and the chemical environment, e.g.,
whether an oxygen atoms belongs to water or an ether molecules, rather than only
on the specific atom. Thus, for example, all the oxygen atoms of a computational
sample of water have the same charge and their Lennard—Jones parameters for the
interaction with any other oxygen atom of the same sample are all the same. Given
the high negative power dependence on interatomic distances, the Lennard—Jones
potential is short ranged. Thus, though this function has not a compact support it
can still accurately be approximated by its short-range analog obtained by cutting
(and shifting to zero) the Lennard—Jones potential beyond some prescribed distance,
typically for AR;; > 2.5 — 30;;.

Non-bonded interactions with limited spatial range are typically named short range,
to put in evidence the difference with other types of interactions, such as electrostatics,
which cannot be cut out at a given distance. Indeed, electrostatic interactions require
a special attention and the form reported in Eq. (24) will be revised and discussed
more in detail in the following. Lennard—Jones contribution to the overall potential
scales quadratically with the number of particles because, at variance with bonded
interactions, where sets of interacting atoms remain the same all along the simulation,
one has to identify which pairs of atoms fall within the R, = 2.5 —30;; cutoff distance
at each time step. This, if one does not use any special technique referenced in the
footnote above (see Refs. [18], [16, 19], [20]), requires the calculation of distances
between all pairs of atoms in the simulation box and, for the short ranged one (link
cell method), its 27 (in 3D) neighboring replica.

Atoms falling within the R, from a given one must be searched taking into account
the periodic boundary conditions. This is illustrated in Fig. 2, where the water molecule
denoted b’, periodic image of the molecule b, is within the cutoff distance molecule a,
while the molecule b within the computational box is not. More in general, a convention
is adopted, the so-called minimum image convention, that only the pairs of molecules
of minimum distance found either in the simulation box or within its periodic images
are considered to test whether this interaction falls within or beyond R,. This minimum
image convention is implemented by the formula:

(Ri—R;) = (R, —R;)— H [H—l (R; _Rj)]nint (25)
where H is the 3 x 3 matrix of the vectors defining the simulation box, with each
row containing respectively the x, y and z components of the vectors of the edges of
the simulation box. To illustrate the effect of Eq. (25), consider the case of a cubic
simulation box. In this case, H is a diagonal matrix whose diagonal elements are L,
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Fig.2 Cartoon of a simulation box with periodic boundary conditions. The blue circle represents the cutoff
distance for short-range non-bonded interactions

where L is the length of the edge of the cube. H ! is the (diagonal) inverse of matrix H
of elements 1/L; thus, H ™! (Ri —R j) is the vector distance between atoms i and j in
reduced coordinates. [-],in; 1s the nearest neighbor operation. Thus, when a component
of H™! (Ri -R j) is larger than 0.5 or smaller than —0.5, along the corresponding
simulation box direction a corresponding length is subtracted or added, respectively,
to the given component of the vector distance. For example, if H ! (Ri -R j) =0.8,
its nearest integer value is 1 and, according to Eq. (25) L is subtracted from the
corresponding element of the vector R; — R, returning the value corresponding to
the closest pair among all periodic images. The minimum image convention holds
for bonded interaction as well. Once more, this is illustrated in Fig. 2, where clearly
atoms O and H; of the water molecule in the bottom right corner are not in a bonded
configuration, while e.g., O and H;’, the latter being the periodic image of the named
hydrogen atom, are.

Let us now come back to electrostatic interactions. Since this is long range, in a
periodic system it must more properly be written as:

qi QJ
vaRt) = Z Z |AR;; + HI| (0)

where |AR;; + HI| is the distance between atoms i and j, including all periodic
images, which is taken into account by the term H1, with 1 a vector of (positive and
negative) integer numbers. The prime on the sum symbol remarks that from the sum
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Fig.3 Physical (vertical bar representing a delta-like distribution) and additional (Gaussian) charge density

over j it is excluded the atom i when 1 = 0, i.e., atoms can interact with their peri-
odic images but not with themselves. Notice the 1/2 in Eq. (26), introduced to avoid
double counting. When the total charge of the system is zero the series in Eq. (26)
converges, but only conditionally. Hence, one cannot simply truncate the series for
its evaluation. To address this problem, a technique due to Ewald [24], who devel-
oped it to compute the electrostatic energy in ionic solids, is used.> The starting
point is recognizing that Eq. (26) can be written as Ve (R) = ), qiq&fl (R;), where
¢ie1(x) =1/2% Zj q;/Ix —R; + HI| — g; /2|x — R;] is the electrostatic potential
generated by all atoms and their periodic images on atom i. This writing, which is
slightly different from the one of Eq. (26), is obtained by adding and subtracting the
self-interaction term. Since there are now no more constraints on the values of j in the
definition of qbl.el (x). The first term in ¢i°1 (x) is the electrostatic potential associated to
a delta-like charge density: p”(x) = >, Zj qj8(x — Rj + HI). The fundamental idea
of the Ewald sum is to add and subtract a smooth charge density with maxima/minima
in correspondence of the particles’ position: p”(x) = pP(x) — p%(x) + p%(x), where
Pi(x) =) Zj qjG(x — R;j +HI; s) is a sum of smooth of Gaussian-like charge den-
sities (see Fig. 3), with s standard deviation of the Gaussians. The operation of adding
and subtracting p* does not change the overall charge density, hence the electrostatic
potential is not affected by this operation. Let us introduce ¢short(X) and ¢rong(X),
short and long range electrostatic potentials associated to p”(x) — p%(x) and p*(x),
respectively. The origin of the denominations short and long will be clarified shortly.
One understands that at a distance d from an atom larger than 3s, three times the
standard deviation of the Gaussian compensating charge (see Fig. 3), the charge cor-
responding to the density p? (x) — p%(x) enclosed by a sphere of radius d is negligible.
According to the Gauss theorem, the electric field E is proportional to the charge g4
enclosed within the sphere of radius d, E(d) o g4. Thus, at a distance longer than

3 Other techniques, e.g., the particle—particle/particle—-mesh approach [25], inspired to the Ewald sum were
developed over the years to further improve the efficiency in the calculation of electrostatic interactions.

@ Springer



Foundations of molecular dynamics simulations...

3s E ~ 0. This suggests that only atoms close to R; contribute to @sport(R;), which
also explains the attribute short range. ¢shore can be computed by a direct sum on
the point and Gaussian compensating charges associated to particles laying within a
prescribed cutoff radius from R; considering the minimum image convention, similar
to the approach used for the Lennard—Jones potential (Fig. 2). ¢iong (X) is obtained by
solving the corresponding Poisson equation, V2¢10ng (x) = —p®(x)/€, in the Fourier
space, which, for a neutral system reads:

1 q;j )
Pong(¥) = l;) ; k—; explik - (x — R;) exp[—s2k>/2]] 27)

where k is a vector of the lattice of the reciprocal space of the simulation box, k2 is its
absolute square, and €2 is the volume of the simulation box. Contributions to ¢jong (X)
decrease with the inverses of k2 and one can cut them off after a threshold, which
depends on how wide is the reciprocal space Gaussian exp[—s>k2/2]]. Notice that the
standard deviation of a Gaussian in the Fourier space is proportional to the inverse of
its value in the real space. Thus, a suitable choice of the value of s, neither too big
to keep the ¢gnore short range, nor too small, to make the calculation of ¢iong in the
Fourier space fast, is necessary for an efficient algorithm to compute the electrostatic
potential energy V¢ (R).

Systems and problems exist where covalent bonds are formed and broken along
the dynamics. This is the case, for example, of liquid or amorphous silicon, where
atoms can have a different number of nearest neighbors, and this may change along
the trajectory. This case cannot be represented by potentials of the kind mentioned
above. Of course, one can perform ab initio simulations (Sect. 3.3), where one solve
the quantum problem of electrons together with classical nuclei. This is computation-
ally very expensive. For selected cases, one can still use parametric potentials. Many
examples of these potentials have been proposed, the most extensively used probably
being the the Stillinger—Weber [26] and Tersoff [27] potentials. Some of them, like the
Tersoff potential [27], take into account the present bonding environment of atoms in
the system (see Sect. A for more modern approaches to this problem). Just to illustrate
the idea, in the Tersoff potential a pair interaction potential is typically written as

V(R;j) = V*P(R;;) + b V*"(R;j) (28)

where the pair interaction potential V (R;;) is the sum of a repulsive, V'*P(R;;), and
an attractive, V" (R;;) term, the latter being multiplied by the bond order weight b
depending on the chemical environment of the atoms involved in the bonding, e.g., the
number of atoms within some cutoff distance from atoms i and j, the angle formed
among these atoms, etc. Thus, the strength of forces acting on the atoms depends on
the number of bonds dynamically formed/broken.

Let us conclude this section shortly discussing the case of systems subjected to
holonomic constraints. Here, we refer to constraints like fixed values of interatomic
distances or bond angles. In Sects. 4.1, 5.1, and 5.2, we will consider more general
cases. The reason of introducing constraints in molecular dynamics is that the char-
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acteristic times of the movement of internal degrees of freedom of molecules might
be very different, e.g., dihedral angles modes are typically much slower than bond
stretching. Since the length of the timestep Ar (Fig. 1) is determined by the shorter
characteristic times, fast modes imply short timesteps. Thus, imposing constraints
on fast modes, which keep them out from the list of movements to be integrated
with a suitable timestep, allows one to use longer Ar, implying that one needs a
smaller number of molecular dynamics timesteps to simulate a trajectory of a pre-
scribed duration. A holonomic constraint is represented by the relation o (R) = z.
The equations of motion of a system subjected to a (or more) constraint(s) can
be obtained by the method of the Lagrange multipliers, consisting of adding the
A (0 (R) —z) term to the Lagrangian/Hamiltonian function from which EoM are
derived, where A is the [28] Lagrange multiplier. Of course, on a system may (and
typically do) act multiple constraints. In this case, one adds multiple terms of the
previous kind: Zf\i‘i"s‘r Ai (0i(R) — z;i), resulting in the corresponding force terms
— Z,N:C‘im Xi (VRo;(R)). The values of As are fixed by the condition that the con-
straints are respected at all time. Ryckaert et al. [28] recognized that even if the exact
value of As were known, since integrating algorithms are not exact, constraints would
be not satisfied exactly and errors would accumulate along dynamics, bringing to a
departure from the constrained value. An alternative approach has been proposed by
Ryckaert and coworkers, the SHAKE algorithm [28], in which EoM are first solved
without imposing the constraints, and then the exact values of the Lagrange multipliers
consistent with the accuracy of the integration algorithm is obtained requiring that As’
values are such that the constraints at the next timestep are satisfied.

Let’s call the generally vectorized equation corresponding to this condition for the
Lagrange multipliers, the SHAKE equation:

cR(t+At; L) —z=0 29)

Many different algorithms can be introduced to solve it. The first [28] precedes
iteratively solving successively one scalar element of (29) at time; when all constraints
have been considered, one iterates until convergence. In case of non-convergence, one
has to reduce the integration step. Several extensions to the original method have
been introduced. Andersen [29] extended the original algorithm, developed for the
Verlet integrator, to the velocity Verlet case of Fig. 1. Elber and coworkers [30, 31]
developed parallel versions of the SHAKE algorithm, which are better suited for
massively parallel machines. An additional version was developed efficiently running
on hybrid CPU/GPU machines [32].

3.2 Canonical, constant-pressure constant-temperature and other ensembles

In Sect. 3.1, we discussed MD driven by the Newton’s EoM, which sample the
microcanonical ensemble. Here, we discuss how one can modify these EoM so that
the associated MD samples, for example, the canonical ensemble. The theoretical
framework within which this extension of Newton’s dynamics is developed is the
statistical treatment of the so-called non-Hamiltonian dynamics [33]. The key obser-
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vation of this framework is the equal probability density of the phase space points
satisfying the conservation laws of the given EoM. In the case of Newton’s dynam-
ics, energy is conserved, H(I') = E, and the probability density function reads
pT; E)y=58(HT)—E)/ f dI' §(H(I') — E), where E is the (conserved) energy of
the system. The intuitive meaning of p(I'; E) is that (i) one has zero probability (den-
sity) to be in a phase space point inconsistent with the conservation law H(I') = E
and (ii) the same probability (density) among the phase space points consistent with
the constraint. The phase space associated to the Newton’s EoM is equipped with
the invariant measure dI". Hence, the average value of the generic observable can be
computed as (B)g = [dI"' B(T')p(T'; E)

Consider an extended phase space x = (I', n, ), in which I may be augmented
by other variables, position-like variables n and associated momenta 7 ,. For example,
anticipating the discussion reported in the following, in constant temperature simu-
lations, one extends the particles’ phase space with degrees of freedom representing
a thermostat, allowing energy to fluctuate. Let us generally represent these EoM in a
form analogous to the Hamiltonian form:

X =g (30

where g(x) is a suitable (vectorial) function. In the Hamiltonian form, Newton’s EoM
read:

R = gr(p) = p/M
{p —g,(R) = —VV(R) 3D

where p/M is the 3N vector of the velocities of the particles and —VV (R) is the 3N
vector of forces. While Hamilton’s dynamics conserves energy (and, depending on the
chosen boundary conditions total linear and angular momenta), a generic set of EoM
can have other conservation laws, generally denoted by the set {A; (x) = zi};—1 -
where A; () is the ith conserved observable and z; is the corresponding (conserved)
value in the realization of the dynamics, and m is the number of conservation laws. In
EoM where the set {A;(x) = z;};= ,, of constraints is satisfied, the trajectory moves
on the intersect of the hypersurfaces {A; (x) = zi};—; - The associated probability
density function p(x; {zi};— ,,) can be considered the probability density function of
a microcanonical ensemble in the extended phase space x . However, a key difference
from Hamiltonian systems is that with generic EoM dx may not be an invariant
measure, i.e., the phase space may compress or expand along the trajectory: dy () #
dy (¢)). The invariant measure can be obtained from the Jacobian, J (x (1), X(lo)),
of the transformation between the extended phase space variables at different times,
noticing that dy (¢) = J (x "), x (to)) dy (to). Developing this argument, Tuckerman
et al. [33, 34] have shown that a general invariant measure exists, /g(x (1), H)dx (¢),
Jg(x (), 1) being related to the compressibility of the phase space, x(x (t),1) =
Ve X®): Vg @), 1) = (expl[ dsk(x(s), s)])l/z. In these systems, the average
value of a (microscopic) observable B(I') (remember that x = (', n, w,) and so I"
refers to the phase space (physical) variables) is:
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(B>{Zi}i:l‘m = / Ve, t)dx BM)p(x; {ziti=1,m) (32)

Consider Eq. (32), consider performing first the integration over the non-physical
subspace of variables n and 7, of the extended phase space x = (I', n, wy):

(B)z)izim = /df‘ B(F)/dndnn Ve, t) p(x; {ziti=1,m)

_ f dr" B(I)p(T) (33)
where
p(T) = / a0 4ty /30D PO i Yiet) (34)

is the marginal probability density on the physical phase subspace of the overall prob-
ability density function sampled by the (extended) EoM. Thus, while the probability
density of the entire space is microcanonical,p (X ; {zi}i=1 m) = ]_[i=1 m S(Ai(X)—zi),
the reduced or marginal probability density may be, e.g., canonical (constant num-
ber of particles, constant volume and constant temperature). Indeed, as we will show
in the following, this allows to derive extended non-Hamiltonian EoM sampling for
the physical subset non-microcanonical ensembles. In this way, one can address the
problem of computing ensemble averages in conditions consistent with experiments.

The statistical mechanics of non-Hamiltonian systems summarized above allows
one to test the ensemble sampled by a set of EoM. The analysis proceeds as follows:

1. One must eliminate linearly dependent variables, i.e., those observables obeying
rules like x; (1) = C x(t), where C is a constant. Of course y; is not an independent
degree of freedom of the dynamical system.

2. One must also exclude driven, trivial or uncoupled variables. These are variables
x;s satisfying EoM like x; (1) = gi(x;) and x;(t) = g;(xi, x;j)» with x;(¢) a
variable of primary importance. Moreover, conservation laws must not mix y; and
Xj—Aa(Xi) = z« and Ag(x ;) = zg—and ;s are variables of primary importance,
e.g., physical degrees or freedom, elements of I". If these conditions are met, (i)
xjs do not affect the dynamics (hence statistics) of x;s, and (ii) the decoupling of
x;js and x;s implies that the probability density function of the latter is not affected
by the former.

3. Identify all the conservation laws satisfied by the EoM, A iX)=VyAi(x)-x =0,
to give to the probability density function p(x) the form Hi:l,m 8(A;i(x) — zi).

4. Based on the EoM, one can now compute the metric determinant factor /g(x)
relative to the relevant variables remaining after the elimination steps of points 2
and 3.

5. Following Eq. (34) and using the metric determinant factor +/g(x) computed in
point 4, one can now integrate over the non-physical degrees of freedom. The
resulting marginal or reduced probability density function represents the ensemble
that is sampled by the dynamics generated by the given EoM.

@ Springer



Foundations of molecular dynamics simulations...

To illustrate both the analysis outlined above and how it can be used to prove what
ensemble is sampled by a set of EoM, let us apply it to the so-called Nosé—Hoover
chain EoM. [35]

R = p/M
p =-VVR) —py/0ip
ni = pm/Qi (35)

1:7711 = [2K(p) — deBT] — Pm P/ Q2
p'm‘ = p’?i—l/Qi—l - kBT] — DPn; pm+1/Qi+l
Poy = pﬂM—l/QM—l - kBT]

where d is the dimensionality of the space, e.g., d = 3 in the ordinary 3D space. This
extended dynamical system consists of the phase space I' = (R, p) and the additional
degrees of freedom {m, Dn; }i=1, - The EoM of the physical system are augmented
of a term connecting physical momenta p with the momentum p,, associated to n;. In
the following, we will show that the EoM of Eq. (35) sample in the reduced I" space the
canonical ensemble. Hence, here and in the following, we dub p,, and n; thermostat
variables. In a dynamical system, each pair of position-like/momentum-like variables
must have an inertia associated; Q; is this inertia of the thermostat variables. One
notices that the EoM of physical momenta looks like the equations of a system with
friction. However, the friction parameter p,, /Q1 is dynamical, changes along the
dynamics depending on the value of p,, and is not constrained to be positive. Thus,
physical momenta can be dragged or pushed depending on the sign of the thermostat
momentum. To better understand the effect of thermostat variables on the physical
subsystem, imagine that at time 7o p,, = 0 and that at this time, the kinetic energy of
the physical system /C(p) is lower than the target thermal energy Nkg T . The force-like
term acting on p,,, drags p,, to negative values, which makes the dynamical friction
coefficient p;, /Q1 < 0. Thus, the friction-like term in the EoM pushes the physical
momenta toward an increase of the kinetic energy, i.e., toward lower absolute values
of 2IC(p) — dNkgT. Of course, if 2K(p) > NkgT the effect is the opposite, the
dynamical friction coefficient will be positive and it will act as a drag, by reducing the
kinetic energy of the particles. In both cases, the thermostat will act as a feedback at
the target value of the kinetic energy. Notice that a similar argument may be developed
for the EoM of the thermostat momenta apart last one: mathematically, the EoM of
{ Dn; }izl,mi1 have a structure analogous to the one of physical momenta. Thus, any
thermostat momentum but last one is thermostatted. This is the origin of the term chain
in the name of the method, as opposed to the Nosé—Hoover method, which had only
one pair thermostat variables.

The above EoM are non-Hamiltonian, i.e., they cannot be derived from Hamilton-
like equations x = V H(X, p) and py = —VxH(x, p,), with x and p, generalized
coordinates and momenta. Using EoM (35), one can prove that the following quantity
is conserved along the dynamics:

H®R.p.py.m)=HR.p)+ Y  pi/Ok+dNksTn +ksT Y i (36)
k=1,M k=2,M
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where H(R, p) is the conventional Hamiltonian of the physical subsystem, the sum
of the kinetic and potential energy of the particles. One notices that R, p and p,, are
genuine variables (neither driven nor trivial—see above). Concerning the 7s, only 7
and 1coM = ) _;—o 5y Mk enter the analysis via H'(R, p, py, n). The index CoM of
ncoM recalls that this variable looks like the center of mass of the thermostat position-
like coordinates, if one takes out from these the one directly coupled to the physical
system. The compressibility of the extended phase space in the relevant variable is
k = VyXx = VRR+Vp+ V;, 111 + Vyeomicom = —d N1 +1jcom. Hence, the metric
determinant factor is £/g(X, 1) = exp[(dN — (d — 1))n1 + ncom]-

If there are no external forces acting on the physical system, there is another (vecto-
rial) conserved quantity pcom expln1] = Zpc,y» Where pcom is the momentum of the
center of mass and zp,, is a vector of constants. This conservation law can be rewrit-

ten as exp[n1] = Zpcou/PCoM,i = \/Z%COM.I + Z%COMQ + Z%COMS/pCOM’ where the
index i denotes one of the components of the momentum/constant vector, and pcom
its magnitude of pcom. A consequence is that there is a linear dependence among the
components of the momentum, or between a component and it magnitude: pcom,; =

Zpcomi /Zpcom; PCoM.j = Zpcomi/ \/ Z%,COM’] + Z%COM’Z + Z%COMJ pcom. Hence, two
components of the momentum of the center of mass are linearly dependent on the
third or all of them depend on the magnitude of the vector. As a further conse-
quence, momenta and positions can be redefined as relative to the center of mass
value, R = R — Rcom P’ = P — PcoM.-

One can now compute the probability density function sampled by the Nosé—Hoover
chain EoM as follows:

p) = f digy dijcon dpy el /MO Fcon] (37)
x4 (H/(R/, P/, PCoM: Py 77) —Z1)d (PCoM e — Z,DCoM) .
Here, 744 and z are the values of the conserved quantities H'(R, p, p,, #) and
PCoM n

pcom exp[n1]. The integral over 1, is carried out first, using 8 (pcom expln1] — Zpcom)
to replace the integration variable where needed:

dN—(d—1)
Z (e}
o) = /dnCOM dpy, <M> e"eM§ | H(R', p’, pcom) + Z P%k/Qk
PCoM k=1, M

+dNkgT In (Z”ﬂ> + kg Tncom — zn/) . (38)
PCoM

Next we integrate over dncom taking advantage of the remaining delta function:

—(d-1)
o(T) = e—H(R’,p’,pCOM)/kBT (ZPC0M> / dpn e(ZH’_Zk:l,M P,Z,k/Qk)
PCoM

o e MR Ppeas/kT (e =1 (39)
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Thus, the (physical) phase space probability density function p(I") sampled along
the Nosé—Hoover chain MD is the canonical distribution.

Often one refers to molecular dynamics driven by the Nosé—Hoover chain EoM (35)
as NVI-MD. Notice that what one means is just that this MD samples the canonical
distribution, not that particles follow the same dynamics as that of atoms in a sample
attached a thermostat.

To integrate the Nosé—Hoover chain EoM (35), one can use the Liouvillian inte-
grators approach discussed in Sect. 3.1.

An analysis similar to the one reported above for the Nosé—Hoover chain EoM can
be performed, e.g., the Martyna—Tobias—Klein EoM [36], showing that it samples the
constant number of particles, constant pressure, constant temperature (NPT) ensemble.
The procedure illustrated above can be used to identify the ensemble corresponding
to any given set of EoMs.

Above we illustrated an analysis for determining what ensemble is sampled by
a (extended) deterministic molecular dynamics. Deterministic molecular dynamics
is not the only possible approach to sample ensemble beyond the NVE one. In the
above, we have already mentioned Monte Carlo. However, there are also stochastic
approaches rooted within molecular dynamics. Here, we refrain to further extend our
analysis to these approaches. We also refrain from providing a complete literature on
these complementary approaches as this is against the spirit of this article, analyzing
in detail a limited number of approaches. Thus, we suggest to interested readers a
possible starting point for their further reading. In particular, we suggest Ref. [1] for
Monte Carlo and Ref. [37] for stochastic MD methods.

3.3 Beyond empirical potentials: ab initio molecular dynamics

In Sect. 3.1, we introduced MD exploiting empirical potentials, i.e., forces are assumed
to depend on particles position via explicit functions of the atomic positions. As we
discussed in that section, this is computationally very effective as one does not have
to compute the fixed nuclei electronic ground state at each timestep. Nevertheless, as
shortly mentioned in the previous section, this approach has the limitation to be unsuit-
able to describe processes when one observes a significant change in the electronic
structure of the system along the dynamics, e.g., if bond breaking or formation takes
place (apart the specific cases discussed few lines above). In the Appendix A, we will
show machine learning approaches to achieve an accuracy comparable with the most
rigorous approach based on the electronic ground state together with an efficiency
comparable with empirical potentials. Here, we focus on the ab initio approach. In
Sect. 2.1, we have shown that within the mixed quantum-classical treatment introduced
in that section, nuclei can be treated as classical particles subjected to a potential cor-
responding to the nuclear position-dependent ground state eigenvalue of the electronic
Hamiltonian. The particle’s EoM to implement this approach reads:

MR = — (VR H(r; R))g. (40)
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where (-)( denotes the quantum expectation value over the electronic ground state
(at the present nuclear position). Considering the EoM integration algorithm shown in
Fig. 1, implementation of ab initio molecular dynamics according to Eq. (40) implies
computing the ground state wave function after the second step in the loop, after
atomic positions are updated (denoted VR V (¢’ + At)). This implies that at each step
of MD one must perform a quantum mechanical calculation to compute the ground
state electronic wave function.

The focus of this review is not discussing in detail ab initio calculations. Still,
to explain the principles of ab initio molecular dynamics, we must introduce some
important ingredients allowing the calculation of the electronic ground state wave
function. Therefore, we limit the presentation to the details relevant for the purposes
of this article. Consider Eq. (5), the eigenvalue equation associated with the electronic
Hamiltonian and its ground state eigenfunction xo(r; R). xo(r; R) depends on the 3N
electronic positions r and parametrically on the nuclear positions R. Its determination
is a many-body problem (the N-interacting electrons). Approximated methods are
typically based on one particle functions, typically called orbitals, ¢, (7; R), functions
of the position 7 of a single electron (the overhead arrow is used in place of bold font
to distinguish between a 3D vector and a 3ND one). To set a reference, we recall some
of the best-known methods based on orbitals: Hartree—Fock (see Ref. [38]) and the the
density functional theory in the Kohn—Sham formulation (DFT) [4, 39]. Within these
methods, the orbitals {¢, (7; R)}, must satisfy single-particle eigenvalue equations:

h(; R, {dp) )¢ (7 R) = eqpa(F; R), @ = 1, Nor. (41

Typically, h(F; R, {q&ﬂ} ﬂ)’ the single-particle effective Hamiltonian, depends on
the set of occupied orbitals { [ PIGH R)} 5 This makes any component of Eq. (41)
non-closed. Then the whole Eq. (41) is solved iteratively: (i) from a first guess of
the occupied orbitals one obtains a first guess h(F; R, {qbﬁ } ;3); (ii) the corresponding
eigenvalue equation is solved and (iii) with the new set of orbitals one obtains a next
guess h(F; R, {¢>,3 } ﬁ); (iv) this procedure is repeated until a convergence is reached.
The final solution is self-consistent (within a prescribed accuracy).

Consider a basis set for the one-particle functional space, {g; (F)},_; .00+ The orbitals
used to approximate the ground state wavefunction (or density, in DFT) can be
expanded on the basis set: ¢ (F; R) = >, . ca.i(R) gi (7). Here, the expansion
coefficients {cq,i (R) }a=1, Now:i=1.00 ar€ unknown. If one insert the orbitals projected
in the basis set in Eq. (41), the original functional problem is transformed into an
algebraic one. An obvious but important consequence, as we shall see shortly, is that
the energy of the system within the given approximation is a function of the expan-
sion coefficients { ca.i R) }a: Lmsim1.00 (and, parametrically, on the nuclear positions):
E({C%i(R)}azl,Norb;izl,oo)'

It is well-known [40] that solving the eigenvalues problem for the search of the
ground state wavefunction/density is equivalent to minimize a corresponding (energy)
functional. Indeed, methods based on orbitals are derived by searching for the orbitals
minimizing the energy functional (see, e.g., Szabo and Ostlund for the derivation of the
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Hartree—Fock equations [38], and Dreizler and Gross for the derivation of the Kohn—
Sham equations [4]). Thus, one can recast the problem of determining the orbitals of
Eq. (41) into the following:

{é“’i (R) }a=1,m;i=1,oo = argmin{ca,i}E({Casi (R)}azl,m;i=l,oo) 42)

where the hat symbol denotes the set of optimal coefficients, which minimize E(-),
and in the index of argmin, we neglected the limits of the coefficients’ set to keep
the notation compact. For brevity, in Eq. (42), we did not report Lagrange multipliers
necessary to impose orthonormality of {¢ (7; R)},.

Many methods have been developed over the years to efficiently solve Eq. (42) (see,
e.g., Refs. [41-45]). Here, we report perhaps the simplest one, the steepest descent
method, which, being very simple, allows one to discuss some general aspects of ab
initio MD rather than delving in the technical details. The steepest descent method
corresponds to the so-called Aristotelian dynamics, in which the velocity on an object
is proportional to the force acting on it. Here, the degrees of freedom subjected to the
Aristotelian dynamics are the expansion coefficients {ca, i(R)} and the

a=1,m;i=1,00"
force is the gradient of E(cq ; (R) ) with respect to them (at a given, fixed,
nuclear configuration R):

. ( aE({Coﬁi(R)}oz=l,m;i=l,oo))
Ca,i =Y | —

aco,,,-

a=1,m;i=1,00

(43)

where y is understood as the rate of change of the expansion coefficients. Equation (43)
can be numerically solved following an iterative algorithm:

( aE({CO‘!i(R)}a:I,m;i:I,oo))
Ca,i(l + At) = Cot,i(t) +y |- At (44)

3Ca,i

Here, of course ¢ is not the physical time, it is just an additional, artificial variable
which, under suitable mathematical hypotheses, in its infinity limit guarantees that
the coefficients converge to the ones minimizing the energy functional. In fact, notice
that:

1. the value of the coefficients {cq,; (R)}
force Vi ®) E({ca,i R) }
descent;

2. when the force is zero, {ca,i (R)}a:l,m;i:],oo does not change any longer, and

. the set of coefficients minimizing the energy has been found.

4. Of course, numerically one never reaches V{ cayi(R)}E({C(X,i (R)}

ol meie] oo €VOlves following the (pseudo)

oel.miel OO), hence the name of the method steepest

(O8]

a:l,m;i:l,oo)

0, rather one stops the procedure when ‘V{Cmi(R)}E({C“’i(R)}a=l,m;i=l,oo)‘ is

smaller than a prescribed value.
. The interpretat'ion of V{C%i(R)}E ({c‘a’i(R)}az.]’m;izquo) as an effective' force act-
ing on the expansion coefficients, and ¢,; as their velocities, serves as the idea for an
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innovative approach to modeling systems within and beyond the Born—Oppenheimer
approximation, where electrons are treated as quantum particles in (close to—see
below) their ground state and nuclei as classical ones at finite temperature. Car and Par-
rinello [46] introduced the extended dynamical system (R, R, {ca,i } , {c'a,,- }) taking
advantage of the above interpretation of ¢, ; and V{ cai R} E ({ca, i(R) }a: Lmiim1.00)"
Notice that at a variance with above, within the Car—Parrinello approach the expansion
coefficients are considered independent variables, not function of the nuclear positions
R. The dynamics of this extended system is formulated within the Lagrange formalism
as:

2 1
+ §y|%JV+—E(ka;R)

i=1,N a=1,m;i=1,00

LRR {eqi} {ui}) =

(45)

where Y, 1 o100 %y |éai |2 is the fictitious kinetic energy of the expansion coef-
ficients, with ys playing here the role of an inertia and E ({ca,i} ; R) plays the role of
the potential energy of the extended system. It is worth remarking that in the steepest
descent approach, the mathematical form of E ({ Ca, i} ; R) is that of the electronic
structure method of reference, e.g., DFT, computed at {¢y.; (R)}q.i, while here this
is computed on the basis of the current value of the {ca,i} set. From the so-called
Car—Parrinello Lagrangian, one can derive EoM for the variables of the extended sys-
tem and one can evolve simultaneously nuclei and orbitals. The value of gamma is
set such that {ca,i} have a much shorter characteristic time than R. This time scale
separation (adiabaticity) implies that nuclei move driven by a force averaged over the
distribution of the expansion coefficient. We will return on this point in the following.

So far, we did not discuss whether the forces acting on nuclei along Car—Parrinello
MD would be consistent with the Born—Oppenheimer one. This has been formally
proven by Bornemann and Schiitte [47]. Here, we illustrate this aspect follow-
ing an intuitive approach. If the fictitious kinetic energy is low, the values of the

expansion coefficients {ca,,-} are close to the values [cf iO(R)} corresponding to

the minimum of E ({ca,i} ; R) at the current nuclear positions R. In this condition,
expansion coefficients are subjected to a quasi-harmonic (symmetric) restoring poten-

fal- . B . B .

tial: £ ({ca.i} s R) ~ E ({22} R) + 20 s 20 17260 515 ({29 ) i R) (i =
cf’ iO)(cﬂ, i cg’?). For small displacements of {ca,i} from their optimal value,
the nuclear forces have a linear dependence on {ca,,-}: —VRE ({ca,i} ; R) ~
—VRE ([COIZ?] ;R) — Y a2 VREL’” ({cf?} ; R) (coi — cf’?). As mentioned
above, thanks to adiabatic separation, nuclei move according to mean forces aver-
aged over the distribution of faster expansion coefficients. Owing to the symmetric
potential acting on { Cai } in the low fictitious kinetic energy regime, the distribution of
the expansion coefficients is symmetric and, owing to the linearity of the atomic force

on {ca,i }, the average force acting on nuclei is the same as the Born—Oppenheimer
one.
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We are left to discuss the condition for adiabaticity of the nuclear and expansion
coefficients. This was first investigated by Pastore, Smargiassi and Buda [48]. They
introduced a linear approximation of the Car—Parrinello dynamics, revealing that (i)
{ca,,-} have an oscillatory-like dynamics, (ii) the characteristic frequencies are lower
bounded by the square root of the band gap, A E, divided by inertia: > \/AE,/y.
Considering the typical value of the band gap in semiconductors (AE,/ > 1eV) or the
so-called HOMO-LUMO (Higher Occupied Molecular Orbital/Lowest Unoccupied
Molecular Orbital) molecular gap, the characteristic frequencies of expansion coeffi-
cients are orders of magnitude higher than those of the nuclei (see Fig. 4). The lack
of overlapping of vibrational frequency range of nuclei and the expansion coefficient
prevent an efficient energy transfer between the two sub-systems, which makes them
adiabatic over the timescale of simulations. Of course, the smaller the gap, the less
the system is adiabatic. In these cases, special approaches, such as thermostating the
expansion coefficient subsystem at low temperatures [49], are necessary.

4 Free energy calculations

In Sect. 2.2, we established a correspondence between thermodynamic potentials
and the partition function, which can be interpreted as the limit histogram (i.e. non-
normalized probability) of realizing given values of the thermodynamic variables, e.g.,
N, V and T. This concept can be generalized to deal with the case of any additional
macroscopic observable. Let us introduce this idea considering the example of protein
folding, for instance the simple case of alanine dipeptide. The alanine dipeptide, the
dimer of the alanine amino acid, can exist in different conformers, corresponding to
different values of the dihedral angles 6, ¢, ¥, and ¢ shown in Fig. 5. Here, one can
ask what is the probability density P(6*, ¢*, v¥*, ¢*; N, V, T),* that in thermody-
namic conditions N, V and T, the dipeptide is in any configuration consistent with

4 In Eq. (46) and the text above this equation, P(6*, ¢*, ¥*, ¢*; N, V, T) is the conditional probability
density to observe given values of the collective variables at given thermodynamic conditions N, V and T (or
corresponding conditions in other ensembles). Here, we explain why this is a conditional probability density.
Consider Q(0*¢*, ¥*,¢*, N, V,T) = [dT exp[—HT)/kpT] 8Or) — 0%)8(p(r) — ¢*)8((r) —
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Fig.5 Alanine dipeptide. In the
top panel, the structure is
illustrated in its unwrapped
configuration to better show the
0, ¢, ¥, and ¢ dihedral angles.
In the central panels, the same
molecule is presented in the
configurations favoring
intramolecular hydrogen
bonding (adapted from Ref.
[51]). Free energy landscape in
the subspace of two dihedral
angles out of the four listed
above when the molecule is in
the vacuum (adapted from Ref.
[52])

the conditions 8(r) = 6*, ¢ (r) = ¢*, v (r) = ¥*, and ¢ (r) = ¢*:

PO, ¢" Y* ¢ N, V. T) = /de(F)B(O(r)—9*)3(¢(r)—¢*)

Y*)8(¢(r) — ¢*), which is analogous to Eq. (46) apart that we replace the normalized probability density
function p(I") with its non-normalized exp[—H (I") /kg T'] counterpart. As discussed in the Sect. 2.2, 2 is
an absolute frequency, i.e., a non-normalized probability, here the probability to observe given values of the
collective variables and of the volume, number of particles and temperature: Q (0%, ¢*, ¥*, ¢*, N, V, T).
PO*, ¢*, ¥*, ¢*; N, V, T)of Eq. (46) is nothing else than Q (6%, ¢p*, v*, ¢*, N, V, T)/Q(N, V, T), the
latter being the normalization of exp[— H (I') /kg T']: p(T") = exp[—H (") /kgT1/ f Fexp[—HT)/kgT] =
expl[—HT)/kgT1/Q2(N, V, T). Noticing that Q(N, V, T) is the non-normalized (marginal) probability
density of N, V and T (Sect. 2.2), one concludes that P(0*, ¢*, ¥™*, ¢*; N, V, T) is the ratio between
the joint probability Q(0*, ¢*, *, ¢*, N, V, T) and the marginal probability (N, V, T), hence is the
conditional probability P(6*, ¢*, v*, ¢*; N, V, T).
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xS (r) =¥ (r) — ¢ (46)

Given the equivalence of the probability of Eq. (46) and the absolute frequencies
of Egs. (19) and (20), one can introduce a thermodynamic potential associated with
PO*, 9", ¢y* " N, V,T):

LO*, ¢* ¥*, ¢ N, V., T) = —kgT In[P(0", ¢", ¥, ¢*s N, V., T)],  (47)

which is usually called the Landau free energy. Indeed, there is no fundamental differ-
ence between the usual thermodynamic potentials and the Landau free energy: both
are a convenient representation of the probability to observe some prescribed values of
some observables. Notice that the negative sign in the relation between the probability
density and the (Landau) free energy, together with the monotonic nature of the log-
arithmic function, implies that maxima of the former are associated to minima of the
latter. For the case of alanine dipeptide configurational free energy, this is illustrated
in the bottom panel of Fig. 5.

We remark that the Landau free energy is not restricted to the case of conforma-
tional free energy or to any internal degree of freedom of molecules. For example,
the Landau free energy has been used to study phenomena focusing on more macro-
scopic observables, such as the density field of a multiphase system in confined bubble
nucleation [50]. In the following, we will use the notation:

LO* N,V,T)=—kgT In[p(0*; N,V,T)] = —kgT In [/ dI' pM)é(6(r) — 9*)i| .
(48)

where p(I') = exp[—H/kgT]/Q and 6(r), usually called a collective variable, in
general depends on all the (configurational) degrees of freedom of the system. Other
names frequently used for 6(r), depending on the context, are order parameter and
reaction coordinate. For the sake of more agile notation, here and in the following, we
will use a single collective variable. However, all concepts discussed in the following
can be extended to any number of collective variables. In the following for simplicity
when discussing Landau free energy, we will come back to the general symbol F for
function.

4.1 Methods for computing free energy

Apparently, for computing both the traditional thermodynamic potentials and the Lan-
dau free energy, one has to compute the partition function. Indeed, molecular dynamics
(and Monte Carlo) can help efficiently sampling the probability density to be at a point
in the phase space and to compute the associated average values, but not values that
cannot be expressed as mean values over a suitable regular and smooth function. It was
instead soon recognized that the variation of free energy between two macroscopic
states can, indeed, be expressed as a ratio between expectation values of suitable
observables over the relevant ensemble. Consider a system in the canonical ensemble
and the variation of free energy between two temperatures, initial and final, 7; and T’
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. Q
F/ — Fl & —kgT log [Q—f} . (49)

1

one can always simplify for the kinetic energy part, multiply and divide the argument
of the integrals in the logarithm by [ dI" exp[—V (R)/kgT;] exp[—V (R)/kgT], after
which Eq. (49) can be read:

(50)

P~ P o —kgT log [<exp[—V(R>/kBTf]>,} |

(exp[—V (R)/kpT;])

Equation (50) shows that the variation of the free energy between two states can be
expressed as ratio between expectation values of suitable (although not too smooth)
observables over the proper ensemble average, a quantity that can be computed by
molecular dynamics (or Monte Carlo). The terms (exp[—V (R)/Ty])g (with temper-
atures « and B, being i or f) also reveal another important fact, that the probability
density distributions under conditions i and f must overlap for this approach to be
valid for the estimation of F/ — F'. In fact, if they do not overlap, the integrand
is large in those regions in which the probability density is small and hard to sam-
ple, and vice versa. This problem can be addressed by splitting the calculation of
(exp[—=V (R)/kgTr])i/{exp[—V (R)/kpT;]) y into intermediate overlapping steps:

l—[ (exp[—V (R)/kTur1])y

i (51)
(exp[=V (R)/kpTul) g1

a=1,N—-1

where o« = 1 in the initial state i and « = N the final one. This discrete path in
temperature allows one to compute the ratio of partition functions efficiently even
when the probability density function of the initial and final states do not overlap
sufficiently.

Let us now generalize the question of the calculation of the variation of free energy
to the more general case, including the case of Landau free energies. Consider Eq. (48);
here, we are interested in the case in which one wants to compute the relative free
energy on an interval of values of the variable (R). In principle, one could bin the
relevant interval, run molecular dynamics, and build the histogram of the collective
variable. This is an estimate of the probability density p(z), where 7 is a realization
(a possible value) of 6(R): 6(R) = z. In principle, this estimate of the probability
density can systematically be improved by reducing the spacing of the binning of
the 6 range and making the dynamics longer. Consider the case in which the system
presents metastabilities, i.e., two (or more) attractive basins such that the passage from
one to the other is infrequent, a rare event. These metastabilities are associated with the
presence of multiple minima separated by relatively large maxima in the free energy
profile of a suitable collective variable (Fig.6). These concepts will be formalized in
the following, in Sect. 5 in the context of the discussion of the theory and methods for
studying Reactive Processes. For the time being, we rely on the intuitive idea that if
the system must overcome a large free energy barrier one has to wait for an infrequent
energy fluctuation allowing it to stay on the high free energy state corresponding to
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F(6)

Fig.6 Cartoon of the free energy profile of the variable 6. Here, we purposely chosen the case of a system
presenting metastabilities, and assumed that the collective variable 6 is suitable to characterize them, i.e., the
free energy along 6 presents two minima: an absolute minimum, corresponding to the stable state, and a local
minimum, associated to the metastable one. The stable and metastable states are separated by a free energy
maximum. Among all possible collective variables, the reaction coordinate, 8, has the characteristics that a
trajectory initiated at free energy maximum has 0.5 probability to reach the either (meta)stable state before
than the other (see below). When the free energy along the reaction coordinate presents a large maximum,
much larger than the thermal energy kg T available to the system, the passage from one (meta)stable state
to the other is infrequent, it is a rare event

the maximum separating two minima. If the time the system takes to pass from one
metastable state to another is long, longer than the duration of the trajectory one can
afford, the binning and histogramming is unfeasible. An early idea to handle this
problem is Umbrella sampling [53]. Although umbrella sampling was introduced in
the context of Monte Carlo, its extension to molecular dynamics is straightforward.
In practice, one biases the system to force it to visit infrequent states; The effect of
the bias is removed from the histogram of 6 a posteriori. Imagine adding the biasing
potential V},(6(R)), depending on the atomic positions through the collective variable
0 (R), to the physical potential V (R). With such an extended potential, the system
samples the (biased) probability density function:

[dT expl—(V(R) + Vo (0 (R))/ksT150(r) — 2)

[ dI exp[—(V (R) + V,(0(R)))/kpT]
 expl—Vi(2)/ksT]
= expl=Vy O®) ke T]) " (52)

op(2) =

Where we have used the simple fact that f(6)6(60 — z) = f(2)6(6 — z). The cal-
culation of the (exp[—V,(@(R))/kpT]) term poses challenges in systems presenting
metastabilities as it requires to sample well the configuration space where the prob-
ability is small and the observable exp[—V},(z)/kgT] large. We will return on this
question shortly. For the time being, we stress that with a suitable choice of the bias-
ing potential, e.g., the pseudo-harmonic potential V(6 (R)) = «/2 (6 (R) — z"? with
z close to z, sampling pp(z) by molecular dynamics (or Monte Carlo) is easier than
sampling p(z). To compute the free energy profile over a broad interval spanning, for

@ Springer



G. Ciccotti et al.

example, more than one (meta)stable state, one can repeat the procedure of Eq. (52)

for several values of z', denoted in the following {zj] ' .5 This allows to obtain a
i=1,n

corresponding number of probability distributions of z, denoted by i (25 z:.f)} iy
i=1,n

Each pp(z; zl.T) provides an estimation of the unbiased distribution, denoted by p(z; z:.f).
These estimated distributions may overlap, especially those corresponding to close-by
values ziT. In the weighted histogram analysis method (WHAM) [54, 55], this overlap
is exploited to circumvent the problem of calculation of (exp[—V,(8(R))/kpT]) in
Eq. (52). Let us define the weighted average of the p(z; zj_) distribution:

pwHAM(D) = Y @i(2)p (2 2)) (53)

i=l,n

The best estimation of p(z) is obtained by the {&; (z)}izl’n values minimizing the
statistical error of pwpgam(z). The derivation of optimal &;(z) is involved and the
reader is referred to the original articles, Refs. [54] and [55]. There are other methods
to reconstruct the free energy profile beyond WHAM; among others we mention the
umbrella integration method [56] which is remarkably numerically stable allowing to
get smooth free energy functions.

Umbrella sampling provides a mean of sampling states of low probability but it
requires non-trivial post-processing. An alternative approach of sampling states of
low probability is based on constrained molecular dynamics, leading to blue moon
ensemble [57, 58] (see also Ref. [59]). First, consider a canonical variable transforma-
tion (I') — (q, py), where 6(R) is one of the g variables. We recall that the Jacobian
of a canonical transformation is 1 (see, e.g., Ref. [60]), a property that will be exploited
in the following. Consider the derivative of the free energy (Eq. (48)) with respect to
b4

dF@) _ 4/ 99dPpG.py) 5O —2)/dz
dz p(2)
[ dg dp, dp(q. py)/80 8(6 — 2)
p(2) '

(54)

= kgT

where we exploited the relation [ dxf (x) d§(0(x)—z)/dz = — [dx (df (x(9)) /d6)
8(6(x)—z). Letus assume that the system is at constant temperature, hence p(q, p;)

exp[—ﬂ(q, py)/ksT], where 7:{(~) is the Hamiltonian expressed in the transformed
variables (g, p,). In this case, Eq. (54) reads:

dF(z) _ [dqdp, 0H(q. py)/30 p(q.py)8(6 —2)
dz p(2)
= (0H(q. p¢)/06)-. (55)

T

5 Here, we assume that z i

collective variable.

values are ordered, e.g., they are reported in ascending order of the value of the
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Before proceeding with the discussion, it is important to remark two aspects. First,
from (3H(q, Ppy)/00), by integration over z, one can compute the variation of the free
energy between any two states in the relevant range. Thus, by numerical integration
with a fixed extreme and the other extreme spanning the relevant range, one can recon-
struct the free energy profile associated to a given collective variable (Fig. 6). Second,
(0H(q, Py)/00); is the ensemble average over a conditional probability density func-
tion at the current value of the collective variable. Molecular dynamics is suitable for
this purpose, provided that one can force the sampling of a conditional probability
density. Thus, one can circumvent the problem of computing the partition function,
for which molecular dynamics is unsuitable, with the thermodynamic integration of
an expectation value, combining molecular dynamics and straightforward numerical
integration of the mean force.

Let us now move to discussing how to estimate (aﬂ(q, Py)/00); by molecular
dynamics. In principle, one can reformulate molecular dynamics into (g, p,), but this
is cumbersome and must be adapted to the specific 6. Thus, one prefers to work in the
Cartesian coordinates, I', which requires obtaining the equivalent of Eq. (55) in these
variables. The first observation is that we consider collective variables 6 depending
only on atomic positions, R. Thus, Eq. (55) can be reformulated in terms of the
conditional probability density p(R; z) = p(R) §(O(R) —z)/ f dR p(R)S§(B(R)—12)

dF(z) VR) . dlnJ(®) .
o _/dR[ so kT ]p(R,z). (56)

where 0V (R)/d6 can be computed in Cartesian space by applying the chain rule over
R.J = 0(u)/9d(R) is the Jacobian of the coordinate transformation R — u = (0, q),
where g is a set of generalized coordinates suitably chosen. If one compares the
conditional probability p (R; z) with the configuration space probability sampled along
constrained MD discussed in Sect. 3, ,ozc (R), one notices that:

|Z(R)|~1/2
[dRI|Z(R)|~172pE (R)

p(R; 2) = pS (R). (57)

where Z(R) = Zi:],N 1/M; 89/813,- . 89/813,'. In the case of multiple conditions, | Z|
is replaced with the determinant of the corresponding matrix of elements Za, g =
Zi:hN 1/M; 89a/8§,~ 80;3/813,'. |Z| arises from the variable transformation in the
(g, py) coordinates. The |Z(R)|™ 172 term arises from the Gaussian integral associated
to the momenta distribution in the (g, p,) variables due to a g (R)-dependent term in
the kinetic energy in these variables. The detailed derivation of Eq. (57) can be found
in Ref. [59] (Secs. 4 and 5).
Summarizing,

dV(R) d1n J(0) —1/2 .C
ar@  JaR[HE e r 0] Z2,0 )
dz [dR|Z|712pE (R) ’

(58)
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and numerator and denominator can be estimated by constrained molecular dynamics.
A related approach has been proposed in the context of the accelerated explo-
ration of the configuration space [61]. Here, instead of imposing a constraint one
imposes a restraint, similar to the pseudo-harmonic biasing potential V,(6(R)) =
x/2 (8(R) — z)? discussed in the context of umbrella sampling. The difference with
umbrella sampling is twofold:

(1) the coupling force is stronger, and essentially imposes the system to stay in con-
figurations almost satisfying the condition 6(R) = z;

(i1) the analysis of results follows the approach of the Blue Moon ensemble, extracting
from simulations an estimate of the mean force d F(z) /dz, which is then integrated
over the relevant 6 range.

In restrained molecular dynamics, one imposes no constraints on the momenta. Hence,
the trajectory samples the conditional distribution:

exp[—(V(R) +«/2 (O(R) — 2)?)/kpT]

[ dR exp[—(V(R) +«/2 (O(R) — 2)2) /kpT]

_ _ expl—V(R)/kpT]expl—k/2 (O(R) — 2)*/kpT]
JdR exp[—V (R)/kgT1expl—i/2 (O(R) — 2)/kpT]’

pe(R; 2) = (59)

In the limit k — o0, the (normalized) Gaussian exp[—« /2 (6 (R) — 2)? /kpT] goes
to 5(B(R) —z), and p, (R; z2) = poo(R; 2), the latter being the conditional probability
até = z. When « is large but finite the probability density sampled along he restrained
trajectory is an approximation of the limiting one. With restrained molecular dynamics,
however, one can take the explicit derivative of the Landau free energy with respect
to 6

dF(z) JdT dpg(T, 6)/d6
= —kgT
dz JdT pr(T, 0)
_ JdCc OR) —2)pr(T. 0)

JdT pr@.6) ©0

i.e., the expectation value of « (6 (R) — z) over the ensemble sampled by restrained
molecular dynamics. In other words, restrained molecular dynamics requires no unbi-
asing, and « (8(R) — z) is an (asymptotically) unbiased estimator of the mean force.
As it emerges clearly from the beginning of this section, the research community
has been developing methods for computing (differences of) free energy for long time.
A work that inspired a family of methods anticipates the appearance of computers.
[62] As above, in the concluding part of this section, we aim at providing to interested
readers a concise bibliography of other methods that were not discussed in this article.
We tried our best to identify the key articles (non-necessarily the original ones), but, as
in the spirit of this work, this paragraph (and analogous paragraphs in the following)
is not meant to be complete. A class of methods has been devised with the objective of
exploring the coordinate space of the system and identify metastabilities. Some of these
methods were meant to explore the configuration space, [63—67] other the collective
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Fig.7 Free energy landscape 9 5
according to the collective
variables 0; and 6,. The
landscape is represented as a
color map, with cold and warm
colors indicating low and high
free energies, respectively. One
notices that the free energy
presents two minima,
corresponding to the
(meta)stable states A and B. The
dashed line is an example of
(hyper)surfaces used for the
calculation of the TST transition
frequency

>
Do
9]
c
[
o
o
I

i

variable space. [68—71] The latter methods also allow to determine the Landau free
energy in the selected set of collective variables.

5 Reactive processes

So far, we have applied statistical mechanics and molecular dynamics to investigate the
static properties of a system, e.g., equilibrium thermodynamics discussed in the pre-
vious section. Here, we move to the investigation of dynamical properties of systems.
First, we focus on the transition between (meta)stable states of a system in equilibrium
conditions and the rate associated to this process. Here, equilibrium conditions means
that a system can visit all (meta)stable states over and over, i.e., it cannot be trapped
forever in one of them. In practice, we can assume ergodicity, i.e., that time average is
equivalent to (a suitable) ensemble average. Before proceeding, let us illustrate a cou-
ple of examples of the processes we consider in this section. Chemical reactions, with
the system transiting between reactants and products, are examples of the processes
that we are interested in. Transitions between conformational states of molecules, e.g.,
protein folding mentioned in the previous section, is another example. Physical pro-
cesses, e.g., nucleation of crystals or vapor bubbles, are also examples of processes
that can be investigated by the methods discussed in this section. In all cases, we can
describe the (meta)stable states characterizing a system by the values of suitable order
parameters. This is shown in Fig. 7, where the collective variables 6; is suitable to
identify two free energy minima, corresponding to the (meta)stable states A and B.
The second collective variable, 6, represents all other degrees of freedom.

Here, we focus on the calculation of the rate of the A — B process. First, we
discuss the approaches to investigate dynamical problems within the transition state
theory (TST). Next, we will discuss the limits of TST. Finally, we provide elements
of the transition path theory (TPT) with the related method of the string in collective
variables.
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5.1 Transition state theory

TST has been originally formulated by Eyring in 1935 [72], with crucial modifications
introduced by several authors [73—-75] to include the so-called dynamical corrections.
Here, we discuss TST in the formulation proposed by Vanden-Eijnden and Tal [76],
which is more coherent with the theoretical framework of this article.

Let us start by defining the rate of the process A — B, k4p, corresponding to the
number of trajectories leaving A and reaching B per unit time. We assume that the
system follows a (stochastic) dynamics at constant number of particles, volume and
temperature. Extensions to other ensembles are possible. We also assume that the
system spends most of the time in A and B, i.e., in A and B is concentrated most of
the probability to find the system. In formulas, we assume that P(A) + P(B) ~ 1,
where P(A) = fA dR f dp p(I') and similar for P(B). We also assume that reactive
trajectories, those leaving A and reaching B, are uncorrelated. This happens if the
system looses memory between successive reactive trajectories, which is guaranteed
when the waiting time within A and B is long with respect to the molecular timescale.
This hypothesis is coherent with (i) the hypothesis that the system spends almost all
time in A and B and (ii) is guaranteed when the (meta)stable states are separated by
barriers much larger than the thermal energy kg7, i.e., when it is unlikely to visit the
states separating (meta)stable states.

Within the above hypotheses, the number of reactive trajectories from A to B per
unit time is the inverse of the average time spentin A, t4: kap = 1/74. In turn, 74 is
givenby t P (A), with 7 the total time, divided by the number of transitions from A to B,
Nap. N4 p ishalf the total number of transition N7 between the two (meta)stable states.
Thus, 14 = T P(A)/(N1/2) = 2t P(A)/Nr,and kyp = N1 /2t P(A) = v/2P(A),
where v is the crossing frequency between A and B.°

Indeed, finding an explicit formula for v is non-trivial and we first search for the
frequency of the related problem of crossing a (hyper)surface separating A and B.
This is illustrated by the dashed line on Fig. 7. This line separates the state a and b,
the former containing state A and the latter state B. Let us define the surface by an
order parameter, 0 (R) = 61 (R) — HIT such that when 6(R) < 0 the system is in a, and
when 6 (R) > 0 the system is in b. Let us call this (hyper)surface the transition state of
the system. Within this partitioning of the space, one measures the rate of going from
a to b (instead of going from A to B), which consistently with the formulas derived
above, reads

koy ' = N73T 2t P(a) = v™ST/2P(a). 1)

where the superscript T ST recalls that the rate and the other relevant quantities refers
to the transition from a to b, rather than from A to B.

We now focus on the methods to compute vIST and P(a) (Eq. (61)). Let us introduce
the Heaviside step function of 6(R):

6 Note that v is the crossing frequency between A and B, including both the transitions from A to B and
from B to A.
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Fig.8 Free energy landscape 9 5
same as in Fig. 7. A cartoon

trajectory is also reported

(purple dashed terminating with

an arrow). This trajectory

crosses the (hyper)surface

separating the a and b

subsystems at times t;, also

reported in the figure

>
Do
9]
c
[
@
o
I

i

0;'[ 01
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Consider the integral
1 [r )
—/ ds |© O(R(s)))| (62)
TJo

the |® (4 (R(s)))| function (of time s) is a sequence of Dirac’s delta function, in
correspondence of the times t; when the system crosses the boundary between a and
b: [® (0(R(5)))| = X 8(s — 1) (see Fig. 8). Thus, the integral of Eq. (62) is the sum
of integrals of delta functions, each integral being equal to 1. Hence, Eq. (62) counts
the number of transitions between a and b in the time 7. Hence,

VIST _ i %/Tds |© (0(R()))] . (63)
0

Next, we manipulate Eq. (63) to express it in terms of ensemble average. First, one
notices that
doe©)

de
= [R(s) - VROR)|3(0) (64)

|© OR)))| = ‘Rm - VRO(R)

Hence,

vIST = lim l/tds |© (O(R(s)))]
0

T—>00 T

T—>00 T

lim l/rds IR - VROR)|8(0) (65)
0

/dI‘ |R - VRO(R)|8(0)p(T)
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the last step resulting from ergodicity and p (I") being the probability density function
sampled by the dynamics followed by the system. By multiplying and dividing Eq. (65)
by P(0) = P(§ = 0) = [dI'§(9)p(T), vT5T can be expressed as

VST = (|R - VRO(R)|), P(0). (66)

where (-)o denotes the canonical average conditional to 6(R) = 0. The TST rate
(Eq. (61)) is then

P(0)

kap' = (|R - VROB)|}y 55

(67)

Note that P(0) is the probability density to be at 6(R) = 0 while P(a) is the
probability of the domain a. In Eq. (70), we will manipulate P (a) so as to express it
in terms of a suitable probability density.

(|R . VRG(R)|>O can be written so as to separate the momentum and configuration
integrals. One starts noticing that

[R-VRO(R)| = |Ry||VRO(R) (68)

with R, the component of the velocity orthogonal to 6(R) = 0. The integral over
momenta can be performed explicitly (Vanden-Eijnden and Tal, Eq. 21 and 22 of Ref.
[76], and other authors before them) obtaining:

2kgT P(0)
- (IVRO(R))g @) (69)

TST __
kab -

In Eq. (69), the conditional ensemble average (-)y— is referred only to the config-
uration space.

One can further simplify Eq. (69). Following Eq. (48), P(6) = exp[—F (0)/kT],
and P(a) = [, dOP(0) = f?oo df exp[—F () /kgT]. Within the subdomain a, F(0)

presents a single (deep) minimum and the integral fi) oo 40 exp[—F(0)/kpT] can be
solved with the Laplace method, consisting in expanding F(6) to the second order in
6 around 64, the position of the minimum. Since F’'(A) = dF (0)/d6|y, = 0, within
the second-order approximation of the free energy one is left with solving a Gaussian
integral, and

wkgT _|2mksT
Ty SR F (A /keT] = |75 8

P(a) ~ P(A). (70)

where F"(A) = d2F(0) /d92|9 . 1s the curvature of the free energy at the reactant
minimum. Within this approximation of P (a), the TST rate reads
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st [FA) P(0)
KT = (9RO 5

F’(A FO)—F(A
=y n(2 ) (IVRO(R)|)o exp [—%]
= Fr4) VRO(R AFT 71
=\ (IVRO( )|)06XP[—kB—T] (71)

Equation (71) shows that to determine the TST rate one needs to (i) compute the free
energy difference between the minimum associated to the reactant (a) and the transition
state, (ii) the curvature of the free energy at the reactant and (iii) the conditional average
(IVRO(R)|)q at the transition state (¢ = 0). Points (i) and (ii) can be readily solved
with the techniques discussed in Sect. 4.1. The estimate of the curvature of the free
energy can be obtained by a parabolic fitting of the free energy profile around 64.
Thus, we are left with computing the conditional average of point (iii). Equation (57)
relates the conditional probability density to the probability density sampled along
constrained molecular dynamics. Thus, one can compute (|VgO(R)|) by constrained
molecular dynamics performing the same unbiasing discussed previously. One can
also compute (|VRO(R)[)( by restrained molecular dynamics; this time, no unbiasing
is necessary, as discussed above.

Figure 8 shows a problem related to the estimate of the rate by Eq. (71). One notices
that the branch of trajectory exiting from A crosses the transition state several times
before reaching B. Hence, computing the frequency of switching between A and B by
counting the frequency of crossing of the transition state results in an over-counting. As
mentioned at the beginning of this section, several authors have proposed approaches
to avoid this multiple counting [73-75]. Here we present an approach proposed by
Vanden-Eijnden and Tal [76]. We anticipate that (i) a computational method based
on this approach is suitable to handle the case in which correlation time is much
shorter than the average time the system spends in the basins a or b, i.e., no correlated
recrossing occurs. This is not the case, for example, when thermalization time is very
long, e.g., in gas phase reactions in the energy diffusion regime (low friction regime).
For For processes not suffering from this problem, (ii) the approach presented in
the following is instructive to understand the meaning of the so-called transmission
coefficient, the coefficient counting the number of crossing of the transition state
surface which are reactive, in terms of other relevant probabilistic quantities. We
remark that methods exist to estimate the transmission coefficient that do not suffer of
the limitations described in the point (i) (see, e.g., the classical works of Bennet [74]
and Chandler [75], or more modern approaches improving over the past methods, e.g.,
Refs. [77, 78]).

The exact rate can be reformulated starting from Eq. (63):

T—>00 T

2 (7 .
v = lim —/0 ds xB(R(s55()))xa(R(s;5()))O (O(R(5))). (72)
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where x4(-) and xp(-) are characteristic functions, amounting to 1 if its argument lay
within the domain associated to the function and zero otherwise. s;;S is defined as
the minimum time successive to time s when the system is either in B or on the TST
surface (here denoted by S). s, is defined as the maximum time before time s when
the system was either in A or B. With these definitions, ya(R(s,5(s))) = 1 if the
trajectory comes from the reactant (A—Fig. 7), xp(R (sgs (s))) = 1 if the trajectory
goes to the product (B) next, without recrossing the surface separating a from b (S).
As aresult, xp (R(sgs(s))) XxA(R(s,g(s))) = 1if and only if the branch of trajectory
comes from A and goes next to B before any recrossing. Thus, contributions to integral
of Eq. (72) arise only for (i) reactive trajectories (coming from A) and that (ii) are
considered only once in the case of multiple crossing. The factor 2 in front of the
integral in Eq. (72) is because in Eq. (61), we use the frequency of transition between
A and B, both ways between the two (meta)stable states.

Now we move formulating Eq. (72) in terms of ensemble averages. Recall Eq. (13),
the equation defining ergodicity. Here, it is assumed that the trajectory passes an infi-
nite number of times in a volume around a phase space point. We assume that the
dynamics is stochastic and, as a consequence, each time the system passes by a phase
space point it goes in future and comes from the past along a different path, and so the
path may or may not come from A last, and may or may not go in future to B next.
Thus, the time average implies an expectation value over the different paths passing
by each point I': E(xp(R (sgs ())xA(R(s, g(s)))). Since the dynamics is assumed
to be Markovian, i.e., what happen in future depends only on the present and not on
the past, (x5 (R(s 5 () xa(R(s75(5))) = E(x5(R(s55()NECtaR (s 5(5))).
Letus call {g/s(R, p) = E(xp(R(s}5(5)))) and £4/8(R, —p) = E(xa(R(s;5(s)))).
¢B/s(R, p)isthe probability thata trajectory at the phase space point R, p on the hyper-
surface 6 (R) = 0 goes next to B rather than crossing the surface S, and £4,5(R, —p)
is the probability that a trajectory comes from A rather than B. Thus, Eq. (72) reads

1 [° .
v = lim —/O ds xB(R(s55()))xa(R(s35())O (O(R(s)))

T—00 T

/dF ¢B/s((R, p)tasp(R, —p) [R . VRG(R)]+3(9) p M)

=, VST (73)

where k;, the transmission coefficient, is defined as the ratio between the true and the
transition state theory approximation of the rate (Eq. (65)): k; = v/vTST.

Equation (73) brings to a straightforward computational method to evaluate the
exact rate, i.e., the rate including the transmission coefficient. First, one computes
the transition state frequency as discussed previously. Then, at each configuration
of a sample extracted from the (configuration) transition state ensemble, one starts
trajectories with momenta p and —p, with p extracted from a Maxwell distribution.
From these trajectories, one estimates {g,s((R, p) and {4,5(R, —p) by counting the
fraction of them reaching B before recrossing S, and A before B, respectively. From
these, one obtains ;. Since states A and B are attractive points on the configuration
space, one expect that short trajectories are sufficient for this part of the calculation.
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Fig.9 a Free energy landscape same as in Fig. 7. Three dashed lines are displayed, representing different
values of the collective variables corresponding to different separating surfaces to be used as transition state.
b Free energy profile along the collective variable 01, with the barriers corresponding to the three values of
the collective variables associated to the dashed lines of landscape of panel a

Nevertheless, the number of these trajectories can be very large if {p/s((R, p) and/or
¢a/B(R, —p) are small.

Equation (73) shows that, in principle, the choice of the collective variable used to
identify the transition state, as well as the value of the given collective variable for
setting the transition state, is not crucial for computing the value of the rate as far as
the collective variable and its value are suitable to distinguish between the reactant and
product states, A and B. To illustrate this aspect, consider Fig. 9, where three values
of the collective variable 6; are reported, 6, 8{3 , and 917/ . The barrier depends on the
value of the collective variable, and thus does the term exp[— A F' ¥ /ksT]. For example,
the barrier at 6 and 01}’ are both smaller than at 67 , and the exponential term of the
rate goes in the opposite way. Nevertheless, this effect is balanced by the transmission
coefficient. For example, at 67 {gs(R, p) is smaller than at 0 , compensating for the

barrier term. Complementary, at 017/ the term ¢4 p (R, —p) is smaller than at of , in this
case, this term compensating for the higher value of the barrier term at Gly . Despite the
fact that the rate associated to any of the transition states is the same, the difficulty in
their estimation changes. To make the point simpler to understand, consider a dividing
surface very close to reactant. In this case, the transmission coefficient is very small
because most of the trajectories starting from this surface come back to the surface
rather than reaching the product B, i.e., {p/s((R, p) is very small. Thus, the evaluation
of this term, which can be obtained by starting a number of molecular dynamics from
this surface and computing the frequency of trajectories reaching the product, requires
shooting very many trajectories for an accurate estimate of {g/s((R, p). How to select
a suitable separating surface is discussed in the next section.

The approach illustrated above to compute the exact rate, including the transmission
coefficient, is not the only possible one. Indeed, pioneering works in this field date
back to mid 1970s. [74, 75] Other methods for computing the rate of a process which
are not based on the transition state theory. [79—85] These methods typically assume
one knows the initial and final state of a process. However, there are cases in which the
final state in unknown, and one looks for possible transition states allowing to escape
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from the present metastable state (see, e.g., Refs. [86, 87] and [88]). Finally, one must
consider the case of a system characterized by many (intermediate) metastable states,
with reactant and products that can be connected by more than one multi-step path.
These cases can be analyzed within Markov State Models. Readers interested in this
subject might want to consider Refs. [89] and [90].

5.2 Committor function and (elements of) the transition path theory

The potential difficulty in estimating the transmission coefficient just mentioned, can
be more systematically analyzed. Figure 10 shows four typically topologies of free
energy landscapes. In this figure, the landscape is represented as a function of two
collective variables but conclusions can be extended to any number of degrees of
freedom. To the landscape of each panel are associated two additional quantities. The
first is the projection of the free energy landscape on the variable 6, in correspondence
of the putative transition state 0y (R) = zl, F(z2; zl) (as before, z» are the value of
the collective variable 6, (R)). The second is another probabilistic concept connected
toZap(R, —p) and ¢ps(R, p): the committor function, first introduced in this context
by Onsager [91], and more recently discussed by Geissler et al. [92].

The committor function g4 (I') measures the probability that a trajectory passing
by the phase space point I" reaches the metastable state A next (before any other one).
In other words, it measures how much a trajectory passing by the given phase space
point is committed to a given state (in future). Committor g4 (I") ranges between 0,
when the system at I is fully non-committed to reach the target state, and 1, when it is
fully committed to reach that state. With reference to Fig. 10 since a trajectory passing
by I' certainly reaches either A or B in future, g4 (I') + gp(I') = 1. The concept of
committor can be applied also to reduced spaces, e.g., collective variables. Thus, one
can ask what is the probability that trajectories passing by any configuration consistent
with a prescribed value of 61 (I"), z; and 6,(T"), z2, of Fig. 10 reaches A, ga(z1, z2)-

Regardless whether the committor is defined in the phase space or any reduced
space, it is intuitive that the transition state of a chemical reaction or a physical process
is the isocommittor hypersurface g4 = 0.5, meaning that 50 % of trajectories go to
products next and 50 % to reactants. Given a generic (hyper)surface S, points belonging
to S possibly have different values of the committor. Thus, one can ask what is the
distribution of the committor on S, i.e., what is the probability that a point belonging
to S has a given value g 4. For the case of the surface (a line) 6;(I") = ZJ{ of Fig. 10,

the distribution of the committor, P (g4 (z2, z;)), is shown in bottom right chart of
any panel. Obviously, the distribution of committor on the transition state of a given
reaction/process is delta-like centered at 0.5. Thus, for example, in the case of the
system shown in Fig. 10a 6;(T") = ZJ{ is a suitable approximation of the transition
state. Let us develop a qualitative argument leading to this conclusion. In panel a, the
putative transition state does not cross the two basins. Rather, it is (almost) tangent to
the free energy isolines. Thus, F(z2; zT) presents a single minimum in correspondence
of both the attractive basins of A and B. The symmetry of the free energy landscape
at any point of the line 61 (R) = ZT makes it such that trajectories departing from the
line toward right in the figure end up in B, and those departing toward left end up
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Fig. 10 Four classes of shapes of free energy landscapes. Here, for obvious reason of graphical repre-
sentation, we consider a free energy of two variables, but the same arguments can be extended to higher
dimensional cases. For each panel, the 2D free energy is represented in the main chart, with its projection
along the second collective variable and the distribution of the committor function reported in the top and
bottom secondary charts, respectively. The image is inspired to Fig. 9 of Ref. [79]

in A. Since momenta are symmetrically distributed (see Sect. 5.1), one expect that
committor of points laying on this line is 0.5.

Let us now consider the cases of panels b—d. In all cases, we assume to define the
transition state according to the condition 6;(I')) = z}L. The case of panel b is when
the putative transition state crosses the attractive basins of reactants and products. In
this case, F(z2; zI) presents two minima, in correspondence of the attractive basins
of A and B. Trajectories started from z; values associated to A and B mostly end up
in the corresponding basins. Consider, for example, starting a trajectory from a point
with a value z; close to the value corresponding to B. If the initial momentum points
toward B, the trajectory ends up in this metastable state. If the initial momentum points
in the opposite direction, the system experiences a forces pushing it again toward B.
Thus, the value of g4 of points in this region is ~ 0. A complementary argument
can be developed for points on 6;(I') = ZJ{ in correspondence of A: in this case
qa ~ 1. Overall, the committor distribution is bimodal, with two peaks at 0 and 1
and 1 (I") = ZI is a poor approximation of the transition state. In the case of panel

c, F(zo; zI) presents a broad, flat, low free energy region. In fact, in this case in the
zp region intermediate between the values corresponding to A and B, g4 takes values
intermediate between 0 and 1. Finally, in the case of panel d, when the transition state
crosses mostly one attractive basin, the committor distribution presents a single peak,
either at O or 1.
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Before proceeding the analysis, let us clarify some notational and definition aspects.
The committor function qz; T) (q:{(I‘)) measures the probability that a system in I'
goes next to B (A) before A (B). This is the same definition we gave above with the
addition of the index 4 in the symbol to stress that this concerns future events. One
can also introduce the committor function about the probability to come from a given
set, €.g., g5 (I') gives the probability that the trajectory passing through the point I'
comes last from B.”

Usually, one describes the state of a system and its processes in the configuration
space R. Thus, the committor function is also restricted to this space: q;; (R). Consider
the isocommittor surface S.(R) = ¢, i.e., Sc(R) = [qg(R) =c, with ¢ € [0, 1]]. S,
foliates the space, i.e., the entire (configuration) space can be split into (an infinite
number of) surfaces S.. Any trajectory passing by the points belonging to the surface
S¢ has a probability ¢ to reach B next. Within the restriction that the committor depends
only on the configuration subspace, q;r (R)+qz(R) = 1,andsince g, (R)+q5z (R) =
1 then qz;(R) = g4 (R). Thus, trajectories passing through R have a probability
q,(R) = q;(R) to come from A last and q; (R) to go to B next. In the case of
Markovian dynamics, the probability that a trajectory comes from A and go to B is
q, (R) x q;r(R) = qg(R)z, i.e., the value of committor function allows to determine
how probable is that a trajectory passing by a point is reactive. From the intuitive point
of view, isocommittor surfaces measure the degree of progress of a process: low values
of q;(R) correspond to the locus of point (the surface) where it is unlikely to reach
the products, i.e., one is in an early stage of the reaction, and large values of qg (R)
to surfaces where it is highly likely to reach them, toward the end of the reaction.
More in general, if one knows the committor function one can in principle compute
any quantity relative to a reaction, as discussed in detail in Ref. [93] and references
therein.

Unfortunately, isocommittor surfaces are very difficult to identify. Maragliano et
al. [51] have developed a method, the string method in collective variable, allowing
to determine a planar approximation to isocomittor surfaces close to the most likely
reactive path. In the following, we present this method but, given the mathematical
complexity, and contrary to the style of this review, we refrain from giving detailed
derivations. Let us first formulate the objectives of the method and introduce its key
ingredients. One of the objectives is reducing the dimensionality of the variable space
from 6 N phase space variables I to the m collective variables {6; (R)};— ,, depending
only on the configuration space. 6; (R) are thought to include all the relevant degrees
of freedom needed to describe the reaction at hand. Notice that the method does not
require m to be small. For the sake of brevity of notation, in the following, the set of
collective variable will be represented in the vectorial notation O (R). As above, z are
the realization of the collective variables, the values they take. Also in this case, we use
a vectorial representation for the values of all collective variables. Consistently with
the reduction of the dimensionality of the variable space, the committor functions

7 Notice that for a deterministic dynamics, e.g., Newton’s dynamics, the committor has pathological values,
either 1 or 0. Thus, here we assume that the system follows a stochastic dynamics. We remark that the
dynamics of a non-isolated subsystem is stochastic though the dynamics of the overall isolated system
is Newtonian. Hence, the assumption of considering that the system evolves according of a stochastic
dynamics is not nonphysical.
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are approximated by functions of the collective variables 0: q;'(R) = f (0,-(R)).

Within the collective variable space, one searches for the most likely transition path
connecting reactants and products (within the given reactive channel, in the case
reactants and products are connected via multiple reactive channels). Close to the most
likely transition path, where most of the reactive trajectories pass by, isocommittor
surfaces can be approximated as a plane. One aims at finding the equation of such
a plane. In particular, one wants to identify the equation for the plane corresponding
to q;r (R) = 0.5, the approximation of the transition state hypersurface nearby the
intersection with the most likely path.

Let us denote by z(X) the minimum free energy path, which is here parametrized
by its fractional arc-length, A € [0, 1]. Notice that z(A)|,=0 €A and z(})|,=1 €B. The
equation to be satisfied by z(}) is:

[Az(R) (=VFzM))N]L =0 (74)

where the metric matrix A(-) of the collective variable space, of elements A; ;(-) =
(VRQ,- (R) - VRO (R))z, the conditional expectation value of Vg0;(R) - Vg0;(R),
results from the reduction of the dimensionality of the phase space from 6N to m.
F(z) is the Landau free energy and —V,F(z) is the corresponding mean force. The
meaning of Eq. (74) is that the most likely path is the one with zero orthogonal com-
ponent of the effective force to the path, as determined by the metric matrix A.. Note
that the planar approximation to isocommittor surfaces passing by z is orthogonal to
V. F(2). In particular, the qg (R) = 0.5 isocommittor surface crosses the minimum
free energy path at the point corresponding to the maximum of the free energy along
the path itself. Thus, the local approximation of the transition state is the plane orthog-
onal to z(A) crossing the path at the point corresponding to the maximum of the free
energy.

Thus, we are left with finding an algorithm to determine the minimum free energy
path. Equation (74) presents an (iterative) algorithm. The basic idea is that, starting
from a discretized first guess path { 22() }i: Lo the images (discretized points belong-
ing to the path) along the string are evolved so as to satisfy, in a suitable number of
iterations, the condition of Eq. (74) (Fig. 11a). Consider the first-order dynamics in
the pseudo-time s:

2(hi, 8) = n[A@Ri, ) (V2 F (2, )] L (75)

where z(X;, s) is the value of the i-th image of z along the guess path at time s. u
is a weight: it guarantees the dimensional consistency of the equation and allows to
control the speed of evolution of Z. We must immediately remark that Eq. (75) is just
a pseudo-dynamics whose property is that in the limit s — oo z(X;, s) goes to the
minimum free energy path. Here, either constrained or restrained molecular dynamics
could be used to compute the conditional averages (-)(;;,s) associated to A(z(A;, s))
and V,F (z(A;, s). Equation (75) can be numerically solved with an algorithm in spirit
analogous to molecular dynamics, by discretizing the pseudo-time s. In this case, a
value of s corresponds to a given iteration of the string optimization procedure, with
{°Gi.s = 0)} = {z"0)}

i=1,n i=1,n"
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0

Fig. 11 Illustration of the string method (a) and the principle beneath its simplified, 8 = {01, 6>}, version.
In the string method, a discretized path is evolved according to the pseudo-dynamics Eq. (75), or equivalent
evolution equations. This dynamics evolves toward the minimum free energy path. b In its simplified version,
one recognizes that the effect of the tangential component of the generalized force is to change the relative
distance between images, an effect that can be removed at the end of each iteration without the need of
projecting the tangential component of [A(z) (—VzF(z))] out

The orthogonal generalized force term, [A(z(X;, s)) (—V,F(z(};, s)))] | can in
principle be obtained by projecting the tangential term out of the overall generalized
force:

[A@) (V. F @)L = (¥ —t@t' @) - [A@ (-VoF@)l,  (76)

with ¥ identity matrix and t(z) the tangent to the path at the position z and at the current
pseudo-time. Within the discretized path {z(2;)};— ,. the tangent can be computed by
finite differences between successive points along the path. However, this approach
typically results in an approximation of t(z) of limited accuracy, which is critical
when the path is discretized in a few images. This, in turn, typically results in a slow
convergence of the algorithm. Maragliano et al. [51] have identified an approach to
overcome this problem, which has then been further improved by Ren et al. [94].
The fundamental observation beneath this approach is that the effect of the tangential
component of the force is to change the distance between successive images (Fig. 11b).
Thus, instead of solving the pseudo-dynamics of Eq. (75), one implements a two-step
algorithm:

1. One first integrates the dynamics z(A;, s) = u [A(z(Ai, 5)) (=VzF(z(%;, s)))] for
one step, i.e., one uses the entire generalized force [A(z(A;, 5)) (—V,F (z2(A;, 5)))];

2. Then, one reparametrizes the path, moving the images along the polygonal line asso-
ciated to the points {z(};, 5)};— ,,. After reparametrization, the images {z(A;)};—1
are at the original fractional arc-length distance, e.g., equidistant.

Not only the string method allows us to identify the most likely reactive path, illus-
trating the mechanism of chemical the mechanism of chemical reactions or physical
processes. It also provides a means of improving the efficiency of the calculation of
the rate of the process. Indeed, as discussed above, the 0.5 isocommittor surface is
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the one maximizing the transmission coefficient. Thus, one can (i) first compute the
string in a suitable set of collective variables, then (ii) compute the free energy terms
(barrier and curvature) of Eq. (71) at the maximum and reactant minimum along the
minimum free energy path, and, finally, (iii) compute the transmission coefficient from
trajectories shot from a sample extracted from the ensemble conditioned to the plane
n(z(xh).

As above, we conclude this section providing to readers interested to more broadly
explore methods for investigating reaction paths a brief bibliography. Several review
articles have been published discussing the theoretical framework of reactive pro-
cesses, e.g., Refs. [79] and [95]. Same as in the case of exploration methods, techniques
(in addition to those discussed in the manuscript) to investigate reactive paths can be
rooted in the configuration [79-82, 85, 96, 97] or collective variable space. [98] Finally,
above we discussed the importance of the committor function for the description of
reactive events. Indeed, the committor function is the reaction coordinate. However,
we also mentioned that its identification is possible only in simple cases, and we
have shown a method to determine a local approximation to reactive paths. Some
authors have developed approaches (based on the maximum likelihood) representing
the committor function as a suitable combination of collective variables [99, 100].
These methods also provide a criterion to test whether a given collective variable is a
statistically relevant degree of freedom to represent a reactive process.

6 Dynamical properties and non-equilibrium systems

So far we have considered equilibrium systems, i.e., system whose macroscopic prop-
erties can be expressed as an ensemble average over an equilibrium probability density
function, and used molecular dynamics to sample equilibrium ensemble averages. In
this section, we consider the case of dynamical properties and non-equilibrium sys-
tems, i.e., (i) time correlation functions in equilibrium, (ii) systems whose probability
density function is either time-dependent or stationary under the action of external
perturbations. (iii) An additional interesting case is that of active matter (see, e.g.,
Refs. [101-103]), which can also be studied by molecular dynamics approaches. In
the following, we mainly focus on the first two cases.

Given the deep connection between the classes of properties (i) and (ii) provided by
the fluctuation—dissipation theorem, [ 104, 105] in the following, we will concentrate on
the non-equilibrium case. The problem with this case is sampling a probability density
function that, usually, is of unknown mathematical form. Here, we will first derive a
general formalism for handling these cases and then we will apply it in two contexts.
Consider the case in which the system is initially at equilibrium, or in a stationary
state that can be sampled by molecular dynamics. At a given time, denoted # = 0 in
the following, a perturbation starts acting on the system. For those cases in which the
perturbation is weak enough (with respect to microscopic interactions), one can resort
to the so-called linear response theory. Within linear response theory, responses can be
expressed in terms of equilibrium ensemble average of suitable dynamical quantities.

Let us start by recalling some general results discussed in Sect. 2. Consider a system
governed by the time-dependent Hamiltonian H (T, t) = Hy(I') + H,(T", t), where
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Hy(T") is the time-independent equilibrium Hamiltonian containing, for example, the
usual kinetic and interatomic potential terms (see Sect. 3). A generic microscopic
property O(I"), which has a time-dependence only through the phase space variables
T, evolves according to the following equation:

H(T) = {HE.n, 0m)
=iL@)OM), (77)

where {-, -} are the Poisson brackets and i £(¢) is the Liouvillian operator associated
to the Hamiltonian H (T", 7). In Sect. 2, Eq. (18), we have shown that the probability
density function, for Hamiltonian system, satisfies the related equation

ap(T, 1)

5 = {o@,0), HT, )} = —iL(t)p(T, 1). (78)

Thus, following Eq. (22), the time evolution operator of any phase space observable
o), S(1),8 is the adjoint of the time evolution operator of the probability density
function: p(I", 1) = S*(¢)p(T, 0). Consider now the expectation value of observable
O(T) at time ¢:

o(@t) = (O)), = /dl‘ O) p(T, 1) = /dr O(T") S*(1)p(T, 0)
= / dr' [S(1)O(T)] p(T, 0) = / dl O(T'(1;Tp) p(To,0).  (79)

This relation means that in a non-equilibrium system, one can compute the value
of a macroscopic observables at time 7, O(t), by taking the expectation value of the
microscopic observable at the time-evolved phase space point I' (z; I'g) over the initial
probability density function p(I'g, 0).

Equation (79) has been more commonly used when the initial probability density
function is an equilibrium distribution. Based on Eq. (79), computational methods
were developed for computing properties of non-equilibrium systems starting from
equilibrium states. Notice that the initial equilibrium state can also be any stationary
one, e.g. an ensemble where the phase space accessible is limited to the hypersurface
consistent with a given value of some observable.

We start the discussion on non-equilibrium systems first considering the case of
calculation of transport coefficients. Consider a macroscopic flow J caused by a field
E. Just to fix ideas, this can be heat flux caused by temperature gradient between
two walls confining the system. Empirical, linear, constitutive relations have been
identified between the field and the flow when the system is under the action of a
weak, stationary field:

J=aE (80)

8 Here, the time evolution operator is relative to an initial time 7 that, for the sake of limiting heavy
notation, is dropped here and in the following.
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where « is the (scalar or tensorial) transport coefficient relating J and E. As just
mentioned, this linear relation holds only for weak fields, i.e., « = limg_.oJ/E.
Although Eq. (80) has been written here for the simpler case of a scalar field in a
single species system, it can be extended to much more general cases, e.g., the effect
of a vectorial field. From the point of view of statistical mechanics, J is the ensemble
average of the microscopic observable corresponding to the macroscopic phenomenon
under investigation over the stationary, non-equilibrium probability density function
Poo(I'), where the index oo stresses that the probability density function is stationary
(though non-equilibrium).

In the following, we will consider a special, nevertheless paradigmatic, case:
an external field, E(x,t), coupled to an observable microscopic field u(x) =
Z;N=1 i (CYS(R; — x), sum of atomistic contributions. We assume also that the field
has the form E(x, ) = W(x)A(t). In this case, the Hamiltonian perturbation reads:

N
H, (T, 1) = —/dx > @SR —x)W(x)A()

i=1

N
= - ZM[(F)W(R[')A(I) =—-FDA(®) 81)

i=1

where F(I') = Z,N: 1 i M)W (R;). The time evolution operator satisfies the Dyson
relationship:

t
S(1) = So(t) +/ dr S(1)iL,(t)So(t — 1), (82)
0

where, as above, S(¢) is the time evolution operator associated to the total Hamiltonian
HT',t) = Hy(T') + Hy(T", t), So(?) is the time evolution operator of the unperturbed
Hamiltonian, andi L, (t) = {-, H,(T', 7)} is the Liouvillian associated with H,, (", 7).
Here, we focus on the case of weak perturbation, so that we can express Eq. (82) as
follows:

t
S(t) ~ So(t) +/ dz So(0)iLy(1)So(t — ). (83)
0
Recalling Eq. (79), the value of a macroscopic observable at time ¢ is
t
o) = <0>t - <0>0 n /0 dr / dT [So(1) i L,y(7) So(t — ) OT)] po(T)
t
= <0>0 —/0 dr/dl" (S0t =) O] iL£,() $5(2) o)
N 1 4 N X
0) ot ) <0(¢ —) F(r)>0 AD). (84)
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where po(I") is the initial probability density function, assumed, as stated above, to be
the equilibrium one. The third equality stems from the integration by part related to the
operator i £, (7). The equilibrium ensemble average (-), within the time integral in the
r.h.s term results from the application of the unperturbed time evolution S5 (7) to the
equilibrium probability density function po(I"). Additionally, the F(7) term results
from the application of the perturbation Liouvillian to the equilibrium probability den-
sity function: i £, 00(") = {po(T), Hy(T', 1)} = —po(T) /kg T {Ho(T), Hy(T', 1)} =
—po(T)/kgT (i LoHp (T, 1)). Recalling that H,(T',1) = —F([T)A(1), it follows
iLoH,(T, 1) = —F(1)A(7).

Consider now the case of a perturbation arising from a stationary field starting to
act on an equilibrium system from a given time typ = 0, A(t) = Ao h(t), with h(-) the
Heaviside step function. As stressed above, we are considering a future time when the
system has reached stationarity. Finally, here we focus on observables associated to

the perturbation field such that 0(1") =F T = J (T"). The latter equality stresses
that here we focus on the case of observables whose time derivative is the microscopic
field associated to the response under study. For the transport coefficient (Eq. (80)),
one gets:

e¢]

J 1 A A
= lim — = — dr{J(z)J(0)), 85
¢ AOTO Agp ksT Jo T< ) ()> (85)

one of the time-honored Kubo formulas. Equation (85) shows that transport coeffi-
cients can be computed from time integrals of the time (auto)correlation functions
of microscopic observables associated to the flux. Equation (85) can be computed
by numerical integration of <f (r)f (O)>. In principle, the latter can be computed by
equilibrium molecular dynamics: one runs molecular dynamics in the relevant ensem-
ble and computes the ensemble average of the autocorrelation function by computing
1/M Zlﬁi] f(l"(t + 1, T'(1))) % j(F(Ti)), where 7; is a time along the molecular
dynamics. This approach, however, is computationally inefficient as it requires fo scan
the trajectory back and forth. A more efficient approach is based on the convolution
theorem, which transform a convolution in a given space in a simple product in the
Fourier transformed variable [106].

As mentioned above, the linear response theory summarized in Eq. (85) is based
on the hypothesis that the perturbation field is weak. The question is what is meant
by weak. Numerical experiments have shows that the linearity range reaches values
of fields unexpectedly macroscopically high, e.g., for argon in the case of thermal
transport, the temperature gradient can go up to 103 K/cm, and for momentum transfer,
shear rate up to 10'? s~

Next, we consider the calculation of properties in non-equilibrium systems beyond
transport coefficients. We still focus on the case in which the system is initially in
stationary conditions, and an external perturbation is applied or released at time #y. As
above, to make notation lighter, in the following, we denote the initial time #y = O.
Notice that many interesting problems fall in this class [107-110]. As in the case
of linear response theory, here one is possibly more interested in time-dependent
responses. Also in this case, to compute the macroscopic time-dependent observable
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Fig.12 Cartoon of non-equilibrium molecular dynamics for computing the value of the macroscopic observ-
able O(t) according to the estimator of Eq. (86). The black line represents the stationary trajectory of
molecular dynamics before an external perturbation is applied. The red arrows represent trajectories start-
ing from 'y ; after perturbation is applied, each branch an element of the sampled perturbed trajectories.
Green points represent the phase space points moving along the perturbed trajectories after perturbation in
applied

O(t), we take advantage of the relation between the time evolution operator of phase
space microscopic observables and probability density function (cfr. Egs. (77) and
(78)) as implemented in Eq. (79). This equation immediately provides a mean for
computing O (t):

1. One samples initial conditions, I'g [108, 111] (black line in Fig. 12), using one of
the methods discussed in the previous sections, either along the standard molecular
dynamics trajectory in the relevant initial ensemble, using methods for sampling
conditional ensemble, e.g., constrained [28] or restrained [61] molecular dynam-
ics. In the following, this sample of initial (microscopic) conditions is denoted
{To.i }i=1, 4> With M the number of elements in the sample.

2. From each of the initial conditions I'p ; in the sample, one runs molecular dynamics
in the relevant conditions, including the effect of the external perturbation(red
arrows in Fig. 12). Letus denote by I' (¢; I ;) the time evolution of initial condition
I'o,; at time ¢. The microscopic observable at this time is é(l"(t; To.i))

3. Finally, the microscopic observable at time ¢ along molecular dynamics of the
previous point is averaged over initial conditions

1 &
0@ ~ -3 O To,). (86)

i=1

A final comment is in order. At variance with regular equilibrium distributions
(we mean, e.g. in presence of metastabilities or phase transitions), the time-dependent
probability density function can be multimodal. In such a case, taking the averages
according to Eq. (79), without any special prescription, might lead to oversee phe-
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nomena one is interested in. Consider, for example, the convection flux induced by
the gravitational field and an orthogonal temperature gradient. The system is initially
at thermal equilibrium and at time £y, one turns on a temperature gradient. A convec-
tive flux is produced which can run clockwise or counterclockwise. If one computes
the velocity field for this problem as obtained from Eq. (79) with the computational
method discussed above, one could get a null velocity field, as two opposite convec-
tive motions could be generated that cancel each other. In reality, only one of the two
motions is realized for each I'¢ ;, but the selection of one of the two is not embod-
ied in the direct application of the method just introduced. In principle, one should
select initial conditions leading to relevant phenomena (e.g., clockwise and counter-
clockwise convective modes). Unfortunately, how to identify which microscopic initial
conditions will bring to which of the possible future macroscopic phenomena is not
generally easy.

7 Conclusions

Our aim has been to provide an overview of the theory and methods for investigating
the properties of condensed matter by molecular dynamics. We started by provid-
ing a justification of the use of a classical description of nuclei, subjected to forces
arising from the electronic degrees of freedom. Within this framework, we intro-
duced a statistical mechanics description of the system. Next, we have established a
connection between statistical mechanics and thermodynamics, and generalized the
concept of thermodynamic potentials to the case of observables beyond the usual ther-
modynamic variables, i.e., we introduced so-called Landau free energies. Next, we
introduced molecular dynamics as a tool for computing the quantities of interest for
the Statistical Mechanics treatment of our systems. First we discussed standard molec-
ular dynamics. Then, we discussed special techniques for computing thermodynamic
potentials. Among the processes of interest for condensed matter systems, special tech-
niques are required for investigating problems occurring on free energy landscapes
presenting barriers sizeably higher than the thermal energy. We concluded the main
text discussing the theory and computational methods for studying non-equilibrium
systems. A large Appendix is devoted to machine learning methods.

In this review, we refrained from providing a complete reference to all possible
methods to investigate condensed matter systems, privileging a detailed discussion
of a limited number of approaches. Indeed, despite the size of this review, many
aspects have been left completely out. For example, we did not discuss theory and
methods to investigate systems in their excited electronic state, and we did not discuss
theory and methods to take into account the quantum nature of nuclei. At the same
time, we avoided discussing any method related to Monte Carlo. Paraphrasing the
words of one of us in closing the summer school “Computer Simulation in Condensed
Matter: From Materials to Chemical Biology”: the field has become too wide to aim
at comprehensively discussing progresses in the field in a single text. Still, we hope
this work can be the starting point for young researchers to enter the field, or for more
accomplished scientists to explore domains of computer atomistic simulations beyond
their research domain.
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During the last 2030 years atomistic simulations, in general, and molecular dynam-
ics, in particular, were very successful at investigating the properties of condensed
matter systems of interest for physics, e.g., computing the properties of liquids, the
phase diagram of relatively simple systems, defect dynamics, etc. More and more,
molecular dynamics is having an impact on chemistry, e.g., to study chemical reactions
in solution and solid phase, including the development of novel materials for energy
harvesting, catalysts, etc. Also biochemistry and biophysics are fields where molecular
dynamics made great progress contributing, for example, to understand biocatalysis
and enzymatic reactions, protein folding and amyloid fibrils aggregation. We envisage
that in future simulations can contribute to establishing the foundation and, at the same
times, pushing the boundaries of even more applicative fields, such as engineering.
Nanofluidics is one of the fields that might act as a playground. Indeed, the length and
timescales of this problem, though large/long, is within the reach of modern atomistic
simulations. Should atomistic simulations be successful in this field, novel frontiers
will open up. This could led to the development of continuum/atomistic multiscale
simulations and, on the atomistic side, to another level of multiscaling allowing, for
example, the design of fluidized bed nanoreactors. We are anxious to see progresses
along these and other directions and hope the readers of this review feel inspired to
become part of this Community and contribute to the field.

Appendix A Machine learning and atomistic simulations

Machine learning (ML) is a field at the intersection of computer science, numerical
mathematics, probability and statistics, that empowers systems to detect patterns and
make decisions by learning from data. Unlike traditional rule-based programming,
where humans explicitly define the rules for a system, machine learning allows com-
puters to learn from data and improve their performance over time. This ability to learn
and adapt is what sets machine learning apart as a powerful tool for solving complex
problems and making sense of vast datasets. More concretely, machine learning (ML)
aims to solve many problems including but not limited to: function approximation,
classification, clustering, ranking, and manifold learning among others [112]. Over
the past two decades, ML, and particularly deep learning, has yielded a plethora of
noteworthy outcomes [113] and is becoming more and more an enabling tool for the
computational physicist. The inherent flexibility of machine learning methodologies
enables their application across a wide array of sub-domains within physics itself.
Machine learning methods play nowadays a pivotal role in supporting atomistic sim-
ulations across various levels and tasks, allowing analyzing simulative data [114] and
accelerate ab initio simulations by orders of magnitude [115].

In the subsequent sections of this Appendix, we succinctly guide the reader through
the diverse possibilities offered by machine learning methods for atomistic simula-
tions. We concentrate on paradigmatic and simple applications by presenting for each
discussed task one machine learning approach/method which we consider as proto-
typical and explanatory. We start with an introduction on the machine learning main
features and tasks; we introduce also to one of the core assets of machine learning
methods namely neural networks. Next we discuss applications to important aspects
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of a simulation campaign, such as solving partial differential equations and emulating
potential energy functions. Subsequently, we shift our focus to free energy, followed
by a discussion of methods for the analysis and post-processing of simulations trajec-
tories. Finally, we address the roles of software, data, high-performance computing,
and present some open challenges.

A.1 Machine learning basics

The machine learning field is characterized by some distinct features and commonly
found nomenclatures:

e At the core of machine learning is the concept of learning from data. Algorithms
are designed to identify patterns, relationships, and trends from datasets to support
predictions or decisions on new, unseen data. Hence, it is an inductive process.

e Input data often are numerical and they appear to the algorithm as a matrix X of
n samples (rows) each characterized by m features (columns). Each sample x; is
hence a point, or vector, in R™.

e When to each input sample x; is associated a response variable, y;, either a scalar or
a vector, one talks of supervised learning i.e. with the predefined goal of predicting
y for x. In absence of such response variables the algorithm is said unsupervised
and other tasks are possible.

e Machine learning algorithms serve as computational tools for learning. These
include (linear) regression, decision trees, support vector machines, neural net-
works, and many others [112]. Models built using these algorithms adapt to the
data they are exposed to, capturing complex relationships and making predictions
or classifications.

e The training phase involves exposing the machine learning model to examples to
learn the underlying patterns. Evaluation is performed on separate datasets to assess
the model’s ability to work with new, unseen data. Iterative refinement is common
to enhance performance. This phase is often realized through the optimization of
a loss function, £, a function which measures the error associated to the chosen
task.

e Machine learning encompasses various types of learning approaches beyond super-
vised and unsupervised learning. For instance Reinforcement learning involves
training models to make decisions through trial and error, receiving feedback in
the form of rewards or penalties.

To clarify better these aspects, we can discuss some learning tasks. In function
approximation, which is often referred to as regression in the ML Community, for
instance one wants to learn (approximate) a function which is able, given a certain
set of input samples to estimate an output, for instance a scalar value. In the simplest
case, the function to be learnt is a linear one.

In classification instead, one wants to distinguish between two and more classes;
hence, classification is a regression problem where the predicted outputs are numerical
labels (without any order relation).
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In clustering, one does not have explicit labels (or they are ignored) and data are
grouped according to a metric (a measure of coherence among samples) to create new
labels according to the found groups.

Further in data projection, visualization, and manifold learning, one wants to find a
sub-space which well recapitulates the data for computational or visualization purposes
or both.

More recently, generative learning has been also proposed; in this paradigm, sam-
ples are not classified nor regressed. Instead, they are generated. In other words, during
the learning phase, the algorithm learns the distribution of the data. Then upon training,
the learnt model is able to draw samples from the learnt distribution. This is useful
because the samples can be complex objects belonging to an intricate distribution,
whereas the sampling for generating the samples, in such methods, can come from a
much simpler distribution (e.g. Gaussian) whose samples are a posteriori transformed
to the ones of interest.

At the technical level, often, several of these tasks can be completely or partially
addressed by means of the so-called deep neural networks. Hence it is worth describing
them as a first example of machine learning algorithm. A neural network, essentially,
is a function approximator (to be defined below). The attribute neural comes from
the resemblance of the networks nodes to biological neurons. The term deep learning
instead stems from the fact that multiple subset of nodes, called layers, are used
together to approximate the function of interest.

To understand what a neural network is, one can start from a simple example. Let
assume that the function f(x) : R” — R to construct the approximation is linear,
f(x; w) = wx + b, where w is a vector of m free parameters, called weights and b is
a scalar offset which is dubbed bias and is again a free parameter. By wx, we mean
the dot product of x and w. In order to solve this linear regression task, one can solve
the following optimization problem:

2
n m
min £(X, y;w) =min ) [ | D xjw;+b | =y (A1)
=1

u=1

where £(X, y; w) is the previously mentioned loss function, it measures the error
between the prediction on the u-th sample f(x,) = wx, + b and the observed,
possibly noise affected, output y,. Note our convention: when only one index appears
on x, we will mean the sample index not the feature index. Upon optimization, one
obtains the optimal b* and w* that can be used to perform predictions on new data,
e.g. X not belonging to the training set, as per f(x) = w*X + b*. By this parametric
inference, we have solved a first elementary machine learning problem.

We can generalize the prediction function f(x) to a much more powerful form,
but this will require a more complex construction of f(x) and a significantly different
optimization problem. We first discuss the construction of f(x) and next how to
optimize its parameters.
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Fig. 13 A simple feed-forward neural network with evidenced neurons (blue/white circles), their weights,
connections and layers. A blue filled circle indicates a neuron with non-linear activation function, a white
one without non-linear activation. A continuous arrow indicates that a vector is transferred, a dashed arrow
indicates a scalar quantity. Squared brackets indicate that the scalar output of the neurons are concatenated
into a single vector (i.e. z(D). The row vector x, (belonging to the matrix X, represented as a column for

easy of reading) enters from the left, after the first layer it gets transformed in a 2d vector 2D, lastly a linear

output layer delivers f(x; wgl), wél), wéz))

The first ingredient in the construction of our new f(x) is the main building block
which we will call neuron. A neuron is defined by the following function:

glx; w) = g(wx) = g(wx +b) (A2)

where the bias term, without loss of generality, has been absorbed in w, as one can
always concatenate the representation ¥ € R”~! with an extra feature of constant value
1. Moreover g(x; w) : R™ — R can be perfectly a non-linear function applied on wx
(often a sigmoid as per g(x; w) = 1/(1 4 exp(—wx)). This last expression is called
neuron in the ML community because this function represents a very approximate
functional representation of a biological neuron; indeed, each of the m input features
(input stimuli to the neuron) is weighted by a component of a vector w (synaptic
weights) and in turn summed and processed by the non-linear function (the activation
function).

A neural network, in its most general definition, is a graph of neurons that are
connected through the inputs and the outputs of the g functions. The approach at the
basis of the feed-forward neural network, a widely used subclass of neural networks,
is to ingest the u-th input sample x,, € R™ and through successive vectorial transfor-
mations arrive to a last representation which ultimately is a scalar and is the output
of the function f(x). The sample x, enters the network and gets transformed into
intermediate (latent) representations zf,l), zf,z), ... several times through subsequent
stages, called layers. The final layer allows to get the output of our function f(x).

To understand how f(x) is obtained, it is beneficial to make a simple example
before making the feed-forward network formalization fully general. Suppose we
have a network with a single layer and two neurons (see Fig. 13).

The sample x enters in the first layer and in the first layer two neurons process this
datum; those neurons compute g (x; wp) and g(x; wy). Those two functions, as we have
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seen, output each one, one scalar value. Let’s call these scalar values z( ) = = g(x; wy),

(1) = g(x; wy). Now we concatenate these two values as 2D =z il), ;1)] where the
superscrlpt means layer index. Now z(1) € R?. This z(") is the result of the first layer.
At this stage this vector is a 2d version of the original m-size vector x. How to obtain
a scalar output? It is sufficient to add a so-called output neuron whose g function is

simply wz:
FawW) = w20 = wP g w"), g wi)] (A3)

where w(z)

{w%l) wgl), wlz)} namely the full set of variables which parameterize the function

f of x. This simple example teaches us already some key aspects of a neural network:

is the vector of size 2 of this just added output neuron, and W =

e Neural networks use latent maps. In our example, we start from x and obtain z1.
The hope is that (see later) we can choose JV in a so smart way, such that z(1 is
easier to be used to get the scalar output of f(x) similar to y rather than using x
directly (that is doing a direct regression).

e The effect of a neuron, such as g(x; w), is to create indeed a non-linear scalar
projection of x. Indeed xw computes the projection of x over w and g applies
a non-linearity. If we use more neurons in a layer, we can build several of these
projections. Concatenating these projections, create our intermediate layer which
brings us from x to z(1.

e The function g(x; w) can be interpreted as an operation which quantifies the simi-
larity of x and w. Indeed the scalar product xw measures the similarity (alignment)
of two vectors. This gives us an interesting interpretation of a layer. A representa-
tion obtained on a layer is the concatenation of projections, and each projection, if
W is chosen smartly, can capture different aspects of x. Indeed if wy, wy are dif-
ferent enough, the projections xw will capture different combinations of features
of x. This means that g(w; x) are powerful tools to capture different aspects of x.
This is beneficial because combinations of features of x (or z) are possibly more
expressive than x itself to finally obtain a function f(x) which fits the reference
values y;.

e The output neuron is a simple dot product w, 7. That is, very often, as output
neuron, we can have a neuron where there i 1s no need of a last non-linearity. A
non-linearity as a sigmoid can be useful to interpret the output as a probability
value. For instance, in bi-class classification where y, = 1 or 0 is useful to deliver
the probability that a sample x,, belongs to a given class.

(2

Now we are ready to devise a general feed-forward neural network. Figure 14 shows
such a general example of a feed-forward neural network and how we assemble neu-
rons. From now on, we will denote through a superscript in brackets the layer index,
by the first lower index the neuron weights index, and by m® the k-th layer size (i.e.
the number of neurons). In general, a layer takes as input the data representation z ¢~
of size m*—1 at the stage k and outputs a new representation of size m k), call it z©).
This transformation is obtained using the previously defined neuronal units; indeed,
each layer has m® neurons. We recall that a neuron is a unit g which accepts as input
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Fig. 14 A feed-forward neural network with evidenced neurons (blue/white circles), their weights, connec-
tions and layers. A blue filled circle denotes a neuron equipped with a non-linear activation function, a white
one without non-linearity (i.e. the output one). A continuous arrow indicates that a vector is transferred,
a dashed arrow indicates a scalar quantity. Squared brackets indicate that the scalar output of the neurons
are concatenated. We report also the weights matrix on top (see text) and the layer-wise transformations in
matrix form (see text). The sample x;, is the u#-th row of the data matrix X, hence in the graph is transposed

x (or z), is parameterized by w, and returns a scalar value. Hence, by concatenating
(i.e. aggregating the scalars in a unique vector), the output of all neurons belonging to
the same layer, one can get a new representation of a datum x. This layer operation
can be repeated an arbitrary number of times. As we have seen on our example, one
finally generates f (x) by performing the scalar product of the last layer representation
z with a unique weight vector without any non-linearity (see Fig. 14).

Note that at this point, we don’t know which are the optimal values for w; for the
time being, we just observe that they exist and can be used to produce in principle a
highly parametric function f(x; W).

In a feed-forward neural network, the first layer is called input layer and the last
one is called output layer. The ones in the middle are called hidden layers. Formally,
the j-th component of the k-th layer representation for the u-th sample x,, (datum) is:

=D =D

(k) (k—1) (k) (k) k=2). (k-1

Luj=8 Z y Wi =8 Z wj,lg(zlg s wkh) (A4)
=1 =1

0

where in the first layer by definition z;, = x, and assuming the output neuron (we

recall we don’t apply g in this last step and m**! = 1) in the k + 1 layer, one has in
the end:
m®
(k+1) (k). (k+1)
Zu 1 Zu,lwl,l (AS)
=1

We can switch also to a matrix, more compact, notation to define our transformations.
We remind that each weight vector of the layer k is of size m*~1. Hence, we can
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assemble a weight matrix W® for each k-th layer where each column is a weight
vector of the neurons of the layer. Such matrix, hence, has size (m*=D, m®). Also
we define G : R"" — Rm(k), a function which accepts as input a vector and for
each component of the vector, it outputs the value of g for that component. This is a
compact way to obtain the output of all g functions together in an output vector from
G which is already the concatenation of the g outputs which we need. For example,
as said, w; and wy the first and second column of the m by 2 matrix W, G(xW) is
equal to [g(x; wi), g(x; wr)]. With these premises, we can compactly write a neural
network until the output as:

k+1
FEsW) =200 = GE (GGl e W Do 0) o W W
(A6)

where WXT1 is of dimension m* by 1 and is equal to the column vector wgk'H) (see
Fig. 14), our output single weight vector.

A neural network is hence the systematic computation of these representations
where the last layer is interpreted as the output, which in Fig. 14 is assumed to be
scalar.

Now it remains open the problem of obtaining good parameters V. This is obtained
again via optimization:

min £(X, y; W) =min Y (f (i W) = ) (A7)

u=1

As a very last note, we can use directly the matrix form of x, namely X. This is very
convenient computationally. Indeed, so far we have analyzed one datum only at time,
x € R™. That datum goes through the network to output f(x; V). However, we can
define afunction F (X,,,,; W) : R"™ — R”", where the input is the full data matrix X,,,,,
and the output is a vector of size n where the u-th entry is the output of f evaluated on
the u-th input point. This means that F (X; W) gives [ f(x1; W), ..., f(xn; W)]. We
have also (note the bold character) G* : ROt Rm®) accept as input an
entire matrix of size n by m® (e.g. Z,,1 = Xum W;lml) and gives as output a matrix
of the same size where each element is the output of g evaluated on each entry of the
input matrix. This rather convoluted definition actually boils down to the following
matrix Z,, « output of the function Gfm MOE

(k=1).,

k—1
C=Dwy g G Y w0

gz
(A8)

k—l . k—f
g iwy) - g2 );wmk)

Within this setting, we can write:

@ Springer



G. Ciccotti et al.

FX;W) = Gﬁmk(~ - Gﬁmz (G,llml (Xnm W,i,ml)W,ilmz) e W,];k—lmk)W,I;Z_,:lk+l
(A9)

The computational advantage of this form is that we can express several operations
as matrix multiplications which are very efficient, particularly on modern graphical
processors units (GPUs). The optimization problem could be even more compactly
written as:

in £(X, y; W) = min [|F(X;: W) — y||? A10
%n(y)%nll( ) — yll (A10)

where y is the vector of components y;,.

At this stage, it should be intuitive that neural networks are powerful approximators
as they can stack layers of neurons where each neuron is hierarchically expanded. Such
hierarchical expansion confers to the network a remarkable flexibility in representing
the desired function. Also, at this point, it should emerge that it is rather difficult to
solve the related optimization problem for several reasons including but not limited
to the non-convexity of the loss function, the possible high number of layers and
neurons and the possibly high dimensionality of the training set X both in terms of
number of rows and columns. All these aspects already bring to the stage (see later)
the need of very-high-performing computers. Without the proper machinery, solving
such problems efficiently is hopeless.

Going back to the representation ability of our network, there are rigorous results
[116] which show that a neural network is a so-called universal function approximator.
This means that it can approximate any function to arbitrary precision. It can be shown
that a neural network can provide functions able to perform correct predictions on new
data if proper conditions hold true [116, 117]; this result has been proved for one layer
neural networks, but it holds also for more complex ones.

A word of wisdom is needed at this stage; indeed the universal approximation
capability of a network tells nothing about the predictive capability, or as said in the
ML community generalization capability, of a specifically parameterized network.
That is obtaining zero error at training time, for any finite sample size, is by far
not sufficient for giving a warranty on the error on unseen samples. One can easily
understand such a situation via an example. Suppose one has a learning machine that
learns a sampled function by placing a delta of Dirac at each training point. This
machine will get exactly O training error, but has no generalization capability outside
of training points. This machine is memorizing, not learning.

The only case in which zero error on the training set always implies generalization
is the one for which the training set has an infinite number of samples, namely when
we know everything about the data distribution. When the training set size is finite
instead, there is always a risk of over-fitting, that is fitting a model that works on
the training set only. Hence, minimizing a loss function only on the training set is
most often not sufficient. Indeed one often combines the loss function with a so-called
regularization term; this term encodes an assumption, a restriction, on the space of
obtainable representations of the network which renders the learning process robust.
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For a function approximation problem, for instance, the smoothness with respect to the
input could be a desirable property. This can be achieved, for instance, by penalizing
the approximating function derivatives. Hence, in this case, the derivative would be the
desired regularization term. For an arbitrary regularizer, one hence solves the following
augmented minimization problem:

min C(X, W) = min L(X, W) + AR(W) (A11)
w w

where we minimize a cost function C composed of a loss term which accounts for the
adherence of the model to the given data X (e.g. a square loss) plus a regularization
term R and where W represents the whole set of weights of all the layers of the
network; lastly A is a positive scalar which rules the importance of the regularization
with respect to adhering to the observed data (the loss). This A is often called, hyper-
parameter, as at variance of w it does not vary during the minimization. In detail, A = 0
means ignoring regularization and A tending to infinity means ignoring input data. For
instance weight decay [118] is an effective regularization procedure which allows to
avoid over-fitting. By weight decay, we indicate a technique to shrink the absolute
value of the weights; this can be achieved for instance by jointly minimizing the L,
norm of the weights vectors together with the loss. The reason why this regularization
technique renders overfitting less probable is because it avoids the weights to perfectly
fit the loss function and the y. This is particularly true if y are affected by noise. Hence,
we ask to shrink the weights toward O to avoid that the weights fit too much (indeed
over-fit) the values y. As an example, for a two-layers neural network the optimization
problem, assuming a squared loss and weight decay regularization, would result in the
following problem:

m® m®

2
. 2 1 1
min 30 (Y wea@iu) =y | [ D 1IP + w®P
wOhw® e, y) \i=1 =1

(A12)

where the sum in the loss is taken over the matched pairs of samples and output (x, y)
in the training set.

To understand that weight decay, and particularly L, regularization is beneficial
also numerically, here we discuss the simple case of a regularized linear model. This
problem is a so-called Tikhonov regularization problem [119]:

n
min ) (wxy = yu)* + Allwll® (A13)

u=1

where n is the training set size. Tikhonov in 1977 originally created that tool to
stably solve systems of discretized differential equations arising in inverse physical
problems. The fact that regularization is beneficial numerically can be seen by looking
at the closed form solution expression of the previous problem. The cost function in
matrix form is || Xw — y||? + A||w]||%; to minimize it, one takes the gradient and sets
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it to zero. In this lucky case, everything can be done analytically. Indeed, the gradient
is 2X'(Xw — y) + 2 w and setting it to zero leads to:

w=X'X+rD)"'X"y (A14)

where [ is the identity matrix and X is the data matrix. The higher A the better the
inversion stability (as X’ X becomes diagonally dominant) but also the different will
be the result from the original inversion problem. Hence, it is evident here thata A > 0
is highly beneficial numerically.

As we have said before, regularization dramatically reduces the probability of over-
fitting. Hence, the interesting fact here is that A > 0 from the Tikhonov view point is a
numerical stabilizer only, whereas from the machine learning perspective, it allows to
get a well-predicting function [117]. Indeed, it is known [112] that, in practically any
real-world case, in order to get a robust neural model, one needs a not null value of . In
other words, numerical stabilization means also allowing a learning process to happen
properly. Tikhonov perspective was not the machine learning one, but paradoxically, it
predates much later devised regularization techniques (e.g. weight decay) for machine
learning problems [120].

Before concluding this introductory section, it is worth noting that solving numer-
ically the proposed cost functions can be by far not trivial. In the case of Tikhonov
regularization, the cost function is convex and the solution is unique. Hence, as we
have seen, a linear system emerges. When we switch to multi-layers networks, the
problem solution becomes more intricate and there is no way to solve the problem
exactly. In that case, one has a system of non-linear equations and the problem has
many local minima; this requires iterative gradient-based methods. To support these
methods, one can show that by the chain rule of derivatives, one can express analyti-
cally the gradients of the cost function with respect to all the weights in the network.
This approach is called back-propagation [121]. The main iterative methods used to
minimize the cost are from the so-called stochastic gradient descent family. In this
family of methods, one performs gradient descent by approximating the true gradi-
ent, V (Z:’: 1 £Oxi, yis W)), via a random subset of the training set of size n, called

batch,i.e. V Zl’-’zl L(x;, yi; W), at each iterative step. This is reasonable because loss
functions are additive with respect to training samples; this assures that the error with
respect to the true gradient can be bounded. The minimization proceeds using this
approximate gradient; the cycle repeats until all the batches of samples are processed.
This concludes one iteration (epoch) of the stochastic gradient method. The cycling
over the batches is repeated until convergence. As the network can contain billions of
parameters )V and require processing millions of samples, it is often necessary this
kind of approximate minimization procedure to limit the request of memory resources.

In the following, we will often recall these basic concepts. One should consider that
there are many (important) details and significant variants which bring to each method
its own peculiar flavor. However, this first shallow introduction should be enough to
grasp the main applications and concepts we expose from now on.
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A.2 Learning PDEs and dynamical systems

In this section, we show how machine learning contributes to solving ordinary (ODE)
or partial (PDEs) differential equations and how it can be used to simplify the sampling
of a complex distribution as the Boltzmann one. Solving ODEs or PDEs is useful in
many cases in atomistic simulation. The Poisson—-Boltzmann equation is a differential
equation and is a typical example; it is solved to compute the electrostatic potential
field in space of an atomistic system immersed in a solvent where this one is dealt
via a continuum approximation (hence not representing each solvent-water-molecule
explicitly). Next we examine how machine learning can efficiently emulate ab initio
potentials so that standard MD can predict material properties or study biological
processes at quantum accuracy and molecular mechanics speed.

Finally, we provide an overview of the utilization of normalizing flows [122, 123]
for sampling the Boltzmann distribution; in these methods, one finds a map (a neural
network) from a simple (normal, from which the name) distribution to a complex one
(Boltzmann distribution) to accelerate the sampling process.

A.2.1 Solving a PDE via machine learning
Let’s assume that one desires to solve the following PDE:

du(x,t)
at

+ Nu(x,t); \] =0 (A15)

where

u(x, t) is the unknown solution.

Nlu(x,t); A] is a, possibly non-linear, known differential operator, which rules
the evolution of the system and is parameterized by the scalar A.

x € 2 which is the x domain.

tel0,T].

Given the numerical complexity and computational intensity involved in solving the
aforementioned equation, one can use neural networks to enhance the efficiency of
evaluating and solving the PDE for u(x, ¢). This entails the crucial task of learn-
ing (approximating) the behavior of the state function u(x, t), a practice commonly
referred to as physics-informed machine learning [124]. To achieve this, a well-defined
cost (error) function is established by requesting that the approximate neural u(x, t)
accurately adheres to the boundary conditions and to the solutions of the PDE. Denot-
ing v(x, t; W) the learned function and W the set of neural network weights to be
determined, v(x, ¢; VW) can be learned by minimizing the following cost function:

Ny Ny
1 ) 2, 1 dv(x;, ti; W)
r%nN—ug(vu,-,n,W)—u(xi,r,-» +_Z<T

2
+ Nv(x;, t;); K])
Ny i3

(A16)
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where the first term ensures compliance with known boundary and initial conditions
(N, training data), while the second term assures the satisfaction of the differential
equation in Ny points. From this second term derives the nomenclature physically
informed, in that the second term embeds the physical knowledge and plays the role of a
regularization operator. In fact, we have seen before regularization encodes a restriction
on the space of the possible solutions since one is restricting the space of feasible
solutions to the ones which complies with the differential equation. Neural networks
can in principle accurately approximate any solution u(x, #) under any boundary and
initial condition, provided the minimization process succeeds. Overall, this approach
corresponds in transforming a differential equation into a variational problem (the
neural network training process).

Interestingly, it is known that neural networks and differential equations are closely
related to each other [125]. For a specific subclass of neural networks, called residual
[125, 126], actually the correspondence is complete as it is found that training a residual
network is equivalent to finding the parameters of a discretized differential equation.
The name residual comes from the fact that if instead of the conventional z = G (x; w),
weuse z = G(x; w)+x where x, z € R” we can employ much deeper networks as the
cost function minimization problem becomes easier. As z—x = G (x; w), this quantity
is called residue. The intuition behind this is that one is modeling the perturbations
of the function and not the function directly. The fact that these networks are indeed
discretized differential equations comes from observing that the step z = G (x; w) +x
can be interpreted as an Euler discretization x;11 = G(x;; w) + x; where now the
layer index represents the time advancement [125]:

dx (1)
dt

=Gx(@), W) (A17)

Hence, curiously, the approach of solving PDE/ODE via neural networks, for residual
networks, maps differential equations to other differential equations of which now we
desire to find the parameters.

Going back to our original problem, we report now an illustrative 1d example
of this methodology, namely the solution of the Burger equation which arises in
fluido-dynamics [124]. In one-dimensional space, the equation together with Dirichlet
boundary conditions is:

du(x,t du(x,t u(x,t
”(axt ) 4 ugx, n 2 )—(0.01/71)% —0
X
u(0. x) = — sin(rx) (A1)
u(t,—1)=u(t,1)=0
where x € [—1,+1]and ¢ € [0, 1].
One can define the function:
dv(x, 1) dv(x, 1) 9%v(x, 1)
f(t, x) = +v(x, 1) ———= — (0.01 /1) ——— (A19)
ot ox ax2
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where v(x, ) is our neural network. As for the general case, we optimize the neural
network via:

N, Ny
min — v(x;, ti; W —uxb,t-b 24— x:}(,t‘f;VV2 A20
nin - ;:l((: is W) —u(x;, 1)) N, ;:lf(, ; ) (A20)
-

where u(xf’ , tib ) are boundary conditions values and x; , ;' are points used to enforce
the network to adhere to the differential equation. The authors in [124] perform the min-
imization using between hundred and thousand points N,,, and employing the Limited
Memory Broyden—Fletcher—Goldfarb—Shanno algorithm (L-BFGS) [127] method, a
quasi-Newton, exact gradient optimization algorithm. It is possible in this case to use
such algorithm because the problem is not demanding computationally; bigger in size,
problems would require batched stochastic gradient. The authors also found that if the
differential equation is well-posed and its solution is unique, the method is able to solve,
as it is often said, to generalize. Obviously, this in turn requires enough xl.f , tl.f points
and sufficiently expressive (deep enough) neural network. Employing N, = 100 and
a 9-layer, 20 neurons each, deep neural network with hyperbolic tangent activation
functions, the solution was correctly found. A nice feature of this approach is that
the regularization term is rather restrictive compared to the usually mild assumptions
for regular neural network. Indeed, in regular neural networks, one usually requires a
smooth function; this restricts the space of the feasible solutions moderately. Having
an entire differential equation enforced is much more restrictive; and as it always hap-
pens in neural networks when one can afford a strong regularization in the task, this
leads to requiring less data.

A.2.2 Learning potential functions and properties

It is possible to summon machine learning for sampling the phase space through the
emulation of the potential of a molecular system of interest [128, 129]. ML is used
as a computational accelerator. The most compelling case in this scenario is quantum
mechanical computations where it is well known that for instance, evaluating a den-
sity functional theory (DFT) [130] potential is extremely time-expensive. Evidently
predicting the potential is just one of the possibilities; indeed, one could predict other
molecular properties, even vectorial ones using the same or similar machinery. This
flexibility, also, renders these approaches of interest to industrial applications[131].

There are countless technical possibilities for devising such potentials/properties
approximations [132]; however, most of them consist of learning a scalar or vectorial
function which takes as input a conveniently described feature space, z, namely a
vectorial space which represents the molecular configuration of interest. An important
aspect of the learning strategy is the ability of embedding invariances and equivariances
in the molecular representations used to feed the approximating network/function. This
last aspect is key as it corresponds to embedding the physical a priori knowledge about
the problem.

Invariance for instance to roto-translations is necessary for energy, that is E =
f(x) = f(RTx) where R and T are roto and translations matrices, x is the molecular

@ Springer



G. Ciccotti et al.

configuration and f is the neural network which approximates the energy E. Equiv-
ariance instead is useful for properties as the dipole moment; for instance, v the dipole
moment vector corresponding to configuration x, v = f(x), one would like having
RTv = f(RTx), that is the roto-translation on x, leads to the corresponding effect
into the output v. Other desirable properties are non-ambiguity and smoothness. By
non-ambiguity, we mean that a given molecular configuration x should map to a given
feature representation z and it cannot happen that two different configurations xp, x
collapse to the same representation z. By smoothness, we indicate the capability of
the approximating function to be continuous together with its first derivatives with
respect to positions.

To make things clearer now, we explain, as an example, the network known as
ANAKIN [133] which approximates DFT-derived potentials and is an enhancement
of the seminal work from Behler and Parrinello [134]. In this proposal first, one writes
the total energy E of the system as the sum of atom-centered energies E;:

E = Z E; (%) (A21)
i=1

where X is the configuration around the i-th atom. This decomposition is always pos-
sible in principle in terms of its n-body contributions. Unfortunately, E; is something
we cannot usually directly fit; hence, one can try to fit £ and hope that the learned E;
have some degree of generality. In principle, E; should depend on all the atoms of the
system. However, assuming only short range forces, one takes advantage of only the
neighboring atoms of the i-th one. In the original Behler and Parrinello proposal, one
had one single element type and a single network, in ANAKIN each atomic energy is
predicted by a neural network which is atom-type specific [133, 134], that is one has
one network for each element type. The ANAKIN problem is clearly much harder to
solve.

To make an example, suppose we want to predict the total energy of one H»O
water molecule through already trained networks. First, we have to remind that we
need one neural network for each atom type. Hence, we will have two networks, call
them fo(X) and fg (X). The total energy of the system, Ey, will be predicted as:

Ew = fu@m) + fuGu2) + fo(xo) (A22)

Now a not trivial aspect that we have to consider is that it is very inconvenient to directly
feed x coordinates to the neural network. This would be detrimental for several reasons;
it is not invariant to roto-translations, it does not encode in any way the centrality of
the i-th atom with respect to the other neighbors. Hence a smarter solution is needed.
We search hence for a procedure to bring % into a new vector x € R™ which will
facilitate the learning process for the network. The activity, in machine learning, of
devising a good representation x starting from non-vectorial data (or in general from
data) is called feature engineering. That is we need to find closed form functions, or
a procedure, which brings us from the raw entity (here the atom and the surrounding
ones) to the input vector of the network. These specific networks take as input a
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feature vector called Atomic Environment Vector (AEV). One AEV is associated and
computed from a given atom (and its neighbor) of which the energy is desired. As said,
these features are not learned, instead they are carefully manually designed to embed
the desired invariances. The AEV is composed of a radial and angular component.
The first part is instrumental to support the estimation of two-body interactions while
the second for three-body ones. Note that the following relations create a restriction
on the possible learned functions, this however greatly simplifies the learning process.
Given an atom i, the [ component of the AEV radial part is:

it Ro.®) = Vi gowy = 2, eXP(=n(Rij — Ro)®) fe(Rij) (A23)
jed

where R;; is the distance between atom j and atom i, fc (R;;) is a switch-off function
ruled by a cut-off distance, ® is the set of neighbor atoms for a specific atomic species
(e.g. Oxygen), n and Ry are hyper-parameters. By writing /(n, Ry, ), we underline
that the / component is determined by the combination of the attained n, Ry, ® values.

Indeed, the full radial AEV is built through the concatenation of scalars V Ro.® by
varying over the species ® and pre-defined set of values for n and Ry. The sw1tch off
function fc(R) is:

%cos (%) + ifR < Rc
0 ifR > R¢

o=

fc(R) = { (A24)

with R¢ that is a predetermined cut-off distance.
Analogously, one can define an angular part, where the / component is:

Xi10,.6.9.0.R0) = Hig ¢ ponrpy =2 Z (14 cos(0; — 6))°
Jke@xA)

R;i + R; 2
X exp [ — n(’Tk - Ro> ]fcue,-,-) fo(Rix)  (A25)

Again we vary along all the possible combinations of 6, ¢, n, ®, A, Ry to get the full
angular component. The complete AEV is hence assembled as the concatenation of
Vl’(n Ro.®) and H, 1(9 ... Ro) varied over the above cited free hyper-parameters. In
Fig. 15, we show such networks and the prediction of the energy for a water molecule.
As the AEV computation only involves distances, and being angles obtainable
from them, the resulting molecular representation is roto-translationally invariant.
Finally, these AEVs are used as input vectors to multi-layers, atom-type specific neu-
ral networks which are requested to fit DFT energy and forces. Given a molecular
configuration x, the fit is obtained through a squared, A-weighted, loss function:

L(x) = (E(x; W) — E(x))? +a S Y (Ve EGs W) + fij(x))?
VN N

(A26)

@ Springer



G. Ciccotti et al.

NNy

ey [
H 1 - o
v z;’(k) E. = b0t
i=%

’0 —) » E§ Y EN 0 NN

HO i

- H H.
Etor = ES + E1 t+ E2 2 output

layer
(layer k+1)

inputvector  hidden last
layers hidden

layer
(layer k)

Fig. 15 Architecture of ANAKIN and example energy estimation. Each atom and its neighbor produces an
atomic environment made by the vi (Eq.(A23)) and H i (Eq. (A25)) vectors. An element-specific neural
network predicts E i for the i-th atom. The energy associated to a molecular configuration is finally estimated
as the sum of the atomic energies E [ At training time, instead, energies and possibly forces are fitted via a
squared loss to DFT values

where E(x; VW) is the estimated energy as sum of atomic energies, N is the number
of atoms in the molecule, and f;; are DFT forces; when these are not available in the
training dataset the forces pertinent part of the cost is removed. Note that forces are
predicted by direct derivation of the network which can be obtained analytically and
automatically through modern software libraries. ANAKIN, but in general, this class of
methods, was initially mainly concerned with the modeling of short range interactions
due to the inherently local nature of the approach. Hence, electrostatics has been dealt
only more recently [129] and still represents a significant challenge. To clarify the
problem we can mention one of the possible approaches for electrostatics. To properly
estimate long-range electrostatic interactions, one can predict atomic point charges
and then add the electrostatic component explicitly through the Coulomb equation,
taking care of avoiding double counting electrostatics in the short-range component.
This solution is conceptually easy, yet estimating point charges is far from trivial as
it is an inverse problem, which is traditionally solved only by proper regularization
procedures [135]. Paradoxically, one possibility is to use further neural networks,
that, given the local atomic environment predict the point-wise, time-fluctuating, local
charge. These example solutions should show the significant difficulty in applying the
proper electrostatic and in general long-range corrections to energy [136].

There are also important purely computational aspects to be taken into account when
designing such networks. First, once learned, the function predicting the energy (or
property) and forces should be fast and numerically stable over atomic displacements
(e.g. for molecular dynamics). Second, as in principle, the training procedure is life-
long [137] because of the virtually infinite training set size (i.e. chemical space), the
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method should be able to retain past experience when updated, at least to some extent.
This is a rather crucial aspect as it is not realistic to train such models all at once if
there is any ambition of generality in terms of structures or chemical elements. It is
evidently a process that goes through time and many training sessions. This as opposed
to specialized applications where a once-and-for-all strategy may prove sufficient, for
instance when a limited set of elements is needed. This last scenario corresponds to
the vast majority of papers in the literature. So-called foundational models, which are
universal reference trained networks, are starting to appear recently [138—140]. These
networks should allow to be quickly (relatively few samples) customized to specific
problems taking advantage of a large previous pre-training phase.

A.2.3 Sampling the Boltzmann distribution via neural networks

The Boltzmann distribution, despite being its form analytically known, poses tremen-
dous challenges when one wants to estimate equilibrium properties. Formally, the
probability density is:

exp(—H(x, p)))
[y exp(—H(x. p))dpdx

u(x, p) = (A27)

where x € X is the molecular configuration, p € ) is momentum, 7 is the adimen-
sional Hamiltonian (the potential plus kinetic energy divided by g = 1/(kgT)) of the
system, X x ) is the accessible phase space. Note that for self-consistency with the
whole Appendix we use this slightly different notation with respect to the main text.
In detail (x, p) is (R, p) and u(x, p) is p(R, p) respectively in the Appendix and the
main text. As X x ) can be huge, n(x, p) is remarkably complex and can include
high barriers which hinder the sampling of various minima energy basins. Also the
source of difficulty is sampling x and not p which is distributed as a Gaussian. For this
reason, neither plain Molecular Dynamics nor brute force Monte Carlo is sufficient
to sample thoroughly w(x, p). This last aspect calls for smart strategies to sample the
phase space of a physical system. This can be partially achieved by taking advantage of
so-called enhanced sampling methods. These methods allow to sample areas of X' x
of low probability by, for instance, adding biasing forces in molecular dynamics (see
Section 4 in the main text).

Beside these biasing methods, recently another strategy emerged [122, 123]. The
main, and general, idea is to simplify sampling by learning a mapping function,
x = f(z), between data sampled from a simple distribution (e.g. a Gaussian one,
in the domain z) and a complex one (e.g. the Boltzmann one with domain x). One,
hence, samples from the simple distribution getting a z sample and converts it to the
x representation; this allows to efficiently sample the complex distribution. This class
of methods is called normalizing flows [122] as they map a complex distribution to
a normal one. As the function bringing z to x can be quite complex, here is where
neural networks can be useful. At variance of our previous networks, now the desired
output is vectorial (z) and not scalar; this implies that we have many output neurons,
not just one as before. The space associated to z is often termed latent as it is learned
and hence discovered upon training.
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Fig. 16 Architecture of a Boltzmann generator. Data, x, is sampled from the Boltzmann distribution and
converted to the latent representation z via the invertible, learned, transformation z = f;(x). We underlined
the fact that k-layer transformation is interpreted as z. By x, Z we denote the random variables associated
to the learned distributions which are approximations of the true ones. The backward transformation is
realized by the same network but used in the reverted way. For training one matches the distribution p x (x)
with gx (x) and 7 (z) with gz (z) respectively

In most machine learning applications of normalizing flows, the target distribution
(x domain) is unknown, whereas in the physical case, we know the target distribution,
namely the Boltzmann one. One can hence take advantage of this knowledge explicitly
providing further interesting properties. The application of learned normalizing flows
to the Boltzmann distribution case has been given the name Boltzmann generator
[123]. Here we formally introduce such Boltzmann generators. We define the following
symbols:

e 7 is a Gaussian random variable (the simple distribution).

e x is the Boltzmann distributed random variable (the target distribution).

e ux(x) is the exact Boltzmann distribution, as before, and gy (x; W) is its learned
approximation, i.e. the the distribution associated to the neural network transfor-
mation z = fy;(x; V) which brings the data x to the their latent z counterpart;
W are the associated weights.

e 1z (z)istheexact Gaussiandistribution and gz (z; VW) is the learned approximation
of the Gaussian distribution, i.e. the distribution associated to the neural network
transformation x = f,,(z, VW) which brings from the latent domain z to the the
original data.

e u(x) the adimensional potential function.

In Fig. 16, we report the scheme of a Boltzmann Generator. As we desire to exactly
transform x to z and vice versa, our neural network layers must be invertible. Such
layers exist [141] and they are significantly different from what we discussed till now,
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for our discussion is sufficient to know that is possible to get structurally invertible
neural layers.

Given these premises, we have to define a cost function to optimize the parameters
W. Note that in this new setting, we don’t have any specific value to be fit (e.g. an
energy value). Hence, the reasoning is rather different. To define our generator, we can
request to make px (x) and gy (x) similar as this is the desired outcome. To this aim,
we minimize the Kullback—Leibler (KL) divergence (a measure of distance between
probability distributions) between them over the weights V.

KL(MX(X)J]X(X;W))=/MX(X)(logMX(x)—IOgCIX()CW))dx (A28)

X

The first addend in the integral does not depend on V. Hence, it is irrelevant in the
minimization process. Using the formula px(x) = pz(z)|det J (x; W)|, where J is
the Jacobian matrix of the neural network transformation fy, and | det J (x; YW)| is the
absolute value of its determinant, for the second addend, one has:

- / ux (x)loggx (x; W)dx

X

= —/Mx(x) [log wz(frz(x: W)) + log | det J (x; W|)] dx

_ / wx (x) [log exp(—u(];z(x; 1420 + log | det J (x; W|)i| dx
X VA

Note that to get this result, the invertibility of the network is fundamental because
this allows to get advantage of the formula py (x) = pz(z)|det J(x)|. Noting that the
partition function Zz does not depend on weights VV, one gets the final cost:

1
ML = Exvpx) {0__2||fxz(x§ W)II? —log | det J (x; W)I} (A29)

where o is the standard deviation from the Gaussian distribution. The optimization
of this cost function is called training by example; note that this is the classical way
normalizing flows are learned in machine learning [122]. This cost function should be
sufficient to train our network. However, the fact the we know explicitly the Boltzmann
distribution allows also to formally define another cost function. In this case, we request
uz(z) and gz (z) to be as similar as possible again via the KL.-divergence. For the gz (z)
case, we have:

KL(1z(2), qz(z; W) = /MZ(Z)(IOgMZ(Z) —logqz(z; W))dz  (A30)

2

As before, the first addend in the integral does not depend on V. Hence, it is irrelevant
in the minimization process. Using the formula pz(z) = px(x)| det J(z; W)|, where
J is the Jacobian matrix of the neural network transformation f,, and |det J(z; WW)|
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is the absolute value of its determinant, for the second addend, one has:

- /MZ(Z) loggz(z; W)dz

Z

_ / 12(2) [log fux (fox (22 W) + log | det J (23 W) dz

_fﬂz(z) |:10g ‘“’Xp(_”(?‘(z; W) + log | det J (z; WI)} dz

X

Removing the partition function Zy from px (f;x(z; ¥V)), one gets the final cost:
Ce = Ervp(n{u(fox (23 W) —log | det J (z; W)} (A3D)

Optimizing this cost is termed training by energy. This cost function is new in the nor-
malizing flows realm as usually the functional form of the p x distribution is unknown.
While there is no formal reason to have such additional cost function to train the net-
work, overall and practically, the complete cost function formed by the weighted sum
of Cg and Cyp, is found to be convenient [123]. Further extensions are possible by
taking advantage of collective variables but we will not discuss them. Additionally in
[123], it is noted that the learned gx (x) may still present a certain degree of statistical
bias, hence they suggest a technique to de-bias it [123].

The Boltzmann Generator method was applied to toy benchmarks and to an implic-
itly solvated bio-molecular system. In this last case, internal coordinates were used for
learning the latent representation and remove roto-translational degrees of freedom. It
was found that paths in the latent space tend to map to minimum free energy paths in
physical space and temperature changes boil down to different Gaussian variances. As
Cg is the free energy difference of the system with respect to the reference Gaussian,
the authors have shown that it is very efficient to compute free energy differences of
the same system in two different, not easily interconverting, conformations: this is
achieved by simply training two independent Boltzmann generators and than taking
the difference in the respective Cg values upon training. Note that this is correct as the
reference gaussian system is the same for both. Essentially this method of computing
free energy is rather similar to the much older Frenkel and Ladd method [142]. In this
absolute free energy method, one first approximates the system of interest through the
Einstein crystal and then estimates the anharmonic contribution by means of thermo-
dynamic integration from the the reference harmonic crystal to the true force field.
The key advantage is that the reference Einstein crystal free energy can be analyti-
cally evaluated. In Boltzmann generators, there is no harmonic approximation, strictly
speaking, rather we refer to each physical system as a unique, shared, latent harmonic
system. This has a significant advantage for which there is no need to compute the free
energy difference between different harmonic reference systems. Albeit this quantity is
analytically computable, its large-scale computation can be problematic as it requires
the diagonalization of the Hessian matrix when one desires the much more accurate
Debye crystal instead of the Einstein one [143]. This can be challenging when using an
explicit solvent which dramatically increases the number of degrees of freedom [143].
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Hence, the Boltzmann generators approach offers an elegant solution to this problem,
namely learning the mapping between a unique harmonic, small dimensional, refer-
ence, and the systems of interest. Also, interestingly, in Frenkel and Ladd, one has,
obviously, the same system sizes of the harmonic and original system; here thanks
to the methodological flexibility, the reference harmonic system can live in a smaller
vector space becoming, at least in principle, independent in size from the system of
interest.

A.3 Free energy estimation

Machine learning can also find a significant application in estimating free energy, a
quantity particularly relevant [144, 145]. For instance, by employing learned potential
functions emulating Quantum Mechanical calculations, one can next derive a free
energy much faster than using ab initio potentials. As we already described machine
learning potentials, here we discuss other aspects:

o the identification of collective variables through machine learning methods. By
collective variables, § € R from now on, we mean scalar or vectorial functions
of the coordinates along which one may estimate a potential of mean force (free
energy as a function of 6).

e Thereconstruction of the potential of mean force F (6) by approaching the problem
as a function approximation problem.

e The accelerated estimate of free energy differences between two Hamiltonians
through the transport of distributions, i.e. the so-called targeted Free Energy Per-
turbation (FEP) method [146].

In the following subsections, we briefly discuss these three possibilities:

A.3.1 Data-driven collective variables

As we have seen, Machine Learning methods are concerned in many cases with a
(possibly highly complex and non-linear) function approximation problem. In the case
of collective variables discovery, however, one is concerned with a manifold learning
problem: detecting the sub-manifolds (ruled by ) of the configurational space where
the phenomenon of interest mainly occurs. By mainly, we mean the observables of
the systems (or their combinations) which bear the most important, and recapitulating
information, of the studied phenomenon. For instance, in a protein ligand-binding
problem, the distance between the center of mass of the ligand and the center of mass
of the binding pocket in the protein is a reasonable, although poor, collective variable
6 over which one can be interested in estimating the change in free energy.

A first distinction needed to orient the reader is between methods that take advantage
of labels of states (e.g. ligand-bound or unbound) and methods that don’t require
this additional information. The first are supervised methods, whereas the second are
unsupervised, according to our initial definition. Also, some methods operate directly
on coordinates, whereas others assume a wide set of existing collective variables from
which a subset, or a combination, is selected.
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The classical prototypical approach to identify collective variables in the unsuper-
vised class of methods is the Principal Component Analysis method [147]. It discovers
a linear operator T which projects coordinates to a new set z = Tx. A subset of z
can be identified with our collective variables 6. In PCA, we indicate with x € R”"
the column vector of all the coordinates (where n is the number of chosen degrees
of freedom), by (x) time averages assumed existent, and by xx’ the product of the
column vector x by x7, its transposed. For instance, PCA can identify the most relevant
coordinates of a molecule, a solute, often a protein or a nucleic acid. The analysis is
useful for not diffusive species as it analyzes motions around a mean configuration. In
PCA, one employs the covariance matrix C constructed from coordinates deviations
over their mean along a trajectory:

C=((x = (xD& = (x)) (A32)

The symmetric matrix C can always be diagonalized by an orthogonal coordinate
transformation 7':

z=T"(x — (x)) (A33)
An eigenvalue decomposition of the covariance matrix C leads indeed to a complete
set of orthogonal collective modes (eigenvectors in the 7" matrix), each equipped with
a corresponding eigenvalue (A;):

C =TAT! (A34)

where A is the diagonal matrix containing the eigenvalues.
The following sum represents the total atomic displacement:

n

D i = (ai))?) (A35)

i=1

= ((x — (X)) (x = (x)) (A36)

=(I'T'T2) =(2'2) =) () =) A (A37)
i=1 i=1

From this equation, one sees that the largest eigenvalues identify the directions of the
largest fluctuations. The projection operator (we mentioned at the beginning of this
section) results tobe 7. Hence, if one is interested in identifying as collective variables
0 the subset of most varying coordinates, then one can select them as 6 = Tk’ (x —(x))
where T is the rectangular matrix obtained by taking the first k rows eigenvectors
associated to the largest eigenvalues. This subset is called the principal component
set. How many eigenvalues to keep is largely arbitrary. However, typical choices are
based on the ratio of the sum of the kept eigenvalues versus the total sum, namely
Zk Xi/ D_"_; Ai. We lastly note that while PCA in machine learning is performed

i=1
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typically in space, in Statistical Mechanics time averages are instead employed as we
have seen.

At variance of PCA, which stems from the concept of coordinates displacements,
Time-Independent Component Analysis [148] searches for a projection matrix, T,
which leads to z = T'x where z are now slow degrees of freedom. The final result is
that TICA could be a much more meaningful tool to be used in atomistic simulations
rather then PCA as it aims at identifying long time scales. Those are typically the
objective of enhanced sampling. Also it has been suggested that TICA [148] could
be a better tool in supporting Markov State Models [149]. As the derivation of TICA
is involved, given the introductory character of our Appendix, we will not go into its
details.

Another strategy to obtain collective variables is to use the so-called autoencoders
(see for instance [150] for an application). These neural networks aim to project a
sample, x, (one sample is one molecular configuration) into a low-dimensional space
z (encoding) which can then be back-converted to the original space (decoding). The
space z is identified as the collective variables space. These networks are structurally
analogous to a Boltzmann generator; they bear an encoder network z = E(x; Wp) and
a decoder one x = D(z; W»), yet without requiring exact invertibility: £ = D7 lis
not guaranteed. The capability of approximately inverting the transformation is learned
by searching for the minimum over Wi, Ws of Y7 || D(E (x;; Whi); Wa) — x| 2.
Once learned, as the encoder can provide the projection, z, one could employ this as
collective variable. Up till now, this technique has been explored only in few cases.
However, it offers a potentially powerful method to characterize phenomena with a
strong reduction of the dimensionality and to be able to see from which part of the
dimensionality they come.

Lastly, we mention a peculiar [151] application of manifold learning to CVs; in this
protocol, a curve (i.e. a one dimensional manifold) learning algorithm dubbed Principal
Path [152] is used to refine arough initial path describing a transition process of interest
with given and known starting and ending points in coordinates space. This algorithm
tries to obtain a so-called minimum free energy path between an initial and final state;
a minimum free energy path is a path in collective variable space # which minimizes
the barriers to move from the initial to the final state. For instance, in protein and ligand
binding, one may be able to generate a putative binding or unbinding path via enhanced
sampling. These kinds of trajectories are however affected by the noise generated by
the thermostat; hence, they don’t represent smooth paths from one state to another
albeit they may pass through minimum free energy barriers and regions. As such it
is useful to have algorithms able to clean an initial trajectory and obtain a smooth
collective variable, 8, which could be next employed for free energy computations.
In particular, in order to learn a smooth transition path connecting a starting point
(molecular configuration) wq to an ending point wy,, 41 (Where n. is the number of
intermediate stations w; between the start and end point), one solves the following
problem:

ne

min Z Z i — w28 (xi), j) + Z lwi g1 — wi)? (A38)

1_1 j=1
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where §(u(x;), j) is the Kronecker delta, u is an indicator function which gives the
index of the nearest w vector to x; and A is a regularization constant. By this opti-
mization problem, one searches for intermediate molecular configurations w which
are jointly near to the original trajectory configurations, x;, (the first term in the sum),
and also tries to get a smooth path (the second term). Once the w are available, then
one has a series of landmarks molecular configurations, w;, which can be used as
the discretized evolution of 8 from the initial to the final state. Interestingly, it can be
proved [152] that the cost function just presented is a variational formulation of the
so-called enhanced sampling string method [51].

So far we cited methods that take advantage of coordinates only and automatically
discover collective modes, hence unsupervised methods. However, if one a priori
knows that a subset of candidate collective variables is important for the phenomenon
of interest and also the states of interest can be sampled, then one can use classifiers to
understand from the candidate variables which are the most relevant. Candidate CV
values are used as features for the input x together with state labels. The classifier
builds a classification model and isolates the most contributing variables. For exam-
ple, suppose one has a two state phenomenon, with labels y; = +1 and y; = —1
respectively. One molecular configuration x; can hence be labeled with one of the
two, and we suppose its features are the values of the candidate collective variables.
One may for instance employ, in the simplest case, a linear classification model as
per f(x) = wx where f(x) > 0 means we are in state +1 and conversely f(x) < 0
means we are in state y; = —1. Upon obtaining the optimal w* by optimizing as usual
Yo (f s w)—yi )2, one can find the most important collective variables by looking
at the values of the components of |w*|. The highest the value of the components of
|w*|, the highest the importance of that CV for discriminating the two states. Hence,
one can single out the most expressive collective variables from the initial superset.
This supervised scenario is a much simplified one than the previous unsupervised
one where putatively interesting CVs are not known; here a significant amount of a
priori information is employed. In literature, some [153, 154] classification methods
from machine learning were applied to simulations to identify CVs. These include
for instance Support Vector Machines for classification [155], Linear Discriminant
Analysis and its variants [156—159].

Overall, these methodologies can help guiding the user in detecting which are the
most relevant (often slow) modes or selecting among a pool of hypotheses the most
relevant variables.

A.3.2 Potential of mean force reconstruction as a function approximation problem

Once some CVs (or a single one) have been deemed as important, then one can pro-
ceed with reconstructing the potential of mean force (PMF), or Landau free energy,
F(0). Note that from a purely mathematical viewpoint rebuilding the PMF is indeed a
function approximation problem: given observations (the sampling of the phase space)
one wants to find F(0). To our knowledge, the PMF estimation task is never intro-
duced via this viewpoint in computational chemistry/physics textbooks perhaps as it is
admittedly indebted to a computer science perspective. At this stage of our Appendix,
this perspective, however, becomes completely natural in light of neural networks and
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their relation to inverse problems. Indeed, neural networks, as we observed several
times now, are excellent function approximators, as such they are the perfect candidate
for this task.

Several existing methods which reconstruct the free energy profile can be well
explained by this framework even if in the original papers they were not declined in
this way. For instance, in the Single Sweep method [160], the authors propose a three-
step procedure: first, they explore the 6 space via Temperature Accelerated Molecular
Dynamics (TAMD) [61], next, they perform umbrella sampling [53] (see section 4 on
free energy calculations on the main text for both methods), and finally, reconstruct
the PMF (1d or 2d) via an expansion in a Gaussian basis set. For our discussion,
regarding TAMD, it is sufficient to recall that is a technique which allows to explore
the 6 space efficiently. By umbrella sampling instead, we recall that is an enhanced
sampling technique. In this method, given a point of interest 6*, one runs a simulation
with the following potential:

V) =Ux) + %k(@(x) —0%)? (A39)

where U (x) is potential of the sole molecular system and %k(@ (x) —6*)? is a pseudo-
harmonic bias. In this ensemble, one can show that the mean force at 0* in the stiff
spring approximation (big k) is estimated (for the demonstration see [56]):

T
f" = %/ k(0* — 0(x(2)))ds (A40)
0

next, in the Single Sweep method, one assumes that the PMF can be fitted by a weighted
superposition of Gaussian functions with same variance, a parameter to be determined,
and centered at, the various computed Gl.*, withi =1, ...n:

Fyn(©) = wig®,6]) (A41)
i=1

Then one has that the mean force function is estimated by:

- dg (8, 0F
fnn () = _Zwi%

i=1

(A42)

As we have the observations at 0[* of the mean force, then we can fit the previous model
equation to these observed values of mean forces. In our language, this corresponds to
learning the function fy y (0) via a shallow neural network (one layer) where activation
functions are the derivative of Gaussians and where the number of neurons is equal
to the number n of probed points. The only major difference with a traditional neural
network is that as we collect mean forces samples, we now ask fyn(0) = —%
to fit the estimated mean forces f(#;). In reference to this just suggested method
[160], the neural network approach has at least two possible advantages. First one
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could have used a neural network, possibly employing more layers to increase the
representation power. Second, we can introduce a regularization procedure in the cost
function stabilizing the capping suggested in [160].

A similar path is followed in [161] where, starting from umbrella sampling sim-
ulations, they rebuild the free energy profile via the so-called Gaussian Process
Regression. GPR is rather similar to the previous procedure [160] as it employs a
Gaussian basis set, apart that it gives a probabilistic procedure to determine Gaussian
variances [161, 162]. For the reasons given before, both methods would benefit from
the neural network approach outlined previously.

From this point of view, it should be clear that despite these methods are different
in many details, they however reconstruct the PMF using the same hint, namely using
a basis set of Gaussian functions centered at prescribed points.

Lastly, we dutifully remind that the most difficult step of free energy estimation is
sampling and possibly correctly and stably estimating the mean force; hence, rebuild-
ing the PMF through a neural network is still relevant but largely not the most important
step of the whole procedure.

A.3.3 Targeted free energy perturbation

So far we analyzed the case where a CV is defined. In this section, instead we look
for the free energy difference, A F4p, between two Hamiltonian systems H4 to Hp
[144] without any explicit CV. There are several classical alchemical methods to
this aim [144] but we limit our discussion to the so-called Targeted Free Energy
Perturbation (FEP) which is of interest for machine learning. Targeted FEP was
introduced by Jarzynski [146] and the key step of the method is building a map
between two probability distributions to hopefully accelerate the free energy esti-
mation process with respect to more traditional methods. Suppose microstates x
or y are sampled from the canonical ensembles A or B, p(x) or n(y), whose dis-
tributions is e.g. p(x) = exp(—BUA(x))/Z4, where B = 1/kT, where k is the
Boltzmann constant and 7' is temperature. If we suppose that there is an invert-
ible transformation M : x — y(x), then the two distributions are related by
J(x)n(y(x)) = p(x) where J(x) is the Jacobian of the mapping M. Explicitly
we have J (x) exp (—BUp(y))/Zp = exp (—BUs(x))/Z 4. Taking the logarithm, we
apparently get:

1
AFap = Up(y(x)) —Ua(x) — 5 In J (x) (A43)

having realized this is a probabilistic relation and not a pointwise one, we redefine the
apparent A F4p as the random variable ¢ (x). Then

1
¢(x) =Up(y(x)) —Ualx) — B In J (x) (A44)
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Multiplying by — B and exponentiating, the expected value on the ensemble A gives

1 z
(exp(—B¢))a :/ p(x) exp(—pBp)dx = Z_/ J(x) exp(—=BUp(y))dx = Z—B
X AJX A
(A45)

where the last equality comes from J(x)dx = dy. This leads to

{exp(—=f¢))a = exp(=BAFap) (A46)

If the map M is the identity, then the relation becomes the Zwanzig equation [163]
which is a simple but difficult to estimate relation tried in the early times to estimate
free energy differences:

(exp(—=B(Up — Ua)))a = exp(—BAF4p) (A47)

A well-known feature of the Zwanzig relation is that it converges when the two ensem-
bles A and B largely overlap. The intuition here is hence that if the map M can bring
probable regions of A to probable regions of B, then one can expect a good conver-
gence at the expense of devising such map. It is hence evident that the success of such
a proposal is completely bound to our capability of finding quickly and effectively
such a good M. Again, here is where neural networks can help as we are asking
to approximate a function that brings a sample in A to another in B satisfying the
conditions just above. At this stage, the reader may remember that we already faced
this problem. We can take advantage of the normalizing flow as again we are dealing
with the problem of mapping two probability distributions. Previously for Boltzmann
Generators, the primary distribution was Gaussian, whereas here both the two distri-
butions are canonical. Using normalizing flows based on neural networks was indeed
proposed in [164] and also for instance employed in [165, 166]. These applications,
among others, proved successful because indeed a fast approximate way to find the
mapping was devised.

A.4 Analyzing simulations

Here we discuss briefly how already performed simulations can be analyzed. Inter-
estingly this part, even if presented as the last one in this Appendix, represents one of
the first historical applications of ML to atomistic simulations. In the following, we
discuss a paradigmatic ML analysis method namely the clustering of trajectories and
also visualization of trajectories via projections.

As briefly mentioned at the beginning of this Appendix clustering is a classical
task in machine learning. An example and widely used clustering algorithm is the k-
means method [167]. In this method, given a priori k = n. as the number of searched
groups, one tries to find n. points, w;, that by clustering recapitulate the data. To find
these points, one initially fixes w; arbitrarily and next solves iteratively the following
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optimization problem:

n ne
min 373 i — wy 123, ) (A48)
i =

where §(u(x;), j) is the Kronecker delta, u is a membership which gives the index of
the nearest w point to x;. This cost function optimization hence tries to minimize the
average distance between samples x; and the means/centers w ;. The cost functionis not
convex in w; hence itis a hard optimization problem whose solution highly depends on
the initialization. Several variants of this method exist. An example is the k-medoids
[168] method where the centers have the restriction of being x; samples from the
training set. Another important variant of the method can be obtained by observing
that one can combine a neural network [169, 170] obtain the representation z and
perform clustering in this new space. The hope is that the space z is more descriptive
and hence may facilitate the clustering process also rendering it more informative.
Although for clustering is not strictly needed, using an autoencoder would allow also
to convert back z to x and locate w in the x space.

Clustering finds a natural application in summarizing the results of a simulation and
finding the main basins [171]. Indeed clustering can find the most populated states
which represent the long-lasting states, hence the most thermodynamically relevant.
When clustering is equipped with proper post-processing statistical tools, it can lead
to quantitative insights including free energy and kinetics estimations. Indeed upon
clustering, one can detect the most populated states by simply counting the number
of samples belonging to each cluster (the ones thermodynamically relevant). Also,
by counting the inter-conversions among states, one can take interest in kinetics. For
these kinetic estimations, one can take advantage of so-called Markov State Models
(MSMs) [149, 172, 173]. We mention also that deep learning extensions [114, 174]
of MSMs exist; however, we omit for brevity both MSMs and their extension in this
Appendix as they would deserve a too large discussion.

Another relevant task where machine learning helps is summarizing simulations
via a 2D projection. The projection can help give more evidence, for instance, of the
clustering results of the simulation. When one can associate a physical meaning to the
projection (e.g. a collective variable), these tools can give insightful information. For
projecting in a low-dimensional space, a solution is represented by multi-dimensional
scaling methods [175] (MDS). MDS methods build projections from a sample x (a
molecular configuration) to a new, low-dimensional, sample z, where the guiding
principle is that pairwise distances between molecular configurations d (x;, x ;) should
be more or less approximately preserved in the new space, thatis d(z;, z;) =~ d(x;, x;).
The simplest form of MDS is obtained by minimizing:

min > dxinxj) —d(zin 7))’ (A49)
i i#]

An effective example of MDS for atomistic simulations are sketch maps [176]. In
this method, one is particularly interested in preserving small distances and not high

@ Springer



Foundations of molecular dynamics simulations...

ones, indeed a distance is reliable and meaningful only when it is small. Formally, one
searches for:

. Cx)2) — .2 2))2
min Zi,j,i#j Vv (g1(d(xi, xj)7) — 82(d(zi, 2j)7)) (A50)
{z} Zi,j,j;ti ViV

where v; > 0 are parameters obtained in closed form and proportional to the population
of the state v; to guarantee that most populated states are well represented, g and g
are sigmoids manually tuned for location and shift. The role of the sigmoids is to
concentrate the fitting in regions of small distances; the sigmoid plateau allows to
partially ignore the error induced by big distances and concentrate the optimization
for small distances. We underline that the optimization is performed on the coordinates
Z as it is usual in projection methods which employ an optimization principle.

A.5 Role of data, software and high-performance computing

As we have briefly seen machine learning enables or accelerates many tasks in
atomistic simulations. Nevertheless, one should wonder why today ML is so widely
technologically applicable. The answer consists of three pillars: data, software, and
computational capabilities.

Data is the essential starting point of any machine learning activity. Current large
data storage capabilities either in premise (local) or in the cloud (Internet) are a fun-
damental asset. A particularly relevant aspect is not only accumulating big data per
se but also rendering it FAIR [177], namely Findable, Accessible, Interoperable, and
Reusable. To this aim, one needs to enrich data with proper metadata and provide
Application Program Interfaces (API), namely interfacing functions, as universal as
possible [178]. Having well-structured and large databases of datasets, so-called data
lakes, is becoming more and more a game changer for machine learning.

The second key ingredient is the availability of high-level software libraries. About
25 years ago, ML was mainly relegated to low-level, yet efficient languages, such as
Fortran, C, and C++. Unfortunately, at that time, ML was not still perceived as a key
enabling tool for physics or other disciplines. Hence, there was no urgency to make
ML widely available. As of today, there exist many efficient high-level libraries and
frameworks, such as Scikit-learn [179], PyTorch [180], JAX [181], and Tensorflow
[182], which allow to easily build up neural networks and run ML methods as they offer
a Python APIL. The Python language is much easier than C,C++. Hence, it dramatically
lowers the entrance barrier for any user who wants to enter the ML field. Also, these
libraries solve one of the key historical nuisances of neural network training, namely
manually computing in closed form analytical derivatives. These recent frameworks
have the capability of computing derivatives symbolically and exactly, hence greatly
improving the coding speed without compromising accuracy or execution efficiency.
Having automatic derivation is of paramount importance also for simulation per se; the
user can now devise a new potential function or a collective variable (either based on
aneural network or not) and get forces in one line of code. That is in one function call,
without explicitly coding the derivative, the derivative is symbolically obtained and
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computed. This remarkable flexibility prompted the development of brand new molec-
ular dynamics engines [181, 183] or the use of the mentioned libraries for supporting
enhanced sampling [184, 185].

The third enabling factor is high-performance computing. Even without enhanced
sampling, we are now able to see, in plain MD, events of biological interest such
as binding [171] of a ligand into a receptor. The advent of GPUs has tremendously
changed our approach to simulations; trivial parallelism is now a reality and is rather
important both for simulation per se and particularly for simulation coupled with
machine learning as they both benefit from this enhanced computational capability.

A.6 Challenges and conclusions

In this Appendix, we briefly reported some of the most relevant applications of machine
learning to atomistic simulations. Machine learning is becoming a systematic and well-
established enabling tool for computational physicists. Particularly, machine learning
is rather relevant in automatically making sense of the huge amount of data (e.g. tra-
jectories) and in general in accelerating computations. Machine learning for physics,
for some applications, could be considered a not orthodox form of high-performance
computing. This is particularly true for the potentials case where instead of optimiz-
ing the physics-based computational code, one substitutes the routines for physical
potentials computing with much faster machine learning ones.

We underline one key transversal challenge for machine learning, namely gener-
ality and hence a tautological risk for various methods. While so-called foundation
models have emerged in large language models (e.g. ChatGPT) [186], it is not so clear
if the same path could be followed for atomistic simulations. A foundation model is a
neural model that is pre-trained on a huge dataset and that with a minor computational
effort can be customized for a specific need. A foundation model for instance for
potential functions should be able to deal with any chemical element, possibly jointly.
In principle, there is no reason why this should not happen, yet, at least, this would
require a significant computational effort. The other possible limitation of ab initio
machine learning potentials, for instance, is the dynamical suitability of these models;
one has to ensure a stable force prediction over time. Indeed, general (several ele-
ments) machine learning potential functions are not employed in molecular dynamics
systematically yet. Despite these difficulties, it is encouraging that some promising
attempts in this direction exist [138—140].

Along these lines, we have analogous considerations for Boltzmann Generators,
where now the generality issue stems from the fact that the learned models may not
be able to properly interpolate in unseen phase space regions or unable to deal with
explicit solvent. Same reasoning applies for targeted free energy perturbation where the
mapping problem could be as difficult as the bare, conventional, free energy estimation
itself.

In summary, machine learning is a powerful tool for atomistic simulations; it is
characterized by remarkable flexibility and representation ability despite some possible
drawbacks, mainly related to generality. We expect that in future, ML will become more
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and more a routine tool, and also we expect that the related programming paradigms
will become the standard for scientific computing in general.
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