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Abstract
Commodity price volatility is a major source of instability in those countries
that are primarily commodity-dependent and has a negative impact, especially
on economic growth. With this premise, commodities represent an effective
financial exchange tool that nowadays finds relevance in being involved in
the processes inherent to environmental sustainability. This work focus on
raw materials and their demand, connected with the need for a transition
towards the Circular Economy, as part of a strategy to address commodity
supply disruptions. It presupposes changes in the mentality and behavior of
companies in the various economic sectors. A crucial issue debated in the
literature concerns whether or not the size of the companies favors their atti-
tude towards Circular Economy. We propose a nonparametric method to test
the effect of firm size on their propensity to undertake Circular Economy
activities. Considering k of such activities, this propensity is a multidimen-
sional concept and it can be represented by a k-dimensional vector of pro-
portions. Each element of the vector represents the share of companies of the
population under study that implement a specific Circular Economy activity.
The main difficulty of such a multivariate testing problem, together with the
multidimensional nature of the dichotomous response, is the one-sided type
alternative, which is a stochastic dominance for multidimensional binary vari-
ables. A Monte Carlo simulation study proves the good power behavior of the
proposed solution, based on a nonparametric approach. Case studies related
to Italian small and medium enterprises in some strategic sectors are also
addressed.
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1 INTRODUCTION

In recent years, a growing number of companies have embraced the idea of a transition to the circular economy (CE).1-3

The main reason is that a linear economy model (of the type take-make-dispose) is no longer sustainable, both from the
point of view of production and with regard to the procurement of materials. CE is therefore considered one of the most
effective solutions to environmental sustainability problems, also at the policy level.4,5 Among the areas most involved in
this transition, we have European Union6 and China,7 which have established an action program to support the transition
to CE goals until 2050. Since 2015, Italy has also been contributing to this practice, especially in terms of separate collection
of waste.8

This work focuses on raw materials and their demand, connected with the need for a transition towards the CE model,
which presupposes changes in mentality and behavior. Considering the limited resources of the earth, the linear econ-
omy model proved ineffective. The continuous growth of the world population affects the unsustainable consumption of
natural resources, which leads to an increase in the cost of raw materials. For this reason, the CE is an approach in which
waste can be used as a raw material for the same or another industry, reducing the use of natural resources and the cost of
raw materials.9 With this premise, commodities represent an effective financial exchange tool that today finds relevance
within the processes inherent to CE. CE represents an opportunity to increase resilience and overcome the risks due to
uncertain future commodity supply and cost volatility.

Given that CE can be considered very important as a part of a commodity risk management strategy, in particular
as a solution to commodity supply disruption, the paper focuses on the need to assess the actual feasibility of the CE
goals, connected to the propensity and willingness of companies to implement CE activities. Such evaluation could be
carried out through a sample survey, involving a representative sample of companies, and the application of appropriate
inferential statistical techniques for data analysis. In other words, an empirical study that sheds light on companies’
culture of innovation and sustainability, is necessary. To investigate the behaviors and attitudes of enterprises towards CE
and therefore their propensity to follow CE-compatible business models, we focus on the main important factor affecting
the propensity of companies to undertake activities related to this new economic approach based on recovery, recycling
and reuse: the firm size. Specifically, we deal with a two-sample test for comparing two different types of companies
(according to size) and compare their propensities towards CE. A company operates in CE if it implements one or more
activities aimed at reusing production waste and protecting the environment. Hence, the response variable of the problem
is multivariate and we are in the presence of binary data.

The business activities and choices compatible with the CE, as support to commodity risk management, are numerous
and heterogeneous. Therefore, one way to assess the attitude towards the CE of a company is to administer a questionnaire
with a list of k CE activities and, for each item, ask the company to indicate whether it undertakes or not the corresponding
CE activity. The data collected from an empirical survey on such a topic, which involves n companies, regarding these
k questions, consists of a n × k matrix of values equal to 0 or 1. The observed value xij is equal to 1 if the i-th company
undertakes the j-th CE activity and it is equal to 0 otherwise, with i = 1, … ,n and j = 1, … , k. In other words, from the
statistical point of view, we are in presence of a multidimensional response whose components are dichotomous variables.

In order to test whether the propensity towards CE of the first group of companies is less than the propensity towards
CE of the second group, we should focus on the comparison between the proportion of circular companies in the first
and in the second group, for each of the k CE activities taken into account. Definitely, we should compare the two
k-dimensional vectors of sample proportions in order to make inference on the two k-dimensional vectors of population
proportions. The inferential problem is not trivial due to the multidimensional response and to the directional alternative
hypothesis. The formal definition and the detailed description of the hypotheses under study are included in the next
section.

The proposed solution for the testing problem is nonparametric because based on the permutation approach. Its non-
parametric nature makes it robust with respect to the assumptions about the distribution underlying the data. For this
reason, it is preferable to a possible parametric solution. In fact, in general, permutation tests are much more powerful
when the distributional assumptions of parametric tests do not hold but they have good power performance (similar to
that of parametric tests) also when such assumptions are satisfied.10 The proposed permutation test is also particularly
appropriate for a multivariate problem such as the one under consideration. This is due to the fact that it allows taking
into account the dependence between variables without knowing the underlying distribution and without modeling the
dependence structure. Another advantage of the proposed method is that it is applicable also in the presence of small
samples and large number of variables. In the literature, solutions to multivariate problems for stochastic dominance
and stochastic ordering alternative hypotheses have been proposed. Most of them are suitable for numeric data, some
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others are valid for categorical and binary variables. Only few works are dedicated to the case of binary data for one-tailed
hypotheses. In particular, we mention the interesting work of Davidov and Peddada.11 A literature review on this topic
is included in the next section. We wish to give a scientific contribution in this specific framework, with the study of a
nonparametric method for multivariate binary data and directional alternatives based on the permutation approach. Our
proposal is applicable under the condition of exchangeability and, in many situations, preferable to the parametric meth-
ods. In particular, we face the problem with solutions that belong to the family of combined permutation tests. This family
of permutation tests was proposed by Pesarin.10 An innovative methodological aspect of the paper concerns the detailed
simulation study and, in particular, the comparison of the power behavior of the two main combined permutation tests
applied to binary data. An important finding concerns the detection of which member of such a family of tests is the
most powerful depending on the proportion of true partial alternative hypotheses. The illustrated method is valid under
certain conditions, in particular in the presence of exchangeability of data under the null hypothesis. In the absence of
exchangeability, the method is not applicable unlike other solutions not based on the permutation approach.

Definitely, we deal with an extension of the one-tailed two-sample test on proportions in a multivariate sense. The
motivating example relates to a sample survey carried out in Italy to investigate the propensity towards CE of Italian
small and medium enterprises (SMEs). In this survey, circular attitudes and behaviors are represented by six different
CE activities such as reuse of waste, the introduction of innovations or investments in R&D related to the CE practices,
etc. The goal is to contribute to the debate on the effect of company’s size on the propensity towards CE. Some authors
believe that the propensity increases with the size but in the literature there is not enough empirical evidence in favor of
such a hypothesis and there is not a common and generally accepted position on the topic by the experts in the field. In
the motivating example, the hypothesis under investigation is that the propensity towards CE of small enterprises is less
than that of medium enterprises.

Hence, the paper provides various scientific contributions. First, it describes a valid methodological solution to a com-
plex testing problem by proposing a flexible and powerful nonparametric method and studying its main properties and
its performance. Second, it proposes a suitable approach to commodity risk management, based on carrying out sample
surveys and using suitable inferential statistical techniques for monitoring and assessments regarding CE feasibility. This
is crucial to support decision-making processes by managers and policymakers. Furthermore, it contributes to the debate
on the comparative assessment of the propensity to CE, as a possible solution to commodity supply disruptions, of small
and medium enterprises.

Section 2 focuses on the definition of the statistical problem. The description of the methodological proposal is pre-
sented in Section 3. Section 4 is dedicated to a simulation study. The results of the application of the proposed method to
case studies concerning Italian SMEs, are shown and discussed in Section 5 and the conclusions are reported in Section 6.

2 TESTING PROBLEM

The null hypothesis of the problem (i.e., the equality of the two vectors of population proportions) is usually referred to in
the literature as simultaneous marginal homogeneity.12 For the case of binary data with two-sided alternative hypotheses,
Chuang-Stein and Mohberg13 proposed a test based on a multivariate extension of the Wald type statistic. For the same
problem, Agresti and Klingenberg12 presented a solution based on the permutation approach. This nonparametric test is
proved to be powerful and flexible in general, but it is particularly useful in the presence of small n and large k, because in
these conditions a parametric approach becomes much less competitive if not impossible. To overcome the impossibility
of the chi-square test to take into account the possible ordinal nature of data, Agresti14 proposed a specific test for problems
with ordered categorical data. To test simultaneous marginal homogeneity versus stochastic ordering alternatives, various
solutions have been proposed.15-17 For clustered matched paired data, the method of Yan, Sun and Harging18 and that of
Deng and Carriere19 are available. A Bayesian nonparametric approach to model spatially distributed multivariate binary
data, in the presence of a particular correlation structure was proposed by Kang et al.20

Extending the interest to the general case of tests for stochastic order, some nonparametric solutions, distinct from
the methodology of combined permutation tests, have been proposed.11,21-23 Davidov21 deals with stochastic dominance
problems and presents a solution based on a family of linear rank tests, investigating the relationship between such a
solution and the methods based on the combination of p-values. Davidov and Peddada22 consider the two-sample linear
stochastic order for multivariate discrete or continuous variables and introduce a nonparametric inferential approach
that generalizes Roy’s largest root test. For testing multivariate stochastic ordering, a nonparametric solution is pro-
posed by Davidov and Peddada.23 To test a multivariate stochastic order in the presence of binary data, an inferential



4 BONNINI et al.

nonparametric approach based on the use of the estimators of the vector of marginal probabilities and of the
variance/covariance matrix, in the test statistic, is presented by Davidov and Peddada.11 Such a test statistic asymptot-
ically follows a chi-bar distribution but the weights of the combination depend on unknown parameters that must be
estimated. To overcome this problem, the authors propose to use bootstrap methods. This solution is proved to be very
powerful and preferable to some permutation tests. As said, we face the problem of simultaneous marginal homogene-
ity against one-tailed alternative hypotheses for multivariate binary variables, hence we are interested on such specific
testing problem. As far as we know, a deep and extended simulation study to assess the power performance of combined
permutation tests for such a problem is missing.

Let us assume that the value xij ∈ {0, 1} of the j-th variable (e.g., j-th CE activity) observed on the i-th statistical unit
(e.g., firm) is a realization of the random variable Xij with i = 1, … ,n and j = 1, … , k. Such a random variable follows
the Bernoulli distribution with parameter 𝜃sj, where s ∈ {1, 2} denotes the population to which the i-th unit belongs.
Formally, for every j:

Xij ∼

{
ℬℯ(𝜃1j) if i is in sample 1
ℬℯ(𝜃2j) if i is in sample 2.

Without loss of generality, let {1, 2, … ,n1} denote the units in sample 1 and {n1 + 1,n1 + 2, … ,n1 + n2 = n} denote the
units in sample 2. The probabilistic assumption mentioned above means that X1j, X2j, … , Xn1j are identically distributed
according to ℬℯ(𝜃1j) and Xn1+1,j, Xn1+2,j, … , Xnj are identically distributed according to ℬℯ(𝜃2j), with j = 1, 2, … , k.

Actually, 𝜃sj can be seen as the proportion of firms of the s-th population that undertakes the j-th CE activity. Let us
assume that Ysj denotes a Bernoulli random variable with parameter 𝜃sj, that is, Ysj ∼ℬℯ(𝜃sj). The parameter 𝜃sj can also
be defined as the probability of “success” of the Bernoulli random variable Ysj, that is, the probability that a firm randomly
selected from the s-th population undertakes the j-th CE activity. In other words, P(Xij = x) = P(Ysj = x) = 𝜃

x
sj(1 − 𝜃sj)1−x,

with x ∈ {1, 0} and s denoting the population (and the sample) of i.
As a consequence, the (row) vector of values (xi1, xi2, … , xik) observed on the i-th unit is realization of the multidi-

mensional random variable (Xi1,Xi2, … ,Xik) or, equivalently, of the random variable (Ys1,Ys2, … ,Ysk) which follows a
k-variate Bernoulli distribution with vector of success probabilities 𝜽s = (𝜃s1, 𝜃s2, … , 𝜃sk)T , with s = 1, 2 denoting the pop-
ulation of i. It is worth noting that the vector of parameters 𝜽s does not exhaustively characterize the distribution of the
multivariate variable (Ys1,Ys2, … ,Ysk). Each component 𝜃sj determines the central tendency and the variability of the
marginal distribution of the j-th component, given that E[Ysj] = 𝜃sj and Var[Ysj] = 𝜃sj(1 − 𝜃sj). However, there is no speci-
fication on the dependence between the k components of the multivariate response, and the vector of parameters 𝜽s is not
informative about this dependence. This point is very important, because an advantage of the proposed solution, which
is based on the nonparametric approach of the Combined Permutation Test (CPT), is the flexibility due to the fact that it
is not necessary to make assumptions on the dependence between components nor to estimate nuisance parameters that
represent such dependence. Unless the strong and implausible condition of independence between the k components is
assumed, the dependence must be taken into account. In the CPT family of tests, such dependence is implicitly consid-
ered, even if unknown and not explicitly defined, through the permutations of the rows of the dataset to determine the
null distribution of the test statistics.

The null hypothesis of the problem consists of the equality of the 𝜃 parameters of the two populations for each of the
k components. In the alternative hypothesis, for at least one component, the strict inequality holds (i.e., for one or more
CE activities, the proportion of firms that undertake such activities is lower in the first population). Hence, the system of
hypotheses of the problem is the following:

{
H0 ∶ 𝜽1 = 𝜽2

H1 ∶ 𝜽1 ≤ 𝜽2,

where the alternative hypothesis means that, for each component, either the equality or the strict inequality "<" holds,
and the strict inequality is satisfied at least for one component. Equivalently,

{
H0 ∶ 𝜃1j = 𝜃2j∀j ∈ {1, … , k}
H1 ∶ ∃j ∈ {1, … , k} s.t. 𝜃1j < 𝜃2j.
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It is worth noting that the null hypothesis is not equivalent to the equality in distribution of the two k-variate responses
Y1 = (Y11,Y12, … ,Y1k) and Y2 = (Y21,Y22, … ,Y2k) but only to the equality of the k marginal distributions. In other
words, given the joint probability mass function fs(y) = fs(y1, y2, … , yk) = P(Ys1 = y1,Ys2 = y2, … ,Ysk = yk)with s = 1, 2
and y ∈ {0, 1}k, the null hypothesis is not equivalent to f1(y) = f2(y). In fact, as said above, the hypothesis does not involve
the joint k-variate distribution of the multivariate response but only the marginal distributions of the k components.
This is the reason why such a null hypothesis is often indicated as simultaneous marginal homogeneity. Rather, given

that 𝜃1j < 𝜃2j ⇔ Y1j
d
< Y2j, the alternative hypothesis can be considered as a stochastic dominance for multivariate binary

variables.

3 PERMUTATION TEST

The solution proposed is based on the idea that the problem presented in the previous section may be considered a multiple
test. In fact, the general problem can be broken down into k different partial tests. As mentioned in Section 2, in the j-th
partial test, we are in presence of the following system of hypotheses, with j = 1, … , k:

{
H0,j ∶ 𝜃1j = 𝜃2j

H1,j ∶ 𝜃1j < 𝜃2j

and the general problem can be represented as

{
H0∶

⋂k
j=1H0,j

H1∶
⋃k

j=1H1,j,

where the symbols of intersection and union mean that “all” the partial hypotheses hold and “at least one” partial
hypothesis hold respectively.

The general theoretical framework of the CPT methodology was formalized by Pesarin in 200110 and then deepened
and developed in several works published in the last two decades. Among the most important monographs dedicated
to the topic, we mention the contributions of Pesarin and Salmaso in 201024 and Bonnini et al. in 2014.25 Such works
have contributed to popularizing the methodology, in terms of theory, applications and software. The empirical studies in
which the CPT methodology has been successfully applied are several and heterogeneous.26-29 The flexibility and robust-
ness of the approach contribute to make it suitable for big data,30 categorical data,17,31,32 regression analyses,33-35 ranking
problems,36 non monotonic alternatives37 and many other methodological frameworks.

A solution for the j-th partial problem, H0,j versus H1,j, is provided by the permutation test for the proportions of two
independent samples. A reasonable test statistic is

Tj = ̂
𝜃2j − ̂

𝜃1j =
n∑

i=n1+1

Xij

n2
−

n1∑
i=1

Xij

n1
.

We note that the test statistic is not standardized because we don’t need to assume an exact or approximate standard
normal distribution or other known probability law for the test statistic under H0. For each partial test, the null hypothesis
is rejected for large values of the test statistic. Therefore, the p-value of the j-th test is P(Tj ≥ tj,obs|H0), that is, the probability
that, when the null hypothesis is true, the test statistic takes values at least equal to the observed one. By definition,
the significance level function of the j-th partial test is Lj(t) = P(Tj ≥ t|H0,j), therefore the p-value can also be defined as
Lj(tj,obs).

Under the null hypothesis, the condition of exchangeability is satisfied because all the possible assignments of the n
observed data to the samples (i.e., all the possible data permutations) have the same probability of occurrence. Therefore,
the null permutation distribution of the test statistic can be obtained by considering all the possible dataset permutations
and, for each permuted dataset, the corresponding value of the test statistic. Actually, for computational reasons, instead
of considering the exact distribution based on all the possible permutations, a random generation of B permutations is
carried out, where B is not large (usually greater than or equal to 1000) with respect to the cardinality of the permutation
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space. This approach, called the Conditional Monte Carlo method, is very common in practice. It allows obtaining a null
distribution of the test statistic very similar to the exact permutation distribution with a high degree of approximation
according to the Glivenko-Cantelli theorem. The significance level function of the j-th partial permutation test can be
estimated as follows:

LP
j (t) =

∑B
b=1I(

−∞,tP
j,b

](t) + 0.5

B + 1
,

where tP
j,b is the value of Tj corresponding to the b-th dataset permutation and IA(t) is the indicator function of the set A.

The proposed solution for the general multivariate testing problem consists in the combination of the significance
level functions of the k partial tests. Without loss of generality, assume that the general null hypothesis is rejected for
large values of the combined test statistic. Let (t1, t2, … , tk) be a generic set of values taken by the k-variate random
variable (T1,T2, … ,Tk) and (l1, l2, … , lk) the corresponding values of the significance level functions, that is, lj = Lj(tj)
with j = 1, 2, … , k. The test statistic for the general testing problem is

T
𝜓
(t1, t2, … , tk) = 𝜓(l1, l2, … , lk),

where 𝜓 ∶ Rk → R is a function that satisfies some mild and simple conditions. The combining function must be
non-increasing in each argument, it tends to its supremum when one argument tends to zero and provides a critical value
for the combined test strictly less than the supremum. The class of combining functions that satisfy such conditions is very
wide and each combining function corresponds to a different combined test with specific properties and performance.

Let t
𝜓,obs denote the value of the combined test statistic corresponding to the observed non-permuted dataset and

LP
𝜓

(t) the CPT significance level function corresponding to the combination 𝜓 . The p-value of the general testing problem,
according to the permutation distribution, is LP

𝜓

(t
𝜓,obs). Within the wide family of combined permutation tests, we will

consider the following members:

1. CPT based on the Fisher combination TF = −
∑k

j=1 log(lj)
2. CPT based on the Tippett combination TT = max

j=1,… ,k
(1 − lj).

Even if the testing problem concerns the marginal distributions of the multivariate response, in order to have a reliable
and powerful solution, the dependence between the k components must be taken into account. In the reduction of the
dimensionality of the multivariate test statistic (from k to 1), through the application of the nonparametric combination,
the dependence between the partial tests is not ignored even if not explicitly modelled. Such important property is assured
by the use of a suitable combining function and by the dataset permutations. In fact, the data permutations of the different
columns are not independent because permutations concern the rows of the data matrix, that is, the individual response
profiles.

We would like to point out some differences between the proposed permutation test and the nonparametric test intro-
duced by Davidov and Peddada.11 First of all, the very interesting nonparametric competitor uses the bootstrap approach
to overcome the problem of the weights necessary to compute the test statistic, which depend on unknown variances
that must be estimated. Our proposal, based on the permutation approach, is clearly applicable under the condition of
exchangeability and, in many situations, as said, preferable to the parametric methods. Far from being the absolute best
solution, the illustrated permutation method is valid under certain conditions, in particular, as said, in the presence of
exchangeability of data under the null hypothesis. One peculiarity of our work is the extended simulation study in terms
of different sample sizes, in both balanced and unbalanced designs, also considering different imbalance levels. This
aspect is important also because the proposed permutation approach is powerful for large sample sizes (due to the con-
sistency of the test) but performant and applicable also for small sample sizes. Moreover, we will prove that the higher
the number of components, the greater the power of the test, regardless of the sample sizes. Hence, such a permutation
test is applicable also when the number of variables is larger than the sample sizes. Unlike the method of Davidov and
Peddada, the proposed permutation test doesn’t need the estimation of any nuisance parameter, in particular the scaled
variance of the estimator of the vector of marginal probabilities. Furthermore, it is performant and can be applied also
in situations of sparse data (with small probabilities of success) without the need of a ridge regression (by adding an
arbitrary constant) to guarantee the invertibility of the estimated matrix. In the absence of exchangeability, the method
is not applicable, unlike other solutions not based on the permutation approach such as that of Davidov and Peddada.
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4 MONTE CARLO SIMULATION STUDY

A Monte Carlo simulation study was carried out in order to investigate the power behavior of the proposed permutation
test. The application of the test, the data random generations and the comparative performance assessments were carried
out through new R scripts created by the authors. For the computation of p-values, according to the null permutation
distribution of the test statistics, 1000 random permutations were carried out. For each setting, 1000 datasets (replicates)
were randomly generated and the power was estimated as a proportion of replicates in which the null hypothesis is
rejected (rejection rate). Sample data were randomly generated from normal k-variate distributions and then transformed
into binary values according to the probabilities of success of the two populations. The number of components of the
multivariate response considered in the simulation settings are k = 5 and k = 10.

Let 0k denote the vector of k elements equal to zero, 1k×k be the square matrix of order k of which all elements are
equal to one and Ik the identity matrix of order k, that is,

0k =

⎛⎜⎜⎜⎜⎜⎝

0
0
⋮

0

⎞⎟⎟⎟⎟⎟⎠
, 1k×k =

⎛⎜⎜⎜⎜⎜⎝

1 1 … 1
1 1 … 1
⋮ ⋮ ⋱ ⋮

1 1 … 1

⎞⎟⎟⎟⎟⎟⎠
and Ik =

⎛⎜⎜⎜⎜⎜⎝

1 0 … 0
0 1 … 0
⋮ ⋮ ⋱ ⋮

0 0 … 1

⎞⎟⎟⎟⎟⎟⎠
.

Formally, the simulated data for each unit, that is, for each individual response profile, were obtained by randomly gen-
erating a vector of k values from Z ∼𝒩k(0k,𝚺), a normal k-variate random variable whose marginal components are
standard normal, with 𝚺 = 𝜌1k×k + (1 − 𝜌)Ik, that is,

𝚺 =

⎛⎜⎜⎜⎜⎜⎝

1 𝜌 … 𝜌

𝜌 1 … 𝜌

⋮ ⋮ ⋱ ⋮

𝜌 𝜌 … 1

⎞⎟⎟⎟⎟⎟⎠
.

The binary values for both the samples were obtained by transforming the normal ones. For the first population we have
E[Y1] = 𝜽1 = 𝜃11k, where 1k = (1, 1, … , 1)T is the vector of k ones. For the second population, by assuming that under
H1 a proportion p of the k partial null hypotheses is false and a proportion 1 − p of the k partial null hypotheses is true, we
set E[Y2] = 𝜽2 = 𝜽1 + 𝛿

(
1T

pk, 0
T
(1−p)k

)T . Hence, for all the n units, a k-dimensional vector of normal values was generated
by the same identical random variable Z but the n1 vectors of normal values of sample 1 were transformed according to
𝜽1 and the n2 vectors of normal values of sample 2 were transformed according to 𝜽2. Each component of Ys, with s = 1, 2,
was generated ns times as a function of the corresponding component of Z, according to the following rule:

Ysj =

{
1 if Zj ≤ z1−𝜃sj

0 otherwise,

with s = 1, 2 and j = 1, … , k, where z1−𝜃sj is the quantile of the standard normal cumulative distribution function that
leaves a probability of 1 − 𝜃sj on the right, that is, z1−𝜃sj = Φ

−1(𝜃sj). The n k-dimensional realizations were generated inde-
pendently of each other. Both balanced and unbalanced sample cases were simulated. Therefore, the setting parameters
varied in the simulations are the following scalars:

1. n1 and n2: sample sizes,
2. u = n2

n1
: imbalance ratio,

3. 𝜌: Pearson correlation parameter that represents the dependence between the k components of the multivariate
response,

4. 𝜃1: probability of success for each component in population 1,
5. 𝛿: positive “shift” parameter for the probability of success that represents the “distance” between the two populations

for the components (partial tests) under H1,
6. k: number of components of the multivariate response,
7. p: proportion of the k components (partial tests) for which the alternative hypothesis is true, that is, proportion of true

partial alternative hypotheses (among the k of the multiple test).
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The nominal significance level chosen for the simulations, under all the settings considered in the study, is 𝛼 = 0.05.
In this section we report the output of the simulations for some settings of the considered parameters. The results corre-
sponding to other settings, are provided in the Appendix. Hence, since the probability of rejection of the null hypothesis
when it is true should not exceed 𝛼, the rejection rates of the proposed permutation test should be not greater than 0.05
when data are simulated under the null hypothesis. The results of the simulation study under H0, when the number of
components of the multivariate Bernoulli distribution is k = 5 and k = 10, are reported in Figure 1. In particular, in these
simulations, data were generated by assuming a correlation level 𝜌 = 0.3, moderate but quite realistic and common in
real applications. The probability of success is set at 𝜃1 = 0.3. Such a value corresponds to a situation of sparse data or
quite rare events, that is we expect to observe mostly zeros and rarely ones. These are usually unfavorable conditions
for the performance of the testing problems on proportions like the one under study. The rejection rates represented in
the graphs of Figure 1, are plotted as a function of the total sample size n = n1 + n2, in the balanced problem, that is,
when u = 1 and consequently n2 = u ⋅ n1 = n1. The size of each sample varies from a minimum of 20 to a maximum
of 100. Obviously, the proportion p of the k components (partial tests) for which the alternative hypothesis is true is
0 because data are simulated under the null hypothesis. For both the CPTs defined above, that is, those based on the
Fisher and on the Tippett combination, the rejection rates are very close to 0.05 and usually less than 0.05. Therefore
the tests are well approximated and, under the null hypothesis, they respect the nominal 𝛼 level. In Table A1 of the
Appendix, the detailed rejection rates plotted in Figure 1 are reported and the additional case of n = 1000 is included,
in order to take into consideration the case of very big sample sizes. Also in this specific situation, the power of the two
tests, in both cases k = 5 and k = 10, is very close to the nominal 𝛼 level. Hence, it is confirmed that the tests are well
approximated.

Figures 2,3,4,5,6,7, and 8 show the power behavior under the alternative hypothesis in different settings. From
Figures 2 to 7 the balanced design (u = 1) is considered. In particular, in Figure 2, the rejection rates of the tests based on
the Fisher and on the Tippett combination can be compared.

In these settings, the values of 𝜌 and 𝜃1 are the same of the simulations under H0 considered above. The number
of components is k = 10% and 20% of them (i.e., two of them because p = 0.2) are under H1. For these two variables,
the probability of success is 0.35, hence slightly greater than 𝜃1 because 𝛿 = 0.05. From Figure 2, it is evident that the
rejection rates are increasing function of the sample size and the tests are consistent. Even if we are very close to the
null hypothesis (low values of p and 𝛿), the power of the tests are always greater than 𝛼, therefore the tests are unbiased.
Moreover, the CPT based on the Fisher combination is more powerful than the CPT based on the Tippett combination,
uniformly with respect to the sample size. In Table A2 of the Appendix, the results for very large sample sizes (n ≥ 1000)

F I G U R E 1 Rejection rates of CPTs (combination of Fisher and Tippett) versus sample size under the null hypothesis, with 𝜌 = 0.3,
𝜃1 = 0.3, u = 1, k = 5 and 10.
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F I G U R E 2 Rejection rates of CPTs (combination of Fisher and Tippett) versus sample size under the alternative hypothesis, with
𝜌 = 0.3, 𝜃1 = 0.3, 𝛿 = 0.05, k = 10, p = 0.2, and u = 1.

F I G U R E 3 Rejection rates of CPT with combination of Fisher versus sample size under the alternative hypothesis, with 𝜌 = 0.3,
𝜃1 = 0.3, 𝛿 = 0.05, p = 0.2, u = 1, k = 5 and 10.

are added in order to assess the convergence rate to 1 of the power. We found that the power of the CPT based on the Fisher
combination tends to 1 when n ≥ 2400, whilst the power of the CPT based on the Tippett combination reach the value 1
when n = 4000 (lower convergence rate). Given that the Fisher combination seems to be preferable, the performance of
the corresponding combined test was deepened by analyzing the power as a function of various setting parameters.

In Figure 3, the rejection rates of the test based on the Fisher combination under the setting of Figure 2 are compared
with those of the same setting in which k = 5 instead of k = 10. The compared plots prove that the higher the number of
variables k, ceteris paribus, the greater the power. This conclusion is confirmed in Table A3 of the Appendix, where the
simulations were extended to the cases k = 15, k = 20 and k = 25. An important finding concerns the increasing of the
convergence rate with the increase of k. In fact, when k = 5, the rejection rate of the test tends to 1 when n = 3400; when
k = 25, the power reaches the maximum when n = 2000, much lower value.
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F I G U R E 4 Rejection rates of CPT with combination of Fisher versus sample size under the alternative hypothesis, with 𝜌 = 0.3,
𝜃1 = 0.3, 𝛿 = 0.05, k = 10, u = 1, p = 0.2 and 0.1.

F I G U R E 5 Rejection rates of CPT with combination of Fisher versus sample size under the alternative hypothesis, with 𝜌 = 0.3,
𝜃1 = 0.3, k = 10, u = 1, p = 0.2, 𝛿 = 0.05 and 0.15.

In order to assess the effect of the proportion p of true partial alternative hypotheses, the rejection rates of the CPT
based on the Fisher combination were evaluated under the setting of Figure 2, varying p from 0.2 to 0.1 (2 out of 10 and
1 out of 10 true partial alternative hypotheses respectively). In Figure 4 the power functions are compared. Unlike what
happens for the number of variables k (for the same p), the proportion p of variables under the alternative hypothesis (for
the same total number of variables k) does not seem to affect the power of the test.

Similarly to what done with k and p, a comparative evaluation was carried out to assess the possible effect of the shift
parameter 𝛿 on the power behavior of the CPT with Fisher combination. The power related to the setting considered
in Figure 2 was compared with the power regarding the setting obtained from the former by changing 𝛿 from 0.05 to
0.15. When 𝛿 = 0.15, the power is much greater than when 𝛿 = 0.05 (see Figure 5). The simulations were extended to the
cases 𝛿 = 0.25, 𝛿 = 0.35 and 𝛿 = 0.45 (see Table A4 in the Appendix). As expected, the power increases with 𝛿. In fact,
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F I G U R E 6 Rejection rates of CPT with combination of Fisher versus sample size under the alternative hypothesis, with 𝜌 = 0.3,
k = 10, u = 1, p = 0.2, 𝛿 = 0.05, 𝜃1 = 0.3 and 0.8.

F I G U R E 7 Rejection rates of CPT with combination of Fisher versus sample size under the alternative hypothesis, with k = 10, u = 1,
p = 0.2, 𝛿 = 0.05, 𝜃1 = 0.3, 𝜌 = 0.3 and 0.9.

when 𝛿 = 0.45, the power is uniformly equal to 1 with respect to the sample size, within the considered range of values
for n (40–1000).

The case of sparse data, 𝜃1 = 0.3, was also compared to the case of non-sparse data 𝜃1 = 0.8, all the other parameters
remaining unchanged with respect to the setting of Figure 2. As reported in Figure 6, the rejection rates when 𝜃1 = 0.8
are uniformly greater. Therefore, even if the test performance is good in both cases, we can confirm that the situation
of sparse data is more difficult to deal with because the probability that the test will make the correct decision by reject-
ing the null hypothesis when it is false is lower. Indeed, the power is non monotonic function of 𝜃1. Specifically, it is a
convex function of 𝜃1 and it reaches the minimum when 𝜃1 is approximately 0.5. In fact, the variance of the underlying
Bernoulli distribution, for population 1 and population 2, is equal to 𝜃1(1 − 𝜃1) and (𝜃1 + 𝛿)(1 − 𝜃1 − 𝛿) respectively. Those
correspond to the parabolic functions with maximum at 𝜃1 = 0.5 and 𝜃1 = 0.5 − 𝛿 = 0.45 respectively. Hence, since the
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F I G U R E 8 Rejection rates of CPT with combination of Fisher versus sample size under the alternative hypothesis, with k = 10,
p = 0.2, 𝛿 = 0.05, 𝜃1 = 0.3, 𝜌 = 0.3 and various values of u.

maximum of the variance corresponds to the minimum of the power, the thesis follows. The simulations, extended to the
cases 𝜃1 = 0.1, 𝜃1 = 0.5, 𝜃1 = 0.7, and 𝜃1 = 0.9, prove such property (see Table A5 in the Appendix).

In the plots of Figure 7 it is instead possible to evaluate how the correlation 𝜌, and therefore the level of dependence
between the variables, can affect the capacity of the test to recognize the true hypothesis when such hypothesis is the
alternative one. When the correlation between the gaussian variables used to randomly generate the simulated data is
strong (𝜌 = 0.9), the rejection rates are lower for every sample size. The stronger the correlation between variables, the
lower the marginal informative contribution of each variable (i.e., of each partial test) to the general testing problem.
Moreover, it seems that also the slope of the power function is affected by 𝜌. In fact, when 𝜌 is high, the slope is low, hence
the increase rate of the power with respect to the sample size is less than when 𝜌 takes small values. In other words, a
strong correlation implies that the convergence of the power to one when n diverges, due to the consistency of the test,
is slower. This is confirmed by Table A6 in the Appendix, where we added 𝜌 = 0.1, 𝜌 = 0.5, and 𝜌 = 0.7 to the considered
settings.

Finally, Figure 8 shows the relationship between the power of the test and the imbalance ratio u. The power is maxi-
mum in the balanced design (u = 1). As the imbalance becomes more pronounced, that is, the ratio moves away from 1
with the same total sample size n, the power decreases, even if when the imbalance is very accentuated, the test keeps a
good power. In general, the effect of u is symmetric with respect to the balanced case that is, the power behavior, when
the ratio is u and when the ratio is 1∕u with the same n, tends to be equivalent. In other words, if the imbalance is in favor
of n1 or n2 it doesn’t matter. For example, the rejection rates when u = 2 are lower than those of the balanced case and
they are greater than when u = 10. However, the rejection rates when u = 2 and when u = 0.5 are very similar. The same
conclusion holds when u = 10 and when u = 0.1.

5 APPLICATIONS

This section deals with case studies concerning the Circular Economy. The data refer to Italian SMEs (Small and Medium
Enterprises) operating in different sectors. We focused our attention on old firms, that is, firms with more than six years
of activity, because more involved and well disposed towards CE activities than young firms,38 and because they are
much more numerous and characterizing the reference population of Italian SMEs. The dataset is original and related
to a sample survey carried out in January 2020, by interviewing a random sample of Italian SMEs on the topic of CE. In
particular, we want to contribute to the empirical literature about the effect of company’s size on the propensity towards
CE both in application and methodological terms.

The goal is to compare small and medium enterprises to test whether the propensity to undertake CE activities of
the former is less than that of the latter. The propensity towards CE, related to a specific CE practice, of one population
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of enterprises can be defined as the proportion of companies of the population adopting that specific practice. The null
hypothesis consists of the equality of the two proportions of CE enterprises (in the populations of small and medium
enterprises) for all the six considered activities. The alternative hypothesis is that, for at least one activity, the proportion
of CE companies in the population of small enterprises is less than the proportion of CE companies in the population of
medium enterprises. The practices investigated in this study are the following:

1. reduction of the use of raw materials,
2. reduction of emitted waste (per unit of produced output),
3. reduction of waste in the production cycle,
4. conferral of waste to other companies to be used in the production cycle,
5. change in the design of products to maximize their recyclability,
6. investments in R&D aimed at reducing the environmental impact of production.

Each CE activity in the list corresponds to a dichotomous variable that takes one when a firm adopts such a practice
and zero otherwise. Hence, we are in the presence of a multivariate binary response variable with six components and a
two-sample multivariate testing problem on proportions with directional alternative hypothesis. The factor, or symbolic
"treatment", of the problem consists in firms’ size measured in terms of number of employees. The two levels of the factor
are:

1. small-enterprise (to be distinguished from the micro-enterprise): a SME with more than nine but less than or equal to
49 employees,

2. medium enterprise: a SME with more than 49 employees.

Specifically, we focused on the following three different economic sectors: (1) textile industries and manufacture of
clothing items (leather and fur), (2) manufacture of leather and similar items, (3) manufacture of rubber and plastic mate-
rials. Each sector corresponds to a different case study. The reasons to carry out three within-sector studies are mainly
two. First of all, the need to compare similar companies, except for the size, given that the sector of economic activity
in which the firm operates is an obvious confounding factor. The second reason lies in the need to make sector-specific
assessments, considering each of these three strategic sectors for the Italian economic system separately, also in the per-
spective of possible policy implications. The significance level of the test is 𝛼 = 0.10. In case of significance of the general
test, in order to attribute such significance to some specific variables, the p-values of the partial tests were adjusted with
the MinP method24 to control the family wise error rate and prevent the type I error rate from exceeding 𝛼.

5.1 First case study

In the first case study, we took into account the sector textile industries and manufacture of clothing items (leather and fur),
according to the ATECO 2007 classification of economic activities. In 2019, the European Commission has identified the
textile, clothing and fabrics sector as a priority product category within CE. A more circular textile system could contribute
to the achievement of both EU and global sustainability objectives and consequently contribute to the attainment of a
number of climate, environment and waste goals.39

The samples consisted in 259 small and 24 medium enterprises. In Table 1 the sample proportions of "circular" compa-
nies for each group of enterprises and each CE practice are reported. The proportions range from 0.069 (small enterprises
that reduce waste in the production cycle) to 0.333 (medium enterprises that reduce the use of raw materials and the
emitted waste). For all six activities, the proportion of CE firms among small enterprises is less than the proportion of CE
firms among medium enterprises. The p-value of the CPT with Fisher combination is equal to 0.060, which is less than 𝛼

and provides empirical evidence in favor of the hypothesis that the propensity to CE of small enterprises is less than that
of medium enterprises. According to the adjusted p-values, the significance of the global test should be attributed to the
difference of the proportions of companies that reduce the use of raw materials. For all the other variables, the differences
in the proportions are not significant.

5.2 Second case study

In the second case study, we examined the sector manufacture of leather and similar items, according to the ATECO 2007
classification of economic activities. In the literature, studies exploring CE practices in such a sector are scarce. One
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T A B L E 1 Sample proportions of CE companies in the groups of small and medium enterprises and p-values of the partial one-sided
two-sample test for proportion comparison.

Practice
Proportion
Small ent.

Proportion
Medium ent.

Prop. diff.
Small-medium p-value Adj. p-value

Reduction use of raw materials 0.143 0.333 −0.190 0.013 0.066

Reduction of emitted waste 0.158 0.333 −0.175 0.024 0.107

Reduction of waste in prod. cycle 0.069 0.167 −0.098 0.065 0.199

Waste to other companies 0.104 0.208 −0.104 0.078 0.234

Change design to max recyclab. 0.104 0.167 −0.063 0.178 0.245

R&D reducing envir. impact 0.089 0.167 −0.078 0.120 0.245

Note: Sector: textile industries and manufacture of clothing items (leather and fur).

T A B L E 2 Sample proportions of CE companies in the groups of small and medium enterprises and p-values of the partial one-sided
two-sample test for proportion comparison.

Practice
Proportion
Small ent.

Proportion
Medium ent.

Prop. diff.
Small-medium p-value Adj. p-value

Reduction use of raw materials 0.059 0.333 −0.274 0.002 0.010

Reduction of emitted waste 0.127 0.467 −0.340 0.002 0.009

Reduction of waste in prod. cycle 0.051 0.200 −0.149 0.038 0.092

Waste to other companies 0.076 0.133 −0.057 0.231 0.328

Change design to max recyclab. 0.059 0.133 −0.074 0.170 0.328

R&D reducing envir. impact 0.051 0.200 −0.149 0.038 0.092

Note: Sector: manufacture of leather and similar items.

of the main reasons is that the lack of financial support does not help the successful implementation of CE activities.
In general, big enterprises have the best financial basis to implement the reforms necessary to achieve the objectives
of CE.40

The samples consisted in 118 small and 15 medium enterprises. In Table 2, sample proportions of firms that under-
take the specific listed CE activities within the groups of small and medium enterprises are shown. The proportions
range from 0.051 (small enterprises that reduce waste in the production cycle and invest in R&D with the aim of
reducing the environmental impact of production) to 0.467 (medium enterprises that reduce the emitted waste). For
every activity, the proportion of small enterprises is smaller than the proportion of medium enterprises. The combined
p-value of the test is equal to 0.008, therefore again the general null hypothesis is rejected in favor of the alternative
hypothesis that the propensity to CE of small enterprises is less than that of medium enterprises. According to the
adjusted p-values, the significance of the global test must be attributed to the difference of proportions of companies
that reduce the use of raw materials, reduce the emitted waste, reduce waste in the production cycle and invest in R&D
for reducing the environmental impact of production. For the other variables, the differences in the proportions are
not significant.

5.3 Third case study

The third case study is dedicated to the sector manufacture of rubber and plastic materials, according to the ATECO
2007 classification of economic activities. This sample consisted in 166 small and 22 medium enterprises. The sample
proportions of CE small enterprises and CE medium enterprises are included in Table 3. The proportions range from
0.090 (small enterprises that reduce waste in the production cycle and invest in R&D with the aim of reduce the envi-
ronmental impact of production) to 0.364 (medium enterprises that reduce the use of raw materials). The differences
between the sample proportions of CE small and medium enterprises are not negative for all the sectors. The combined
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T A B L E 3 Sample proportions of CE companies in the groups of small and medium enterprises and p-values of the partial one-sided
two-sample test for proportion comparison.

Practice
Proportion
Small ent.

Proportion
Medium ent.

Prop. diff.
Small-medium p-value Adj. p-value

Reduction use of raw materials 0.223 0.364 −0.141 0.085 0.315

Reduction of emitted waste 0.247 0.227 0.020 0.565 0.816

Reduction of waste in prod. cycle 0.235 0.318 −0.083 0.198 0.572

Waste to other companies 0.211 0.227 −0.016 0.415 0.816

Change design to max recyclab. 0.127 0.045 0.082 0.851 0.862

R&D reducing envir. impact 0.090 0.182 −0.092 0.115 0.385

Note: Sector: manufacture of rubber and plastic materials.

p-value of the general test is equal to 0.293, which is greater than 𝛼 and indicates no significance. Given that there is not
empirical evidence in favor of the alternative hypothesis, there is no need to assess the significance of partial tests.

6 CONCLUSIONS

The proposed nonparametric test based on the CPT methodology is a valid solution for the multivariate extension of the
two-sample test on proportions or, equivalently, two-sample test for multivariate Bernoulli distributions. In particular,
we developed a solution for the challenging test on simultaneous marginal homogeneity versus one-sided alternative
hypotheses. The Monte Carlo simulation study proved the good performance of the test in terms of power. In particular,
the test was proved to be well approximated, unbiased, consistent and powerful. An important finding concerns the
validity for small samples. Such a solution is based on the permutation approach, hence it is distribution free and doesn’t
assume a specific asymptotic null distribution of the test statistic, thus it is applicable (and powerful) also for small sample
sizes. Another important advantage of such a method is that it is applicable to any sample size regardless of the number
of variables. Moreover, the greater the number of variables (with the same proportion of variables under the alternative
hypothesis and with the same sample sizes), the higher the power of the test. Nevertheless, the proportion of variables
under H1, regardless of the number of variables, does not affect the power of the test. Finally, the proposed permutation
test is applicable and performant also in the presence of sparse data, even if in such a situation we observed a slight loss of
power. The illustrated method is valid when exchangeability of data under the null hypothesis is satisfied. In the absence
of exchangeability, the method is not applicable unlike other solutions not based on the permutation approach.

The application of the method to the case studies related to the recent survey on CE and SMEs carried out in Italy,
showed its utility in testing the effect of firm’s size on the propensity towards CE in a multivariate framework for specific
strategic economic sectors. The lower "circularity" of small enterprises with respect to medium enterprises was found
in two of these sectors (textile industries and manufacture of leather). Such evidence was not confirmed in the sector
regarding manufacture of rubber and plastic materials.

Definitely, the proposed permutation test represents a powerful and robust methodological solution for the
two-sample test for multivariate binary data with one-tailed alternative hypotheses. Such kind of data are very common
when dealing with empirical studies connected to sample surveys with a questionnaire that includes a list of questions
with only two possible answer alternatives (two-choice questions). For instance, this is typical of questionnaires aimed at
defining the circularity of companies based on the implementation of one or more specific business practices. As far as we
know, at the moment there are no competitors among both parametric and nonparametric tests. Furthermore, we propose
tools and good practices, for managers and policymakers, for commodity risk management, that consists in a multivari-
ate statistical approach based on a suitable questionnaire and an appropriate inferential method, for assessments about
CE feasibility. Finally, we provide a scientific contribution on the empirical literature about CE, in particular about the
effect of firm size on the tendency of enterprises to be circular. Such comparative assessments are important to foster the
creation of a circular economy that allows for successfully dealing with commodity supply disruptions, in particular for
small and medium enterprises.
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APPENDIX

This section includes the results of the extended simulation study in tabular form.

T A B L E A1 Rejection rates of CPTs versus sample size under the null hypothesis, with 𝜌 = 0.3, 𝜃1 = 0.3, u = 1, k = 5 and 10.

n k Fisher Tippett n k Fisher Tippett

40 5 0.043 0.050 40 10 0.048 0.060

80 0.047 0.046 80 0.049 0.051

120 0.057 0.048 120 0.046 0.043

160 0.046 0.052 160 0.044 0.042

200 0.047 0.044 200 0.048 0.029

1000 0.053 0.048 1000 0.050 0.052

http://info:doi/10.1016/j.jclepro.2019.119737
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T A B L E A2 Rejection rates of CPTs versus sample size under the alternative hypothesis, with 𝜌 = 0.3, 𝜃1 = 0.3, 𝛿 = 0.05, k = 10, p = 0.2
and u = 1.

n Fisher Tippett n Fisher Tippett

40 0.148 0.100 1000 0.934 0.760

80 0.235 0.129 2000 0.998 0.960

120 0.278 0.154 2200 0.998 0.975

160 0.331 0.207 2400 1.000 0.989

200 0.432 0.269 4000 1.000 1.000

T A B L E A3 Rejection rates of CPT based on Fisher’s combination versus sample size under the alternative hypothesis, with 𝜌 = 0.3,
𝜃1 = 0.3, 𝛿 = 0.05, p = 0.2, u = 1, k = 5, 10, 15, 20, 25.

n k Power k Power k Power k Power k Power

40 5 0.122 10 0.148 15 0.167 20 0.156 25 0.161

80 0.209 0.235 0.279 0.260 0.243

120 0.249 0.278 0.305 0.337 0.345

160 0.288 0.331 0.343 0.371 0.400

200 0.350 0.432 0.443 0.490 0.464

1000 0.880 0.934 0.954 0.961 0.966

2000 0.988 0.998 0.999 1.000 1.000

2200 0.994 0.998 0.999 1.000 1.000

2400 0.995 1.000 1.000 1.000 1.000

3200 0.998 1.000 1.000 1.000 1.000

3400 1.000 1.000 1.000 1.000 1.000

T A B L E A4 Rejection rates of CPT based on Fisher’s combination versus sample size under the alternative hypothesis, with 𝜌 = 0.3,
𝜃1 = 0.3, k = 10, u = 1, p = 0.2, 𝛿 = 0.05, 0.15, 0.25, 0.35, 0.45.

n 𝜹 Power 𝜹 Power 𝜹 Power 𝜹 Power 𝜹 Power

40 0.05 0.148 0.15 0.578 0.25 0.898 0.35 0.995 0.45 0.999

80 0.235 0.838 0.997 1.000 1.000

120 0.278 0.939 1.000 1.000 1.000

160 0.331 0.977 1.000 1.000 1.000

200 0.432 0.992 1.000 1.000 1.000

1000 0.934 1.000 1.000 1.000 1.000

T A B L E A5 Rejection rates of CPT based on Fisher’s combination versus sample size under the alternative hypothesis, with 𝜌 = 0.3,
k = 10, u = 1, p = 0.2, 𝛿 = 0.05, 𝜃1 = 0.1, 0.3, 0.5, 0.7, 0.9.

n 𝜽1 Power 𝜽1 Power 𝜽1 Power 𝜽1 Power 𝜽1 Power

40 0.1 0.253 0.3 0.148 0.5 0.134 0.7 0.156 0.9 0.371

80 0.379 0.235 0.218 0.233 0.599

120 0.509 0.278 0.287 0.291 0.725

160 0.602 0.331 0.335 0.383 0.848

200 0.716 0.432 0.365 0.453 0.895

1000 0.998 0.934 0.916 0.951 1.000

2000 1.000 0.998 0.995 0.999 1.000

2200 1.000 0.998 0.998 0.999 1.000

2400 1.000 1.000 0.997 1.000 1.000
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T A B L E A6 Rejection rates of CPT based on Fisher’s combination versus sample size under the alternative hypothesis, with k = 10,
u = 1, p = 0.2, 𝛿 = 0.05, 𝜃1 = 0.3, 𝜌 = 0.1, 0.3, 0.5, 0.7, 0.9.

n 𝝆 Power 𝝆 Power 𝝆 Power 𝝆 Power 𝝆 Power

40 0.1 0.191 0.3 0.148 0.5 0.140 0.7 0.112 0.9 0.111

80 0.310 0.235 0.174 0.161 0.129

120 0.394 0.278 0.235 0.222 0.165

160 0.500 0.331 0.297 0.241 0.186

200 0.590 0.432 0.313 0.258 0.211

1000 0.992 0.934 0.847 0.697 0.626

2000 1.000 0.998 0.984 0.945 0.878

2200 1.000 0.998 0.987 0.965 0.884

2400 1.000 1.000 0.997 0.975 0.917
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