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A B S T R A C T

The main objective of the present research activity is the study of geared transmission
system dynamics, which is basically represented by a system of nonlinear differential
equations. First of all, the different approaches to study the nonlinear dynamics of gears
are qualitatively presented. Afterwards, the realization of a lumped parameter model
is discussed by analyzing two different modeling strategies linked to two different
numerical resolution techniques.

The first modeling strategy is based on time integration techniques and enhances
the employment of a commercial software to speed-up the modeling set-up phase. The
proposed method rely on a block diagram technique and it is developed in Simcenter
AMESim, a commercial software widely used in industries. By starting from the
single gear pair model, detailed guidelines are given to construct any type of ordinary
transmission layout by connecting some pre-programmed devices between them. In
order to demonstrate the reliability of the approach, an experimental validation on
industrial use case is proposed with excellent outcomes.

The second modeling strategy rely on a frequency domain solution technique able
to capture unstable solution branches in multi-valued frequency response regions. In
particular, it proposes the Asymptotic Numerical Method combined to the Harmonic
Balance Method as a valuable approach to solve the nonlinear dynamics of gear pairs.
Thanks to a quadratic recast of the equation of motion, the Taylor and Fourier series can
be computed in a very efficient way and each step produces a continuous representation
of the solution branch making the continuation very robust. Effectiveness and reliability
of the method are proved by comparing the numerical outcomes with that obtained
from the Runge-Kutta time integration scheme. As a result, this technique provides for
excellent computational performance despite additional time is needed for the quadratic
recast of the equations system.

Once a detailed analysis on the modeling strategy has been conducted, rattle noise
and whine noise occurrence are investigated.

Regarding the rattle noise, the research activity has conducted to the introduction of
a new analytical parameter as a novelty to the current state of the art. A rattle index
formulation is retrieved by starting from the classical 6-DOFs equation system defining
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the nonlinear dynamics of a gear pair. The proposed formulation may be applied to
single or multiple branch geartrain, both in idle or loaded condions. The reliability of
the analytical formulation is proved by numerical experiments which demonstrate the
capability of the proposed index to instantaneously describe the vibro-impacts events
related to any gear pair of the driveline. In addition its magnitude may be a measure
of the tooth impact severity and it is shown to be a proper indicator of the potential
presence of mutual interactions between different gear pairs pertaining to the same
driveline.

Finally, the investigation of whine noise occurrence addresses to an analytical
formulation able to forecast the main overall direction and magnitude of bearing
reaction forces on idler gear. By starting from the definition of meshing forces by
means of Fourier series development, idler gear bearing forces are obtained under the
hypothesis of quasi-static motion. This procedure demonstrates that the alternating
component of bearing forces on idler gear describes an elliptical trajectory as the prime
mover rotates over a pitch angle. The formulation directly links the bearing forces
elliptical trajectory with the gear spatial position, the meshing phase and the amplitude
of meshing forces. By properly setting the over-mentioned parameters one may be
able to control the magnitude and direction of the overall idler bearing reaction forces.
Numerical experiments were performed and the obtained results confirm the author
intuition.
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P R E FA C E

I graduated in Mechanical Engineering at the University of Ferrara in February
2019. During the last year of my Master’s degree, I took part to the Double
Degree exchange program with the Aix-Marseille Université where I received
an additional Master in Mechanical Physical Engineering. After graduation, I
worked as a research fellow at the University of Ferrara, Engineering Depart-
ment with the Mechanics and Vibration Research Group. During this period,
I worked on geartrain modeling based on a lumped parameter approach. In
November 2019 I started my PhD program with the same research group.

My research activity deals with tools development for dynamic analysis of
complex mechanical systems with a particular emphasis on power transmission.
During the first year of my PhD program, I developed an effective tool to
realize a nonlinear lumped parameter model of any ordinary transmission
layout. The project was conducted in Simcenter AMESim environment. The
tool has been used to study various driveline phenomena on real test case
proposed by different companies. In this regard, a numerical vibro-acoustic
methodology for the estimation of the overall vibratory and acoustic level
of a gearbox employed on agricultural equipment has been presented to an
international conference [1]:

[1] A. Gabrielli, F. Pizzolante, E. Soave, M. Battarra, C. Mazzeo, M. Tarabra, E. Fava, and E.
Mucchi. “A numerical model for NVH analysis of gearboxes employed on agricultural
equipment.” In: Proceedings of ISMA 2020 - International Conference on Noise and Vibration
Engineering. 2020.

During my second doctoral year, I kept working on geartrain dynamics by
focusing the attention on gear rattle noise. The research activity has led to the
introduction of a new parameter as a novelty to the current state of the art.
The results were published on a relevant journal paper [2]:

[2] Francesco Pizzolante, Mattia Battarra, Gianluca D’Elia, and Emiliano Mucchi. “A
rattle index formulation for single and multiple branch geartrains.” In: Mechanism and
Machine Theory 158 (2021).
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Beside the gear dynamics I have worked on a lumped parameter model to
describe the pressure dynamics of an axial piston pump. The numerical results
were correlated with the experimental outcomes obtaining an high quality tool
to forecast pressure ripple dynamics.

In addition, I focused on the study of friction condition in packaging indus-
trial machinery. Within the framework of BI-REX project, I worked with the
AETNA group in order to implement an algorithm able to analyze the wear
condition of an industrial shrinkwrapper machine with a view to predictive
maintenance.

In the first half of my third year, the main research activity has focused
on gear whine noise control. This study have conducted to an analytical
formulation able to forecast the main overall direction and magnitude of
bearing reaction forces on idler gear when the geartrain works under quasi-
static condition. The work has been published on a relevant journal [3] :

[3] Francesco Pizzolante, Mattia Battarra, and Emiliano Mucchi. “The role of gear layout
and meshing phase for whine noise reduction in ordinary geartrains.” In: Mechanism
and Machine Theory (2022).

During the last part of my PhD, I spent six months at the Laboratory of
Mechanics and Acoustic (LMA), a research unit of CNRS (Centre National de
Recherche Scientifique) based in Marseille (France), where the development
of new mathematical methods for engineering are coming to the fore. Under
the supervision of Professor Bruno Cochelin, I applied a frequency domain
numerical method for the resolution of nonlinear differential equations to the
complex problem of geared system dynamics. This abroad experience, gave
me the opportunity to deepen my knowledge on the resolution methods for
nonlinear dynamic systems. In fact, bifurcations and unstable regions are not
captured from resolution methods based on time integration scheme. The
outcomes of this activity have been detailed in a scientific paper which is
submitted for publication on a significant journal [4]:

[4] Francesco Pizzolante, Mattia Battarra, Emiliano Mucchi, and Bruno Cochelin. “A Taylor
series-based continuation method for solution of non linear dynamics of spur gears.”
In: Submitted to Mechanical System and Signal Processing (2022).

This brief summary of the activities I committed during this last three years,
leads me to express my appreciation and gratitude to all the people from
the Mechanical and Vibration research group. Firstly, I would like to address
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my sincere appreciation to my advisor, Professor Emiliano Mucchi, for the
scientific technical support and its wise advice. Moreover, my sincere gratitude
goes to Eng. Mattia Battarra, for the constant support, advice and lessons
he gave me through the entire course of the PhD. A special thanks to Eng.
Gianluca D’Elia, who made me passionate about engineering when I was a
student. Finally, I thank Professor Giorgio Dalpiaz for the precious time he
dedicated to me.
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Â amplitude of acceleration excitation θ̈p
An amplitude of the n− th harmonic of meshing force

1− 2

b parameter related to meshing force 2− 3 amplitude,
phase shift Γ and mounting angle α

b̂ real coefficient of xy term to define a generic conic
section

B̂ amplitude of external torque Te2
Bn amplitude of the n− th harmonic of meshing force

2− 3

c parameter related to meshing forces amplitudes, phase
shift Γ and mounting angle α

C amplitude of external torque Te10 and Te7
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1
I N T R O D U C T I O N

1.1 gear excitation mechanism and their modeling

Gears are essential elements in mechanical power transmission. Their dynamic
behavior involves a great variety of phenomena introducing non-linear vi-
brations and generating an undesired noise emission. A typical gear, under
operating conditions, is subjected to high dynamic forces which affect the
surrounding components such as shafts, bearings and the gearbox case. In this
regard, the time-depended bearing forces are transmitted to the gearbox case,
which coupled with the whole system assembly provokes an undesired noise
emission.

The vibration source in gear transmissions is originated by multiple factors.
First of all, geared systems dynamics is characterized by an internal excitation,
mainly caused by the static transmission error. In addition, a non-smooth
nonlinearity is introduced, caused by the backlash clearance. In ideal condi-
tions, the driveline motion must take place respecting the constancy of the
transmission ratio. If gears were perfect involutes, absolutely rigid and cor-
rectly spaced, the transmission of rotational motion would take place with
absolute regularity [5]. This means that a constant speed at the input shaft
would result in a constant speed at the output shaft. In this regard, no time-
varying forces would exist, hence, no vibrations would be generated. In real
systems, obviously, gears are characterized by manufacturing errors, which
may affect involute alignment deviations, involute form deviation, pitch errors,
misalignment and so on. In addition, depending on gear contact ratio, there
is a variable number of mating teeth in meshing area which are subjected
to elastic deflection. Furthermore, gears are mounted on shaft by means of
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rolling or journal bearing, which are featured by a certain compliance. With
particular reference to rolling bearings only, these latter have variable nonlinear
stiffness as a function of the local deformation of the rotating elements and
therefore of the radial position of the gear body. Under the static condition,
all the mentioned phenomena can be included in the definition of an overall
kinematic function known as the static transmission error [6]. The vibration
caused by the static transmission error lead to the emission of the so-called
whine noise [7], [8], [9].

To summarize, the internal excitation represent the primary excitation source
within geared power transmission. In addition, the presence of a certain
amount of backlash introduce a non-smooth nonlinear contribution to the
whole system dynamics. The presence of a backlash clearance is mandatory to
allow better lubrication, limit interference due to geometrical manufacturing
errors and reduce wear [6]. Despite these positive effects, it enhances torsional
vibrations by allowing tooth detachment to take place. The contact loss due to
the backlash clearance can be caused by the internal excitation, i.e. the static
transmission error. When vibro-impacts are excited by the internal excitation,
the geared system response function can be affected by instabilities regions and
bifurcations. In fact, the domains of unstable motions can be expressed as a
function of gear mesh damping and gear mesh stiffness excitation amplitudes,
retaining the gear geometrical parameters [5]. The vibro-impacts between tooth
flanks generate high dynamic forces leading to nonlinear vibrations and noise,
known as rattle noise [6]. In addition, these strong dynamic load can provoke
elevated tooth root and contact stresses, leading to a shorter gear fatigue live.

Tooth contact loss can also be caused from the external excitation source
in lightly loaded geartrains. The external excitation can be originated by
rotating mass unbalances, geometric eccentricities, and prime mover torque
fluctuations [6]. Rattle of lightly loaded gears is one of the major problems
facing the automotive sector, since cars transmission systems spend a lot of
time idling in very light load [5]. As a matter of fact, a very common scenario
is represented by the oscillating torque generated by the firing order of the
internal combustion engine. The torque fluctuation causes impacts between
the teeth of all the unloaded gears in manual transmission.

By taking into account all the elements briefly introduced, there is a clear
need of a detailed mathematical model able to describe the complex nonlinear
dynamic behavior of geared systems. The prediction of the dynamic forces
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magnitude and the displacements suffered by the gear body is a necessary
step for the design of quiet and reliable drivelines.

In the modeling of dynamic problems, a real engineering system is replaced
by a numerical-analytical model which approximates its behavior. With refer-
ence to any mechanical system, the equations that govern its dynamic motion
represent the physical-mathematical model. The use of numerical models and
simulations is nowadays an extremely important aspect in modern industries.
In fact, engineers use numerical-analytical models, supported by experimental
correlation, in order to cut back the number of physical prototypes and reduce
the quantity of performed experiments. In order to realize an effective and
reliable model, different approaches are available. In fact, depending on the
system under study, the choice of the modeling strategy constitutes a key point
for the correct representation of its features. Within this framework, the Finite
Element Modeling (FEM) represents the most accurate technique to describe
the three-dimensional behavior of any mechanical system. It allows the user
to properly account for an accurate representation of complex geometry and
consider its real distributed properties. The FEM analysis is a powerful tool
to study the dynamic response to a general time-varying load, it empower a
comprehensive view of the structural integrity of the components and their
assembly. By indicating the distribution of stresses and strains on the real
object domain, this method permits a detailed visualization of the weakest
point of a structure or system assembly. Despite these positive aspects, FEM
models are characterized by a large number of degrees of freedom and their
resolution requires an high computational effort. As a matter of fact, in cer-
tain application, a detailed FEM model may result very large for an efficient
computation.

Depending on the object of study, FEM analysis can lead to an onerous
computational effort which may result useless in practice. As an example let
consider a simple mechanical transmission composed by a single gear pair.
The realization of a FEM model can result very helpful for the determination
of critical stressed spatial domain and failure analysis, but the calculation
of dynamic forces transmitted to the gearbox case may be conducted by
employing more suitable simulation tools. In this context, lumped parameter
modeling represent an ever-increasing employed tool in modern industries for
its high computational efficiency. The lumped parameter approach consists
in the subdivision of the system into masses and inertias connected to each
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other by means of elastic and damping elements. The distributed physical
proprieties are replaced by lumped characteristics. This modeling technique
can be applied at the earliest stages of the design process, when only the
relevant design parameters are set and, therefore, several system configuration
can be tested before to complete the design specifications. Within geared system
dynamics, as proved in several scientific paper, lumped parameter modeling
provides an excellent agreement between numerical and experimental test
case.

In order to obtain a good correlation with real experiments, it is worth
underlining that during the pre-processing stage different system parameters
are still unknown. As an example, the calculation of bearing and meshing
stiffness is not a straightforward task. One may account for analytical methods
to compute bearing and tooth compliance both, unless this, different literature
experiments have proved that numerical techniques are more suited to be
used as they allow an excellent numerical-experimental correlation. In this
regard, FEM analysis provides the optimum results for the computation of
nonlinear bearing and meshing stiffness. As a matter of fact, the combination
of these modeling strategies give rise to a mathematical model which is able to
represent the real behavior of geared system with high fidelity. FEM analysis
may be used to compute the nonlinear static response of the system, while the
lumped parameter model allows the computation of its nonlinear dynamics in
a very efficient way. Once the pre-processing stage is completed, the mathemat-
ical formulation of lumped parameter models is relatively simple and it can
be easily implemented with coding software as Python, Matlab and Fortran.
Coding software provides for the maximum of versatility and offers a complete
customization of the system representation. Unless this, the lack of a graphical
user interface makes their use cumbersome, especially in industrial environ-
ment where the engineers have to face tight schedule. In those framework
where rapid and effective calculation tools are needed, lumped parameter
model are obtained by using commercial software. The latter are characterized
by an intuitive graphical user interface and are much more user friendly then
coding interfaces. One of the most used software in industries is Simcenter
AMESim (Advanced Modeling Environment for performing Simulation). It
allows the simulation of physical multi-domain systems, empowers the reso-
lution of linear and nonlinear systems by offering different time integration
techniques. In addition, it is provided by editable devices which makes the
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realization of a custom model a straightforward matter. This aspect can be very
useful in industrial frameworks, where engineers have to achieve the results in
the shortest time possible. Although commercial software are very intuitive
and easy to use, they usually employ a numerical computation method based
on time integration scheme. By dealing with nonlinear systems, one may be
interested in the study of unstable solution branches, bifurcation analysis
and multi-valued regions computation. These kind of analysis can result very
onerous by using time integration technique and, even if bifurcation points
may be clearly identified, the computation of unstable branches can not be
performed. In this regard, the application of frequency domain methods which
allow a complete nonlinear response function of a geared-rotor-bearing system
may be adopted.

The present manuscript addresses two main subject. The first one is the
investigation of numerical-analytical tools for the nonlinear dynamic analysis
of geared systems. The second one regards the analytical study of gear whine
noise and gear rattle noise occurrence. The analytical assumptions are provided
by a numerical assessment in order to demonstrate their effectiveness and
reliability.

1.2 overview of the thesis

On the basis of the various elements described in the previous section, the
manuscript points out different tasks. Firstly, the realization of a lumped
parameter model is discussed by analyzing two different modeling strategies
for different purpose. The first one, is based on time integration technique and
enhances the employment of commercial software to speed-up the modeling
set-up phase. The second modeling strategy rely on a frequency domain
solution technique able to describe the dynamic of those nonlinear systems
which present unstable solution branches and multi-valued regions. Once a
detailed analysis on the modeling strategy has been conducted, rattle noise
and whine noise occurrence are investigated. The studies on rattle noise have
conducted to the introduction of a new analytical parameter as a novelty to the
current state of the art. In a similar manner, the investigation of whine noise
occurrence addresses to an analytical formulation able to forecast the main
overall direction and magnitude of bearing reaction forces on idler gear. The
following is a brief overview of the chapters.
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Chapter 2 is devoted to the geartrain nonlinear dynamics modeling. In
particular, the nonlinear ordinary differential equations (ODE) governing the
motion of a single gear pair are established. All the relevant phenomena within
gear dynamics are deeply investigated and included in the equation of mo-
tion. The proposed modeling approach rely on a block diagram technique
and is realized by employing Simcenter AMESim commercial software. Based
on graphical software capabilities, the author propose detailed guidelines to
build a complete geartrain model by connecting some programmable devices
between them. This feature, make it possible the realization of a complete
customized model. In a first instance, a complete nonlinear lumped param-
eter model of a single gear pair is realized. This is achieved by manually
implementing the equation governing the motion of the system. Afterwards, a
particular methodology is developed to obtain a modular architecture which
offer the possibility to realize any kind of ordinary transmission layout. This
modeling technique offers a great advantage in the model setup phase. In
fact, once the model of a single gear pair is established, the realization of any
geartrain is made by connecting the pre-programmed element between them.
This approach allows the user to obtain a fully customized model and realize
a driveline lumped parameter model with easy simple step. Based on this
practical feature, the introduction of such tool in industrial environment may
represent a key point to speed up the model setup phase. By focusing on ODE
resolution methods, Simcenter AMESim solver is limited to the already built-in
numerical computation techniques. For instance, the system of differential
equations can be solved only with time integration techniques. Dealing with
nonlinear systems, unstable solution branches and bifurcations can appear
in the dynamic response. In this regard, the time integration techniques are
not suited to perform these kind of analysis. Although bifurcation location
can be clearly recognized, the computation of unstable branches can not be
performed. In order to get further insight on the issue, an additional modeling
strategy is developed in Chapter 3.

Chapter 3 is committed to the application of the Asymptotic Numerical
Method for the resolution of the nonlinear dynamics of a gear pair. Firstly, a
literature survey on the current methodologies is conducted. The Asymptotic
Numerical Method stands out from the existing methods as it is a purely
frequency domain method, characterized by an high efficiency in the com-
putation of high-order Taylor series. In detail, the chapter provides a brief
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explanation of the method itself and its effectiveness. In this regard, it is
shown how the adoption of a quadratic formalism to recast the equation
of motion is useful for the computation of high-order Taylor series. After-
wards, a single-degree-of-freedom nonlinear lumped parameter model of a
spur gear pair with time-varying meshing stiffness and backlash is recalled.
The equation of motion is recast in a quadratic form and implemented by
means of a Matlab interface software. Results computed with the Asymptotic
Numerical Method are compared with that obtained from the Runge-Kutta
time integration scheme, demonstrating an excellent agreement. Finally, the
complete model of a single gear pair is set. A comparison between the two
solution methods in terms of computational performance is conducted. This
methodology provide for a full nonlinear dynamic response of the geared
rotor bearing system, where the computation of unstable solution branches is
performed in very a short simulation time. Unless these positive aspects, the
set-up of a geartrain model can be very time consuming. As a matter of fact,
as the method needs a peculiar recast and dimensionless form of the initial
ODE system, the model set-up time is drastically increased. In addition the
user have to deal with coding interface, which may results less practical then
user interface commercial software. On the other hand, once the model has
been realized, the computational time is considerably reduced with respect to
the time integration techniques.

Chapter 4 deals with the investigation of rattle noise occurrence in multi-
mesh loaded geartrains. In detail, it proposes an analytical procedure for the
generalization of the rattle index in any type of ordinary transmission layouts,
single or multiple branch, both in idle and loaded conditions. In geartrain
design, the introduction of an analytical parameter able to identify the contact
loss occurrence may represents a powerful tool to detect rattle noise. By inves-
tigating the state of the art, it is clear that several studies have been focused on
the identification of the rattle noise by using mathematical models and analyti-
cal parameters. However, the investigation has been exclusively focused on idle
gear pairs, since this is an unavoidable working condition in multispeed gear-
boxes. Although the latter represents the most common situation, rattle noise
may also appear in other driveline applications. As an example, in geared en-
gine timing systems, the camshaft generate an oscillating torque at the output
shaft which can lead to vibro-impact between teeth. In this chapter, the authors
generalize the definition of the rattle index proposed by Sing et. al in [10] to
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any kind of ordinary transmission, single or multiple branch. The proposed
analytical parameter also includes the definition for loaded geartrains and it is
related to gear inertial torque, viscous torque and external torque. By starting
from the classical 6-DOFs equation system defining the nonlinear dynamics
of a gear pair, a recursive analytical formulation of the rotational dynamics
of gears is proposed. This mathematical expedient is adopted to deduce the
generalization of the rattle index definition for any meshing pair pertaining to
a multimesh geartrain. Firstly, the dissertation is conducted for a single branch,
unloaded geartrain. Then, the definition is extended to single branch, loaded
geartrain. In this regard, consideration on rattle index validity are made. In
particular, in order to avoid numerical problems and erroneous indication of
rattle occurrence some guideline are presented. Finally, the dissertation is ap-
plied to multiple branch, loaded geartrain. After the analytical formulation has
been obtained, numerical experiments are conducted. Several geartrain layout
are investigated by employing the AMESim modeling strategy described in
Chapter 2. In this regard, single and multiple branch geartrains lumped param-
eter models were realized, both in idle and loaded conditions. The simulation
results demonstrate the accuracy of the outlined parameter. The rattle index
will remain under a certain threshold when gears are in contact on the drive
side; on the other hand, when teeth detachment takes place it will respond
with a peak, overcoming threshold value. The proposed analytical parameter
instantaneously describes the vibro-impacts events related to any gear pair of
the driveline. For instance, one may be able identify the exact meshing pair
who undergoes rattling events. In addition, the introduced parameter may lead
to a quantitative estimation of vibro-impact severity. Numerical assessment
have been performed by using different oscillating torque amplitudes. The
results proved that as the oscillating torque amplitude increases, the impact
between teeth become more severe.

In Chapter 5, gear whine noise occurrence is investigated. In particular, the
chapter proposes an analytical formulation able to forecast the main overall
direction and magnitude of bearing reaction forces on idler gear when the
geartrain works under quasi-static condition. Firstly, a literature survey is
conducted in order to identify the main phenomena linked to whine noise
emission. The primary excitation source of this kind of noise is represented
by the time-varying mesh stiffness and the static transmission error. In this
regard, the time-varying meshing forces are transferred to the bearing housing
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and the vibration is transmitted along the entire system assembly. For instance,
a detailed investigation of bearing forces transmission mechanism is an essen-
tial step to understand the relationship between system design parameters
and noise emission. This study allowed the authors to obtain a mathematical
relationship between the overall magnitude and direction of idler gear bear-
ing reaction forces and some generic geartrain design parameters. In detail,
the analytical formulation describes the trajectory drawn by the oscillating
components of bearing forces on idler gear in multi-mesh geartrains when
the latter work under quasi-static condition. By starting from the definition
of meshing forces by means of Fourier series development, idler gear bearing
forces are obtained under the hypothesis of quasi-static motion. This procedure
demonstrates that the alternating component of bearing forces on idler gear
describes an elliptical trajectory as the prime mover rotates over a pitch angle.
This formulation directly links the bearing forces elliptical trajectory with
the gear spatial position, the meshing phase and the amplitude of meshing
forces. By properly setting the over-mentioned parameters one may be able
to control the magnitude and direction of the overall idler bearing reaction
forces. Finally, numerical experiments are carried out to investigate if the
proposed analytical dissertation is suitable in dynamic conditions, when the
internal excitation frequency is close to one system eigenvalue. In order to
fulfill this purpose, a lumped parameter model is set and numerical analyses
are conducted at various shaft rotational speeds. The model is realized by
employing the AMESim modeling strategy described in Chapter 2. Numerical
experiments were extremely useful to understand the ellipse modification
when the dynamic effects become relevant. The obtained results confirm that
under the hypothesis of quasi-static motion the analytical dissertation is an
effective and reliable tool to forecast the main overall direction of pulsating
bearing forces. Unless this, not all the parameters governing the ellipse can be
set to a specific value. The gears spatial position and the phase shift between
two consecutive meshing can be chosen during the gear design concept phase,
on the other hand, estimating the amplitude of meshing forces is not a direct
matter. In fact, the latter represent the limit of the analytical dissertation. The
meshing force magnitude can be controlled by adopting gear micro-geometry
modification but it can not be determined unequivocally without solving the
gear equation of motion, as it is the result of internal excitation.

Chapter 6 is dedicated to conluding remarks.
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2
A L U M P E D PA R A M E T E R M O D E L F O R G E A R E D S Y S T E M S

The Chapter is devoted to gear dynamics modeling. In particular, a nonlinear dynamic
model of a single gear pair is established. The model accounts for time-varying mesh
stiffness, backlash and lubricant squeeze force when vibro-impacts occur. In addition a
nonlinear contribution of load-depended bearing and meshing stiffness is considered.
The proposed modeling strategy rely a block diagram technique and it is realized in
Simcenter AMESim, a commercial software widely used in industries. By starting
from the single gear pair model, detailed guidelines are given to construct any type of
ordinary transmission layout by connecting some pre-programmed devices between
them. Finally an experimental validation on industrial use case is proposed in order to
demonstrate the reliability of the dynamic model.

2.1 introduction

Geared transmission systems are fundamental elements in powertrain applica-
tions. As depicted in the previous chapter, they act as self-excited mechanism
as a results of static transmission error and time-varying mesh stiffness. In
addition their dynamic behavior is strongly affected by a non-smooth non
linearity due to the backlash clearance. Beside the contact non linearity, the
meshing and bearing stiffness may be characterized by a nonlinear dependence
on the applied load. As geartrains work under multiple load conditions, this
aspect may lead to an additional complication in the realization of a dynamic
model capable to forecast the forces acting on the gearbox case.

Apart from the elastic effects, an other important role is played by the
lubricant. In fact, it is responsible for the forces and torque acting on gear
teeth and body when contact loss occurs. Based on these assumption, the

11



a lumped parameter model for geared systems

realization of a complete model which account for all the described phenomena
represent an essential instrument to investigate geartrain dynamics. The very
first proposed dynamic models were essentially linear, as reviewed by Ozguven
and Houser [11], however, the non-linear behaviour of the geared systems
suddenly came out in several experimental analyses [12, 13, 14]. One of the
first non-linear mathematical models was introduced by Kahraman and Singh,
who formerly defined a single-degree-of-freedom torsional model considering
backlash clearance [15]. Later, the same authors proposed a three-degrees-
of-freedom model assuming bearings and shaft compliance [16]. Finally, the
model was replaced with a three-degrees-of-freedom nonlinear model, taking
into account time-varying mesh stiffness, backlash and bearing clearance. The
last model developed by Kahraman and Singh constitutes an effective and
reliable tool to predict nonlinear dynamics of a gear pair. As a matter of fact,
it allows to highlight the interaction between the internal excitation and the
contact non linearity [6].

Within this framework, the variation of mesh stiffness and the static trans-
mission error, represent the main cause of vibration and noise in geared system
applications. Different experimental studies ([17], [18], [19], [20], [21]) have
clearly demonstrated that mesh stiffness fluctuation as well as backlash clear-
ance must be included in spur gear pair modeling as it acts as a self-excitation
mechanism. Based on this assumption, the mesh stiffness computation is con-
sidered a crucial phase during the pre-processing modeling stage. In this
regard, experimental and numerical-analytical methods have been investigated
in literature in order to evaluate meshing stiffness. Experimental methods
require a dedicated test-rig and are based on transmission error measurements.
According to the literature review proposed in [22], the meshing stiffness calcu-
lation methods can be divided into three main categories: analytical methods,
pure finite element method and hybrid methods. By focusing on the analytical
methods, Kuang and Yang [23] proposed an analytical formula based on the
angular position, the contact ratio and the average stiffness of the gear pair.
A similar procedure has been proposed by Cai and Hayashi [24]. In [25], the
authors developed an analytical method to consider varying-load condition.
Despite the analytical approach gives reasonable results in a low computational
time, they lead to qualitative outcomes, useful in a first stage of the dynamic
analysis. On the other hand, pure finite element analysis give an accurate
description of the meshing stiffness, accounting for both tooth deflections and
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gear body compliance. Based on nonlinear finite element analyses, different
authors proposed various methodologies [26], [27], [28], [29], [30], [31]. One of
the most efficient approach is based on the work of Cooley et. al in [30], where
the mesh stiffness is calculated as the results of the relative difference between
gear rotation. This methodology can be applied for various mean torque load
giving the meshing stiffness value in varying-load condition. These kind of
methods are characterized by an high computational effort, as they need very
refined mesh in the contact area. As a matter of fact, hybrid methods [32], [33],
[34] have been developed to speed-up the finite element analysis. The overall
gear deformation is divided into two different terms: a linear global defor-
mation term and local contact nonlinear deformation term. By adopting this
expedient, one may be able to compute the nonlinear local contact deformation
term by means of analytical formulation in order to lighten the finite element
analysis computation.

Besides gear mesh stiffness, rolling bearings elements cover an important
role in vibrations transmission as they provides for the dynamic coupling with
the gearbox case. Based on this assumption, a large amount of literature on
their static and dynamic behavior is available. In order to describe the real
motion of a geared-rotor-bearing system, an accurate description of radial
stiffness represent a crucial input parameter. Radial stiffness is not a constant
value, on the contrary its magnitude has a nonlinear relation with respect to
the applied load and the position of rolling elements. In fact, as underlined in
[35], many authors focus their attention on the estimation of radial stiffness by
means of experimental, analytical, and numerical approaches. Experimental
approaches are based on direct displacement measurements [36] and indirect
methods as modal analysis [37]. Analytical ones may be derived from Hertz
contact theory [38, 39, 40] or obtained empirically as [41, 42]. The most effective
and reliable numerical approach counts on finite elements modeling. As for
meshing stiffness computation, radial stiffness estimation by means of finite
element analysis, may represent a large computational effort. In this regard,
many authors proposed various approach in order to simplify the problem.
The most common techniques consists in take advantage of symmetries [43, 44,
45, 46, 47, 48, 49, 50], remove the unloaded roller elements [43] and consider
an equivalent 2D problem [43, 51, 52].

Bearing and meshing stiffness dependence from the applied load, is a
fundamental quantity in the modeling of a geared system. Apart from stiffness
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determination, it is worth to underline that gearboxes work under lubricated
conditions. Hence, another cardinal role is played by the lubricant. In fact,
during the contact loss, it is the only element that can attenuate fluctuation
and impacts between teeth [53]. When teeth detachment occurs, the elastic
force due to meshing is zero. On the other hand, an oil squeeze effect between
the approaching tooth flanks may act as as a nonlinear spring-damper system
[54, 55]. The modeling of the lubricant role in rattle conditions has been the
primary subjects of numerous studies [56, 57, 58, 59].

On the basis of the proposed literature survey, an effective dynamic model of
a geared system may include all the introduced elements. In the present chapter
a nonlinear lumped parameter model of a geared system is presented. The
model accounts for backlash non linearity, time-varying and load-depended
mesh stiffness, load-depended bearing stiffness and squeeze force due to
lubricant between the approaching teeth. It is realized by means of Simcenter
AMESim, a commercial software based on a block diagram technique. By
taking advantage of graphical user interface, detailed guidelines are given to
realize a complete geartrain model. Firstly, the nonlinear lumped parameter
model of a single gear pair is realized. The equations governing the motion
of the system are implemented manually by means of editable block devices.
Then, a modular architecture is built. This expedient allows to define any kind
of ordinary transmission layout by connecting some pre-programmed elements
between them. In addition, this procedure permits a full customization of the
dynamic model as it is implemented by the user. This approach gives a great
advantage in terms of time schedule, in fact it speeds up the model setup
phase as a complete driveline can be modeled with easy simple operations. In
those framework where engineers have to face tight schedule, the introduction
of such architecture may represent a relevant tool to expedite the model setup
phase.

The chapter is structured as follows. Firstly, the analytic model of a single
gear pair is recalled. Afterwards, the AMESim modeling strategy is deeply
explained. The realization of the dynamic model is shown step by step. Finally
a numerical assessment on industrial use case is depicted.

2.2 nonlinear modeling of a spur gear pair

A discrete model of a gear pair is shown in Figure 1. Three degrees of freedom
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Figure 1: Lumped parameter model of a gear pair, xb is the backlash clearance, kb
and cb represent the bearing stiffness and damping, respectively.

are associated to each gear, namely θi, xi, yi. θi is the rotation around z axis,
according to the reference frame, it is positive in counterclockwise direction,
while xi and yi are the radial displacement in x and y directions. The motion
of gear pair is described by the following 6-DOFs equation system:



J1θ̈1 + α̂J1θ̇1 + R1fm = Te1
J2θ̈2 + α̂J2θ̇2 + R2fm = Te2

m1ẍ1 + α̂m1ẋ1 + f
x1
m + fx1b = 0

m2ẍ2 + α̂m2ẋ2 + f
x2
m + fx2b = 0

m1ÿ1 + α̂m1ẏ1 + f
y1
m + fy1b = 0

m2ÿ2 + α̂m2ẏ2 + f
y2
m + fy2b = 0

(1)

where Ji, mi, Ri denote polar mass moment of inertia, mass, and the base
radius of gear i, respectively. α̂ is the Rayleigh’s damping mass proportionality
coefficient. Tei is the external torque applied to gear i. fxib and f

yi
b are the

bearing reaction forces, respectively in x and y directions. fm represents the
gear mesh force along the line of action, that is modeled by taking into account
backlash non-linearity as defined in [15]. fxim and fyim denote the components
of gear mesh force in x and y directions. The Rayleigh’s damping model
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was adopted, i.e. Ĉ = α̂M+ β̂K, and for the sake of clarity, damping terms
proportional to stiffness are included in fm definition as described in Eq. 2.

fm(t) =



km(t)
[
(xr − xb/2) + β̂ẋr

]
if xr > xb/2

0 if − xb/2 ⩽ xr ⩽ xb/2

km(t)
[
(xr + xb/2) + β̂ẋr

]
if xr < −xb/2

(2)

where km(t) denotes the time-varying gear mesh stiffness, xr the dynamic
transmission error and xb the backlash clearance. β̂ represents the Rayleigh’s
damping mass proportionality coefficient. The definition of the dynamic trans-
mission error depends on which side of the tooth is actually in mesh at each
time instant. When contact is occurring on the tooth working flank, transmis-
sion error xr is defined on the Direct Line of Action

xr = R1θ1 + R2θ2 − x1sinφ̂− y1cosφ̂+ x2sinφ̂+ y2cosφ̂ (3)

where φ̂ is the angle between y axis and the Direct Line of Action. This condition
satisfies the inequality xr ⩾ xb/2. On the other hand, when contact takes place
on the tooth back flank, i.e. when xr ⩽ −xb/2, xr is defined on the Back-side
Line of Action:

xr = −R1θ1 − R2θ2 − x1sinγ̂+ y1cosγ̂+ x2sinγ̂− y2cosγ̂ (4)

where γ̂ is the angle between y axis and the Back-side Line of Action. The
time-varying mesh stiffness is a periodic function

2.2.1 Squeeze force

When contact loss occurs, the meshing and proportional viscous force are zero.
On the other hand, if tooth profiles are approaching, the lubricant trapped
between teeth gives rise to an additional viscous force. The damping coefficient
in this case is given by the formulation proposed in [60] :

Csqueeze = 12πµt̂[Req/(2h)]
3/2 (5)
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where µ is the lubricant dynamic viscosity, t̂ is tooth thickness, h is the
instantaneous meatus height computed along the line of action and Req is
the equivalent radius of the approaching surfaces. It is calculated as 1/Req =

1/r1m + 1/r2m, where r1m and r2m are the mean curvature radii of the tooth
profile. The squeeze force along the line of action is:

FSqueeze(t) =


Csqueeze ˙xrDLA

if |xr| < xb/2 ∧ ˙xrDLA
> 0

Csqueeze ˙xrBLA
if |xr| < xb/2 ∧ ˙xrDLA

< 0

(6)

where ˙xrDLA
and ˙xrBLA

denote the time derivative of dynamic transmission
error along the Direct Line of Action and Back-side Line of Action respectively.
With reference to eq. 5 the meatus height is defined as follow:

h =


|xr| if |xr| ⩾ 10−6

10−6 if |xr| < 10
−6

(7)

2.3 the block diagram modeling strategy

Simcenter Amesim (Advanced Modeling Environment for performing Sim-
ulation) is an advanced software based on an intuitive graphical interface.
It allows the simulation of physical multi-domain systems. Steady state and
transient simulations are performed by solving the nonlinear time-depended
analytical equations that describe the system mechanical, thermal, electrical or
hydraulic behavior. The realization of complex engineering systems is made
thanks to the use of different Libraries. Each Library is characterized by a
physical domain and contains various devices, namely sub-models, which are
based on an input/output functioning. In this regard, a complete engineering
system is realized by connecting different sub-models together. Each device
is pre-programmed to execute a particular expression based on the inputs, to
compute the outputs. Besides the existing programmed tools, thanks to the
use of the elements pertaining Signal, Control Library, the user can program
a specific device able to realize a custom expression based on input signals.
In detail, the input variables can be combined between them or with constant
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parameters. This aspect makes the user able to consider any feature inside
the model. As a matter of fact, different authors combined AMESim fully
editable devices with already programmed sub-models in order to realize full
customized models [61, 62].

In this section, the authors combines elements belonging to 1D Mechanical
and Signal, Control libraries to build a complete 2D nonlinear model of a spur
gear pair. This choice has been made in order to realize a complete dynamical
model were all the main features within gear dynamics are considered. Once
the model of a spur gear pair is well established, a modular architecture is built
in order to realize any type of ordinary transmission layout, single or multiple
branch by connecting the gear pair models between them. This procedure
allows the user to realize any kind of driveline with easy simple step, making
the modeling of a geartrain a straightforward task. Moreover, the choice of a
modular architecture, constitutes a manner to study the interaction between
the geartrain and any kind of device whose dynamics is linked to the driveline
one. The AMESim environment provides for the dynamical coupling among all
the elements linked to the transmission system as electrical motor, combustion
engines or hydraulic pumps.

2.3.1 The gear pair model

The nonlinear model introduced in the previous section is implemented by
means of sub-models pertaining to the Signal, Control Library. The Signal,
Control Library contains editable block components and makes it possible
to construct block diagram models. For instance, the equation of motion are
written manually by using the described sub-models. The gear characteristics
and the other constant parameters are set by means of the Global Parameters
interface. The Global parameter tab allow the user to define constant parame-
ters and combine them together. The gear mass and inertia are represented by
a planar rigid body sub-model pertaining to 2D Mechanical Library. Figure
2 depicts the entire spur gear pair AMESim model. At first sight the model
seem to be very intricate, a detailed focus on each module will clarify its
working principle. Basically, the gear pair model sketch can be divided into
six relevant part: the Planar Body Module, the Equation Block Module, the
Contact Module, the Meshing Stiffness Module, the Bearing Stiffness Module
and the Squeeze Force Module. Moreover, there is an additional module useful
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Figure 2: Block diagram of a single gear pair model

to define kinematic characteristics of the gear pair motion, i.e. the Kinematic
Module. The Planar Body Module is the only module which contains 1D Me-
chanical and 2D Mechanical sub-models, in all the other modules only Signal,
Control sub-models are employed. By focusing on the Planar Body Module,
figure 3, the gear bodies are represented by the green devices, denoted as
"Gear 1" and "Gear 2" in the sketch. These sub-models, represent a planar
rigid body in a generic reference frame Oxy. The planar body takes as input
variables the forces and torque provided by the junctions at ports and gives as
output the displacements, velocities and accelerations suffered by the body. In
this regard, an additional device is needed in order to handle the input/output
quantities separately. The 2D-1D converter, is a connector that enables 1D
mechanical components to be connected to 2D mechanical bodies. In particular,
it allows the extraction of displacements and velocities along x and y direction,
as well as the rotation and angular speed. In the same manner the forces and
torque are transferred from the 1D mechanical ports to the planar rigid body.
The coordinates and velocities of the gear body are monitored by means of
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sensor devices as shown in figure 3. This is an important step of the model
realization as the displacements and velocities represent the input quantities
for the Equations Block Module. In detail, these signals are channeled by
means of wireless devices to a specific sub-model, the dynamic multiplexer.
It combines the variables of its multiple input ports into a single output port.
The number of input ports is dynamic because it is set by the user when the
icon is selected. Afterwards, all the variable are conveyed to a single wireless
device. This expedient permits to group all the variable in a single channel and
then duplicate it for various purpose. The wireless transmitter device contains
twelve signals which correspond to displacements and velocities along x and
y direction, as well as the rotation and angular speed for each gear. The Planar
Body Module provides for the application of dynamic forces to the gear body
and monitor all the degrees of freedom of the system. Coordinates and veloci-
ties of each gear body are then transferred to the different modules in order
to accomplish several tasks. The Equation Block Module, figure 4, represent

Figure 3: Planar Body Module: it is devoted to the monitoring of displacement and
velocities and to the application of forces for each gear

the most important part of the model as it provides for the implementation
of the equations of motion. The coordinate and velocities coming from the
Planar Body Module are combined with bearing and meshing stiffness signals
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in order to implement the system of equation 1. The equations are written by
means of DYNFUNC00 sub-models, figure 5. The latter are widely used in

Figure 4: Equation Block Module: provides for the implementation of the equations of
motion

the present model as they allow the output to be expressed as a combination
of multiple input variables and constant parameters. As depicted in figure 4,
the forces contribution is expressed for each gear and direction. In addition,
the overall force/torque is further divided in three different part: the viscous
contribution, the bearing contribution and the meshing contribution, see figure
5. As the proportional damping model is adopted, the viscous contribution
accounts only for the viscous force due to the rotating inertia or translating
mass. The bearing and meshing contribution includes for both elastic force
and proportional viscous force. As it can be noticed from figure 5, the meshing
contribution, is defined by means of two separated devices. As underlined in
the previous section, the definition of the meshing force depends on which
side of the tooth the contact occurs. In geared transmission system, the Direct
Line of Action is recognized by the prime mover rotation direction which is
assigned in relation to the system layout. In this regard, when modeling a
geartrain, the position of Direct Line of Action is known a-priori. Based on this
assumption, a user-defined parameter works as discriminant to select the line
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of action to be considered as direct. This operation is made by two logic blocks
linked to the meshing force definition sub-model. Successively, viscous and
bearing contribution are sent to the Planar Body Module while meshing forces
signals are transmitted to the Contact Module. The definition of dynamic
transmission error is the basis of the Contact Module, figure 6. As for meshing

Figure 5: Detail of Equation Block Module

forces contribution, dynamic transmission error is defined by employing eq.
3 and 4 both. This assignment is performed by the xr writer, see figure 6,
which encompasses the logic operation to select the correct Direct Line of Action.
After the computation of dynamic transmission error, the signal is sent to the
logic blocks which determine the tooth side of contact by applying eq. 2. This
operation is done for each gear and each direction. Once the meshing force
has been selected, it is sent to the Equation Block Module which provides for
the sum between viscous, bearing and meshing contribution. Let focus the
attention now on meshing stiffness module, figure 7. As highlighted in the
previous section, meshing stiffness is a periodic function whose periodicity is
assigned by the gear mesh. In addition, it is characterized by a load-depended
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Figure 6: Contact Module: it provides for the selection of the correct line of action and
tghe detection of free flight motion

non linearity, therefore, its value depends on the overall relative compression
between teeth. In order to represent this feature, the meshing stiffness map is
inserted by means of a dynamic 2D interpolation table. Then, the sub-model
extracts the correct value depending on two input variables: the dynamic trans-
mission error and the kinematic position of prime mover. In particular, the
kinematics of prime mover rotation is computed by the Kinematic Module. The
angular displacement is then converted into a sawtooth waveform clock signal
by simple mathematical operations. The clock signal represents a rotation over
a pitch angle. This is done in order to select the appropriate meshing stiffness
over a pitch angle rotation. When back contact occurs, the corresponding phase
of meshing stiffness is consequently chosen. For instance, an additional 2D
interpolation table is employed to opportunely consider the gear mesh back
contact phase. As for the gear mesh force definition, a user-defined parameter
works as discriminant to select the mesh stiffness to be used. This operation is
made by the logic block depicted in figure 7. The Bearing Stiffness Module,
figure 8, provides for the selection of bearing stiffness. In particular the nonlin-
ear stiffness is defined by means of a 1D interpolation table. This sub-model
takes as input variables the displacement along each direction, and gives as
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Figure 7: Meshing Stiffness Module: it selects the meshing stiffness to be used at each
time step

output the bearing stiffness to be used. The squeeze force module, figure 9

is responsible for the squeeze viscous force computation when two teeth are
approaching. Time derivative of dynamic transmission error along Direct Line
of Action and Back-side Line of Action are computed in a similar manner as for
dynamic transmission error definition. Successively, these signals are sent to
the squeeze writer devices which execute the operations depicted in eq. 5, 6,
7. The squeeze force signal is then added to viscous, bearing and meshing
contribution provided by Equations Block Module. The modeling strategy
used to describe the nonlinear dynamics of a single gear pair can be easily
extended to an arbitrary number of gears.

2.3.2 The geartrain model

By starting from the model shown in figure 2, it is worth noticing that the non
linear dynamic computation modules are suited to work by taking as input
variables the displacements and velocities from the gear bodies and giving
as output the forces exchanged between them. In addition, the kinematic
position of prime mover is needed for the correct selection of meshing stiffness.
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Figure 8: Bearing Stiffness Module: it selects the bearing stiffness to be used at each
time step

In this regard the Meshing and Bearing Stiffness Modules, Equation Block
Module, Contact Module and Squeeze Force Module can be collected in a
black box in order to handle a unique device which performs the nonlinear
dynamic computation of the system. In order to accomplish this task, the
Simcenter AMESim software is provided of an appropriate facility, i.e. the
Supercomponent Facility. The Supercomponent (SC) realization allows the
user to organize a model from a functional point of view, especially when its
usage is spreading. In particular, the user can manually choose the sub-models
to be included in the SC and then create ports to make it communicate with
other devices. By focusing on the complete model depicted in figure 2, one
may select the devices to be included in the SC facility. Figure 10 depicts the
same model shown in figure 2 where the different modules are included into a
unique black box denoted as SC12. By adopting this expedient, the user can
simplify the visual appearance of the whole numerical model.

To summarize, the described procedure has led to the definition of a black
box, the SC12, able to describe the nonlinear motion of a single gear pair. Based
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Figure 9: Squeeze Force Module: it provides for the implementation of the lubricant
squeeze force between the approaching teeth

on this assumption, this tool can be used to model additional meshing in a
multi mesh geartrain. By focusing on figure 2, the same architecture of meshing
1-2 can be reproduced to define meshing 2-3. In order to accomplish this task,
one may adopt the same modeling strategy as for meshing 1-2, providing
the adjustment of some technical features. In fact, the model of a single gear
pair accounts for bearing and viscous contribution on gear 1 and gear 2 both,
when adding a third gear to the driveline only meshing contribution for gear 2

may be considered. As a matter of fact, the modeling of meshing 2-3 would
present the same architecture as for meshing 1-2, providing the deletion of
viscous and bearing contribution from the Equation Block Module and Bearing
Stiffness Module. As a final step, the Equation Block Module and Bearing
stiffness Module would be re-programmed as shown in figure 11 and 12

respectively. This procedure will lead to the generation of a different device,
the SC23, able to define the nonlinear dynamics within the meshing 2-3. The
final geartrain model is depicted in figure 13. It is worth to underline that
the "Gear 2" receive forces from "Gear 1" and "Gear 3" both, allowing the
dynamic coupling of the whole system. The supercomponent SC23 can be used
to model any additional gear in ordinary transmissions. In fact, providing the
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Figure 10: Gear pair block diagram complete model. The present figure depicts the
same sistem in fig. 2 where the different modules have been collected into
a unique black box, the SC12

selection of correct gear parameters, it can be employed as a general device
describing the nonlinear dynamic behavior of a generic meshing. For instance
the SC23 can be renamed as SCn−1/n as it computes the dynamic response of
a generic meshing n− 1/n. The proposed modeling strategy is a powerful
tool to realize any kind of ordinary transmission layout. In fact by employing
SC12 and SCn−1/n the realization of a complete transmission system is made
by connecting the supercomponents between them. This approach can be
very useful in industrial environment were the model time setup represent
an important aspect. In addition, the graphical user interface permits an user-
friendly management of the model realization. Once the SC12 and SCn−1/n are
established the realization of a geartrain may become a straightforward task.
The next section provides a numerical experimental correlation on industrial
use case.
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Figure 11: Equation block for an additional gear. It is worth noticing how the viscous
and bearing contribution for the previous mesh are erased.

2.4 numerical assessment

In this section a numerical experimental correlation on industrial use case is
proposed. Unfortunately, obliged by confidentiality term, the author cannot
give any kind of information of the real system specifications. The purpose of
this section is to give proof of the accuracy of the model. The system under
study is a timing geared system composed of 17 spur gears. The experimental
setup is composed of the driveline with a dedicated test rig designed to
reproduce the actual working condition. The geared-rotor-bearing system is
accelerated in a certain speed range and torsional oscillations for different
gears are monitored by means of optical encoders. The geartrain is subjected
to a low mean value oscillating torque at its output, while it is driven by an
electrical motor. The same system is then reproduced in Simcenter AMESim
environment. The test rig is modeled by employing sub-models pertaining to
1D Mechanical and Powertrain Libraries. The geartrain is then constructed
by following the methodology described in the previous section. The gear
mesh stiffness is calculated by employing the method described by Cooley
et al. in [30]. The methodology is applied for various mean torque load, in
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Figure 12: Bearing Stiffness Module for an additional gear. It is worth noticing how
the bearing stiffness for the previous gear is erased.

order obtain the stiffness value in varying-load conditions. In the same manner,
the load-depended bearing stiffness is computed by means of finite element
analysis as depicted in [35]. Damping proportionality coefficients are set on
the basis of the author experience. Results are computed by employing a time
integration technique based on Runge Kutta method of order 4 and a fixed
time step integrator of 10−7s.

The numerical validation is made by matching the combustion engine or-
ders amplitude in terms of angular displacement. In order to accomplish the
confidentiality terms, the amplitude and frequency of the acquired signals are
both normalized. Figure 14 shows a generic engine order N and its multiple
2N. The comparison is made for nine gears pertaining to the driveline. The
experimental outcomes show an excellent agreement with numerical forecasts
demonstrating the effectiveness and reliability of the model. As it may be
clearly recognized from figure 14, the 2N order amplitude raises considerably
by moving from Gear 1 to Gear 9 up to exceed the N order trend. The first
gear is closer to the electric motor, while the ninth one is next to the output
shaft. The oscillating torque on the lightly loaded transmission provokes vibro-
impacts between gear teeth. This dynamic phenomenon occurring during the
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Figure 13: Geartrain model composed by three gears.

experimental test represent an important element captured by the numerical
model. In fact, bifurcations appears in the neighborhood of 0.82 normalized
frequency. By focusing on Gear 8 and Gear 9 diagrams in figure 14, it is
clear the presence of a jump phenomenon, hence, the existence of an unstable
solution branch. In particular, by approaching a resonance frequency range,
the system dynamics undergoes through an unstable region, characterized
by multiple solutions for the same frequency range. For instance, the system
would assume a different stable behavior depending on the initial working
condition. In fact, figure 14 depicts the dynamic behavior of the geared system
when it is accelerated in a certain speed range. The numerical model approxi-
mates the real behavior of the transmission system with high fidelity, catching
the main nonlinear dynamics phenomena.

In geared transmission systems, their dynamic motion during an increasing
velocity condition may be different from the one in deceleration. In order
to obtain a complete response function and get the exact position of the
bifurcation points, the dynamic motion of the system must be investigated
during run up and run down velocity regime. In this regard, run down
simulation is performed and results are compared in figure 15. As it may be
noticed from figure 15, the jump phenomenon is still present but its location
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is changed. This aspect indicates the frequency range which is affected from
the multi-valued solution. It is worth to underline that not all the gears are
affected from the same instability regions wideness. In fact by focusing the
attention on Gear 8 diagram in figure 15, it is possible to notice that the
unstable region lasts through the normalized frequency range 0.72− 0.81. On
the other hand, Gear 4 present a wider frequency range: 0.61− 0.83. Unless
the run down simulation goes beyond the main purpose of model validation,
it was extremely useful to locate the exact position of bifurcation points and
the wideness of unstable regions. This aspect is also related to varying load
condition. The load depended stiffness may have a significant role in unstable
regions determination and the location of the jump phenomenon.

Numerically speaking, to obtain a complete response dynamic function by
using Runge Kutta time integration scheme, several simulation may be per-
formed in each working condition. This aspect makes the study of a nonlinear
system a very onerous task from a computational point of view. In fact, in
order to get a complete scenario of the possible solution for a generic nonlinear
system, more suitable numerical techniques may be used. This aspect is deep
investigated in the next Chapter. Beside these negative effects, the proposed
solution permits an excellent approximation of the system dynamics for a
single working condition.

2.5 concluding remarks

The present Chapter proposes a block diagram approach as an effective tool to
realize geared transmission system models. By taking advantage from graph-
ical software capabilities, the author gives detailed guidelines to realize any
kind of ordinary transmission layout. Firstly, the nonlinear lumped parameter
model of a single gear pair is established. The model accounts for backlash
non linearity, time-varying and load depended meshing stiffness, load de-
pended bearing stiffness and lubricant squeeze force when teeth detachment
occurs. Once the model of a single gear pair is established, a modular archi-
tecture is developed in order to construct any geartrain by connecting the
pre-programmed element between them. This methodology enhances the use
of a modular architecture. In fact, the introduction of such tool in industrial
environment may represent a key point to speed up the model setup phase.
The model was realized with Simcenter AMESim commercial software. By fo-
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cusing on numerical resolution methods, the software is limited to the already
implemented numerical computation techniques. For instance, the system of
differential equations can be solved only with time integration techniques. This
may represent the main limit of the proposed approach. In fact, by studying
nonlinear systems, one may be interested in the investigation of unstable re-
gions and bifurcation tracking. Time integration techniques are not suited to
perform these kind of analysis as the stable solution of a generic nonlinear
system is strongly related to its initial conditions as depicted in the previous
section. In this regard, an additional modeling strategy is investigated in the
next Chapter.
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Figure 14: Generic engine order N (blue lines) and its multiple 2N (orange lines). Ex-
perimental results are represented by solid lines while numerical outcomes
are depicted by dotted lines.
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Figure 15: 2N engine order trend. The orange dotted line depicts the run up simulation,
while the run down is represented by black dotted line.
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3
A TAY L O R S E R I E S - B A S E D C O N T I N UAT I O N M E T H O D F O R
S O L U T I O N O F N O N L I N E A R D Y N A M I C S O F S P U R G E A R S

The Chapter proposes the Asymptotic Numerical Method (ANM) combined to the
Harmonic Balance Method (HBM) as a valuable approach to solve the nonlinear
dynamics of gear pairs. The ANM is a continuation method based on high-order Taylor
series expansion of the computed solution branch. The HBM is a periodic solution
representation method based on high-order Fourier series. Thanks to a quadratic recast
of the equation of motion, the Taylor and Fourier series can be computed in a very
efficient way and each step produces a continuous representation of the solution branch
making the continuation very robust. By employing this method, the periodic solutions
may be easily expressed with respect to both the shaft rotation frequency and the gear
mesh frequency as the adoption of a high number of harmonics has negligible effects
on the computational burden. Effectiveness and reliability of the method are proved
by comparing the numerical results with that obtained from the Runge-Kutta time
integration scheme. Afterwards, a comparison in terms of computational efficiency
is performed. Finally, some considerations are drawn in order to highlights the main
differences between the two methods within gear dynamics computation.

3.1 introduction

The mathematical model describing the geared rotor-bearing system dynamics
is constituted by a system of ordinary differential equations characterized by
a non smooth nonlinearity. In fact, the backlash-induced torsional vibrations
may lead to vibro-impacts, generating unstable regions and bifurcations in
the dynamic system response. For this reason, many authors focused on gear
modeling in order to conduct stability analysis and bifurcations tracking. In the

35



a taylor series-based continuation method for solution of non

linear dynamics of spur gears

work presented by Kahraman et al. [6], gear pair dynamics was computed by
using two solution methods in order to highlight the main differences between
them. The first one is a numerical method, consisting in time integration
techniques based on Runge-Kutta scheme. On the other hand, an analytical
approximate solution by using the Harmonic Balance Method is proposed. The
authors gave evidence that results obtained from time integration techniques
in multi-valued region are strongly related to system initial condition. Besides
this aspect, the analytical approximate solution constructed with the Harmonic
Balance Method is capable to find all stable solution branches. Parker et al.
[63] proposed a nonlinear model of a spur gear pair providing comparison
between numerical and experimental results. The authors used a combined
surface integral/finite element solution method detailed in [64]. Later, Eritenel
and Parker [65] realized a three dimensional nonlinear model of a gear pair.
They examine the dynamic response of the system taking into account the
partial contact loss and three dimensional dynamic displacements. They proved
the effectiveness of the model by comparing the numerical results obtained
from numerical integration with experimental outcomes. Very recently Wang
and Parker [66] gather an analytical solution for resonances and parametric
instabilities of a planetary gear set with a general phase. By starting from the
resonance suppression rules [67] and modal proprieties [68] they obtained a
closed-form amplitude-frequency relation. Theodossiades and Natsiavas [69]
introduced a new analytical method to compute periodic motion of a gearpair
system and their stability. This methodology combines features of piecewise
linear systems involving constant coefficients [70] with perturbation methods
considering time-varying coefficients [71].

Different authors investigate the stable and unstable regions of a geared
system dynamic response by using continuation methods. Carbonelli et al.
[72] combined the finite difference scheme in time domain with an arc-length
continuation method to compute the periodic steady state response. Shin and
Palazzolo [73] proposed a novel approach to model and analyze the non linear
dynamic behavior of geared rotor system supported by journal bearing. Their
method allows to compute coexisting, steady-state, autonomous and non-
autonomous responses utilizing multiple shooting method and continuation
algorithms. Wei et al. [74] used the interval harmonic balance method to solve
the nonlinear dynamic problem of gears considering parametric uncertainty.
The method was combined with pseudo-arc length continuation with the
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Chebyshev inclusion function. Al-shyyab and Kahraman [75], [76] studied the
nonlinear dynamic response of a multi-mesh gear system using a multi-term
harmonic balance method coupled with discrete Fourier Transforms and a
Parametric Continuation scheme. Hilali et al. [77] proposed an implicit high
order algorithm based on the coupling of the Asymptotic Numerical Methods
(Cochelin et al. [78]) and the implicit Newmark scheme. Mélot et al. [79]
examined the effect of gear topology discontinuities on the nonlinear dynamic
response of a gear pair. The equation of motion was solved by using the
Harmonic Balance Method coupled with alternating frequency-time methods
and an arc-length continuation procedure. Besides gear dynamics, similar
methods have been applied in literature for the representation of periodic
solution of different kind of dynamic systems. They can be time domain
methods as shooting [80, 81] and piecewise polynomial orthogonal collocation
[82], alternating frequency-time method [83, 84], mixed time and frequency
methods [85] and purely frequency domain method with the full harmonic
balance [86, 87].

The proposed literature survey demonstrates the wide interest on the so-
lution of the gear dynamics by using continuation methods, as they allow
to compute the nonlinear normal modes of geared systems. Usually, all of
these methods are based on a predictor corrector procedure where the solution
points of the analyzed branch are predicted from a previous solution step.
Afterwards a corrector is applied to verify that the corrected solution actually
pertains to the solution branch. This is a key common aspect since it makes
the continuation of periodic solutions very onerous from a computational
point of view. This critical issue does not allow the user to consider an high
number of harmonics to approximate the behavior of the dynamic system.
This aspect becomes particularly relevant in geared system dynamics as the
carrying frequency of the external excitation is usually given by the first or-
ders of the driving shaft rotation frequency. On the other hand, the internal
excitation provided by the mesh stiffness and the static transmission error
produce harmonics given by the driving shaft rotation frequency times the
tooth number and its integer multiples. As a consequence, only high-order
methods may be capable to solve the gear dynamics including both internal
and external excitation.

In this Chapter the author proposes the solution of the gear pair dynamics
by using the Asymptotic Numerical Method combined with the Harmonic
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Balance Method. According to his best knowledge, this is the first time that
these methods are combined together to solve the complex problem of gear
dynamics. The HBM is a frequency domain method which allows to obtain
an algebraic system by starting from ordinary differential system of equations.
The classical HBM is very simple in its principle, on the other hand when the
nonlinearities are strong and a large number of harmonics is required, it can be
cumbersome or even impracticable [88]. Cochelin and Vergez [89], give proof
that thanks to a quadratic recast of the initial system of equation the HBM can
be applied with high efficiency accounting for an high number of harmonics.
Once the system of algebraic equations is retrieved, the ANM continuation
method is applied. The ANM was firstly described by Cochelin et al [90, 91]
and it is based on high-order Taylor series expansion of the computed solution
branch. Differently from the other continuation methods, most of the time this
procedure does not require a correction step as it can be seen as an high-order
predictor. Each step produces a continuous representation of the solution
branch making the continuation very robust. This aspect allows the user to
consider a very high number of harmonics to represent the behavior of the
dynamic system. The continuation of periodic solution can be easily expressed
with respect to both the shaft rotation frequency and the gear mesh frequency.
As a matter of fact, this method provides the chance to study the effect of high
frequency internal excitation in combination with a low frequency external
torque. In order to compute the high-order Taylor and Fourier series coefficients
of the solution branch in an efficient way, the key point is to adopt a quadratic
formalism recasting the system of equations of motion. In fact, as depicted
in [92] and [93], the quadratic recast is a part of the method itself for its
generality and its performance. By recasting the dynamic system in a quadratic
form, the computation of Taylor and Fourier series can be automatized. As a
matter of fact, the variety of dynamic systems that may be studied within this
procedure are limited only by the necessity of a quadratic expression of the
equations. Within this framework, a continuation software was realized [94],
able to implement the Asymptotic Numerical Method method by starting from
a system of equations where all the nonlinearities are expressed in a quadratic
form.

The Chapter is structured as follows. In the following section the elements of
the theory on Asymptotic Numerical Method and Harmonic Balance Method
are briefly recalled. In Section 3 the nonlinear lumped parameter model of a
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spur gear pair with time-varying meshing stiffness and backlash is presented.
The system of ordinary differential equation governing the gear dynamics
is recast in a quadratic form. The procedure is firstly carry out on a purely
torsional model. Afterwards, the same operations are executed on the classical
4 DOFs system, taking into account bearing and shaft compliance. Section 4 is
devoted to numerical assessment. Firstly, by using the continuation software
Manlab, the periodic solution of the geared system dynamic response are com-
puted. Then, results are compared with that obtained from a well-known time
integration technique, i.e. Runge-Kutta scheme. The comparison is performed
for the purely torsional model and 4 DOFs model both. In addition, a compar-
isons in term of computational efficiency have been performed between the
Asymptotic Numerical Method and the Runge-Kutta time integration scheme.
Afterwards some considerations are drawn to highlights the main differences
between the two methods within gear dynamics computation. Eventually, last
section is devoted to concluding remarks.

3.2 the asymptotic numerical method and the quadratic for-
malism

In this section a brief recall of the Asymptotic Numerical Method is presented.
The key approach is the quadratic formalism. In fact, by recasting the system of
equation in a quadratic form, it is possible to apply in an efficient and general
way the Asymptotic Numerical Method. The main idea behind the quadratic
recast consists in the introduction of auxiliary variables. The quadratic recast
leads to a system of equation where all the nonlinearities are expressed by
means of only quadratic terms. Suppose that the original system is in the form
:

r(x) = 0 (8)

where vector x contains all the main variables of the system.
In order to achieve the quadratic reformulation, it is needed to introduce a

new system of equations, where the definition of auxiliary variables xa appears:

ra(x, xa) = 0 (9)
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The system which results from eq. 8 and 9 is called the full system of equations:

rf(xf) =

[
rm(xf)

ra(xf)

]
with xf =

[
x

xa

]
(10)

where rm(xf) represents the main system in eq. 8 recast quadratically by using
auxiliary variables xa. Once the system has been recast in a quadratic form, it
can be written by using a constant operator c, a linear operator l and a bilinear
operator q:

rf(xf) = c+ l(xf) + q(xf, xf) (11)

It is worth to underline that for the purpose on the current work, the system of
equations 8 only involves sum, product and roots operators. By dealing with
systems where transcendental functions appear, the quadratic recast is still
achievable as explained in [92].

3.2.1 Taylor series based continuation method

Once the quadratic formalism has been recalled the main idea behind continu-
ation methods is briefly defined. Consider the algebraic system of equation:

r(x, λ) = 0 (12)

where x ∈ IRn is the vector of unknown, λ ∈ IR is a parameter of interest
and r : IRn × IR → IRn is an analytical function of x and λ. Let U = (x, λ)
be the vector of all the unknows to simplify the notation. The main goal of
continuation consists in the computation of solution branches in the space
(x, λ) where the system of equations 12 is satisfied. By starting from a known
solution point U0 = (x0, λ0) the solution branch is continued by searching
for other solution from the starting point. The concept of continuation is
theoretically justified by a well known mathematical theorem, i.e. the implicit
function theorem. It states that, if the Jacobian matrix of r at the point U0 is
invertible, the solution branch in the neighborhood of the starting point U0
exists and it is unique and regular. Consider U1 as a tangent vector at U0, the
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solution branch around U = U0 is computed by using a Taylor series with
respect to the pseudo arc-length parameter, a = Ut1(U0 −U):

U(a) = U0 + aU1 + a
2U2 + a

3U3 + .... + aNUN (13)

This Taylor series expansion is the base of Asymptotic Numerical Method.
Once the eq.12 is recast quadratically, it is written in the form of eq. 10. Then
the variable xf are developed in Taylor series and introduced in the quadratic
equations. Afterwards the terms of the same order with respect to a are
collected and equated to zero, leading to the following system of equations:

Order 0 : c+ l(x0) + q(x0, x0) = 0
Order 1 : l(x1) + q(x0, x1) + q(x1, x0) = 0

Order 2 : l(x2) + q(x0, x2) + q(x2, x0) + q(x1, x1) = 0
...

Order p : l(xp) + q(x0, xp) + q(xp, x0) +
∑p−1
k=1

(
q(xk, xp−k)

)
= 0

(14)

More detail about the computation of the series are given in [92]. It is worth
noticing that thanks to the quadratic recast the computation of Taylor series
13 can be automatized as shown by the system of equations 14. The quadratic
recast is part of the method itself as it allows the resolution of a large class of
nonlinear dynamic systems.

3.2.2 The Harmonic Balance Method for ODE

In this Chapter the Asymptotic Numerical Method is used to compute the
periodic solution of ordinary differential equations (ODE). The procedure
described in the last subsection can be applied to an algebraic system of
equations. By starting from a classical ODE system, the key point is to obtain
an algebraic system by applying the well known Harmonic Balance Method.
Given an ODE system:

ẏ = f(t,y, λ) (15)

where y is an unknown function of the time, λ is a parameter of interest and f
is an analytic function, the variable y can be expressed as a truncated Fourier
series:

y(t) = y0 +

H∑
k=1

(yck cos(kωt) + ysk sin(kωt)) (16)
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where y0 is the variable mean value, while yck and ysk are the amplitude
related to the k− th harmonic of the cosine and sine respectively. The Harmonic
Balance Method working principle is to introduce eq. 16 in eq. 15 and balancing
the 2H+ 1 harmonic terms. This procedure leads to an algebraic system of
2H + 1 equation where the unknowns are y0, yck and ysk . It is worth to
underline that if eq. 15 has been recast in a quadratic form, the algebraic
system obtained after the application of Harmonic Balance Method is already
quadratic. It means that its periodic solutions can be continued with the
Asymptotic Numerical Method as explained in 3.2.1

3.3 nonlinear dynamic model

In this section the nonlinear lumped parameter model of a single gear pair
is recalled. The equation governing the motion of the system is rewritten
in a dimensionless form. After the non-dimensionalization procedure the
equation is recast in a quadratic form in order to be solved with the Asymptotic
Numerical Method as explained in the previous section. The procedure is
firstly executed on a purely torsional model. Afterwards, the same operations
are carried out on the classical 4 DOFs system, taking into account bearing
and shaft compliance. For the sake of clearness, differently from the model
introduced in the previous Chapter, the load varying mesh and bearing stiffness
as well as the squeeze force are not considered here. In addition, in order to
simplify the quadratic recast a constant damping coefficient is adopted.

3.3.1 Gear pair purely torsional model

In this subsection the nonlinear lumped parameter model of a single degree of
freedom gear pair is recalled. Figure 16 shows the schematic representation
of the dynamic system. Gears are mounted on rigid shafts and bearings.
One degree of freedom is assigned to each gear, namely θi. The gear mesh is
described by a backlash clearance xb, a time-varying mesh stiffness km = km(t)

and a viscous damping cm.
Before analyzing the nonlinear system dynamics, a focus on linearized

equations is needed. In fact the two degrees of freedom may be combined
to obtain a single degree of freedom system, as a rigid motion occurs when
θ2 =

R1
R2
θ1.
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3.3 nonlinear dynamic model

Figure 16: Torsional lumped parameter model of a gear pair

The motion of the system is described by the system of equations:{
J1θ̈1 + cmR1(R1θ̇1 − R2θ̇2) + km0R1(R1θ1 − R2θ2) = Te1

J2θ̈2 − cmR2(R1θ̇1 − R2θ̇2) − km0R2(R1θ1 − R2θ2) = −Te2
(17)

where km0 is the mean value of meshing stiffness, Ji represents the inertia, Ri
is the base radius and Tei is the external torque applied to gear i, with i = 1, 2.
In order to focus the attention on the internal excitation, external torques on
each gear are set as constant terms. Eq. 1 and 2 of system 17 may be reduced to
one single equation in terms of xr, which is defined as dynamic transmission
error [15].

xr = R1θ1 − R2θ2 (18)

By replacing eq. 18 into system 17 and combining the two equations together,
one may obtain:

meqẍr + cmẋr + km0xr = Fe (19)
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Where meq = 1
R21/J1+R

2
2/J2

represents the equivalent gear pair mass, and Fe =
Te1R1/J1+Te2R2/J2

R21/J1+R
2
2/J2

is the average force transmitted through the mating teeth.

In order to represent the nonlinear features, time varying meshing stiffness
and backlash clearance are inserted into the model. Gear teeth contact loss is
modeled by a nonlinear non-analytic function fnl(t). It can be defined as a
piecewise linear function:

fnl(t) =



[(xr − xb/2)] if xr > xb/2

0 if |xr| ⩽ xb/2

[(xr + xb/2)] if xr < −xb/2

(20)

The equation of motion is now reformulated as:

meqẍr + cmẋr + km(t)fnl(t) = Fe (21)

Once the contact function has been defined, a non-dimensionalization pro-
cedure is applied to eq. 21. The starting point is the introduction of the
dimensionless time, i.e. τ = ωnt where ωn is the eigenvalue of the eq. 19 and
its value is ωn =

√
km0/meq.

meqω
2
nẍr + cmωnẋr + km(τ)fnl(τ) = Fe (22)

At this point two more steps are necessaries for the fulfillment of the dimen-
sionless procedure. First a new variable is introduced, x = xr

xb/2
, then eq. 22 is

divided by the mean value of meshing stiffness km0.

ẍ+ 2ζẋ+
km(τ)

km0
f ′nl(τ) = F (23)

Where F = Fe
km0xb/2

is the dimensionless average force between teeth, parameter
ζ = cm

2meqωn
represents the modal damping factor and f ′nl(τ) can be expressed

as follows:
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f ′nl(τ) =



[(x− 1)] if x > 1

0 if |x| ⩽ 1

[(x+ 1)] if x < −1

(24)

In order to perform a full quadratic recast, a regularization technique is applied
to the non-smooth nonlinearity to obtain an analytical function. Eq. 24 can be
smoothed by the irrational equation:

f ′nl(τ) ≈
(
x+

1

2

(√
(x− 1)2 + 4η2 −

√
(x+ 1)2 + 4η2

))
(25)

The parameter η represents the smoothing factor. Figure 17 shows a comparison
between the nonlinear contact function computed with eq. 24 and eq. 25 for
different value of η.

Figure 17: Nonlinear contact function. The curve related to η = 1e − 3 is almost
overlapped with the non analytical definition

Once the contact function has been smoothed the final form of the equation
of motion yields to:

ẍ+ 2ζẋ+
km(τ)

km0

(
x+

1

2

(√
(x− 1)2 + 4η2 −

√
(x+ 1)2 + 4η2

))
= F (26)
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which now has a suitable form for the quadratic recast of the system. Meshing
stiffness is a periodic function whose angular pulsation is Ωm = zΩs, where
Ωs is the shaft rotational velocity and z is the number of teeth of the considered
gear. As a matter of fact, it may be expressed by means of a truncated Fourier
series:

km(τ) = km0 +

H∑
k=1

kmck cos
(
k
Ωm

ωn
τ

)
+ kmsk sin

(
k
Ωm

ωn
τ

)
(27)

kmck and kmsk are the amplitude of the k− th harmonic of meshing stiffness
related to cosine and sine respectively.

In order to make the continuation for the computation of periodic solution
by using the Asymptotic Numerical Method, the equation must be written in a
quadratic form as depicted in section 3.2. The only expression which is not in
a quadratic form is the smoothed function. Auxiliary variable are introduced:

ra =

{
v2a1 = (x− 1)2 + 4η2

v2a2 = (x+ 1)2 + 4η2
(28)

The time varying mesh stiffness represents the internal excitation of the system
and it is considered as an external variable whose periodicity is assigned.
Equation 28, together with Eqs. 26 and 27, leads to the equation system in its
final form:

rf =



y = ẋ

ẏ+ 2ζy+ v(x+ 1
2(v1 − v2)) = F

v = 1+
∑H
k=1

kmck
km0

cos
(
kΩm
ωn
τ
)
+
kmsk
km0

sin
(
kΩm
ωn
τ
)

v21 = (x− 1)2 + 4η2

v22 = (x+ 1)2 + 4η2

(29)

3.3.2 Gear pair complete lumped parameter model

In this subsection the dynamic model of a gear pair with compliant bearings
is established. Figure 18 shows a schematic representation of the system
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Figure 18: Lumped parameter model of a gear pair with compliant bearing

layout. Gears are mounted on compliant bearings whose stiffness yields kb
and damping coefficient cb. Two degrees of freedom are assigned to each gear,
namely θi and xi. The gear mesh is described by a backlash clearance xb, a
time-varying mesh stiffness km = km(t) and a viscous damping cm. In order to
analyze the effects of internal excitation on system dynamics, the prime mover
is connected to the frame by means of a torsional spring, whose stiffness value
is kt and its damping coefficient is ct. The equation of motion of the gear pair
yields to:


m1ẍ1 + cbẋ1 + kbx1 − cmẋr − km(t)fnl(t) = 0

J1θ̈1 + ctθ̇1 + ktθ1 + R1cmẋr + R1km(t)fnl(t) = 0

m2ẍ2 + cbẋ2 + kbx2 + cmẋr + km(t)fnl(t) = 0

J2θ̈2 − R2cmẋr − R2km(t)fnl(t) = −Te2

(30)

where fnl(t) has been defined in eq. 20 and xr is the dynamic transmission
error:
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xr = R1θ1 − R2θ2 + x2 − x1 (31)

As the single-degree-of-freedom model, a non-dimensionalization procedure
is applied to system of equation 30. This procedure is slightly different from
that related to one DOF system. The system in figure posses four DOFs, i.e.
four eigenvalues and eigenvectors are computed. After the modal analysis
on linearized system the last eigenvalue, namely ωn4, is used to obtain the
dimensionless time. Afterwards the two variables are introduced: χi =

xi
xb/2

and ϑi =
θi
xb/2

. The introduction of the latter allows the expression of a dimen-
sionless transmission error, namely χr = R1ϑ1 − R2ϑ2 + χ2 − χ1. At this point
the nonlinear contact function can be reformulated as in eq. 24 providing the
substitution of x with χr. The latter is then smoothed in the same manner
adopting the irrational equation:

f ′nl(τ) ≈
(
χr +

1

2

(√
(χr − 1)2 + 4η2 −

√
(χr + 1)2 + 4η2

))
(32)

Now, by introducing the dimensionless time, replacing χi, ϑi and eq. 32 into
system of equation 30 the final dimensionless form of the equation of motion
is:



m1ω
2
n4

km0
χ̈1 +

cbωn4
km0

χ̇1 +
kb
km0

χ1 −
cmωn4
km0

χ̇r −
km(τ)
km0

f ′nl(τ) = 0
J1ω

2
n4

R1km0
ϑ̈1 +

ctωn4
R1km0

ϑ̇1 +
kt

R1km0
ϑ1 +

cmωn4
km0

χ̇r +
km(τ)
km0

f ′nl(τ) = 0
m2ω

2
n4

km0
χ̈2 +

cbωn4
km0

χ̇2 +
kb
km0

χ2 +
cmωn4
km0

χ̇r +
km(τ)
km0

f ′nl(τ) = 0
J2ω

2
n4

R2km0
ϑ̈2 −

cmωn4
km0

χ̇r −
km(τ)
km0

f ′nl(τ) = − Te2
xb
2 km0R2

(33)
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The system 33 can now be recast in a quadratic form by introducing the
auxiliary variables defined in eq. 28 where the variable x is replaced by χr. The
final system in quadratic form is :

rf =



vχ1 = χ̇1
m1ω

2
n4

km0
˙vχ1 +

cbωn4
km0

vχ1 +
kb
km0

χ1 −
cmωn4
km0

χ̇r − vk(χr +
1
2(va1 − va2)) = 0

vϑ1 = ϑ̇1
J1ω

2
n4

R1km0
˙vϑ1 +

ctωn4
R1km0

vϑ1 +
kt

R1km0
ϑ1 +

cmωn4
km0

χ̇r + vk(χr +
1
2(va1 − va2)) = 0

vχ2 = χ̇2
m2ω

2
n4

km0
˙vχ2 +

cbωn4
km0

vχ2 +
kb
km0

χ2 +
cmωn4
km0

χ̇r + vk(χr +
1
2(va1 − va2)) = 0

vϑ2 = ϑ̇2
J2ω

2
n4

R2km0
˙vϑ2 −

cmωn4
km0

χ̇r − vk(χr +
1
2(va1 − va2)) = − Te2

xb
2 km0R2

χr = R1ϑ1 − R2ϑ2 + χ2 − χ1

vk = 1+
∑H
k=1

kmck
km0

cos
(
kΩm
ωn
τ
)
+
kmsk
km0

sin
(
kΩm
ωn
τ
)

v2a1 = (χr − 1)
2 + 4η2

v2a1 = (χr + 1)
2 + 4η2

(34)

3.4 numerical assessment

In this section numerical experiments are performed. Firstly the nonlinear
dynamics of the described models is computed with the Asymptotic Numerical
Method by using Manlab software. The same lumped parameter models are
established in AMESim environment by following the procedure described in
Chapter 2 and their dynamics is computed with a fixed time step integrator
based on a 4th order Runge-Kutta method. Finally, the results coming from
the two solution methods are compared for the purely torsional model and
the 4 DOFs model both. In addition, a comparisons in term of computational
performance is conducted and some considerations are drawn on the use of
the Asymptotic Numerical Method to represents the gear vibration in radial
direction. The continuation is performed with respect to the dimensionless
frequency Ωm

ωn
, considering 400 harmonics, i.e. 8 harmonics of gear mesh

frequency as the prime mover has 50 teeth. The lumped parameter model has
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been constructed by employing the gear data used by Melot et al. in [79]. Gear
characteristics are shown in Tab. 1. Gear mesh stiffness has been approximated
by using 8 harmonics. Figure 19 shows a comparison between the meshing
stiffness calculated by Melot et al. [79] and the approximation derived from an
eight-term truncated Fourier series. By focusing the attention on the purely
torsional model, Figure 20 depicts the root mean square value (RMS) of the
transmission error at different shaft speed rotation, Ωs = Ωm/z1.

Figure 19: Meshing stiffness calculated by Melot et al. [79] (solid line) and its approxi-
mation derived from an eight-term truncated Fourier series (dotted line)

The results show a stable behavior when teeth are always in contact up to
4700 rpm, where the first bifurcation appears. In fact, by observing the results
obtained with Runge-Kutta technique, the presence of a jump phenomenon is
clearly recognized. On the other hand, the results obtained with Asymptotic
Numerical Method shows the existence of an unstable branch. As a matter of
fact in the speed range 4800-5800 rpm contact loss occurs. The stable regime of
vibro-impact lasts up to 5800 rpm. Figure 21 shows the time domain evolution
signal in different frequency range: under the resonance, along the stable
vibro-impacts branch and over the resonance. It is worth noticing how the two
solution methods are in agreement.

Once the method has been established and validated for the single degree-of-
freedom system, the same procedure is executed for a gear pair with compliant
shaft and bearings. Results related to the RMS of the 4 DOFs system transmis-
sion error are shown in figure 22. As for the single-degree-of-freedom system,
one may recognize the presence of the jump phenomenon. Time integration
techniques allow the computation of stable solution branches and bifurcations
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Figure 20: Root mean square of transmission error computed with the Runge-Kutta
time integration scheme (diamond line) and Asymptotic Numerical Method
(dotted line)

location. On the contrary, the Asymptotic Numerical Methods execute the
computation of the unstable branch solution points, which are not captured by
the Runge Kutta integration scheme. While time domain signals are compared
in figure 23, 24, 25. In particular, figure 23 depicts the transmission error com-
parison at different rotational speed, while figure 24 and 25 show the radial
displacement of gear 1 and 2 respectively. It is worth noticing how the results
are in agreement at low speed as well as at high shaft rotational speed. As a
matter of fact, the number of harmonics chosen for the representation of the
dynamic model, allows to capture high frequency phenomena as depicted by
the numerical signals. The computational time ratio, on a standard workstation,
of Runge Kutta time integration scheme over Asymptotic Numerical Method
is 95:1. In addition it may be underlined that the choice of an high number
of harmonics to approximate the dynamics of the system, drastically affects
the ANM computational performance. Nonetheless, it is 95 times faster than
Runge Kutta time integration scheme, providing for excellent computational
performance. Moreover, the ANM allows a continuous representation of the
dynamic system response. By observing figures 20 and 22, each point obtained
from the Runge Kutta method is chosen by the user, which perform the steady
state simulation at a certain shaft speed. No information of dynamic system
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Parameters Gear 1 Gear 2

Mass [kg] 1.11 1.11

Mass moment of inertia [kgm2] 0.0015 0.0015

Module [mm] 3

Number of teeth 50 50

Pressure angle [deg] 20

kb bearing stiffness [N/m] 2e+8 2e+8

cm meshing damping coefficient [kg/s] 950

cb bearing damping coefficient [kg/s] 300

kt torsional stiffness [Nm/rad] 1000

ct torsional damping coefficient [kg/s] 0.1

Table 1: Design parameters

response can be gained between a solution point and another. On the other
hand, the ANM provide for the extraction of the harmonic response in the
whole frequency range. It must be underlined that the Asymptotic Numerical
Method allows the user to obtain a better computational performance as the
results are computed in frequency domain. Thanks to the quadratic recast,
the Taylor series is computed in a very efficient way even if the number of
harmonics chosen to represent the system dynamics is very high. On the
other hand additional time is needed to rearrange the equation of motion
by applying a dimensionless procedure and the quadratic recast. Beside this
aspect, the power of the Asymptotic Numerical Method continuation method
rely on the possibility to continue the periodic solution of a dynamic system
with respect to an arbitrary parameter of interest as damping or stiffness.
The simulations performed in the present work show a stable vibro-impact
behavior when shaft speed is around 6000-8000 RPM. By observing figure 23,
one may notice that only single-side impact occurs. In fact, when teeth are in
contact on working flank the transmission error xr is defined along the Direct
Line of Action, as depicted in eq. 31. On the other hand, referring to eq. 20,
when xr < −xb/2, the meshing force is transmitted along the Back-side Line of
Action. As a matter of fact, the definition of the dynamic transmission error
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Figure 21: Transmission error computed with Runge Kutta time integration scheme
(solid line) and transmission error computed with the Asymptotic Nu-
merical Method (dash-dotted line). The dashed line represents half of the
backlash value.

depends on which side of the tooth contact occurs. When gears are in contact
on Back-side Line of Action, the expression of transmission error yields:

xr = −R1θ1 + R2θ2 − x1 sinφ− y1 cosφ+ x2 sinφ+ y2 cosφ (35)

where φ is the angle between y axis and the Back-side Line of Action. This aspect
can be easily implemented with the Runge Kutta time integration scheme,
where, by using a piece-wise linear non-analytic function, the definition of xr
can be changed at any time step. By working with the ANM coupled with
the HBM, a definition of an analytical function in a quadratic form is needed.
This aspect makes the modeling of radial dynamics a challenging task when
double-sided impacts occurs. In fact, in case of bilateral impacts, more suitable
numerical techniques may be employed. As an example the ANM may be
combined with polynomial collocation techniques which allows the definition
of the nonlinear contact function as a piece-wise linear non-analytic function.
The employment of this technique will be investigated in the future and may
represent the basis of further works. Beside this, the proposed methodology
is an effective and reliable way to represent in a correct manner the complete
dynamics of a gear pair when single sided impacts occurs. It is worth to
underline that this phenomena only affect radial dynamics, any consideration
about the torsional behavior of the system remains valid.
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Figure 22: Root mean square of transmission error computed with the Runge Kutta
time integration scheme (diamond line) and Asymptotic Numerical Method
(dotted line)

3.5 concluding remarks

The Chapter is devoted to the application of the Asymptotic Numerical Method
and the Harmonic Balance Method for the resolution of the nonlinear dynamics
of a gearpair. In a first instance, the state of the art on the current methodologies
is investigated. Among all the existing methods, it is characterized by an high
efficiency in the computation of high-order Taylor and Fourier series. Usually,
all the employed methods for the resolution of the nonlinear dynamics of a
generic system, use a predictor corrector procedure for which the solution
points are predicted from a previous solution step. Afterwards, a corrector is
applied to verify that the corrected solution pertains to the solution branch.
On the other hand, the Asymptotic Numerical Method can be seen as an high-
order predictor, as most of the time, it does not require a correction step. In
Section 3.2, a brief explanation of the method and its effectiveness is presented.
Moreover it is shown how the adoption of a quadratic formalism to recast
the equation of motion is useful for the computation of high-order Taylor
series. This feature allows the user to consider an high number of harmonics to
approximate the system response. Within geared system dynamics, this aspect
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Figure 23: Transmission error computed with Runge Kutta time integration scheme
(solid line) and with Asymptotic Numerical Method (dash-dotted line). The
dashed line represents half of the backlash value.

become more relevant as it is possible to study the effect of internal excitation
at high frequency and the effect due to low frequency external torque.

In Section 3.3, a nonlinear lumped parameter model of a spur gear pair
with time-varying meshing stiffness and backlash is established. The system of
equation is recast in a quadratic form in order to be solved with the Asymptotic
Numerical Method. The quadratic recast is firstly conducted on a purely
torsional system and successively on the classical 4 DOFs system where the
bearing and shaft compliance are considered. In Section 3.4, the periodic
solution of geared systems are computed by implementing the quadratic
equations in Manlab continuation software. A comparison between the two
solution methods in terms of computational performance is conducted. The
Asymptotic Numerical Method is faster than Runge-Kutta time integration
scheme, as the first one works in frequency domain. As proved by the numerical
simulation, the adoption of an high number of harmonics does not represent a
critical aspect. Thanks to the quadratic formalism, the high-order Taylor series
can be computed in a very efficient way. On the contrary, additional time is
needed to rearrange the equation of motion in a quadratic form, while this is
not needed when employing the Runge-Kutta time integration scheme. Within
geared system dynamics, the real limit of the Asymptotic Numerical Method
coupled with the Harmonic Balance Method is represented by the necessity to
express the nonlinear contact function as an analytical smoothed one. In fact,
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Figure 24: Radial displacement of gear 1, x1, computed with Runge Kutta time inte-
gration scheme(solid line) and with Asymptotic Numerical Method (dash-
dotted line)

when double-sided impacts occur, the transmission of forces takes place on
the Back-side Line of Action. This aspect can lead to an erroneous estimation of
bearing reaction forces as the definition of dynamic transmission error assumes
a different expression. Despite the radial dynamics can not be correctly forecast
when back side impact takes place, it must be underlined that the torsional
dynamics is not affected by this aspect. In order to overcome this particular
issue, different numerical techniques may be adopted. In particular the ANM
may be coupled with the polynomial collocation method, which permits the
definition of the nonlinear contact function as a piece-wise linear non-analytic
function.
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3.5 concluding remarks

Figure 25: Radial displacement of gear 2, x2, computed with Runge Kutta time inte-
gration scheme(solid line) and with Asymptotic Numerical Method (dash-
dotted line)
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4
A R AT T L E I N D E X F O R M U L AT I O N F O R S I N G L E A N D
M U LT I P L E B R A N C H G E A RT R A I N S

The Chapter proposes an analytical procedure for the generalization of the rattle index
in any type of ordinary transmission layouts, single or multiple branch, both in idle
and loaded conditions. Its definition is obtained by a recursive analytical formulation of
the rotational dynamics of gears. Numerical analytical studies are exploited to examine
the effectiveness and reliability of the introduced index. Several geartrain layouts are
investigated and results show its capability to instantaneously describe the vibro-
impact events related to any gear pair of the driveline. Moreover, the general definition
is shown to be a proper indicator of the potential presence of mutual interactions
between different gear pairs pertaining to the same driveline. The analysis of the results
reveals an excellent agreement with the expected behavior of the outlined parameter.

4.1 introduction

Rattle noise phenomenon has been the subject of numerous investigations due
to its occurrence in idle gear dynamics. As an example, the oscillating torque
generated by the irregularity of the internal combustion engine provokes
impacts between the teeth of all the unloaded gears in manual transmission.
More generally, any geartrain subjected to low mean value oscillating torque
is willing to teeth detachment and consequent vibro-impacts. For this reason,
many authors focused their attention to the development of non-linear models
with the purpose to investigate rattle noise phenomenon and its relation
with other mechanical components of the entire power transmission. Different
solutions have been proposed to reduce or eliminate the emission of rattle noise
in multispeed gearboxes. Bozca [95] studyed the influence of the geometric
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parameters of the gearbox in particular, the module, number of teeth, axial
clearance and backlash, in order to minimize rattle noise. Rigaud et al. [96]
investigated rattle occurrence at various operating drag torques and mean
rotational speeds. A certain amount of works have been conducted on the
application of some devices as multi-stage clutches or dual mass flywheels
that aim either to reduce the rattle noise emission or eliminate its occurrence.
Shangguan et al. [97] realized a guideline to select clutch’s stiffness and
damping to limit rattle noise emission for a car at idle. Yoon and Kim [98]
investigated rattle phenomena by developing a non-linear model for the multi-
staged clutch damper. Brancati et al. [56] developed an analytical model that
considers the effects of hysteretic friction in the clutch springs and the oil
damping effect between the impacting teeth. The same authors [99] investigated
the gear rattle reduction in an automotive driveline due to the adoption of
a flywheel with an innovative torsional vibration damper. Miyasato et al.
[100] have made a comparison between the effects of changing some clutch
parameters with those given by modifying some properties of the system,
such as the flywheel inertia, gear backlash, and damping parameters of the
gearbox, in order to verify which approach guarantees results with a lower
rattle noise level. Another possibility to reduce gear rattle noise is offered by the
lubricant oil. Baumann et al. [101] conducted an experimental study on various
lubricants, analyzing gear pair dynamics in different elastohydrodynamic
conditions stating that rattle noise can be reducted using low traction lubricant.
Theodossiades et al. [54, 55] proved that the presence of lubricant between
the impacting teeth interface may act as a non-linear spring-damper system.
Fernandez-del-Rincon et al. [53] investigated the calculation of hydrodynamics
forces between teeth by following six different formulations under stationary
conditions. Diez-Ibarbia et al. [102] analyzed the dynamic behavior of lightly
loaded drivelines considering the fluid viscosity influence on hydrodynamic
forces under non-stationary conditions. Fietkau et al. [103] examined the
influence of different tribological and geometrical parameters on lubrication
condition for a rattling and a loaded gear pair.

In geartrain design, the definition of a rattle index can be a powerful tool
in order to identify the presence of rattle noise. R. Singh et al. [10] outlined
the very first formulation of a parameter function of vibro-impacts occurrence.
Considering the idler gear dynamics, an analytical rattle criterion has been
given by comparing the dynamic transmission error with backlash. From a
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physical point of view, the viscous drag torque generated at the interface idler
gear-shaft must be sufficient to overcome the inertial torque to ensure rattle-free
transmission . Rust et al. [104] adopted the same principles, by affirming that
the gear rattle threshold can be formulated within critical angular acceleration
value at which rattle appears. Padmanabhan et al. [105] affirm that the level of
noise generated by this phenomenon is strictly related with the acceleration
peak amplitude and the decay rate. Two indices are developed to evaluate
the performance of any clutch in relation to noise control, one based on the
ratio of mean-square values of the angular accelerations and one based on the
ratio of the peak to peak values. More recently Slavkovsky et al [106] outlined
the relationship between potential energy stored in meshing and rattle noise
emission, showing that gears tend to detachment when mesh energy raises
and the kinetic angular energy turns down.

Based on the proposed literature review, it is possible to notice that several
studies have been focused on the identification of the rattle noise by using
mathematical models. However, the investigation has been exclusively focused
on idle gear pairs, since this is an unavoidable working condition in multi-
speed gearboxes. Despite this may be considered as the most common scenario,
the rattle noise phenomenon may also occur in other geartrain applications,
such as engine timing systems. In this kind of drivelines, the camshaft motion
induces a resistant oscillating torque with a low mean value that provokes
vibro-impacts between teeth. The purpose of the current Chapter is to gen-
eralize the definition of the Rattle Index (RI) proposed by R. Singh et al. in
[10] to any type of transmission, single or multiple branch. The proposed
formulation also includes the definition for loaded geartrains. Several configu-
rations of drivelines are investigated with the aim to present the effectiveness
and reliability of outlined indices. In a first instance, the generalisation of
the equation of motions for a generic geartrain is given. The dissertation is
propaedeutic to the definition of a parameter related to rattle noise emission
with general applicability. Moreover, simulation results for different geartrain
layouts are shown in order to observe the accuracy of the outlined indices. The
RI will remain under a certain threshold when gears are in contact on the drive
side; as soon as teeth detachment takes place RI will respond with a peak,
overcoming threshold value. The proposed study is intended to define a RI
which instantaneously describes the vibro-impacts events related to any gear
pair of the driveline. The resulting index will outline the tooth detachment of
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considered gear pair. An important aspect that will be further discussed, is
the comparison between indices related to consecutive meshings. The defined
index, highlights that the rotary motion of considered gear pair is affected by
vibro-impacts of all driveline.

The Chapter is structured as follows: in the next section the state of the art
about the rattle index definition is introduced. Afterwards, the definition of
rattle index is formulated for a generic geartrain, single or multiple branch,
generalizing the statement for a driveline with an arbitrary number of gears.
In section 4.3 rattle index properties are discussed by focusing on the results
obtained from different driveline layouts. Eventually, last section is devoted to
concluding remarks.

4.2 rattle indicator

As described in [10], when gears are continuously in contact on drive side, no
rattle emission could occur. Rattle will take place if gears are separated and free
to move within the backlash, with a consequent single-sided or double-sided
impact on tooth flanks. The double-sided impact involves the opposite flank of
the tooth moving the transmission of forces along the Back-side Line of Action. In
this study the phase shift effect for forward and backward contact is considered
by using the same approach defined in [107]. Based on the definition given by
R. Singh [10], rattle in a single gear pair will take place under the following
condition:

xr(t) :

{
⩽ xb/2 : rattle

> xb/2 : no rattle
(36)

The same criterion can be reformulated in terms of angular acceleration of
the driven gear. By considering the idle gear dynamics, Te2 = 0 and focusing
on the second equation of system in Eq. 1, it is possible to outline the gear
mesh force term:

fm =
−J2θ̈2
R2

− α̂
J2θ̇2
R2

(37)

It has to be noticed that the condition xr > xb/2 is equivalent to −J2θ̈2/R2 −

α̂J2θ̇2/R2 > 0 but −J2θ̈2/R2 − α̂J2θ̇2/R2 = 0 is not equivalent to xr = xb/2. In
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fact, condition xr = xb/2 expresses the limit condition in which teeth are in
contact, while −J2θ̈2/R2 − α̂J2θ̇2/R2 = 0 expresses the free flight motion of
gear, i.e. teeth are not in contact. With this assumption the rattle criterion can
be reformulated as follows:

−J2θ̈2/R2 − α̂J2θ̇2/R2 :

{
⩽ 0 : rattle

> 0 : no rattle
(38)

Previous works ([107], [56], [10], [108]) limited this consideration to only
idle dynamics, where the driven gear is unloaded or lightly loaded by the
viscous drag torque. The main purpose of this work is to introduce a rattle
criterion suitable for any type of ordinary transmission layouts, single or
multiple branch, both in idle and loaded conditions. By focusing on the
torsional equation of motion of the driven gear and taking into account the
considerations outlined in Eq. 38, it is possible to introduce the Rattle Index
for loaded gears:

RI(t) =

∣∣∣∣ J2θ̈2

α̂J2θ̇2 − Te2

∣∣∣∣ (39)

RI(t) :

{
⩾ 1 : rattle

< 1 : no rattle
(40)

The index defined above is valid for a single gear pair where the driven
gear can be loaded or unloaded. It is worth noticing that if Te2 = 0 the Eq.40 is
equivalent to Eq.38. Furthermore, it should be noted that Eqs.38, 39 and 40 do
not depend on gear velocity ratio τ and contact ratio ϵ.

It is worth to describe how the inequalities have been handled to determine
the rattle index and the relative rattle criterion. By assigning a positive rotation
of driver gear θ1 > 0, then gear 2 rotation will be negative, i.e. θ2 < 0.
The meshing torque applied on gear 2 will have a negative sign as long as
teeth are in contact on drive side tooth flank. The meshing torque sign will
change, passing through zero, when xr ⩽ xb/2. Starting from inequation
−J2θ̈2/R2 − α̂J2θ̇2/R2 ⩽ 0, it is then possible to obtain the rattle criterion:

−J2θ̈2 ⩽ α̂J2θ̇2 (41)
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by dividing both side of the inequation for α̂J2θ̇2 and considering α̂J2θ̇2 < 0,
one can obtain:

−
J2θ̈2

α̂J2θ̇2
⩾ 1 (42)

J2θ̈2

α̂J2θ̇2
⩽ −1 (43)

which may lead to RI definition:

RI(t) =

∣∣∣∣ J2θ̈2α̂J2θ̇2

∣∣∣∣ (44)

and relative rattle criterion statement:

RI(t) :

{
⩾ 1 : rattle

< 1 : no rattle
(45)

It is worth noticing that rattle criterion does not depend on the rotation
direction. In case of negative rotation of driver θ1 < 0, the gear 2 rotation
will be positive, i.e. θ2 > 0. In this case the meshing torque applied on gear
2 will have a positive sign as long as teeth are in contact on drive side tooth
flank:−J2θ̈2/R2 − α̂J2θ̇2/R2 ⩾ 0. The rattle index definition and the relative
criterion remain unaltered.

A novel proposal of the authors for RI definition in case of single or multiple
branch geartrain is defined in the next subsections.

4.2.1 Single Branch geartrain

In this subsection the generalization of the gear rattle index for single branch
loaded geartrains is outlined. By considering a driveline with an arbitrary
number of gears (see Figure 26), its rotary motion is completely described by
the equation system in Eq. 46. Despite the translational DOFs concur in the
definition of the dynamic transmission error, equations defining the radial
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balance are hereinafter omitted as only torsional dynamics is necessary for the
proposed dissertation.



J1θ̈1
R1

+ α̂ J1θ̇1R1
+ fm12

=
Te1
R1

J2θ̈2
R2

+ α̂ J2θ̇2R2
+ fm12

+ fm23
−
Te2
R2

= 0

...
Jiθ̈i
Ri

+ α̂ Jiθ̇iRi
+ fm(i−1,i) + fm(i,i+1)

−
Tei
Ri

= 0

...
Jnθ̈n
Rn

+ α̂ Jn
˙θn

Rn
+ fm(n−1,n)

−
Ten
Rn

= 0

(46)

The equation system is formed by "n" equations, were the generic equation
related to gear "i" contains two meshing force terms, the first one related
to the engagement between gear i and i − 1 and the other term referring
to the engagement between i and i+ 1. With the purpose to achieve the RI
statement, the first step is to rewrite the equations of motion in such manner to
obtain for each gear, an expression where meshing force fm(i−1,i) is expressed
as a function of external excitation torques, inertial torques and the viscous
damping torques. By focusing on the equation system defined in Eq. 46, it is
possible to notice that the equation related to the n-th gear already satisfies
this requirement:

fm(n−1,n)
=
Ten
Rn

−
Jnθ̈n

Rn
− α̂

Jnθ̇n

Rn
(47)

By combining the equation of motion relative to gear n− 1 with Eq. 47 it is
possible to isolate the term fm(n−2,n−1):

fm(n−2,n−1)
=
Jnθ̈n

Rn
−
J(n−1) ¨θ(n−1)

R(n−1)
+ α̂

Jnθ̇n

Rn
− α̂

J(n−1) ˙θ(n−1)

R(n−1)
+
Te(n−1)

R(n−1)
−
Ten
Rn

(48)

By adopting this iterative approach until the second gear, it is possible to write
a generalized expression for the generic gear "i" :

(−1)i fm(i−1,i) +

n∑
k=i

(−1)k
[
Jkθ̈k
Rk

+ α̂
Jkθ̇k
Rk

−
Tek
Rk

]
= 0 (49)
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Figure 26: Lumped parameter model of a single branch driveline

Starting from Eq. 49 the definition given in Eq. 39 may now be extended by
introducing the expression of the rattle index referred to the generic gear pair
(i− 1, i) of the driveline:

RI(i−1),i =

∣∣∣∣∣∣
∑n
k=i (−1)

k Jkθ̈k
Rk∑n

k=i (−1)
k
(
α̂ Jkθ̇kRk

−
Tek
Rk

)
∣∣∣∣∣∣ (50)

The expression in Eq. 50 may be considered a general formulation for the rattle
index since it may be applied to any gear pair of any single branch driveline.
Reliability and limitations of the proposed index will be further discussed in
section 4.3.

4.2.2 Multiple Branch geartrain

In this subsection the definition of the generalized gear rattle index is extended
to multiple branch geartrains. By considering the generic driveline shown in
Figure 27 it is possible to observe the presence of a single gear simultaneously
in meshing with other three gears, namely the hub’s gear. Based on this
observation, it is possible to identify three different branches denoted with
three different indices i, h, k. Branch i is formed by n gears identified by
subscript l. The first gear of branch i is considered as the driving gear of the
entire driveline. The branch k has m gears identified by subscript u while
branch h has a total number of q gears denoted by subscript v. On the basis of
the defined nomenclature, the hub’s gear will be simultaneously considered as
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the last one of branch i and the first gear of branch k as well as the first gear
of branch h. Hence, the two driveline branches k and h can be considered as
single geartrains where the hub’s gear represents the driving one. With this
assumption, it is now possible to apply the general formulation defined in
Eq.49 to both k and h branches:

Figure 27: Lumped parameter model of a multiple branch geartrain

(−1)u fkm(u−1,u)
+

m∑
j=u

(−1)j

[
Jkj θ̈

k
j

Rkj
+ α̂

Jkj θ̇
k
j

Rkj
−
Tkej

Rkj

]
= 0 (51)

(−1)v fhm(v−1,v)
+

q∑
j=v

(−1)j

[
Jhj θ̈

h
j

Rhj
+ α̂

Jhj θ̇
h
j

Rhj
−
Thej

Rhj

]
= 0 (52)

Where h and k superscripts denote the respective branch. Since branches h
and k are characterized by the same formulation defined for the single branch
geartrain, the rattle index of a generic gear pair pertaining to such branches
may be directly obtained by applying Eq.50. As a consequence, by considering
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the hub’s gear as the n-th gear of branch i, the following equation completely
describes its rotary motion:

(−1)n fim(n−1,n)
+ (−1)n

[
Jinθ̈

i
n

Rin
+ α̂

Jin
˙θin

Rin
−
T ien
Rin

]
+

(−1)n+1
[∑m

j=2 (−1)
j

[
Jkj θ̈

k
j

Rkj
+ α̂

Jkj θ̇
k
j

Rkj
−
Tkej
Rkj

]
+

∑q
j=2 (−1)

j

[
Jhj θ̈

h
j

Rhj
+ α̂

Jhj
˙θhj

Rhj
−
Thej
Rhj

]]
= 0

(53)

At this point, Fim(n−1,n) is expressed as a function of external excitation torques,
inertial torques and the viscous damping torques. By following the same
recursive approach, the equation of motion for the rotational degree of freedom
of the generic gear l of branch i is given by:

(−1)l fim(l−1,l)
+
∑n
p=l (−1)

p

[
Jipθ̈

i
p

Rip
+ α̂

Jipθ̇
i
p

Rip
−
T iep
Rip

]
+

(−1)n+1
[∑m

j=2 (−1)
j

[
Jkj θ̈

k
j

Rkj
+ α̂

Jkj θ̇
k
j

Rkj
−
Tkej
Rkj

]
+

∑q
j=2 (−1)

j

[
Jhj θ̈

h
j

Rhj
+ α̂

Jhj
˙θhj

Rhj
−
Thej
Rhj

]]
= 0

(54)

As a result, Eqs. 51, 52 and 54, may be used to describe the mesh force of a
generic gear pair pertaining to the generic branch of the driveline. Based on
the defined formulation, it is straightforward to deduce the rattle index related
to the engagement between gear l and l− 1 of branch i:

RIl−1,l =

∣∣∣∣ND
∣∣∣∣ (55)

where N and D yelds to:

N =
∑n
p=l (−1)

p

[
Jipθ̈

i
p

Rip

]
+ (−1)n+1

∑m
j=2 (−1)

j

[
Jkj θ̈

k
j

Rkj

]
+

(−1)n+1
∑q
j=2 (−1)

j

[
Jhj θ̈

h
j

Rhj

] (56)

D =
∑n
p=l (−1)

p

[
α̂
Jipθ̇

i
p

Rip
−
T iep
Rip

]
+ (−1)n+1

∑m
j=2 (−1)

j

[
α̂
Jkj θ̇

k
j

Rkj
−
Tkej
Rkj

]
+

(−1)n+1
∑q
j=2 (−1)

j

[
α̂
Jhj

˙θhj
Rhj

−
Thej
Rhj

] (57)
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It is worth noticing that the proposed methodology is not limited to geartrain
layouts characterized by three branches but it may similarly be extended to
drivelines with an arbitrary number of branches and hub’s gears.

It is worth underlining that the purposes behind the definition of RI are not
limited to the detection of teeth detachment, which may be directly evaluated
through the gear mesh displacement time histories, found as part of the
solution. The outlined index may be further processed in order to obtain an
indication of rattle level severity related to a specific meshing pair of the
geartrain. According to [10], the root mean square value of the rattle index
expressed in a logarithmic scale may be adopted to represent the severity level
associated to the observed rattle phenomena.

4.3 numerical assessment

The task of the present section is to highlight the potentials of the given
definition of RI. In order to fulfill this purpose, the index will be applied
to various geartrain layouts. In a first instance the idle gear dynamics is
investigated. Afterwards the RI for loaded geartrain is illustrated and some
considerations are made on its validity and effectiveness. Finally results for
multiple branch geartrain are shown.

The numerical analysis has been carried out by using the block diagram
model developed by the author in Simcenter Amesim environment. Each gear
pair is modeled by adopting the methodology explained in Chapter 2 and
solved by using the fixed time step integrator based on Runge-Kutta method of
order 4. The time step is set to 10−6 s throughout the entire numerical study. In
order to simplify the analytical dissertation, the squeeze force due to lubricant
is neglected. A comparison between experimental and numerical results could
be an interesting feedback to assess the proposed analytical methodology.
Despite this, it has to be clarified that the tool used for the numerical study
is based on a well-known gear pair modeling strategy that rests its reliability
and consistency on experimental comparisons reported in several previous
works in the literature [109, 16]. Moreover, an application of the adopted
tool including experimental validation is available in Chapter 2. Regarding
the RI formulation, the proposed dissertation represents an extension of the
index previously introduced by R.Singh in [10] to a large variety of geartrain
layouts. Based on this characteristic, in analogy to the formulation given in
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[10], the proposed RI generalization does not depend on empirical terms since
its computation is executed by using the mathematical quantities estimated by
the dynamic model. For this reason, it may be deduced that the reliability of
the proposed index directly depends on the reliability of the numerical results.

4.3.1 Unloaded single branch geartrain

In this subsection the steady state idle gear dynamics of two different geartrain
layouts is investigated. In this condition, the geartrain is characterized by
an angular speed oscillating around a constant value and no external loads
applied to the driven gears, except for the drag torque due to friction which is
proportional to the velocity of the related gear. First of all, RI behavior related
to idle gear pair is shown. This first analysis, despite recalling well known liter-
ature results, will help the comprehension of the further examples. Secondly a
three gears single branch geartrain is used to highlight the effectiveness of the
outlined index and demonstrate that the comparison between indices related
to consecutive meshings allows to detect mutual interactions among gears. The
gear mesh stiffness is obtained by using the analytical method proposed by
Kuang and Yang in [23], while damping coefficients have been chosen with the
purpose to obtain a damping factor ζ from to 2% to 10% within the frequency
range of interest, which represent a realistic range of values for this kind of
mechanical systems, based on the author’s experience.

4.3.1.1 Single gear pair scenario

By focusing the attention on the single gear pair dynamics, numerical studies
have been carried out at a mean rotating speed equal to 1000 rpm. Design
parameters are shown in table 2. Simulations have been run for a total time
of 1 second: during the first 0.3 s the rotating speed is constant, afterwards
acceleration excitation θ̈p is imposed on the driver gear, to simulate the speed
fluctuation and induce tooth detachments:

θ̈p =

{
0 if t ⩽ 0.3s

Âsin(2πfat) if t > 0.3s
(58)

where Â and fa are the amplitude and the frequency of the angular acceleration
excitation, respectively. Their value is shown in table 2. For the sake of clarity,
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Parameters Gear 1 Gear 2

Mass [kg] 0.12 0.181

Mass moment of inertia [kgm2] 8.49e-5 1.6e-4
Module [mm] 3

Number of teeth 25 32

Pressure angle [deg] 20

Gear mesh stiffness [N/m]
40.8e + 6 (max)
26.91e+6 (min)

kb bearing stiffness [N/m] 2e+8 2e+8

α̂ damping coefficient [s−1] 5

β̂ damping coefficient [s] 8e-5
Backlash [µm] 115

fa [Hz], frequency of acceleration excitation θ̈p 30

Â [rad/s2], amplitude of acceleration excitation θ̈p 1000

ft [Hz], frequency of external torque Te2 30

B̂ [Nm], amplitude of external torque Te2 25

Table 2: Design parameters for single gear pair

the choice of a zero initial phase does not affect the general applicability of
the proposed analysis. This statement remains valid hereinafter, throughout
the entire numerical study. It is worth noticing that the defined modeling
approach coincides with the standard methodology adopted in the literature
to assess rattle (see refs. [107], [56], [10] ) since it is the responsible of tooth
detachment in idle pairs within gear transmissions. By observing the results
related to the single gear pair, (see Figure 28), it is noticeable that as long as
the acceleration excitation is zero, gears are in meshing on the front side of the
tooth and no detachment events are recognized (Figure 28a). As expected, the
RI values always remain below the rattle threshold (Figure 28c). On the other
hand, Figure 28b shows that the occurrence of double-sided impacts comes
out when the acceleration excitation induces an oscillating rotating speed. As
discussed in section 4.2, RI produces a periodic peak overcoming the threshold
value when vibro-impacts occur (see Figure 28d).
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Figure 28: Transmission error and rattle index calculated for the unloaded single gear
pair under full contact conditions (a and c, respectively) and under rattle
conditions (b and d, respectively).

4.3.1.2 Three gears geartrain scenario

Once the RI behavior pertaining to a single gear pair has been recalled, atten-
tion is now focused on its application to a single branch geartrain constituted
by three gears. Design parameters are depicted in table 3. For the sake of
uniformity, the same working conditions adopted for the previous example are
simulated, including also the excitation defined in Eq. 58. Results are reported
in Figure 29. In particular, Figure 29a shows the transmission errors xr12 and
xr23 in the time domain, while Figure 29b e 29c show the trend related to
RI12 and RI23, respectively. As it can be observed from Figure 29a, detachment
occurs on both meshing phenomena, however, the analysis of RI12 and RI23
underlines the presence of a different behavior. In particular, RI12 trend, shows
two peaks at each tooth engagement between gear 1 and gear 2, while RI23
produces only one periodic peak. In order to better understand the reason
behind this scenario, attention may be focused on Figure 30 showing a detailed
view of the instants when impacts occur on the Direct Line of Action. As it
may be noticed, the first impact is recognized on xr12 due to the engagement
between gear 1 and 2. Within this time instant, gear 2 and 3 are not in contact.
For this reason, this event is detected by RI12 but it cannot be recognized on
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Parameters Gear 1 Gear 2 Gear 3

Mass [kg] 0.12 0.181 0.243

Mass moment of inertia [kgm2] 8.49e-5 1.6e-4 1.07e-4
Module [mm] 3

Number of teeth 25 32 17

Pressure angle [deg] 20 20

Gear mesh stiffness [N/m]
40.8e + 6 (max)
26.91e+6 (min)

26.8e + 6 (max)
17.38e+6 (min)

kb bearing stiffness [N/m] 2e+8 2e+8 2e+8

α̂ damping coefficient [s−1] 5

β̂ damping coefficient [s] 8e-5
Backlash [µm] 115

fa [Hz], frequency of acceleration excitation θ̈p 30

Â [rad/s2], amplitude of acceleration excitation θ̈p 1000

ft [Hz], frequency of external torque Te2 30

B̂ [Nm], amplitude of external torque Te2 25

Table 3: Design parameters for single branch geartrain composed of three gears

xr23 and therefore RI23 remains under the threshold value. On the other hand,
the second impact occurs when gear 2 and 3 start enganging. However, within
this timeframe gear 1 and 2 are engaged and therefore the impact force can
transmit itself throughtout the entire geartrain. As a consequence, the event
is concurrently recognized by RI23 and, by RI12 with a lower amplitude. The
enlightened phenomena demonstrates that the general definition of the rattle
index is effectively capable to detect the events occurring on each meshing and
the potential presence of mutual interactions between them.

In addition, the analysis is repeated for three different values of the angular
acceleration amplitude of driver gear θ̈p in order to demonstrate that rattle in-
dex RI may lead to a quantitative estimation of the rattle severity by computing
the root mean square value of RI, according to [10]. In order to underline this
aspect, simulations have been repeated for three different values of amplitude
Â: 1000 rad/s2, 2500 rad/s2 and 5000 rad/s2. As it may be observed in Figure
31 showing the results related to RI12 and RI23, as the acceleration amplitude
increases, the impact between teeth become more severe leading the overall
rattle level to rise. Table 4 illustrates the root mean square value for each case
of study, demonstrating the increasing trend of RI magnitude.
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Amplitude of θ̈p [rad/s2] Root mean square value of RI12 Root mean square value of RI23
Â1 = 1000 12.70 15.51

Â2 = 2500 13.00 16.32

Â3 = 5000 15.09 18.46

Table 4: Value of θ̈p amplitude and related RI12 and RI23 root mean square values

4.3.2 Loaded geartrain

In this subsection the loaded gear dynamics of a single gear pair is investigated.
In a first place RI trend is shown, afterwards, some considerations are made
on its validity and application. Geometrical parameters are related to the same
single gear pair layout defined in section 4.3.1 (see Table 2). In this particular
study, teeth detachment is caused by an external torque applied on the driven
gear. Numerical simulations are carried out at a mean rotating speed of 1000

rpm, while an oscillating torque (Te2 in Eq. 59) on the driven gear is applied
in order to induce rattle:

Te2 =

{
0 if t ⩽ 0.3s

B̂sin(2πftt) if t > 0.3s
(59)

where B̂ and ft are the amplitude and the frequency of the external torque
and their value is shown in table 2. A dedicated driving torque Te1 in Eq. 60

behaves as a proportional integrator (PI) controller that is capable to keep the
mean velocity of gear 1 at the desired value without neglecting its dynamic
behavior:

Te1 = kc (θ1kin − θ1) + cc( ˙θ1m − θ̇1) (60)

where θ1kin and ˙θ1m are respectively the angular kinematic displacement and
mean angular velocity of gear 1. kc and cc denote the proportionality and
integral gain of controller. Results of the proposed analysis are shown in Figure
32. In particular, Figure 32a shows the transmission error xr in time domain,
while Figure 32b shows RI trend, that exhibits a periodic peak overcoming
the threshold value when vibro-impacts occur. From a qualitative perspective,
the detected behavior is similar to the one observed regarding the idle gear
pair in Figure 28. However, for the sake of clarity, it is worth noticing that the
results depicted in Figure 32 cannot be directly obtained by applying the exact
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Figure 29: Transmission errors of all gear pairs of a three gears single branch geartrain
with no external loads applied (a) and rattle index calculated for each gear
pair (b and c) under rattle conditions.

definition of RI. According to Eq.50, the outlined index tends toward infinity as
the denominator tends to zero. As a result, the condition Te2 ≈ α̂J2θ̇2 implies
an instant growth in RI trend that overcomes the rattle threshold producing an
erroneous indication of rattle occurrence. It is therefore necessary to provide
some conditions on its validity. By defining the denominator of Eq. 50 as:

δ̂ =

∣∣∣∣∣
n∑
k=i

(−1)k
(
α̂
Jkθ̇k
Rk

−
Tek
Rk

)∣∣∣∣∣ (61)

it may be defined a threshold for RI authenticity, by excluding the results when
δ̂ is close to zero:

RI(i−1),i =


0 if δ̂ ⩽ threshold∣∣∣∣∣

∑n
k=i (−1)

k Jkθ̈k
Rk

δ

∣∣∣∣∣ if δ̂ > threshold
(62)
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Figure 30: Transmission errors related to meshing 1− 2 and 2− 3 of a three gears
single branch geartrain (a) and rattle index detail (b) with no external loads
applied.

where i = 2 and n = 2 in this specific example. By using the definition of
Eq. 62, results shown in Figure 32 are obtained. A detailed view of the impact
phenomena and related RI peak is given in Figure 33.

Based on the purpose to further explain this scenario, Figure 34b shows
external torque Te2 and viscous drag torque α̂J2θ̇2 in the time domain, Figure
34c shows the RI trend obtained by applying directly the Eq. 50, while Figure
34d shows the δ̂ behavior. The presence of a peak in the neighborhood where
the external torque is equal to the viscous drag one may be clearly recognized.
By introducing a threshold value to guarantee the reliability of RI and adopting
the consideration delighted in Eq. 62, it is evident that a part of information
related to the signal representing RI is lost in the neighborhood where Te2 ≈
α̂J2θ̇2. Thus, the choice of the threshold value has to be made to limit as much
as possible signal losses but also excluding RI results related to erroneous
indication of rattle occurrence. To fulfill the purpose of making an adequate
choice for the mentioned threshold, numerical studies have been conducted
on single branch geartrain constituted by 4 gears. The presented geartrain
layout is simulated by considering the same working conditions defined for
the loaded gear pair, where the external torque is applied on the last gear
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Figure 31: RI12 (a) and RI23 (b) trend, calculated for each case of study

of the driveline. Geometrical parameters are reported in Table 5. Numerical
investigations have demonstrated that the choice of threshold value is based on
the magnitude of δ̂. Figure 35 a,b and c show RI trend related to all meshing
gears of the driveline, while Figure 35d,e and f show the δ̂ magnitude and its
relative threshold. Even if it is not possible to define an absolute value for the
threshold rate, it has been observed that its magnitude has to be around the
5% of the maximum value assumed by δ̂. It is worth noticing that Figure 35 a,b
and c shows the deletion of the erroneous peak in RI trend, given from Eq. 50.

4.3.3 Multiple branch geartrain

In this subsection the calculation of RI for multiple branch geartrain is in-
vestigated. The geartrain layout considered in this study is constituted by a
total number of three branches and ten gears. The geartrain layout is shown
in figure 36. Design parameters are shown in Table 6 and 7. The numerical
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Parameters Gear1 Gear2 Gear3

Mass [kg] 0.12 0.181 0.243

Mass moment of inertia [kgm2] 8.49e-5 1.6e-4 1.07e-4
Module [mm] 3

Number of teeth 25 32 17

Pressure angle [deg] 20 20

Gear mesh stiffness [N/m]
40.8e+6 (max)
26.91e+6 (min)

26.8e+6 (max)
17.38e+6 (min)

kb bearing stiffness [N/m] 2.0e+8 2.0e+8 2.0e+8

α̂ damping coefficient [s−1] 5

β̂ damping coefficient [s] 8e-5
Backlash [µm] 115

Parameters Gear3 Gear4

Mass [kg] 0.243 0.45

Mass moment of inertia [kgm2] 1.07e-4 8.02e-4
Number of teeth 17 36

Pressure angle [deg] 20

Gear mesh stiffness [N/m]
77.3e+6 (max)
52.4e+6 (min)

kb bearing stiffness [N/m] 2.0e+8 2.0e+8

Table 5: Design parameters for single branch geartrain composed of four gears
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Figure 32: Transmission error and rattle index calculated for the loaded single gear
pair, under rattle conditions (a and b, respectively)

analysis is performed at a mean rotating speed equal to 1000 rpm, while an
oscillating torque is applied on gear 7 and 10:

Te7 = Te10 =

{
0 if t ⩽ 0.1s

Csin(2πftt) if t > 0.1s
(63)

where C and ft are the amplitude and the frequency of the external torques.
Their value is reported in table 7. Results are shown for gear 8 (Figure 37),
for the gear 4 (Figure 38) and for gear 2 (Figure 39). It is worth noticing that
the presence of external loads implies the same considerations highlighted in
section 4.3.2. In order to avoid erroneous indication of rattle, the denominator
of each RI expression is compared to a threshold value according to Eq. 62.
Due to the presence of a multitude of gears, their mutual interaction cannot be
straightforwardly deduced. The peaks that overcome the threshold value are
not only related to vibro-impacts caused by the considered meshing gears but
they are affected by the dynamics of the entire driveline. Figure 37b provides
an example of this scenario: the first peak on RI48 is clearly due the tooth
engagement between gear 4 and 8, while the second peak cannot be directly
related to this event. In the timeframe where the second peak takes place, gear
4 and 8 are in contact on front side and no impact phenomena are detected. By
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Figure 33: Transmission error and rattle index calculated for the loaded single gear
pair under rattle conditions detail (a and b)

observing Figure 37a, it is noticeable that the transmission error 4− 8, namely
xr48, is affected by the engagement between gears 1 and 2, which produces
the second peak. Similar considerations arise from Figure 38, representing
the trends related to RI34 and the involved transmission errors. In the time
interval where gear 3 and 4 are approaching, the impact caused by engagement
of gears 4 and 8 affects gear pair 3− 4 dynamics. While gear 3 and 4 are in
free flight motion, the impact between gears 4 and 8 is spread to the 3− 4
engagement, causing an evident slope modification in transmission error xr34
trend (see Figure 38a). As a consequence, the sharp peak in RI34 reaching the
highest amplitude is slightly anticipated with respect to the actual collision
between meshing gears 3 and 4 (see Figure 38b). By focusing on the second
peak in RI34 trend, the same consideration made for RI48 may apply. In the
time interval where the second peak occurs, gears 3 and 4 are engaging and
no detachment events are recognized. Hence, impact provoked by meshing
gears 1 and 2 is transmitted throughout the driveline. Finally, by considering
results shown in Figure 39b, RI23 behavior presents just one peak related to
vibro-impacts occurrence between gears 2 and 3. As it can be observed from
Figure 39a the double-sided impacts described by xr12 affects gear pair 2− 3
dynamics, but in this case the impacts between gear pair 1− 2 and gear pair
2− 3 occur almost at the same time, generating only one peak in RI23 trend.
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The illustrated results demonstrates the reliability of the general definition
of the rattle index that can be a powerful tool to detect rattle occurrence in
systems formed by multiple branch geartrain as geared timing system.

4.4 concluding remarks

The current study has defined a generalization of the Rattle Index proposed
by R. Singh et al. in [10] to any type of ordinary transmission layouts, single
or multiple branch, both in idle and loaded conditions. In particular, starting
from the classical 6-DOFs equation system defining the nonlinear dynamics
of a gear pair, a recursive analytical formulation of the rotational dynamics
of gears is proposed. This mathematical expedient is adopted to deduce the
generalization of the rattle index definition. In order to assess the theoretical
dissertation, several driveline layouts have been investigated. First of all, RI for
single branch unloaded geartrain is introduced. The general definition of the
rattle index is shown to be a proper indicator of the vibro-impacts related to
each gear pair of the driveline and the potential presence of mutual interactions
between them. Then RI for single branch loaded geartrain is investigated. In
this case considerations on RI validity are made and a threshold value for δ̂ is
introduced, fulfilling the purpose to avoid numerical problems and erroneous
indication of rattle occurrence. Moreover, observations on the appropriate
choice of threshold value are made, in order to gain a compromise between
the deletion of incorrect indications of rattle occurrence and the loss of signal
informations. Finally, the definition of the generalized gear rattle index is
extended to multiple branch geartrains, demonstrating the same accuracy and
capabilities. The proposed index is able to instantaneously describe the vibro-
impact events related to any gear pair of the driveline. Moreover, it allows
to takes into account the mutual interactions among gears pertaining the
geartrain. For all the described geartrain layouts, numerical analysis have been
conducted and relative results have confirmed the effectiveness and reliability
of outlined indices. Based on the detailed analysis, the proposed rattle index
may represent a powerful tool to identify the presence of rattle in a wide range
of geartrain layouts.
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Parameters Gear1 Gear2 Gear3

Mass [kg] 0.12 0.181 0.243

Mass moment of inertia [kgm2] 8.49e-5 1.6e-4 1.07e-4
Module [mm] 3

Number of teeth 25 32 17

Pressure angle [deg] 20 20

Gear mesh stiffness [N/m]
40.8e+6 (max)
26.91e+6 (min)

26.8e+6 (max)
17.38e+6 (min)

kb bearing stiffness [N/m] 2.0e+8 2.0e+8 2.0e+8

α̂ damping coefficient [s−1] 5

β̂ damping coefficient [s] 8e-5
Backlash [µm] 115

Parameters Gear3 Gear4 Gear5

Mass [kg] 0.243 0.45 0.46

Mass moment of inertia [kgm2] 1.07e-4 8.02e-4 2.5e-4
Number of teeth 17 36 22

Pressure angle [deg] 20 20

Gear mesh stiffness [N/m]
77.3e+6 (max)
52.4e+6 (min)

26.8e+6 (max)
17.38e+6 (min)

kb bearing stiffness [N/m] 2.0e+8 2.0e+8 2.0e+8

Parameters Gear5 Gear6 Gear7

Mass [kg] 0.46 0.27 0.212

Mass moment of inertia [kgm2] 2.5e-4 1.8e-4 1.75e-4
Number of teeth 22 26 20

Pressure angle [deg] 20 20

Gear mesh stiffness [N/m]
140.7e+6 (max)
108.9e+6 (min)

102.75e+6 (max)
71.20e+6 (min)

kb bearing stiffness [N/m] 2.0e+8 2.0e+8 2.0e+8

Table 6: Design parameters for multiple branch geartrain.
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Parameters Gear4 Gear8 Gear9

Mass [kg] 0.45 0.283 0.37

Mass moment of inertia [kgm2] 8.02e-4 5.2e-4 2.3e-4
Number of teeth 36 34 25

Pressure angle [deg] 20 20

Gear mesh stiffness [N/m]
72.33e+6 (max)
52.44e+6 (min)

69.78e+6 (max)
51.80e+6 (min)

kb bearing stiffness [N/m] 2.0e+8 2.0e+8 2.0e+8

Parameters Gear9 Gear10

Mass [kg] 0.37 0.099

Mass moment of inertia [kgm2] 2.3e-4 5.1e-5
Number of teeth 25 21

Pressure angle [deg] 20

Gear mesh stiffness [N/m]
74.06e+6 (max)
46.05e+6 (min)

kb bearing stiffness [N/m] 2.0e+8 2.0e+8

ft [Hz], frequency of external torques Te10 , Te7 30

C [Nm], amplitude of external torques Te10 , Te7 10

Table 7: Design parameters for multiple branch geartrain.
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Figure 34: Viscous drag torque α̂J2θ̇2 (a), external torque Te2 and viscous drag torque
α̂J2θ̇2 (b), RI (c) and denominator δ̂ of Eq. 39 (d). Results are related to the
single gear pair in loaded condition.
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Figure 35: Rattle index related to consecutive meshings (a, b and c) and trend of de-
nominator δ̂ of Eq. 50 for each meshing gear (e, f and g). For each engaging
pair, RI definition is reported considering the formulation given in Eq. 50

and the modification due to comparison with RI threshold authenticity.
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Figure 36: Multiple branch geartrain LP model

Figure 37: Transmission errors xr48 and xr12 (a) and rattle index RI48 (b).
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Figure 38: Transmission errors xr34, xr12 and xr48 (a) and rattle index RI34 (b).

Figure 39: Transmission errors xr23 and xr12 (a) and rattle index RI23 (b).
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5
T H E R O L E O F G E A R L AY O U T A N D M E S H I N G P H A S E F O R
W H I N E N O I S E R E D U C T I O N I N O R D I N A RY G E A RT R A I N S

Whine noise is one of major concern within geared system dynamics. The time-varying
bearing forces are transmitted to the gearbox case, which coupled with the whole
system assembly provokes an undesired noise emission. The Chapter proposes an
analytical formulation able to forecast the main overall direction and magnitude of
bearing reaction forces on idler gear when the geartrain works under quasi-static
condition. Moreover, a parametric study is conducted by evaluating the influence of
geartrain layout, the meshing phase shift and the amplitudes of meshing forces. Finally,
numerical experiments are performed in order to evaluate discrepancies and similarities
when the inertial effects become relevant.

5.1 introduction

Gear whine noise is mainly caused by transmission errors variation [7], [8], [9].
In fact, this phenomenon is related to gear manufacturing errors, misalignment
and time-varying meshing stiffness. Several studies have been conducted in
order to analyze and reduce mesh stiffness and transmission error fluctuations.
Gear tooth modification are used to obtain a smooth load transfer and reduce
whine noise emission. The very first theory was proposed by Walker in 1930

[110]. He discovered that an optimization of micro-geometries could led to
quieter transmission. Some years later Harris [111] observed that by setting
the tip relief to a certain amount is possible to obtain a constant transmission
error for the design load. Later, Litvin and Fuentes detailed the generation
of micro-geometry in [112] considering spur gears, helical gears, spiral bevel
gears, hypoid gears and planetary gear set. Chen and Shao [113], presented an
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analytical formulation of the mesh stiffness and analyzed the effect of tip relief.
Ma et al. [114], developed a mesh stiffness model suitable for profile shifted
gears with addendum modification. Many authors investigate the possibilities
to reduce transmission errors by micro-geometries optimization. Unless this,
the best configuration can be found only for the design load even though,
generally, gear transmission works under multiple load conditions.

Besides the internal excitation, gears are subjected to frictional excitation
forces which may become relevant when the transmission error is low [115]. In
fact, gear teeth in meshing area go through pure rolling only at pitch point. The
approaching and recessing motions can generate friction forces which are in
opposite direction. This rapid direction reversal can have a substantial impact
on dynamic meshing forces [116]. Within this framework, Velex et al. [117]
demonstrate that in heavy loaded geartrain, friction forces have a substantial
role in noise generation. Houser et al. [118] conducted several experiments
and revealed that friction force is a principal excitation for gear whine noise in
higher harmonics of the mesh frequency. Vaishya and R. Singh [119] , [120]
confirmed Houser et al. intuition, providing an analytical demonstration.

In planetary gear sets, a significant reduction of the vibration level can be
achieved by properly setting planet meshing phase. One of the first demon-
stration of this principle was proposed by Schlegel and Mard in [121]. They
experimentally measured a significant reduction of noise emission by prop-
erly setting planet meshing phase. By following Schlegel and Mard intuition,
Seager in [122] proposed some geometrical conditions for the neutralization
of the vibration amplitude at certain frequency. Parker in [123] conducted a
deep study to investigate the meshing force pulsations on the sun-planets and
planets-ring meshes in relation to the meshing phase shift. He affirmed that,
by properly setting the planet phasing, one may be able to obtain a vibration
level reduction. Later, Parker and Lin in [124] developed a complete analytical
description of the phase difference relation between sun-planets meshes and
planets-ring meshes. Canchi and Parker gave evidence that parametric instabil-
ities of planetary gear system may be suppressed by adopting certain mesh
phasing and contact ratio [125]. By considering the relevance of the matter,
Guo and Parker proposed a study devoted to the analytical determination
of mesh phase relations in general compound planetary gears in [126]. More
recently, Espiga et al. in [127] studied the influence of meshing phase and
planet spacing in planetary gears. The system geometry affects the transmis-
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sion error dynamics. Furthermore, they investigates the influence of errors in
planetary transmissions load sharing under different mesh phasing [128, 129].
Based on the current state of the art, many studies and experiments have been
conducted on the planet phasing within planetary gear sets. As a matter of
fact phase relationships between sun, planets and ring has now become an
established concept in planetary gear set design. Besides this, meshing phase
may have similar effects on vibration reduction of multi-mesh geartrain. Kartik
and Houser in [130] affirmed that meshing phase may be a significant factor
in the transmission error dynamics of multiple gear system. Liu and Parker
in [131] conducted a study on the non-linear dynamics of idler gear systems.
They gave evidence that meshing phase is an important aspect which affects
the dynamic response of the geared system. As stated in ref. [132], in idler gear
systems there is an additional opportunity to reduce whine noise emission,
as the meshing gear phase affects the transmission error fluctuations. In [132]
White et al. studied the meshing forces transmission in multimesh geartrain.
They state that in quasi-static condition, the alternating component of bearing
forces on idler gear describes an elliptical trajectory as the prime mover ro-
tates along a pitch angle. The ellipse orientation and the values of semi-axis
depend on the meshing phase. The phase is mainly related to three factors:
gear number of teeth, tooth thickness and gear spatial position. When the
internal excitation of the system is in a frequency range below the resonance,
the overall mesh force may be considered as equal to the bearing reaction force,
since the dynamic inertial effects can be neglected. The size of the ellipse and
the direction of semi-axis are strongly related to gear whine noise emission.
Despite White et al. [132] have got insight about quantities governing ellipse
size and its orientation, a rigorous analytical formulation is still missing.

With the purpose to overcome this limitation, the author attempts to obtain
an analytical formulation of the ellipse, establishing the mathematical quanti-
ties governing the ellipse shape and dimension. Furthermore, he investigates
how this aspect is suitable in dynamic conditions, i.e. when the frequency of
the internal excitation is close to the system resonance or above it. In order to
achieve this goal, a numerical study has been carried out on a geartrain formed
by three gears. In a first instance, the linearized eigenvalues and eigenvectors
are calculated, then the system response is computed at various rotational
speeds. The main objective is to observe the ellipse shape modification with
respect to the excitation frequency and the different modal shapes. The re-
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sults demonstrate that when excitation frequency approaches one eigenvalue,
inertial effects become relevant and no information can be gained about the
trajectory drawn by bearing forces amplitude. On the other hand they proved
that the proposed dissertation is a reliable tool to get insight the main overall
direction of bearing forces oscillating component when the system works under
quasi-static condition. The Chapter is structured as follows: in the next section,
the mathematical formulation of the elliptical trajectory of the bearing load is
obtained. Its definition starts from an analytical expression of gear meshing
forces. The result obtained is an analytical formulation to describe bearing
forces transmission on idler gear in quasi-static condition. The parameters gov-
erning ellipse shape and dimensions are the gears spatial position, the meshing
phase, and the amplitude of the meshing forces. In section 5.3 a parametric
study is conducted in order to evaluate the influence of system parameters on
ellipse size and orientation. Section 5.3.1 is dedicated to numerical experiments.
By means of time domain simulations, the author evaluates the inertial forces
contribution on bearing forces at different rotational velocities. The goal is
to study ellipse shape and orientation in relation to the internal excitation
frequency. Eventually, last section is devoted to concluding remarks.

5.2 mathematical formulation of the elliptical trajectory

In this section the mathematical dissertation leading to the analytical formula-
tion of the elliptical trajectory of the force on idler gear bearing is presented.
Since gears may be characterized by strong nonlinear phenomena, the pro-
posed methodology applies only 115 under specific hypotheses: quasi-static
behavior of the system, continuous teeth contact and stationary working con-
dition. These three hypotheses are usually satisfied when facing whine noise
problems, where the gears are loaded by high mean torque values, and the
system runs at low speed, i.e. when the carrier frequency of the main excitation
is well below the main resonances of the system. On one hand, the presence
of high torque 120 values avoids the chance of tooth detachment and make
the system weakly nonlinear. On the other hand, the low speed requirement
makes the inertia effects almost negligible. The geartrain layout is shown in
Fig. 40. Gears are mounted on rolling bearings and teeth contact is guaranteed
by the external torques Te1 and Te3. According with this assumption, no teeth
detachment is considered and two degrees of freedom are associated to each
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gear: the rotation around z-axis, namely θi, and the translation along the
direction parallel to the line of action, namely xi, with i = 1, 3. This choice
allows to minimize the number of degrees of freedom required to describe all
the gear motions. Gear 2 has three degrees of freedom, namely θ2, x2 and y2.
The reference frame of the idler gear is chosen in such a manner that the x-axis
acts as a bisector for the angle 2α, i.e. the angle between the two lines of action.
By focusing on the radial motion of gear 2, its dynamics is described by:

Figure 40: Schematic representation of the geartrain

{
m2ẍ2 + f

x2
m + fx2b = 0

m2ÿ2 + f
y2
m + fy2b = 0

(64)

where m2 denotes the mass, fx2b and fy2b are the bearing reaction forces in x2
and y2 directions. Terms fx2m and fy2m represent the meshing forces on gear 2

along x2 and y2. Both fm and fb account for elastic and damping contributions.
By evaluating the dynamic behaviour of the system in a frequency range below
the resonance, the elastic forces are predominant over the inertial ones. On the
basis of this assumption, which is also at the basis of the dissertation in [132],
Eq. 64 may be reduced to:{

f
x2
m + fx2b ≈ 0
f
y2
m + fy2b ≈ 0

(65)

It is worth noticing that fx2m and fy2m can be obtained by properly summing the
force due to meshing with gear 1 and 3 in x2 and y2 direction.

93



the role of gear layout and meshing phase for whine noise

reduction in ordinary geartrains

Meshing forces are periodic and they may be expressed by means of Fourier
series. By denoting with fm12

the alternating component of the meshing force
along the line of action between gear 1 and 2 and with fm23

the alternating
component of the meshing force along the line of action between gear 2 and 3,
the generic n− th harmonic can be expressed as follows:

fm12 = An cos (nΩt+ϕn) (66)

fm23 = Bn cos (nΩt+ϕn − Γn) (67)

where An and Bn are the amplitudes of the n− th harmonic,Ω is the excitation
frequency and ϕn and Γn are the phase shift, respectively. In order to obtain the
total amount of meshing force along x2 and y2, fm12

and fm23
are expressed in

Ox2y2 frame:
f
x2
m12 = An cos (nΩt+ϕn) cosα
f
y2
m12 = An cos (nΩt+ϕn) sinα
f
x2
m23 = Bn cos (nΩt+ϕn − Γn) cosα
f
y2
m23 = Bn cos (nΩt+ϕn − Γn) (− sinα)

(68)

The present dissertation is conducted under the hypothesis that the meshing
force excitation is composed of a single harmonic. This assumption does not
produce any loss of generality, since on the basis of the superposition principle,
it may be straightforwardly extended to an arbitrary number of harmonics.
Therefore, by setting n = 1, ϕn = 0, A1 = A, B1 = B and Γ1 = Γ , the meshing
force on the idler gear along the x2 axis becomes:

fx2m = [A cosα+B cosα cos Γ ] cosΩt+ [B cosα sin Γ ] sinΩt (69)

while along the y2 axis is:

fy2m = [A sinα−B sinα cos Γ ] cosΩt− [B sinα sin Γ ] sinΩt (70)

By introducing the following parameters:

a = [A cosα+B cosα cos Γ ] (71)
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b = [B cosα sin Γ ] (72)

c = [A sinα−B sinα cos Γ ] (73)

d = [B sinα sin Γ ] (74)

the meshing force components may be rearranged as follows:{
f
x2
m = a cos(Ωt) + b sin(Ωt)
f
y2
m = c cos(Ωt) − d sin(Ωt)

(75)

Starting from this canonical form, by defining the following additional param-
eters:

φ = arctan(b/a) γ = arctan(−d/c) K =
√
a2 + b2

J =
√
c2 + d2 ψ = Ωt−φ δ = φ− γ

(76)

it is possible to express the meshing force components by using cosine terms
exclusively:{

f
x2
m = K cos(ψ)
f
y2
m = J cos(ψ+ δ)

(77)

By carrying out simple mathematical operations as raising to the square Eq.
77 and summing the two of them together, the following expression may be
deduced:(

f
x2
m

K

)2
− 2

(
f
x2
m

K

f
y2
m

J

)
cos(δ) +

(
f
y2
m

J

)2
= sin2(δ) (78)

Eq. 78 represents a non-canonical ellipse in Ox2y2 frame and it describes the
trajectory of the overall meshing force applied to the idler gear.
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5.2.1 Canonical ellipse formulation

In relation to the geartrain layout and how the bearings are connected to the
housing, the direction of the ellipse semi-axis and their value may play a rele-
vant role. Thus, it becomes necessary to get insights about ellipse orientation
and the value of the two semi-axes. In order to compute these quantities, it is
crucial to retrieve the expression of the canonical ellipse in its reference frame.
By recalling the general form of a conic curve on a plane:

âx2 + b̂xy+ ĉy2 + d̂x+ êy+ f̂ = 0 (79)

where â, b̂, ĉ, d̂, ê and f̂ are real coefficients, the type of conic section is defined
by the discriminant, i.e. the quantity b̂2 − 4âĉ. If b̂2 − 4âĉ < 0, then Eq. 79

represents an ellipse in Oxy frame.
For the sake of clarity, Eq. 78 is now rewritten as:(

1

K

)2
(fx2m )2 − 2

(
cos δ
KJ

)
fx2m f

y2
m +

(
1

J

)2
(fy2m )2 − sin2(δ) = 0 (80)

Eq. 80 describes an ellipse with semi-axes rotated of a certain amount from
the reference frame axes. The computation of the rotation angle is essential for
the correct prediction of pulsating forces spatial directions, in order to focus
on their transmission on neighbour components and gearbox case. Moreover,
knowledge of this angle is mandatory to retrieve the canonical form of the
ellipse. It may be proved that the rotation angle of one of the ellipse semi-axes
with respect to Ox2y2 frame is:

θ =
1

2
arctan(

2KJ cos(δ)
K2 − J2

) (81)

It is well known that, in order to obtain the canonical ellipse, coefficient b
must be equal to zero, i.e. no xy term in Eq. 79 may exist. As a consequence, a
rotation of θ is applied on the Ox2y2 plane to Eq. 80 as represented in Fig. 41,
leading to the following expression:(

J2 cos2(θ) +K2 sin2(θ) − 2KJ cos(δ) sin(θ) cos(θ)
) (
fx

′
m

)2
+

+
(
K2 cos2(θ) + J2 sin2(θ) + 2KJ cos(δ) sin(θ) cos(θ)

) (
f
y ′
m

)2
+

+
(
(K2 − J2) sin(θ) cos(θ) −KJ cos2(θ) cos(δ) +KJ cos(δ) sin2(θ)

)
2fx

′
mf

y ′
m+

−K2J2 sin2(δ) = 0
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(82)

Figure 41: Elliptical trajectory drawn by the oscillating components of bearing forces
(green dashed line). For the correct interpretation of this figure legend,
color should be used in print.

By substituting Eq. 81 in Eq. 82, it may be observed that the coefficient
multiplying term fx

′
mf

y ′
m is equal to zero, leading to the canonical form of the

ellipse in the Ox ′y ′ frame:

fx
′
m

2

p2
+
f
y ′
m

2

q2
= 1 (83)

where terms p and q denote the half value of the semi-axes of the ellipse,
which are linked to the meshing force by the following expressions:

p2 =
K2J2 sin2(δ)(

J2 cos2(θ) +K2 sin2(θ) − 2KJ cos(δ) sin(θ) cos(θ)
) (84)

q2 =
K2J2 sin2(δ)(

K2 cos2(θ) + J2 sin2(θ) + 2KJ cos(δ) sin(θ) cos(θ)
) (85)
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The ellipse is fully defined when parameters p and q are known. As it may
be appreciated, parameters K, J and δ govern the shape and the size of the
elliptical trajectory. In this framework, a focus on the latter is fundamental to
understand the physical quantities governing the phenomenon. By retrieving
the Eqs. from 71 to 74 and the defined parameters in Eq. 76, it is possible
to observe that parameters K, J and δ depend on: the mounting angle α, the
meshing phase Γ and the amplitude A and B of the considered harmonic of
the meshing forces. The highlighted link makes the proposed dissertation a
powerful tool to describe bearing forces transmission on idler gear in quasi-
static condition. In fact, by properly setting the mounting angle α, the meshing
phase Γ and the amplitude of the meshing forces, one may be able to control
the direction of the transmitted forces in order to minimize the coupling with
the whole structure. The proposed 205 method can be applied to any ordinary
transmission layout with at least three gears. In addition, it is worth noticing
that the analytical dissertation may be employed also if the idler gear is loaded
by an external torque, since the methodology is retrieved by starting from
radial dynamics.

5.3 parametric study

In this section, by starting from the analytical formulation proposed in Eq. 83, a
parametric study is conducted on the ellipse shape and orientation. Parameters
α, Γ , A and B are taken as control parameters to analyze ellipse shape and
dimension modifications, i.e. to evaluate how the overall meshing force applied
to the idler gear changes its behavior. The study is performed by varying each
parameter without affecting the others, with the purpose to clearly detail the
trends without masking them with further design hypotheses. The system
parameters are set to the following values: α = 30◦, Γ = 45◦, A = 10N and
B = 7N and the influence of each of them is investigated while the other
remains a constant.

Figure 42 represents ellipse orientation angle θ and the magnitude of each
semi-axis as α varies from 0◦ to 180◦. According to design specifications and
constraints, the charts demonstrate the possibility to control the direction of the
overall force transmitted to the bearing of the idler gear. By observing the trend
of the semi-axis magnitudes in Fig. 42, it may be noticed that their behavior is
symmetric with respect to α = 90◦, while inclination axis θ is anti-symmetric.
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When angle α is equal to 90◦, 0◦ or 180◦, the line of action of two meshings
are parallel. As angle α approaches the value of 0◦ or 180◦ the magnitude of
the minor semi-axis decreases, but the major semi-axis assumes its maximum
value. The ellipse degenerates into a line parallel to x2 axis, whose magnitude
is the value of major semi-axis. A similar behavior is observed when the
mounting angle α is close to 90◦. In this configuration, the minor semi-axis is
zero and the major one assumes its minimum value. This layout would assure
the minimum value of major semi-axis and a transmission of forces along y2
direction. The optimal configuration parameters depend on designer needs
and geartrain configuration.

Figure 42: Influence of α on ellipse major and minor semi-axis (orange solid line and
orange dashed line respectively) and semi-axis inclination angle θ (blue
line). For the correct interpretation of this figure legend, color should be
used in print.

In Fig. 43 the influence of the meshing phase Γ is evaluated. As Γ is varied
from −180◦ to 180◦, the trend of semi-axis magnitude and inclination angle θ is
symmetric with respect to Γ = 0◦. When the oscillating components of meshing
force 1-2 has no phase shift with respect to meshing 2-3 the major semi-axis
trend presents its maximum, while the minor semi-axis value is equal to zero.
The ellipse degenerates into a line rotated of a certain angle θ with respect
to Ox2y2 frame. It may be concluded that, by applying a phase shift between
the two gear meshings, a counterclockwise rotation of the ellipse would be
generated, with the consequence to increase the value of minor semi-axis and
decrease the magnitude of the major one.

Figures 44 and 45 represent the semi-axis magnitude and inclination angle θ
variation in relation to the meshing force amplitude. This quantity is strongly
related to meshing stiffness fluctuations. In fact, by adopting micro-geometry
modifications, one may be able to modify meshing force harmonics without
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Figure 43: Influence of Γ on ellipse major and minor semi-axis (orange solid line and
orange dashed line respectively) and semi-axis inclination angle θ (blue
line). For the correct interpretation of this figure legend, color should be
used in print.

consistently altering the gear macro-geometry. Results shown in Fig. 44 repre-
sent the semi-axis magnitude and inclination angle θ as the amplitude A varies
from 1N to 13N. On the other hand, Fig. 45 shows the same parameters varia-
tion when the amplitude B is varied from 1N to 13N. By paying attention to
both Fig. 44 and Fig. 45, it is possible to observe that, as both A and B increase,
the value of semi-axis show an increasing trend, which is reasonable as the
excitation magnitude raises. As a matter of fact, they act as gauge factors of the
overall meshing force. The rotation angle θ presents a different behavior: as the
amplitude A increases, the ellipse is rotated in counterclockwise direction (Fig.
44), conversely the rotation direction is reversed when amplitude B increases.

Figure 44: Influence of amplitude A on ellipse major and minor semi-axis (orange
solid line and orange dashed line respectively) and semi-axis inclination
angle θ (blue line). For the correct interpretation of this figure legend, color
should be used in print.
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Figure 45: Influence of amplitude B on ellipse major and minor semi-axis (orange
solid line and orange dashed line respectively) and semi-axes inclination
angle θ (blue line). For the correct interpretation of this figure legend, color
should be used in print.

Despite the obtained results are very useful during the driveline concept
and design process, they remain valid only in quasi-static conditions, i.e. when
the internal excitation is in a lower frequency range with respect to the system
resonance. In order to provide further insights on the validity of the proposed
approach in a real environment, the remaining part of the study is devoted
to assess it in relation to the dynamics of the system. Within this framework,
a dynamic model of the geartrain is realized and numerical simulations are
performed, allowing to evaluate discrepancies and similarities when the system
is close to its main resonance.

5.3.1 Assessment under dynamic conditions

In this subsection the effect of the internal excitation on the bearing force
trajectory is investigated in dynamic conditions. In order to fulfill this purpose,
a lumped parameter model is set and numerical analyses are conducted at
various shaft rotational speeds. Figure 46 shows the lumped parameter model
which has been realized by considering the geartrain layout described in
section 5.2. Angle α has been set to 50◦ and a meshing stiffness phase shift of
50◦ is assigned on meshing 2-3.

Gear parameters are shown in Tab. 8. The prime mover is connected to an
ideal motor by means of a compliant shaft, whose stiffness value is indicated
in Tab. 8 as kt. The numerical analyses are conducted in Simcenter AMESim
environment by following the approach presented in Chapter 2. Geartrain
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Figure 46: Lumped parameter model of the geartrain, kb and cb represent the bearing
stiffness and damping, respectively.

dynamics is solved with a fixed time step integrator based on a 4th order Runge-
Kutta method. Gear time-varying mesh stiffness is set as a mono-harmonic
function, this simplification is adopted in order to obtain a mono-harmonic
meshing force when the excitation frequency is far from the system resonance,
as assumed within the calculations shown in section 5.3. The mono-harmonic
function has been determined in the following manner: first of all, the gear
mesh stiffness has been estimated by following the analytic method described
in [22], afterwards, only the first harmonic of the computed curve is considered.
The viscous effects are modeled by adopting a Rayleigh’s damping model,
i.e. a proportional damping respect to mass and stiffness C = α̂M+ β̂K. With
reference to Eq. 64, damping effects are included in fx2m f

y2
m , fx2b , fy2b definitions.

Several simulations at different rotating speed values are performed and the
elliptical trajectory drawn by the meshing force amplitude values is compared
with the one generated by the amplitude of the bearing force. The main goal
is to analyze the potential trajectory gap and shape modification when the
inertial effects become relevant.

The starting point is the modal analysis of the gear set. First of all, the
system is linearized by considering the mean value of meshing stiffness, then
eigenvectors and eigenvalues are computed. Figure 47 represents the eigen-
vectors of the system with their respective eigenvalues. The last eigenvector is
not represented as it does not participate at the whole system dynamics. Its
eigenvalue is at 28040 Hz and the modal shape mainly involves the rotation of
gear 1. Such a natural mode is due to the torsional stiffness which links the
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Parameters Gear 1 Gear 2 Gear 3

Mass [kg] 0.12 0.181 0.243

Mass moment of inertia [kgm2] 8.49e-5 1.6e-4 1.07e-4
Module [mm] 3

Number of teeth 25 32 17

Pressure angle [deg] 20 20

Gear mesh stiffness [N/m]
2.1e+7 (max)
1.9e+7 (min)

2.1e+7 (max)
1.9e+7 (min)

kb bearing stiffness [N/m] 1e+7 1e+7 1e+7

α̂ damping coefficient [s−1] 100

β̂ damping coefficient [s] 1e-5
kt torsional stiffness [Nm/rad] 2.61e+6

Table 8: Design parameters

prime mover to the frame. Eigenvectors are represented as normalized vectors,
where rotational degrees of freedom are multiplied for their respective base
radii, in order to obtain comparable quantities. Once the modal shapes and
their frequencies are known, it is possible to observe how they affect the ellip-
tical trajectory. In fact different behaviors can be observed when the excitation
frequency approaches one eigenvalue. Depending on the mode shape, meshing
forces may play a predominant role over the bearing forces or vice-versa.

Figure 50 shows the ellipse described by bearing force and meshing force
amplitudes as the frequency of the internal excitation raises. The ellipse is
obtained by plotting the numerical results. When the shaft rotation speed is low,
the two trajectories perfectly match, in agreement with the main hypothesis
adopted for the analytical dissertation, i.e. inertia effects are negligible. On
the other hands, a certain gap may be observed as the excitation frequency
approaches the first vibration mode around 470 Hz. The inertia effects make the
amplitude of bearing forces greater than the meshing ones. This phenomenon
may be observed up to 1700 Hz, which corresponds to a shaft speed rotation
of 4000 RPM. Around this frequency value, a substantial overlapping of the
two curves is observed. By running the prime mover shaft at 5000 RPM, the
excitation frequency gets close to the fifth eigenvalue, which modal shape
involves simultaneously the meshing 1-2 and 2-3. As a consequence, in the
frequency range 2000 - 5000 Hz the amplitude of meshing forces overcome the
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Figure 47: Normalized eigenvectors of the system with their respective eigenvalues

bearing one. In order to understand the reason behind this scenario a focus
on Eq. 64 is needed. Bearing forces on idler gear are the result of the sum
between inertia and meshing contribution. Figure 48 shows the time evolution
signal of m2ÿ2 and fy2m for each simulated speed. For the sake of clearness only
results related to y direction are reported, as the same considerations may
be applied to x direction. For low rotational speed values, inertia forces are
close to zero, but as the system approaches the first mode shape, their value
becomes to increase. Depending on phase relationship between m2ÿ2 and fy2m ,
bearing forces oscillating component magnitudes can results lower or higher
with respect to the meshing forces. By paying attention to Fig. 49, it is possible
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to observe the phase relationship evolution at different rotational speeds. Up to
3000 RPM, almost no phase shift occurs between the two signals. On the other
hand, for higher values of the shaft speed rotation the phase shift approaches
the value of |π|. When the two signals are in opposite phase, their combination
leads to a bearing forces oscillating components whose magnitude is lower
with respect to the meshing force.

Numerical experiments may be extremely useful to understand the ellipse
modification when the excitation frequency sweeps out all eigenvalues of the
dynamic system. The obtained results confirm that under the hypothesis of
quasi-static motion the analytical dissertation provided in section 5.2 represents
an effective and reliable tool to forecast the main overall direction of pulsating
bearing forces. Unless this, not all the parameters governing the ellipse can
be known a-priori. As an example, even if the mounting angle α and the
phase shift between two consecutive meshings Γ can be chosen during the
gear design concept phase, estimating amplitude of meshing forces is not
a straightforward task. As stated in section 5.3, meshing forces oscillating
components may be piloted by controlling meshing stiffness fluctuations
acting on tooth micro geometry, but they cannot be unequivocally determined
in geartrain design process. Gear meshing forces oscillating components are
originated by an internal dynamic excitation linked to meshing stiffness and
dynamic transmission error. When dynamic effects become relevant it is not
possible to give an estimation of meshing forces amplitude. Based on these
observations, it may be concluded that the proposed theory is a reliable tool
to understand phenomena linked to bearing forces transmission direction.
However, it cannot be used to correctly forecast the exact direction of bearing
forces transmission due to the uncertainty of the meshing forces amplitude
values.

The analytical dissertation proposed in section 5.2 is developed by consider-
ing only a single generic harmonic of the meshing force. In this section, the
authors adopted the hypothesis of a single harmonic meshing stiffness in order
to obtain almost a mono-harmonic response. As it is shown in Fig. 50, the
path followed by the oscillating components of bearing and meshing forces not
always represents an ellipse. This behavior appears when the system response
is not mono-harmonic. In real systems, multi-harmonic excitation as well as
mono-harmonic parametric resonances could generate multi-harmonic system
responses. In these cases, the combination of the meshing forces oscillating
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components could realize trajectories which may deviate from the elliptical
one. Unless this, it may be demonstrated that the final trajectory is obtained as
a sum of different ellipses generated by each harmonic of the response time his-
tory. By considering the final trajectories at 7000 RPM, Fig. 50, one may notice
that meshing forces are not mono-harmonic. In fact at least two harmonics may
be recognizable in time evolution signal, Fig. 48. This aspect is depicted in Fig.
51 where the ellipse drawn by each harmonic and the trajectory obtained by
their sum are shown. It may be concluded that, when the excitation frequency
is far from the system eigenvalues, the dissertation provided in section 5.2
represents a valid method which directly links the direction of the transmitted
forces and their amplitude values with the geartrain layout, meshing phase
and meshing stiffness fluctuations.

5.4 concluding remarks

The Chapter is devoted to obtain an analytical formulation of the trajectory
drawn by the oscillating components of bearing forces on idler gear. By follow-
ing the intuition of White et al. in [132], the authors established the physical
quantities which govern the phenomenon. In detail, by starting from the def-
inition of meshing forces as a mono-harmonic function the equation of a
canonical ellipse is obtained, which constitutes a direct link between bearing
forces transmission direction and the mounting angle α, the meshing phase Γ
and the amplitude of the meshing forces. The latter constitutes the limit of an-
alytical dissertation, in fact the amplitude of meshing forces can be controlled
by adopting gear micro-geometry modification but it can not be determined
unequivocally without solving the system of ordinary differential equation
64, as it is the result of internal excitation. The dissertation is conducted by
considering a single harmonic of the meshing force. This assumption does not
produce any loss of generality, since on the basis of the superposition principle,
it may be extended to an arbitrary number of harmonics as confirmed by
the numerical results. Successively a parametric study is conducted in order
to evaluate the influence of different geometrical parameters on the ellipse
shape and orientation. According to design specifications and constraints, the
results demonstrate the possibility to control the direction of the overall force
transmitted to the idler gear bearings. Finally numerical experiments are per-
formed, in order to investigate how the internal excitation frequency affects the
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elliptical trajectory. As a matter of fact, in quasi-static condition the elliptical
trajectory depicted by the oscillating components of bearing forces perfectly
match the meshing ones. On the other hand, when the internal excitation
frequency approaches one eigenvalue of the system, the analytical dissertation
can not be used to forecast the main overall direction and magnitude of bearing
forces. It may be concluded that the developed theory is a reliable and effective
instrument to understand phenomena linked to bearing forces transmission
direction. However, it cannot be used to correctly forecast the exact direction
of bearing forces transmission due to the uncertainty of the meshing forces
amplitude values.
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Figure 48: Time evolution signal of meshing (dashed line) and inertial forces (dotted
line) oscillating components along y2 direction
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Figure 49: Phase shift between meshing and inertial forces. Phase shift is computed
only on the first harmonic, where the higher energy content is stored
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Figure 50: Elliptical trajectories drawn by meshing forces (dashed lines); Elliptical
trajectories drawn by bearing forces(continue lines); x2 and y2 axis represent
the amplitudes of forces [N] in that direction
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Figure 51: Elliptical trajectory drawn by 1st and 2nd harmonic of meshing force
(continue line and dotted line respectively); final trajectory drawn by the
total meshing force (dashed line). x2 and y2 axis represent the amplitudes
of forces [N] in that direction
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6
C O N C L U D I N G R E M A R K

The thesis addresses analytical-numerical methodologies for studying the
nonlinear dynamics of geared systems, by considering the critical aspects
which are responsible for vibration and noise generation. The starting point
is the investigation of the modeling approach and solution techniques used
nowadays to represent the dynamic behavior of these mechanical systems. In
particular, two modeling and solution strategies are analyzed in detail. The first
one rely on Simcenter AMESim commercial software, while the second one
is based on a Matlab interface continuation software. The difference between
the two approach relies not only in the modeling strategy itself but also on
the solution techniques adopted to compute the nonlinear system response.
The first technique enhances the modeling approach as a user-friendly and
effective tool in the realization of ordinary geared transmission models. Based
on graphical software capabilities, the author propose detailed guidelines
to build a complete geartrain model by connecting some pre-programmed
devices between them. On the other hand, the second modeling strategy
enhances the Asymptotic Numerical Method as resolution method for non
linear dynamics of gears. After a peculiar recast of the equation of motion,
the author underline benefit and drawbacks of the modeling strategy. After
the investigation of the modeling possibilities, various aspect related to rattle
and whine noise emission are deeply investigated. Regarding rattle noise, the
research activity has lead to the introduction of a new analytic parameter able
to detect teeth detachment in multi-mesh geartrains. In the same manner, the
studies on whine noise have conducted to an analytical formulation able to
forecast the main overall direction and magnitude of bearing reaction forces on
idler gear when the geartrain works under quasistatic condition. The analytical
formulations are supported by numerical assessment.

113



concluding remark

Chapter 1 represent an overview on geared system excitation mechanism
and their modeling. Within this framework, the multiple factors giving rise
to the vibration source are explained. In particular, the mechanism governing
the internal excitation and the non-smooth non linearity due to the backlash
clearance are introduced. The static transmission error and time-varying mesh
stiffness are responsible for the internal excitation source and recognized as
the main phenomena leading to whine noise emission. On the other hand, the
backlash induced torsional vibrations leads to vibro-impacts between teeth
generating the so called rattle noise. By starting from the introduced elements,
it has been underlined the need of a detailed mathematical model capable
to describe the complex nonlinear behavior of geared transmission system.
The most effective modeling strategies lies on lumped parameter model. In
addition, in pre-processing stage, different techniques may be adopted to
compute bearing and meshing stiffness values as FEM analysis and analytical
procedures. Besides the modeling strategy, the author underline the importance
of the different solution techniques. Dealing with nonlinear systems, the choice
of the numerical computation method may represent a key point to investigate
the phenomena of interest. In fact, in Chapter 2 and Chapter 3 two modeling
and solution strategies are analyzed in detail.

In Chapter 2, the nonlinear ordinary differential equations representing
the motion of a single gear pair are established. The model accounts for all
the phenomena playing a crucial role in gear dynamics. For instance, it en-
compasses the backlash non linearity, time-varying and load depended mesh
stiffness, load depended bearing stiffness and lubricant squeeze force when
teeth detachment occurs. Afterwards, a block diagram approach is proposed
as an effective tool to realize geared transmission system models. The em-
ployed software is Simcenter AMESim, a commercial software which allows
the simulation of physical multi-domain systems. In fact, by taking advantage
from graphical user interface, a modular architecture is developed in order to
construct any geartrain by connecting the pre-programmed element between
them. Within this framework, a lumped parameter model of a driveline em-
ployed in automotive sector is developed. Numerical results are compared
with experimental outcomes showing an excellent agreement. In particular,
the dynamic phenomenon occurring during the experimental test represent
an important element captured by the numerical model. In fact, bifurcations
appear in the dynamic system response, which are perfectly represented by
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the numerical outcomes. Once the author gave proof of the effectiveness and
reliability of the model, he can affirm that the proposed modeling strategy may
offer a great advantage in the model setup phase. In fact, the introduction of
such tool in industrial environment may represent a key point to speed up the
model setup phase. The limit of the proposed approach lies into the resolution
techniques adopted to solve the ordinary differential equation system. In fact,
Simcenter AMESim is limited to the already built-in time integration tech-
niques which are not suited to perform unstable solution branch computation
and bifurcation tracking. In order to get further insight on the issue, in Chapter
3 an additional modeling strategy is investigated.

Chapter 3 evaluates the Asymptotic Numerical Method as a valuable ap-
proach to compute the nonlinear dynamic response of a gear pair. This ap-
proach is a continuation method based on high-order Taylor series expansion.
For instance, it is able to perform stable and unstable solution branch computa-
tion and it is suited to perform stability analysis and bifurcation tracking. After
an investigation of the current state of the art, it was found that the method
stands out from the others as it is a purely frequency domain method charac-
terized by an high efficiency in the computation of high-order Taylor series.
This aspect is achieved by recasting the system of equation in a quadratic form.
In fact, once all the nonlinearities are expressed as a product of two variables,
the computation of the series can be automatized and computed with high
efficiency. The quadratic recast is a part of the method itself for its generality
and performance. The Chapter provides a brief explanation of the method and
its efficiency. Firstly, the lumped parameter model of a purely torsional gear
pair model is recalled. The model accounts for time-varying mesh stiffness
and backlash. For the sake of easiness, load depended bearing and mesh
stiffness are not included in the model as well as squeeze force when teeth
detachment occurs. Afterwards a 4 DOFs model of the gear pair is established.
Results computed with Asymptotic Numerical Method are compared with
that obtained from the Runge-Kutta time integration scheme, demonstrating
an excellent agreement. The method provides for a full nonlinear dynamic re-
sponse of the geared rotor bearing system, where the computation of unstable
solution branches is performed in very a short simulation time. In addition,
continuation may be performed with respect to any parameter of interest, as
damping or stiffness. On the other hand, the proposed modeling approach
relies on a quadratic recast of the system which may drastically increase the
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model set-up phase. In addition, within geared system dynamics, the real
limit of the Asymptotic Numerical Method is represented by the necessity to
express the nonlinear contact function as an analytical smoothed one. In fact,
when double-sided impacts occur, the transmission of forces takes place on the
Back-side Line of Action. This aspect can lead to an erroneous estimation of
bearing reaction forces as the definition of dynamic transmission error assumes
a different expression. Beside this important aspect, any consideration related
to torsional dynamics remains valid.

Chapter 4 is devoted to the generalization of the Rattle Index proposed by
R. Singh et al. in [10] to any type of ordinary transmission layouts, single or
multiple branch, both in idle and loaded conditions. In particular, by starting
from the classical 6 DOFs equation system defining the nonlinear dynamics
of a gear pair, a recursive analytical formulation of the rotational dynamics
of gears is proposed. This methodology allows the generalization of the rattle
index definition for any meshing pair pertaining to a multimesh driveline. The
analytical definition is shown to be a proper indicator of the vibro-impacts
related to each gear pair of the transmission. In addition, it is able to detect
the potential presence of mutual interactions between them. In a first instance,
the analytical procedure is carried out for a single branch unloaded geartrain.
Afterwards, the definition is drawn out to single branch, loaded geartrain.
Within this framework, consideration on rattle index validity are made. Some
indications are given in order to avoid numerical problems and erroneous
indication of teeth detachment occurrence. Finally, the dissertation is applied
to multiple branch, loaded geartrain. After the definition of the rattle index
is well established for the different geartrain layouts, numerical simulations
are performed. Lumped parameter models of several driveline configuration
are realized by following the modeling approach delighted in Chapter 2. The
numerical outcomes, demonstrate the reliability and accuracy of the outlined
parameter. The rattle index instantaneously describes the vibro-impacts events
related to any gear pair of the driveline. In addition, it may lead to a quanti-
tative estimation of vibro-impact severity. In fact, the numerical assessment
proved that as long the oscillating torque amplitudes increases the the impact
between teeth become more severe.

Chapter 5 proposes an analytical formulation able to forecast the main
overall direction and magnitude of bearing reaction forces on idler gear when
the geartrain works under quasi-static condition. By starting from the intuition
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of White et al. in [132], the physical quantities governing the phenomenon are
established. In detail, it has been proved that the alternating component of
bearing forces on idler gear describes an elliptical trajectory as the prime mover
rotates over a pitch angle. The ellipse orientation and the values of semi-axis
depend on the meshing phase, gear spatial position and the amplitude of
meshing forces. When the internal excitation is in a frequency range below
the system resonance, the overall mesh force may be considered as equal to
the bearing reaction force, since the dynamic inertial effects can be neglected.
In this regard, the time-varying meshing forces are transferred to the bearing
housing and the vibration is transmitted along the entire system assembly.
The size of the ellipse and the direction of semi-axis are strongly related
to gear whine noise emission. A parametric study is conducted in order to
demonstrate that by properly setting the over-mentioned parameters one may
be able to control the magnitude and direction of the overall idler bearing
reaction forces. Finally, numerical experiments are performed to investigate if
the proposed analytical methodology is suitable in dynamic conditions, when
the inertial effect become relevant. The lumped parameter model is established
by employing the Simcenter AMESim modeling strategy described in Chapter
2. The numerical outcomes confirmed that under quasi-static motion the
analytical dissertation is an effective and reliable tool to forecast the main
overall direction of pulsating bearing forces. On the other hand, when the
excitation frequency approaches one system eigenvalue, it is not suitable as the
inertial effect may be dominant. Nevertheless, the real limit of the analytical
formulation lies in the uncertainty of some parameter governing the ellipse
shape and dimension. The gears spatial position and the phase shift between
two consecutive meshing can be chosen during the gear design concept phase,
on the other hand, estimating the amplitude of meshing forces is not a direct
matter as they are the result of internal excitation.

The methodologies introduced and discussed in the present thesis are char-
acterized by different original aspects with practical implications in the devel-
opment of advanced design and optimization procedures. In particular, the
model described in Chapter 2 represents a very powerful instrument to be
placed in industrial environment. In those context characterized by the need
for rapid and effective calculation tools, the block diagram approach represent
an effective way to speed up the model setup phase. On the other hand, the
modeling strategy introduced in Chapter 3 outline a comprehensive tool able
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to compute the complete response dynamic function of a nonlinear system.
In this case the modeling set-up phase is drastically increased but the com-
putational time is considerably reduced. Beside the modeling strategies and
solution techniques, the analysis conducted in Chapter 4 on gear rattle noise
constitutes a relevant novelty to the current state of the art. Finally, Chapter 5

provides a very powerful tool to control gear whine noise emission.
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A
A X I A L P I S T O N P U M P, M O D E L I N G A N D E X P E R I M E N TA L
VA L I D AT I O N

The current study proposes a lumped parameter approach to represent axial piston
pump of swashplate design pressure dynamics. By employing Simcenter AMESim
commercial software, a model of the pump and experimental setup is realized. The test
rig geometry and fluid resonance are modeled with high accuracy in order to catch
the main pressure ripple amplification in a wide frequency range. Finally numerical
results are compared with experimental outcomes with excellent agreement.

a.1 introduction

Hydraulic displacement machines represent one of the main source of vibration
and noise in hydraulic systems. Flow ripple at suction and delivery ports
may cause large pressure magnitude variation. The pressure ripple is then
responsible for the large dynamic forces inside the volumetric machine which
can determine vibrations of the pump shell and consequently airborne noise.
One of the first reference on the noise generated from an axial piston pump
can be found on the PhD thesis by Helgestad [133]. Later Edge et al. published
a work on the modelling of the flow ripple [134]. A detailed description of the
internal forces and chamber evolution pressure is given by Invantysin in [135].

The purpose of the current study is to realize a lumped parameter model
for an axial piston pump real test case. Numerical forecast of pressure rip-
ple dynamics are compared with experimental results in order validate the
reliability of the model. Firstly, the basic working principle of the volumetric
machine is presented. By starting from the analytic model presented in [136], a
lumped parameter model of axial piston pump pressure dynamics is realized.

119



axial piston pump, modeling and experimental validation

Afterwards, numerical outcomes are compared with real test case experiments
in a wide range of operating condition. The numerical-experimental correlation
validates the consistence and effectiveness of the modeling strategy.

a.2 pressure dynamics modeling

Figure 52: Axial Piston pump of swashplate design

The basic principle of an axial piston pump is depicted in figure 52. The
cylinder block is provided of different cylinder bores. The pistons are arranged
into cylinder bores and execute a linear movement as the cylinder block
rotates around z axis. Piston heads are in contact with the swashplate by
means of slippers, whose function is to reduce friction between piston heads
and the swashplate. The latter is rotated of a generic angle β which modify
the displacement of the pump, as depicted by figure 52. During a complete
revolution, the piston execute a full stroke. The piston stroke is function of
the angle β, in fact the flow direction can be reversed without changing the
revolution direction of the shaft. The suction and delivery ports are connected
to the cylinder blocks by means of a plane valve plate, see figure 53, which is
provided by two kidney shaped openings corresponding to inlet/outlet ports.
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Figure 53: Valve plate

The delivery flow rate is the sum of the flow rate due to each cylinder bore. In
this regard, the control volume is represented by the single piston chamber,
see figure 54. The pressure evolution inside the control volume is governed by
the following equation:

dp

dt
=
K

V
(Qr +QS −

dV

dt
) (86)

where K represent the fluid bulk modulus, V is the fluid volume enclosed in
cylinder chamber, dVdt is the change of the volume with respect to time. The
fluid bulk modulus is a function of temperature and pressure and represent an
essential characteristic, as it is a measure of the fluid resistance to compression.
The flow rate Qr represent the flow in and out of the piston bore through the
valve plate opening, while the QS term is the total amount of external leakage.
The volumetric losses QS, figure 54, are the sum of the flow rate through the
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Figure 54: Control volume

valve plate opening QSK, the flow rate through the gap between cylinder block
and valve plate QSB and the flow rate through the piston and slipper QSG:

QS = QSK +QSB +QSG (87)

For each chamber the flow rate going through the suction/delivery ports can
be expressed on the basis of the flow equation through orifices:

Qr = αdAr

√
2

ρ
∆Psign(∆P) (88)

where αd is the orifice discharge coefficient, which is a function of the opening
discharge area Ar and pressure. The area Ar is a function of the cylinder block
rotation and depends on the design of the slots in the transition region on
the valve plate. By denoting with Qri the flow rate of a single piston chamber,
the total amount of flow rate at delivery port is obtained by summing the
contribution of each piston chamber: Qtot =

∑
Qri , where N indicates the

number of pistons. The volumetric losses are computed by employing the
relations for laminar flow through a generic gap. Further insight on external
leakage computation are given in [136].

In addition, the modeling of fluid wave effects within the pipe of the hy-
draulic circuit represents an essential aspect. The compressibility of the fluid
and expansion of the pipe/hose wall with pressure are taken into account
by using an effective bulk modulus. In case of flexible pipes, the stiffness of
pipes wall play a crucial role in the calculation of the effective bulk modulus
as depicted in [137].
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a.3 numerical assessment

The dynamic model introduced in the previous section has been implemented
in Simcenter AMESim environment. Afterwards it is used to study the pressure
dynamics on a real test case piston pump of swashplate design. The volumetric
machine is composed by 9 pistons, developing a displacement of 100 cm3/rev.
The experimental setup is shown in figure 55. While a schematic representation

Figure 55: Experimental setup

of the hydraulic circuit is depicted in figure 56. Due to confidentiality reasons,
pump parameters are not reported. The experimental test are performed over a
wide range of working conditions. The cylinder block speed ranges from 1000

to 3000 RPM while the mean pressure at delivery ports varies from 100 to 350

bar. In a first instance the system is accelerated from 1000 to 3000 RPM in 60

seconds, at a mean delivery pressure of 100 bar. A servo-valve at delivery port
modify the orifice dimension in order to keep the mean pressure as constant
as possible. This run up experiment is done in order to evaluate the presence
of fluid resonance in delivery pipe. Pressure dynamics is acquired by means of
capacitive pressure sensor, whose position is depicted in fig. 55. The pressure
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Figure 56: Hydraulic circuit scheme

Figure 57: Experimental signal of pumping order trend

signal related to the run up test is post-processed and results are shown in
terms of pumping orders, figure 57. As it can be observed from figure 57 a
clear resonance zone governs the pressure dynamics in the frequency range
300-400 Hz. Fluid resonances are mainly related to dimensions and mechanical
properties of the piping hydraulic circuit. Although pipe diameter and length
are known, an estimation of their stiffness value is not a straightforward task. In
fact the flexible pipes are characterized by a strong anisotropy which makes the
calculation of their stiffness a challenging matter. Numerical run up simulation
are performed and results in terms of order trend are shown in figure 58. The
numerical model identify a resonance zone in the frequency range 250-420

Hz which is very close to the experimental resonance zone. Apart from the
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Figure 58: Numerical signal of pumping order trend

Delivery pressure [bar] Shaft angular speed [RPM]

100 1200 1600 2200

150 1200 1600 2200

200 1200 1600 2200

250 1200 1600 2200

300 1200 1600

350 1200 1600

Table 9: Working condition for the axial piston pump test case

run up test case, steady state experiments are conducted in order to compare
the pressure ripple dynamics. The working condition tested within this study
are depicted in table 9. The numerical-experimental correlation shown in the
following diagrams depicts the pressure signals in angular domain and orders
domain both. In addition, a comparison of mean delivery flow rate is depicted.
It is worth to underline that the results are normalized in order to accomplish
the confidentiality terms. By focusing the attention on figure 59, one may
observe the excellent agreement between experiments and numerical results
for low value of delivery pressure. As long as the pressure at outlet raises the
numerical model tends to overestimate the pressure ripple amplitude. This
aspect is not appreciable for different speed regime. In fact, by considering
figure 60 and 61 the pressure ripple dynamics is captured by the numerical
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model with high fidelity for all the mean pressure value. The reasons behind
this scenario has to be found in the fluid resonance modeling. In fact, due
to the incertitude on pipe stiffness, the experimental resonance range is not
perfectly captured by the numerical model. At a mean rotating speed of 1200

RPM the first harmonic of the pumping frequency is at 180 Hz , while the
second one is at 360 Hz. This frequency value falls into the resonance zone
of the the system. In fact, by focusing on spectrum diagram in figure 59, it is
worth noticing how the second harmonic of the pumping frequency overcome
the first one. On the other hand, due to the shape of the frequency response
function, the numerical model amplification overcome the real one. This aspect
is more evident as long as the delivery pressure raises, as the magnitude of
oscillating forces is more severe. In fact for low mean pressure at 1200 RPM a
good correspondence is found. By observing figure 60, the numerical outcomes
perfectly match the experimental results at each mean delivery pressure value.
The frequency excitation at 1600 RPM falls outside the resonance zone, in fact
the first and second harmonic can be found at 240 Hz and 480 Hz respectively.
In figure 61, results related to 2200 RPM shaft speed are depicted. For this
test, the two first harmonics of the excitation frequency are at 330 Hz and
680 Hz. In this case the first harmonic is in a frequency range for which the
amplification due to the numeric resonance is consistent with that coming
from experimental one.

The numeric results demonstrate the capability of the model to describe the
real pressure dynamics of the tested piston pump. The reason why it is not
possible to obtain a numerical-experimental matching at all speeds/pressures
depends on the modeling of the hydraulic circuit and therefore of the fluid
resonance. As stated previously, this task may not be a straightforward matter
since the anisotropy which characterize the pipe stiffness represent a challeng-
ing aspect on the effective stiffness determination. Figure 62, 63 and 64 show
the comparison between the normalized mean flow rate at outlet. For all the
condition tested the numerical model provide for a good representation of the
pump volumetric efficiency.

a.4 concluding remarks

The present study proposes a lumped parameter approach as a powerful
modeling strategy to describe axial piston pump pressure dynamics. Firstly,

126



A.4 concluding remarks

the basic working principle of an axial piston pump of swashplate design
is explained. Afterwards, the dynamic model is briefly introduced. Finally
a numerical-experimental comparison is shown in order to demonstrate the
reliability of the numerical analysis. The limit of the modeling strategy is
represented by the hydraulic circuit modeling. In fact, when flexible pipes are
employed the estimation of their stiffness may lead to an erroneous identifi-
cation of fluid resonance zone and its wideness. In this regard the harmonic
components magnitude changes in relation to the rotational frequency. The
components which are affected from major amplification are that whose fre-
quency value is closer to the resonance frequency range. In fact, at 1200 RPM
(figure 59) the second harmonic is significantly higher than the first one; on the
other hand, at 1600 RPM(fig. 60) their are at most similar; while at 2200 RPM
(figure 61) the first harmonic amplitude is clearly dominant over the second
one. By testing a volumetric machine, the hydraulic circuit may be free from
fluid resonance in the interested frequency range. If not, the resulting pressure
dynamics trend may not be linked to the volumetric machine characteristics as
it is governed by the resonance amplification.
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Figure 59: Pressure dynamics at delivery port over half cylinder block rotation. Or-
ange line represents the experimental outcomes while blue dashed line
depicts numerical results. The comparison is made for the dimensionless
normalized pressure in angular and orders domain.
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Figure 60: Pressure dynamics at delivery port over half cylinder block rotation. Or-
ange line represents the experimental outcomes while blue dashed line
depicts numerical results. The comparison is made for the dimensionless
normalized pressure in angular and orders domain.
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Figure 61: Pressure dynamics at delivery port over half cylinder block rotation. Or-
ange line represents the experimental outcomes while blue dashed line
depicts numerical results. The comparison is made for the dimensionless
normalized pressure in angular and orders domain.

Figure 62: Mean delivery dimensionless normalized flow rate comparison. Orange
dashed line represents the experimental outcomes while blue dashed line
depicts numerical results.
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Figure 63: Mean delivery dimensionless normalized flow rate comparison. Orange
dashed line represents the experimental outcomes while blue dashed line
depicts numerical results.

Figure 64: Mean delivery dimensionless normalized flow rate comparison. Orange
dashed line represents the experimental outcomes while blue dashed line
depicts numerical results.
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