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2 The Goldbach conjectures

In a letter to Euler dated 1742, the Prussian mathematician Christian Goldbach stated
the following conjecture:

if N is an integer greater than 2, then N = p1 + pa + p3 where p;,i = 1,2,3 are primes.
In his reply letter, Euler wrote another conjecture:

if N is a positive even integer, then N = pi + py where p;,i = 1,2 are primes.

It is important to note that in Euler and Goldbach’s time the number 1 was considered a
prime and today these two conjectures are known to be equivalent (see [35]). In the modern
version of the conjectures (i.e. not considering 1 as a prime number) the statement is:

if N 1s a positive odd integer greater than 5, then N = p; + py + ps where p;,1 = 1,2,3 are
primes

and

of N is a positive even integer greater than 2, then N = py + ps where p;,1 = 1,2 are
primes.

It is well know that the two conjectures are not equivalent, but
(GC) = (TGC).

Despite the very simple statement, the Goldbach conjectures are very hard to prove.
Indeed GC is still an open problem and the TGC was completely proved only in 2013. For

a more detailed survey see [35].

2.1 Results related to the Goldbach conjectures

The first partial result for the TGC was obtained by Hardy and Littlewood. In 1923 they
proved, under the generalized Riemann hypothesis (GRH for brevity), that TGC holds for
every sufficiently large odd integer (see [12] for details). In 1937 Vinogradov (see [40] for
details) proved TGC unconditionally (i.e. without GRH) for every sufficiently large odd
integer. In 2012 and 2013 Harald Helfgott published on ArXiv some papers (see [17], [18],
[19] and [20], the latter in collaboration with D. Platt) which complete the proof of TGC
for all odd integers larger than 5. The papers are still in preprint, but they are accepted
by the mathematical community.

In 1923 Hardy and Littlewood (see [13]) attacked the GC studying the size of the excep-
tional set for the Goldbach’s problem, that is

E(N)=|{n < N: n#pi+ps p1,p2 € P}

where B is the set of the primes. They proved, assuming GRH, that almost all even

(TGC)

(GC)



numbers are sums of two primes, i.e.

E(N)=0(N)
as N — oo. In particular they proved that

E(N) < N2+

for every € > 0 and sufficiently large N. In 1937 Vinogradov (see [39]) was able to remove
the dependence of GRH and proved the TGC for sufficiently large odd integers. In 1975
Montgomery and Vaughan (see [33|) proved unconditionally that there exists a positive
and computable 6 > 0 such that

E(N)< N7,

Pintz in 2006 (see [35]) announced that he proved the theorem with § = 1/3 but the proof
has not been published yet. Assuming GRH Goldston [11] proved that

E(N) < NY%1og*(N)

and then he improved it to
E(N) < NY21og®(N).

The exceptional set has been analyzed also in the so called short interval context, that is,
an interval of the type [N, N + H] when N — oo and H = o (N). The best unconditional
results have been obtained in 1993 by Perelli and Pintz |34] where they proved that
almost all even numbers in the interval [N, N + N7/36*<] are sum of two primes, where
0 < e < 2/3. Assuming GRH and assuming that H log™'° (N) — oo, Kaczorowski, Perelli
and Pintz [22| proved in 1993 that all even numbers in any interval [N, N + H] with at

most O (H'/?log” (N)) exceptions are sum of two primes.

2.2 Structure of the thesis

Chapter 3 is of preliminary character and it collects some well-known results used in this
work.

In Chapter 4 we will introduce our first theorem which is about the Cesaro mean of the
numbers that can be written as sum of a prime and two squares of integer (that we call
“Linnik numbers” for brevity). We will prove that the technique has a limitation and so
we can not expect to get results that look real conjecturally. We now present a short
introduction to our work; it will help us to a better comprehension of the proof.

We want to study the mean of some counting function with order k£ Cesaro weight, that



is,

)k
STy
n<N
So in Chapter 4 we will consider f (n) = rg (n) as the weighted counting function of the
representation of n as a sum of a prime and two squares of integers. We will prove that

there are other two functions S (2) (see (7)) and ws (2) (see (8)) such that

S(z)ws(z) =Y rq(n)e™. (1)

n>1

The presence of this two functions is linked to the fact that we are working with primes

ans quares of integers. We will consider the integral

1 Nz _—k-1Q 2
— ‘ S d
2 ) ez (2)w; (2)dz

where [, means [ and using (1) and the fundamental identity

1 —$e?
— v e av =
271 (a) T (S)

,Re(s) >0,a>0

we will prove, after a convergence control, that

)k 1 Nz_—k-1¢Q 2
Z ro (n k: TheD) ~ 2m /(a) e 2T TS (2)wy (2) dz. (2)

n<N

We can see now that we moved from an arithmetic problem to a problem that can be dealt
with analytic tools. We would like to have lower bounds for £ as small as possible since
for £ = 0 the Cesaro weight is equal to 1.

We will prove that S (2) has a asymptotic formula, then we will substitute that formula in
the RHS of (2) and we will obtain three integrals and an error term. In each integral we
will study the absolute convergence that depends on k. After that we will exchange the
integrals with the series in the integrand and, using some identities involving the Gamma
function and the Bessel functions, we will able to find an asymptotic for the LHS of (2).
As we said, the convergence depends on how large is k. We would like to get £ > 0 but
unfortunately using this technique it is not possible. In fact we will also prove that for
this problem the bound & > 3/2 is optimal.

In Chapter 5 we will show our second theorem which is about the Cesaro mean of the
numbers that can be written as sum of a prime and two squares of primes. The approach
is the same of the earlier part.

In Chapter 6 we will describe the circle method of Hardy, Littlewood and Ramanujan and



we will see the classical applications to the Goldbach ternary problem. It is the “starting

point” of our work, since our main results are based on a variant of this technique.
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3 Preliminaries

3.1 Prime Number Theorem (PNT)

Given the prime counting function

then exists some C' > 0 such that

m(x)=1li(z)+ O <x exp (—C\/ log (@))

=t Toodt
li(z) = li — — 1
(@) = Him, (/0 log () /1+e log (t)> e

is the logarithmic integral function. Sometimes it is defined as

where

Toodt
Li(z) = =li(x)—1i(2
@ = | o =@ 1)
and this is called the “European” definition. It is easy to prove that
x
li ~
() log (x)
as r — 00 SO
(2) ~
w(x) ~
log ()

as x — 0o. For a proof see [1], chap. 13.

3.2 Poisson summation formula

We recall a very important summation technique due to Poisson. We need first of the
following
Definition. Let f € C* (R). Then f is a Schwartz function if Ve € R, Vn € Ny we

have
| (@)] = o (|z[).

as |x| — oc.

Now we can prove the following

11



Theorem (Poisson summation formula). Let be f a Schwartz function and let

For= [ rwea

be its Fourier transform. Then

Y fm)=> Fn).

neL nel

For a proof see for example [45]. Actually it is possible to prove the theorem for more

general functions, such as functions of bounded variation supported over a finite interval.

3.3 Riemann Hypothesis (RH)

Let X Ly
= — = 1—— h th 1
¢ (s) ;ns 1;[( ps) , Vs € C such that Re (s) >
be the Riemann zeta function. It has an analytic continuation on C\ {1} and at s =1
it has a simple pole. The points s = —2n, n € Ny are simple zeros of { (s) and they are
called trivial zeros. It is known that every other zero (called nontrivial zero) of ¢ (s) is
a complex number such that 0 < Re(s) < 1. The Riemann hypothesis states that every

nontrivial zero has real part equal to 1/2. For more details see [38].

3.4 Generalized Riemann Hypothesis (GRH)

We recall that a primitive Dirichlet character x to the modulus ¢ is an arithmetic, periodic
with period ¢ and completely multiplicative function. For more details see Davenport’s
book [7], chapters 1,4 and 5. Let

L(s,x)—Z%—H( —%f))_l,‘vge@suchthat Re(s) > 1

n>1 P

be a Dirichlet L function, ¢ > 3. If x # xo, where Yo is the principal character, then
L (s,x) has an analytic continuation on C. The points s = —2n, n € N are simple zeros
of L(s,x)if x(—=1) = 1 and in s = —2n + 1 with n € Ny if x(—1) = —1. They are
called trivial zeros. It is known that every other zero (called nontrivial zero) of L (s, x) is
a complex number such that 0 < Re (s) < 1. The Generalized Riemann hypothesis states
that every nontrivial zero of L (s, x), where x is a primitive character, has real part equal
to 1/2. For more details see |7], chapters 4,5,9 and 14.

12



3.5 Laplace transform

Let f (x) be a function locally integrable on [0, 00). Then the Laplace transform of f is

- / " f@)e i = F(s)

and the inversion formula is given by

c+1i00
£ (z) = L/ F (s)e*ds.

270 Jeino

3.6 The Mellin transform and the Mellin-Barnes integrals

The Mellin transform of a function f (x) is given by

/f )a*lda = F (s)

and the inversion formula is given by

M (F) (x) = 1 /CHOO F(s)x™%ds, ¢ > 0.

210 Jolino

The Mellin transform is closely connected to the Laplace transform, since

Now let us consider the Gamma function
['(s)= / e "% tdx, Re (s) > 0
0

which is the Mellin transform of e™*. Then if we apply the inversion formula we get

1 c+100
el = —— I'(s) 2 %ds, Re (z) > 0, ¢ > 0. (3)

2mi c—100

Formula (3) (which is also known as Cahen—Mellin integral) will be useful later. This
identity is a particular case of the Mellin-Barnes integrals:

Definition. The integrals of the form

L7 TIo T (an + Ans) [T, T (e — Cis) 5
a - zZ as
278 Jeioo TIN_y T (b 4 Bms) [1h=, T (dy — Dps)

f(z) =

where ¢ € R and aj, b;, ¢j, d; € C are such that no poles of the integrand are on the

13



complex line (¢ —io0,c+io0) and A;, B;, C; and D; are positive are known as Mellin-
Barnes integrals.

Actually it is possible to give a more generally definition; see [3| for details.

3.7 Perron’s formula

Let a (n) be an arithmetic function and let

be the corrisponding Dirichlet series. Assume that the series is convergent if Re (s) > o.
Then

c+1i00 s

! 1 x
Za(n):%/c f(s);ds

n<w —100

for ¢ > 0, ¢ > 0. The symbol Z;Sm indicates that the last term of the sum must be
multiplied by 1/2 when z is an integer. The Perron’s formula describes the inverse Mellin

transform applied to a Dirichlet series.

14



4 A Cesaro average of the “Linnik numbers”

In this part we will prove a result in the same spirit of the recent work of Languasco
and Zaccagnini on additive problems with prime summands. In [24] and [25] they study
the Cesaro weighted explicit formula for the Goldbach numbers (the integers that can be
written as sum of two primes) and for the Hardy-Littlewood numbers (the integers that
can be written as sum of a prime and a square). In a similar manner, we will study a
Cesaro weighted explicit formula for the integers that can be written as sum of a prime
and two squares (that we call “Linnik numbers”). We will obtain an asymptotic formula
with a main term and more terms depending explicitly on the zeros of the Riemann zeta
function.

The study of these numbers is classical. For example Hardy and Littlewood in [12] studied

the number of solutions of the equation
n=p+a+b’

and Linnik in |31] derived an asymptotic formula for the number of representations of
these numbers. Similar averages of arithmetical functions are common in literature, see,

e.g., Chandrasekharan - Narasimhan [6] and Berndt [2] who built on earlier classical work.

4.1 Bessel functions of the first kind and Laplace transform

For our work we will need the Bessel functions J, (u) of complex order v and real argument
u. For their definition and main properties we refer to Watson [43|, but we recall that they
were introduced by Daniel Bernoulli and they are the canonical solution of the differential

equation
u ——|—u——|—(u2—v2)J:0
u U
for any complex number v. These solutions can be written as

7= (3)' S s

m>0

and they are analytic functions of u € C, except for a branch point at u = 0 when v is
not an integer. The principal branch of J, (u) corresponds to the principal value of (u/2)"
and is analytic in the u-plane cut along the interval (—oo,0]. The Bessel functions with
integer order are also known as cylinder functions or the cylindrical harmonics because

they appear in the solution to Laplace’s equation in cylindrical coordinates. Spherical

15



Bessel functions with half-integer order are obtained when the Helmholtz equation
Vif+Ef =0,

where V2 is the Laplacian and k is the wave vector, is solved in spherical coordinates. In
particular, equation (8) on page 177 of [43] gives the Sonine representation

u/2)”

J, (u) = u/ eSs Ve v 49 g (4)

211 (a)
which is the basis of our future work. As noted by Languasco and Zaccagnini in [25] the
estimates of such Bessel functions are harder to perform than the ones already present in
the Number Theory literature (as far as we know, Bessel functions of complex order arise in
a similar problem for the first time in |25]) since the real argument and the complex order
are both unbounded while, in the previous papers, either the real order or the complex
argument is bounded. As we said in the previous sections, the method we will use in this
additive problem is based on a formula due to Laplace |27], namely

1 1

— v %e’dv =
210 J (0 I (s)

(5)

with Re(s) > 0 and a > 0 (see, e.g., formula 5.4 (1) on page 238 of [9]). As in [25],
we combine this approach with line integrals with the classical methods dealing with
infinite sum over primes and integers. Similarly as 25| the problem naturally involves the
modular relation for the complex Jacobi theta 3 function (see (10)); the presence of the

Bessel functions in our statement strictly depends on such modularity relation.

4.2 Preliminary definitions and Lemmas

Let 2z =a+1y, a > 0, and

S(z) =) A(m)e ™ (7)
wa(2) = e (8)

and we can see that
03 (2) =14 2wq (2). 9)

16



Furthermore we have the functional equation (see, for example, the proposition VI.4.3 of
Freitag-Busam [10] page 340)

2

6, (2) = (g)l/ "0, (%) (10)

which follows from the Poisson summation formula described above. We will show briefly

the proof. We have

oo oo
2 o _ o o
/ e T E 27rzacmdx —z 1/2/ e~ U 27rzum/ﬁdx

o0 —00

[ee]
:Z—1/26—7r2m2/z / 67(u+7rim/\/§>2du

o
_ 2.2 2
=z 1/267””/32/ e U dv
0

N 1/2
— (_) efTerQ/z
z

hence

[e.e]

Z e—mQZ _ Z/ e—m22—2m’zmdx _ (g)l/Q Z 6—7T2m2/z

meZ mez"Y ~—x® meZ

as wanted. So we have

- (07 340 (7 ) (7)o

A trivial but important estimation is

Jr

|wa (2)] < wz (a) < /0 e Wdt = Y— < a2 (12)

2Va

Let us introduce the following

Lemma 2. Let 2 =a+1y, a > 0 and y € R. Then

S()=2 = =T () + B ay) (13)

p

17



where p = § + i~y runs over the non-trivial zeros of ¢ (s) and

1/2 L, ’y‘ <a

E(a,y) < |2] ,
1+1log”(ly[ /a), [yl > a.

(14)

(For a proof see Lemma 1 of [24]. The bound for F (a,y) has been corrected in |23]).

It is interesting to observe that the starting pointo of the proof of Lemma 2 is the identity

S(z) = % /(a) % (w) T (w) z27%dw, a > 1 (15)

since

So if we apply the Perron’s formula or we apply (3), observing that we can exchange the
series with the integral since the series converge absolutely, we can prove (15).

In particular, taking z = % + iy we have

> 27T (p)

p

%—g(z)—l—E(%,y)'<<N+%+‘E(%7?/)‘

N, lyl < 1/N
< o (16)
N+ [2"*1og? 2N [y), |yl > 1/N.
Now we have to recall that the Prime Number Theorem (PNT) is equivalent, via Lemma
2, to the statement
S(a) ~a”', when a — 0" (17)
(see Lemma 9 of [12]). For our purposes it is important to introduce the Stirling approxi-
mation

T (z + iy)| ~ V2me /2 |y |71/ (18)
(see for example §4.42 of |37]) uniformly for x € [z, 25, x; and x5 fixed, and the identity

’—Re(w)

=z exp (Im (w) arctan (y/a)) . (19)

We now quote Lemmas 2 and 3 from [24]:

Lemma 3. Let 4+ ¢y run over the non-trivial zeros of the Riemann zeta function and

18



let > 1 be a parameter. The series

dy
~1/2 _
g o / exp (—vyarctan (1/u)) pyoew:

p;v>0

converges provided that a > 3/2. For o < 3/2 the series does not converge. The result

remains true if we insert in the integral a factor log® (u), for any fixed ¢ > 0.

Lemma 4. Let § + ¢y run over the non-trivial zeros of the Riemann zeta function, let
z=a+1iy,a € (0,1), y € Rand a > 1. We have

) d
Z w‘ﬁ 1/2/ exp (’y arctan (g> —_ ’7’) oiﬁ La @
Y1UYo @ | |

p

where Y, = {y € R: 7y <0} and Yy = {y € [—a,a] : yy > 0}. The result remains true
if we insert in the integral a factor log® (|y| /a), for any fixed ¢ > 0.

We now establish an important Lemma. We will use it to prove that there is a limitation
in our technique. Essentially the lower bound of £ is linked to the number of squares in

the problem. We have

Lemma 5. Let 4+ ¢y run over the non-trivial zeros of the Riemann zeta-function, let

N, d be positive integers and £ > 0 be a real number. Then the series
Z 27_k 3/2/ 7N”Z||2”2/V26_”vk+ﬁdv,
1€(0,00)* 7>0

where

2. =20

1€(0,00)  hiz1ll2>1 1g>1

converges if k£ > d — 1/2 and this result is optimal.
Proof. From (9) we have that

:idi( ) Yo g (2)

then
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= > >y / e NI b,

1e(0, Oo)d >0
7 N
_Z”Vik 3/2/ Wy <_§> e PP duy
f}/
'y>0
1 (d) d N ke 3/2/ (NU2) —v, k+8
=— 3| —— ) e v dv.

Now, using the functional equation (10) we have that

d dom T2 m—k—3/2 m 7 o Uk tB—m
<m> (—1) Nm/2 Z’Y /0 o5’ No? ’ v

¥>0

1 d dom T2 m—k—3/2
=5 2 () 0 o S

m=0 ¥>0

7.(.2,)/2

since 63 (2) is a continuous function in the interval [%2, oo> (i.e. the range of 1/v?) and

say. Now we claim that

lim 03 (z) = 1.

Z—00

So we have

y,m /\Z’Ym k— 3/2/ e Uk+6 ™ Iy

>0

and now assuming k + § —m + 1 > 0 we have

i
/ e ok tTm gy < 1,
0

hence
I%m = Z ,ym—k—3/2
v>0
and the last series converges if k > m — 1/2. Since m = 0,...,d for a global convergence

we must have k£ > d — 1/2 and this result is optimal.[J

Let us introduce another lemma
Lemma 6. Let p = 3 + iy run over the non-trivial zeros of the Riemann zeta function,
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let z = % + iy, N > 1 be natural number, y € R and a > 3/2. We have

Z|r |/ N2 7] 2] |dz] <o N°.

Proof. Put a = 5. Using the identity (19) and (18) we get that the left hand side in the

statement above is

Z |7|B—1/2/exp <7arctan( ) - —| |> p ‘OCJFB, (20)

and so by Lemma 4 (20) is <, a~® in Y; U Ys. For the other part we can see that

o d
5 [ ey (e (2))
0 a Yy ‘Z|

0o 1 d
— g Bl § :7/3—1/2/ exp (—7 arctan (a)) uaaﬁ
1
p

a=t Jyl <a,

EEr (21)

ly~" |yl > a,

since

and so by Lemma 3 we have the convergence if a > 3/2. [

4.3 Settings

Using (6), (7) and (8) it is not hard to see that

Z Z Z A(m e~ (mtmi+mi)z _ ZTQ (n)e ™

mi1>1mo>1ms3>1 n>1

where

re)= Y A0

mi +m% —‘,—m% =n

so let 2 =a+ 1y, a > 0 and let us consider

1 ~ 1
— NS () Wi (2)de = — ez R 127" e "dz.

271 (a) 27 o1
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Now we prove that we can exchange the integral with the series. From (12) and the Prime

Number Theorem in the form quoted above we have

Z [rq (n)e™*| = S (a)w? (a) < a2

n>1

hence

[

w2 (2)| |dz| <a2eNe aa’k’ldy—i-Q Ooy’kfldy
2

<<ka727k€Na
assuming k > 0. So finally we have
(N_”)k 1 Nz —k-13 2
Z ro (n) m 57 " e FzT"S (2)wy (2) dz. (22)
n<N

Now, using (13), we can write (22) as

N-n)f 1 N,k [ 1 )
> e o) w3 [, O (-—Zz I ) 5 (2) =t

p

+o ( /(a) %) o o (2] 1 (23)

and the error term can be estimated, using Lemma 2, (12) and (21) as

N

a teMNe </ a *ldy +/ y k12 (1+ log? (y/a)) dy) < eNigTh!

assuming k > 1/2. Hereafter we will consider a = 1/N. We have

Z rg (n) %—4_71;) = QLm /(1/N) eNe kol (% - Z 27T (p)) wj (z)dz + O (N*H)

n<N P

and now, using the functional equation (11), we get
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1 1
4+ eszfkfl - Z 5P (p>

271 (1/N) z

1 1
R 6sz—k;—l - »=PT (p)
271 (1/N) z

+0 (N*1)
=0+ L+ I3+ O (N*'),

say.

4.4 Evaluation of [;

From I; we will find the main terms M; (N, k) and M, (N, k) of our asymptotic formula.
We have

1 1/2 2
I, =—— Nz, =k=2 ((Z) — 1) dz
87i J 1w z

1 Nz —k—lz 4T (p) <7r)1/2_1 2d
8mi © = © P z -

(1/N) P
=l — 1o,
say. From I, ; we have

1 71/2
Iy = — eV 2T B+ — eNF TRy — Nz k=5/2,
871—2 (1/N) 87TZ (1/N) 4:7TZ (1/N)

so, if we put Nz = s, ds = Ndz and use (5) we have immediately

NF+2 NFkL Nk+3/2
I, _T , / e*s T 3ds + —/ e*s " 2ds — T , / ess k52
’ (1) 4 27TZ (1) 2 27TZ (1)
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From I, » we have

7r
Iy =— N RN T (p) d
8mi (1/N) Z
1 Nz —k-1 -
+— ez 27T (p) dz
87TZ (1/N) Xp:
/2 Nz _—k—3/2
- ez 27T (p) dz
47TZ (1/N) Zp:
=L+ Iy — 13,

say. We have to study

ST [ e ] e
p (1/N)

ST (e [ |
(1/N)
SO [N o

and we observe that by Lemma 6 we have the absolute convergence of these integrals if|
respectively, we have k > —1/2, k > 1/2 and k& > 0. Hence for £ > 1/2 we have

T 1 o s T (p)
T, = — r = eNz—k=2-p g, — _ 7 Nktl4p
EEONITECY Y S T
1 1 o 1 F(p)
g — [(p) — eNzy—k=1-pg., _ — W Nkte
12 T (p)
=—>» T'(p Nz k=3/2=pg, = T NFH/2Hp,

4.5 Evaluation of I

We have
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271'1 (1/N)
2
m Nz _—k—2 —p 2 (T
—— z ['(p)w (—) dz
21 (1/N) ; z
_12 1 [2,27

say.

4.5.1 Evaluation of I,

We have that

2
I, :l_ Nz =k 3w§ <7T—) dz
27 (1/N) z
m Nz _—k—3 —1272 /2 —1272 /2
R e z 1 e 2
i S <zzl ) <ZZI )

so let us prove that we can exchange the integral with the series. Let us consider

2
A = Z/ Nz‘ |Z|—k—3 e—l%ﬂRe(l/z) Wy (%) ‘ ‘dZ| )

1>1
N N lyl < 1/N
s >
Y 1/ (Ny?) |yl >1/N

From

Re (1/2) = (24)

we have

1/N eilQN s 0o yefl%/(NyQ)
A1<<Z/ k+3 <N)dy+N/Z//N‘Tdy_U1+U27

SEANE h>1 7|

and from (21) (with a = 1/N) we get
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0o e—l%/(Nyz)

Up <N'2Y " / dy

L>17 1N

<<Nk/2+1 Z lk+1 / k/2 1/2 v du

1>1

k1
o (M) ey

1 >171

k42
y+

<<ka/2+1

assuming k > 0. Now we have to study the convergence of

Ay = Z Z / z} |Z’—k—3 e—l%WQRe(l/z)e—lgﬂ'gRe(l/z) ‘le

Lh>11p>17 (1/N)

and again from (21) we have

UN ~(B+B)N —(B+8)/(Ny?)
T 3) 3 RCETED 3) o) i S
11>112>1 | ‘ 11>110>1 |Z’
=Vi+ Vs,
say. For V] we have
1/N
Vet () [y
0
<<Nk+1
and for V5, assuming k > 1 and taking u = Z}VHQ , we have
(B+13)/(Ny?)
neY Y [ - Sl
11>1102>1
k/2+1/2 = k2 —u
<N ZZ 2+ ) k/2+1/2 / u e du
l1>1l2>1 + 0
< NF/2+1/2.
recalling that
1
< 0
2l
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holds if & > 1. A simple way to prove it is using the AM-GM inequality

Sy mrt g i

11>11s >1 1>1 iy Io>1

If & =1 the series diverges. We will prove this fact later.

Then finally we have

™ 2,72).2
Iy ——— Nz —k—3 —(l +1 ) /zd
21 "o 2.2 //N : :

h>1l>17

Nk+27TZZ / sg—k=3, —(B+3)x wN/s g

1>2110>1

from which, recalling the definition of the Bessel functions (4) we have, taking u =
2 (12 + 12)/? N'/? and assuming k > 1,

Nk/2+1 Jpt2 (27r (12 + 13)1/2 N1/2>
mhk+l (l% +l§)k/2+1

l12112>1

Joq =

4.5.2 Evaluation of I,

We have to calculate

— l Nz _—k—2 — —1272 /2 —1272/z
Lo = o ez Zp:z T (p) (Ze ) (Ze )dz

(1/N) h>1 I2>1

and again we have to prove that is possible to exchange the integral with the series. So

(@)

let us consider

a=3 [ I

Now using (16) and (12) we have

Z »PT (P) e—l%WQRe(l/z)

p

l/Ny

g

ayans [V oy [

L>1 L>1 2]

+N1/ZZ/OO log? (2N )6_12/(]% )d
ylo Y) — 7y
= 1N ‘Z|k+3/2

:W1 + WQ + Wg,
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say. For W, and W5 we can easily see that

1/N
W1 <<Nk+5/2CU2 (N) / 1dy
0

<<Nk+1

and taking u = 2/ (Ny?)

00 e—l2/<Ny2)

3/2
Wy <N¥ Z/ Ykt dy
L>171/N
/2+3/ Z i /
<Nk2+32 / —u k2 ldu
I1>1 1
& NE/2+3/2

assuming k > 1. We have now to check W3. Taking again u = 2/ (Ny?) we have, assuming
k>3/2,

2
k/2—1/4 lN ANEN _, k/2—5/4
W3 <N Z k 1/2 € U du

l>l

log? (4N1?)
<Nk/2 1/4 / efuuk/275/4du
S
log (2\/ l1> o0
— N2 1/42 —s / log (u) e~ "uk/*=5/4dy,
[y 0

1>1

Nk‘/? 1/4Zlk 1/2/ lOg uuk/275/4du

I >1
< Nk/2-1/4 Z
l1>1

<<ka/271/4.

k 1/2

Let us consider

A= [ e

11>21122>2

Z 5—PT (p) 6—l%7r2Re(1/z)€—l§7r2Re(1/z) |d2|

p
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and again for the estimation of ‘Zp 27T (p)‘ we have, using (16),

1+l2 12+l2 Ny2)

A4<<NZZ/ P dy+ZZ/ Wdy

11>2112>2 11>2112>2
—(B+13)/(Ny?)
2 6
+ZZ//N10g (2N9)Wdy

L>1l>171

:Rl + RQ + R37

say. So we have immediately

1/N
Ry < NFH302(N) / 1dy
0

<<Nk+1

and if we take u = (I3 +12) / (Ny?) we have

l2+12 Ny )
Ry < Z /1/N kT2 — W

11211221

NS e |,

1>1 l2>1

< NF/2H1/2

for k > 1. So it remains to evaluate R3. Again we take u = (12 +[3) / (Ny?) and we have

log” (4N (12 + 13
R3<<ZZ og? + ))/ o234 gy,
0

2 onk/2+1/4
11>2110:>1 l +l

log (2 N (12 + l%))
(l2 +l2)k/2+1/4

-2 2.

11>2112>1

NS e [l e
0

hL>1 l2>1

/ log (u) e~ "uk/>=3/*qy,
0

and the convergence follows if k& > 3/2. Note that the estimation of Rj3 is optimal. For
proving it, take ¢ = (12 +13) /N, assume k < 3/2 and y > 1. We have

e—c/y’

S = ZZ/ log? (2Ny) k+3/2dy—22/ log? (2Ny) =zl

11>2112>1 1121122>1
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Now, since y > 1 we have log® (2Ny) > log? (2N) and since k < 3/2 we have

—C/y
sz MY Y [T 5
112>21102>1
*C/y
>10g2(2N) S /
11>21102>1
=log® (2N) ZZ 1—6 C
11>2110:>1
N log? (2N (1— e 2/N)
> ZZ +l2
L>11>1 i

and the last double series is divergent, since

ZZ i +1 2—Zzl2+l2

1>2110>1 11>211:<ly

1 1
>3y 2_5;5'

11>1 1<l 24

Now we have to estimate

Ay = Z ZZ T (p |/ Nz‘ ‘Z—k—Q‘ ‘Z—p‘ e—Re(l/z)(lerzg) Idz|.

ll>1lg>1 P

Using (18) and (19) we have

B—1/2 —k—=2_|—B T —Re(1/z) (12412
Ay K Z Z Z o / |z |z| 7 exp <7 <arctan (Ny) 2)) e (11+13) |dz|.

11>112>1 py>0

Let Q. = supg {F (g + g + %)} and assume y < 0 (we will A the condition y < 0, with
A} the contidion y > 0) Using the obvious bound v arctan (Ny) — 5 < —v5 and taking
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_ B+i2
N2

A <<Nk+2Z€lNZ€lNZNﬁ51/2ew/2/ 1dy

h>1 lo>1 p7>0 1/N

1
RT3 e [ e e o

11>112>1 p,y>0

< NF+1 Z e_llN Z e—l%N Z Nﬁe—wy/zfyﬁ_yz

hi>1 l2>1 p,y>0

rpagamys NI sy
- - —u
D D N i

l1>1 l2>1 P,’Y>0
CNFI S e BN ST o BN § /2y 0o

1>1 12>1 p,y>0
77r’y/2,7671/2

N*k+1)/2 /2¢ S
Q ZZ o (k+1) /2 Z (l%+l%)6/2

2
l1>1[2>1 l +l p,y>0

< N* (25)

we get

for k > 1, where (25) follows from the density estimate

2mm

log (m)

Tm ™~

where 7, is the imaginary part of the m-th non trivial zero of the Riemann Zeta function.
If y > 0 we have

/N
A < Z Z Z P 1/2/ 122 exp (7 (arctan (Ny) — g)) e—(l§+zg)Re(1/z)dy

1121 12>1 piy>0
e—(z%ﬂg)/(zvy?)

T
+ Z Z Z o 1/2/ exp (”y (arctan (Ny) — 5)) Wdy.
11>112>1 p:y>0
Obivously if [y| < 1/N we have arctan (Ny) — § < —7 hence

1N
> > 2 / 277 exp (y (arctan (Ny) — 7 ) ) e (32RO gy

11>112>1 piy>0

<<Nk+2z —ZNZ —lNZNB —7r7/4 8- 1/2// 1y

ll>]_ 2>1 p’y>0

< NkJrl
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and from arctan (z) + arctan (1/z) = 7 /2 follows that

+ k+1 5-1/2 1 e~ (11+13)/(Ny?)
A7 N +ZZ Z ¥ / exp | —varctan N_y yk+—2+ﬂdy

11>2112>1 piy>0

~ P+2\
N S 3 [ e (- - A )

11>2112>1 piy>0

and if we put Niy = v we get

+ k+1 £—1/2 —v_—(Nv2(12+12) /42 l —k—2-p y
A <N +2227 /6 6( (1 2)7)(]\[1}) szdv

11>115>1 piy>0

NS 3 [T, 0

11>112>1 p:y>0

Now we can observe that we are in the situation of Lemma 5 with d = 2 and so we can
conclude immediately that we have the convergence for k > 3/2 and this result is optimal.

We studied the convergence, so we finally have, using again the identity (4), that

Jet14p (27T (12 +13)"" N1/2>
l2 + l%)(kJrler)/ ’

[22 — ﬂ_kak/2+1/QZ Np/QZZ
) P

14 l1>1l2>1
4.6 Evaluation of I3
We have
1 1 s 2
Jo——— Nz _—k-1| = —-rT _ - d
5 271 (1/N)e i (z zp:z (p)) (zw2(z)> i

1 1/2 2
- ez =kt E 27T (p (( ) Wo (W—>)dz
271 (1/N) z
1 Nz _—k-3 ? 1 Nz _—k—2 - T
= e 2 P wy (? dz—% ez g 27T (p) we ~ dz

20 J /Ny (1/N) .

1 / Nz _—k—5/2 T 4 1 / Nz _—k—3/2 2 : =T (p) T d
— e "z w — — e "z V4 w — z
27T1/2’i (1/N) 2 z 27T1/2’i (1/N) P p 2 z

=31 —I39 — I33+ I354.
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4.6.1 Evaluation of I3,

We have

1 2 1
I3, eN* 2R3, <7T—) dz = — eNz k=3 Z e T2
)

_22 (1/N) 4 2Z (l/N o1

hence we have to establish the convergence of

Ae = Nz —k—3 —mQRe(l/z)d )
6 Z/WN)’e | |z] e z

Using (12), (21) and (24) we have

AG <<Nk+3/2+2/ y—k—3€7m2/(]vyz>dy
0

m>1

:Nk+3/2 + Nk/2+1 Z 11‘+2 /OO uk/Qe—udu
m 0

m>1

<<ka+3/2

for k > —1. So we obtain, recalling (4), that

Nk/2+1 Z Jit2 (2m7TN1/2)

J31 = g Z k2
4.6.2 Evaluation of /33
We have 1
Ly = i /(I/N) eNzZ—k—5/2mZZIG—m27r2/de

so we have to establish the convergence of

Z/ ‘eNz’ |Z|—k—5/2 €_m2Re(1/Z)dZ <<Nk+5/2
(1/N)

m>1

CoEN /I/N
Z e 1dy
0

m>1

2 / y e ) gy
1/N

m>1

mk+3/2
m>1

< NF+5/2 o pk/243/4 Z 1 /OO Wt du,
0
<<ka+5/2
hence we have the convergence for k > —1/2. So
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Nk/2+3/4 Z Jk+3/2 <2m7rN1/2)

I33 = :
; Tkt mk+3/2

m>1

4.6.3 Evaluation of I3,

We have to establish the convergence of

A=) / %] |22 |32 77T (o) |72l
m2>1 1/N p
so using (12), (21), (24) and (16) we get
A7 <<Nk+1/2+NZ/ yfk72€—m2/(Ny2)dy
1 JUN
+log® (2N) ) / y e () ay
m>1 1/N
+2log (2N) > / log (y) y~*=3/2em*/ (V) gy,
m>1
+Z/ log? (y) yF=%/2e /(N9 gy
1IN

Now if we put m?/ (Ny?) = u we have

k+1
/(N k/2+3/2 —k—1
N g / m?/(Ny )dy <N F( 5 ) g m

m>1 m>1

which converges if £ > 0. With the same substitution we get

o0 2 2 k 1
log? (2N) Y / y~h=3/2e=m (NV?) gy« 10g? (2N) NF/2+1/AD (— + —) S 2

m>171/N 2 4 m>1

and so the convergence for k > 1/2. For the estimation of the last integral in the bound

of A; we observe that if we take ¢ > 0 we have

Z/ log® ( k;—3/26 /(Ny? dy < Z/ —k—3/2+e€fm2/(Ny2)dy’ a>0
1/N

m>1 m>1
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SO

E 1 €
A Nk/2+1/4—e/2r v - = § —k—1/2+€
' < 2 i 4 2 m>1m

and for the arbitrariness of € we have the convergence for k > 1/2. We have now to study

A= [ e e

m>1 p

-m?72/z

|dz|.

By symmetry we may assume that v > 0. If y < 0 we have yarctan (y/a) — 57 < =57
and so using (18) and (19) we get

K< T [ e

m>1 >0 —1/N
B-1/2~71/2 N gmm?/ (N?)
B e [y
m>1v>0 © | |
CNF2 YT N T m/QNﬂ/ Ldy
m>1 >0 —1/N
B/2nB~1/2 p—7/2
vy L N ’ / W12y
m>1 >0 0
1 Nﬁ/2/y/871/2677r’7/2
k2 k/241/2
KNTTAN o Z kL Z mp
m>1 5>0
<<ka+2

provided that k > 0 and Qx = supz {T' (£ + 1 +2)} . Let y > 0. We have

BT e (<3 [ sy

m>1~v>0
1/2 T\ e ()
+ Z Z’yﬁ / / exp (7 arctan (Ny) — 57) W—dey
m>1~v>0
:Ll + L27

say. From (12) and (21) we have

T
L, < N* Z o—m2N ZN575_1/2 exp <_17> <, NW+3/2

m>1 v>0
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and recalling the identity arctan (z) + arctan (1) = 2 and taking v = m/ (N'/?y) we have

2
1/ Y MmN _dy
LY Y / o (o= )

m>1~v>0

N'B/ W v
(k+1)/2 E E p=1/2 _ U2 B
=N T /o exp ( N2 v ) v P dv

m>1

and now since e"**vF = Oy, (1) if k > 0 we have, taking s = yv/ (N/?m),

<<Nk/2+lz ZNB 3/2/ exp (—s) s°ds

me1 7 530
<<ka/2+2

for £ > 1. Now we can exchange the series with the integral and so we have

Jk+1+ <2m7T V N)
I = KNGV S o NelT (o) S 2
m

p m>1

4.6.4 Evaluation of I3,

We have to establish the convergence of

1 2
Jog— — Nz _,—k—3/2 AN Z\da
84 = 517, /(I/N) ez zp:z (p) wo ~)de

and so we have the similar situation of I3 5.

So we have to study

Ay = Z/l } ‘6N2| |ka73/2‘

so using (12), (21), (24) and (16) we get

> (o) e

p

|dz|
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l/N
A <<Nk+5/2z —m2N/

m>1
N / yr e )y
+log® (2N) ) / y~r e () gy
m>1 1/N
+2log (2N) > / log (y) y~*te™™/ (V%) gy
m>1
+ / log? () y e/ (V) gy

m>1

so taking u = m/ (Ny?) we get

- —k—3/2 _—m?/(Ny? k/2+1/4 1 - k/2-3/4 —u
Z/ Y e ( y)dy<<N kaﬂ/z/o u e “du

m>171/N m>1

& NF/2H/A

and

5 [T oy v s L [T e
1/N

m2>1 m>1

<<ka/2

and again the presence of log® (y) does not alter the evalutation since for every fixed € > 0
holds

[ togt e 00 [yt t00), o s,
1/N 1/N

then we have the convergence if £ > 1.

Now we have to study

Ay = Z Z T (p Nz| |Z—k—3/2‘ ‘z_”‘

m>1 p

e |dz] .

By symmetry we may assume that v > 0. If y < 0 we have yarctan (y/a) — 57 < =57
and so using (18) and (19) we get
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Ay < Yoyt [ oo eniag,

m>1v>0 —1/N
-2 ~1/N —m?/(Ny?)
eSS [ ey
m>1~v>0 o |y|
0
KNFE2N = emmIN N S22 N / ldy
m>1 ~>0 —1/N

8/2.B—1/2 —my/2 [0
TSNTEED ppec i o bl / W28 gy
m 0

m>1 v>0
NB/2B-1/2g=77/2

k+3/2 k/2+1/4
SRR L NG, ST S

m>1 v>0

mp

<<ka+3/2

provided that k > 1/2 and G} = supg {F (g + }l + g)} . Let y > 0. We have

1/N
A < S e () [ ey
m>1~v>0 0
B—1/2 m €_m2/(Ny2)
+ Z>1 Zo’y / exp (fy arctan (Ny) — 57) Wdy
m y>
:Fl + F27

say. From (12) and (21) we have

F NFH1/2 —m2N NB~B-1/2 (_ﬁ ) R+
L NS N S e (1)

m>1 v>0
and recalling the identity arctan (z) 4 arctan () = 2 and taking v = m/ (N'/?y) we have

2
B-1/2 > _m dy
ReX Y0 / e (—ob )

m>1~v>0

k/2+1/4 NP2 B—1/2 mvN v 2\, k—1/248
=N Z mk+1/2 Zo mpB v /0 eXp <_ N/2m v ) v dv

m>1

and now since e="*v¥"1/2 = Oy (1) if k > 1/2 we have, taking s = yv/ (N"/?m),
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1 oo
Fy < NF/2H3/4 Z PaEYD Z N57_3/2/ exp (—s) s”ds
m 0

m>1 ~>0
<<ka/2+3/4

and so the convergence if £ > 3/2. Now we can exchange the series with the integral and

obtain

Jk+1/2+p <2m7T\/N>
Lyq =m ENPEE Z T PN’T (p) Z kt1/24p '
m

p m>1

Summing up, we have proved the following

Theorem 1. Let N be a sufficient large integer. We have

k
Z o (n) % = M; (N, k) + My (N, k) + M (N, k) + My (N, k) + O (N*1)

for k > 3/2, where p runs over the non-trivial zeros of the Riemann zeta function ( (s),

Jy (u) is the Bessel function of complex order v and real argument u and
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T Nk+2 Nk+1 Tl/2 Nk+3/2

T (h+3) AT (k+2) 2 (k+5/2)

m I'(p) K 1 I'(p)
Ms (N k) =— — - v’/ N +i4+p _ —Nk+p
2 (N, F) 4ZF(k+2+p) 4Zp:r(k+1+p)

M (N, k) =

1/2

™ F(P) k+1/2
+ NF+1/2+p
2 zp:F(k+3/2+p)

/241 Teso (27r (12 4 12)"/ N1/2>

k+1 2 onNk/2+1
T L>11s>1 (G +13)

M; (N, k) =

Jkt14p (27T (12 +13)" N1/2>

_ﬂ_kak/2+1/QZ p Np/QZZ

P 11>1102>1

Nk/2+1 Jht2 (2m7TN1/2) Nk/2+3/4 Jit3/2 (2m7TN1/2)

l2 + l%)(k+1+P)/

My (N, k) k+1 k+2 k+1 k+3/2
T m T m
m>1 m>1

Jk+1+p (2m7T\/N>
—m N Z T ’NPPT (p) Z kt1tp
P m>1 m
Jk+1/2+p <2m7r\/ﬁ>
VR Z T PNPET (p) Z k+1/24p '
m

p m>1

Furthermore the bound k > 3/2 is optimal using this technique.
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5 On the Cesaro average of the numbers that can be

written as a sum of a prime and two squares of primes

In this part we will study another Cesaro average for the numbers that can be written
as sum of a prime and two squares of primes. We will obtain an asymptotic formula
with a main term and more terms depending explicitly on the zeros of the Riemann zeta
function. The problem of representing an integer as sum of a prime and two prime squares
is classical. Let

A={neN:n=1 mod 2;n#2 mod 3};

it is conjectured that every sufficiently large natural number n € A is a sum of a prime
and two prime squares. Many authors studied the cardinality F (V) of the set of integers
n < N, n € A that are not representable as a sum of prime and two square of primes. We
recall Hua [21], Schwarz [36], Leung-Liu 28|, Wang [41], Wang-Meng [42], Li [29], Harman-
Kumchev [16] and Zhao [44]. Languasco and Zaccagnini [26] proved that, assuming the
RH, in every interval [N, N + H] contains a number that can be written as a sum of a
prime and two squares of primes, where H > C'log* (N) and C > 0 is a constant.

Let us define 2z = a + iy, a > 0 and y € R and let us consider the functions

Si(z) = 5(z)

Sp(z) =) A(m)e ™= (31)

m>1

and
rsp(n) = Z A (my) A (ma) A (mg) -
m1+m§+m§:n

For our purpose we need a generalization of the Lemma 2. So we introduce

Lemma 7. Let z=a+1y,a >0,y € R and [ € Ng. Then
N eV B E
SZ<Z>:ZZ—1/Z_7;Z p/F<7)+Ez(a>y) (32)

where p = 8 + iy runs over the non-trivial zeros of ¢ (s) and

El (CI,, y) < E (av y) : (33)
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Proof. It is well know that (see for example formula 5 of [26]) that, for [ € Ny,

S (z) = Z A (m) e~z

m>1
LA/ I o (P ¢ 1 / ¢ _
= — - z I‘(—)——O——, = (lw) ' (w) z7“dw 34
i l; )0 55 ), ¢ T @ (34)
so, taking w = —% + it, following the proof of the Lemma 2 and observing that
C‘/

¢ (lw)’ < log ([t] + 2)

we can conclude that we may estimate the integral in (34) exactly as in [24], so the claim
follows. O

From Lemma 7 it is quite simple to note that

Sy (a) when a — 0. (35)

~ 9412

We now introduce another

Lemma 8. Let p = 3 + iy run over the non-trivial zeros of the Riemann zeta function,

let z = % + iy, N > 1 be natural number, y € R, I € Ny and o > 3/2. We have

> (Bﬂ/ |eVE| |27 2] |dz] <o N
P ! (1/N)

Proof. Put a = <. Using the identity (19), (18) and (21) we get that the left hand side in

the statement above is

B/1-1/2 gl yy _mhl) _dy
Zp: "}/‘ /Rexp (7 arctan (a) — 57) |Z|0¢—+ﬁ/l' (36)

The case [ = 1 has already been discussed in Lemma 6. For [ > 1, observing Lemmas
2 and 3 of [24| and Lemma 6, we can conclude that the presence of [ does not alter the

proofs, so using the same argumentation of the Lemma 6 that we have the convergence
for a > 3/2. O
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5.1 Setting

From (7) and (31) it is not hard to see that

S8 (=)= 3 ST A(m) A (ma) A (my) e (mFm3mi)e = S g (n) e

mi1>1 mo>1m3>1 n>1
so let z = a + 4y and a > 0 and let us consider

1 ~ ~ 1
— eNF LG (2) S2 (2)dz = — eNF k1 Z rep (n)e "dz.

271 (a) 271 (a) 1

Now we prove that we can exchange the integral with the series. From (17) and (35) we

have

Z |T5p (n) e_”z‘ =5 (a) §§ (a) < a™%

n>1

hence

/ =251 |31 (2) 88 (2)| 2] <a2e™ ( / o Fldy +2 / ydy)
(a) —a a

<<ka' 2 keNa
assuming k > 0, so we have that
(N — ”)k 1 / Nz —k-13 32
— = — N S S, dz. 37
> rse ) 1y = 3 f, S B G (37

n<N
Now from (13), (32), (17) and (35) and observing that, for [ > 1,

F(l/l) 1 —p/l PN & -1/
Tar T r(2) =51() - Ei(a,y) < a7+ |Ei a,9)

we have

51(2) 53 () = (1 =2 () + Ei (. y>) (2@ S (D) v B y>>

p

“(Fzeo) (55T ()

p p
+0 (|E1 (a,y)| a™ + |Ei (a,9)| |1 B2 (a, v)* + | B (a, )| | B2 (a,y)| a™* (38)
+ 1By (a,y))* a™t + a V2| By (a,y)]) - (39)
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Not let us consider integers [, m,r, s > 1. From (14) and (33) we have that

/<) (V= By (a,9) 1B (a0, 9)]° 2]

<<lmrs 6 ( —k— 1+r+s / dy_|_/ +r;—S 1Og2r+28 <g> dy)
a

<<lmrse “a

k+r+5

assuming k > 2. So taking a = 1/N from (38) and (39) we can observe that

/ ’eszikil‘ ’EQ (1/N7 y)’2 |E1 (1/N7 y)l ’dz, <k Nk73/27
(1/N)

N [N 1By (N ) B (N, ) ] < N,
(1/N)

N[ e B (1N, y) P 2] < N
(1/N)

N[Nk By (LN, )] ] < N
(1/N)
and

N[N B (N ) o] << NEE
(1/N)
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(N_”)k 1 Ne k-1 [ 1 —p
X O o (5‘? “’”)

2
Vo1 - p
'<221/2 —5 2 (§) ) d= v o (v

p

1 Nz, —k—3 1 Nz, —k—2 -
=— e 27"z + — ez 27T (p) dz
8 J ) 8¢ Jaym %:

1 / Nz _—k—5/2 —p/2 <P>
— - ez z I'(=)dz
4\/%2 (1/N) Zp: 2
1 / Nz _—k—3/2 - —pa/21 [ P2
+ , ez 2P (p) Y 277/%T (—) dz
s YR SRe

p1 p2
1 Nz —k—2 —pi /2 (P1 —paj2r (P2
+% ez Zz P F(§>Zz P2 F(;)dz
(1/N) p1 P2
1 Nz, —k-1 - —pa/21 (P2
~8m ez Zz ’“F(pl)z,z P2 F<?>
(1/N) pP1 P2

- p
Z 2 P32] (E?’) dz + Oy, (NkH)
P3
=L+ L+ I3+ I + Iy + Ig + O (N*) |

say.

5.2 Evaluation of I;

From [; we will find the main term. If we put Nz = s we get

I = l N2 7R3 = NEE / e*sF3ds = ﬂ
8 J 1) 8 Jq) AT (k + 3)

using (5).

5.3 Evaluation of I,

We have .

I, = — eNz k2 2T (p) dz
=5 S Zp: ()

so we have to study

Ay =

S| [ (e e e
p (1/N)
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and from Lemma 8 we have the convergence for k > —1/2. So we can switch the integral

and the series and get

1 NFE+HL r
L==> T(p / N TRy = TN e (v)
P

5.4 Evaluation of I3

We have to estimate

1 P
I — — : / eNszkf5/2 pr/2F (_) dz
3 4\/%2 (1/N) Zp: 2

and, as before, we have to study

(3)

and using again Lemma 8 we have the convergence for £ > —1. So we have

Iy = b Sr (E)/ oNe—k=5/2-p/2 0, _ _ Nk+3/2\/_z I'(p/2)

e [a=452 |2+

5.5 Evaluation of I,

We have to evaluate

1 —k— _ — P2
Iy = / NPT TEN T (py) Y 27T <—> dz
4ﬁl (1/N) le %: 2

so we consider

Aari= G |/ ||k [ | 3wt (£2)

P2

|dz|.

Assume that Ay, = [,y .- [d2| = fll//]ytzo ... |dz| . Hereafter we will indicate with the
symbol Af | the integral [, N+ .. |dz|and with A7 the integral flO/Nfioo ...|dz| . From

(32) we can see that

> —wr«;)\ :

P2

\/_

Sy (2) —

+ B2 (1/N, )]

’2’1/2
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N, ly| <1/N
< /27 2
N+ [z[""log” (2N Jy[), [yl > 1/N.
Let us consider y < 0 and, recalling the notation p; = §; + iy; and assuming v; > 0 for

symmetry, we have to study

_ 0 ex arctan (Ny) — Z
A7, <N Z 71,31 1/2/ p(’)’l (Ny) 2’71) 1dz|

p1:11>0 —-1/N |Z|k+3/2+51
—-1/N Ny) — &
Br—1/2 exp (fyl arctan (Ny) 271)
+N Z n / k+3/2+61 dy
p1:71>0 - |y|
_ —1/N ex arctan (Ny) — Z~;) log? (2N
+ Z 7{31 1/2/ p(% ( yk)+1+521%> e | ‘y’)dy
p1:71>0 - ‘y’
Now since y < 0 we have
T T
tan (Ny) — = < ——
arctan (Ny) 5= 3

so from (21) we have
A, < Nk+3/2 Z N5751—1/2€—ml/2

p1:71>0

Bi-1/2 —mmye [ 1
+N o e ™ / ———dy
m%;o 1 N yk+3/2+ﬁl

[e'S) 2
B1—1/2 —7r'y1/2/ IOg (2Ny)
+ Y e —dy
m%:w 1 1N yk+1+,31

and setting € > 0 we observe that log? (2Ny) < y¢ as y — 00s0
Azz,l < Nk+5/2

assuming that £ > 0.
Now let us consider y > 0. We have to study

1/N Ny) — -
N Bi-1/2 exp (y arctan (Ny) — 5)
AL <N g V1 /0 |z|k+3/2+51 |dz|

p1:71>0

_ > 7\ N +y/?log® (2Ny)
+ > / exp (% arctan (Ny) — 5%) = A A
p1:71>0 1/N
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say, and we have that

1/N 1
B 1/2 —7y1/4
A <N Z AP m /0 —|z|’“+3 o dy

p1:71>0

<<ka+5/2

and for A,, taking Ny = u and using the usual trigonometric identity we have

A, < NE+5/2 Z 7{311/2/00 exp (—m arctan(l/u))du
1

wk+3/2+51

p1:71>0

00 2
k1 Br—1/2 exp (— arctan (1/u)) log” (2u)
+N Z " / uF1/2481 du
p1:71>0 1

<y Nk+5/2

from Lemma 3, assuming k& > 1/2.

Now let us consider
Ayo = T (p1)| ‘F (&> ‘/ eNZ| |32 | gmen] | P2 |dz| .
=S [R(F)] [l

We can consider only the cases 1,72 > 0 or ;3 > 0, 75 < 0, by symmetry. Hereafter we
will use the symbol Amn when we consider A,,,, with the assumption vy;,v2 > 0 and the
symbol /Vlmvn when we consider A,,, with the assumption y; > 0, v, < 0.
Since

arctan (Ny) — g < —g (40)

we have, for y < 0,

0
B1—1/2 Ba2/2— 1/2 m dy
A42 < Z 7 exp (——’V> Z Vs <_ZY?> (/_Oo |Z|k+3/2+51+52/2>

p1:71>0 p2:v2>0

— ™
< NF+2 Z A 2 exp <——’y) Z 752/2 /2 (_172>

p1:71>0 p2:v2>0

<<k Nk+2.

Now let us consider y > 0. We have

1/N Y2 Ny) — ©

+ Bi1—1/2 B2/2—1/2 €Xp ((71 + 5 ) (arctan( y) 2))

A42 < Z " Z Vo / k+3/2+B1+82/2 dy
p1:71>0 p2:v2>0 0 ‘Z|
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0o Y2 _ T
n Z 7{3171/2 Z 752/21/2/ eXP((%JF 2)(ar0tan(Ny) 2))dy

k+3/24+B1+B2/2
p1:71>0 p2:v2>0 1/N Y

= A; + Ay,

say. If y € (0,1/N] we obviously have arctan (Ny) — 7 < —7 and so

1/N

- ™ - T

As <5 Z 7161 1/2eXp <_Z%) Z 7262/2 1/2eXp <_§72>/ NE+3/2401+62/2 g,
0

p1:71>0 p2:72>0
<<ka+2

For A4 we can observe that, taking arctan (1/u) = v,

A, < NFH/2 Z Nm%ﬁl—l/z Z N52/27§’2/2—1/2/00 exp (= (n + §) arctan (%))du

. uk+3/2+B1+B2/2
p1:71>0 p2:72>0
7 . k—1/24p14+p52/2
— Nk+1/2 Z N51751—1/2 Z N62/27§2/2—1/2/ /Mexp (= (1 + %) v) (sin (v)) e
k+3/2+B1+B2/2
p1:71>0 p2:v2>0 0 (cos (v)) p

w/4
NRHL2 NBLASI1/2 NB2/2 62/2—1/2/ (_( ﬁ) > k=1/2+81452/2
< Z %] Z Yo ; exp Y+ 7 v)v v

p1:71>0 p2:72>0

— Nk+1/2 Z Nﬁwlﬁl—l/Q Z

p1:71>0 p2:72>0 (’71 + 772
B1—1/2_B2/2-1/2

— Nk+1/2 Bi+B2/2 N Y2
=plN Z Z N o \ kT 1/24B1+B2/2
p1:71>0 p2:v2>0 (71 + 7)

2—1/2
NB2/2P)/262/ /
) 1/2+k+B1+B2/2

and observing that

B1,.B2/2 Br+B2/2
s ney)

we get

1
A, <<ka+1/2 Z Z N61+52/2
/2 _1/2 k+1/2
’Vl/ '72/ (’71 + E)

p1:71>0 p2:v2>0 2

< Nt/ Z k1+1 Z %

prim>0 1 poi0<ya<y V2

1
a5

p1:m>0 N

and so we proved the convergence if k > 1/2 using well-known density estimates.
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Let us consider the case 71 > 0, 72 < 0 and let y < 0. Using again (40) we have to study

exp <’Y2 arct;n(Ny) _ W\Z2|>
’Z‘k+3/2+51+5z/2 ’dz,

0
i— —1/2 m —
A4,2 < E Wfl / exXp (—571> E |72|52/2 1/2/

p1:71>0 p2:72<0 -

and using Lemma 3, Lemma 4 and the identity arctan (z) + arctan (1/z) = —7/2, x < 0

we have

~ _ T _ T
Apy <GNFE 3" 47 exp (——%) D el P exp (—glwl)

p1:m>0 2 p2:72<0
B1—1/2 m B2/2-1/2
+ Z gi! exp <—2’Yl> Z 72
p1:71>0 p2:72<0
~1/N exp (—% (arctan (Ny) + g))
./Oo ’y|k+3/2+51+52/2 dy
—1/2 ™ 2-1/2
CNFHE L NS B e (D) ST Y
p1:71>0 p2:72<0
oo exp (—% arctan (%))
/1 uk+3/2+B1+82/2 du
<<ka+3
for k > —1/2.

If y > 0 we have essentially the same situation exchanging the role of v; and . We have

i pr—1/2 2-1/2 7T * exp (1 arctan (Ny) — Zv;)
Ay < 30 TNl exp (=T el /0 i 050

p1:71>0 p2:72<0
_ s _ s
<N N 7 P exp (—Z%> o e Pexp (_Z le)
p1:71>0 p2:72<0
B1—1/2 Ba/2—1/2 m > exp (’Yl arctan (Ny) — %”Yl)

XD Yl e (<) [ ey

p1:71>0 p2:72<0 1/N

00 1
k+3 k+2 BL—1/2 Ba2/2-1/2 ™ exp (—71 arctan (;))
NP+ N Z 7 Z 72l exp <_Z |72|> /1 wk+3/2+B1+B2/2 du
p1:1>0 p2:72<0

<<ka+3.

So we can switch the integral with the series and get

1 P2 Nz —k—3/2—p1—p2/2
I, = , '(p F(—)/ ez [2=p=p2/2q,
4 4\/?2%: ( 1)%: 27 Ja/n
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_ Nk+1/2, /7 ZZN’““’?/Q ['(p)T (”72) |
2 L(k+3/2+p1+p2/2)

p1 P2

5.6 Evaluation of I;

We have to evaluate

1 N —k—2 _pijop (P2 —pa/2p (P2
]5:% ez ZZ P~ F(;)Zz P2 F(?>dz.

(1/N) P1 P2

We define

p k2| | _ p
A= [ (F)] [, e (5)

P2

|dz|.

By symmetry we can consider only the case v; > 0. So taking y < 0 and using the same

argument used in I, we get

0
Ay €N Y ottt [ ke

p1:71>0 —-1/N

N Y 71’81/2_1/2/

p1:m>0 >

+ > 7161/21/2/

p1:71>0 >

k+5/2 B1/2—1/2 —mvyy /4 = 1
<V +N Z N e " /1/N Yk 2612

2
|y|k+2+61/2 Y

N exp (% (arctan (Ny) — 3)) d

1N exp (731 (arctan (Ny) — %)) log” (2N |y|)
|y|k+3/2+,31/2

dy

p1:71>0

o] 2
B1/2-1/2 1 /4 log™ (2Ny)
+ Z N e ™ /I/N yk+B/25B1 /2

p1:71>0
<<Nk+5/2.

assuming k > —1/2.
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Now let us consider y > 0.We have

1N
AL N Y ot [t gy
0

p1:71>0

_ o0 t Ny)—-Z
N Z %51/2 1/2/ exp( (arc an (Ny) ))dy

N yk+2+ﬂ1 /2

p1:71>0

N Z /212 [ exp( (arctan (Ny) — —)) log? (2Ny)d
‘ i N 322 Yy
P71

o) 71 1
k+5/2 k42 B1/2, B1/2-1/2 exp (—7 arctan (;))
<N + N E ) NV /1 uk+2+61/2 du
pL:M1>

412 sz pje-tz [ exp (=% arctan (1)) log® (2u)
+N ZON ' /1 RT3/ du
p1LiY1>

<<ka+5/2

assuming k > 0, from Lemma 3.

Now we consider
A5 = ‘F <&)’ ‘F <@> ‘ / eNZ2| |z 7h=2 | =P 2] | z=P2/? |dz] .
2= GIS G [, e

We may consider only the cases 71,7 > 0 or 11 > 0, 72 < 0, by symmetry. Using the

same argument used in [, we get

0
2-1/2 ™1 2-1/2 ™ —k—2—P1/2—B2/2
dy < 3 AP e ( ) > S /eXp(_ . )/_OOM 51/2-5a/2 | .

p1:71>0 p2:72>0
<<l<: Nk+3

for £k > —1. Taking y > 0 we get

1/N
1 2-1/2 ™ 2-1/2 ™Y1 k9 _
AL < 30 W e (TR) X e (-5 / o HE R gy

Pli’Yl>0 p2;’y2>0
00 Y1t+72 T
B1/2-1/2 Br/2—1/2 exp ( (arctan (Ny) — 5))
+p1zz'y1:>0 " p2%:>0 7 //N y’f+2+51/2+62/2 dy
0 W1+’Vz
k+2 k1 B1/2, B1/2—1/2 B2/2. B1/2-1/2 exp (— arctan (2))

<N + N Z N 71 Z NP2 Y2 / uk+2+51/2+52/2 du

p1:71>0 p2:v2>0 1

,32/2 61/2—1/2

— ATk+2 k1 B81/2, B1/2—1/2 N
a o Z N N Z Y1+72 k+1+51/2+/52/2

p1:m>0 p2:72>0 ( )
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where the last line follows from the same argument used in AIQ. So since

(ﬂ)ﬁl/? (E)ﬁz/? < M+ Ve B1/2+B2/2

N’82/2’Y2_1/2

we get
At k+-2 k41 B1/2,,—1/2
Ay < NP4 NMRT NV ST
p1:71>0 ,02:72>0( 2 )

and from the AM-GM inequality we get

N NB1/2 NB2/2
+ k42 k+1
Aspy < N7 4N Z k/2+1 Z k/2+1
p1:71>0 71 p2:72>0 12

and so the convergence if k£ > 0.

Now we have to consider the case 73 > 0 and v, < 0. We have

y2arctan(Ny) — 7|y2]
- Br/2-1/2 m s [0 P 2
A5,2 < Z M exXp <_Z’Yl) Z ’72’ k42481 /2+B2/2 ‘ClZ‘
p1:71>0 p2:v2<0 -0 |Z|
and using Lemma 3, Lemma 4 and the identity arctan (z) + arctan (1/z) = —7/2, z <0
we have
k+2 Br/2-1/2 _r B2/2-1/2 _r
Ay <aN*2 30 P exp (<S0) 3 bl exp (<X el
p1:71>0 p2:v2<0
‘72| s
~1/N exp ( (arctan (Ny) + —))
51/2 T B2/2-1/2 2
+ Z exp ( 471> Z 72 / | |k+2+51/2+52/2 dy
p1:71>0 p2:72<0 e Yy
k42 k+1 B1/2,.B1/2—1/2 T B2/2 B2/2-1/2 = ( 5 arctan(
+ + 1/4— 2/2—
SGNEEZ L NEELS D NPy exXPp (_Z%> > NEE|y| /1 uk+2+ﬂ1/2+ﬁz/2
p1:71>0 p2:72<0
<<ka+2

for £ > 1/2, from Lemma 3.
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Now let us consider y > 0. We get

b B1/2—1/2 2-1/2 ™ * exp (ﬂ (arctan (Ny) — E))
ALy < D0 WY el e <_Z|72|>/0 2|Z|k+2+/31/2+52/2 = |dz|

p1:71>0 p2:72<0

< NF+2 Z A2 g <_§71> Z o] 22712 exp (_ZWQD

p1:71>0 p2:v2<0

B1/2—1/2 Ba/2—1/2 m > exp (%1 (arctan (Ny) — %))
+ 2 > hel® exp <_Z I%I) / WEE dy

p1:71>0 p2:v2<0 1/N

o] 71 1
k2 k42 81/2-1/2 B2/2-1/2 T exp (—2Z arctan (1))
<l AN Z 711 Z ’72| 2 P (_Z |%‘) / uk+2+B81/2+B2/2

p1:71>0 p2:72<0 1

<<ka+2

from Lemma 3, for k > 1/2.

We proved the convergence so we obtain
L= -3°r (2)r (%) / R T
81 2 2 (1/N)
p1 p2

— N Z ZNP1/2+p2/2 I (%) r (%2)
I'(

4 k+2+4p1/2+ p2/2)

pL P2

5.7 Evaluation of I;

We have to evaluate

1
Is = — N2kt Z 27T (py) Z ZP22T (%) 22_03/21“ <%> dz

8 (1/N) p1 P2 p3

so let us consider

A1 = T (p )\/ eNF| |2 R T e Z7P/2T <&>
O Sy Nl ] DRl €

p2

—p3/2T (@)
pE :

p3

|dz]

and we assume, by symmetry, that 7, > 0. Let y < 0. From (40) we have that

o4

du



0

_ T

Agy < NF+3 E Nﬁlfylﬁ1 1/2exp (—571>/ exp (71 arctan (N |y|)) dy
p1:71>0 —1/N

()
+ > e 5N

p1:71>0

—iN k—1 1/2 2
T e (et (V) (N -+ 1 og? (2o dy

o0

—1/N
— ™ —k—1—
SN ENE YD T P exp <——%)/ [yl dy

2
p1:71>0 o0

-1/N
_ ™ —k—1/2—
+2N > A Pexp <——%>/ [y 752 log? (2N [y) dy

2
p1:71>0

~1/N
1— ™ —R—pP1
+ Y W Pexp (——%)/ lyl ™ log* (2N [yl) dy

2
p1:711>0 >

<<ka+3

for £ > 1.
Let y > 0. We have

1/N

—1/2 ™ dz

Afy <N? Z Nt / exp (71 arctan (Ny) — —71> —|z|]‘€+1‘+’81
0

p1:71>0 2
2
Z 512 /oo exp (71 arctan (Ny) — %71) (N + |z|1/2 log?® (2N |y|)> ]
+ Y Y.
Rt RV o

From Lemma 4 we have

B1—1/2 N i |dz| k41
Z Y exp <'yl arctan (Ny) — §’yl> s <k N
p1:71>0 0 |Z|

for £ > 0 so

%)



2
oo exp (1 arctan (Ny) — Zv;) (N +|2"?1og? (2N |y|)>

Ag; < NF+3 4 Z 71511/2/

F Yy
p1:71>0 l/N |Z’ e
< Nk 1 N2 Z 751_1/2/ exp (vl arctan (Ny) — g71> y k=P gy
p1:y1>0 1/N
2
1 T log” (2Ny)
+9N Z 61 /2 / exp (’Yl arctan (Ny) - 5’)@) mdy
p1:711>0
4
5 1/2 m log™ (2Ny)
4 Z 1—1/ / exp (”yl arctan (Ny) - 5"}/1) WCZ
p1:71>0
and using the well known identity arctan (z) — 5 = —arctan (i) ,x > 0 and placing
Ny = u we get

_ o 1
Af, < NFH3 4 NF+2 Z NP1 1/2/ exp (—’yl arctan (—)) u PPy
’ u

p1:71>0 1

- 0o 1 log” (2u)
Lo NFH/2 Z NPy 1/2/ exp (—fyl arctan (5)) mdy

p1:71>0 1

_ _ o 1 log* (2u
+ Nk Z Nﬁwl’gl 1/2/ exp (—’yl arctan (E)) #dy

p1:71>0 1

<<ka+3

from Lemma 3, assuming k > 3/2.

Now we have to study

doa = SIS [ (2)] [ e o e[S e ()
p1 P2 (1/N)

P3

|dz|

and, by symmetry, we can consider the cases 1,72 > 0 or v1 > 0, 75 < 0. Let 71,72 >0
and y < 0. From (40) we have
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0
B1—1/2 B2/2-1/2 —’d’Z’
Ay <N >0 e (—5m) D e (S /_ A AT

p1:71>0 p2:72>0 1/N |Z|
—1/N 1/2 2
Bi1—1/2 ™ B2/2-1/2 ™ N+ |y| " log” (2N |y]|)
+7 Texp (_571> Z Y2 eXp (—172>/ k+1+51+52/2 dy
p2:v2>0 - |y|
k+3 B1—1/2 B2/2—1/2 ™ —UN 1
<KNT + Z M exp <——’Yl> Z V2 exp <—Z’Y2>/ mdy
p1:711>0 p2:72>0 e |y|
—-1/N 1 2 2N
Bi1—1/2 B2/2—1/2 ™ og” ( yl)
30 e (n) e () [
p1:71>0 p2:y2>0 —co Y
<<ka+3
for k> 1/2.

Let y > 0. We have, using again (16) and (18), that

_ UN exp ((71 + 2) (arctan (Ny) — =
Ag—Q <N Z /Yﬁl v Z 72/82/2 1/2/0 (( 1 |22|/3+(1+51+,32/(2 ) )) |d |

p1:11>0 p2:72>0
~1/2 2-1/2
+ Z 7161 / Z 752/ /
p1:71>0 p2:72>0
x g (N +y"log* (2Ny))
'/1/]\/ exp ((71 + 3) (arctan (Ny) — §>> pESEED dy
p1-1/2 n B2/2-1/2 vy [N k+1+B1+02/2
<N Z " exp | — Z Yo exp (—¢ N dy
p1:71>0 p2:72>0 0
~1/2 2-1/2
+ Z %ﬁl / Z 72,6’2/ /
p1:71>0 p2:72>0

./OO V2 )) (N +y/?log? (2Ny))d

Uy exp ((’yl + 5) (arctan (Ny) — 5 ST

_ _ > exp ((11 +2) (arctan (Ny) —
< N3 LN Z P12 Z N& 1/2/ (( 2k)+1(+61+62/2 2))dy
p1:y1>0 p2:72>0 /N Y

p1—1/2 Boj2—1/2 [ €Xp (71 + 2) (arctan (Ny) — 7)) log? (2Ny)
p1;>0 1 P2§>0 i 1/N ykt+1/2+B1+62/2

and again from arctan (z) — J = — arctan (1) and placing Ny = u we get

- _ _ * exp (— (v + &) arctan (=
Aéﬁz < Nk-‘,-?) Z 7151 1/2 Z 72,32/2 1/2/ ( (u;+l+;1152/2 ( >)du
p1:71>0 p2:v2>0 1
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Bi—1/2 Boj2—1/2 [ €Xp (= (m + %) arctan (1)) log” (2u)
N Z m Z T /1 ukil/2+ﬁ1+ﬁz/2 du

p1:71>0 p2:72>0

and from the proof of Lemma 3 we have

A —1/2 2-1/2 Yo\ ~k+1/2=F1—F2/2
Af, < N&+3 Z Sy Z 121 (’Yl+§)

p1:71>0 p2:72>0

and observing that

62/2 ,82/2
#3200 () (00 3

B1/2+62/2
; )

we get

A62<< N Z Z 1/2 1/2

)k*l/?
p1:71>0 p2:72>0 11 V2

(1 + 7
1

<, NH+3 Z ik Z —

p1:71>0 N p2:0<y2<y1 12

lo
NEPIE-

p1:71>0 24!

and so the convergence if k > 3/2.
Let us assume that v, > 0, 72 < 0 and y < 0. From (40), (18) and (16) we have

12l T
0 exp (—22 (arctan (Ny) + —)) |dz|
A62 < g YT exp (-5%) E 72| ™ /_1/N |Z‘k+1+51+62/2

p1:71>0 p2:v2<0
[72] s
~1/N exp (—— (arctan (Ny) + —)> |dz|
1/2 T 2—1/2 2 2
N Z A2 exp <_§’Yl> Z [y 227 / k14511 62/2
p1:71>0 p2:72<0 e |Z’
_ s _
4 Z 711 1/2eXp (_571) Z ‘72|ﬁ2/2 1/2
p1:711>0 p2:72<0
i exp (— 2 (arctan (Ny) + 3) ) 1og? (2N [yl |d=
/oo |Z|k+1/2+51+/32/2

k+3/2 p1—1/2 T B2/2-1/2 T
<N > eXp( 2%) > Il exp( 8|72|)

p1:71>0 p2:y2<0
|2l
+Nk+5/2 Z B1— 1/2eX ( )Z! |62/2 1/ eXp( = arctan( ))du
h P 2 uk+1+51+ﬂ2/2
p1:71>0
|2l
oo eXp arctan( )>log (2u)

B1—1/2 _E B2/2-1/2 (

i Z n exp( 271) Z 2] / uk+1/2+61+,82/2 du
pLi71>0 p2:72<0 1
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where v = Ny. So by Lemma 3 we have, for £ > 1, that
A6_72 <0, Nk+5/2

If y > 0 we have essentially the same calculations exchanging the role of v, and ~,. We

have

y /N Ny) — T)) |dz|
n Br—1/2 Ba/2-1/2 T exXp (71 (arctan( y) 2)) |dz
A6,2 < Z N Z [l CXp ( 4 |72|> /0 |Z|k+1+,81+ﬁ2/2

p1:71>0 p2:72<0

_ _ T * exp (m (arctan (Ny) — Z)) dy
A Z o Z 2| 1*7 % exp <_ZW2’)/ n k1181 +P2/2 )
p1:711>0 p2:72<0 1/N Yy

- - @ > exp (1 (arctan (Ny) — Z)) log? (2Ny) dy
I Z 12 Z o] /212 o (_ZW?D/ (m ( (Ny)—12)) (2Ny)

o ot N yk+1+01+52/2
, _ T _ T
KNEEZ N AP e (—ZVJ Y el e <—Z\’Vz|)
p1:71>0 p2:72<0
0 1
k+5/2 B1—1/2 B2/2-1/2 T exp (— arctan (1))
+N Yow > Il eXP( 1 \72|>/1 Ty R
p1:71>0 p2:72<0
o0 1 2
f42 B1—1/2 B2/2-1/2 T exp (—v arctan (2)) log® (2u)
+NE2 N ) > hel” exp (—ZhaI)/l WSS YCRS ROy du
p1:71>0 p2:72<0
<<ka+5/2

from Lemma 3 for £ > 1.

Now we have to consider
P p | —ke ot | | o po .
s =R ()R] S, I e
P1 P2 P3

It is sufficient to consider the cases v; > 0,7 = 1,2,3, 71,72 > 0 and 73 < 0 and lastly
v1 > 0, v2,7v3 < 0. We will use the symbol /_1673 when we consider Ag 3 with the assumption
v > 0,1 =1,2,3, the symbol 1401673 when we consider Ag 3 with the assumption v3,v2 > 0
and 3 < 0 and Ag 3 when we consider Ag3 with the assumption 71 > 0, 72,73 < 0. From
(40) we have
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Ajy < Z VP 12 oxp (__7) Z 762/2 1/2 eXp< > Z 7ﬂg/z 1/2 exp(

p1:71>0 p2:72>0 p3:73>0
0
Nk+1+51+/32/2+/33/2dy

~1/N

2 6 2— 12 m B3/2—1/2
3 e (<) 3 e () B e (-

p1:71>0 po: a0 p3:7v3>0
—1/N
_ / | E B2 g
<N S0 B2 o (__7 ) S NBI212 o < 2 ) 3 N2 (_
p1:1>0 p2:72>0 p3:73>0
./OO y—k—1—51—52/2—53/2dy
1/N
<<ka+2
for k > 1.

Let y > 0. From (18) and (19) we have

Ag3<< Z ,}/31 1/2 Z 7252/271/2 Z %?3/2,1/2

p1:71>0 p2:72>0 p3:73>0

1/N
/ exp ((71 + % + 23> <arctan (Ny) — g)) Nk+1+61+52/2+ﬁ3/2dy
0

D D (e Y e N

p1:71>0 p2:v2>0 p3:v3>0

® exp ((71 + 2+ 773) (arctan (Ny) — g))
' y kA LHB1+B2 /2455 /2

dy

1/N

1 E2/2 /2 Y2
< Nk+2 51 1/2 e < ) (_ )

p1:71>0 p2:72>0

L e ()

p3:73>0

—1/2 2—1/2
+Nk+2 Z %ﬁl / Z 7252/ /

p1:71>0 p2:72>0

5 e [Tl E e D),
1

ukH1+B1+B2 /2483 /2

p3:73>0

and from the proof of the Lemma 3 we get
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At < NF+2 | k2 Z %31—1/2 Z 7252/2—1/2

p1:71>0 p2:v2>0
~k—B1—B2/2—P3/2
3 AR (e 4 )
2 2
p3:v3>0

and observing that

04 72’82/2753/2 Yo o Y3\ P1+82/2+83/2
B ()

we get

1

Af s < NMF2 4 NEF2 Z Z Z 12_1/2_1/2

N
22 BE]
p1:71>0 pa:y2>0 paiys>0 1 T2 V3 (’71+ 5 T+ 2)

and from AM-GM inequality we get

_ 1 1 1
+ k42 k42
Ags KN+ N Z 5311/ Z %/311/2 Z R/341/2

p1:y1>0 11 p2:72>0 12 p3:73>0 3

<<ka+2

for k> 3/2.
Let 1,72 > 0, 73 < 0 and y < 0. From (40) we have

1/2 2-1/2 m _
A63<< Z AP /exp<——'y> Z N2V s <_Z%> Z Iy | P22/

p1:71>0 p2:72>0 p3:v3<0
0 exp ( bl (arctan (Ny) + ))
./;I/N |Z|k+1+ﬁ1+ﬁ2/2+53/2 ]dz]
1—1/2 m Ba/2— 1/2 T B3/2—1/2
+ Y% eXp(— ’y) > ( 4%) > sl
p1:71>0 p2:72>0 p3:v3<0

'/—l/N eXp( bl (arctan (Ny) + ))

N ‘Z|k+1+51+ﬂz/2+53/2 |d2]
T 2 /9—
SN N2 ST i e (D) 3 A ep (<2n) 3 el
p1:71>0 p2:72>0 p3:v3<0
ooexp( w3'&1"(:’58&1(5))
' /1 kT 1+B1+B2/2+83 /2 du

61



and from the proof of Lemma 3 we get

m k— B —
A63<<ka+2+ Z ,yﬁl mexp( 2 ) Z 7'32/2 1/2eXp <_172> Z | k—1/2—B1—fB2/2

p1:71>0 p2:72>0 p3:v3<0
<<ka+2

for k> 1/2.
If y > 0 we have essentially the same calculations exchanging the role of v, v; and 3. We

get

— _ s
ALy < 3 AT AN el e (< sl

p1:71>0 p2:v2>0 p3:v3<0

/UN exp (£ (arctan (Ny) — Z))
0

|Z‘k+1+51+52/2+53/2 |d ’

_ _ _ ™
+ 0 TN N B P exp (—ZI%\)

p1:71>0 p2:72>0 p3:7v3<0

> exp (”““’1 (arctan(Ny) )) ds
' k+1+p1+B2/2+B3/2 2]

1/N ||
— _ _ ™
T N ST Gl SN el S LT <_Z|V3|)

p1:71>0 p2:72>0 p3:v3<0

0 exp (—bf“ arctan (%)) p
A WA BB B2

< NFH2 4 Z P12 Z N Ba/2172

p1:71>0 p2:v2>0

—k—p1—B2/2—P3/2
h—1/2—8;— T Y2 + 27
D sl R e (—Zlvs)l) (T)
p3:3<0

again from the proof of Lemma 3 and now using again the AM-GM inequality and using
the the bounds 0 < ; < 1, i =1,2,3 we get

Afy <uNFH

F XXX T e (< )

p1:71>0 p2:v2>0 p3:y3<0
<<ka+2_

Let v9,7% <0, v >0 and y < 0. We have
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J— — 7T _ B
Aig < 3 W e (—5m) 3 kel YD

p1:71>0 p2:72<0 p3:73<0
0 exp <—|72‘2M (arctan (Ny) + %))
‘/1/N || OB/ 245 /2 2]
+ Z 7151_1/2 exp (‘%’Yl> Z |’72|52/271/2 Z |73|/63/271/2
p1:71>0 p2:72<0 p3:v3<0

|dz|

./1/1\[ exp (— (M) (arctan (Ny) + %))

| k+1+B1+82/2+B3/2
[e'e] Z|

_ e _ _
< NF+2 ¢ Z 7{31 1/2eXp (——’71) Z mlﬁzﬂ 1/2 Z ‘73‘53/2 1/2

2
p1:71>0 p2:72<0 p3:7v3<0
0o exp <— (—‘”';'”’ﬂ) arctan (%))
’ /1 kT 1+B1+B2/2+B3/2 du

— n /92— —k— —
CNFE DTN Pl g P ()
p2:72<0 p3:73<0

T e N oY I N O e

p2:v2<0 p3:v3<0
<<ka+2

using Lemma 3, for k > 1/2.
Let y > 0. Observing that

V2| + |3l ( T V2l + [73] | 7
— (= n(N +_> < - ()2
( 2 arcta ( y) 2 2 2

we have
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—1/2 ™ _ s _ m
Aly< > P exp (—Z%) > el P exp (—glwl) > sl P exp (—§|73!)

p1:71>0 p2:72<0 p3:73<0

1/N |dZ|
) o |z’k+1+51+52/2+ﬁ3/2

" Z B1-1/2 Z 72|72/ 712 exp (_gm‘) Z s /272 exp (—§|73|>

p1:71>0 p2:72<0 p3:v3<0
‘ * exp (71 (arctan (Ny) — g)) p
1N |Z’k+1+ﬁ1+52/2+/33/2 Y

CNHT Ly 5 e //N exp ( |Z|1kir1(i§n<“))du

p1:71>0
<<ka+2

from Lemma 3 for k& > 1/2.

Now we can exchange the integral with the series and get

P2 P3 Nz _—k—1—p1—p2/2—ps/2
[:_ I ( E'F< >§ F( )/ p1=p2/2-p3/2 g
6~ 8ri (p1) (1/N) €z “

NP1tp2/24p3/2T (pl) T (p2) I (%3)

:_ZZZ U (k+p1+p2/2+ ps/2)

p1L P2 P3

We have proved the following

Theorem 2. Let N be a sufficient large integer. We have

> rsp(n) % = My (N, k) + Ma (N, k) + M3 (N, k) + My (N, k) + O (N**1)
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where

Nk+2
M (N k‘) M—+3) (41)
N ) N’f+3/2\/_ e T(p/2)
M (N, k) =— ZNP(k+2+p) ZN/ szt o)
Nk+1/2\/_ vt pa)2 I'(p)T (%)
M; (N, k) = ZIZQN ! L(k+3/2+p1+p2/2)
Nk+1 p1/2+p2/2 r (%1> u (%2)
;%:N o T (k+2+p1/2+ p2/2) "
Nevte2/205/20 (p) T (2) T ()
zm:zpz:%: [ (k4 p1+ p2/24 p3/2) ’ "

for k > 3/2, where p runs over the non-trivial zeros of the Riemann zeta function C (s).
If RH holds My (N, k) can be incorporated in the error term.
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6 The Circle method

The circle method was introduced in a paper of Hardy and Ramanjuan [14] and it is used to
study additive problems. The method allows to turn an arithmetic problem in a problem
that can be approached with real and complex analytic tools. To better explain how the
method works, we illustrate the proof of the ternary Goldbach problem for sufficiently
large numbers by Vinogradov [40]. We will use the Davenport 7] approach. Let be N > 5

and odd number and let us consider

Ry(N)= > A(m)A(na)A(ng), (45)

ni+na+nz=N

where
log (p), n = p" for some integer k > 1
A(n) =
0, otherwise
is the Von Mangoltd function. (45) is a weighed counting of the representations of N
as sum of three primes powers. So we are not analyzing the original problem but this
function is, for technical reason, more tractable and the error from to the original function

to (45) is under control. Let us now consider the function

S(a) =Y A(m)e(ma)

m<N

where e (n) = ™",

Due to the orthogonality of the complex exponential function, i.e.

/Ole(m)e(—mx)dx: 1. m=n

0, otherwise

we have the fundamental relation
1
Ry (N) = / S (a) e (—Na) da
0

which is also the N-th Fourier coefficient of the function S (). It is possible to observe
that |S («)| has some “peaks” when « is near a rational number a/q with a “small” denom-
inator (we will define rigorously these words). So the idea is to dissect the interval [0, 1]
in two parts that will call 2t and m.

So we split the interval [0, 1] using the so call Farey dissection
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Definition (Farey fractions of order P). Let P > 1. The set of the Farey fractions is
]:(P):{g: g< P, 1<a<q, (a,q)zl}.
q

Let us take P = log” (N), where B will be chosen later, Q = P/N and we consider now

the following intervals
a 1 a 1
mavq:|:___a_+_:|
@9 ¢ Qq @
where a/q € F(P). Note that the these intervals are not overlapping since if we take

ai/qi, az/qx € F (P), a1/q1 # az/qs we have

ai a2

q1 q2

a1g2 — Q291
q192

1 S 1 >2
T qe - P?PTQ

(46)

since log? (N) < N/2 for a sufficiently large N. We define the major arc as
P oa
- UJ U m@9
g=1 a=1

where * indicates the condition (a,q) = 1. It is not difficult to see that 9t C [é, 1+ é}

so we define the minor arc as m = [%7 1+ %} \ 9.

Since

/0 g (@)e( /1 :;UQ (—Na)da
[

S? (a Noz)doz—i—/mS?’ (a)e(—=Na)do

because S () and e () have period 1, we will split the domain of integration in two parts:

the major arc and the minor arc.

6.1 Major arc

From (46), we have that

/SS —Na) da—ZZ/ (—=Na) da (47)

g<P a=1 YM(a,q)
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where again * indicates the condition (a,q) = 1. Let us consider o € M (a,q), so a =
a/q+ 5, |f| < 1. From Davenport [7]|, pages 146-147, we have that

Sta) =507 5) +.0 (Vewp (~ev/og ™))

where p (g) is the Mébius function, ¢ (¢) is the Euler totient function, T'(8) = >, -y € (nf)

and ¢ > 0 is a positive constant. Hence

/Sm . 5% () e (~Na) da =10 (_ ﬂ) /1/@ 158 o (_NB) a5 ”

¢ (q) q ) Jog
N3
+0 <5exp (—c log(N)>>
and so from (47)
3 —Na)da = ,u(q)c Ve 3 e(—
/ms (@) e (~Na)d —§¢3(q) q<N>/1/QT (B)e(~NB) B

+0 (N2 exp <—01 \/w>>

where ¢, (N) = 39 e (—%) is the Ramanujan sum (for a reference see 32|, page 110)
and ¢; > 0 is a constant.

Now we observe that
I—e((N+1)a) _ e (%) sin(r(N+1)a) o gé 7

T(a)= e(ma)={ 1 Sara)

n<N N+1, QGZ

so obviously
T (8) < min (N, |B|_l) :

hence we can immediately conclude that

Q|
/ 7% (8)| dB < @
1/Q
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SO

1/Q 1
/ T9 (B) e (~NB) df = /0 TS (8) e (—NB) dB

-1/Q
1-1/Q
- / T (8) e (~NB) df

Since we have extended the domain of integration to the whole interval (0,1) we can see
that

! N—-1)(N—-2) N2
[rwenna- ¥ 1=S=IEEE 0w
R v

and since
N
 log? (N)

we have that o e e

3 - -
/_wT (B)e(~NByds =" +0(10gQB<N>)-

To complete the estimation of (48) we have to study the following sum

o #(9)
q<P<z>3< Z¢3 M- G

now since it is possible to prove that

we can easily conclude that
|cg (N)] < ¢ (q)
SO
<K << log!~? (N
> 5 5 257G ¢2 &)

(for the last inequality see [15], theorem 327). By the Euler product formula (see [1], chap.
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11) we can conclude that
G T 1Y
=) ) pHN (1 (p— 1)2> pEVI (1 - 1)3> S

where &3 (V) is the singular series for the ternary Goldbach problem. It is interesting to
note that &3 (2n) = 0, which is consistent to the fact that we can not find an even number

which is sum of three odd primes. So finally we have

/msg (a) e (—=Na) da = (&5 (N) + O (log"~? (N))) <N7 +0 (bggw»
+0 <N2 exp (—C\/ log(N)>>

=G3(N) NT +0 (N?log' % (N)).

6.2 Minor Arc

We have to prove that the order of magnitude of the contribute of the minor arc is smaller

that the order of major arc. We have that

1
< max|S (@)] [ 13 (@) do
acm 0

/m S3 (a)e (~Na) da

from the Parseval’s identity and the PN'T we have
1
/ S ())*do = ) A (m) < Nlog (N)
0 m<N

and from Vinogradov’s lemma (see [40]) we have

S (o) < (% + N*/5 4 \/Nq) log* (N) < Nlog* P/? (N)

hence
/ S3(a)e(—Na)da < N?log? B2 (N)

so setting B = 2 (A + 5) we finally get

Theorem (Vinogradov). Let N be a sufficiently large integer. Then, for any fized

A >0, we have
N2
Ry (N) = &3 (N) =+ 0 (N?log™* (N)).
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