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The Cauchy problem for 3-evolution equations with data in
Gelfand-Shilov spaces

ALEXANDRE ARIAS JUNIOR, ALESSIA ASCANELLI AND MARCO CAPPIELLO

Abstract. We consider the Cauchy problem for a third-order evolution operator P with (¢, x)-depending
coefficients and complex-valued lower-order terms. We assume the initial data to be Gevrey regular with
an exponential decay at infinity, that is, the data belong to some Gelfand—Shilov space of type .#. Under
suitable assumptions on the decay at infinity of the imaginary parts of the coefficients of P we prove the
existence of a solution with the same Gevrey regularity of the data and we describe its behavior for |x| — oco.

1. Introduction and main result

Let us consider for (¢, x) € [0, T] x R the Cauchy problem in the unknown u =
u(t, x):

P(t,x, Dy, Dy)u(t,x) = f(t, x)

(1.1)
u(0, x) = g(x)
where
p—1 )
P(t.x. Dy, Dy) = Dy +a,(t)DY + Y a;j(t, x)Di. (1.2)
j=0

with D = %8, p =2a, € C([0,T],R),a,(t) # 0fort € [0,T], and a; €
C(0,T],C*(R;C)),j =0,..., p— 1. The operator P is known in literature as
p—evolution operator, cf. [27], and p is the evolution degree. The well posedness
of (1.1), (1.2) has been investigated in various functional settings for arbitrary p, cf.
[3-5,9]. Further results concern special values of p which correspond to classes of
operators of particular interest in Mathematical Physics, cf. [6-8,10,20,22] for the
case p = 2 and [1] for the case p = 3. The condition that a,, is real-valued means
that the principal symbol of P (in the sense of Petrowski) has the real characteristic
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T = —a,(t)&P; this guarantees that operator (1.2) satisfies the assumptions of Lax-
Mizohata theorem. The presence of complex-valued coefficients in the lower-order
terms of (1.2) plays a crucial role in the analysis of problem (1.1) in all the above-
mentioned papers. In fact, when the coefficients a;(t, x), j =0, ..., p — 1, are real
valued and of class B> with respect to x (that is uniformly bounded together with all
their x-derivatives), it is well known that problem (1.1) is well-posed in L%(R) (and
in L>-based Sobolev spaces H”, m € R). On the contrary if any of the coefficients
aj(t, x) are complex valued, then in order to obtain well-posedness either in L2(R),
orin H*®(R) = NyerH™(R), some decay conditions at infinity on the imaginary
part of the coefficients a; are needed (see [4,20]).

Sufficient conditions for well-posedness in L> and H* have been given in [8] and
[22] for the case p = 2, in [3] for larger p. Considering Cauchy problem (1.1) in the
framework of weighted Sobolev—Kato spaces H" = H (mi.ma) with m = (my,mp) €
R2, defined as

H"R) = {u € 7' (R) : (x)"(Dy)™u € LA(R)}, (1.3)

where (x)"2(D,)™! denotes the operator with symbol (x)"2(£)"!, and assuming the
coefficients a; to be polynomially bounded, the second and the third author obtained in
[5] well-posedness also in the Schwartz space . (R) of smooth and rapidly decreasing
functions and in the dual space ./ (R). We recall that . (R) = N,,cg2z H™ (R) and
S (R) = U,,cpz H™ (R). In short, the above-mentioned results can be summarized as
follows: if

L

108 Ima;(t. x)| < Cpx) 7177 (1,x) €[0.T] x R, B € Ny,
Cg>0,j=0,....,p—1, (1.4)

problem (1.1) is well-posed in:
- L%(R), H™(R) for every m € R? wheno > 1;
- H*®[R), Z(R) when o = 1. In general, a finite loss of regularity of the solution
with respect to the initial data is observed in the case 0 = 1.

Now we want to consider the case when an estimate of form (1.4) for j = p — 1
holds for some o € (0, 1). In this situation, there are no results in the literature for p-
evolution operators of arbitrary order. In [10,22] the case p = 2, which corresponds to
Schrodinger-type equations, is considered assuming 0 < o < land Cg = C 1BI+1 g1so
for some s € (1,1/(1 — o)) in (1.4). The authors find well-posedness results in
certain Gevrey spaces of order 6 with so <6 < 1/(1 — o), namely in the class

H® = U Hyy, Hpy:={ue L?| POy H™}, m € R.
p>0

In both papers, starting from data f, g in H ;’_fe for some p > 0 the authors obtain a

solution in H;”_ 5.9 for some § > O such that p — § > 0. This means a sort of loss of
regularity in the constant p which rules the Gevrey behavior. We also notice that the
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condition so < 6 < 1/(1 — o) means that the rate of decay of the coefficients of P
imposes a restriction on the spaces {° in which problem (1.1) is well posed. Finally,
the case & > sg = 1/(1 —o) is investigated in [7] where the authors prove that a decay
condition as |x| — oo on a datum in H™, m > 0, produces a solution with (at least
locally) the same regularity as the data, but with a different behavior at infinity. In the
recent paper [6] the role of data with exponential decay on the regularity of the solution
has been also analyzed for 2-evolution equations in arbitrary space dimension, in the
frame of Gelfand—Shilov-type spaces which can be seen as the global counterpart of
classical Gevrey spaces, cf. Sect. 2.1. In particular, it is proved that starting from data
with an exponential decay at infinity, we can find a solution with the same Gevrey
regularity of the data but with a possible exponential growth at infinity in x. Moreover,
this holds for every 6 > s¢. Finally, the result in [6] is proved under the more general
assumption with respect to (1.4) that the coefficients a;, ap may admit an algebraic
growth at infinity, namely

0 Imay (£, x)| < CPIH1 g1 (x) =7~ 1A1, (1.5)
0/ Reai (1, x)| + [0F ap(r, x)| < CIPIH! o)1 =o 1AL, (1.6)

Recently, we started to consider the case p = 3 in a Gevrey setting in one space
dimension under assumption (1.4) with j = p — 1 taking o € (0, 1). This case is of
particular interest because linear 3-evolution equations can be regarded as lineariza-
tions of relevant physical semilinear models like KdV and KdV-Burgers equation and
their generalizations, see for instance [21,24-26,30]. There are some results concern-
ing KdV-type equations with coefficients not depending on (¢, x) in the Gevrey setting,
see [16—18]. Our aim is to treat the more general case of variable coefficients. The
present paper and [1] are devoted to establish the linear theory which is a preliminary
step to treat the semilinear case. In a future paper we shall consider the case when the
coefficients a; may depend also on u following the approach developed in [2] in the
H® setting.

Also for the case p = 3, assuming a condition of form (1.4) with j = 2 on the term
ap for some o € (0, 1), namely

108 Tm ay (1, x)| < Cplx) P, (1.7)

is enough to lose in general well posedness both in H* and in ., since the necessary
condition for H* well-posedness

0
sup min / Imas(t, x + 3az(r)0)do

xeRO=t=t<T J_,

< Mlog(l+ o)+ N, Yo > 0, for some M, N > 0 (1.8)

proved in [4] is no more satisfied. Namely, well posedness in H* or in .’ may fail due
to an infinite loss of regularity or of decay. To give an idea of the latter phenomenon,
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consider the following initial value problem

D;u + D;u + alg_gt, x)D)%u +ai(t,x)Dyu + ap(t, x)u =0  (t.x)e[0.T] xR,
u(0, x) = e~

(1.9)
where

ar(t,x) = i(t — (1 —o)x{x) 77,
ar(t,x) =2(t — (1 —o)[(x) 77" — (o + Dx*(x) 777,
ap(t.x) = i(x)'77 i = D = 0?)Bx ()77 — (0 + 3 (1) 777,

Notice that the coefficients a; are analytic and satisfy conditions (1.4) for j = 2 and
(1.5), (1.6) for j = 0, 1. Moreover the initial datum belongs to . (R) since o € (0, 1).
It is easy to verify that problem (1.9) admits the solution

u(t, x) ="V ¢ C(10, T1, S (R)),

if T > 1. Analogously, u ¢ C([0, T], H°(R)). More precisely, we notice that the
solution has the same regularity as the initial data, but it grows exponentially for
|x|] — oo when ¢ > 1. This motivates us to study the effect of an exponential decay
of the data on the solution of (1.1).

In the recent paper [1] we proved a result of well posedness in the space Hg° for
problem (1.1) which extends to the case p = 3 the results obtained in [10,22] for the
case p = 2 (at least in one space dimension). As in the latter case, also in [1] a loss
of regularity in the index p appears. However, the previous example suggests that this
loss can be avoided assuming the initial data to admit a suitable exponential decay. The
price to pay is a considerable loss of decay which may produce solutions admitting an
exponential growth. In view of the considerations above, it is quite natural to analyze
problem (1.1) when the initial data belong to Gelfand—Shilov spaces, cf. Sect. 2.1 for
the definition.

In order to state our main result we need to recall the definition of Gevrey-type
SG-symbol classes and of Gelfand—Shilov Sobolev spaces.

Given w, v > 1, m = (m,mp) € R2, we denote by SG’;Z}];’"Z (R2) (or by
SGZ”V (R?)) the space of all functions p € C*°(R?) for which there exist C, C; > 0
such that

1080 p(x. £)] < C CI Pl g1 gym—ldlxym=IPl - x & e R o, B €N,

see also Definition 2. In the case © = v we write SGZL1 2 (R?) instead of SGZ’}[LmQ (R?).
In the following we shall obtain our results via energy estimates; hence, we need to in-
troduce the Gelfand—Shilov—Sobolev spaces H ;’?S o (R) defined, form = (my, ms), p=

(p1,p2) inR%and 0, s > 1, by

1 1
H" oR) = {u €. (R) : (x)"(D)" e Py e L2(R)),
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1 1
(PY? s the Fourier multiplier with symbol ¢1%)° . When p = (0,0) we
recover the usual notion of weighted Sobolev spaces (1.3).

Our pseudodifferential approach allows to consider more general 3-evolution oper-

ators of the form

where e”!

P(tv D[, xs DX) = DI +a3(ts Dx) +a2(ts x, Dx) +a1(t1 xa Dx) +a0(t,x, Dx)v
(1.10)

t € [0,T], x € R, where a3(t, D) is a pseudodifferential operator with symbol

az(t, &) € R, while, for j = 0,1, 2, a;(t, x, Dy) are pseudodifferential operators

with symbols a; (¢, x, &) € C. Notice that (1.2) in the case p = 3 is a particular case
of (1.10). Our main result reads as follows.

Theorem 1. Let P(t, x, Dy, Dy) be an operator as in (1.10) and assume that there
exist Cy3, Rz > 0 and o € (0, 1) such that the following conditions hold:

(i) a3 € C([0, T1,SGT (R?)), a3 is real valued and
18¢a3 (1, §)| = Casl€®,  VIEl = Ray, V1 € [0, T;

(ii) Re ay € C([0, T], SGT') (R)), Im ay € C([0, T1, SGy',” (R2));

(iii) Re aj € C([0, T1,SGyy 7 (R?)), Im a; € C([0, T],SGi:S_Of(R?));
(iv) ap € C([0, T, SG" 7 (R?)).
Let 5,0 > 1 such that sp < s < ﬁ and 0 > so. Let f € C([0,T];

H;’fsﬁ(R)) and g € H/’)’;’Sﬁ(R), wherem = (my, m2), p = (p1, p2) € R and py > 0.
Then the Cauchy problem (1.1) admits a solution u € C([0, T1; H(’Z Bis g(R))for
1,790);5,

every § > 0, which satisfies the following energy estimate

t
@Iz sC<||g||§,g;w+ fo IIf(r)Ili,zs_edr>, (L11)

p1,—0);s,0
forallt € [0, T] and for some C > 0.

Remark 1. We notice that the solution obtained in Theorem 1 has the same Gevrey
regularity as the initial data, but it may lose the decay exhibited at + = 0 and admit
an exponential growth for [x| — oo when ¢ > 0. Moreover, the loss p; + § for an
arbitrary § > 0 in the behavior at infinity is independent of 6, s and p;. Both these
phenomena had been already observed in the case p = 2, see [6].

Remark 2. Let us compare Theorem 1 with the recent result obtained in [1]. In the
latter paper, taking ao uniformly bounded, a; ~ (x)~°/? and a; ~ (x)~° for some
o € (1/2.1), and the Cauchy data f(1), g € H"'))  withso < 6 < 1/2(1 — 0))
we prove the existence of a unique solution u € C([0,T], H ((;'i’f(’)());)&
p; € (0, p1), i.e., a solution less regular than the data. Theorem 1 in the present paper

shows that if the data f(¢), g € H((Zfl’p':)z_i g With pp > 0,60 > spand 59 < s <

p (R)), for some
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1/(1 — o), then there exists a solution u € C([0, T], H((;T’,O—)S);s,e)’ V8 > 0,ie., a
solution with the same index p; as the data, but with a possible worse behavior at
infinity: in particular, this solution may grow exponentially for [x| — oco. Concerning
the assumptions, with respect to the existing literature, in particular [1,22], in our
result we allow:

— A polynomial growth of exponent 1 — o € (0, 1) for the coefficients Re a1 and
aop;

— Anarbitrary Gevrey regularity index 0 > sq both for the data and for the solution,
without any upper bound: namely there is no relation between the rate of decay
of the data and the Gevrey regularity of the solution.

Remark 3. Part of the recent literature on p-evolution equations is focused on the
research of necessary conditions for the well posedness of problem (1.1) in various
functional settings, see [4,13,20]. Necessary conditions are usually expressed in an
integral form as in (1.8) instead than via pointwise decay estimates as in (1.7). As far
as we know the only result of this type in the Gevrey setting concerns the case p = 2,
see [13]. Our purpose is to investigate this problem in the next future for generic p.

In order to help the reading of the next sections we briefly outline the strategy of
the proof of Theorem 1. Let

2
iP =0 +ia3(t, D)+ Y iaj(t,x, D) = +ias3(t, D) + A(t, x, D).
j=0

Noticing that a3z (z, £) is real valued, we have

d
3 IO = 2Re @u(®), u(®) 2
=2Re (i Pu(t), u(t));2 — 2Re (iaz(t, D)u(t), u(t));2
—2Re (Au(t), u(t)) 2
< [P + lu@I> — (A+ Au), u(0)) 2.
Since (A + A*)(t) € SG>!'77(R?) we cannot derive an energy inequality in L2

from the estimate above. The idea is then to conjugate the operator iP by a suitable
pseudodifferential operator ¢ (¢, x, D) in order to obtain

(iP)a :=eM(iP)e?} ' =8, +ia3(t, D) + Ap(t, x, D),

where A still has symbol A (7, x, £) € SG>!'~7(R?) but with Re A4 > 0. In this
way, with the aid of Fefferman—Phong (see [14]) and sharp Gérding (see Theorem
1.7.15 of [28]) inequalities, we obtain the estimate from below

Re (Apv(t), v(0) 2 = —cllv()]7,
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and therefore for the solution v of the Cauchy problem associated with the operator
Pp we get

d 2 . 2 2
3, POl = CAGEP) A2 + v O72)-

Gronwall inequality then gives the desired energy estimate for the conjugated operator
(i P) 5. By standard arguments in the energy method we then obtain that the Cauchy
problem associated with Py

Pp(t, Dy, x, Dy)v(t, x) = eA(t, x, D) f(t,x), (,x)e[0,T] xR

1.12
v(0, x) = ™ (0, x, Dy)g(x), xeR, ( )

is well-posed in the weighted Sobolev spaces H™ (R) in (1.3). Finally, we derive the
existence of a solution of (1.1) from the well posedness of (1.12). In fact, if u solves
(1.1) then v = e™u solves (1.12), and if v solves (1.12) then u = {e”*}~'v solves
(1.1). In this step the continuous mapping properties of e and {e*}~! will play an
important role.

The construction of the operator ¢® will be the core of the proof. The function
A(t, x, &) will be of the form

A, x,8) = k() (x)} 77 + ra(x, &) + A (x,6), 1€[0,T], x,& R,

where A, Ay € SG?L’I_" (R?), k € C([0, T]; R) is a non-increasing function to be
chosen later on and (x);, = ~/h% + x2 for some & > 1 to be chosen later on. The role
of the terms A1, A2, k will be the following:

— The transformation with A, will change the terms of order 2 into the sum of a
positive operator of the same order plus a remainder of order 1;

— The transformation with A; will not change the terms of order 2, but it will turn
the terms of order 1 into the sum of a positive operator of order 1 plus a remainder
of order 0, with some growth with respect to x;

— The transformation with k(¢) ()c)}l_‘7 will correct this remainder term, making it
positive.

The precise definitions of A and A; will be given in Sect. 4. Since A admits an
algebraic growth on the x variable, then e presents an exponential growth; this is the
reason why we need to work with pseudodifferential operators of infinite order.

The paper is organized as follows. In Sect. 2 we recall some basic definitions and
properties of Gelfand—Shilov spaces and the calculus for pseudodifferential opera-
tors of infinite order that we will use in the next sections. Section 3 is devoted to
prove a result of spectral invariance for pseudodifferential operators with Gevrey
regular symbols which is new in the literature and interesting per se. In this paper
the spectral invariance will be used to prove the continuity properties of the inverse
(e’ x, D)}’l. In Sect. 4 we introduge the functions A, A, mentioned above and
prove the invertibility of the operator ¢ (x, D), A = A1 + A5. In Sect. 5 we perform
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the change of variable and the conjugation of the operator iP. Section 6 concerns the
choice of the parameters appearing in the definition of A in order to obtain a positive
operator on L*(R). Finally, in Sect. 7, we give the proof of Theorem 1.

2. Gelfand-Shilov spaces and pseudodifferential operators of infinite order
on R”

2.1. Gelfand-Shilov spaces

Givens, 0 > land A, B > 0 we say that a smooth function f belongs to Sf”g ®R™)
if there is a constant C > 0 such that

P02 f(x) < cAlIBWlat g,
for every o, f € Njj and x € R". The norm

I fllosas = sup [xPa%f(x)|A~IIB=1Plg1=0 g1=s
xeR"

a,feN]

turns Sz’é (R™) into a Banach space. We define

Sl = | SUp®y
A,B>0

and we can equip it with the inductive limit topology of the Banach spaces Sf’g‘ (R™).
The spaces Sf (R™) have been originally introduced in the book [15], see [29]. We
also consider the projective version, that is

IR = () STP®RY
A,B>0

equipped with the projective limit topology. When 6 = s we simply write Sp, g
instead of Sg , Eg. We can also define, for C, ¢ > 0, the normed space Sz’é (R™) given
by the functions f € C*°(R") such that there is C > 0 satisfying

1
£S5 = sup ™ot =0 1% 19 £ (x)] < oo,
aen:
and we have (with equivalent topologies)
SR = | SJE®Y and BI®R") = () SUE®Y).
C,e>0 C,e>0

The following inclusions are continuous (for every ¢ > 0)

2/RY ¢ SYR") c 2R,
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All the previous spaces can be written in terms of the Gelfand—Shilov Sobolev spaces

H ;’?S 9> With p, m € R? defined in Introduction. Namely, we have
SSey = |J HE,®H,  T!®RYH= ﬂ H? o (RY).
peR? peR2
p;j>0,j=1,2 pj>0,j=1,2

From now on we shall denote by (Sf)’ (R™), (Ef)’ (R™) the respective dual spaces.
Concerning the action of the Fourier transform F we have the following isomor-
phisms

FrE]RY) — ZHRY, F:S]R") — SR,

. pyimy,mz) n (ma,my) n
F il oo ®D = Hip Wb s(RY).

2.2. Pseudodifferential operators of infinite order

We start defining the symbol classes of infinite order.

Definition 1. Lett € R, x,60, u,v > land C,c > 0.
(1) Wedenote by SG;’Oﬁ « (R?"; C, ¢) the Banach space of all functions p € C* (R?")
satisfying the following condition:

1
Iplc.e:= sup CHPlar=#p1=" sup (&)~ "l (x) Fle=XI% 15208 p(x, &)| < oo.
a,BeNg x,EeRn

We set SG;’ﬁ (R = Uc o SG;’ﬁ (R?"; C, ¢) with the topology of in-
ductive limit of the Banach spaces SG;’OV?K (R2: C, ¢).
(ii) Wedenoteby SG;° "o (R?"; C, ¢) the Banach space of all functions p € C*°(R*")

satisfying the following condition:

1
IpI€e = sup CTIHPlat=p1I=" sup (&) (x) = HPle=kI" 19258 p(x, £)] < oc.
a,BeNy x.§€R"

We set SG 7 (R*) := U -0 SG, 1y (R*"; C, ¢) with the topology of in-
ductive limit of the spaces SG;’:;}T;G (R%"; C, ¢).
We also need the following symbol classes of finite order.

Definition 2. Let 4, v > 1, m = (mj;,my) € R?> and C > 0. We denote by
SG’;}’V(RZ”; C) the Banach space of all functions p € C*°(R>") satisfying the fol-
lowing condition:

sup Cla+Blg1—i g1 sup (g)_ml‘H‘"‘(x)_m2+|ﬁ||8§3,’fp(x,§)| < 0.
a,BeN x,§eR”

We set SG7} ,(R*") := [Jc- oSG, (R*; C).

Finally we say that p € SG” (R*") ifforany «, 8 € Nj thereis Cy g > O satisfying

10g 08 p(x. &) < Cap(&)™ 1*I )™~V x & e R
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When pu = v we write SG7} (R?"), SG}, % (R™), SGy (R*") instead of SG/; , (R*"),

SG} % (R, SG 77T (R™).

As usual given a symbol p(x, &) we shall denote by p(x, D) or by op(p) the
pseudodifferential operator defined as standard by

p(x. Dyulx) = f ¢V p(x, TE)TE, x € R,

where u belongs to some suitable function space depending on the assumptions on p,
and d¢ stands for (271) 7"d&. We have the following continuity results.

Proposition1. Lett e R, s > u>1,v>land p SG;OVOS(R%) Then for every

0 > v the pseudodifferential operator p(x, D) with symbol p(x, &) is continuous on
Ef (R™) and it extends to a continuous map on (Ef)’ (R™).

Proposition 2. Lett e R, 60 >v>1, u>1landp € SGOOU 9(R2”). Then for every

s > [ the operator p(x, D) is continuous on Ef (R™) and it extends to a continuous
map on (29) (R™)).

The proof of Propositions 1 and 2 can be derived following the argument in the
proof of [6, Proposition 2.3] and [1, Proposition 1]. We leave details to the reader.

Now we define the notion of asymptotic expansion and recall some fundamental
results, which can be found in Appendix A of [6]. For ¢, , > 0 set

Qi =1(x,§) € R : (x) <1 and (£) < 12}
and Q7 , = =R\ Qy,.1,. When 1| = t, = t we simply write Q, and Q5.

Definition 3. We say that:
@) ijo aj € FSG;C‘))OK ifaj(x,&) e C*®(R?") and there are C, ¢, B > 0 satisfy-
ing

. . . 1
0¢8P a;(x, &) < ClIFIBR2IT gt gy jyntv=lg)T=ll=] () =IPI=J pelxI¥

forevery a, f € Nj, j = Oand (x,§) € Q% ;) where B(j) := Bjntv—l,
(i) Xjs0a) € FSG<>O 79 ifa;(x,&) € C®(R?") and there are C, ¢, B > 0 satisfy-
ing

1 .
|9ga Ba;(x, &)| < ClIHBIH2iH1 g gy jutv=1 gy =lal=j ocl&l? (yT=II=]

forevery o, B € NI, j > 0 and (x, &) € Q%(j);
(iii) ijo aj € FSG’ZZ’V ifaj(x,§) € C*®(R?") and there are C, B > 0 satisfying

|0g'0 aj(x £)| < CleHIBIR2jHl g gy jiutv=lgymi—lal=j o yma—IBl=J

for every o, p € Nj, j = O and (x, §) € Qf ;.
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Definition . Let Y-, a;, > ;.0b; inFSG . Wesay that 3-,_ga; ~ 3.0
in FSG™®° if there are C,c, B > 0 satisfying

JTRIYS

bj

0g0F > " (aj — bj)(x. £)]

Jj<N

S C|a|+|ﬁ|+2N+la!Mﬂ!VN!M-H)—I<%->‘L’—|Ol|—N <x>—|/3|—NeC‘X|% ,

foreveryw, B € NI, N > land (x,&) € Q%(N). Analogous definitions for the classes

00,
ENCN e

Remark 4. 1f 3~ qa; € FSG . . then ag € SG;T. . Given a € SG; T and

ik’ noviK” V3K
setting bp = a, b; = 0, j > 1, we have a = ijo b;. Hence we can consider
7,00 7,00
SG#’V;K as a subset of FSGM’U;K.
s . 7,00 . 7,00 ~
Proposition 3. Given ijo aj € FSGM’W(, there exists a € SGM,U p such that a

ijo ajin FSGZ”?)?K. Analogous results for the classes FSGZC,)J;@ and FSGJ] ,,.

Proposition 4. Leta € SG(,)L?K such that a ~ 0 in FSGz’?K. Ifk > uw+v—1, then

a € Ss(R*) for every 8 > v — 1. Analogous results for the classes FSGZ?;}T;G and
FSGY, .

Concerning the symbolic calculus and the continuous mapping properties on the
Gelfand—Shilov Sobolev spaces we have the following results, cf. [6, Propositions
A.12 and A.13].

Theorem 2. Let p € SG=° (R¥"), g € SG*"° (R*") with k > 1+ v — 1. Then the

W,V;K U,V
L? adjoint p* and the composition p o q have the following structure:

p*(x, D) =a(x, D)+ r(x, D) wherer € S,Hu_l(Rz”), a € SG©>™ (R™), and

V3K

VK

1y
a(x.§) ~ Y 3¢ DYp(x &) in PG R™);

o

p(x. DYog(x, D) = b(x, D)+s(x, D), wheres € Sy, 1 (R¥), b € SGTT - (R2")

V3K
and

1 /
b(x, ) ~ Y — 0 p(x, ©)Diq(x, €) in FSG) 1~ (R,

o

Analogous results for the classes SGZ‘?’UT; P (R2") and SGZ’,U (R?).

Theorem 3. Let p € SG’KU(RZ”) for some m' € R?. Then for every m, p € R? and
s, 0 such that min{s, 0} > w + v — 1 the operator p(x, D) maps H;’?Y,G(R”) into

H ;"Y_g (R™) continuously.

A simple application of the Faa di Bruno formula gives us the following result.
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0,1 1o
Proposition 5. [fA € SG, “ (R*"), then ¢* € SG?L',C,’f (R2"). If » € SG}, (R*"), then
et € SG) (R,
We conclude this section proving the following theorem.

Theorem 4. Let p,m € R? and 5,0, u > 1 with min{s, 0} > 2u — 1. Let A €
0,1
SG, “ (R*"). Then:
(i) If k > s, the operator e*(x, D) : Hms R —> Hm L seris. o (R") is continuous
for every 6 > 0, where e; = (0, 1);
(ii) If k = s, the operator ¢*(x, D) : ng yR") —> Hm L seris. o (R") is continuous
for every

)" )
5>C(H) = sup (xli).
(xp)ern (X

Proof. (i) Let ¢ be a Gevrey function of index n such that, for a positive constant
K,p(x)=1for|x| < K/2,¢(x) =0for |x|] > Kand 0 < ¢(x) < 1 for every
x € R". We split the symbol %) as

M8 = () + (1 — ¢! =ar(x,§) +ax(x, §). 2.1D)

Since ¢ has compact support and A has order zero with respect to &, we have
ay € SG%O. On the other hand, given any § > 0 and choosing K large enough,
since k > s we may write |A(x, £)|(x)"'/% < § on the support of az(x, &).
Hence we obtain

a(x.§) = e‘“’”l“a — g ()OI,
with (1 — ¢ (x))e* =3 of order (0, 0) because A(x, £) — 8(x)/ < 0 on
the support of (1 — ¢(x)). Thus, (2.1) becomes

I/s o
e E) ar(x, &) + S a(x,§),

ay and ap of order (0, 0). Since by Theorem 3 the operators aj(x, D) and
az(x, D) map continuously H ;’fs’e into itself, then we obtain (i). The proof of
(ii) follows a similar argument and can be found in [6, Theorem 2.4]. O

3. Spectral invariance for SG-W¥DO with Gevrey estimates

Let p € SG%O(R2"), then p(x, D) extends to a continuous operator on L(R").
Suppose that p(x, D) : L2(R") — L%(R") is bijective. The question is to determine
whether or not the inverse p~! is also a SG operator of order (0, 0). This is known as
the spectral invariance problem and it has an affirmative answer, see [11].

Following the ideas presented in [11, pp. 51-57], we will prove that the symbol

! satisfies Gevrey estimates, whenever the symbol p € SG?L(L(]RZ"). This is an

of p~
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important step in the study of the continuous mapping properties of {e¢* (x, D)}~ on
Gelfand—Shilov Sobolev spaces H ;)'.‘S g
Theorems 5, 6, 7 here below can be found in [31, Chapters 20, 21].

Theorem 5. Let X, Y separable Hilbert spaces. Then a bounded operator A : X — Y
is Fredholm if and only if there are B : Y — X bounded, K1 : X — Y and
K> : Y — X compact operators such that

BA =1Ix — Ky, AB =1y — K>.

Theorem 6. Let X, Y, Z be separable Hilbert spaces, andletA : X — Y,B:Y — Z
be Fredholm operators. Then:

e BoA: X — Zis Fredholm and i(BA) = i(B) 4+ i(A), where i(-) stands for
the index of a Fredholm operator;
e Y =N(A) ® R(A).

Remark 5. Let X be a Hilbert space and K : X — X be a compact operator. Then
I — K is Fredholm and i (/ — K) = 0.

Theorem 7. Let p € SG™V"2(R*") such that p(x, D) : HS1tmusatmy ey
H™"2(R") is Fredholm for some s1,s> € R. Then p is SG-elliptic, that is there
exist C, R > 0 such that

lp(x, &) = C(E)" (x)™  for (x,§) € Qf.

Theorem 8. Let p € SG/1;™ (R*") be SG-elliptic. Thenthereisq € SG;,"s1- =" (R*")
such that

px,D)oq(x,D)=1+r(x, D), q(x,D)o p(x,D)=1+r(x, D),
wherery, ) € Sy1v—1 (RZ”).
Proof. See [28, Theorem 6.3.16]. O

In order to prove the main result of this section, we need the following technical
lemma.

Lemma 1. Ler A : LZ(R") — L2(R") be a bounded operator such that A and A*
map L>(R") into E,(R™) continuously. Then the Schwartz kernel of A belongs to
=, (R,

Proof. Since £,(R*") C L?(R*") is a nuclear Fréchet space, (cf. [12]), by [19, Propo-
sitions 2.1.7 and 2.1.8], we have that A is defined by a kernel H(x, y) and we can
write

Hx,y)= Y ajfi0)gi(» =Y a;fj)g;(),

jeNy jeNy
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where a;,d; € C, fj(x), g; () € Z,RM, f;(x), &;(y) € L*R"), Y laj| < o0,
Zj laj| < oo, fj(x), g;j(y) converge to zero in X, (R") and f;(x), g;(y) converge
to zero in L2(R™).

We now use the following characterization: H € X, (R>") if and only if

xyPH(x, y) g*nPH(E, n)
ClIFBlal A1 | ClalH Bl Y | 5

sup
a,ﬁeNg

<oo and  sup
a,peNg

for every C > 0, and prove that both the latter conditions hold. Note that

2
I He IR = [[[ 13 a0 00 axy
Jj€Ng
2
= [[ |2 @} sinajs*ei| aray
Jj€No
< [ o) e [ 3 1a)y gy
jeNy J€No
=Y lajlllfilz: D lajlly gl
Jj€No Jj€No

Since g; converges to zero in X, (R"), we have

By, By,
B, _ 278D cisigyr < clbigy Y78
for every C > 0, and therefore
B yﬁgi()’) 1Bl a7
IVPH@ 2 < | D lajl | sup £l sup | == cPlprr.
jeNy jeNy jeNp C /3 : L?
Hence
BH NH
sup Hy |ﬂfx,ry) = sup () ! (xr, y) ’
ﬁGNg C ,3' L2 NeNy CVN! L2

for every C > 0. Using the representation ) a; f,-(x)g j(y), analogously we can
obtain

x*H(x,y)

(x)VH(x,y)
Clelg!r

e CNNV

n
aeNj

<00 & sup
L2 NeNy

< 00,

L2

for every C > 0.
Now note that, for every N € Ny, x, y € R",

oV = (2 + YT < () + DY <25 ()N + ().
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Therefore, for every C > 0,

(x, WNH(x,y) (x)NH (x,y) MNH(x,y)
CNNV 27| cfNr |, cYNr L
where C| = (2_1C)N. Hence, for every C > 0,
(x, WNH(x,y)
SUp || — o < 00.
NENO C N'r L2

Since the Fourier transformation is an isomorphism on L? and on >, we have

Aem=Y a;5©8m=3 a7 ©8m,
J€No J€No
where aj, @; € C, [,(6), 80 € 5 ®"), [;6),2,0) € L*R"), ¥, laj] < oo,

ZJ. |&j| < 00, fj &), §j (n) converge to zero in X, (R") and E(E),Ej () converge
to zero in L?(R™). In an analogous way as before we get, for every C > 0,

&, mNHE, )

oo CVNY

NeNy

L2
Hence H € X, (R?"). O

Theorem 9. Let p € SGIOL’g (R2") such that p(x, D) : L2R") — L2(R")is bijective.
Then {p(x, D)}~! : L2(R") — L*(R") is a pseudodifferential operator given by a
symbol p = q + k where g € SG,,(R*") and k € %, (R*") for everyr > pu+v — 1.

Proof. Since p(x, D) : L*(R") — L*(R") is bijective, then p(x, D) is Fredholm
and

i(p(x, D)) =dimN(p(x, D)) — dimN(pt(x, D)) =0,

where N denotes the kernel of the operators.
Therefore by Theorem 7 p is SG-elliptic and by Theorem 8§ there is g € SGZ’% (R?")
such that

q(x,D)opx,D)=1+r(x,D), px,D)oq(x,D)=1+s(x, D),

for some r, s € SM+U_1(R2"). In particular r(x, D), s(x, D) are compact operators
on L?(R"™). By Theorem 5 ¢ (x, D) is a Fredholm operator and we have

i(q(x, D)) =i(g(x, D)) +i(p(x, D))
=i(g(x,D)opx,D))=i(I+r(x,D))=0.

Note that N(g(x, D)) and N (g’ (x, D)) are subspaces of S,,+,_1 (R"). Indeed, let
f € N(q) and g € N(g"), then

0=px,D)oq(x,D)f =U+s5x,D)f = f=-sk D)f
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0=p'(x,D)oq'(x,D)g = (q(x, D)o p(x, D))'g
= +rx,D)g = g=-r'(x,D)g.

Since L2(R") is a separable Hilbert space and N (g (x, D)) is closed, we have the
following decompositions

L>=N(@ ®N(@)?*, L*=N(G")® R,

where R;2(gq) denotes the range of ¢ (x, D) as an operator on L2(R™).

Let 7 : L> — N(q) the projection of L? onto N(g) with null space N(¢)*, F
N(q) — N(q") anisomorphismandi : N(¢') — L? the inclusion. Set Q=ioFom.
Then Q : L?> — L?is bounded and its image is contained in N(g") C Sy4v—1. Itis
not difficult to see that 0* = ioF*o TTN(g')> Where i i is the inclusion of N (q) into L?
and 7y 41y is the orthogonal projection of L? onto N(g). Since Su+tv—1 C Xy, then
by Lemma 1, Q is given by a kernel in X,

We will now show that g + Q is a bijective parametrix of p. Indeed, letu = u;+us €
N(q)® N(q") such that (¢ + Q)u = 0. Then 0 = qus + (i o F)uy € R;2(q) ® N(q").
Hence quy = 0 and i o Fu; = 0 which implies that # = 0. In order to prove that Q is
surjective, consider f = f1 + f2 € R;2(q) ® N(g"). There exist u; € L?and us €
N (q) such that guy = f1 and Fuy = f>. Now write u; = v1 +v3 € N(g) ® N(q)J-.
Then g(u1) = g (v2) and therefore (¢ + Q)(v2 + u2) = f1 + f> = f. Finally notice
that

p(x,D)o(q(x,D)+ Q) =1+s(x,D)+ p(x,D)o Q =1+5'(x, D),
(q(x, D)+ Q)op(x,D)=1+r(x,D)+ Qo p(x,D)=1+r'(x, D),

where r', s’ € T, (R¥).

Now set § = g(x, D) + Q. Therefore § o p(x, D) = I +r'(x, D) : L?> — L% 1is
bijective. Set k = —(I +r")"'or’. Then (I + 'Y +k) = I and k = —r' — r'k.
Observe that

kt — —{r’}t _ kt{r/}t — _{r/}t + {r/}t{(] —i—r/)_]}t{r/}t.

Hence k, k' map L? into ¥, and by Lemma 1 we have that k is given by a kernel in
=, (R,

To finish the proof, it is enough to notice that

p oG =@Gop) t=U+)T =1+k = pl=U+kog.
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4. Change of variables

4.1. Definition and properties of A, and A1

Let M>, M; > 0 and & > 1 to be chosen later on. We define

ha(x, £) = Mow (%)/0 ()dy, (x.6) € R?, @.1)
m(x,@=M1w(5)<s>h‘/x<y>—‘5¢ D7 )y, e e R @42)
h 0 (&)
where
0, £l < 1 L, yl<4%
) = YO = ,
N {—Sgn(as%(t,é)), €l >Ry {0, NES

02w ()| < Catlatr, 9Py (y)| < C)T U for some p > 1 which will be chosen
later. Notice that by the assumption (i) of Theorem 1 the function w(§) is constant for
& > R4y andforé < —R,;,.

Lemma 2. Let Ay (x, &) as in (4.1). Then there exists C > 0 such that forall o, B € N
and (x, &) € R?:

() ra(x, &) < £2(x)1=;

(i) 10822 (x, £)] < MaCPBUx)' =P, for p = 1;

(iif) 19200 22(x, )] < MaCOHPH ot By, o (8),“00)' 7P, fora = 1,8 >0,

where Ej g, ={§ € R: h < |E| < Ry3h). In particular 1y € SG%'~% (R?),

Proof. First note that
w(t
h

08 22(x, )| < My

A2 (x, &) = M 1
-0

x| ) M
f <y>—“dy5M2/ yody = 22 (xy1-o,
0 0

For B > 1

w (%)‘ 19871 x) 77| < MaCP1(B — D(x) 7o 7F.

() g ) —74
G
M,

< T C T (Ras) " X g, (E)(E) (1)1

(3
h

Fora > 1

982 (x, §)] < Mah™@

Finally, for o, 8 > 1

|0g 08 12 (x, &)| < Mah™ o xye
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< MaCy T (Ras)* CP 1ol (B = DX g, (6)(8), " (1) 7P,

For the function A; we can prove the following alternative estimates.

Lemma 3. Let Ay (x, &) as in (4.2). Then there exists C > 0 such that forall o, B > 0
and (x, £) € R%:

(@) 10F a1 (x, )] < MyCOHPH @B ()1~ () 173 P,

(i) 920811 (x, )] < MyCUHPH (@B () (x) 1= P,
In particular )| € SG%F“ (R?).

Proof. Denote by y¢ (x) the characteristic function of the set {x € R: (x)? < (§ )i}.
For o = 8 = 0 we have

£ 3 (x) . 2
(Bt [t
(x) M
w(%)‘/ €)' 0 Exe0)dy = 7 1<x>1—f’.

0

For o > 1, with the aid of Faa di Bruno formula, we have

[A1(x, &) = M,

My (), (x)1 73,
o

and

|A1(x, 8)] = M,

ol _ £ o .
[0 11 (x, &) < My [ A3 w(al)(,) %2 (&)
& a|+a§—:0n:a o loglas! h 3 h
R (»°
<[ TRy | =5 | dy
/0 RANGY
a! aj+1 « W =0 “leay
=M 2 allaz!a3!cw (Ra3) Doy (8, C2anl(E),,

o) Foptaz=a

"(52) -
(E)h Z o3 l—[ Bg/z <§>;2<y>ady

| .|
7! yitedyi=ay YV Vi o)

(x)
X/o 62 2xg(y)z

a! o)+l @3 e~ e
= 2 011!042!0{3!Cw (Ra3 )Py 1748),, " CT2an (8),

o) Foytaz=a

@ e N it
xfo 0 Sxem Yttt 3

1‘[ Cretly ey, "dy

= yittyy=ay T VJ =1
< M1 o ppppe €)' 7E,
and
et a! —ay |, (@) (§ )] 422 py—1
ogr el <M Y L LA (Z) 92 (),

o) taptaz=a

* -2 (y)”
293 d
/OM g‘ﬁ((é)ﬁ) y

X
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ol
< M

1 — _
Col T (Ray) B a1 (6);, 1 C2ar (), 2

alaglas! v
%) M)'
v <<E>ﬁ 3

o) tapytaz=a
J!

H 8 (€)%

Vitetyi=as vty

(x)
x/o ) zmy)Z

! — o —a
<M o ,Cﬁﬂ*‘<Ra3>“3a1!“<s>h LC%ayl(g),
ajtaytaz=a o1-a2:03-
(x) L _
S AEERPATD AT DS @ ﬂcyf“n (E);7 dy
0 =1 itdm=ay TV Vit
< MICETY g Ry @ () 07
For 8 > 1 we have
, » (Bl 53 ( >%>‘
080G, ) < MiE), e (x) Y TR Z
prpa=p-1 U1PE j=1
S .l ]i[<s>—za‘”<x>"
81!...8,! b mx
Si++8=p2 I =1
_ (B—D!
§M1(§>h1Xs(x) Z BB
pitpa=p—1 PP
B )
% Cﬂ1+1ﬂlgu<x>—7—ﬁ1 Zcéj"‘ j!u—l
j=1
<Y Tl
S1+48; —/32 8! =1

< M, cf;*ﬂ“(ﬂ — DIE); e () (x) P
< M Cy LB — 1y o E,

Finally, for o, > 1 we have

o! _
gl Ol <M Yy ———h
P, 1.0 (3.

e (EN] e e B -1
wH(E)‘aS LURD D NN

Bi+p=p—1
Z [qo3 (x>a
x 9f1(x) 3 3;35“”(<s>i>
!

<SMixsx) Y ————hT™

oploplas!
ajtoartaz=o 1:02:03
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an) (& )] qe2 - B-D! 5 o
w()<z>‘3§2(§)hl > A P (x)~2

X
Bi1+B2=p—1
az+p2 W(J) =
(&)2
Sy
j=1

J
o
D 3 e il mawnd | LAUT L

RS SOy SRR CLEE

al _
s Mixs(o ) meL'“aMR@)“l<s>h‘“ca2“az (€)'
ajtataz=a TS0
+p2
B—D! g1 - hp N i e
)RR LI D DRE A
B1+p2=p—1 j=I1

! B!
<) 2 3 !5125

Yitetyj=a3 §i++8 =P i
X HCVZ“FI 72 ché‘z-i-ls '( >O‘—6£

1 N _g_
< M1Xg(X)CﬁZ£f,,,RH3}a!“(ﬁ— DIE); !~ x5 F

1 — —o—
< MCE T g e (B = DIM(E), (1) P

4.2. Tnvertibility of e, A = A2 + A

In this section we construct an inverse for the operator e (x, D) with A(x, &) =
A (x, &) + A(x, &) and we prove that the inverse acts continuously on Gelfand-
Shilov-Sobolev spaces. By Lemmas 2 and 3 we have A € SG0 1=9(R?). Therefore,

by Proposition 5, eA € SGﬂ 1/ d)(R ). To construct the inverse of eA (x, D) we

need to use the L? adjoint of A (x, D), defined as an oscillatory integral by

Refi\u(x) = // ei(xfy)sefz\(y‘g)u(y) dydé.

Assuming u > 1suchthat 1/(1 —o) > 2 — 1, by results from the calculus, we may
write

Re=A = ay(x, D) +r1(x, D),

where a; ~ Y, & 2108 DYe™ Ain FSG?L’_CTJ/“_G)(RZ), r1 € Sou—1(R?), and

o ol

A oR e — oA o ai(x, D) + €M o ri(x, D) = as(x, D) + ra(x, D) + € o r1(x, D),
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where

1 AqB natp ,—A Ay ,—A 2
az»vzﬁage oL DY*Pe =Zy oY (e DYe™) in FSG )Y |, (R?)

D oR e = a(x,D)+r(x, D),

wherea ~ Y, yl,ay(e;\D;/e*]\) in FSGY |, (R?) and r € Sy 1 (R2).

Now let us study more carefully the asymptotic expansion
Uy Apy A
> ﬁaé @ Dfe ™)=Y "riy.
y=0 r=0

Note that

i i ’
A8 py —hes) _ y ED7 3

J
y! -
i — T[] plaw. o,

|
J/l....)/] =1

j=1 Vit tyi=y

hence, for o, 8 > 0,

1 &1 y!
=gy T o

! ]

@+y) B
> 2 arl..a; Bl B!

oo =aty Bie+B =B

J
x [T1ogc ol A, £)

=1
_ 1 "1 y!
SR D D
j=17" ni+tyj=y J
(o + p)! B!
Yy leno B
°’1+"'+‘¥f:“+7’ﬂ1+"'+ﬁj=ﬂ ERRR A e Pyt
J
ag+Be+ye+1 —a 1—o—Br—
x [TC 7 agt (Be + yo)t(5), (x) ! =0 P
=1
4 x)(=0)i=p~y
<Cl¥+/3+2)/+la|,uﬂ'u,y‘2u 1(5 Z

In the following we shall consider the sets

Onoih = ((x,8) € R? 1 (x) <11 and (£); < 12}
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and Qt1 ih = RZ\Q,],&;h. When #| = t, =t we simply write Q.5 and Qf,h.
Let ¥ (x, §) € C*®(R?) such that ¥ = 0 on Qa4, ¥ =1 on Q05,.0 < ¥ < 1and

agaly . &) < P g,

for every x, £ € Rand «, B € Ny. Now set /g = 1| and, for j > 1,

ey ey (L
v = (505 7 )

where R(j) := Rj?*~! and R > 0 is a large constant. Let us recall that

. ; . o
o (x.8) € Q%) = (%ﬂm) €05 = Vix.§) =1fori < j:

o (x,8) € Or(j)y = (%]) %) € 0y = Vi(x,§)=0,fori > j.
Defining b(x, &) = Zj>0 Yj(x, &)y j(x, &) we have that b € SGZ’_OOl (R?) and
= T
b(x,€) ~ ;rl,,-(x, £) in FSGZ’;"; (R?).

We will show that b € SG%°(R?"). Indeed, first we write

b, E) =14 Y Y, &)r1 (6, 6) = 1+ ) P10, E)r1 j(x, ),

j=z1 Jj=0
On the support of ;" ab ¥j+1 we have

(x) =3R(j+1) and (§), =<3R(j+ D),
whenever 1 + 81 > 1. Hence

|3§laf Z¢j+1r1,j+1(x, &)

Jj=0
al B
< — 198188 i1 (x, E)11852 0528y j41 (x, &)
a1§=a arlay! BilBa! ¢ T d I
B1+p2=p

o! 1 aj+p1+1 " i
=2 2 auazvﬂuﬁz'R(J+1)<a1+ﬂ1>c arpr

JjZ0 arta=a

Bi+pa=pB
% Ca2+/32+2(j+1)+1a2!uﬁ2!M(j + el

J+1 x) (-0t

- +1
« <;§)haz (@) ) —B1— (/+1>Z

al 1 a1 +p1+1
1 g, 11
= Z Z al'az'ﬂl'ﬁz'R(] +1 )(a1+f31)cw oAl

j>0 a1+a2—a

B1+p2=
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% Ca2+/32+2(j+1)+1a2![1.‘32!/,L(j + 1)'2/1,—1(%-)]:“2_(.1"1‘1)

Iy A=) e=1—j

X (x)_g_ﬁ‘
~ 2!
< Co P @Iy (&), ) 7P
_ St o) e-D—j
O BN STl i 7
j>0 {=0 :

‘We also have that
(x) =R(j+1) or () =R+ 1D

holds true on the support of 8;” 8}?1 Yir1. I (), = R(j + 1), then
() <RI+ DT < R 4+ e,

On the other hand, since we are assuming p > 1 such that 2u — 1 < ﬁ, if
(x) < R(j + 1) we obtain
<x>(1—0)((5—1)—j < R(l—U)(f—l)—j{(j + 1)2M—1}(1—0)(i—1)—j
< ROI(j + 1)t-1-ier=D
=R+ DTG+ DD,

Enlarging R > 0 if necessary, we can infer that ijl r,j € SG;I’_" (R?).
In analogous way it is possible to prove that ) j=kTLj € SG;k"”k(Rz). Hence,
we may conclude

b(x, €)=Y rij(x,§) € SG,FF®R?), keN,
Jj<k
thatis, b ~ " r1 j in SG;*(R?).
Sincea ~ ) ry jin FSGY>® (R?), b ~ Y ri,jin FSG?L’;OlO/(l_U)(R2) we have

uil/(1—o)
a—>be Szu_l(Rz). Thus we may write

eMx, D)ok e = [ +7(x, D)+ F(x, D) = I +r(x, D),

where 7 € SG;;"T7(R?), 7 ~ Y 1y in 8GO (R?) and 7 € Sy, 1(R?). In

—0

particular r € SG,, ;}—1 (R2), therefore we obtain

1008 (x, &) < Capl), ' ™ (x)~ 0P
< Coph 1 (E), % (x) 7P,
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This implies that the (0, 0)—seminorms of r are bounded by 4 ~!. Choosing h large
enough, we obtain that 7 + r(x, D) is invertible on LZ(R) and its inverse (I +
r(x, D))" Lis given by the Neumann series ijo(—r(x, D))/.

By Theorem 9 we have

(I +r(x, D))" =q, D)+ k(x, D),

where g € SG3,_| (R?).k € Ts(R?) forevery § > 2(2;u—1)—1 = 41 —3. Choosing
w > 1 close enough to 1, we have that § can be chosen arbitrarily close to 1. Hence,
by Theorem 3, for every fixed s > 1,6 > 1, we can find u > 1 such that

(I +r@. D)™ HE SR — HY o (R)

is continuous for every m’, p’ € R%. Analogously one can show the existence of a left
inverse of e with the same properties. Summing up, we obtain the following result.

Lemmad. Let s,0 > 1 and take pu > 1 such that min{s, 0} > 4u — 3. For h > 0
large enough, the operator e (x, D) is invertible on LZ(R) and on Zin(s,0)(R) and
its inverse is given by

(et . D)) =R e AP o (1 4 r(x, DY) =R AP 6 3 (r(x, DY),
Jj=0
Where r € SG;;’:lg (R2) and r ~ PO %85/ (DY e M) in SG;ML:IJ (R2). More-
over, the symbol of (I + r(x, D))~ ! belongs to SGg’O(RZ) for every § > 4u — 3 and
it maps continuously H/’)’?:Sﬁ (R) into itself for any p', m’ € R>.

We conclude this section writing {¢* (x, D)}~! in a more precise way. From the
asymptotic expansion of the symbol r(x, £) we may write

(e, D)) =R e A o (I — r(x, D) + (r(x, D))* + g_3(x, D)),
where g_3 denotes an operator with symbol in SG(;3’_3"
Now note that

(R?) for every § > 4u — 3.

R DT .
r=idgd A+ Eag(afA — [0 AP) +q3=q-1+92+q-3.
Hence

(r(x, D))* = (g—1 + q—2 + q-3)(x, D) 0 (q—1 + g—2 + q—3)(x, D)
=qg-1(x,D)oq_1(x, D)+ qg—3(x, D)
= op {100, AP + g3

for a new element g_3 in the same space. We finally obtain:

{e’ (x, D)}
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- - 1 - " "
—R A, [1 + op (—iagaxA - Eag(a)%A — [0, A1) — [3:0, A1 + q_gﬂ .
(4.3)

where g_3 € SG3_3’_3” (R?%). Since we deal with operators whose order does not
exceed 3, in the next sections we are going to use frequently formula (4.3) for the
inverse of e (x, D).

5. Conjugation of i P

In this section we will perform the conjugation of i P by the operator ¢”1{P)? o

e (t, x, D) and its inverse, where A(f, x, &) = k(t)(x )1 ° + Ax, &) and the func-
tion k € C'([0, T]; R) is a non- increasing function such that k(7)) > 0. Since the
arguments in the following involve also derivatives with respect to ¢ these derivatives
will be denoted by Dy, whereas the symbol D in the notation for pseudodifferential
operators will always correspond to derivatives with respect to x.

More precisely, we will compute

1
DY o KOG 5 A (e DY o (i P) (2, x, Dt,D )

° {eA(X D)}_ k(t)( > i oe ,01<D>

)

where p; € R and P(¢, x, Dy, Dy) is given by (1.10). As we discussed before, the
role of this conjugation is to make positive the lower-order terms of the conjugated
operator. i i

Since the operator e~ appears in the inverse {e” (x, D)} ™!, we need the following
technical lemma.

Lemma 5. Let A € SG%'"7(R?) and a € SG{'\"™(R?), with p > 1 such that
1/(1 —0) > u—+so— landso > . Then, for M € N,

e[\(x, D)oa(x, D) of e_[\

1 ~ ~
=a(x,D)+op Z a'—lg'ag{afeADfaDge_A}+qM +r(x, D),
1<a+B<M "

where qy € SGZ”S0 M.m2=Mo (R2Y und r € Spitso—1 (R?).

Proof. Sincee®™ e SGIOL‘;OIO% (R?)anda € SGY' ;(’)mz (IR?), by results from the calculus,
we obtain

Re=A — 4y(x, D)+ r1(x, D) and eM(x, D)oa(x, D) = as(x, D) + r2(x, D),

where a; € SG?L"ZO (R?), a3 € SG" (RZ) ri.r2 € Sptsy—1(R2) and
s 0,

R

~ Z 0 DYe A in FSG°°° (RZ),
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Ll g &
~ AnB, ; mj,00 2
a E _ﬂ! Bs e” Dla in FSGM’SO; o (R=).

Hence

e oa(x, D) of eii\ =ay(x,D)oai(x, D)+ a(x, D) ori(x, D)
+ra(x, D) oai(x, D)+ r2(x, D)ori(x, D)

= a3(x, D) + r3(x, D) + ax(x, D) ori(x, D)
+ry(x, D) oaj(x, D) +ry(x, D) ori(x, D),

with a» (x, D) o a1(x, D) = az(x, D) + r3(x, D), where a3 € SG”“;o (R2), r3 €
* 11—
Spitso—1(R?) and

o YiaB A nB aty —A _ 1 B A B —A
> ‘ﬂ' 'ag {of e" Dlayog DY e _Z ipl og(of e DEaDe™)
y,a,B o, B
_ ﬁ A B o — s mip,00
=Y > '/3' o¢{af " DEaD%e Ry =Y ¢j i FSG)™
J=0a+p=j j=0
Thus

e[\(x, D)oa(x, D) oft e_[\ =a3(x, D) +r(x, D),

for some r € S,tho_l(Rz).
Now let us study the asymptotic expansion of a3. For «, 8 € Ny we have (omitting
the dependence (x, £)):

B
Boh g aae Zi ) -
e 8xa8;‘e i PR
h=1 +Bn=p

B+ P

k
o! -
D> [T
arl . a! x
Dot Ty @1 k!
Therefore, by Faa di Bruno formula, for y, § € Ny, we have
oy 0ol N ofante )
= L
- 11 ) & Cx

Iyalys! 61162185!
Vit tra=y a5y 648, V1Y2IV310102°03

Bl T
Xayzaéz Z Z ‘Bl!”.ﬂh!ﬂaéﬂl\

T B +Bi=

k
« aV% 883 (Z Z a—! 1_[ 3)‘?@(_[\))

! ol og!
o+t =a =1
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S

B D S e
y1+yz+y2:y+a51+82+83=8 yityalys! 8118851 5

B! ! 87!
XZ Z ﬂl!..-ﬂh' Z Z 6! 20;,!61!..2.

T Bt Br= DO+ AOp=y2 o1+ top=52 L

X 1_[ Bgﬁ_ﬂl 3% A
=1

op!

83!

o! 3! !
Z Z o ! Z Z O1!...6 o). . oy!

! ol oag!
o)+ tog=a 1 01+ +0r=y3 o1+--+0, =03

x ]_[ 8 a2t (—R),
(=1

hence

07923 A DEaDZe™))|

(y +o! 4 Vi+B+o1+1
|\ 150
< > ylwy3!81!52!53!ca "B +n)!

vItratr3=y+ao
81+82+683=4

x (£ym—n (x>m2*/3*31

L B y2! 5!
g_l Z ,31!- Z Z O1!...0,loq!. ..

Brt-+Bn= - P! 01+ +0p=y2 01+ +0op=052

op!

h
H ORI (g, 4 B)lioptt () =P (x) oo

1 a! 73! 33!
g_l Z o). og! Z Z O1!...6 o). .. oy!

Dot top=a D01+ +O=y3 o1+ +0r =83

x 1‘[ CHTPET G (g + o)t ()~ (x) 7070t
(=1
< Ci/+8+2((x+/3)+1y!“8!s0(a 4 ﬁ)![,c+so (E)m]7y7(()l+,3)<x)m2757(0t+,3)
¢ (x)k(1-0) B (x)h(1=0)
| |
k=1 k! h=1 k!
< Cr+5+2(a+ﬂ)+ly!u6!so(a + 'B)!;H-so (%.)ml—y—(oz-l—ﬂ)<x>m2—6—(a+ﬁ)

X

“+ﬁ x)k(=0)

Za-HS Z
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The above estimate implies

J

. ) _ o a <x)

198 8¢ (x, )] = CoFPRAITIqutgrojyrersomlgym=eti oma=hmly | —,
k=1

k(1—0o)

forevery j > 0,a, 8 € Npand x, & € R.
Let ¢/ (x,£) € C*®(R?) such that  =0on Q», % =1on Q4,0 < < 1and

¢ 98y (x, &)| < CoHPH a1 g0,
for every x, & € Rand «, B8 € Np. Now set 9 = 1 and, for j > 1,
Ui, ) =y < S )
i x’ := _.’ _. K
! R(j)" R(j)
where R(j) = Rj*+*~! for a large constant R > 0.
Setting b(x, &) = ijo Yi(x,8)cj(x,§) wehave b € SGZ’}S’OOO(RZ) and
b(x.&) ~ Y cj(x, &) in FSGIL®(R?).
Jj=0
By similar arguments as the ones used in Sect. 4.2 we can prove that
DoVt §)ej(x,§) € SGI TN RY), ke No.
Jj=k
Hence

b(x.§) — Y cj(x.£) e SGII M=ok ke N.
Jj<k

Since 1/(1 — o) > u + s9 — 1 we can conclude that b — a3 € S,tho_l(Rz) and we
obtain

A oaoRe™ = b(x, D) +F(x, D),
where 7 € S 15)—1 (R?). This concludes the proof. 0
5.1. Conjugation by et

We start noting that ei\al{e[\}_1 = 9, since A does not depend on 7.

e Conjugation of ia3(¢, D).
Since a3 does not depend on x, applying Lemma 5, we have

M x, DY(ia3)(t, D)R(e™™) = ias(t, D) + s(t, x, D) + r3(t, x, D),

with

L i &k i & _
s~y ﬁag{e/‘zagz);e A} e FSGL P (RY), 13 € C(10, T, Spupsg—1 (RY)).

j=1
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Hence, using (4.3) we can write more explicitly s(¢, x, D) and we obtain
Miaz)te™)™!
. o . .
=op (za3 = 9 (@30, A) + S0Zlas O3 A — (0 )D)] + a¥ + r;)
. o l 2002 % 212y A 12
o |1 +op(—idedeA — S0F(OIA — [0.A) — [00: AT + g5
~ i ~ ~ ~ ~
=iay —op (ag(agaxA) + 5ag{ag(aﬁz\ — (0, AY)) — azds 0, A + iaga3aga§A>
- - - - - ~
+op (z'as (@30 A2 A — Sas{dZ (07 A + [0:AT) + 2000 A +ro + r>
— _ A i 2 25 N2 . 2%
=1ia3 —op| dgazdy A + 28§{a3[3xl\ (0xA)7]} +i0:a30:0; A
- - - - - _
+op (iag (30, ) g0, A — 5{;3{3{3(3“31\ + [8x AP 4 2(3g . M)} + 10 + r>
i
=iaz —op (aga3ax)»2 + O azderi + Eag{@(af,\z — (022} + iaga3agaf)uz)

i -
+op <i3§ (a30:22)d ko — a3 (07 (0742 + 01 l) + 2dededal) + 70 + r) ,

for some symbols aéo) e C(0, 1], SGZ’%O (R%)), ro € C([0, T1; SG?’O(R2))

and, since we may assume § < u +so — 1,7 € C([0, T']; Spq50—1 (R?)).
e Conjugation of iay (¢, x, D).
By Lemma 5 with M = 2 and using (4.3) we get

M x, DY (ian) (1, x, D){eD (x, D))
= op (ia2 — 85{a28x1~\} + 8g1~\8xa2 + aéo) + r2)
o [1 —op <i853x[~\ + %ag(a,%[\ — [8,A1%) + [0:0, A1 + 61—3>:|
=iay(t, x, D) + op(—ds {a2dy A} + 3 Adyar + apdsdx A + ro +7)
= iay(t, x, D) + op(—dzazdy A + 3z Adyap + ro +7)
=iax(t,x, D) + op (—0gardx s + 0 A2dxar 4+ ro +7),

for some symbols aéo) e C(0,T]; SG%E‘O
C0, TT; Tpugsp—1 (R?)).
e Conjugation of iay (¢, x, D):

), 70 € C([0, T1; SGY*(R?)) and 7 €

M, Diar(t,x, DY (v, D)) = opliar +a” + 1) 0 Y (—r(t.x, D))
j=0
=oplia) + 7o +7),

where a{” € C([0, T1; SG% -2 (R?)), 7y € C([0. T1;SGy' " (R), 7 €
C(0. T]; Bputo-1 (R?).
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e Conjugation of iag(¢, x, D):

M, Diag(t, x, D)™ (x, D)) ! = op(iag +af” +10) Y (—r(t, x, D))’
Jj=0

= opliap + 7o + 1),

where a)” € C([0, T1; SGY'-29), 7y € C([0, T1: SG; "' 727 (R?)) and 7| €
C([0, TT; Zppsp—1 (R2)).

Summing up we obtain

M, DY P, x, Dy D)er (x, D)) = & +ias(t, D) +iax(t, x, D)
—op(dgazdyry) +iay(t, x, D) — op(dza3zdx A1 + 0ga2dy Ay — 0gAp0xan +iby)
+iag(t,x, D) +rys(t,x, D) +ro(t,x, D)+ r(t, x, D), 5.1

where

by € C([0, T1; SGL 2 (R?)), bi(t, x, &) € R, by does not depend on A1, (5.2)

550

and

ro € C([0, T1; SGY ' (R?)), r, € C([0, T1; SGY ' 727 (R?)),
7 e C(0, T1; Sptsy—1(R?)).

5.2. Conjugation by ek® )

Let us recall that we are assuming that k € C'([0, T1; R), k' (t) < 0 and k(r) > 0
forevery ¢t € [0, T]. Following the same ideas of the proof of Lemma 5 one can prove
the following result.

Lemma 6. Let a € C([0, T1, SG};)"*(R?)), where | < pu < so and ju + 5o — 1 <
1

——. Then

1—0o

l1—o
h

1—0o
KO (e, x, DY e DT = a(t, x, D) + b(t, x, D) +7(t, x, D),

1—0 ; H l—0o _ _
for some symbols b ~ 3, %ek(’)mh aga Dle kO iy SG:'Z}SOL'"Z 7(R?)

and 7 € C([0, T1, Syr0-1(R?)).

Let us perform the conjugation by ek ) of the operator A (i P){e;\ 17 Lin (5.1)
with the aid of Lemma 6.

o Conjugation of d: X" 9, ¢ KOWL" = 5 — k(1) (x)} .

e Conjugation of ia3(¢, D):

l—o
h

KO ias(t, Dye kO

= iaz + op(—k(t)dgazdy (x), %)
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+op( Oz as{k ()97 (x),~ —kz(t)[ax<x>},—°12}> al +r3,

where a{” € C([0, T1; SG% 37 (R2)) and r3 € C([0, T]; £p459—1(R2)).

550
e Conjugation of op(iay — dzazdyA2):

ek(mx)h op(iax — dzazdcra) e kO,
= iay + op(—deazdira) + op(—k(1)dgardy (x),~°

— ik(1)3 {gazdxra}dy (x) 17+ al” + 1),

where @) € C([0, T]; SG% 27 (R?)) and 3 € C([0, T; Syssp—1 (R?)).

° Conjugatlon of i(a; + ap)(t, x, D):
ek(t)(x),l;ai(al + ag)(t, x, D)e—k(l)(xhl;J =op(ia; +iap+aio+r1),

where r1 € C([0, T1; Z,45-1(R?)) and

1o 1 ;. P j—
0~ Zek(l)(x)h ﬁagl(al + ao)D!(e k@) x), ™ 4n SG?A lso ZU(RZ).

jz1
It is not difficult to verify that the following estimate holds
jaro(t, x, )| < max{1, k())Cr (x),~>, (5:3)

where Cr depends on a; and does not depend on k(¢).
o Conjugation of op(—0sa3dy A1 —0ga0x A +0s A20yaz+iby): taking into account
i) of Lemma 3

KWL op(—deazdeh — deardehy + B hadyar + iby)e KO
= 0p(—0sa30y A1 — 0ga20yx Ao + 0gAp0yan +iby +ro +7),

where rg € C([0, T]; SG%9 (R?)) and 7 € C([0, T]; 1451 (R?)).

e Conjugation of r, (f, x, D):
1—0o 1-o
KON ry (1,0, D) e MO = gy (1, x, D) +7 (1, x, D),

where r € C([0, T]; Syis9—1(RD), ro.1 € C(0, T1; SGY' 7 (R?)) and the
estimate

o1 (t, X, 6)] < Cp 5 (x), 7 (5.4)

holds with C;. 5 independent of k(z).

Gathering all the previous computations we may write

ek(t)(x),lf"eA(iP){eA}flefk(t)(x)}f"
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=8 + op(ias — dgazdera +iar — k(1)dgazdy (x), %)
+op(—dgazdyAi +iay — gaxdx Ao + dgAodxar — k(1)dgar 0y (X);]f“)
+op(iby +icy +iag — k' (1) (x), 7 +aio0+ro1)
+ro(t, x, D) +r(t, x, D), (5.5)

where b satisfies (5.2),

c1 € C(0,T7; SG}L’;O% (Rz)), c1(t,x, &) € R, ¢y does not depend on A, (5.6)

(butcy depends of Ao, k(t)),a;,0asin(5.3),rs,1 asin (5.4), and for some new operators

ro € C([0, T1; SGYO(R?)), 7 € C([0, TT; Syupsp—1(R2)).

1
5.3. Conjugation by e?1(2*

Since we are considering 6 > so and © > 1 arbitrarily close to 1, we may assume
that all the previous smoothing remainder terms have symbols in Xy(R?).

Lemma7. Leta € SG} 5%, where | < < soand i+ so — 1 < 6. Then

PPV q(x, DYe P PYY = 4(x, D) + b(x, D) + r(x, D),

mi—(1=g),m—1

. I |
for some symbols b ~ ijl %B;em &) Dlae=r&)7 i S$G, 5 (R?) and
r € Sputsy-1(R?).

1 -0 X A —0
Let us now conjugate by e?1 (P the operator K@i oA (j Py [l )Tk,
in (5.5). First of all we observe that since a3 does not depend of x, we simply have

1 1
PPV iaat, DY e PP = jas(t, D).

() Conjugation of op (—a§a3axk2 —+ ia2 _ k(l)agaﬁ)x <x>}’*0>:

TI—
=

e”' P17 op(=dzazdhy +iay — k(1)dgazdy(x), ") e 1P

= op(—0gazdyAa +iay — k(t)dsazox (x)ll;”) + (az,p, +1)(t, x, D),
1
where a3, € C([0,T1,8G,." " (R?), 7 € C([0, T], Ty(R?)) and the fol-
lowing estimate holds

1_ Co—
10808 az,p, (1, x. &) < max{1, k(D)} |1 [C5 7 et proge) o= (x) =7 =P (5.7)

In particular

1
laz,p, (1, x, §)| = maX{Lk(l)}lpllcxz,T(é);llJrg (x)77.
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o Conjugation of op(—0ga3dxA1+ia) —0saz0x Ar+0g Ao dyar—k(t)dgar Oy (X)}ll_g +
ib| +icy) : the conjugation of this term is given by

op(—dga3dxhi+iay — dgardira + dgradyar — k(1)dgardy (x)) " +iby +icy)
+aip (t, x, D) +7(t, x, D),

where 7 € C([0, T1, Z¢(R?)) and ay,p, satisfies the following estimate
aqp a+B+1 i nyso - —o—pB
|9 9y ar,p, (7, x, &) < max{l, k()}p1]C7 7" o BYO(E) 7% (x) . (5.8)

In particular

a1, (1, x, )] < max{1, k(®)}|p11Cx 7(€) (x) 77

e Conjugation of op(iag — k/(t)(x);l_o +aio+rs1):

1
P07 opiag—K (1) (x) )77 + aro + ren)e PG

=op(iap — K (t)(x)} 7 +a1,0 +rs1) +ro(t, x, D) + 7 (t, x, D),

where ro € C([0, T1; SG"” (R2)) and 7 € C ([0, T1; Sp(R2)).
Summing up, from the previous computations we obtain
el (D)ée]‘(t)<)‘)1]170e[\(l'P){epl(D)Fl;ek(’)(’”lraei\}_1 = 0; +iaz(t, D)
+op (—3§a33x)»2 +iay — k(6)deazdy(x) )77 + am)
+op (—0zazdcAi + ia; — 0zardyra + 0 A20az
—k(t)deard, (x)) 7 +iby +ic + al,p])
+op(iag — K'(t)(x),”" + a1.0 + ro.1) + ro(t, x, D) + 7(t, x, D),

with az p, as in (5.7), by as in (5.2), c¢1 as in (5.6), ay p, as in (5.8), a1 o as in (5.3),
rs.1 as in (5.4), and for some operators

ro € C([0, T1; GV (R?)), 7 e C([0, T1; Tp(R?)).

6. Estimates from below

In this section we will choose M>, M| and k(¢) in order to apply Fefferman—Phong
and sharp Garding inequalities to get the desired energy estimate for the conjugated
problem. By the computations of the previous section we have

1 ~ 1 ~
P1 D) KON A (DY Py D) KO0 A (DY)~
2
=0, +ia3(t, D) + ) _a;(t,x, D)+ ro(t, x, D) + 7 (1, x, D),
j=0
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where a», aj represent the parts with £ —order 2, 1, respectively, and ag represents the
part with & —order 0, but with a positive order (less than or equal to 1 — o) with respect
to x. The real parts are given by

Redy = —dsa3dyra — Imay — k(1)dgazdy (x)) 7 + Rean, p,,

Ima; =Reay +Imas ),

Read) = —0sa30xA1 —Ima; — 9¢Reard Ao 4 ds 120 Rear
—k(1)3:Re a2, (x); 7 + Reay p,,

Redy = —Imag — k'(1)(x),”° +Reay o + Rerq,1.

Since the Fefferman—Phong inequality holds true only for scalar symbols, we need to
decompose Im a; into its Hermitian and anti-Hermitian part:

imd — ilma, + (iImay)* n ilma, — (ilmay)* —han
2 2
where 2Re(1>(t, x, D)u, u) = 0 and #{(, x, £) = —Z 8¢ DIma (t,x,€)
2, x, su) = 11, x,8) = o1 Dg) 08 Dxima(t, X, 5).
Observe that, using (5.7),

1

lt1(t, x, &) < Cap (&) (x) ™" + max{1, k(t)} p11Cs, (€) 7 (x) 77!
< {Cay + ™0 max{1, k(0)}] o1 |Co, HE W (x) T (6.1)

In this way we may write

1 ~ ~
PPV KO0, oA (. D)(ip){eplu))éek(t)(ﬂ;l,_“el\(x’ D)y~
=0 +ia3(t, D)+ (Rear + 1 + 11 + ai +ao)(t, x, D) + ro(t, x, D),
(6.2)

where 7y has symbol of order (0, 0).

Now we are ready to choose M>, M| and k(¢). The function k(¢) will be of the form
k(t) = K(T —1),t € [0, T], for a positive constant K to be chosen. In the following
computations we shall consider |§| > hR,,. Observe that 2|§ 12 > (& );21 whenever
€] > h > 1. For Re a; we have:

Redy = M>|9ga3|(x)™% — Imay — k(t)dga30y (x)}l_g +Reay p,
> MaCo|EI12(x) ™7 — Cap (E)7(x) 7
14+5

— Cuyk(0)(1 — 6)(5)%(36);:“ —max {1, k(0)}Cy, p (&), " (x)7°
(-

Ca% = — 1 o
> (M 7 Cay — Ca3k(0)(1 — 0) — max{l1, k(0)}C3,,p, (§),, ‘”)(%‘)ﬁ(x}

> (M, Cz‘” — Cyy — Cayk(0)(1 — &) — max {1, k(O)}Cy, o k1= 8)) ()2 (x)°
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Cy,
= (M - —
(My—

Cay — Cay KT(1 — &) — max {1, KT}Cy, p b~ =8))(£)2 (x) 0

For Re aq, we have:

o
Rea; = M1|8ga3|(§);1(x)_7¢ <<x> ) —Ima; — d:Reardx Ay + d: 120 Reay

)7
— k(1)d:Re a2d, (x); " + Reay p,
> MiCos |E17(), )2y (g;) — Cay (€)% = Capy (E)n(x)™°
h
— Ck(O)(1 = o) (&)n(x), " — max{1, k(0)}Cz , (€)] (x);,°
Ca3 _g (x)° _a =~ _a
> Mi—2 () (x) 29 | 5 | = Cay (E)n(x) 77 — Cayoy (€D {x) 2
2 ()7
_g - —(1-1 o
— CKO)(1 = o) (E)n{x), 2 00) ™ — max( 1 kO)Cx, (€), 7 (&) 2
Cq =~ -9 _a
= (M=% = Cay = Car o = CKT(1 = 0){x), ") {E)nx) 72

(1=3)

|Q

—max{1, KT}Cx , (€)," " (€ntx)”

e E (1 (B
2 ©3i))

Since (é)h(x)_% < +/2 on the support of 1 — ¢ (%), we may conclude
h

~ C ~ _a _a
Red; > (M, 2“3 —Ca; — Cappy — CKT(1 —0)h™ 2)(E)(x) "2

o C
— max{l, KT}C[\,plh_(l_é)(g)h(x)_i — M 203 V2.

Taking (6.1) into account we obtain

- C = _g _g
Re (ar +11) = (le —Cay = Caqy = Cayp, —CKT (1 —0)h™2)(E)n(x)" 2

Cy,
2

1 a
—max{l, KTHCR ,, + 1p11Cip)h™ 1 77(6)5(x) 7% = M —2V2.

For Re ag, we have:
Redy = —Imag — k'(t)(x)) ™ +Rear o+ Rery 1
= —Imag + (=K' (t) — max{1, k(O)}Cr (x),” = Cy 5 (x); ) {x), ™
> (—Cay + K —max{1, KT}Crh™ — Cp zh7%)(x),~°.

Finally, let us proceed with the choices of M1, M3 and K. First we choose K larger
than max{C,,, 1/ T}, then we set M, such that MZ% —Cyp, — é‘a3KT(l —0)>0
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and after that we take M such that M, % —Cyy —Cy — éag,kz > 0 (choosing M>,
M we determine A). Enlarging the parameter 7 we may assume

1

() 1€ i
KTCyyph (l 9) < Z(M2$ —Cy — Cy, KT (1 —0)),
CKT(=0)h™% + KT (C ,, +1p1|Cip)h ™7

1 Ca )
< Z(Ml; - Caz - Cal - Caz,)uz)v

2
K-C
KTCrh™ +Cy ;h™7 < T“O.

With these choices we obtain that Rea, > 0, Re (a; + 11) + M, C§3 2 > 0 and
Reap > 0. Let us also remark that the choices of M», M and k(¢) do not depend of
p1 and 6.

7. Proof of Theorem 1
Let us denote
Py = e (D)éeA(t, x,D)iP {ep1<D>éeA(t, x, D)}Vl
By (6.2), with the choices of M>, M1, k(t) in the previous section, we get

iPy = +ias(t, D) + (Redr + 1)(t, x, D)
+(ar + 1), x, D) +ao(t, x, D) +ro(t, x, D),

with
C
Redy > 0, Re(51+t1)+M1%\/§zo, Redg > 0. (7.1)

Fefferman—Phong inequality applied to Re a, and sharp Garding inequality applied
toay +t + M, %ﬁ and dg give

Re(Redy(t, x, D)v,v) > —c|v]?,
- C
Re((@ +1)(t, x, D)v, v) > — (wmfﬁ) vl
Re(dg (1, x, D)v, v) = —c|v]?,

for a positive constant c. Now applying Gronwall inequality we come to the following
energy estimate:

t ~
I, <€ (||v<0)||iz +/0 ||<iPAv<r>||izdr> .t €[0T,
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for every v(t,x) € C L0, T1; ZR)). By usual computations, this estimate provides
well-posedness of the Cauchy problem associated with P in H™ (R) for every m =
(m1,my) € R%: namely for every f e C([0,T]; H*(R)) and g € H™(R), there
exists a unique v € C([0, T']; H™(R)) such that Pav = f v(0) = g and

t ~
o) P < C (ngn%,m + /0 ||f(r)||%,,,,dr>, t 0,71, (12)

Let us now turn back to our original Cauchy problem (1.10), (1.1). Fixing initial
data f € C(I0, T1, H)!, ,(R)) and g € H)!_ ,(R) for some m, p € R? with p, > 0
and positive s, 6 such that 6 > 59, we can define A as at the beginning of Sect. 6
with 4 > 1 such that so > 2u — 1 and My, M>, k(0) such that (7.1) holds. Then by
Theorem 4 we get

1
forn =P N x, D) f € CAO.TL Hy 5. o (R))
and

1
gpn =e P N0 x D)g e R)

m
H(O.pz—é);s,e(

for every 8 > 0, because 1 /(1 — o) > s. Since § can be taken arbitrarily small, we
have that f,; o € C([0,T], H™) and g,, .o € H™. Hence the Cauchy problem

ﬁAU - fpl,A
v(0) = gp;.A

admits a unique solution v € C([0, T], H™) N clqo, 11, H”’l_3*”’2_1+1/")) satis-

A(t,x,D))—le—m(D)l/

fying energy estimate (7.2). Taking now u = (e ! v, we easily see

that u solves Cauchy problem (1.1), it satisfies

epl(D)I/OEK(T—z)m};”ei\(x,D)u c H"(R)

and itis the unique solution with this property. Namely, u € C([0, T], H (’:’) 5.6 RN
1,— Sy

c! ([0, T1], H((;"lfg)’,rjzg (R)) for every §>0. Moreover, from (7.2) we get
1,7—0);98,
t
lullgn < Clollgn < C (ngm,An%,m +/ ||fp1,A(r)||%,mdr)
(p1.—8):s.6 0

t
2 2
< (st + [ 15l ar).
which gives (1.11). This concludes the proof. g

Remark 6. Notice that the argument of the proof of Theorem 1 and in particular energy
estimate (1.11) implies that the solution of problem (1.1) is unique in the space of all
functions u such that

epl(D)l/eeK(T—z)m};”ei\(x,D)u c H"(R).

In general we cannot conclude that it is unique in C ([0, T'], H (’:’) Byes Q(R)).
1,70),3,
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Remark 7. In our main result we assume that the symbol of the leading term a3 (¢, D)
is independent of x. This assumption is crucial in the argument of the proof. As a
matter of fact, we observe that if a3 depends on x, even allowing it to decay like (x) ™"

(Dy!?

for m >> 0, the conjugation of this term with the operator e”! would give

PO Gt x, DY)e PP Z g, x, Dy) + op (mas ()7 -3xa3) + Lo.t.
‘We observe that

L (E)F - deas(t, x, &) ~ (£)2T0 (x)n .

Hence since 2 + % > 2, this remainder term could not be controlled by other lower-
order terms whose order in £ does not exceed 2. Notice that this represents a difference
in comparison with the H* frame where a dependence on x in the leading term can
be allowed by assuming a suitable decay assumption with respect to x, cf. [2, Sect. 4].

Remark 8. With a major technical effort one can consider 3-evolution equations in
higher space dimension, that is for x € R”, n > 1. At this moment, results of this type
exist only for the case p = 2, cf. [6,10,22]. When passing to higher dimension, the
main difficulty is the choice of the functions A1, A, defining the change of variable,
which must be chosen in order to satisfy certain partial differential inequalities, see
also [2, Sect. 4]. These may be non-trivial for p > 2. In this paper we prefer to restrict
to the one space dimensional case both since the content is already quite technical and
since the main physical models to which our results could be applied are included in
this case.
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