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A B S T R A C T

The prediction of the structures failure is one of the most important and
yet challenging tasks in civil engineering. Numerical studies are faster and
cheaper than experimental studies. For these reasons, numerical models are
useful for researchers.

The present work focuses on the Finite Element (FE) simulation of several
non-linear 3D engineering problems related to the rehabilitation of concrete
and wooden structural elements. In the considered context, the numerical
model employed has to be fast, stable and robust to tackle the complexity and
the computational burden of the problems to be solved.

The numerical method employed for the simulations is a regularized vari-
ant of the eXtendend Finite Element Method (XFEM) proposed by Belytschko
and coworkers [1]. The computational model, called REgularized XFEM (3D
RE-XFEM), has been developed by Benvenuti [2] in order to study strong
and weak discontinuities. Initially, it has been used to study the non-linear
evolution of discontinuities in 2D plane-stress problem in concrete [3] and
concrete-like [4, 5] materials. Recently, the model has been employed to study
linear 3D problems involving planar/curved interfaces [6] and inclusions [7].
Since the previous 2D applications proved the stability and the reliability of
the RE-XFEM, in this work, the 3D non-linear formulation (3D RE-XFEM) of
the method has been implemented into a parallelized FORTRAN code [8] and
successfully applied to several engineering problems.

The thesis collects the results obtained for the modelling of concrete and
wooden beams through the 3D RE-XFEM. In particular, the topics covered by
this work can be divided into two main parts:

• The first part is devoted to the modelling of the detachment of FRP
reinforcements from concrete specimens. Ch. 2 introduces the 3D RE-
XFEM approach for concrete and concrete-like materials. Ch. 3 presents
the results obtained in the simulation of the detachment process of FRP
plates from concrete blocks published in Ref. [9]. Ch. 4 is devoted to
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the investigation of FRP reinforced bended beams presented in Refs. [10,
11].

• The second part of the thesis focuses on the simulation of wooden struc-
tures. In particular, in Ch. 5 the analyses of end-repaired beams pub-
lished in Ref. [12] using an orthotropic elasto-damaging model available
in literature are discussed. Ch. 6 is devoted to the development of a new
unpublished 2D constitutive elasto-damaging plastic model combined
with the RE-XFEM for wooden structures.

In the end, Ch. 7 summarizes results and significant aspects achieved in this
thesis.
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S O M M A R I O

La predizione del carico e della modalità di rottura di una struttura è uno
degli obiettivi più importanti e impegnativi dell’ingegneria civile. In questo
ambito, l’utilizzo di modelli matematici e simulazioni numeriche sta via via
assumendo sempre più importanza, visti la maggiore velocità di esecuzione e
il minore impatto economico rispetto ai test in laboratorio.

Il lavoro in esame si focalizza sulla simulazione agli Elementi Finiti (FE) di
diversi problemi non-lineari nel campo 3D relativi ad interventi di riabilita-
zione su strutture in calcestruzzo e legno. In questo contesto è necessario che
i modelli numerici sviluppati siano veloci, stabili e in grado di descrivere cor-
rettamente il comportamento del materiale senza aumentare troppo l’onere
computazionale richiesto dalla simulazione.

Per l’esecuzione delle simulazioni è stata usata una variante regolarizzata
del metodo eXtended Finite Element Method (XFEM) proposto da Belytschko
e dai suoi collaboratori [1]. Il modello numerico proposto in questo lavoro,
denominato REgularized XFEM (3D RE-XFEM), è stato sviluppato da Benve-
nuti [2] per lo studio di discontinuità sia di tipo forte che di tipo debole.
Inizialmente, il modello è stato utilizzato per l’analisi di problemi piani di
tensione relativi al calcestruzzo [3] e a materiali quasi-fragili [4, 5], mentre,
recentemente, il modello è stato utilizzato per lo studio in campo lineare di
problemi 3D relativi a interfacce planari e curve [6], e ad inclusioni [7]. Dal
momento che le precedenti analisi 2D del modello RE-XFEM hanno dimostra-
to l’affidabilità e la robustezza del sopracitato algoritmo, nel presente lavoro
una formulazione 3D non-lineare del modello, denominata 3D RE-XFEM, è
stata implamentata in un codice parallelizzato FORTRAN [8] e applicata con
successo a diversi problemi ingegneristici.

La tesi raccoglie i risultati ottenuti dalla modellazione di diverse prove su
travi in calcestruzzo e legno attraverso il modello 3D RE-XFEM. In particolare,
gli argomenti trattati in questo lavoro possono essere divisi principalmente in
due parti:

• La prima parte è dedicata alla modellazione del distacco di rinforzi
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in FRP da provini in calcastruzzo. Il Cap. 2 introduce la formulazio-
ne dell’approccio 3D RE-XFEM nel caso di materiali quasi fragili, quali
il calcestruzzo. Nel Cap. 3 vengono presentati i risultati ottenuti dalle
simulazione del distacco dei rinforzi in FRP da blocchi di calcestruzzo,
pubblicata in Ref. [9]. Il Cap. 4 è invece dedicato all’investigazione di
travi rinforzate con FRP soggette a flessione, i cui risultati sono stati
pubblicati in Ref. [10, 11].

• La seconda parte della tesi si focalizza sulla simulazione di strutture in
legno. In particolare, nel Cap. 5 sono riportate alcune analisi, pubblicate
in Ref. [12], effetuate mediante l’uso di un modello di danno ortotro-
po disponibile in letteratura, relative a travi di legno sottoposte ad un
intervento di riabilitazione ad una delle estremità. Il Cap. 6 è dedicato
allo sviluppo di un nuovo inedito modello costitutivo 2D che abbina
ad un modello ortotropo elasto-plastico-danneggiante alla metodologia
RE-XFEM per strutture in legno.

Infine, nel Cap. 7 vengono raccolti e discussi gli aspetti significativi trattati
nella tesi.
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1
O U T L I N E

The present thesis focuses on a three-dimensional advanced computational
methodology aimed at modelling different non-linear 3D engineering prob-
lems related to the rehabilitation of concrete and wooden structural elements.
The study is organized into two parts. In the first part, the following applica-
tions are considered.

• First, the simulation of concrete structures strengthened with plates of
Fiber Reinforced Polymer (FRP) is discussed. Single-lap shear tests on
FRP-reinforced concrete blocks are often performed to assess the maxi-
mum transferable load before the detachment of the FRP plate. On this
ground, an effective 3D Regularized eXtended Finite Element Model,
called in the following 3D RE-XFEM, has been implemented into a FOR-
TRAN procedure. The introduction of a regularization length and the
adoption of a proper mechanical framework lead to an accurate and
predictive methodology for smooth simulations of the FRP-detachment
process. Moreover, the bending of the FRP plate, the influence of FRP
plate width, and the two-way delamination for variable bonding length
are assessed.

• Secondly, the 3D RE-XFEM procedure has been also employed to study
the detachment of FRP flexural reinforcement from Steel Fiber Rein-
forced Concrete (SFRC).

Failure of FRP-strengthened SFRC beams typically occurs after the de-
tachment of the FRP plate and depends on the content of steel fibers.
Relevant finite element simulations are few, and, usually, neglect the
modelling of the detachment process. On the contrary, the proposed 3D
RE-XFEM focuses on the detachment process. In particular, the present
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approach takes into account the fiber bridging effect exerted by the steel
fibers at the detachment zone, while modelling the detachment through
a mechanism-based procedure.

• Thirdly, the case of reinforced-concrete FRP strengthened bended beams
has been studied through the proposed 3D RE-XFEM model. In particu-
lar, two different experimental campaigns have been modelled. Further-
more, some investigation on the role of thickness and width of the FRP
reinforcements has been also carried out.

The second part of the thesis is devoted to the numerical simulation of
wooden beams. In particular, the two following issues have been assessed:

• The simulation of end-repaired beams with glued-in rods has been car-
ried out. The numerical analysis has been performed by adopting a 3D
orthotropic elasto-damaging model. In collaboration with the Italian Re-
search Council (CNR), the efficacy of different configurations has been
investigated.

• A new 2D orthotropic elasto-damaging plastic model combined with
the RE-XFEM has been developed in collaboration with the Institute of
Structural Analysis of Dresden, Germany. Several tests have been pro-
posed in order to prove the reliability of the proposed model.

The thesis collects the results published in five journal papers, that are:

1. E. Benvenuti, N. Orlando, D. Ferretti, A. Tralli (2016). A new 3D exper-
imentally consistent XFEM to simulate delamination in FRP-reinforced
concrete. Composites Part B: Engineering. Volume 91. Pages 346-360. (Chap-
ter 3)

2. N. Orlando, E. Benvenuti (2016). Advanced XFEM Simulation of Pull-
out and Debonding of Steel Bars and FRP-Reinforcements in Concrete
Beams. American Journal of Engineering and Applied Sciences. Volume 9,
Issue 3. Pages 746-754. (Chapter 4)

3. E. Benvenuti, N. Orlando (2017). Failure of FRP-strengthened SFRC beams
through an effective mechanism-based regularized XFEM framework.
Composites Structures. Volume 172, Pages 345-358. (Chapter 4)
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4. E. Benvenuti, N. Orlando (2018). Intermediate flexural detachment in
FRP-plated concrete beams through a 3D mechanism-based regularized
eXtended Finite Element Method. Composites Part B: Engineering, Volume
145, Pages 281-293. (Chapter 5)

5. N. Orlando, Y. Taddia, E. Benvenuti, B. Pizzo, C. Alessandri (2018). End-
Repair of timber beams with laterally-loaded glued-in rods: experimen-
tal trials and failure prediction through modelling. Construction and Build-
ing materials. In press. (Chapter 6)

The approach and the results contained in Ch. 6.4 are unpublished and are
still subject of ongoing research.
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2
A C O M P U TAT I O N A L M O D E L F O R C O N C R E T E

The Finite Element non-linear simulation of concrete is a challenging task. In-
deed, concrete is a material composed of different coarse aggregate bound
together by cement matrix. The material exhibits a very different behaviour
under tensile or compressive loading. In particular, the tensile strength, espe-
cially with low confining pressures, is very low compared to the compressive
strength. Concrete behaviour is very different from homogeneous brittle ma-
terials, such as glass and cast iron, where the fracture is attained shortly after
the elastic limit is reached.

The microscopic observation showed that in concrete and in concrete-like
materials, such as mortar, rocks and ceramics, the fracture is anticipated by
the development of a densely distributed micro-crack pattern, the so-called
Fracture process Zone (FPZ), that dissipates energy and induces the strain-
softening behaviour of the material. The coalescence of the micro-cracks leads
to the localization of the strain into a finite band-width in the specimen, es-
timated to be around three times the size of aggregate with the larger diam-
eter [13], that is usually interpreted as the dominant macro-crack. To high-
light the difference with brittle materials where the fracture is obtained im-
mediately after reaching the critical stress, concrete and concrete-like mate-
rials are addressed as quasi-brittle materials. These materials attain their ulti-
mate strength after developing permanent strains that, while small in absolute
terms, are significantly greater than the elastic strains. The permanent defor-
mation is due to several mechanisms, the foremost of which is the opening
and closing of cracks.

After an introduction to the state of art about concrete FE computational
modelling in Sec. 2.1, this chapter is mainly devoted to the presentation of
the non-linear 3D RE-XFEM model adopted in the present work (Sec. 2.2).
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a computational model for concrete

A benchmark and an application to a real case study are also proposed in
Sec. 2.3

2.1 computational model for concrete : state of the art

During the years, several different techniques have been developed to model
the non-linear behaviour of the brittle and quasi-brittle materials, and every
model suits in a numerical simulation accordingly to the given problem.

In the following, an overview of the principal constitutive models, with
emphasis on fracture models, used for concrete engineering applications is
given.

2.1.1 Continuum Damage Models (CDM)

In Continuum Damage Mechanics, the progressive deterioration of a loaded
concrete specimen is attributed to the formation of micro-cracks, voids and
other types of material defects and flaws. The state of deterioration is mea-
sured through the damage variable d. In order to model an isotropic dam-
age process is sufficient to consider a scalar damage variable, while tensor
damage variables of the second and fourth order are required to account for
anisotropic damage [14]. For concrete, an isotropic damage formulation is
usually employed.

Let us consider a damaged element characterized by an overall section area
S , and let us consider S̃ be the effective resisting area purged from the flaws
and cavities. By definition, in the case of isotropic damage, the damage vari-
able d is

d =
S − S̃
S . (1)

From the mathematical point of view, the damage vanishes as S̃ approaches
to the value of the section area S(undamaged material), while, if the effective
resisting area S̃ approaches to S̃ = 0, the damage value reaches 1 (rupture of
the element).

Kachanov [15] pioneered the effective stress concept to take into account the
local micro-stress concentration due to the progressive nucleation of micro-
cracks.
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2.1 computational model for concrete : state of the art

The effective stress tensor σ̃ is related to the effective resisting area S̃
through

σ̃ = σ
S
S̃

=
σ

1− d
(2)

Usually, in literature, the degradation of mechanical properties of the con-
crete is based on the strain equivalence principle, while CDM relying on en-
ergy or stress equivalence principle are less diffused.

In the strain equivalence principle, the strain associated with a damaged
state under the applied stress is considered equivalent to the strain associated
with its undamaged state under the effective stress. This implies that

ε = Cσ = Cdσ̃ , (3)

where C is the compliance matrix of the material and Cd = (1− d)C is the
secant compliance matrix. The damage evolution in concrete is obtained defin-
ing a softening law d = g(k) and a loading function f (ε, k) that depends on
the strain and the internal state variable k, characterizing the maximum strain
level reached in the load history of the material. The loading-unloading con-
ditions in the Kuhn-Tucker form

f ≤ 0, k̇ ≥ 0, k̇ f = 0 (4)

impose that k is never smaller than ε and that k cannot decrease and can grow
only if the current values of ε and k are equal to 0.

Due to its simplicity and efficiency, CDM models are largely employed in
concrete mechanics [16–21]. As reported in the review proposed by Mazars
and Pijaudier-Cabot [22], different model based on continuum damage theory
have been proposed for concrete [23].

2.1.2 Plasticity Model

Plasticity theories were originally used to model the behaviour of metals.
However, many researcher have used plasticity to characterize concrete in dif-
ferent applications [24–34]. Constitutive models formulated within the frame-
work of plasticity theory consists of: (i) a yield function, (ii) a flow rule and
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a computational model for concrete

(iii) a hardening/softening law. The inelastic deformations are taken into ac-
count by splitting the total strain ε in the elastic part εe and in the plastic part
εp

ε = εe + εp , (5)

and the stress field is set equal to

σ = D(ε− εp) , (6)

where D is the stiffness matrix of the Finite Element Method (FEM).
One of the advantages offered by plasticity models is the possibility to in-

clude into the formulation pressure and path sensitivity, non-associate flow
rule and strain hardening. On the other hand, it is not possible to model
the degradation of the material stiffness due to the development of fracture
process zones. For this reason, usually, plasticity and damage models are usu-
ally coupled. Generally, non-smooth multi-surface plasticity yield functions
are employed for quasi-brittle materials [35], then particular iterative algo-
rithms [36] are required for the solution of the problem. The computational
burden required by the method is usually high, especially in 3D formulations.

2.1.3 Discrete crack approach

Firstly proposed by Ngo and Scordelis [37], the discrete crack approach is par-
ticularly suitable for applications that require the study of the propagation of
few cracks in the specimen [38–42]. In this model, the crack is forced to prop-
agate along the finite elements boundary by splitting each node crossed by
the crack into two nodes. For this reason, according to the crack initiation and
the crack propagation criterion employed, a proper remeshing algorithm is
required for each iteration of the analysis. If the specimen is characterized by
the presence of discontinuities, voids, and inclusions, then the patterns must
conform to these geometric entities. The construction of such meshes becomes
quite difficult, especially in three-dimensional problems. The difficulty of de-
veloping a robust and automatic remeshing algorithm and the computational
effort needed for the continuous change in topology are the main disadvan-
tages. In order to overcome these difficulties, usually, the discrete crack ap-
proach is employed for modelling the propagation of few main cracks in a
structure, while other secondary cracks are modelled with continuous frac-
ture models [43, 44].
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2.1 computational model for concrete : state of the art

2.1.4 The Extended Finite Element Method (XFEM)

The Extended Finite Element Method (XFEM) is a powerful and effective tool
developed by Belytschko and coworkers (Belytshko and Ventura [1], Moës et
al. [45]), that can be successfully used for the solution of problems that involve
crack propagation or the evolution of discontinuities in complex geometries.

The principal advantage of this method is that the finite element mesh is
independent of the morphology of these entities, as shown in fig. 2.1, then the
evolution of crack does not require mesh adaptivity. In general, in the XFEM

(a) (b)

Figure 2.1: Example about the difference of mesh generation between standard FE
models (a) and XFEM (b) in problems that involve cracks

the displacement field is approximated by exploiting the concept of Partition
of Unity (Melenk and Babuska [46]) to enrich at nodal level the standard FEM
solution. A partition of unity is a sets of functions φI(x) such that for each
point of the definition domain:

∑
∀I

φI(x) = 1 . (7)

Standard finite element shape functions satisfy the partition of unity property.
Generally, the same functions are used for enrichment and standard finite
elements approximations φI(x) = NI(x). The general formulation of the dis-
placements field using this approach can be written as

u(x) = uFE + uenr = ∑
∀I

NI(x)uI + ∑
∀I

NI(x)H(x)aI , (8)
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a computational model for concrete

where uI represent the standard nodal degrees values, aI are unknown pa-
rameters that adjust the enrichment so that it best approximates the solution
and H(x) is the heaviside functions defined as

H(d(x)) =

1 , d̄(x) ≥ 0

0 , d̄(x) < 0
, (9)

where d̄(x) is the distance from the point considered and the discontinu-
ity surface. Numerical integration in XFEM requires special attention. For
Heaviside-enriched elements, usually, a sub-triangulation integration scheme
is employed, though more efficient integration procedures have been devel-
oped [47–49]. The literature is rich in studies on the XFEM methods. Among
the others, some applications to concrete structures can be found in the works
of Ren et al. [50], Gowleski et al. [51] and Zhang and Bui [52].

2.1.5 Regularization models

In each computational model, the stress-strain rule used for the concrete crack-
ing process is characterized by a drop of the stress after the peak stress is
reached. As is well known, the use of strain-softening laws leads to an ill-
posed boundary value problem [53] and to a pathological non-physical sensi-
tivity of the results to the finite element size of the meshes employed [54]. The
mesh-dependency of the results is not acceptable and it must be removed from
the numerical model. For engineering applications, the ill-posedness of the
problem is usually avoided by adopting a regularization technique. The regu-
larization techniques aim to introduce a characteristic length into the model
in order to smear the fracture over a certain domain involving several finite
elements. In the following, a brief description of the principal regularization
models employed for applications that involve concrete structures is reported.

2.1.5.1 Cohesive Zone Models (CZM)

Fictitious crack models or Cohesive Zone Models (CZM), are largely used in
problems that involve cracks and discontinuity in concrete structures [55–58].

In cohesive zone models, the complex stress state that arises around the
discontinuity edges and near the crack tip, the so-called cohesive zone, is
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lumped into a single surface and all the effects are taken into account into the
traction-separation law that rules the cohesive interaction across the discon-
tinuity surface. Many different CZM has been developed in order to handle
complex problems such as mixed mode crack propagation, scale effects, irre-
versible deformations and many others. A complete review of these methods
can be found in the work proposed by Park and Paulino [59].

2.1.5.2 Non-local Models

In non-local models, unlike standard FE codes, the stress at a given quadra-
ture point of the considered finite element does not depend only on the local
strain of the point but also on the strain of the surroundings quadrature point.
The size of the area where the averaging of the internal variables takes place
is a parameter of the model that depends on the material properties and on
the specimen geometry. For this reason, this regularization model requires
the calibration of the non-local length by inverse analyses. Some example of
non-local model use for concrete specimen can be found in [60–62]

2.1.5.3 Smeared Crack Models

The main purpose of smeared cracked models is to spread the energy dissi-
pation process of the crack over a localization band of finite width, as firstly
proposed in the crack band model by Bazant et al. [63]. The width of the lo-
calization band, that is usually smaller than the characteristic size of the finite
element mesh, need to be calibrated in order to model the proper amount
of dissipated energy in the cracking process. This introduces a characteristic
length into the model that depends on the size of the finite element discretiza-
tion.

The smeared crack models can be classified in fixed crack models and ro-
tating crack models. In the first case, the orientation of the crack is prescribed
and is not allowed to change. Since usually, for concrete, the orientation of
the crack is typically perpendicular to the principal tensile strain, in rotating
crack models, the crack is allowed to propagate accordingly the evolution of
the principal strain axis. Smeared crack models often exhibit a so-called mesh
alignment sensitivity, as the orientation of the smeared cracks can be depen-
dent on the orientation of the finite element mesh. Some remarkable applica-
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tions of smeared crack problems to concrete structures can be found in the
works proposed by De Borst and Nauta [64] and Dahlblom and Ottosen [65]

2.1.5.4 Viscous Models

The well-posedness of the boundary problem can be restored also introducing
a viscosity in the model, even if the introduction is not physically motivated.

In viscous models, the internal length introduced into the formulation in
the 1D case is defined by the relationship

l =
η√
E/d

, (10)

where η [kg/(ms)] is the viscosity parameter, E is the Young’s modulus of the
material and d [kg/m3] is the density of the material. The term c =

√
E/d is

usually called propagation velocity. It has been found that the well-posedness
of the boundary problem is ensured when the time span of the viscosity t
is lower than the critical value t0 = l/c. An example of the application of
a viscous model to concrete structures can be found in the work by Faria et
al. [66].

2.2 the regularized extendend finite element method (3d re-
xfem)

As assessed by the presence of several computational models, the FE simula-
tion of the non-linear behaviour of concrete-like materials in the presence of
strong and weak discontinuities inside the specimen is difficult.

The goal of this work is to develop a computational method able to predict
and model in a reliable way the failure mechanisms observed in real applica-
tion problems.

Here, the regularized variant proposed by Benvenuti and co-workers [2,
67] of the XFEM approach presented in Sec. 2.1.4 is adopted. The method
has been employed to study different two-dimensional linear and non-linear
problems in quasi-brittle material [3–5]. Some examples on three-dimensional
linear problems that involve planar, cylindrical and spherical inclusions have
been also presented [6, 7, 68]. Based on the research lines pursued by Ben-
venuti and co-workers, a 3D non-linear Regularized XFEM formulation has
been developed in order to study some engineering problems in concrete. In
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the following, an overview of the formulation of the 3D procedure is given.
Let us focus the attention on the three-dimensional body Ω shown in Fig. 2.2a
characterized by smooth external boundaries ū, a load distribution p̄ in Ωp
and an internal plane joint ∂Ωd parallel to the plane xy. Between the two

(a) (b)

Figure 2.2: Specimen characterized by a surface discontinuity ∂Ωd that split the body

disjointed zones denominated Ω+ and Ω−accordingly to its position, the dis-
placement u(x) displays a jump [[u]](x)

[[u]](x) =

(u+(x)− u−(x)) , x ∈ ∂Ωd

0 otherwise
. (11)

where u+ and u− denote the displacement on the zone Ω+ and Ω−, respec-
tively. The displacement field in the body can be expressed as

u(x) = v(x) + [[u]]x . (12)

Let us introduce the scalar signed distance function d̄(x) of the generic posi-
tion x defined as

d̄(x) =

|x̄− x| , (x̄− x) n(x) ≥ 0

− |x̄− x| , (x̄− x) n(x) < 0
, (13)
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where x̄ is the projection of x in the surface Ωd and n is the normal vector of
the discontinuity surface. In this way the crack surface is defined by d̄(x) = 0,
i.e. a level set [69]. That allows to treat discontinuities such as cracks without
any supplementary data other than at nodal points. As introduce in Eq. 8,
in standard XFEM the displacement field of the specimen in Fig. 2.2a can be
expressed using the Heaviside function H(x) as

u(x) = uFE + uenrichment = v(x) +H(x) a(x) . (14)

In the 3D Regularized eXtended Finite Element method proposed in this
work, the discontinuity ∂Ωd (Fig. 2.2a) is replaced by the regularized volume
Ωρ having finite thickness 2Lρ (Fig. 2.2b), where ρ is the regularization length.

The introduction of an internal length leads to restore the well-posedness of
the boundary problems and avoid the pathological mesh-dependency of the
problems. In the proposed method, the introduction of the regularized volume
is also aimed to model physically the development of fracture process zone,
that it is particularly suitable for problems in quasi-brittle-materials.

Unlike standard XFEM model where the displacement jump is governed by
the Heaviside functions, in the volume Ωρ the continuous regularized Heavi-
side functions Hρ

Hρ(x) =
1
ρ

∫ d(x)

0
e−
|ξ|
ρ dξ = sign(d̄(x))(1− e−

|d̄(x)|
ρ ) (15)

is used to rule the displacement jumps inside the regularization volume. The
Euclidean norm of the gradient of Hρ is

‖∇Hρ‖ = γρ . (16)

The function γρ can be interpreted as the micro-crack density function in the
regularized volume Ωρ. Following the experimental observation carried out
by Mihashi and Nomura [70] and Otsuka and Date [71], the function

γρ(x) =
1
ρ

e
−|d̄(x)|

ρ (17)

has been chosen. Fig. 2.3a and Fig.2.3b show the regularized Heaviside func-
tion Hρ and its derivative γρ for three different values of the regularized
parameter ρ, respectively.

14



2.2 the regularized extendend finite element method (3d re-xfem)

(a) (b)

Figure 2.3: One-dimentional rappresentation of function Hρ (a) and γρ for ρ = 0.09
(continuos line), ρ = 0.05 (dashed line) and ρ = 0.01 (dotted line)

Since the regularized Heaviside function Hρ and its derivative γρ do not
have a compact support, a truncated support cρ = 40ρ is obtained by neglect-
ing the contribution of points whose distance d̄ is larger than 20ρ. In particular,
two cases can occur:

• if the size of the finite element he is larger than the truncated support
cρ, then a sub-elemental enrichment is carried out, which leads to a thin
process zones, Fig. 2.4a

• if the size of the finite element he is smaller than the truncated support
cρ, then a sub-elemental enrichment is carried out, which leads to a thick
process zone, Fig. 2.4b

2.2.1 Incremental finite element formulation

Let us consider the three-dimensional domain Ω discretized in finite elements
connected atM nodes to be subjected to a loading history t = [0, T] formed by

15



a computational model for concrete

(a) (b)

Figure 2.4: Diferences between thin (a) and thick (b) process zone

N non-overlapping time intervals. At the instant tn, the solution of the equi-
librium problem is (vn, an). After the increment ∆p in the interval [tn, tn+1]
the update solution (vn+1, an+1) has to be calculated. The field vn+1 is approx-
imated over the set of the M nodal values vI , while the displacement jump
field an+1 is approximated over the set of theMenr ⊂ M enriched nodal val-
ues vJ . The same first order polynomial shape function N is employed for the
two fields. According to Eq. 14, the displacement is determined as

un+1 = Nvn+1 + HρNan+1 , (18)

where the vectors vn+1 = {v1, . . . , vM} and an+1 =
{

a1, . . . , aenr
M
}

collect the
nodal values at the instant tn+1. The compatible strain field is defined as

ερn+1 = εa
n+1 + εb

ρ,n+1 + εc
ρ,n+1 (19a)

εa
n+1 = Bvn+1 (19b)

εb
ρ,n+1 = HρBan+1 (19c)

εc
ρ,n+1 = γρN̄an+1 , (19d)

where B = ∇N is the compatibility operator and the matrix N̄ is expressed
as

N̄an+1 ≈ Nan+1 ⊗ nl , (20)
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nl being the local vector defined based on the mechanism-based levelset ex-
plained in the Sec. 2.2.2. Each term of the equation can be seen as the expres-
sion of a different mechanical aspect. The strain εa

n+1 is the same that we can
obtain on a body in absence of discontinuity. The second term ερb,n+1 is due
to the jump an+1 and it is defined of the entire solid. The contribution ερc,n+1,
that represents the strain localized over the regularization volume Ωρ, is pro-
portional to the function γρ and is different to zero only inside the regularized
volume.

2.2.2 A mechanism-based local level set

As aforementioned, in concrete-like material, a discontinuity is the result of
the coalescence of several micro-crack that take place in a volume of finite
width called fracture process zone [54]. The micro-cracks orientation is as-
sumed to be orthogonal to the local maximum principal stress direction nl, as
shown in Fig. 2.5 for different load schemes. Besides being corroborated by
the experiments, these hypotheses are usual in two-dimensional FE analysis
and in numerical models based on one-dimensional bond-stress laws [72, 73].

In the present study, a level set system is adopted, called “global-local level
set” system. The “global-local level set” procedure adopts a global level set
function denoting the surface of the main crack, and a local level set system at
each Gauss point within the regularized volume Vρ defined through the vec-
tors orthogonal to the micro-cracks. In order to alleviate the computational
burden of the simulation, the field of normal vectors nl are imposed at the
Gauss points accordingly to the expected micro-cracking behaviour. Notewor-
thy, the solution of the non-linear iterative-incremental procedure will then
decide the final directions of the principal stresses, that do not generally coin-
cide with those of nl.

2.2.3 Constitutive laws and continuous-discontinuous transition

The 3D RE-XFEM is integrated within an isotropic CDM.
The bulk is made of an isotropic elastic material with constitutive matrix D.

Two isotropic damage variables, dn+1 and dc
n+1, are introduced. The damage

dn+1 pertains to the bulk material, while dc
n+1 is associated to the regularized

displacement jump. As usual, the values of the damage variables range from
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(a) (b) (c)

Figure 2.5: Qualitative representation of the FPZ in quasi-brittle materials in a hori-
zontal crack caused by different 2D load schemes: a) mode I, b) mode II
and c) mixed mode

0 for sound material up to 1 for completely damaged material. The stress field
associated with the bounded part of the strain εa

n+1 and εb
ρ,n+1 in the enriched

finite elements is governed by the elasto-damaging constitutive law

σn+1 = (1− dn+1)DBvn+1 + (1− dn+1)DBHρan+1 , (21)

while the elasto-damaging law

tn+1 = (1− dc
n+1)D(n̄l ⊗ an+1) (22)

defines the stress related to the localized strain εc
ρ,n+1. The evolution of the

damage variables during the continuous-discontinuous transition has been
treated in details in Refs. [4, 5].

Essentially, during the load process, in each finite element of the mesh two
regimes can occur:

• In the continuous regime, the concrete-like material is modelled through
an elasto-damaging constitutive law and the regularized discontinuity
description is not activated. In this regime, the material non-linear be-
haviour is ruled by the damage variable d;

• In the regularized discontinuous regime, the local damage d has reached
at least in one of the quadrature point the critical threshold dcr and
then the regularized discontinuity has been activated. In this regime, the
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evolution of the damage d is stopped, while the damage that pertains to
the regularized jumps dc starts to evolve from dcr to 1

It has been proved [5, 74] that this procedure ensures a smooth transition
from the CDM model to the 3D RE-XFEM. The simplest damage criterion
has been chosen for the material, which is the Galileo-Rankine criterion, often
used for brittle and quasi-brittle materials. For a stepwise monotonic damage
evolution, the damage variable at the current instant tn+1 in the continuous
regime is cast as non-decreasing function of the current damage threshold
rn+1 by means of the loading-unloading conditions [75]

ϕn+1 = τn+1 − rn+1 = 0, ∆dn+1 ≥ 0, ϕn+1∆dn+1 = 0 , (23)

where τn+1 is the equivalent stress defined as 〈σ̄〉n+1. The operator 〈̇〉 selects
the positive value of the maximum principal stress σ̄1 associated with the
effective stress σ̄n+1 = DBvn+1. Noteworthy, no damage in compression de-
velops with the damage law adopted. At the current instant tn+1, the damage
variable dn+1 is updated by means the exponential damage law

dn+1 =


dn φn+1 ≤ 0

1− r0

τn+1
exp
{
−2Hs

τn+1 − r0

r0

}
φn+1 > 0

, (24)

where Hs is the softening module and r0 is take equal to the tensile strength
of the material. A qualitative representation of the damage law for different
value of the softening module is shown in Fig. 2.6.

According to the continuous-discontinuous transition, the damage dn+1
rages from 0 to the threshold value dcr. Once the damage reaches the critical
threshold at least in one of the quadrature points, the regularized disconti-
nuity is activated in that element. In the regularized discontinuous regime,
the damage evolution of d is frozen and the bulk can only elastically unload,
while the damage dc in the regularized volume is governed in a similar way
by the loading function

ϕc
n+1 = τc

n+1 − rc
n+1 = 0, ∆dc

n+1 ≥ 0, ϕc
n+1∆dc

n+1 = 0 , (25)
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where the equivalent stress τc
n+1 is defined as 〈t̄〉n+1. The effective stress

is defined t̄n+1 = DN̄an+1 in the case of sub-elemental enrichment and as
t̄n+1 = γρDN̄an+1 in the case of super-elemental enrichment.

dc
n+1 =


dc

n ϕc
n+1 ≤ 0

1−
rc

0
τc

n+1
exp
{
−2Hs

τc
n+1 − rc

0

rc
0

}
ϕc

n+1 > 0
, (26)

where rc
0 is equal to the tensile strength ft,c of the material.

The damage value dc
n+1 range from the value dcr to the maximum value 1

that is associate to the complete damaged material.

dc
n+1 = max{dcr, dc

n+1} . (27)

Figure 2.6: Stress-strain damage law adopted for the material in the one-dimensional
case for Hs = 0.016 MPa (blu continuous line), Hs = 0.008 MPa (green
pointed line) and Hs = 0.004 MPa (red dashed line)
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2.2.4 Variational Formulation

The discrete form of the virtual power principle is:∫
Ω
(1− dn+1)D(Bvn+1 +HρBan+1)

t(Bvn+1 +HρBan+1)dΩ+∫
Ωρ

γρ(1− dc
n+1)at

n+1N̄ t · DN̄an+1dΩ =

=
∫

∂Ωd

pn+1 · Nvn+1 , (28)

holds for any vn+1 and an+1. The problem of finding vn+1 and an+1 such
that:

Lv =
∫

Ω
BtDBvn+1 + BtDBHρan+1dΩ−

∫
Ω

N t pn+1dΩ = 0 , (29)

Lj =
∫

Ω
HρBtDBvn+1 + Hρ

2BtDBan+1dΩ+∫
Ωρ

γρN̄ tDcN̄ tan+1dΩ = 0 . (30)

At the equilibrium iteration i within the load step tn+1, the variables are
written in the iterative form vi

n = vi−1
n + δvi

n, ai
n = ai−1

n + δai
n where δai

n and
δai

n are calculated by solving:

K un+1 = pn+1 . (31)

The solving system can be defined as:[∫
Ω

BtDBdΩ
]
[un+1] =

[∫
Ω

N t pn+1dΩ
]

. (32)

To calculate the stiffness matrix when the regularized discontinuity is acti-
vated, we can refer to the work of Benvenuti at al. in [6] and [4], where it is
proved that:

K = KΩ + KΩρ
. (33)

In particular, we can cast the solving system in the next matrix form:[∫
Ω KVV dΩ

∫
Ω KVAdΩ∫

Ω KAV dΩ
∫

Ω KAAdΩ

]
n+1

[
v
a

]
n+1

=

[∫
Ω N t pn+1 dΩ

0

]
. (34)

21



a computational model for concrete

2.2.5 Non-linear solver

The non-linear problem is solved thanks to the adoption of a arc-length algo-
rithm [76, 77]. The arc-length algorithm is a continuous methods that allows
the definition of the equilibrium path of a structure passing limit point. In
general, we can express the equilibrium equations as

g(u, λ) = qi(u)− λpe f = 0 , (35)

where qi is the internal forces, pe f is the fixed external load and λ is the scalar
load multiplier of the vector qe f . For this work, the load-level parameter λ is
kept fixed and equal to a constant.

Several forms of arc-length methods were developed, all aimed at finding
the intersection of equilibrium in Eq. 35 and the arc-length defined as

s =
∫

ds = const , (36)

where

ds =
√

dutdu + dλ2ψ2pe f
t pe f . (37)

It has been proved that the scaling parameter ψ has a little effect in practical
problems. For this reason, it has been taken equal to zero.

The intersection between the equilibrium path and the arc-length of equa-
tion require the solution of the non-linear system defined by

g(s) = qi(u(s))− λ(s)pe f = 0 . (38)

A predictor-corrector scheme is used [36]. This is realized by a tangential
predictor that replaces the differential form of Eq. 37 with

a = (∆ut∆u + ∆λ2ψ2pe f
t pe f )− ∆l = 0 , (39)

where ∆l is an approximation of the incremental arc-length.
The main feature of the arc-length algorithms is that the load parameter λ

becomes a variable of the system. Then, the solving system counts a total of
n + 1 variables, with n displacements variables and one constraint (Eq. 39).
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The n + 1 equation can be solved by applying the classic Newthon-Raphson
method and introducing by a truncated Taylor series:

gn = go +
∂g
∂u

δu +
∂g
∂λ

δλ = go + Ktδu− pe f δλ , (40a)

an = ao + 2∆utδu + 2∆λδλψ2pe f
t pe f = 0 . (40b)

Combining the two equations and imposing an and gn equal to zero, δλ and
δu can be calculated as[

δu
δλ

]
=

[
Kt −pe f

2∆ut 2∆λψ2pe f
t pe f

]−1 [
go

ao

]
, (41)

where the matrix is called augmented stiffness matrix.

2.2.6 Linearised Arc-length

A simple and stable variant of the arc-length can be obtained by the linearisa-
tion of Eq. 40b

∆u0
tδu + δλ(∆λ0ψ2pe f

t pe f ) = −a0/2 . (42)

Imposing a0 equal to zero, we obtain that the linearised arc-length is orthog-
onal to the tangent at the equilibrium path in the point (u0, λ0pe f ).

Rearranging the equation of linearised arc-length, we have

δλ(∆u0, ∆λ0) =
−(a0/2)− ∆u0

tδū
∆u0

tδut + ∆λ0ψ2pe f
t pe f

. (43)

Despite this linearised version of the arc-length solver is simpler than other
algorithms, such as spherical/cylindrical arc-lengths, it has been found that
the method is very effective for the simulations carried out in the present
contribution.

The final form of the linearised arc-length can be deduced by imposing a
vanishing value of the parameter a0 and ψ

δλ(∆u0, ∆λ0) = −
∆u0

tδū
∆u0

tδut
. (44)
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In order to reduce the issues related to the convergence of the iterative pro-
cedure, the non-linear solver algorithm in Eq. 44 is applied to some degrees
of freedom of few nodes of the finite element mesh modelled, named control
nodes, chosen by the user. In this case, we used a selective arc-length method.
A proper choice of the control nodes for each case study is required to im-
prove for the stability of the non-linear procedure. In general, the degrees of
freedom that experience a monotonic behaviour are chosen as control nodes.

2.2.7 3D non-linear code

The 3D RE-XFEM model has been implemented into a parallelized FORTRAN
code [8]. The flow chart of the final version of the program is reported in
Fig. 2.7.

At the beginning, a 3D linear FORTRAN code working with an adaptive
quadrature was available [6, 7]. Thence, in order to solve the non-linear prob-
lem accordingly to the 3D RE-XFEM presented, several modifications of the
initial code and a new non-linear iterative procedure were needed.

The final code is able to perform analysis with tetrahedral and hexahedral
finite elements. In order to perform the analysis, the Intel FORTRAN XE Com-
poser numerical library [78] has been used in order to improve dramatically
the performance of the code. In particular, to invert the matrix in Eq. 41, the Di-
rect Sparse Solver (DSS) routine of the aforementioned library has been used.
This routine, that it is specific for the symmetric sparse matrix, required the
definition of the stiffness matrix in a compact form called Compress Sparse
Row (CSR) format. In the end, the program has been compiled by means
the ifort compiler, provided with the Intel’s library, in order to optimize the
code. The pre-processing modeling of the specimen and the post-process of
the results of the simulation are managed by means the free-ware program
GMSH [79].

2.3 benchmarks and application

In order to test the reliability of the 3D non-linear code, several benchmarks
have been carried out. The case of a double notched strip shown subjected to
a tensile test is considered.
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Figure 2.7: Flow chart of the 3D non-linear FORTRAN code implemented
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2.3.1 The Rectangular doubly notched strip

The case of the notched rectangular strip subjected to a tensile originally pro-
posed by Cervera et al. [75] has been considered for the validation of the 3D
procedure. Indeed, the problem has been already studied by Benvenuti and
Tralli [5] with the 2D RE-XFEM, and the results have been validated by means
the commercial code TNO- Diana. The strip, shown in fig. 2.8, have length
l = 200 mm, width b = 100 mm and thickness t = 10 mm. The notches
at the middle of the long side are d = 6 mm deep and width w = 3 mm.
The strip is clamped at the bottom and it is subject to an imposed displace-
ment at the top. The same material parameters used in the reference [5] in the

Figure 2.8: Tensile Test: Geometry of the specimen

2D plane-stress simulation has been used. The material is characterised by a
Young’s modulus E = 2000 MPa, a vanishing Poisson’s coefficient, a tensile
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strength ft = 1 MPa and a softening modulus Hs = 0.002 MPa. According
to the reference, the critical threshold dcr for the continuous-discontinuous
transition has been set to dcr = 0.001. A mesh with 12186 tetrahedral finite
element with minimum mesh-size of he = 3.3 mm has been used. The regu-
larization parameter was set equal to ρ = 0.0825 mm in order to obtain that
the localization band is restricted to a single layer of finite elements. The sim-
ulation of the strip, consisting in 10248 dofs, almost require 36 minutes. The
computed load vs displacement response is reported in Fig. 2.9. The results

Figure 2.9: Tesile Test: Comparison of the load vs displacement response between
the 2D plane-stress analysis carried out by Benvenuti and Tralli [5] (black
dashed line) and the solution with the proposed 3D RE-XFEM employing
a coarse mesh (blue continuous line) and a fine mesh (red dashed line)

of the simulation are in perfect agreement with the analysis carried out by
Benvenuti and Tralli [5]. The strip exhibits a linear elastic behaviour until the
peak reached a load P = 832 N, and then it shows a clear softening behaviour
in the post-critic branch. The contour plots of the damage on the regularized
discontinuity dc for four different steps of the response of the specimen have
been reported in Fig. 2.10. The step chosen has been highlighted in the load-
displacement response. Step A and Step B have been taken right before and in
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correspondence of the peak load, respectively. Instead, Step C and Step D are
positioned on the post-peak softening branch of the curve. Fig. 2.10a shows
that the damage starts to propagate from the notches before reaching the peak
load. At the peak load (Fig. 2.10b), the discontinuity has propagated towards
the middle of the strips. The damage of the element near the notches has
grown, reaching almost the maximum value. Fig. 2.10c and Fig. 2.10d shown
that rapidly, after the peak load, all the element crossed by the discontinuity
have been enriched. The damage on the regularized surface has progressively
grown according to the stress-strain non-linear damage law defined.

In order to prove the mesh-independence of the results, a test with a mesh
having he = 1.1 mm and fixing all the other problem parameters has been
carried out. The result of the simulation is reported in Fig.2.9. The elabora-
tion, that counts 45219 dofs, required 2 hours and 12 minutes. The structural
responses obtained with the coarse mesh and the fine mesh are almost over-
imposed in Fig. 2.9. The peak load obtained with the fine mesh is only about
1.8 % smaller than the previous one.

This confirms the mesh-independency of the method is confirmed.

2.3.2 Pull-out

In the present section, the application to a real problem by means of the pro-
posed 3D RE-XFEM approach is presented. In particular, the pull-out test on a
steel rebar embedded in a concrete block, proposed in journal paper [80] and
in the conference paper [81], has been investigated. As reference results, the
experimental findings of Xiao and Falkne [82] have been considered, where
two sets of pull-out tests were performed using plain and deformed bars for
the specimens shown in Fig. 2.11a. A concrete characterized by compressive
strength fc,c = 43.52 MPa, a Young’s modulus Ec = 34.2 GPa and Poisson’s
ratio ν = 0.2 has been used in the experiments. The plain and the deformed
steel rebars have Young’s modulus Es = 210 GPa, Poisson ratio ν = 0.3. The
experimental plain bar yield strength was equal to fy,s = 300 MPa, while for
the deformed bar a steel with a yield strength equal to fy,s = 420 MPa has
been used.

The load was applied by a testing machine to the end of the rebar, while
the slip at the free end of the rebar was recorded. In particular, a tube was
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(a) Step A (b) Step B

(c) Step C (d) Step D

Figure 2.10: Contour plots of the damage in the regularized discontinuity for the
steps highlighted in the load vs displacement curve shown in Fig. 2.9
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(a)

(b)

Figure 2.11: Pullout tests: geometry of the specimen employed by Xiao and
Falkne [82](a) and qualitative representation of the local-levelset em-
ployed for the simulations (b)

inserted in the specimen in order to impose the right embedment length and
to prevent the development of incorrect failure mechanisms.

In the numerical simulations, the elastic material values for the materials
have assumed. The parameters characterizing the non-linear behaviour of the
discontinuity have been calibrated from the tests. In particular, for the plain
bar ft = 7.0 MPa and Hs = 2.5 · 10−5 MPa have been used, while, for the
deformed bar, ft = 13.5 MPa and Hs = 1.0 · 10−4 MPa have been imposed.

Since in the experiments the stress in the steel bars does not reach the yield
strength of the material, the bars have been modelled as linear elastic. For both
the applications, the regularization parameter has been set to ρ = 0.0250 mm
and only one layer of finite elements having mesh size c = 1 mm (thin process
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(a) Plain bars (b) Deformed bars

Figure 2.12: Pullout tests: Comparison between the experimental [82] and the nu-
merical load vs displacement curves for the pullout of the plain (a) and
deformed (b) bars from concrete blocks

zone) has been enriched. The threshold value of damage dcr has been set to
dcr = 0.001. The local-levelset adopted for the regularized volume has been
reported in Fig. 2.11b, accordingly to the expected micro-cracking behaviour
of the specimen. To reduce the computational burden of the simulation, owing
to the double symmetry of the problem, only a quarter of the specimen has
been meshed. In particular, a mesh formed by 25164 elements and 22662 dofs,
characterized by a minimum mesh size he = 1 mm has been employed in the
elaborations. The simulations required 58 minutes for the plain bar and 1 hour
and 19 minutes for the deformed bar in a i7-5930k CPU. The numerical and
the experimental results are compared in for the plain and the deformed bars
area reported in Fig. 2.12a and Fig. 2.12b, respectively. The contour plots of
damage on the regularized discontinuity dc for three representative steps of
the deformed bar response curve have been reported in Fig. 2.13. At the peak
load, namely Step A, the damage starts to propagate from the loaded end.
Then, in post-peak softening branch, the damage propagates towards the free
end of the steel rebars (Step B) until it reaches the end of the concrete block
(Step C).
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(a) Step A

(b) Step B

(c) Step C

Figure 2.13: Contour plots of the damage for the steps highlighted in the load vs
displacement curve shown in Fig. 2.12
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2.4 remarks

The numerical responses obtained for the plain and the deformed bars are
in good agreement with the experimental curves. This application confirms
that the model is a valid alternative to literature models, such as cohesive
zone models, in order to study weak discontinuity in concrete specimen.

2.4 remarks

The 3D non-linear Regularized XFEM procedure has been presented. The
main aspects of the method can be summarized as:

• In the proposed model, like Standard XFEM, the shape of discontinuities
do not have to conform to the FE mesh.

• The internal length introduced into the formulation has a physical mean-
ing. This makes the model suitable for model weak and strong disconti-
nuity in quasi-brittle materials like concrete.

• The mechanism-based local levelset allows taking into account problems
that involve mixed mode crack propagation.

• A simple Galileo-Rankine damage law has been chosen. The model does
not take into account damage in compression.

After the introduction of the 3D model, the next chapter is dedicated to the
presentation of the results obtained in different engineering applications.
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3
D E B O N D I N G O F F R P F R O M C O N C R E T E B L O C K S

3.1 introduction

Fiber Reinforced Polymers (FRP) reinforcements are increasingly used for the
post-seismic structural rehabilitation and to enhance the ultimate strength
of concrete structural elements. Single-lap shear tests on FRP-reinforced con-
crete blocks are often performed to assess the ultimate load before the com-
plete debonding of the FRP plate [83] occurs. Debonding is a complex three-
dimensional process, and a challenging issue in computational mechanics [84–
86].

Based on experimental results, it is known that the debonding process in-
volves a thin portion of material localized in the concrete layer underlying
the FRP plate. Within finite element (FE) approaches, the concrete block is
commonly modelled as a two-dimensional body in plane stress state, and the
FRP-concrete interface as a one-dimensional interface subjected to distributed
tangential stress by means of bond stress-slip laws [72, 87]. However, even if
the reinforcement is loaded mainly in shear, the out-of-plane displacements
observed during the tests induce tensile and compression stresses orthogonal
to the bonding plane [73]. Hence, one-dimensional bond stress-slip relation-
ships have been modified to take into account failure mechanisms relying on
mixed fracture modes [88, 89]. Furthermore, experimental tests [90, 91] de-
tected the occurrence of edge regions with high shear strains associated with
the stress transfer from FRP to concrete, and highlighted the key role of the
peel displacement in the debonding onset and propagation. In particular, a
two-way debonding mechanism was observed [73, 92]. For very short bond-
ing lengths, debonding starts at the free end of the FRP plate and propagates
towards the loaded end of the plate. For sufficiently long bonding lengths,
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debonding starts at the loaded end and propagates towards the free end until
a critical bonding length is reached, at which debonding at the free end starts
and propagates towards the loaded end. Furthermore, the maximum transfer-
able load is influenced by the FRP plate bending, and the ratio between the
widths of the plate and the concrete block.

Width-effects associated with shear-strain-edge-regions cannot be taken into
account assuming a plane stress state. For this reason, 3D FE codes [93] have
been used, most of them assuming the concrete-FRP surface as a zero thick-
ness interface. Based on these assumptions, 3D FE simulations highlighted
the dependence of the concrete stress state on the bending rigidity of the FRP
plate and the edge stiffening effect on the shear stress components. To this pur-
pose, the analysis proposed in [94] assumed elastic materials, and a perfect
bond between the adhesive and the FRP plate. An elastic-damage interface
model governing the inter-laminar stresses acting in the sliding direction was
adopted in a more recent study [93]. Furthermore, based on a bond stress-slip
law, Neto et al. [95] have introduced an effective bond width that compre-
hends of both the FRP plate and the contiguous concrete with non-vanishing
shear stress.

Despite the use of the XFEM for the 3D modelling of debonding in compos-
ite laminates is quite established, 3D RE-XFEM simulations of pull-out tests
of FRP plates bonded to concrete specimens seem not to have been presented
in the literature.

2D plane-stress simulation of debonding with the regularized XFEM ap-
proach was previously carried out by Benvenuti et al. [3]. In particular, the
debonding strength was predicted with a sufficient accuracy exploiting just
the nominal values of the Young’s moduli and the Poisson’s coefficients of
concrete, glue, and reinforcement.

With respect to the previous 2D model [3], the 3D RE-XFEM formulation
proposed in Ch. 2 is characterized by the global-local system of level sets de-
scribed in Sec, 3.2, that they take into account the edge effects and a fully 3D
mixed shearing-peeling debonding mechanism. The main aim of this contri-
bution is not only to fit the experimental results, that are often subjected to
several uncertainties, but also to provide a reliable technical tool that can be
used for design purposes besides, or in alternative to, experimental tests.

The results shown in this chapter are taken from the published in. [9]. The
results obtained for the data sets [73] and [96] are shown in Sec. 3.3. Em-
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Figure 3.1: Photographs of the detached concrete layer after debonding for the tests
of Carrara et al. [73]

phasis is put on the bending of the FRP plate, the presence of the peeling
displacements at both the loaded and the free ends of the FRP plate, and the
two-way debonding depending on the bonding length. The 3D behaviour of
the debonding process is assessed in Sec. 3.4, where the width dependence of
the maximum transferable load is also displayed.

3.2 local-global mechanisms based level set

debonding is assumed to take place in a plane parallel to the adhesive layer,
as usual in the literature [72, 85]. Such a plane has been located at 1 mm
underneath the concrete surface. This corresponds to confine the debonding
process in the finite element layer placed immediately below the glue. The hy-
pothesis agrees with the experimental evidence in the central part of the plate
(Fig. 3.1), where a layer of concrete 1− 3 mm thick is usually detached [73].
Of course, the concrete bulbs at the ends of the bonded zone are not caught.
The global-local level set procedure relies on the fact that we assume: a global
level set function denoting the surface of the debonding that is parallel to the
adhesive surface and located below the concrete surface, and a local level set
system at each Gauss point of the XFEM enriched finite elements, displayed
in Fig. 3.2. The global level set surface is defined a priori parallel to the adhe-
sive layer, as usual in two-dimensional FE analysis and in numerical models
based on one-dimensional interface laws. As for the local level set system,
we have adopted the following path of reasoning. In principle, the nl vector
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Figure 3.2: Qualitative picture of the vector nl associated with the local level set
adopted

is orthogonal to the crack direction and governed by the maximum tensile
principal stress. In this study, we have adopted the simplified local level set
shown in Fig. 3.2. Each edge is associated with a local set whose normal vec-
tors are shown in green and blue. The blue normals are oriented at (0, 0,−1)
for x > 0, y > 0, z > 0. The green normals are oriented outwards the edges
along the direction (1/

√
3, 1/
√

3,−1/
√

3) for x > 0, y > 0, z > 0. The local
level set adopted inside the enriched layer is associated with a normal field,
plotted in orange in the same figure, oriented towards the symmetry plane
y − z at (−1/

√
3, 1/
√

3,−1/
√

3) for x > 0, y > 0, z > 0, nl being specular
with respect to the y− z plane in the domain x < 0, y > 0, z > 0. This assump-
tion ensures that the debonding process is captured consistently. Noteworthy,
the adopted global-local level set system is imposed a priori, but the final
directions of the jump vectors at the nodes are computed by the non-linear
iterative-incremental procedure and will not generally coincide with that of
the superimposed normals. Moreover, the enriched layer of elements has the
same width as the FRP plate, and is located 1 mm below the adhesive layer.

3.3 frp plate bending , peeling and twofold debonding onset

This section is devoted to the discussion on the influence of the FRP plate
bending and on the occurrence of peeling at both the ends of the FRP plate
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Table 3.1: Material and geometry parameters employed fo the simulation

Carrara et al. [73] Chajes et al. [96]
FRP Glue Concrete FRP Glue Concrete

E [MPa] 108380 1585 33640 168500 3517.3 28700

ν 0.248 0.315 0.2 0.248 0.315 0.2
ft [MPa] - - 3.21 - - 2.85

Thickness [mm] 1 1 - 1.3 1.3 -
H [mm] 90 90 90 152.4 152.4 152.4
B [mm] 150 150 150 152.4 152.4 152.4
L [mm] 300 300 300 228.6 228.6 228.6
b [mm] 30 30 30 25.4 25.4 25.4

depending on the bonding length. The values of the Young’s modulus and
the Poisson’s coefficient adopted for the FRP plate, the glue, and the concrete
used in the model are collected in Tab. 3.1 as indicated in the references of the
experimental works.

3.3.1 Experimental data sets geometry

For a comparison with experimental results, we will consider the specimens
of Chajes et al. [96], often studied in the literature, and the specimens of
the tests by Carrara et al. [73]. It is remarkable that, while for the former
data set the structural responses lack, for the latter data set, the whole load-
displacement curves with softening post-peak branches have been recorded,
owing to a stable loading control procedure developed for this purpose. All
the data of the geometry and the material parameters of the original tests are
collected in Tab. 3.1. In the geometry adopted by Chajes et al. [96] shown in
Fig. 3.3, the glue layer starts at the front of the specimen, namely close to the
loaded end of the FRP plate. On the contrary, in the geometry of Carrara et
al. [73], shown in Fig. 3.4, the FRP plate is bonded at a certain distance from
the front of the specimen to avoid the detachment of a concrete wedge when
pulling the FRP plate. Moreover, the softening modulus Hs has been set equal
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Figure 3.3: Geometry of the specimen used for the single-lap shear test carried out by
Chajes et al. [96].
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Figure 3.4: Geometry of the specimen used for the single-lap shear test carried out by
Carrara et al. [73]

to Hs = 0.005 MPa for the Chajes et al. [96] test, and equal to Hs = 0.008 MPa
for the Carrara et al. [73] test. The regularization parameters has been taken
equal to ρ = 0.0125 mm and ρ = 0.016 mm for the Chajes et al. [96] test and
for the Carrara et al. [73] test, respectively.

Based on symmetry reasons, only one half of the specimen has been meshed.
Considering that the concrete block stiffness plays an important role in the
structural response of the specimen, we have first run some simulations where
the real dimensions of the concrete block were modelled. Then, to reduce the
computational burden, we have run the same simulations but with a width
of the meshed geometry of the concrete block equal to 80 mm. These simula-
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Figure 3.5: Mesh of the half of the Chajes et al. [96] specimen

tions gave the same results of the case with the entire width of the concrete
block. Also, the height of the concrete block has been taken equal to 35 mm
to reduce the computational effort. The mesh adopted for Chajes et al. [96] in
the Lb = 101.6 mm case shown in Fig. 3.5 is made of 250548 elements with
243930 total degrees of freedom.

3.3.2 Structural response

As the complete data set of Carrara et al. [73] test is available up to the final
debonding stage is available, the corresponding debonding process has been
assessed for various bonding lengths. To compare the computed structural
responses with the experimental ones, we have plotted the load vs both the z
displacement δ2 at the loaded end and the z displacement δ1 at the free end
of the FRP plate, as reported in Figs. 3.3 and 3.4. Different bonding lengths
Lb have been from the short length Lb = 30 mm, shown in Figs. 3.6 to the
longer lengths Lb = 90 mm and Lb = 120 mm, shown in Figs. 3.7 and Fig. 3.8,
respectively. The snap-back in the structural response plotted in terms of the
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front-displacement increases as the bonding length increases, as shown in the
case of Lb = 90 mm in Fig. 3.7a, and in the case of Lb = 120 mm in Fig. 3.8a.
The maximum transferable loads computed with the present analysis are

(a) (b)

Figure 3.6: Computed (red continuous line) and experimental [73] (black dashed line)
load-displacement profiles for Lb = 30 mm at the loaded δ2 (a) and at the
free δ1 end (b)

shown for variable bonding length in Fig. 3.9a. In addition to the previous
load-displacement simulations, the structural responses up to the maximum
transferable load have been determined for the Chajes et al. [96] geometry
too.

For this latter case, the maximum transferable loads vs the bonding length
are shown in Fig. 3.9b. The experimental data regarding the structural re-
sponse of the Chajes et al. [96] are not available, thus a direct comparison
with the computed results has not been possible.

3.3.3 Debonding onset

The different types of structural behaviour shown in Figs. 3.6, 3.7 and 3.8
are associated with different positions of the debonding onset. Because the
detachment is strictly related to the evolution of the damage variable dc, it
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(a) (b)

Figure 3.7: Computed (red continuous line) and experimental [73] (black dashed line)
load-displacement profiles for Lb = 90 mm at the loaded δ2 (a) and at the
free δ1 end (b)

(a) (b)

Figure 3.8: Computed (red continuous line) and experimental [73] (black dashed line)
load-displacement profiles for Lb = 120 mm at the loaded δ2 (a) and at the
free δ1 end (b)
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(a) (b)

Figure 3.9: Computed ("‘o"’) and experimental maximum loads ("‘x"’) vs bonding
length Lb [mm] for the tests [73] (a) and [96] (b).

is thus convenient to consider the evolution of dc, which is the damage on
the concrete surface below the glue. Fig. 3.10 displays the sequence of the
contour plots of dc for Lb = 30 mm and Lb = 90 mm at the pre-peak, the peak
and the post-peak loads, from top to bottom. In the case of short bonding
length, Lb = 30 mm, damage starts at the free end. On the contrary, for the
Lb = 90 mm case displayed in Fig. 3.10, the damage evolution is different

Fig. 3.11 shows in detail the evolution of the debonding process for Lb =
90 mm in the the pre-peak, peak and post-peak stages. In the firsts stages,
the damage develops at both the loaded and the free end of the FRP plate (a,
b), and it subsequently propagates from the loaded end towards the free end
(c) up to a certain value of the actual bonded length, approximately equal
to 30 mm(d). Then, it propagates from the free to the loaded end (e) up to
complete debonding (f). For all the investigated bonding lengths, the bend-
ing of the FRP plate influences the damage onset and its evolution. Such an
influence is shown in Fig. 3.12 for the Chajes et al. [96] test with bonding
length Lb = 50.8 mm. The same figure shows that, for this bonding length,
debonding proceeds from the free end to the loaded end of the FRP plate.

To complete the picture of the 3D debonding process, the tangential stress
τyz and the peel stress σyy have been evaluated at the Gauss points on the
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concrete surface below the glue for the Carrara et al. [73] test. Fig. 3.13 and
Fig. 3.14 display the spatial frames of σyy and τyz stress components„ respec-
tively, detected at the pre-peak, the peak and the post-peak for the Lb =
90 mm case. In particular, in a first stage, the peel stress σyy is activated at
the loaded end (a) and subsequently at the free end (c, e, g). In the final
stages (e, g), peeling at the loaded end is predominant. The shearing stress
τyz first propagates from the loaded end to the free end (b,d), then its peak
moves from the free to the loaded end (f, h). Moreover, the shear stress τyz
evaluated at the end of the FRP plate reaches values of 15 MPa, which are
slightly high with respect to the experimental ones. The profile of τyz cannot
be directly compared to the ”shear stress” of one-dimensional shear-stress-
slip laws [72], which are average values obtained from the variation of two
subsequent strains measured by strain gauges on the plate surface. For in-
stance, an example of shear-stress-slip law equivalent to the experimental one
was deduced from the results obtained by means of the regularized XFEM
approach in the 2D case [3].

3.3.4 Strain evolution and deformability

The strain evolution for various load levels have been compared with the
available experimental results for both the experimental data sets. For this
purpose, we have obtained from our 3D results a shear strain equivalent to
that usually obtained in experiments from the displacements recorded at the
strain gauges. In particular, the expression

ε =
uz,i+1 − uz,i

∆z
, (45)

has been exploited, where z is the longitudinal axis, and uz,i+1 and uz,i de-
note the displacements recorded on the FRP plate at discrete positions zi and
zi+1 = zi + ∆zi. In Fig. 3.15, the evolution of the strain along the z-axis is
shown for the Chajes et al. [96] tests at the maximum transferable load. The
post-peak strain profiles have not been reported, because the experimental
post-peak data are not available. Profiles of the same colours correspond to
the same load level, while the markers indicate the experimental results. For
the Carrara et al. [73] experimental data, the strain profiles corresponding
to both the pre-peak and the post-peak branches are available. In Fig. 3.16

the strain profiles computed for the two bonding lengths Lb = 90 mm and
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(a) Step A, Lb = 30 mm (b) Step A, Lb = 90 mm

(c) Step B, Lb = 30 mm (d) Step A, Lb = 90 mm

(e) Step C, Lb = 30 mm (f) Step A, Lb = 90 mm

Figure 3.10: Carrara et al. [73]: Damage and debonding evolution for Lb = 30 mm
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(a) (b)

(c) (d)

(e) (f)

Figure 3.11: Pre-peak (a, b, c), peak (d) and post-peak (e, f) damage profiles for Lb =

90 mm for the test [73]
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(a) Step A

(b) Step B (c) Step C

(d) Step D (e) Step E

Figure 3.12: Computed load-displacement profile for Lb = 50.8 mm and correspond-
ing deformed mesh evolution for different time step for the test [96]
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(a) (b)

(c) (d)

Figure 3.13: Pre-peak (a), peak (b) and post-peak (c,d) profiles of σyy (peeling) for the
test [73] with Lb = 90 mm
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(a) (b)

(c) (d)

Figure 3.14: Pre-peak (a), peak (b) and post-peak (c, d) profiles of τyz for the test [73]
with Lb = 90 mm
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(a) (b)

Figure 3.15: 1D equivalent axial strain along z for the test [96] obtained for Lb = 50.8
mm (a) and Lb = 101.6 mm (b). The load levels are: P = 1.94 kN (red
dashed line), P = 4.06 kN (green continuous line), P = 6.01 kN (blue
dash dotted line line), P = 8.10 kN (pink dotted line) (a), and P = 2.23
kN (red dashed line), P = 5.03 kN (green continuous line), P = 7.71 kN
(blue dash dotted line line), P = 10.29 kN (pink dotted line) (b).

Lb = 120 mm are compared with the homologous experimental profiles. A
good agreement between numerical values and tests is confirmed for both the
experimental campaigns.

3.4 3d aspects : width and edge effect

To highlight the 3D aspects of debonding, this section investigates the profiles
of several relevant stress components along the width and the length of the
FRP-plate. In Sec. 3.4.1, the influence of the FRP plate width on the structural
response is assessed. For this purpose, the Chajes et al. [96] tests are taken
into account. In Sec. 3.4.1, the main results obtained for the investigated cases
are discussed.

3.4.1 Influence of the FRP-plate width

The debonding analysis has been performed for variable FRP plate widths
b. For b/B > 0.5, the width of the concrete is insufficient to allow a full
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(a) (b)

(c) (d)

Figure 3.16: 1D equivalent axial strain along z for the test [73] for Lb = 90 mm (c)
and Lb = 120 mm (d), at P = 6.00 kN (red dashed line), P = 10.01 kN
(green continuous line), P = 12.64 kN (blue dash dotted line line) in (c),
and P = 5.01 kN (red dashed line), P = 12.00 kN (green continuous line),
P = 14.28 kN (blue dash dotted line line) (d); P = 11.15 kN (red dashed
line), P = 7.47 kN (green continuous line), P = 4.67 kN (blue dash dotted
line line) in (e), and P = 12.21 kN (red dashed line), P = 10.33 kN (green
continuous line), P = 8.04 kN (blue dash dotted line line) in (f)
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(a) b = 15 mm (b) b = 45 mm

(c) b = 15 mm (d) b = 45 mm

Figure 3.17: 3D view of σyy and τyz for b = 15 mm and b = 45 mm with Lb =

101.6 mm evaluated at the maximum load for the test [96].

transmission of the stresses from the FRP plate to the concrete substrate [91].
Therefore, the concrete width of the specimen analyzed has been set equal
to 80 mm. In particular, the peel stress σyy and the shearing stress τyz have
been plotted at the Gauss points of the finite elements within the bonded con-
crete. They are displayed in Fig. 3.17 for two widths of the FRP plate, namely
b = 15 mm and b = 45 mm for the same bonding length Lb = 101.6 mm.
The profiles have been detected at the peak of the transferable load. Fig. 3.17

displays no appreciable edge effect for both the values of b. The profiles of the
shearing and the axial strain components εxz and εzz, respectively, have been
plotted across the width at different locations along the FRP plate length for
b = 15 mm, b = 45 mm, and Lb = 101.6 mm. Fig. 3.18 shows the values de-
tected during the elastic stage, before that the debonding process starts, while
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Fig. 3.19 displays the evolution of these specific strain components during
the debonding process. The profiles correspond to z = 0.5 mm (cyan dotted
line), z = 18.1 mm (pink dashed line), z = 38.1 mm (yellow dash-dotted
line), z = 58.1 mm (green dotted line), z = 78.1 mm (red dashed line) and
z = 95.1 mm (blu continuous line). During the elastic stage, the profiles of εxz
and εzz extend over a region significantly larger than b (Fig. 3.18). This con-
firms that the modelled concrete support must be sufficiently large compared
to the FRP plate width to allow a full diffusion of the shearing stress compo-
nents in the concrete surrounding the FRP plate, as observed by Subramaniam
et al. [91]. While εzz at the centre of the FRP plate are almost constant, εxz is
antisymmetric with respect to the symmetry plane. Both of them display high
variations over an edge region approximately 20 mm wide. When the load
reaches 90% of the peak load, the damage has been activated at the edges
of the concrete substrate underlying the FRP plate. Correspondingly, the εxz
and εzz shown in Fig. 3.19 display narrower edge regions of width approxi-
mately equal to 10 mm, in agreement with the experimental results reported
in Ref. [73]. Furthermore, the dependence of the strain profiles on the bond-
ing length has been assessed. Fig. 3.20 displays the strain components during
the elastic stage and at the peak, for the bonding lengths Lb = 152.4 mm and
Lb = 202.3 mm. These bonding lengths are close to the asymptotic value pre-
dicted by Fig. 3.9b. The strain profiles have been evaluated at a distance from
the front of the concrete block of 25.4 mm (blue line), 50.8 mm (red line), and
76.2 mm (green line). The results show that the strain diffusion in the con-
crete surrounding the FRP is substantially independently of Lb. The widths
of the edge regions computed through the present model are smaller than
those experimentally detected by Subramaniam et al. [91], who measured
edge regions approximately 20 mm wide for both εxz and εzz. Analogously
to Subramaniam et al. [91], the width of the edge regions measured in this
study is independent of b. This width has not been imposed, and has been ob-
served after post-processing the results. Indeed, the enriched layer of elements
where the debonding is simulated has a width equal to that of the FRP plate.
In Fig. 3.22, the dependence of the maximum stress σu = P/(b f t f ) transfer-
able through the FRP plate width is displayed. The same figure displays the
results obtained with the CNR-design formula reported in the appendix.
In Fig. 3.22, the dependence of the maximum stress transferable through the
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(a) (b)

(c) (d)

Figure 3.18: Front view of εxz (a) and εzz (b) along x during the elastic stage for b =

15 mm (on the left) and b = 45 mm (on the right) at z = 0.5 mm (cyan
dotted line), z = 18.1 mm (pink dashed line), z = 38.1 mm (yellow dash-
dotted line), z = 58.1 mm (green dotted line), z = 78.1 mm (red dashed
line) and z = 95.1 mm (blu continuous line) for the test [96].
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(a) (b)

(c) (d)

Figure 3.19: Front view of εxz (a) and εzz (b) along x at the maximum load for b =

15 mm (on the left) and b = 45 mm (on the right) in the test [96] (notation
as in the previous figure)

57



debonding of frp from concrete blocks

(a) (b)

(c) (d)

Figure 3.20: Front view of εzz (a,c) and εxz (b,d) along x during the elastic stage for
Lb = 152.4 mm (on the left) and Lb = 203.2 mm (on the right) evaluated
at a distance from the front of 25.4 mm (blue line), 50.8 mm (red line),
and 76.2 mm (green line) for the test [96].
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(a) (b)

(c) (d)

Figure 3.21: Front view of εxz (a,c) and εzz (b,d) along x at the peak load for Lb =

152.4 mm (on the left) and Lb = 203.2 mm (on the right) evaluated at
a distance from the front of the concrete block of 25.4 mm (blue line),
50.8 mm (red line), and 76.2 mm (green line) for the test [96]
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(a) (b)

Figure 3.22: Chajes et al. geometry: nominal stress and maximum load vs width; in
Fig. a) the marked line denotes the CNR-design-rule formula setting κg =

0.065

FRP plate width is displayed. The same figure reports the results obtained
with the CNR-design formula reported in the Appendix (Eq. 93)

3.4.2 Discussion

The agreement with the CNR rule [97] shown in Fig. 3.22a confirms that the
developed computational model is a reliable design tool. The computed trend
of the maximum transmissible stress shown in Fig. 3.22a is decreasing with
increasing FRP plate width b and tends to an asymptote for large widths. On
the contrary, based on their experimental tests, where the concrete widths
B equal to 52 mm and to 125 mm were taken, Subramaniam et al. [90, 91]
concluded that, below the critical value 0.5of the ratio b/B, the maximum
transmissible stress increases for increasing width of the concrete support. On
the other hand, Fig. 3.22b shows that the maximum transferable load increases
with the width b. We have investigated also larger concrete widths B, but the
same decreasing trend has been found. A more extensive numerical campaign
is necessary to understand whether larger ratios b/B, namely larger concrete
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supports, may correspond to an increasing ultimate stress for increasing b.
Furthermore, the occurrence of peel stress can potentially affect the results
for relatively small bonding lengths, such as in the current case.

To summarize, the results presented in this chapter have shown that:

• Where the FRP plate is still attached to the concrete substrate, the pro-
files of the strain components εxz and εzz along the length of the FRP
plate are not uniform across the width, and display high gradients lo-
calized at edge regions of the FRP plate comprehensive of both the FRP
plate edges and the surrounding concrete.

• Where debonding has been activated, the edge regions, intended as the
regions with high gradients, corresponding to the εxz and εzz profiles
are localized in a narrower zone.

• The edge regions corresponding to the εxz and εzz profiles have a width
independent of b and Lb

• For the investigated geometries, the maximum transferable load increases
for increasing width b of the FRP plate.

• For the assumed b/B ratios, the maximum load increases while the max-
imum stress transmissible through the FRP plate slightly decreases with
the width in agreement with the CNR rules [97].

3.5 conclusions

The 3D regularized XFEM approach with an experimentally consistent level
set system has been employing for the investigation of two different exper-
imental campaigns of single-lap shear tests. It has been shown that: i) the
bending of the FRP plate plays a remarkable role on the debonding of the
FRP plate; ii) an edge strengthening effect due to the shear strain localization
occurs along the edges of the FRP plate; iii) the common design rules pre-
scribing the variation of the nominal maximum stress with the bonded width
of the FRP plates have been confirmed; iv) a two-way debonding can be ob-
served. As for the question whether a 3D or a 2D analysis should be preferred,
the obtained results have shown that, while the strain profiles along the FRP
plate length, the peeling and the different debonding onset locations can be
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detected indifferently through 3D and 2D analyses, the shear and axial strain
on the debonded concrete surface display an edge effect that can be captured
only by means of a 3D analysis. Moreover, the dependence of the maximum
transferable load on the bonding width can be assessed only through a 3D
analysis. Finally, the proposed 3D RE-XFEM approach fits, and can be used
as an alternative to, experimental single-lap shear tests on FRP-reinforced con-
crete blocks.
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4
D E L A M I N AT I O N O F F R P F R O M C O N C R E T E B E N D E D
B E A M

4.1 introduction

The previous chapter proves the suitability of the proposed 3D RE-XEFEM
non linear procedure to study the debonding mechanism of FRP reinforce-
ment of FRP from concrete blocks in pull-off tests. In this chapter, the focus is
on the application of the presented model to a real application case such as the
flexural strengthening of concrete beams. Experimental tests and numerical
analyses have been intensively investigating the strengthening effect induced
by FRP plates externally bonded to concrete beams, proving their suitabil-
ity for the rehabilitation of engineering structures [87, 98]. Experiments have
shown that FRP-plated concrete beams typically fail in a brittle manner after
the detachment of the FRP plates from the concrete support along a surface a
few millimetres thick and parallel to the FRP/concrete surface [99].

The term detachment includes both "debonding", indicating the detachment
of the FRP plate due to the fact that the adhesive stops sticking to the FRP
plate, and "delamination", intended as the separation of the plies of a com-
posite. As the FRP plate is bonded to the concrete substrate by an adhesive
layer, detachment can occur in the adhesive layer, in the concrete substrate,
and at the interfaces between the FRP plate and the adhesive or the concrete
substrate [99].

Detachment is a three-dimensional mechanism involving both opening and
shearing displacements along the detachment surface [73, 88, 91, 100]. While
Smith and Teng’s [101] one-dimensional analytical interfacial law considers
both normal and shear stresses [101], often, the FRP-concrete interface is mod-
elled through bond-stress-slip laws [72], where the normal stress is not ac-
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counted for [72]. On the other hand, Finite Element (FE) simulations exploit
interfacial laws built-in commercial codes [73]. Thus, the parameters of the
aforementioned interfacial stress laws have to be assumed a priori. Moreover,
three-dimensional effects, such as the effects of the width of the FRP plate,
are neglected. The detachment of FRP strengthened beams is triggered by
high stress concentrations such as those arising at material discontinuities,
and shear and flexural cracks arising at the end of the FRP plates or at the
midspan of the beam [97, 99, 102, 103]. The most typical failure mechanisms
being displayed in Fig. 4.1. For instance, in the intermediate-crack-induced
interfacial debonding, also referred to as shear-flexural or intermediate de-
tachment, detachment propagates from a region of high stress concentration,
such as flexural or shear cracks, towards the plate-end, as shown in Fig. 4.1a.
In the plate-end debonding of Fig. 4.1b, detachment propagates from the plate-
end towards the midspan, often after concrete cover separation at the level of
the longitudinal steel rebars[102, 104]. While plate-end detachment is more
typical of steel-plated beams [105], shear-flexural detachment represents the
dominant failure mechanism for FRP-plated concrete beams [104, 106–108],
especially for comparatively long bonding lengths [109]. A qualitative picture
of the distribution of the stresses at the FRP-concrete interface is shown in
Fig. 4.2, where the peaks of the stress components σyy, τyz, σzz correspond
to flexural or shear/flexural cracks. Detachment involves both opening and
shearing of the FRP plate with respect to the concrete substrate. Namely, peel-
ing and shearing stresses are expected along the interface between the FRP
plate and the concrete beam [101]. Failure by detachment corresponds to the
loss of structural stiffness associated with beginning and propagation of the
FRP plate. In most cases, detachment takes place in the concrete [99, 110]. In
shear and bending tests, a concrete layer remains attached to the delaminated
FRP plate [9, 73, 111]. This concrete layer is sometimes thicker at the ends of
the detached concrete layer, or in correspondence with large concrete aggre-
gates [73]. The development of analytical and computational models of the
FRP plate detachment from reinforced concrete beams is a complex task. Ana-
lytical models compute shearing and normal stresses at the interface between
the beam and the FRP plate by the imposition of the equilibrium and compat-
ibility conditions [102, 112–114]. However, most analytical models underesti-
mate the importance of peeling stresses. This underestimation contrasts with
what observed in single-lap shear tests on concrete blocks [9, 73], as demon-
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(a) Intermediate crack debonding

(b) Plate end separation/debonding

Figure 4.1: The main failure modes by FRP-detachment

strated in Ch. 2, where the values of peeling stresses are significant. Analytical
interface laws are often implemented in Finite Element (FE) models. In par-
ticular, FE models simulate the surface of detachment either through discrete
cracks along the element edges [37, 115, 116], or cohesive-crack laws [117–119].
Discrete crack models aim at simulating only dominant cracks. Their main
drawbacks are mesh bias and the necessity of mesh adaptation [42]. On the
other hand, cohesive-crack laws rule the traction-separation law of the surface
of detachment. For the simulation of the debonding of FRP plates, interface el-
ements analogous to cohesive laws have been adopted along the FRP-concrete
interface. Most literature studies model the FRP-concrete interface by means
of bond-slip laws obtained from pull tests on FRP-to-concrete joints [120, 121].
However, effective bond-slip laws require the knowledge of the fracture en-
ergy, the identification of model parameters of difficult determination, and
depend on the actual debonding mechanism [109]. Furthermore, loss of con-
vergence of existing FE models is quite common [122]. As for concrete, cracks
are typically modeled through smeared cracks [123] and crack-band mod-
els [108, 124–127]. The latter overcome the primal mesh-dependency inherent
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Figure 4.2: Qualitative picture based on [99] of the expected stress profiles at the
interface between the FRP plate and the concrete
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to the originally proposed smeared crack models by relating the smallest fi-
nite element size to the fracture energy [63]. However, both smeared crack
and crack-band models distort and spread crack patterns [42]. Moreover, scal-
ing the finite element size with the fracture energy introduces a secondary
mesh-size dependency.

With respect to existing FE models based on bond-slip (interfacial) laws
of difficult identification, the 3D RE-XFEM presented in Ch. 2 requires few
physically-consistent material parameters.

This chapter contains the investigations on flexural detachment of FRP re-
inforcement from concrete beams by means the 3D RE-XFEM published in
the journal papers [10, 11] and in the conference papers [128–131]. In partic-
ular, in Sec. 4.2 the flexural detachment of an FRP-strengthened Steel-Fiber-
Reinforced-Concrete (SFRC) beam subjected to a three-point bending test is
studied. Sec. 4.3 aims to study the detachment failure mechanisms of FRP-
reinforced concrete beams under a four-point bending load. In the end, in
Sec. 4.4 the main findings of the studies are listed.

4.2 failure of frp-strengthened steel-fiber-reinforced-concrete

beams

4.2.1 Introduction to SFRC materials

Steel-Fiber-Reinforced-Concrete (SFRC) has been intensively used in civil en-
gineering applications, such as tunnel linings, risers, pipes, covers, railways
sleepers, repair of highway and airfield pavements, and several others [132].
The addition of steel fibers increases concrete toughness and ductility, and im-
proves durability. Steel fibers induce a crack-bridging effect [133] that delays
crack formation, spreads the cracks over a larger process zone while reducing
the crack size [111, 132, 134, 135]. Externally-bonded FRP plates increase the
strength of SFRC beams. To simulate SFRC beams strengthened with Fiber Re-
inforced Polymer (FRP) plates, reliable finite element (FE) models should take
into account the steel fiber content, and follow the entire structural path. The
few pertinent FE analyses focus on the cracking of the concrete by means of
smeared-crack approaches [132, 136], while neglecting the detachment of the
FRP plate. The present study proposes a regularized eXtended FE Model able
to simulate crack pattern and detachment consistent with experiments. Fail-
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ure of composite laminates has been intensively simulated through the XFEM
by Iarve et al. [137, 138], Motamedi et al. [139], Wang and Waisman [140].
More specifically, in the context of the modelling of FRP-strengthened con-
crete blocks, the results presented in Ch. 3 have shown that the 3D RE-XFEM
correctly captures the mechanism of detachment of the FRP plate, and three-
dimensional edge effects.

The goal is to predict the structural behaviour of SFRC beams strength-
ened with FRP plates subjected to bending tests. The cornerstones of the pro-
posed procedure are: i) the adoption of a regularized kinematics ruled by
a regularization length that is related to the bridging effect exerted by the
steel fibers; ii) a suitable variational formulation where stress superposition
does not hold, iii) and a mechanism-based definition of the level set of the
detachment-surface based on the detachment mode experimentally observed
in experiments.

The main finding of the present study is that the entire structural path from
early cracking to final FRP detachment is captured in perfect agreement with
the reference experimental results.

The novelty is that the fiber bridging effect exerted by the fibers in the
detachment zone of the FRP plate is captured by means of a regularized kine-
matics.

One of the advantages of using the proposed method is that the material
parameters are directly used, and few model parameters are required.

The peculiarities of the proposed 3D RE-XFEM are already be described in
Ch. 2. Sec. 4.2.4 is devoted to the simulation of the SFRC beams. In particular,
after a validation of the procedure in the plain concrete case in Sec. 4.2.4.2,
cracking pattern and structural results are compared with experimental data
in Sec. 4.2.4.3.

4.2.2 Premises on FRP reinforced SFRC beams

After their addition to concrete mixtures, steel fibers are randomly distributed
and act as crack arrestors [111, 134, 135]). The improvement of the mechanical
properties depends on fiber type, and on the content of steel-fibers, from here
on expressed as volume fraction Vf . Empirical stress-strain relationships for
SFRC concrete are available in the CEB-FIP code [141], and other experimental
studies [111, 142, 143]. According to [144], beginning and propagation of the
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detachment detected in bending tests on SFRC beams strengthened with FRP
plates occur in circumstances similar to that of plain concrete beams, namely
detachment begins at the dominant crack and propagates along the direction
of propagation that costs less energy. In most cases, a concrete cover of few
centimeters remains attached to the detached FRP plate [145]. In a similar con-
text, based on four-point bending tests on notched prisms made of concrete re-
inforced with steel-polypropylene hybrid fibres, Qian and Stroeven [146] drew
that large steel fibers and polypropylene fibers significantly influence the load
bearing capacity of fibers-reinforced concrete in the small displacement range,
while the steel fibers affect most significantly the energy absorption capacity
in the large displacement range.

In the present study, the tensile strength of the SFRC obeys the following
empirical formula [143]

fct,sp = 0.63 ( fcm)
0.5 + 0.288 ( fcm)

0.5 Ir + 0.052 Ir , (46)

where fct,sp is the splitting tensile strength, fcm is the concrete compressive
strength, and Ir = Vf L f /φ f is the fiber-reinforcing system index. The ten-
sile strength ft is deduced from fct,sp by means of the relationship ft =
0.9 fct,sp [141].

4.2.3 Mechanism-based local level set

The mechanism of detachment assumed in the present study relies on the
physically-consistent hypotheses that: i) the detachment surface is parallel to
the adhesive layer and is contained in a concrete layer adjacent to the FRP
plate of about 10 mm of thickness, and ii) it is the result of the coalescence of
several inclined cracks orthogonal to the maximum principal stress direction
nl [147] (Fig. 4.4). Besides being corroborated by the experiments, these hy-
potheses are usual in two-dimensional FE analysis and in numerical models
based on one-dimensional bond-stress laws [72, 73]. Fig. 4.4 shows the local
level set adopted on half of the beam, for symmetry. In the figures, the field
of the normal vector nl of the local level set has been reported over the de-
tachment surface. However, it has to be extended to the whole Vρ. Different
colours reflect different directions. The vectors in blue associated with the
edges of Ωρ are oriented outwards the edge along the direction (0, −1, 0).
The vectors in green in the interior of Ωρ are oriented along the direction
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(0, −
√

3/2, 1/2). The solution of the non-linear iterative-incremental proce-
dure will then decide the final directions of the principal stresses, that do not
generally coincide with those of nl.

(a)

(b)

Figure 4.3: Beam reinforced with an FRP plate on the bottom: from the zero-thickness
detachment surface (a) to the regularized detachment zone (b)

4.2.4 Results

The present section assesses the ability of the proposed approach to correctly
capture the load-displacement results for variable steel-fibers content. The
model geometry and parameters are defined in Sec. 4.2.4.1. The parameters
that change with Vf is ρ, through a linear relationship, and ft, through the
experimentally-determined relationship (46). For the analyses, the vertical dis-
placement of the midspan section has been used for the arc-length control
procedure. Noteworthy, a displacement control method cannot be used to re-
produce the expected structural profiles.
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Figure 4.4: Local level set system for the definition of vector n f

4.2.4.1 Geometry, material and model parameters

The reference experiment is the series of three-point bending tests carried out
by Yin and Wu [144] on the SFRC beam strengthened with an FRP plate in
Fig. 4.6. To reduce the computational burden, owing the double-symmetry
of the problem, only a quarter of the specimen has been meshed by tetra-
hedral FE (Fig. 4.7). In the reference experiment, short steel-fibers of length
l f = 0.30 mm and diameter φ f = 0.5 mm were added to the concrete mix-
ture to obtain the SFRC. The elastic moduli of the experimental campaign are
assumed. In particular, the concrete has Young modulus Ec = 25 GPa and
Poisson ratio ν=0.2. The tensile strength of the concrete ft = 2.89 MPa has
been estimated through Eq. (46). Moreover, the FRP plate has Young modu-
lus EFRP = 230 GPa, thickness s = 0.11 mm, and Poisson ratio ν = 0.248.
Whereas the concrete and the detachment zone are assumed made of a homo-
geneous elasto-damaging material, the FRP is assumed linear elastic. In the
simulations, the only model parameters to be identified are the regularization
length ρ, the softening parameter Hs of the damage law, and the critical dam-
age threshold dcr. Parameter Hs has been set equal to 0.008 and the tensile
strength of the SFRC ft = 2.89 MPa. The damage threshold has been chosen

71



delamination of frp from concrete bended beam

(a) SFRC fiber bridging

(b) 3D RE-XFEM Model

Figure 4.5: Model of the fiber bridging effect of the SFRC material during the de-
tachment process: from the real physics (a) to the 3D RE-XFEM approach
(b)
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Figure 4.6: Geometry of the specimen of Yin and Wu [144] with dimensions in mm

equal to 0.99. Keeping the value of ρ fixed and varying the mesh size, both
sub-elemental and super-elemental enrichment strategies described in detail
in Sec. 2.2 have been adopted.

The failure recorded in the experiments for Vf =1.0% occurs by rupture of
the FRP plate, possibly due to a flaw of the FRP plate. This failure mode is
not taken into account in the present analysis, because of the hypothesis of
linear elasticity for the FRP.

4.2.4.2 Validation of the 3D RE-XFEM formulation on a beam of plain concrete
reinforced with an FRP plate

The current section validates the results obtained by means of the 3D RE-
XFEM developed in the previous sections. This goal is accomplished through
the comparison with the experimental results in the case where the steel fibres
are absent. In particular, the three-point bending test of Sec. 4.2.4.1 is consid-
ered. The goal of the section is to show that crack development, detachment
and structural response are correctly captured.

As described in Ch. 2, the adoption of softening damage laws in FE models
leads to possible mesh-size dependence of the computed structural results,
because the structural response converges to elastic unloading for decreasing
size of the mesh of the process zone [148]. An additional source of mesh-
dependence arises because the detachment of the FRP plate from the concrete
beam implies a sudden loss of the structural stiffness for decreasing mesh
size. The former source of mesh dependence, namely that associated with
softening damage laws, can be tackled by means of regularization models [61,
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(a) Mesh

(b) Coarse mesh

(c) Fine mesh

Figure 4.7: Plain concrete: coarse and fine mesh employed for the mesh independence
analysis
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148–151], or, in alternative, by means of the 3D RE-XFEM developed for strain
localization problems [4]. In the present study, only the latter source of mesh
dependence, namely that associated with the loss of stiffness during the de-
tachment of the FRP plate, is tackled by means of the 3D RE-XFEM approach
illustrated in Ch. 2. This choice is based on the assumption, to be verified
in the following, that the detachment of the FRP plate is the main source of
sharp snap-backs of the structural response. To verify the reliability of the
proposed model, the mesh-independence of the results has been investigated.
For this purpose, the two meshes of 83701 and 234638 elements of Fig. 4.7
have been adopted. Fig. 4.8 compares the load vs midspan deflection curve
with the homologous experimental profiles. The agreement is highly satisfy-
ing. The computed structural response is almost independent of the mesh
size. Fig. 4.9 shows that, in the fine mesh, the damage is more localized in
narrow strips than in the coarse mesh. This is not surprising as the damage
law of the concrete has not been regularized. However, the obtained results
are satisfying for the following reasons. First, the structural behavior has been
correctly reproduced. Second, the crack pattern of the concrete is consistent
with the experimental results, whereas regularized damage laws like non-
local damage or smeared-crack based laws would spread the concrete dam-
age in wide regions [132, 136, 144] that do not fully correspond to the crack
pattern observed experimentally. It remains to prove that the implemented
continuous-discontinuous procedure ensures a smooth process of detachment
of the FRP plate. To this aim, a comparative analysis for variable ρ has been
carried out, whose results are reported in Fig. 4.10. If a vanishing ρ is adopted,
or if ρ is too small, namely if a strong discontinuity formulation without reg-
ularization is adopted, a spurious failure can be observed in the structural
response. Failure corresponds to the almost vertical dotted branches in which
the structural profiles terminate. On the contrary, increasing values of ρ delay
the final failure and make the detachment of the FRP plate possible. Namely,
it is the presence of the FRP plate that delays the failure of the beam, and
the regularization ensures that the detachment of the FRP plate is reached
smoothly so to prevent initial brittle failure of the beam. For ρ = 0.1875 mm,
Fig. 4.11, 4.12, 4.13, and 4.14 display the crack pattern in the deformed config-
uration, and the stresses computed at the FRP-concrete interface for different
stages of the structural response, denoted A, B, C, and D in Fig. 4.8. The com-
puted crack pattern is consistent with the experimental results. Fig. 4.11 and

75



delamination of frp from concrete bended beam

Figure 4.8: Plain Concrete: comparison among the experimental and numerical load
vs midspan-deflection curves, where the black dashed line, the blue con-
tinuous line, and the red dotted line indicate the experimental test [144],
the 3D RE-XFEM result for the coarse mesh, and the 3D RE-XFEM result
for the fine mesh, respectively

Fig. 4.12 illustrate the stages of crack beginning and crack propagation. Like
in the experimental test, the first cracks of the concrete develop at the midspan
of the specimen, followed by two main lateral flexural cracks. Fig. 4.13 and
Fig. 4.14 show respectively the initial and final stage of the detachment pro-
cess. Detachment propagates from the flexural cracks towards the FRP plate
end. As the detachment is complete, the beam fails by brittle failure.

4.2.4.3 The case of variable Vf

The structural responses of SFRC beams strengthened with the FRP plate
computed for Vf = 0.25%, 0.50%, 1.00% have been compared with the ex-
perimental results. According to Eq. (46), the tensile strength ft are equal
to 3.1 MPa, 3.3 MPa, and 3.75 MPa for increasing Vf . The remaining mate-
rial properties are the same as that used for plain concrete. To account for
the presence of the steel fibers, the linear relationship of Fig. 4.15 between
regularization parameter ρ and volume fraction Vf is adopted. The load vs
midspan deflection curves of the numerical and the experimental results for
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(a) Coarse Mesh

(b) Fine Mesh

Figure 4.9: Plain concrete: comparison between the damage pattern computed with
the coarse (a) and the fine mesh (b) at the beginning of detachment (Step
C in Fig. 4.8)
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Figure 4.10: Influence of the regularization parameter ρ on the structural response of
the FRP-reinforced beam for ρ = 0.125 mm (black thick continuous line),
ρ = 0.1875 mm (blue thin dashed line), ρ = 0.250 mm (green continuous
line) and ρ = 0.375 mm (red thick dashed line)

Figure 4.11: Plain Concrete: damage and stresses σyy,σzz and τyz at step A of Fig. 4.8
on the top of the FRP plate
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Figure 4.12: Plain Concrete: damage and stresses σyy,σzz and τyz at step B of Fig. 4.8
on the top of the FRP plate

Figure 4.13: Plain Concrete: damage and stresses σyy,σzz and τyz at step C of Fig. 4.8)
on the top of the FRP plate
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Figure 4.14: Plain Concrete: damage and stresses σyy,σzz and τyz at step D of Fig. 4.8)
on the top of the FRP plate

Figure 4.15: Adopted linear relationship between Vf and the regularization parameter
ρ
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Vf = 0.25%, 0.50%, 1.00% are available in Fig.4.16. The agreement between
numerical and experimental load vs midspan deflection is satisfying. In both

Figure 4.16: SFRC: Comparison between experimental test and numerical results of
the load-midspan deflection curve for Vf = 0.25%, Vf = 0.50%, and
Vf = 1.00%

experiments and simulations, crack activation and propagation and final de-
tachment detected for Vf = 0.25%, 0.50% are similar to that observed for
Vf = 0%, except for the fact that, for increasing Vf , cracks multiply and
are more distributed along the beam. In particular, damage and stress pro-
files have been detected at stages A, B, C, and D in Fig. 4.16. The results of
Fig. 4.17, 4.18, 4.19, and 4.20 display the crack pattern and the stress profiles
along the FRP plate surface computed for Vf = 0.25%. Analogous profiles for
the maximum Vf = 1% are shown in Figs. 4.21, 4.22, 4.23 and 4.24. For increas-
ing load, diagonal cracks form towards the lateral beam support, followed by
the development of micro-cracks at the FRP-concrete interface. Finally, the de-
tachment progresses rapidly along the detachment surface up to subsequent
beam failure.
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Figure 4.17: SFRC: Damage and stresses σyy, σzz and τyz for Vf = 0.25% at step A of
Fig. (4.16) plotted on the top of the FRP plate

Figure 4.18: SFRC: Damage and stresses σyy, σzz and τyz for Vf = 0.25% at step B of
Fig. (4.16) plotted on the top of the FRP plate
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Figure 4.19: SFRC: Damage and stresses σyy, σzz and τyz for Vf = 0.25% at step C of
Fig. (4.16) plotted on the top of the FRP plate

Figure 4.20: SFRC: Damage and stresses σyy, σzz and τyz for Vf = 0.25% at step D of
Fig. (4.16) plotted on the top of the FRP plate
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Figure 4.21: SFRC: Damage and stresses σyy, σzz and τyz for Vf = 1% at step A of
Fig. (4.16) plotted on the top of the FRP plate

Figure 4.22: SFRC: Damage and stresses σyy, σzz and τyz for Vf = 1% at step B of
Fig. (4.16) plotted on the top of the FRP plate
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Figure 4.23: SFRC: Damage and stresses σyy, σzz and τyz for Vf = 1% at step C of
Fig. (4.16) plotted on the top of the FRP plate

4.2.4.4 Remarks

In the experimental results [144], the addition of steel-fibers into the concrete
mixture significantly increased the maximum load, and enhanced the ductility
of the post-peak branch. Moreover, for increasing Vf , the cracks tended to be
more distributed and numerous. Detachment started at the midspan section
and moved towards the plate ends. Failure was reached due to the detachment
of the FRP plate, except in the case of Vf = 1.0 %, where failure occurred by
breakage of the FRP plate at the midspan section. In the remaining cases,
failure came after formation of a diagonal flexural/shear cracks, followed by
sudden detachment of an FRP-concrete cover approximatively 1 cm thick. The
values of the normal stress component σyy experimentally detected on the
FRP plate at the beginning of the detachment process for Vf = 0.25% and
Vf = 1.00% were 1900 MPa and 3000 MPa, respectively.

In the simulations, the detachment of the FRP plate occurs mainly by shear-
ing and opening along the FRP plate. Moreover, the computed maps of the
damage delineate flexural and flexural/shear cracks. After total detachment
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Figure 4.24: SFRC: Damage and stresses σyy, σzz and τyz for Vf = 1% at step D of
Fig. (4.16) plotted on the top of the FRP plate

of the FRP plate, the failure of the beam is brittle. In the simulations, detach-
ment starts in correspondence with flexural and shear-flexural cracks and not
at the FRP plate ends. This can be ascribed to the fact that the thickness of
the FRP plate, and, thus, its flexural stiffness, are very small compared to the
beam.

Numerical and experimental load-displacement profiles are almost coinci-
dent. The simple linear law ρ−Vf assumed in the model makes it possible to
perfectly capture the increase of maximum loads and midspan deflection at
failure detected in the experiments. Noteworthy, the numerical damage map
and the experimental crack pattern are compared in Fig. 4.25, where the crack
lines detected in the experimental tests [144] are in black, and the red zone
indicates where the damage variable d = 1. The damage map almost super-
poses with the experimental crack pattern. Fig. 4.19 and 4.23 display values
of the peaks of stress component σyy very close to the experimental ones.

Unlike existing FE analyses based on smeared-crack models or non-local
models [132, 136, 144], where the detachment of the FRP plate is not explicitly
modelled, and the crack pattern in the concrete is spread over large regions,
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(a) Vf = 0.00%

(b) Vf = 0.25%

(c) Vf = 0.50%

(d) Vf = 1.00%

Figure 4.25: Superposition of the experimentally detected crack pattern [144] (black
cracks) and the numerically obtained damage map (in red, for damage
1) for Vf = 0%, 0.25%, 0.5%, 1%, from the top to the bottom
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the present 3D RE-XFEM procedure is more consistent with the crack pat-
tern experimentally detected and makes it possible to follow the entire load-
displacement path, comprehensive of both crack development and FRP plate
detachment.

The main limitation of the present approach is that no damage in compres-
sion is taken into account for the concrete. However, the proposed 3D RE-
XFEM procedure can accommodate any desired elasto-damaging constitutive
law, such as that proposed by Comi [149] for concrete damage in tension and
compression. Moreover, this assumption does not jeopardize the ability of the
proposed model to capture the salient features of the structural response.
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4.3 four point bending

The mechanism-based 3D RE-XFEM has succeeded in modeling single-shear
lap tests in Ch. 3 [3, 9] and three-point bending tests carried out on steel-fibre-
reinforced concrete beams in Sec. 4.2 [10]. This section is dedicated to applied
for the first time the proposed methodology to FRP-strengthened RC beams.
What makes the present application different from the previous ones is the
interplay between the strengths of the concrete, the FRP plate and the steel
rebars.

4.3.1 The mechanism-based detachment mode

As already assessed, the surface of detachment results from the coalescence
of meso-cracks developing in the concrete along a direction almost orthog-
onal to the direction nl of the maximum principal tensile stress [109, 152].
In mixed-mode loadings, these meso-cracks are not orthogonal to the macro-
surface of detachment [109, 147]. A possible qualitative picture of the expected
meso-cracks developing in the detachment zone for the expected detachment
mode is displayed in Fig. 4.26. In the mechanism-based 3D RE-XFEM, the

Figure 4.26: Qualitative description of the cracks diffused along the detachment sur-
face

knowledge of the vector field nl is crucial to the computation of the stress
fields, as explained in Ch. 2. To this purpose, the directions of the expected
meso-cracks are assumed, and, thus, the vector nl is taken perpendicular to
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the directions of the assumed meso-cracks. This way, the computation of the
principal stresses at each integration points is avoided, and nl becomes a sort
of model vector, that allows unblocking the detachment of the enriched layer.
Fig. 4.27 shows the field of vector fields nl above the FRP plate in the detach-
ment zone. The different directions of nl are highlighted with different colors.
In particular, nl between the loadings is aligned along the yellow (0, 0, 1) vec-
tors. In the span from the loading point to the plate end, the direction of nl
coincides with that of the green (0, 1/2, 3/2) vectors. To allow for plate end
detachment, at the back edge and along the side edges, nl is aligned with
vectors (0, 1, 0), in blue, and (3, 1, 3), in orange, respectively.

Figure 4.27: Scheme of the vectors n f for the mechanism-based detachment

4.3.2 Steel constitutive law

The non-linear behavior of steel is modeled through a well-known elasto-
damaging law based on a modified version of Ramberg-Osgood’s law for
ductile plastic damage [153, 154]. For instance, in the one-dimensional case,
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the plastic strain εp and the steel damage d are related to the von Mises stress
σeq trough

εp =

[
σeq

(1− d)K

] 1
n

, (47)

where K and n are material coefficients. In Eq. (47), εp and εR denote the one-
dimensional strain at damage threshold and at failure, respectively. The intrin-
sic value of damage at failure Dc is assumed to be material properties [153]


d = 0 εp ≤ εD

d = Dc εp − εD

εR − εD
εD < εp ≤ εR

d = Dc εp ≥ εR

. (48)

Fig. 4.28 displays a one-dimensional representation of the stress-strain of the
steel for one-dimensional tension for K = 1200, n = 0.08, Dc = 0.98, εd=0.01,
and εr=0.04.

4.3.3 Validation of the mechanism-based 3D RE-XFEM

The present section presents the results obtained in the simulation of four
point bending tests of FRP strengthened beams carried out on several beam ge-
ometries for both plated and unplated configurations [106, 155]. For the whole
set of simulations, the experimentally determined material properties have
been adopted. In fact, the concrete elasto-damaging model and the continuous-
discontinuous transition procedure require few model parameters that can be
deduced from the producer’s data. The values of the regularization parame-
ters ρ, indicated in Tab. 4.1, have been kept constant during the simulations.
Considering that the computed thickness of the detachment zone turns out
being 40ρ, ρ has been identified based on the experimental structural paths,
and assuming a thickness of the detachment process zone of about 1− 2 cm.
Noteworthy, for fixed ρ, the results of the present 3D RE-XFEM formulation
were previously shown to be independent of the mesh size.
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Figure 4.28: Qualitative one-dimensional representation of the damage laws adopted
for the steel rebars with K = 1200, n = 0.08, Dc = 0.98, εd=0.01, and
εr=0.04

4.3.3.1 Thick beam: geometry and material parameters

The experimental test performed by Barros et al. [155] has been modelled. It
is based on the beam of Fig. 4.29a with l/h of about 5, and a shear span to
depth ratio of 1.76.

The concrete material parameters are taken directly from the reference ex-
perimental data [155] and are collected in Tab. 4.1. Young’s modulus and
tensile strength were estimated through the expressions contained in [156]
E = 22000 [ fcm/10]0.3 = 34360 MPa and fctm = 0.30 f 2/3

cm = 3.28 MPa, with
fcm = 44.2 MPa.

The material parameters and mechanical properties of the steel of the re-
bars and the FRP plate are gathered in Tabs. 4.2 and 4.3. To avoid an excessive
mesh refinement, the FRP plate thickness has been taken equal to 2 mm. Con-
sequently, an effective Young’s modulus ĒFRP = EFRP tFRP bFRP/2 has been
set.

The mesh made of 109264 tetrahedral finite elements is shown in Fig. 4.30a.
Only the first layer of finite elements above the FRP plate has been enriched.
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(a)

(b)

Figure 4.29: Geometry of the thick (l/h ' 5) and the thin (l/h ' 15) beams tested
in [155] (a) and [106] (b), respectively

Exp. set [155] Exp. set [106]

E [MPa] 34360 25000

ν 0.2 0.2
fctm [MPa] 3.28 2.8
Hs 0.008 0.01

ρ [mm] 0.15 0.45

dcr [mm] 0.999 0.999

Table 4.1: Mechanical properties and parameters of the concrete
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Exp. set [155] Exp. set [106]|

E [MPa] 210000 210000

ν 0.3 0.3
fts [MPa] 765 575

K 1000 640

n 0.10 0.03

Dc
0.98 0.98

εD 0.020 0.005

εR 0.040 0.05

Table 4.2: Mechanical properties and parameters of the steel

Exp. set [155] Exp. set [106]

EFRP [MPa] 240000 127000

νFRP 0.3 0.3
tFRP mm 0.33 0.8
bFRP mm 80 140

Table 4.3: Mechanical properties and geometry of the FRP plate
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In the enriched layer, the characteristic mesh-size is 6 mm. To reduce the
computational burden and exploit the symmetries of the beam, a quarter of
the specimen has been modelled. The surface of detachment is in the concrete
at a distance of 3 mm from the upper surface of the FRP plate. Furthermore,
a regularization parameter equal to ρ = 0.15 mm has been used.

On an i7-5930k PC with 6 3.50 GHz cores, the numerical simulation of the
complete structural path has required almost 20 hours.

4.3.3.2 Thin beam: geometry and material parameters

The numerical model has been applied to the experimental test [106]. The
geometry of the beam having l/h ' 15 is shown in Fig. 4.29b. The material
properties deduced from the experimental data are reported in Tabs. 4.1- 4.3.

A regularization length of ρ = 0.45 mm has been adopted leading to a regu-
larized layer whose thickness includes three rows of enriched finite elements.
The mesh employed for numerical analysis, reported in Fig. 4.30b, is made of
243771 tetrahedra with a characteristic size of 6 mm in the most refined part.
With the same processor used for the thick beam, the entire simulation run
for 3 days. The simulation is three times that of the previous test, because the
number of enriched elements is three times larger as well, while the number
of finite elements is double. The surface of detachment has been imposed at a
distance of 9 mm from the upper surface of the FRP plate.

4.3.3.3 Structural results

Fig. 4.31 displays the experimental and computed load-midspan-deflection
curves for the thick (a) and the thin (b) beams.

The post-detachment structural path of the thick beam exhibits a brittle
drop eventually joining the path of the control beam in the unplated configu-
ration, up to exhaustion of the strength of the steel rebars. On the contrary, the
failure of the thin beam is reached as soon as the FRP plate detaches, because
the steel bars had previously failed. In both the thin and the thick beam, in the
first stage of the structural path, the response of the beam is almost elastic un-
til the occurrence of the early cracks. Then, flexural and shear cracks develop
within the concrete with subsequent loss of structural stiffness, while the pro-
gressive propagation of cracks increases the stress on the tensile steel rebars.
In the last part of the structural response, the rebars gradually yield until
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(a)

(b)

Figure 4.30: Meshes and details of the steel reinforcement for the two studied beams:
a) 108354 elements with 70704 dofs for the beam tested in [155]; b) 243771

elements with 157809 dofs for the beam tested in [106]
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(a) Thick beam

(b) Thin beam

Figure 4.31: Comparison between experimental and numerical load-midspan-
deflection curves for the beams tested in [155] (a) and [106] (b), respec-
tively
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failure. The gain in maximum load and stiffness obtained after application of
the FRP plate is remarkable. The FRP reinforced systems shows higher per-
formance on maximum load and flexural stiffness. However, failure changes
from ductile to brittle. The experimental failure loads are properly estimated
by the numerical procedure, with a discrepancy less than 6%.

4.3.3.4 Detachment mechanism

Detachment occurs by an intermediate flexural detachment mechanism. This
can be deduced from Fig. 4.32, which displays the contour plots of the dam-
age d in the concrete matrix and in the steel reinforcements for three repre-
sentative load steps of the test [155]. The early macro-cracks occur under the
applied load (Step A). Then, cracks develop within the concrete bulk (Step B).
The concrete damage starts at the midspan and propagates towards the plate-
end (Step B). At a certain distance from the plate-end, the damage-front stops
and a new damage-front develops from the plate-end to the beam midspan
(Step C). Finally, the FRP plate fully detaches from the RC beam In a single
load step (Step D).

Fig. 4.33 illustrates the contour plots of the damage in the thin beam over
the detachment surface at steps A, C, and D. This confirms the same interme-
diate flexural cracking detachment mechanism already observed in the thick
beam. On the right, the damage in the longitudinal rebars is shown to be
localized at the flexural cracks.

The evolution of damage d on the defined surface of detachment for both
experimental tests is shown in Fig. 4.34. The damage evolution starts from
the midspan and propagates towards the plate-end at step A. At a certain
distance from the plate-end, a secondary front of damage arises propagating
from the plate end to the beam midspan (step B); failure and total detachment
coincide and occurs at steps C-D. In this figure, the elements in red are those
where the 3D RE-XFEM has been activated.

4.3.4 Role of thickness and width of the FRP plate

To study the influence of the geometries of FRP reinforcement on the struc-
tural behavior of the beam, variable thicknesses and widths of the FRP plate
have been considered. To the author’s knowledge, numerical studies of the
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(a)StepA

(b)StepB

(c)StepD

Figure4.32:ContourplotsofthedamageatstepsA,BandDofFig.4.31aforthe

beamtestedin[155]
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(a)StepA

(b)StepB

(c)StepC

Figure4.33:ContourPlotsofthedamageatstepsA,BandDofFig.4.31bforthe

beamtestedin[106]
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(a) Thick beam, Step A (b) Thin beam, Step A

(c) Thick beam, Step B (d) Thin beam, Step B

(e) Thick beam, Step C (f) Thin beam, Step D

(g) Thick beam, Step D (h) Thin beam, Step D

Figure 4.34: Damage evolution for the beams tested in [155] (a) and [106] (b), respec-
tively, corresponding to stages A, B, C, and D of Fig. 4.31
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influence of the FRP plate width bFRP are only available for shear debonding
of FRP sheets from concrete [90].

4.3.4.1 Structural effects

For the case of the experimental test of Fig. 4.29b, the behaviour of the rein-
forced system for different values of the FRP thickness tFRP has been evalu-
ated and compared with the experimental results whenever available, namely
for tFRP = 0.8 mm and tFRP = 1.2 mm. To extend the numerical analysis and
identify a trend, tFRP = 0.4 mm has also been simulated for constant beam
cross section. The experimental and the numerical load vs deflections curves
are reported in Fig. 4.35 for variable tFRP. In particular, beams with thicker
FRP plates exhibit higher stiffness. Both simulations and experiments detected
almost the same failure load and the same intermediate crack debonding
mode irrespective of the FRP thickness. However, the thicker the FRP plate,
the higher the beam stiffness and the less ductile the structural path. In other
experimental tests [107], a similar trend was observed.

In Fig. 4.36, the contour plots of the damage of the steel reinforcements
are reported at failure for tFRP = 1.2 mm (a) and tFRP = 0.4 mm (b). It
can be observed that the thinner the FRP plate, the more damaged the steel
rebars. The structural influence of the width of the FRP plate has been also
investigated for the thick beam for the FRP widths bFRP = 20, 40, 80, and
120 mm. The computed load vs deflection profiles are shown in Fig. 4.37. It
can be drawn that failure loads and ductility slightly increase with bFRP. An
analogous increase of the failure load with the plate width was detected in
previous studies [105]. For the specimen with bFRP = 80 mm, the numerical
and the experimental maximum loads differ by the 3%. The experimental
failure loads for different FRP-widths are not available.

4.3.5 Design loads

The current subsection suggests how to draw from the simulations an indi-
cation about the design loads and the corresponding maximum strain of the
FRP plate for variable FRP width and thickness and constant beam cross sec-
tion. To this purpose, a comparison with a reference design rule [97, 157] has
been carried out. The reference design rule, detailed in the Appendix, aims to
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Figure 4.35: Comparison between experimental and numerical load-midspan-
deflection curves for variable FRP plate thickness tFRP and the test [155]
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(a) tFRP = 0.4 mm

(b) tFRP = 0.4 mm

Figure 4.36: Comparison between the damage in the steel bars at the peak load for
tFRP = 1.2 mm (a) and tFRP = 0.4 mm (b) for the test [106]

Figure 4.37: Load-midspan-deflection curves for variable FRP plate width bFRP for
the beams tested in [155]
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design FRP-reinforced systems with a fair safety factor. Hence, the reference
design loads have been compared to the loads detected at the occurrence of
the early macro-cracks rather than to the computed failure loads. For the thin
beam [106], Figs. 4.38a and 4.38b compare the computed loads and maximum
FRP strain for variable FRP-thickness tFRP with the corresponding values eval-
uated through the reference design rule. In particular, the values computed at
the occurrence of the first and second macro-crack in the concrete beam have
been considered. These values are plotted with dashed lines marked with "x"
and dash-dotted lines marked with "�", respectively. The reference values fall
within the range of the values computed when the first and second beam
macro-cracks are detected. Noteworthy, the design rule leads to design loads
and FRP strains increasing for decreasing thickness of the FRP plate. This is
in contrast with the present results, and with the fact that the computed and
experimental failure loads have been shown to increase with tFRP. For vari-
able width bFRP and in the case of the thick beam [155], the numerical and the
corresponding FRP maximum strain, evaluated at the occurrence of the first
macro-crack, are displayed together with the reference values in Fig. 4.38a–b,
respectively. In this case, the simulations are in good agreement with the de-
sign rule. In both computed and reference values, the larger the FRP plate the
higher are the design loads and the smaller the FRP maximum strain.

4.3.6 Discussion of the results

The present results show that, in the investigated examples, the damage pro-
cess of the detachment zone above the FRP plate is triggered by the early
flexural crack developing in the concrete under the load. Damage proceeds
from the central part of the beam to the plate end until the concrete cracking
pattern reaches the plate end itself. Then a new damage front is activated pro-
ceeding very fast from the plate end to the center, subsequently joining the
previous damage front. At this point, the FRP plate detachment is complete.
In fact, either the detected structural failure is brittle and almost simultaneous
with the FRP plate detachment, or the post-detachment path joins that of the
unplated beam.

As expected, the structural failure of the simulated plated beams depends
on the interplay among the strengths of the concrete beam, the steel bars,
and the FRP plate. In particular, the structural failure is postponed with re-
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Figure 4.38: Comparison between numerical and design values [97] for variable thick-
ness in terms of loads(a) and maximum FRP axial strain (b), obtained for
the beam tested in [106]

Figure 4.39: Comparison between numerical and design values [97] for variable width
of the FRP plate in terms of loads (a) and maximum FRP axial strain (b),
obtained for the beam tested in [155]
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spect to the FRP plate detachment, provided that the steel transverse rein-
forcement is correctly placed in the loaded region, and the yielding of the
steel rebars is not complete. This is the case of the thick beam [155], having
a shear span to depth ratio less than 2, where the steel reinforcements carry
the load after the FRP detachment. On the contrary, in the tests by Rahimi
and Hutchinson [106], with a shear span to depth ratio of about 6, the sec-
tions were adequately reinforced for the load history carried by the unplated
beams, whereas they resulted under-reinforced with respect to the load levels
reached by the plated beams, based on Rahimi and Hutchinson’s assumption
that only under-reinforced beams presumably require further reinforcements,
hence the lack of stirrups at the beam centre. The experimentally detected
failure mode for the plated beam was shear failure followed by concrete cover
separation and FRP detachment. The failure occurred suddenly, as usual in
the case of shear failure of the concrete beam. The simulations closely repro-
duce the experimentally detected failure mode, as proved by the fact that
the computed post-failure path displays a sudden significant loss of stiffness
from step C, eventually loses convergence immediately after step D, and does
not join the structural path of the unplated beam. Therefore, the simulations
confirm that, depending on the steel reinforcement, the strengthening effect
induced by the FRP plates on under-reinforced concrete beams can change
the failure mode of the unplated beam into brittle shear failure, where the
FRP plate detachment follows, instead of preceding, the beam failure. The
loads computed at the first crack are not significantly sensitive to the width
and thickness of the FRP plate. On the contrary, it is in the post-elastic regime
that the structural behaviour displays its dependency on the width and thick-
ness of the FRP plate. In particular, the loads at which the FRP plate detaches
increase with the FRP plate width, while they are not remarkably influenced
by the FRP plate thickness. On the other hand, the midspan deflection at de-
tachment increases with the thickness in all the modeled beams, though more
markedly in the thin beam. Finally, the present study suggests that the loads
corresponding to the occurrence of the early macro-cracks in the concrete
beams can be assumed as design loads. Such an estimate has been shown to
be reasonably close to that provided by the reference design rule [97].
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4.4 conclusions

Numerical models that compute the structural behavior of FRP plated beams
abound in the relevant literature. However, most of them require the defini-
tion of interfacial laws to be identified a priori, often lose convergence, and
are unable to satisfactorily capture the concrete cracking pattern and the com-
plete FRP plate detachment. The proposed mechanism-based 3D RE-XFEM
overcomes the previous limitations. In fact, it requires only basic material
properties and few model parameters, allows for a smooth transition from
the continuum to the detachment, and models the mixed-mode fracture pro-
cess zone in a physically consistent way.

It has been shown that:

• The model reproduces the experimental mixed opening-shearing mech-
anism of detachment

• The bridging effect exerted by the steel fibers at the detachment surface
through can be taken into account with the regularization parameter

• The crack pattern obtained in the concrete beam is consistent with ex-
periments

• The model allows to follows the entire structural path up to beam failure

• If the goal is to increase the deflection and moderately improve the
detachment load, FRP plates made of two or three-plies and almost
20− 40 mm wide should be used.

• Larger thicknesses and widths enhance the detachment load and reduce
the ultimate deflection.

• Surprisingly, an increase of thickness and width of the FRP plate has
negligible effects on the values of the midspan deflection and the load
at which early cracks occur.

• Design loads increase by less than 2% when doubling the FRP plate
width, and are quite constant for variable thickness.

Hence the proposed 3D RE-XFEM is an effective and predictive tool of the
behavior of SFRC beams reinforced with FRP plates.
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5
M O D E L L I N G O F W O O D E N B E A M S

5.1 introduction

In this second part of the thesis, the focus of the research switches from the in-
vestigation of the debonding mechanisms of FRP reinforcements in concrete
specimens to the study of the structural response of wooden structures. In
particular, this research was motivated by the request of the Italian National
Research Council (CNR) to numerically study the efficiency of reinforcing in-
terventions employed for old decayed wooden beams. After an introduction
on the wood behaviour and on the state of art in wood modelling (Sec. 5.2),
the 3D non-linear orthotropic CDM employed for the simulation is presented
in Sec. 5.4. The experimental tests carried out by the CNR and the numerical
simulations on the repaired wooden beams are reported in Sec. 5.5. In par-
ticular, the effect of the use of screws and passing screws on the reparation
intervention are highlighted in Sec 5.5.3 and Sec. 5.5.4, respectively. In the end,
in Sec. 5.6 the main findings of the studies are listed. The results presented
in this chapter have been proposed for publication. The article is currently in
press [12].

5.2 premises on wood

Wood is a natural material with a complex composite cellular microstruc-
ture (Fig. 5.1). Due to its nature, wood is an inhomogeneous, anisotropic and
porous material with moisture-, temperature- and time-dependent behaviour.

Despite being an anisotropic material, wood is commonly modelled as an
orthotropic material. The three main directions of the material are denoted
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Figure 5.1: Illustration of the wood macro-to-micro structure taken from the Hand-
book [158]. In the following, the elements contained in the picture are
listed. Illustration of a cut-away tree at various magnifications (A). Micro-
scopic views of the wood cell walls of a softwood (B) and a hardwood (C).
Hand-lens views of growth rings, each composed of earlywood and late-
wood, in a softwood (D) and a hardwood (E). A straight-grained board (F).
Diagonal-grained board (G). The gross anatomy of a tree trunk, showing
bark, sapwood, and heartwood (H).
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as longitudinal (L), radial (R) and tangential (T). In the dedicated literature,
the longitudinal direction is also known as the "parallel-to-grain" direction.
Moreover, the terminology "perpendicular-to-grain" is used to including both
of the radial and the tangential directions, since usually there is no significant
difference between the properties along them.

The material modelling of wood has to tackle several issues. First of all,
all the wood species differ at the micro-scale in the anatomy. Furthermore,
the presence of inhomogeneities, such as grain deviations and knots, affects
the material behaviour. Thence, the availability and the reliability of the engi-
neering parameters usually employed for the material formulation are trou-
blesome. Moreover, strength properties of wood significantly differ for com-
pressive, tensile and shear loading.

5.2.1 Tension

In tension, wood shows a quasi-brittle failure. The brittle failure modes can be
clearly seen in Fig. 5.2, where the typical load-displacement curves of tension
tests where the load direction is parallel-to-grain (Fig. 5.2a) and perpendicular-
to-grain (Fig. 5.2b) carried out on spruce specimen [159, 160] are reported.
The qualitative tensile behaviours parallel and perpendicular to the grain are
similar, but the ultimate tensile stress capacity is very different.

5.2.1.1 Fracture Process Zone in wood

On the microscopic scale, as shown in Fig. 5.3, it has been found that brit-
tle failure occurs at annual ring level in the earlywood, the low-density part
of the annual rings that forms during the spring, or in the interface early-
wood/latewood [163, 164]. The fibers bridging plays a key role in the energy
dissipation process, spreading the cracking process within a Fracture Process
Zone. Murata et al. [163], estimates that the thickness of the process zone
ranges between 0.3 to 0.5 mm in a spruce specimen (annual ring width 0.89

mm), assuming a constant and uniform dissipation over the fracture process
zone.
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(a) (b)

Figure 5.2: Uniaxial tensile tests parallel-to-grain (a) and perpendicular-to-grain (b)
carried out on spruce (Picea abies) specimens by Franke [161] and
Poulsen [160], respectively

(a) (b)

Figure 5.3: Particular at the micro-scale of the effect of a tensile load along the R-
direction (a) and the T-direction [162]
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5.2.2 Compression

The behaviour in compression exerted by wood is completely different from
the quasi-brittle result in tension. Wood in compression is ductile with a dis-
tinct plastic behaviour, as shown in Fig. 5.4. At the micro-scale, it has been
drawn that, in compression, the cells are structurally acting as columns which
are failing by kinking. The non-linearity before the decrease in strength is due
sliding and microscopic buckling phenomena. After the incipient kinking, a
steady plateau is developing where the material is yielding without gaining
higher stresses. Fig. 5.5 shows the kink band angle on the tangential face of
specimens of different size loaded in parallel-to-grain compression.

The cell buckling is usually starting in earlywood, where the cell walls are
thinner and thus are more susceptible to stability problems due to compres-
sion loads.

Figure 5.4: Uniaxial compression parallel-to-grain test on a spruce (Picea abies) spec-
imen carried by Poulsen [160]

5.2.3 Shear

Generally, wood shows a quasi-brittle failure due to shear, similar to the ten-
sile failure. Shear failure always happens in the LT- or LR-plane and usually
follows the annual rings separating earlywood from latewood as this is the
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Figure 5.5: Effect of a progressive compressive (from the left to the right) load at the
micro-scale level [162]

weakest part. Microscopically, as shown in Fig. 5.6, shear failures show the
same rupture mechanisms as tension perpendicular to the grain.

Figure 5.6: Effect of a progressive shear load (from the left to the right) at the micro-
scale level [162]

5.3 state of art on wood modelling

A reliable constitutive FE model for timber has to be anisotropic/orthotropic
and to account for both the difference in strength between tension and com-
pression and, at the same time, the simultaneous presence of ductile and brit-
tle failure modes. State-of-the-art-literature on FE constitutive models mostly
provides anisotropic plasticity models based on Tsai and Wu [165] and Hill [166]
failure criteria. For instance, Bouchaïr and Vergne [167], Clouston and Lam [168]
developed single-surface plasticity models by combining the classical flow the-
ory of plasticity with the elliptical Tsai and Wu failure surface for anisotropic
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materials [165, 169]. Other examples of single-surface plasticity models are
based on the failure surfaces proposed by Hoffman [170], e.g. [171]. Although
single-surface plasticity models are able to predict the failure loads of the ma-
terial, they fail to reproduce different failure modes and do not satisfactorily
describe the structural behaviour. Therefore, multi-surface plasticity model
have been developed [35, 172]. However, the parameters employed for the
mathematical description of the multi-surfaces may lack of direct physical
meaning, while the computational transition from one surface to another one
is prone to numerical instabilities. Eventually, multi-surface plasticity models
are coupled to fracture models, such as CZM or interface element [173].

An alternative approach to plasticity models consists in adopting orthotropic
constitutive laws in the context of Continuum Damage Mechanics (CDM). In
CDM models, as introduced in 2.1.1, the progressive deterioration of the me-
chanical strength due to the development of micro-cracks, voids and other
types of defects is modelled through the introduction into the stiffness matrix
of damage variables representative of the state of degradation of the material,
ranging from 0 for sound material to 1 for completely broken material. Thus,
CDM is suitable to model materials whose constitutive law exhibits a brittle
softening post-peak branch and failure mainly occurs by strain localization.
Recently, Sandhaas et al. [174] have developed a simplified effective 3D mate-
rial model suitable for modelling localized ruptures observed in timber struc-
tures. For a complete 3D description of wood as an orthotropic material, CDM
model is based on eight types of brittle and ductile failure modes governed by
six damage variables [14], while ductile plastic-like behaviour under compres-
sion is simulated by means of an elasto-damaging law displaying a horizontal
stress threshold beyond a critical strain. This approach overcomes the emer-
gence of mesh-dependency induced by the presence of softening constitutive
laws through the adoption of the crack-band model [63]. The adoption of the
aforementioned crack-band model is an acceptable compromise between sim-
plicity of implementation and accuracy. Furthermore, in the Sandhaas and
van de Kuilen model [14], a fictitious-viscosity-based stabilization term had
to be used to tackle the occurrence of fast snap-back and snap-through points
encountered during the loading process. Although permanent plastic defor-
mations are not captured, it has been successfully applied to the modelling of
timber specimens subjected to monotonic tension, compression and dowel em-
bedment [174]. More recent contributions, such as those by Sirumbal-Zapata

115



modelling of wooden beams

et al. [175], for cyclic loads, and Khenanne et al. [176], for large plastic defor-
mations, have proposed elasto-damaging plastic orthotropic constitutive laws,
with the limitation that isotropic damage laws are used, thus precluding a
physically consistent representation of the complex damage state occurring in
repaired timber beams.

5.4 an orthotropic elasto-damaging constitutive model

Wood is an orthotropic material and its damaging process is also orthotropic.
Let consider the reference system shown in Fig. 5.7, where the x-axis, the y-
axis and the z-axis are aligned to the longitudinal (L), the radial (R) and the
tangential (T) directions of the wood, respectively. According to the reference

Figure 5.7: Reference system adopted

system adopted, using the Voigt notation, the stress can be expressed as

σ =
[
σxx, σyy, σzz, σxy, σyz, σxz

]t ≡ [σL, σR, σT, σLR, σRT, σLT]
t . (49)

The orthotropic non-linear behaviour of the wood has been modelled in the
CDM framework according to Sandhaas et al. [14]. In particular, six indepen-
dent damage variables, one for each stress component, have been introduced
and collected in the vector

d = [dL, dR, dT, dLR, dRT, dLT]
t . (50)

We define the effective stress vector σ̃ as the stress that acts on the effective
resisting area, deprived of damaged parts, i.e.

σ̃ = Mσ , (51)
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where

M =



1
(1−dR)

0 0 0 0 0

0 1
(1−dT)

0 0 0 0

0 0 1
(1−dL)

0 0 0

0 0 0 1
(1−dRT)

0 0

0 0 0 0 1
(1−dRL)

0

0 0 0 0 0 1
(1−dTL)


. (52)

For the subsequent derivations, it is convenient to define the damaged com-
pliance matrix Cd of wood as

Cd =



1
(1−dR)E11

− ν21
E22

− ν31
E33

0 0 0

− ν12
E11

1
(1−dT)E22

− ν32
E33

0 0 0

− ν13
E11

− ν23
E22

1
(1−dL)E33

0 0 0

0 0 0 1
(1−dRT)G12

0 0

0 0 0 0 1
(1−dRL)G13

0

0 0 0 0 0 1
(1−dTL)G23


.

(53)

The nominal stress σ is defined by the equation

σ = Dd ε , (54)

where the damaged stiffness matrix is obtained as Dd =
(
Cd)−1

. Eight dif-
ferent failure criteria are considered in the adopted model, each one corre-
sponding to a failure surface in the principal stress space, as detailed in the
following paragraphs.

• Criterion I - Failure in parallel-to-grain tension: Brittle failure mode
caused by tensile stress parallel-to-grain σ̃L > 0 and is governed by the
damage variable dL. It obeys the loading-unloading inequality

FI(σ) =
σ̃L

ft,L
− 1 ≤ 0 , (55)

where ft,L is the tensile strength along the longitudinal direction.
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• Criterion II - Failure in parallel-to-grain compression: Ductile failure
mode caused by compressive stress parallel-to-grain σ̃L < 0 that af-
fects the damage variable dL. The failure is associated with the loading-
unloading inequality

FI I(σ) =
−σ̃L

fc,L
− 1 ≤ 0 (56)

where fc,L is the compressive strength along the longitudinal direction.

• Criteria III/IV - Failure in perpendicular-to-grain tension: Brittle failure
modes governed by tensile perpendicular-to-grain (σ̃R > 0 and σ̃T > 0),
longitudinal shear (σ̃LR, σ̃LT) and rolling shear σ̃RT stresses. They are
characterized by the development of splitting cracks in LR-plane and
LT-plane, respectively, and are related to the damage variables dR, dT,
dLR , dLT and dRT. The quadratic loading-unloading inequalities:

FI I I(σ) =
σ̃2

R

ft,R
2 +

σ̃2
LR

fv
2 +

σ̃2
RT

froll
2 − 1 ≤ 0

FIV(σ) =
σ̃2

T

ft,T
2 +

σ̃2
LT

fv
2 +

σ̃2
RT

froll
2 − 1 ≤ 0

, (57)

are adopted, where ft,R is the tensile strength along the radial direction,
ft,T is the tensile strength along the tangential direction, fv,LR is the shear
strength along the LR plane, fv,LT is the shear strength along the LT
plane, and, finally, fv,RT is the rolling shear strength of the material.

• Criteria V/VI - Failure in perpendicular-to-grain compression: Ductile
failure modes caused by the compressive stress along the radial or the
longitudinal direction (σ̃R < 0 and σ̃T < 0), and governed by the damage
variables dR and dT. They are associated with the following loading-
unloading inequalities

FV(σ) =
−σ̃R

fc,R
− 1 ≤ 0

FVI(σ) =
−σ̃T

fc,T
− 1 ≤ 0

, (58)

where fc,R and fc,T are the compressive strength along the radial and the
longitudinal direction of the material, respectively
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• Criteria VII/VIII - Shear failure: Brittle failure modes induced by the
longitudinal shear stresses σ̃LR, σ̃LT and the rolling shear stress σ̃RT, in
the case that a compressive perpendicular-to-grain (σR < 0 or σT < 0)
occurs. They are governed by the damage variables dLR, dLT and dRT. The
current case is governed by the quadratic loading-unloading inequalities:

FVII(σ) =
σ̃2

LT

fv
2 +

σ̃2
RT

froll
2 − 1 ≤ 0

FVII I(σ) =
σ̃2

LT

fv
2 +

σ̃2
RT

froll
2 − 1 ≤ 0

. (59)

In general, the loading-unloading Kuhn-Tucker condition for the m− th sur-
face of the CDM model is cast as

φm(σ, km) = Fm − km ≤ 0 ˙km ≥ 0 φm ˙km = 0 , (60)

where km is the state variable related to the m − th failure criteria, and ˙km
denotes the increment of km evaluated with respect to a fictitious time param-
eter.

In order to simulate both brittle and ductile failure modes, the Sandhaas et
al. model [174] considers two damaging laws. In particular, Fig. 5.8a shows
a qualitative representation of the adopted stress-strain law adopted for each
case of ductile failure modes, such as failure by compression in the parallel-
to-grain and perpendicular-to-grain directions. In this case, and the relevant
damage variable, that is activated when the loading function is greater than
zero, is calculated as

di(km) = 1− 1
km

i = L, R . (61)

For each brittle failure mode induced by tensile and/or shear stresses, the
bilinear softening stress-strain law displayed in 5.8b is used. In this case, the
damage variables related to the tensile failure modes are computed according
to

di(km) = 1− 1
ft,i − 2g f ,iEi

(
ft,i −

2g f ,iEi

km

)
i = L, R, T , (62)
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while, for shear failure modes, the damage variables are defined as

di(km) = 1− 1
fv,i − 2g f ,v,iGi

(
fv,i −

2g f ,v,iGi

km

)
i = LR, LT, RT , (63)

where g f ,i and g f ,v,i being the specific fracture energies for the tensile and the
shear failure modes, respectively. Mesh-dependency is alleviated by adopting
the crack band model [63], where the specific fracture energy g f of the single
FE e is related to the fracture energy of the material G f and to the characteristic
size of the finite element he through

gF =
G f

he
. (64)

In our case, fracture energies have been taken from Sandhaas and van de

(a) (b)

Figure 5.8: Qualitative representation of the stress-strain law adopted for: a) duc-
tile failure modes, where k = L, R, T; b) brittle failure modes, where
i = L, R, T, LR, LT, RT.

Kuilen [14] and Mackenzie-Helnwein et al. [172] and the other properties
from the Handbook [158](Tab. 5.1). Based on the 3D FORTRAN code pre-
sented in Ch. 2, a 3D non-linear FE code hass been developed following the
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Elastic Properties [MPa]

EL ET ER GLT = GLR GRT

11000 500 800 690 50

Strengths [MPa]

ft,L fc,L ft,R = ft,T fc,L = ft,T frol = fv

45-65 25-35 0.5-2.5 3.8 4-6.9

Fracture Energies [N/mm]

G f ,L G f ,T G f ,vR G f ,vT G f ,roll

2 0.3 1.2 1.2 0.6

Table 5.1: Material parameter of Norway spruce employed for the numerical simula-
tions

mathematical formulation presented. The flow chart of the code can be found
in Fig. 5.9.

The procedure has been validated by modelling experimental 4-point bend-
ing tests carried out on four integer Norway spruce beams. The experimental
and numerical structural responses were in close agreement. In particular,
not only the load vs displacement curves were highly comparable (general
shape, peak loads and displacements at failure correctly predicted), but also
the failure mode associated with bending failure was consistently reproduced:
indentation under the anvils, damage slowly growing at extrados due to com-
pressive stress, damage due tension quickly propagating at the intrados under
the loaded zone in the post-peak regime (data not shown).

5.5 case study : end-repaired beam

A large number of timber structures is part of the human heritage, and in
recent years the new timber constructions have impressively grown as manu-
facturing volumes and have attracted ever more interest in the building sector.
However, during their service life timber elements may need reinforcing in-
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Figure 5.9: Flow chart of the 3D non-linear FORTRAN FE code implemented based
oh the orthotropic damage model assumed [14]
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terventions due to several reasons (e.g., an increase in load-bearing capability
owing to modified service conditions in buildings), including repair when de-
cay has occurred [177]. In fact, specific parts of timber elements (such as the
ends, usually in contact with masonry) are under high risk of biotic attack
because excessive levels of humidity may possibly develop in walls (e.g., af-
ter malfunctioning of rain-collecting systems, associated to lack of adequate
maintenance) [178]. In the events mentioned above, which can be related to
both old and new buildings, the use of glued-in rods (GIR) placed into pre-
drilled holes or slots and bonded with structural adhesives, represents a good
solution for possible interventions; in fact, the joints prepared with GIR are
considered to possess high strength and stiffness along the rod axis, low cost
for the preparation, improved fire resistance and good aesthetic appearance,
due to both hidden connecting elements and low loss of original timber [179,
180]. This latter characteristic is most important in the conservation of timber
elements in heritage monuments, as in this case the safeguarding authorities
prescribe that the original parts are maintained integer as much as possible,
even when structural upgrading is needed (in fact, in many cases the tim-
ber surface may be decorated e.g. with paints). Thus, the use of interventions
making use of GIR is a realistic and successful alternative to the replacement
of whole elements that are only partially decayed, provided that these in-
terventions are consistent with heritage conservation principles [181]. How-
ever, the majority of research carried out on GIR has been oriented towards
rods glued into wood elements under purely axial loading. Already in these
conditions bars are subjected to both uneven stress distribution along their
length (peaks at both rod ends) and stresses perpendicular to the axis [182–
184]. Furthermore, in lateral loading conditions, such as those characterising
the interventions on beam-ends or on spliced beams (both are moment re-
sisting connections), a multiaxial system of forces is involved, which makes
the stress distribution much more complex to manage. In fact, mechanical
response of wood under multi-axial stress states has been considered only
rarely [185], and little is known about failure behaviour of timber under com-
bined stresses [186]. It is worthwhile observing that even in the case of uni-
axial forces nominally acting on the bars the design approach is not fully
established among researchers, and no unique design codes exist at European
level for this typology [187]. Actually, Eurocode 5 (EN 1995-2 [188]) does not
take into account this specific type of connection. Thus, it can be easily un-

123



modelling of wooden beams

derstood how no reliable rules to predict the mechanical performance are
yet available for the case of multiaxial stress distribution. Accordingly, the
usual approach encountered in the scientific literature to characterise the load
bearing capacity of such connections is based on developmental-type investi-
gations sometimes associated to Finite Element (FE) modelling. Experimental
trials were carried out on both new and old timber beams where one of the
two ends were cut and re-connected using GIR inserted in slots, so as to sim-
ulate a repair intervention on biologically decayed ends [189]. The prepared
beams were tested in bending (thus, rods were laterally loaded), and results
evidenced that specimens invariably failed at the repaired side and the col-
lapse mechanism was wood splitting close to rods, which was unexpected
according to the adopted design approach. A combined effect of shear and
orthogonal-to-grain tensile stresses was suggested as possible causes of col-
lapse [189]. Splitting induced by non-axial loading was also observed in other
cases of laterally loaded bars. For instance, recent tests [190] were carried
out on Sitka spruce spliced beams, connected with glued-in basalt fibre rein-
forced polymer (BFRP) rods and subjected to pull-bending tests (combination
of axial and bending forces). Results displayed that several specimens failed
prematurely due to the occurrence of splitting, and in these cases a lower fail-
ure strength was observed with an average drop of almost 8% [190]. Splitting
of GIR reinforced wood is usually attributed to: a) short edge distances; b)
rod misalignment; c) excessive loading perpendicular to the grain. This fail-
ure mode can be prevented by transversely reinforcing the connection in the
proximity of bars, e.g. by means of screws [180]. This solution was already
adopted in tests carried out on glued-laminated spliced beams of Norway
spruce loaded in bending [191]. Moreover, new spruce beams with ends cut
and repaired using steel bars and transversal screws passing from the intra-
dos to the extrados evidenced a 30% load-bearing capacity increase compared
to the series without the screws [192]. The mechanical behaviour of such pros-
theses is made even more complex by the fact that in GIR-based connections
the joint strength depends on parameters affected by both the mechanical and
the geometrical factors of three different materials: wood, adhesive, and rein-
forcing/connecting element. Thus, FE modelling is often taken into consider-
ation to interpret the results obtained in experimental tests. Focus of present
work is to analyse in more detail the mechanical behaviour of timber beams
repaired by means of solid wood prosthesis connected with steel GIR and to
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evaluate possible improvements of such behaviour by using screws, as sug-
gested in [192]. In our case, differently than what was done before, the use of
short screws locally reinforcing the elements in the perpendicular-to-grain di-
rection and placed close to the rod insertion areas is considered in the attempt
of limiting the use of long screws (mostly impacting for large-sized beams).
The effect of the local reinforcement was also evaluated by using different
inclination (45° and 90° with respect to the geometrical axis of the beam) of
the cut executed to connect the prosthesis to the rest of the beam. Four-point-
bending tests were carried out in the Laboratory on spruce repaired beams
up to the final collapse. Each test was documented by photogrammetric sur-
veys through which it was possible to follow the whole deformation process
of the beam. Such experimental tests offered the opportunity of validating
the mentioned 3D-CDM model to predict the load carrying capacity (also in
bending) of repaired beams. In fact, to the authors’ knowledge, FE simula-
tions of timber beams end-repaired with wood prosthesis, GIR steel bars and
reinforcing screws have yet to be done. At this regard, a high-performance 3D
and parallelised Finite Element FORTRAN code has been developed to carry
out large-scale numerical simulations of the experimental tests and to obtain
numerical results to compare with the experimental ones.

5.5.1 Experimental tests

A total of 15 glulam, simply supported beams (cross section 120x160 mm2;
span length 1800 mm), graded as GL24 and made of Norway spruce (Picea
abies Karst.) were analysed in 4-points bending tests (Fig. 5.10a, 5.10b, 5.10c).
The various specimens were cut close to one end and then the two parts were
re-sewed using 4 steel bars (S275, nominal diameter 10 mm, length 400mm)
glued into specifically prepared slots by means of epoxy adhesive (Mapewood
Paste 140). In this way, the variability related to wood characteristics (density,
slope of grain, moisture content, ageing effects etc.) on joint performances
was kept to a minimum. The transversal geometry of specimens is shown in
Fig. 5.11. Rods were placed parallel to wood grain, and slots had a square
section, as usual in interventions carried out onsite [193, 194]. Bars were cen-
tred along each slot using stoppers, thus ensuring an equal anchorage length
between the two parts of the beam. Additionally, to arrange a proper cen-
tring, O-rings were used at rod ends. Beams were divided into three groups
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Figure 5.10: Specimen configurations and test arrangements: (a) the reference one (cut
inclined 45°, no reinforcing screws); (b) same as (a) but with the use of re-
inforcing screws inclined 45° compared to wood grain; (c) configurations
with vertical cut and perpendicular-to-grain reinforcing screws
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(each consisting of five specimens) (Fig. 5.10): i) (configuration 45/re f er) cut
inclined 45° with respect to the geometrical axis. Considering that in normal
practice no reinforcing screws are used, this configuration is assumed as the
reference one for beams with 45° inclined cut (Fig. 5.10a) both in experimental
and numerical tests; ii) (configuration 45/45) cut inclined 45° and use of 16

reinforcing screws (Φ6 mm, length 160 mm), 8 on each part of the beam, also
inclined 45° compared to the wood grain/geometrical axis. The screws inser-
tion pattern is shown in Fig. 5.10b. The length of reinforcing screws (160 mm)
was selected based on previous tests [189], which showed that in the refer-
ence configuration the majority of specimens failed under the upper bar of
the main part (the longer one) of the beam and above the lower bar of pros-
thesis (the shorter one) [189]. Therefore, the screws are stopped before the
opposite rod; iii) (configuration 90/90) cut inclined 90° (vertical) and use of
16 reinforcing screws (Φ6 mm, length 120 mm), 8 on each part of the beam, in-
serted perpendicular to the wood grain. The screws insertion pattern is shown
in Fig. 5.10c. The length of the screws was chosen with the same rationale as
described in point (ii). It is worth noting that beams with 90° inclined cut,
but without screws, were not tested because previous experiences proved
the irrelevant influence of the cut orientation on the mechanical behaviour
of the whole beam [192]. Beams were left to cure for a minimum of 15 days
in standard conditions (20°C and 65% r.h.). The 4-points bending tests were
configured so as to make appreciable the shear stress close to the repaired end-
parts (Fig. 5.10), as usually occurs in real cases (where prostheses are close to
walls). Tests were carried out on a Z600 universal testing machine (produced
by Zwick/Roell) with 600 kN load capacity (load cell accuracy ±1%). Firstly,
beams were subjected to 2 preliminary load steps from 0 to 12 kN; then, the
load was gradually increased at a load-bar rate of 7.5 mm/min up to collapse.
The load-displacement curve was acquired using the built-in LVDT transducer
provided with the dynamometer; thus, the displacement of the upper loading
anvils was actually measured. The results of the tests carried out in the Lab-
oratory are shown in Tab 5.2 and in Fig. 5.12. As usual for timber elements,
the data showed a certain variability. In series 45/45 and 90/90 this variabil-
ity also increased due to failures starting from defects occurring in the wood
beams (such as knots, localized grain deviations and presence of finger joints
in lower lamellas) and hence not directly related to the presence of bars. This
occurrence clearly indicated that the presence of short screws did not improve
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Figure 5.11: Scheme of the transversal section of all repaired beams. The position of
the screws is also visible in the cross section

the mechanical performance of repaired elements, but they left unaltered both
the load at collapse and the stiffness of reinforced beams. Looking at the fail-
ure mode, it was observed that beams of series 45/re f er collapsed due to the
occurrence of splitting invariably localised under the upper rods of the main
(longer) part of the beam, similar to Pizzo et al. [189] This mechanism was also
associated to the pull-out of lower bars, which occurred at the moment of col-
lapse. Instead, in both 45/45 and 90/90 series cracks due to wood splitting
moved down towards lower bars, localised at the tips of screws (mechanism
ALBB in Tab. 5.2). Thus, the presence of screws (although short) affected the
failure mechanism of repaired beams.

5.5.2 Numerical Results

The three experimental typologies showed in Fig. 5.10 have been simulated,
and the main mechanical parameters obtained after numerical analysis shown
in Tab. 5.1. The steel rods and the adhesive have been modelled as elasto-
plastic isotropic materials with the material parameters provided by the man-
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Configurations Sample Pmax [kN]
Deflection [mm]

Failure modes
@ Pmax

45/re f er

T6 65.64 19.7 UUBB;POLB
T9 59.01 18.1 UUBB;POLB

T10 65.08 19.7 UUBB;POLB
T12 57.00 19.8 UUBB;POLB

45/45

T1 51.26 14.7 T
T5 63.36 17.7 ALBB;POLB
T8 49.87 15.4 T

T11 65.30 18.1 ALBB;POLB
T13 66.67 N.A. ALBB;POLB

45/45

T2 55.94 23.1 T
T15 62.35 28.5 ALBB
T16 56.23 17.5 ALBB
T17 64.46 21.4 ALBB
T18 58.89 18.2 ALBB

Table 5.2: Experimental results obtained for end-repaired beams. UUBB = under the
upper bar of the main (longer) part of the beam; ALBB = above the lower
bar of the main part of the beam; POLB = pull-out of the lower bars; T =
timber-related defects (knots, localised grain deviation, rupture in finger
joints etc.). In bold the mechanism observed in the pre-peak regime.

129



modelling of wooden beams

(a) Failure mode UUBB (b) Failure mode ALBB

Figure 5.12: Examples of failure modes for representative elements: a) UUBB; b)
ALBB.

ufacturers. In particular, the steel and adhesive Young’s moduli are 210000
and 4000 MPa, respectively, while the Poisson coefficients are 0.3 and 0.35,
respectively. Moreover, steel S275 has been used in all the simulations, except
in the case of passing screws as illustrated in Sec. 5.5.4, where both steel S275

and B450C have been used. For the sake of simplicity, a perfect adhesion has
been assumed at the steel-adhesive and the adhesive-wood interfaces. A thin
layer made of a linear elastic isotropic material with reduced Young’s modu-
lus has been introduced to simulate the unilateral contact at the cut-interface.
As for wood, the parallel-to-grain compressive strength, fc,L, and the tensile
strength, ft,L, have been set to 35 and 65 MPa, respectively, whereas the other
parameters are shown in Tab. 5.1. More comments on the model sensitivity
to the material parameters are given in Sec. 5.5.5. A three-dimensional mesh
with 228599 tetrahedrons and a characteristic mesh size of 2 mm has been
used. The numerical test took 13 hours. Owing to the symmetry with the re-
spect to the LR-plane, only one half of the specimen has been modelled. The
experimental and the numerical load vs displacement curves for the 45/re f er
configuration of Fig. 5.10a are displayed in Fig. 5.13. It can be drawn that the
response of the repaired beam is brittle. Fig. 5.14 displays the contour plots of
the cumulative damage greater than 10−3 evaluated at the development of the
first macro-crack (Step A), at the peak load (Step B) and at complete failure
(Step C). Before the load peak, the contour map of the cumulative damage
at Step A displays two horizontal cracks located below the upper bar in the
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Configurations Pmax
[kN]

Deflection
@ Pmax
[mm]

Failure modes

45/re f er 62.02 17.1 Pull-out of the lower bar in the
main beam combined with horizon-
tal crack above the lower bars in the
main part of the beam

45/45 61.72 16.46 Pull-out of the lower bar in the
main beam combined with horizon-
tal crack above the lower bars in the
main part of the beam

90/re f er 52.78 15.03 Yielding of the lower bars

90/90 56.43 18.14 Horizontal crack above the lower
bars in the main beam

90/90 passing screws
S275

60.02 20.38 Yielding of the lower bars

90/90 passing screws
B450C

66.64 22.79 Pull-out of the lower bar in the
main beam combined with horizon-
tal crack above the lower bars in the
main part of the beam

45/re f er
ft,R = 0.50 MPa
fv = 6.9 MPa

57.16 17.70 Shear cracks across the cut and hor-
izontal crack above the lower bars
in the main beam

45/re f er
ft,R = 0.50 MPa
fv = 6.9 MPa

62.86 18.19 Pull-out at the end of the lower bar
in the main beam

45/re f er
ft,R = 0.50 MPa
fv = 6.9 MPa

63.87 17.77 Pull-out at the end of the lower bar
in the main beam

Table 5.3: Peak loads, displacements at peaks and failure modes for each numerically
simulated configuration.

131



modelling of wooden beams

Figure 5.13: Comparison between experimental (black dashed line) and numerical
(red point-dashed line) load vs deflection curves obtained for 45/re f er
beam and obtained with ft,L = 35 MPa, fc,L = 65 MPa, ft,R = 1.25 MPa,
fv = 4 MPa.

main part of the beam and above the bottom bar in the prosthesis. Further-
more, an indentation process develops under the loaded area. Then, at step
B corresponding to the peak reached at load 62.02 kN, the compression gen-
erated by the bending starts damaging the upper side of the beam section,
while the aforementioned horizontal cracks further propagate. In addition, a
damaged zone close to the left end of the lower bar is activated. This latter
damage zone spreads at failure, reached at Step C, possibly, as a consequence
of the pull out of the bars. Fig. 5.13 and Fig. 5.14 display a good agreement
between the numerical and the experimental results. Both the failure mode
and the structural response obtained from the numerical simulation are con-
sistent with those observed in the experimental tests. Particularly interesting
is the agreement with the cumulative damage at Step A, where the cracks
developing before the maximum load is attained (evidenced both in present,
Fig. 5.12, and previously reported tests [189], are correctly predicted.
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(a) Step A

(b) Step B

(c) Step C

Figure 5.14: Contour plots of the cumulative damage for the 45/re f er beam
(Fig. 5.10a) at different steps of the load vs displacement curve (Fig. 5.13).
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5.5.3 Influence of screws

The simulation of the two numerical models related to configurations 45/45
and 90/90 (respectively Fig. 5.10b and Fig. 5.10c) was made by 315484 and
by 297092 tetrahedrons, respectively. It has taken almost 19 hours for the
45/45 configuration and 17 hours for the 90/90 one on a PC i7-5930k CPU.
The numerical and the experimental load vs deflection curves are reported in
Fig. 5.15. For the sake of completeness, the results obtained for the configu-
ration without reinforcing screws have also been reported. It can be deduced
that the screws do not significantly affect the peak load and the brittleness
of the structural response of the 45/re f er end-repaired beams, whereas they
increase the peak load by only 6% in the 90/90 configuration. Fig. 5.16 and
Fig. 5.17 show the contour plots of the cumulative damage for the 45/45 and
90/90 configurations, respectively. In particular, the displayed contour plots
correspond to the stages immediately before (a) and at failure (b), namely at
Steps B and C (Fig. 5.15) according to the notation adopted for the 45/re f er.
Furthermore, a detail of the cumulative damage at failure in the screws sec-
tion is reported in Fig. 5.16c and Fig. 5.17c. These contour plots show that,
in both the considered configurations, the reinforcing screws stop the crack
propagation below the upper rods of the main part of the beam, whereas
some damage develops at the screws tips. Moreover, failure occurs around
steel bars, as a consequence of either yielding or pull-out-related tensions.

5.5.4 Numerical assessment of the effect of passing screws

Numerical investigation was also used to assess to which extent the usage of
passing screws (Fig. 5.18) might further improve the structural performance
of the end-repaired beams. For this purpose, simulations have been carried
out for the case of the 90° cut. In detail, two simulations have been run, one
with a steel with yielding stress equal to 275 MPa, the same as used on the
experimental tests, and another one with a steel yielding at 450 MPa, the same
used in [192], with the aim of assessing the influence of the steel strength on
the increase of the peak load. The failure modes detected in the simulations
are presented in Tab. 5.3. Fig. 5.19 shows that, with respect to the 90/re f er
beam, the passing screws increase the failure load by 14% in the case of steel
S275, namely from 52.78 kN to 60.02 kN, and by 26% in the case of steel
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5.5 case study : end-repaired beam

(a)

(b)

Figure 5.15: Comparison between experimental (black dashed line) and numerical
load vs displacement curves for: a) the 45/re f er (red point-dashed line)
and the 45/45 (blu continuous line); b) the 90/re f er (red continuos line)
and the 90/90 (blu dashed line) configurations. ft,L = 35 MPa, fc,L =

65 MPa, ft,R = 1.25 MPa, fv = 4 MPa
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(a) Step B

(b) Step C

(c) Step C, screws section

Figure 5.16: Contour plots of the cumulative damage immediately before (a) and at
failure (b) for the 45/45 configuration (Fig. 5.10b). In (c), the cumulative
damage at failure in the screws section is shown.
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(a) Step B

(b) Step C

(c) Step C, screws section

Figure 5.17: Contour plots of the cumulative damage immediately before (a) and at
failure (b) for the 90/90 configuration of Fig. 5.10c. In (c), the cumulative
damage at failure in the screws section is shown.
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(a) Step A

Figure 5.18: The configuration with 90° cut and passing screws simulated in the nu-
merical investigation

Figure 5.19: Comparison between numerical load vs displacement curves for the 90
cut beam with passing screws in both cases of steel S275 and B450C, the
90/90 configuration with non-passing screws (experimental tests), and
the 90/re f er beam. ft,L = 35 MPa, fc,L = 65 MPa, ft,R = 1.25 MPa,
fv = 4 MPa.
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(a) Step A

(b) Step B

(c) Step C-D

Figure 5.20: Contour plots of the cumulative damage for the 90° cut beam with pass-
ing screws and steel S275.
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B450c, that is from 52.78 kN to 66.64 kN. The damage maps illustrated in
Fig. 5.20 display that, analogously to the non-passing screws, the presence of
the passing screws inhibits damage in their surrounding zone: failure starts
at Step C, completes at step D and occurs by yielding and/or pull-out of the
steel bars. On the other hands, it is worth noting that, when screws made of
B450C are simulated, the damaged zone developing above the lower bar in
the main part of the beam is larger, and failure mainly occurs by pull-out of
the lower bar, while the yielding of the latter is still present but to a lesser
extent.

5.5.5 Numerical sensitivity analysis to the orthogonal to the grain tensile strength

A sensitivity analysis has been carried out on the 45/re f er configuration to
assess the influence of the strength properties along the direction orthog-
onal to the grain, having fixed all the remaining material parameters. In
particular, the cases where ft,R = 0.50, 1.25, 2.50 MPa with fv = 6.9 MPa
have been considered. Fig. 5.21 compares the experimental and the structural
paths computed with the aforementioned parameters. It can be drawn that
changing the strength in the radial direction does not significantly alter the
load-displacement curves. The corresponding damage maps at failure are dis-
played in Fig. 5.22, and they evidence that the respective damage patterns are
markedly different, especially in the case of ft,R = 0.50 MPa, for which the
model predicts diffused shear cracks across the cut that, however, have not
been experimentally observed. This occurrence implies that the characteristic
value of 0.5 MPa recommended in codes for class GL24 (the same used in
present tests) is highly precautionary and not suitable for numerical codes.
The failure modes computed for the whole set of constitutive parameters are
collected in Tab. 5.3. A satisfying correspondence between the numerical and
the experimental failure modes can be evidenced.

5.6 conclusions

Some experimental tests were aimed at evaluating the effectiveness of short
screws inserted in beams repaired at one end with the use of GIR, to locally
reinforce timber in the perpendicular-to-grain direction. Moreover, a compre-
hensive numerical analysis was carried out in order to interpret the experi-
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5.6 conclusions

Figure 5.21: Sensitivity analysis: Influence of the radial tensile strength ft,R obtained
with ft,L = 35 MPa, fc,L = 65 MPa.

mental behaviour of both reinforced and unreinforced beams. Results showed
that short screws were not able to substantially improve the load capacity
of repaired elements, for both configurations 45/45 and 90/90. However, the
presence of screws (although short) affected the failure mechanism of repaired
beams: the movement of the due-to-splitting cracks towards the lower bars (of
the main part of the beam) was observed in the two screw-reinforced config-
urations, differently from the 45/re f er series where splitting was localised
below the upper bars. Numerical simulation agreed to a very good extent
with experimental results (for both screw-reinforced and unreinforced config-
urations): both the load-displacement curves and the obtained damage maps
observed in mechanical tests were correctly predicted. Moreover, even when
applied to the case, already reported in the literature, of screws passing from
extrados to intrados, the numerical model predicted a load capacity increase
very close to the one previously reported. Finally, sensitivity analysis allowed
establishing that the experimentally observed failure mechanism is related
to the failure criteria III/IV, which in fact provides a combination of tension
perpendicular-to-grain, longitudinal shear and rolling shear stresses.
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(a) a) ft,R = 0.50 MPa

(b) a) ft,R = 1.25 MPa

(c) a) ft,R = 2.50 MPa

Figure 5.22: Contour plots of the cumulative damage at failure for the 45/re f er beam
for variable ft,r.
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6
A N E W O RT H O T R O P I C E L A S T O - P L A S T O - D A M A G E
M O D E L F O R W O O D E N B E A M S A N D I T S
I M P L E M E N TAT I O N I N T H E R E - X F E M C O N T E X T

In Ch. 5, the orthotropic CDM model proposed by Sandhaas et al. [14] has
been used to study the structural response of end-repaired wooden beams.
The simulations, reported in Sec. 5.5, showed that the CDM model is able to
model in a suitable way the brittle behaviour of end-repaired wooden beams
and, in particular, to capture correctly the position of the damaged zones.
However, the proposed 3D orthotropic CDM model has some weaknesses.

The weak points of the model are mainly related to the compressive be-
haviour of the material and to the strain localization. Indeed, wood in com-
pression exhibits a complex plastic non-linear behaviour, that cannot be fully
described by the ductile damaging law of CDM [14]. In this sense, multi-
surface plasticity models have to be preferred for simulations involving plas-
ticity and damage under compression.Furthermore, in CDM model [14], the
crack process zone tends to be spread over large areas.

This chapter presents a new constitutive model developed in collaboration
with Prof. Michael Kaliske of the Institute of Structural Analysis of Dresden is
presented. The collaboration is aimed to propose a new 2D elasto-damaging
plastic constitutive law for wood where discontinuities are modelled through
a suitable RE-XFEM.

After a brief introduction to the multi-surface plasticity models developed
for wooden structures by Kaliske and coworkers in Sec. 6.1, the motivations
and the key aspects of the new computational model are presented in Sec. 6.2.
Some numerical tests on benchmarks and experimental tests are shown in
Sec. 6.4. In the end, some remarks on the firsts result obtained and on the
future developments are discussed in Sec. 6.5 and in Sec. 6.6, respectively.
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and its implementation in the re-xfem context

6.1 multi-surface plasticity model

In order to model the non-linear behaviour of wood, Schmidt and Kaliske [35]
proposed a 3D multi-surface plasticity model. This constitutive model consists
of 7 different flow rules fm, each one have the form

fm(σ, αm) = at
mσ + σtBmσ + qm(αm)− 1 = 0 m = 1, . . . , 7 , (65)

where am and Bm are the strength tensors set on the basis of a large experimen-
tal campaign on biaxial tests (Eberhardsteiner [185]), qm is a scalar parameter
that rules the non-linear evolution of the plastic surface and αm is the inter-
nal plastic state variable. The seven flow rules, each one corresponding to a
failure mode, are

• Tension in Radial direction (m = 1)

• Compression in Radial direction (m = 2)

• Tension in tangential direction (m = 3)

• Compression in tangential direction (m = 4)

• Tension in Longitudinal direction (m = 5)

• Compression in longitudinal direction (m = 6)

• Shear (m = 7)

In general, in the method proposed by Schmidt and Kaliske [35], the soft-
ening behaviour associated with a brittle failure modes, such as tension and
shear failure is defined through the function

qm = [1− exp(−ηmαm)] , (66)

where the parameter ηm determines the shape of the softening function. In
particular, for tensile failure modes,

ηm =
ft,ilc
G f ,i

i = L, R, T , (67)
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where lc is the characteristic length taken equal to the finite element size and
G f ,i is the fracture energy of the tensile failure mode along the direction i. For
the shear failure mode

η7 =
fvlc
G f ,v

, (68)

where fv is the shear strength of the specimen and G f ,v is the fracture energy
related to the shear failure mode.

For ductile failure modes, the evolution of the stress-strain relationship is
governed by the function

qm = (1− km) [1− exp(−ηmαm)]− ψm
(αm − αm,d)

2

αm,max − αm
, (69)

where km is a parameter that rules the hardening, ψm is a scalar form factor,
and αm,d, αm,max and ηm are shape parameters. Figs. 6.1a and b show the
effects of the shape parameters for the stress-strain behaviours at compression
perpendicular-to-grain and parallel-to-grain, respectively. Parameters need to
be calibrated in order to model the correct stress-strain response.

In order to implement a non-smooth multi-surface model, an iterative re-
turn mapping algorithm has to be implemented. In particular, the closest
point projection algorithm proposed by Simo and Hughes [36] has been used.

Several investigation has been carried out in order to take into account the
presence of inhomogeneities, the effect of humidity, thermo-higro-mechanical
coupling [173, 195, 196]. However, at this stage of the research, these addi-
tional effects have not been considered.

6.2 a 2d orthotropic multi-surface elasto-plasto-damage model

combined with re-xfem

In this section, a 2D new constitutive model for wood is presented. The new
model relies on two assumptions:

• Failure modes in compression are modelled by means a multi-surface
plasticity models. In particular, the multi-surface plasticity model pro-
posed by Schmidt and Kaliske [35] and described in the previous section
has been considered.
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(a) (b)

Figure 6.1: Qualitative stress-strain behaviour at compression perpendicular-to-grain
(a) and parallel-to-grain (b) adopted by Schmidt and Kaliske [35]
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• Quasi-brittle failure modes, such as failure modes in tension and shear,
are modelled by means the orthotropic CDM model proposed by Sand-
haas et al. [14]. The cracks development is modelled with a suitable
RE-XFEM, that is combined to the orthotropic CDM by the adoption of
a continuous-discontinuous transition.

The final constitutive model consists in an orthotropic 2D multi-surface elasto-
plasto-damage model, where interfaces are modelled through an orthotropic
RE-XFEM.

Let us consider plane-stress problems where the x-axis and the y axis are
aligned with the longitudinal (L) and the radial direction (R),

σ =
[
σxx, σyy, σxz

]t ≡ [σL, σR, σLR]
t . (70)

In the two-dimensional case, six independent damage variables have been
introduced into the model, namely

d = [dL, dR, dLR]
t and dc = [dc

L, dc
R, dc

LR]
t , (71)

where the three variables collected in d pertain to the bulk, while the variables
collected in dc pertain to the Regularized XFEM.

During the load process two regimes can occur:

• in the continuous regime the material is governed by a multi-surface
elasto-plasto-damage constitutive model until one of the damage vari-
ables of the bulk dL, dR, dRL reaches the critical threshold dcr

• in the regularized discontinuous regime, in the regularized volume, the bulk
is ruled by an multi-surface elasto-plasto-damage model, while the reg-
ularized discontinuity is activated. The damage variables are dc

L, dc
R and

dc
RL start to grown from the critical value dcr up to the maximum value

1.

In the following, a detailed description of the two regimes is reported.

147



a new orthotropic elasto-plasto-damage model for wooden beams

and its implementation in the re-xfem context

6.2.1 Continuous regime

In the orthotropic CDM proposed by Sandhaas, the damaged compliance ma-
trix Cd for the 2D plane-stress is defined as

Cd =


1

(1−dL)EL
− νLR

ER
0

− νLR
EL

1
(1−dR)ER

0

0 0 1
(1−dRL)GRL

 , (72)

where the damaged stiffness matrix is obtained Dd = (Cd)−1.
The nominal stress σ is defined by the elasto-damaging plastic constitutive

equation

σ = Dd(ε− εp) , (73)

where εp are the plastic deformations due to compressive failures. Further-
more, the effective stress field σ̃ that takes into account the micro stress con-
centrations due to damage is define as

σ̃ = Mσ , (74)

where M is the damage operator defined as

M =


1

(1−dL)
0 0

0 1
(1−dR)

0

0 0 1
(1−dRL)

 . (75)

The proposed constitutive model consists in 5 different failure surfaces, as
detailed in the following.

• Failure in tension along the longitudinal direction is a brittle failure
mode caused by tensile stress parallel-to-grain σ̃L > 0 and is governed
by the damage variable dL. The relevant criterion obeys the loading-
unloading inequality

FI(σ) =
σ̃L

ft,L
− 1 ≤ 0 , (76)

where ft,L is the tensile strength along the longitudinal direction.
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• Failure under compression along the longitudinal direction is a ductile
failure mode governed by the plastic flow rule

f I I(σ, αI I) = at
I Iσ + σtBI Iσ + qI I(αI I)− 1 = 0 , (77)

aI I =
[

1
f 2
c,L

0 0
]t

BI I =
[

0 0.33
f 2
c,R

0.25
f 2
v,RL

]
I . (78)

• Failure in tension along the radial direction is a brittle failure mode gov-
erned by tensile stress along the radial direction σ̃R > 0 and longitudi-
nal shear (σ̃LR) stress. It is characterized by the development of splitting
cracks in LT-plane, and is related to the damage variables dR, dLR . The
quadratic loading-unloading inequalities:

FI I I(σ) =
σ̃2

R

ft,R
2 +

σ̃2
LR

fv
2 − 1 ≤ 0 , (79)

are adopted.

• Failure in compression along the longitudinal direction is a ductile fail-
ure mode governed by the plastic flow rule

f IV(σ, αIV) = at
IVσ + σtBIVσ + qIV(αI I)− 1 = 0 , (80)

where

aIV =
[

0 0.4
f 2
c,R

0
]t

BIV =
[
−0.25
fc,L ft,L

0 0.33
f 2
v,RL

]
I , (81)

are introduced.

• Failure by shear is a brittle failure mode induced by the longitudinal
shear stress σ̃LR when the compressive radial stress σR < 0 occurs. It is
governed by the damage variables dLR. The current case is governed by
the quadratic loading-unloading inequalities:

FV(σ) =
σ̃2

LR

fv
2 +−1 ≤ 0 . (82)
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Fig. 6.2 shows the 2D representation of the surface failures defined in the
multi-surface plasticity model [35] and in the in the multi-surface elasto-
damaging plastic model proposed compared with the experimental values
obtained by Eberhadsteiner [185] on spruce specimens having ft,L = 65 MPa,
fc,L = −50.3 MPa, ft,R = 3.75 MPa, fc,R = 6 MPa, fV,LR = 6.34 MPa. The
failure surfaces at compression have been reported with a red pointed line,
while the failure surfaces in tension in the multi-surface plasticity model [35]
and in the proposed model have been with a black continuous line and with
a blue dashed line, respectively. In the plasticity model proposed by Schmidt
and Kaliske [35], the tensile stress at failure along a direction decreases for in-
creased stress along the other direction. On the other hand, in the orthotropic
damage model assumed in the proposed model, the tensile stress at failure is
constant and equal to the tensile strength of the material. Considering the scat-
tered values obtained from the experimental campaign [185], the assumption
of constant tensile failure stress seems justified. In Fig. 6.3, the 3D envelope of
the failure surfaces on the stress space is reported.

Figure 6.2: 2D representation of the surface failures defined in the multi-surface plas-
ticity model [35] (black continuous line) and in the in the multi-surface
elasto-plasto-damage model proposed (blue dashed line) compared with
the experimental values obtained by Eberhadsteiner [185] (green "x" mark-
ers) on spruce specimens having ft,L = 65 MPa, fc,L = −50.3 MPa,
ft,R = 3.75 MPa, fc,R = 6 MPa, fV,LR = 6.34 MPa.
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Figure 6.3: 3D representation of the multi-surface failure domain for ft,L = 65 MPa,
fc,L = −50.3 MPa, ft,R = 3.75 MPa, fc,R = 6 MPa, fV,LR = 6.34 MPa

6.2.2 Damage and Plasticity evolution

Each of the damage variables dL,n+1, dR,n+1, dL,n+1 at the current instant tn+1
in the continuous regime is cast as a non-decreasing function of the correspon-
dent current damage rL,n+1, rR,n+1, rLR,n+1 by means of the loading-unloading
conditions

ϕi,n+1 = σ̃i,n+1 − ri,n+1 = 0, ∆di,n+1 ≥ 0, ϕi,n+1∆di,n+1 = 0 . (83)

Moreover, each damage variable evolves according the exponential damage
law [2]

di,n+1 =


di,n φi,n+1 ≤ 0

1− ft,i

σ̃i,n+1
exp

{
−2

σ̃i,n+1 − ft,i

2G f ,iEi − ft,i

}
φi,n+1 > 0

, (84)

where G f ,i is the fracture energy of the correspondent failure mode and i=L,R,LR.
Like in the multi-surface plasticity model proposed by Schmidt an Kaliske [35],

the evolution of the plastic stress-strain behaviour is governed by

qm = (1− km) [1− exp(−ηmαm)]− ψm
(αm − αm,d)

2

αm,max − αm
m = I I, IV , (85)
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where the shape parameters have to be calibrated base on the experimental
uniaxial compression tests.

6.2.3 Regularized discontinuous regime

The damage compliance matrix Cd,c is defined as

Cd,c =


1

(1−dc
L)EL

− νLR
ER

0

− νLR
EL

1
(1−dc

R)ER
0

0 0 1
(1−dc

RL)GRL

 . (86)

The damaged stiffness matrix is obtained Dd,c = (Cd,c)−1. As soon as one
of the three damage variables dL, dR, dLR reaches the critical threshold dcr
in one of the Gauss quadrature point of the considered finite element, the
regularized XFEM is activated in that element, the evolution of the damage
variables d = [dL, dR, dRL] stopped and the material is governed by an elasto-
plastic constitutive model.

The effective stress is defined t̄n+1 = DN̄ An+1 in the case of sub-elemental
enrichment and as t̄n+1 = γρDN̄ An+1 in the case of super-elemental enrich-
ment. Like in the continuous regime, the loading-unloading conditions

ϕc
i,n+1 = t̃i,n+1 − rc

i,n+1 = 0, ∆dc
i,n+1 ≥ 0, ϕc

i,n+1∆dc
i,n+1 = 0 . (87)

hold, while each of the damage variables evolve according to

dc
i,n+1 =


dc

i,n ϕc
i,n+1 ≤ 0

1− ft,i

t̃i,n+1
exp

{
−2

t̃i,n+1 − ft,i

2G f ,iEi − ft,i

}
φi,n+1 > 0

, (88)

where i stands for L, R or LR.

6.3 2d fortan procedure

The 2D orthotropic multi-surface elasto-damaging plastic model combined
with the RE-XFEM has been implemented in FORTAN code [8]. The flow
chart of the final code is reported in Fig. 6.4. The implementation work is
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started by the codification of a 2D version of the 3D non-linear FORTRAN
RE-XFEM code presented in Sec. 2.2.7. After that, step by step all the modifi-
cations and the new algorithms required by new 2D orthotropic multi-surface
elasto-plasto-damage model coupled to the RE-XFEM has been implemented.
In particular, a massive work has been required for the implementation of
the iterative radial-return mapping algorithm for non-smooth multi-surface
plasticity model [36]. Furthermore, a new procedure for the definition of the
internal forces by the integration of the stresses has been required.

The same non-linear iterative solver scheme an the same Intel’s numerical
lybrary [78] see in the 3D RE-XFEM (Sec. 2.2.7) have been used. The code
works with both triangular and quadrilateral FE.

6.4 validation tests

In order to prove the potential of the proposed model, some validation tests
on 2D problems with a well-known crack path has been investigated. The
results of the simulation has been presented in the conference paper [197].

6.4.1 Double Cantilever Beam (DCB) tests

As first validation test, the Double Cantilever Beam (DCB) test has been con-
sidered. This test is usually employed to compute the mode I fracture energy
and strength of the material in the direction perpendicular-to-grain. The nu-
merical test carried out by Danielsson and Gustafsson [198] by means of a co-
hesive zone model and the experimental test carried out by Moura et al. [199],
shown in Fig. 6.5, have been simulated.

The simulation carried out by Danielsson and Gustafsson considered [198]
a Norway spruce specimen (Fig. 6.5a). The material parameters used in the
reference [198], reported in Tab. 6.1, have been adopted. The simulation, car-
ried out on a 2D mesh having 4850 dofs with a characteristic mesh size equal
to he = 1 mm, required 38 minutes on a PC i7-5930k CPU.

The comparison between the reference and the obtained results is reported
in Fig. 6.6, where the load-displacement profile obtained with the Multi-Surface
plasticity model developed by Schmidt and Kaliske [35] is also proposed.

As drawn from the load-vs-displacement curves, the adopted model is able
to simulate the structural response of the specimen. A perfect match between
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Figure 6.4: Flow chart of the 2D orthotropic multi-surface elasto-damaging plastic
model coupled to the RE-XFEM FORTRAN code
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Elastic properties [GPa]
EL ER GLR νRL [−]

Norway Spruce, Fig. 6.5a 12 0.8 0.7 0.02

Maritime Pine, Fig. 6.5b 15.13 1.01 1.12 0.033

Spruce (Picea abies), Fig. 6.11a 9.9 0.73 0.5 0.32

Birtch, Fig. 6.11a 8.5 0.66 0.44 0.03

Spruce (Sitka), Fig. 6.14 10.5 0.8 0.7 0.03

Strength Properties [MPa]
ft,L fc,L ft,R fc,R fv

Norway Spruce, Fig. 6.5a 40 -40 3 -4 6

Maritime Pine, Fig. 6.5b 87 -53 2.5 -2.2 10

Spruce (Picea abies), Fig. 6.11a 65.5 -50.3 3 -2.8 6.34

Birtch, Fig. 6.11a 73 -33 5.25 -6 6.2
Spruce (Sitka), Fig. 6.14 40 -40 2.5 -4 6

Fracture Energies [N/mm]
G f ,L G f ,R G f ,RL

Norway Spruce, Fig. 6.5a 1.65 0.3 0.9
Maritime Pine, Fig. 6.5b 1.65 0.2 0.9

Spruce (Picea abies), Fig. 6.11a 1.65

Birtch, Fig. 6.11a 1.65 0.1 0.77

Spruce (Sitka), Fig. 6.14 1.65 0.3 0.77

Table 6.1: Material properties employed for the numerical simulations of wooden
beams reported in Secs. 6.4.1, 6.4.2 and 6.4.3
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(a)

(b)

Figure 6.5: Geometry of the wood specimens used in the DCB tests carried out by
Danielsson and Gustafsson [198] (a) and Moura et al. [199] (b) with di-
mensions in mm

(a)

Figure 6.6: Comparison between the numerical simulation of the DCB test [198] with
some numerical solution available in literature
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the reference and the simulated peak load is obtained with ρ = 0.05 mm. The
contour plots of three different steps of the structural response are plotted
in Fig. 6.7. The results show that before the peak load (Step A) the crack on
the TL plane starts to propagate from the notch towards the clamped part
of the beam. At the peak (Step B) the crack rapidly propagates following the
predefined crack. In the post-peak part of the structural response (Step C),
the specimen is almost divided into two parts by the crack. For this reason,
on the load-vs-displacement curve the post-peak stiffness of the system tends
asymptotically to the bending stiffness of half of the specimen. From this point
of view, there is a clear difference between the numerical models considered
in the comparison in Fig. 6.6. Indeed, in the CZM used by Danielsson and
Gustaffsson [198] and in the multi-surface plasticity model by Schmidt and
Kaliske [35], the residual stiffness in the post-peak part of the response tends
to the bending stiffness named S1 = 220.42 N/mm. On the other hand, the
proposed XFEM model, the residual bending stiffness of the structural system
is higher, and it tends to the stiffness S2 = 269.39 N/mm. As shown in Fig. 6.8,
the difference between the two different residual bending stiffness is due to
the small layer having thickness s = 1 mm. In particular, in the CZM [198] and
in the plasticity model [35], the contribute of the layer to the bending stiffness
vanishes. Since that the FPZ is thinner than the layer, in the elasto-damaging
XFEM model the contribute of the remaining part of the layer after the crack
propagation to the bending stiffness makes the stiffness S2 higher than S1.
The second considered DCB test is the one carried out by Moura et al. [199]
on a maritime pine specimen, shown in Fig. 6.5b. In the simulation, the elastic
properties of the material used in the reference have been assumed. Since the
strength properties of the wood specimen have not been reported in the ref-
erence work [199], the material parameters of the maritime pine suggested by
National laboratory of civil engineering of Portugal (LNEC) have been used
(Tab. 6.1). For the elaboration, a 2D mesh having 5913 dofs and characteristic
mesh size equal to he = 1 mm has been employed. The simulation required
46 minutes on the aforementioned PC. The comparison between the numerical
simulation with the experimental tests is reported in Fig. 6.9. The agreement
between the numerical and the experimental results is very good. The contour
plots of different steps at the structural response are reported in Fig. 6.10. The
structural behavior is similar to the one observed in the previous DCB test.
As expected from the experimental results, it is not possible to make some
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(a) Step A

(b) Step B

(c) Step C

Figure 6.7: Contour plots of the radial damage dc
R for three representative steps of the

load vs displacement curve in Fig. 6.6

158



6.4 validation tests

1

(a) "S1"configuration

(b) "S2"configuration

Figure 6.8: Different scheme of the residual stiffness in the DCB test in the post-peak
behavior between the reference models (a) and the proposed XFEM model
(b)

Figure 6.9: Comparison between experimental and computed load profiles for the
DCB tests carried out by Moura et al. [199]
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(a) Step A

(b) Step B

(c) Step C

Figure 6.10: Contour plots of the radial damage dc
R for three representative steps of

the load vs displacement curve in Fig. 6.9
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statements about the residual bending stiffness because the specimen broke
at crack opening of 16 mm.

6.4.2 Single-Edge-Notched Beam tests

Analogously to the DCB test, the Single-Edge-Notched Beam (SENB) test is
usually carried out to calculate the fracture properties of the wood specimen.
In this test, a beam, composed by glueing together 3 different part of wood, is
subjected to a three-point bending load. Furthermore, in order to pre-define
the crack path, a deep notch is cut in the middle of the beam.

The experimental tests carried out by Dourado et al. [200] on a spruce spec-
imen and by Franke at al. [161] on a birch specimen have been simulated. The
geometries of the two set of tests are reported in Fig. 6.11

The material parameters employed for the simulations have been reported
in Tab. 6.1. The material properties for the spruce (Picea Abies) defined by
Dourado et al. [200] have been assumed, while, due to the unavailability of
the experimental material parameters for the second SENB test, the literature
values for birtch available in [158] have been used.

The two meshes used for simulation have 4215 dofs and 4116 dofs and re-
quired for the computation 47 minutes and 43 minutes, respectively. The com-
parison between the computed and the references load-displacement curves is
reported in Fig. 6.12. The computed response is in optimal agreement with the
experimental results. In particular, a regularization length of ρ = 0.035 mm
and ρ = 0.045 mm has been used in the two cases, respectively. Since the struc-
tural response in the two tests is similar, only the contour plots of the radial
damage dc

R of the test carried out by Dourado et al. [200] has been reported in
Fig. 6.13. After the linear elastic stage, the crack starts to propagate from the
notch in the middle of the beam (Step A). With increasing the load, the crack
propagates rapidly towards the loaded zone. At the peak (Step B), half of the
resistant middle section is crossed by the crack.

6.4.3 End-Notched Beam test

Finally, we considered the end-notched beam (ENB) test carried out by Raut-
enstrauch et al. [201] on a Spruce (Sitka) beam. In this test, the beam with the
geometry shown in Fig. 6.14 is subjected to a three-point bending load. Due to
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(a)

(b)

Figure 6.11: Geometry of the wood specimen used in the SENB test carried out by
Dourado et al. [200] (a) and by Franke at al. [161] (b) with dimensions in
mm
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(a)

(b)

Figure 6.12: Comparison between experimental and computed load profiles for the
DCB tests carried out by Dourado et al. [200] (a) and by Franke at al. cite-
franke2008 (b)
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(a) Step A

(b) Step B

(c) Step C

Figure 6.13: Contour plots of the radial damage dc
R for three representative steps of

the load vs displacement curve in Fig. 6.12a
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the presence of the end-notch, a mixed mode crack is expected to propagate
from the notch towards the centre of the beam on the TL plane.

Like in the local-global level set presented in Ch. 2 for the RE-XFEM, the
mixed mode propagation has been modelled adopting a local levelset nl at
Gauss point level in the regularized volume as reported in Fig. 6.14. A mesh
of 101487 dofs having characteristic mesh size he = 1 mm has been employed.
The simulation required almost 27 hours. The comparison between the nu-
merical and the experimental responses is shown in Fig.6.15.

Figure 6.14: Geometry of the wood specimen used in the ENB test carried out by
Rautenstrauch et al. [201] with dimensions in mm

A good agreement with the experimental data is obtained with a regulariza-
tion parameter ρ = 0.045 mm. The contour plots of the radial dc

R and the shear
dc

RL damage are reported in Fig. 6.16 and Fig. 6.17, respectively. As expected,
a crack propagates from the end-notch towards the centre of the beam.

6.5 discussion of the results

The validation tests aimed to prove the reliability of the proposed 2D or-
thotropic elasto-damaging plastic model combined with the RE-XFEM. In par-
ticular, mode I and mixed mode crack propagation along the TL plane have
been simulated in wooden beams with a pre-defined crack path.

In all the tests, a good agreement between the experimental and the numer-
ical results has been observed using the material parameters taken from the
references or from the literature for the wooden species considered.

The approach is original and offers several advantages respect to the models
available in literature. First of all, the complex compressive failure modes are
tackled by a suitable multi-surface plasticity formulation. At the same time,
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Figure 6.15: Comparison between experimental (black continuous line) and com-
puted (red dotted line) load-vs-displacement profiles for the DCB tests
carried out by Rautenstrauch et al. [201]

the tensile behaviour is modelled by means an orthotropic damage model,
that have been proved to be effective on the simulations of wooden fracture
processes in Ch. 5. Furthermore, the mesh-dependency is avoided owing to
the presence of the regularization length. As can be drawn from Tab. 6.2,
a regularization length between ρ = 0.03 mm and ρ = 0.05 mm has been
used in the simulations. In the RE-XFEM, the ρ governs the width of the
regularization volume and, in particular, the 99% of crack dissipation process
take place in a volume having thickness 10ρ. From the physical point of view,
the regularization length is linked to the width of the fracture process zone
and to the micro-structure of wood. This hypothesis is confirmed by the work
proposed by Murata et al. [163], where the width of the fracture process zone
in a spruce specimen has been estimated to range between 0.3 to 0.5 mm.

6.6 future developments

In the numerical tests, the 2D plane-stress of experimental test with a well-
known pre-defined crack path have been analysed.
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(a) Step A

(b) Step B

(c) Step C

Figure 6.16: Contour plots of the radial damage dc
R for three representative steps of

the load vs displacement curve in Fig. 6.15
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(a) Step A

(b) Step B

(c) Step C

Figure 6.17: Contour plots of the shear damage dc
RL for three representative steps of

the load vs displacement curve in Fig. 6.15
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Wood Species ρ [mm]

Norway Spruce, Fig. 6.5a 0.05

Maritime Pine, Fig. 6.5b 0.03

Spruce (Picea abies), Fig. 6.11a 0.035

Birtch, Fig. 6.11a 0.045

Spruce (Sitka), Fig. 6.14 0.035

Table 6.2: Values of the regularization length ρ employed in the simulations

One of the possible future developments of the methods is the extension
of the method to the 3D case. The formulation of the method, presented in
Sec. 6.2 for 2D plane-stress problems, is easily extensible to the 3D case. As
demonstrated in Ch. 5 for the end-repaired beams, the three-dimensional sim-
ulation of wooden joints and discontinuities is essential to capture the system
behaviour.

Another important improvement is the definition of a proper crack tracking
algorithm suitable for wood. Until now, only case-studies with a pre-defined
crack path have been modelled by means the continuous-discontinuous tran-
sition imposing the discontinuity surface, but, in general, the crack path in
wooden structures is not known a priori.
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7
C O N C L U S I O N S

The thesis focused on the 3D advanced FE modelling of discontinuities in
quasi-brittle materials by means a regularized variant of the XFEM method.
This method, originally developed by Benvenuti [2] and used to study 2D non-
linear [3–5] has been implemented into a robust 3D non-linear procedure [8],
presented in Ch. 2, to study several engineering problems.

The thesis has been organized into two parts. In the first part, the focus has
been on failure by the detachment of the reinforcements in FRP-reinforced
concrete structures. In particular:

• In Ch. 3 the case of the FRP-debonding from concrete blocks subjected
to single-shear lap have been simulated [73, 96]. Results have shown
that the detachment of the FRP plates involves 3D effects that need to
be taken into account to design the FRP reinforcement. Furthermore, the
simulation has clarified the difference in the detachment mode between
long and short FRP reinforcing plates.

• Ch. 4 has been devoted to the detachment of FRP flexural reinforcements
from concrete beams. The cases of three-point bending tests on FRP-
plated Steel Fibres Reinforced Concrete beams and four-point bending
tests on FRP plated Reinforced concrete beams have been studied. The
numerical investigations, based on different experimental campaigns [106,
144, 155], have shown the reliability of the model in the simulation of
mixed-mode crack propagation. In particular, it has been proved that
the model has been able to follow the entire structural path up to the
detachment of the FRP flexural reinforcements from the beam. The ex-
perimentally observed crack patterns have been also correctly captured
by the procedure. Furthermore, the role of the thickness and of the width
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conclusions

of the FRP flexural reinforcements on the detachment failure have been
emphasized. It has been found that larger thicknesses and widths of the
FRP reinforcements enhance the detachment load at failure but have a
negligible effect on the deflection at failure.

The second part of the thesis has been dedicated to the study of the wooden
structures. In particular:

• Ch. 5 concerns to study end-repaired beams. The end-repaired beams
have been modelled by means a 3D non-linear FORTRAN procedure
developed by the candidate adopting a 3D orthotropic damage model
available in literature [174]. The numerical simulations, have been able
to reproduce the failure mechanisms and the failure loads obtained in
the experimental tests carried out at the CNR-IVALSA laboratory. In
particular, the role of additional screws used for the reparation has been
analysed and clarified.

• Finally, Ch. 6 has been focused on the development of a new model for
wooden structures. In collaboration with the Institute of Structural Anal-
ysis of Dresden (Germany), a new 2D orthotropic elasto-plasto-damage
model combined to a suitable Regularized XFEM has been presented. A
validation campaign based on several experimental and numerical tests
have been carried out. Results proved the reliability and the suitability
of the new 2D elasto-damaging plastic model for wooden structures in
the presence of mode I and mixed mode interfaces.

The main aspects of novelty of this research activity are listed as follows.

• Based on the 3D RE-XFEM, a 3D FORTRAN non-linear code [8] has been
implemented. The procedure is robust and stable and is able to handle
the computational burden required by real applications in a reasonable
time, using a standard i7-5930K CPU.

• The 3D FORTRAN with RE-XFEM non-linear model makes it possible
to investigate the three-dimensional effects of FRP reinforcements on a
concrete specimen. In particular, the role of the width and the thickness
of the FRP reinforcement has been numerically investigated. An optimal
agreement between numerical and experimental data has been obtained
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• The structural behaviour of FRP-reinforced SFRC beams has been suc-
cessfully simulated through the aforementioned procedure. In particular,
a simple linear relationship between the regularization length and the
fiber volume content has been effective for the simulations.

• An orthotropic 3D damage model [14] has been implemented into the
3D FORTRAN code in order to investigate the response of end-repaired
beams. The computed crack patterns and failure loads agree in a reli-
able way to the experimentally observed results. Furthermore, the role
of screws on the structural behaviour of the repaired beams has been
assessed.

• A new 2D elasto-damaging-plastic model for wood has been proposed.
The model combines a multi-surface plasticity model [35] with an or-
thotropic damage model [14], using the RE-XFEM to study the propaga-
tion of discontinuities. Several validation tests have been presented.

7.1 future developments

Possible future developments on the research lines pursued involve:

• The implementation of a crack tracking algorithm for crack propagation
in general geometries and loadings in the presence of multiple crack-
branching.

• The extension to the 3D domain of the new elasto-plasto-damage model.
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A
A P P E N D I X : F R P D E S I G N R U L E S

Strengthening of concrete structures by means of externally bonded reinforce-
ment is an efficient technique that relies on the composite action between a
reinforced or pre-stressed concrete element and externally bonded reinforce-
ment. To guarantee the overall structural safety of the strengthened member
it is important that proper FRP externally bonded reinforcement systems are
used, correctly designed, detailed and executed. The design of the reinforce-
ment system must fulfil the requirements of serviceability, durability and re-
sistance to collapse. In case of fire, to guarantee the strength of the reinforce-
ment, it must be adapted to the exposure time designed. The reinforcement
system must be placed in areas where it is necessary to withstand tensile
stresses, the composite must not be entrusted compression efforts.

According to the guide provide by the CNR, structures and structural mem-
bers strengthened with FRP shall be designed to have design strength Rd at all
sections at least equal to the required strength Ed calculated for the factored
loads and forces,

Ed ≤ Rd . (89)

The generic design capacity Rd can be expressed by:

Rd =
1

γRd
R {Xd,i, ad,i} , (90)

where γRd is the partial factor that takes into account the uncertainties of the
mechanical model considered (Tab. A.1). The parameter ad,i is the nominal
value of the geometrical parameters considered in the model while Xd,i is
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Resistence Model γRd

Flexion/Buckling 1.0
Shear/Torsion 1.2
Confinement 1.0

Table A.1: Value of partial factor γRd [97]

Failure model Partial factor Type A application Type B application

FRP ropture γ f 1.10 1.25

FRP debonding γ f , d 1.20 1.50

Table A.2: Value of partial factor γm for strengthening system certified Type A and
strengthening system uncertified Type B [97]

the value for the calculation of the existing materials and FRP. The generic
calculation of the property Xd is expressed by:

Xd = η
Xk
γm

, (91)

where η is the conversion factor, Xk is the characteristic value of the property
considered and γm is the partial coefficient of FRP material (Tab. A.2).

When concrete members are reinforced with FRP composites, the role of
bond between concrete and FRP is of great relevance due to the brittleness
of the failure mechanism by debonding (loss of adhesion). According to the
capacity design criterion, such a failure mechanism shall not precede flexural
or shear failure of the strengthened member. The loss of adhesion between
FRP and concrete may concern both laminates or sheets applied to reinforced
concrete beams as flexural strengthening. As shown in figure A.1, debond-
ing may take place within the adhesive, between concrete and adhesive, in
the concrete itself, or within the FRP reinforcement (e.g. at the interface be-
tween two adjacent layers bonded each other). When a proper installation is
performed, because the adhesive strength is typically much higher than the
concrete tensile strength, debonding always takes place within the concrete
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Figure A.1: Debonding between FRP and concrete ([97])

itself with the removal of a layer of material, whose thickness may range from
few millimetres to the whole concrete cover.

Debonding failure modes for laminates or sheets used for flexural strength-
ening may be classified in the following four categories, schematically repre-
sented in Fig. A.2

• Mode 1: Laminate/sheet end debonding

• Mode 2: Intermediate debonding, caused by flexural cracks

• Mode 3: Debonding caused by diagonal shear cracks

• Mode 4: Debonding caused by irregularities and roughness of concrete
surface

To design FRP flexural reinforcements is required that flexural capacity MRd
and factored ultimate moment MSd satisfy the inequation

MSd ≤ MRd . (92)

The fundamental hypothesis at the base of the method are:

• Cross-beam sections, perpendicular to the beam axis prior to deflection,
remain still plane and perpendicular to the beam axis after deflection
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Figure A.2: FRP flexural strengthening: Schematic view of the debonding modes [97]

• Perfect bond exists between FRP and concrete, and between steel and
concrete

• Concrete does not react in tension

• Constitute laws for concrete and steel are accounted for according to
the building code while FRP is considered a linear elastic material up to
failure

For bond length lb longer than the optimal bonded length le, the ultimate
design debonding strength can be calculated as

fdd =
1

γ f ,d
√

γc

√
2 EFRP ΓFk

t f
, (93)

where E f is the Poisson’s modulus of the FRP reinforcement and t f is the
FRP thickness. For flexural intermediate debonding failure, the design rule
specifies the ultimate design strength as fdd,2 = kcr fdd where kcr = 3.

ΓFk is the specific fracture energy of the FRP-concrete interface may be ex-
pressed as

ΓFk = 0.003kb
√

fck fctm . (94)
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Here, fctm is the average tensile strength of the concrete, fck is the characteristic
compressive strength of the concrete and the geometric parameter kb can be
evaluated as:

kb =

√√√√ 2− b f
b

1 +
b f

400

≥ 1 , (95)

where b f is the width of the FRP reinforcemnet and b the width of the spec-
imenand b f /b ≥ 0.33. The optimal bonded length le may be estimated as
follows

le =

√
E f t f

2 fctm
. (96)

For lb ≤ le, the ultimate strength has to be reduced according to

fdd,rid = fdd
lb
le

(
2− lb

le

)
. (97)
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