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REAL PALEY-WIENER THEOREMS IN SPACES OF
ULTRADIFFERENTIABLE FUNCTIONS

CHIARA BOITI, DAVID JORNET, AND ALESSANDRO OLIARO

ABSTRACT. We develop real Paley-Wiener theorems for classes S,, of ultradifferentiable func-
tions and related LP-spaces in the spirit of Bang and Andersen for the Schwartz class. We
introduce results of this type for the so-called Gabor transform and give a full characterization
in terms of Fourier and Wigner transforms for several variables of a Paley-Wiener theorem in
this general setting, which is new in the literature. We also analyze this type of results when
the support of the function is not compact using polynomials. Some examples are given.

1. Introduction

As stated in [4], “A Paley-Wiener theorem is a characterization, by relating support to growth,
of the image of a space of functions or distributions under a transform of Fourier type.” This
relation comes only in terms of a compact and convex set in which the support of the function
or distribution is included. In fact, the growth of f on C? enables to retrieve the convex hull
of the support of f, but no more precise information can be obtained from it (see [4] and
the references therein). In the last years, a new type of results called “real Paley-Wiener type
theorems” has received much attention, which try to circumvent this theoretical obstruction for
the classical Paley-Wiener theorems to “look inside” the convex hull of the support. The word
“real” expresses that information about the support of f comes from growth rates associated to
the function f on R? rather than on C? as in the classical “complex Paley-Wiener theorems”.
This theory was initiated by Bang and Tuan, and here we follow the approach of Andersen
and Andersen-De Jeu (see [2], B, 4], B 26] and the references therein), who state results of “real
Paley-Wiener” type in spaces of rapidly decreasing functions (the Schwartz class S(R%)) or in
L? spaces in their most general version, using polynomials, where the support of the function
(or distribution) could be non-compact or even non-convex.

Bjorck [6] introduced in 1966 global classes of ultradifferentiable functions S, (R%) using
weights w in the sense of Beurling to extend previous theorems of Hormander about interior
regularity of linear partial differential operators with constant coefficients. These weight func-
tions permit to treat in a unified way a big scale of classes of functions or (ultra)distributions
and are especially suitable for manipulations on the Fourier transform side. We recall here that
when the weight function is the logarithm, i.e. w(t) = log(1 + ¢), the class S, is the Schwartz
class §. In the last 60 years, the classes of ultradifferentiable functions and their duals have
been intensively studied for very different purposes and have become the right setting to study
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many different problems in analysis in a very general way (partial differential equations, Paley-
Wiener theorems, Whitney jets, Borel theorems, etc.). We mention [14] as the reference for
the modern point of view of the treatment of these classes where the authors get, under some
conditions on the weight functions, to relate the growth of the functions in terms of their partial
derivatives and the growth of their Fourier transforms, property that has many advantages.

As Andersen and De Jeu mention in [4], their theorems of “real” type can be extended to
other transforms of Fourier type, where the classical theorems cannot. In fact, also to more
general spaces of functions as we will show below. Our aim is to study real Paley-Wiener
theorems in the spirit of Bang, Andersen and Andersen and De Jeu [2 Bl [ 5] in the more
general S,,-setting and related LP-spaces. Moreover, we show that some transforms coming from
the field of time-frequency analysis enter into the game, like the Gabor and Wigner transforms.
We also study the case when the support of the Fourier transform is not necessarily compact
or convex, extending some results in terms of polynomials in the spirit of [26] [4].

In Section 2 we give some preliminaries and definitions on weight functions, Fourier type
transforms and the space S,,(R?) especially when the seminorms are given in terms of LP-norms.
In Section 3 we extend [0, Theorem 1] for several variables in the S,-setting in different ways
(see Proposition B3]). Also in this section we state a general version of [2, Theorem 1] for the
ultradifferentiable setting and several variables (Theorem B:2]). Our main result in this section
is Theorem B.I7] where we give a full characterization of the known “complex Paley-Wiener
theorem” in the Beurling setting (see [14 Proposition 3.4(2)]) in terms of Wigner transforms;
in this result, we assume that the support of the Fourier transform of the S,,-function is inside a
hypercube in R?. To obtain it, we need some preparation: to study the behaviour of the Gabor
transform of a function f in S, with respect to a window ¢ € S, in a suitable weighted mixed
LP9-space, in terms of the support of the function f and the window v (Proposition BIT]).
As a consequence, the symmetric properties of the Wigner transform give surprising results
(Corollaries B.14] and B.15]). We finish this section with an example about Hermite functions.
In Section 4 we treat the case of arbitrary support and, following the lines of [4], we extend
Theorem 2.2 and 2.5 of this paper (these are our Theorem and Corollary [.3]). Finally, in
Example we analyze the relation of the definition of the generalized support (dI]) with the
regularity of the corresponding polynomial.

2. Preliminaries

We begin with the definition of non-quasianalytic weight function in the sense of [14] suitable
for the Beurling case, i.e. we consider the logarithm as a weight function also.

Definition 2.1. A non-quasianalytic weight function is a continuous increasing function w :
[0, 4+00) — [0, +00) satisfying the following properties:

(a) There exists L > 1 such that w(2t) < L(w(t) + 1), Vt>0;

+00
3) / %dt < +o0;
1
() there exist a € R and b > 0 such that
w(t) > a+blog(l +1t), vVt > 0.
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(0) o(t) := w(e') is conver.
Then, for ¢ € C¢, we define w(¢) == w(|(]).

Remark 2.2. We recall some well-known properties on weight functions; the proofs can be
found in the literature, we recall them here for the sake of completeness.

(i) Condition («v) implies that for every ty,ta >0
(2.1) w(t +t2) < L(w(tr) + w(ta2) + 1);
indeed, since w 1s increasing and positive we have
w(ty 4+ t2) < w(2max{ty, to}) < L(w(max{t;, t2}) + 1) < L(w(ty) + w(tz) + 1).
(ii) Since .I) trivially implies () with 2L instead of L, we have that () is equivalent to

@) (¢f [14]).

(iii) By condition (o) and (21 we easily deduce that for every k € N and t > 0,
(2.2) w(kt) < Di(w(t) + 1),

where D = L+ L?> 4 --- 4+ LF1,
(iv) By (B) and the fact that w is increasing, we have that w(t) = o(t) ast — +oo (cf. [24]).
This can be deduced by the fact that

@=/+mi§)ds</+m“(s)ds.

t 5 - 52
(v) By condition () we have

(2.3) e ¢ [P(RY), Vo> —.

We denote by ¢* the Young conjugate of ¢, defined by
(2.4) & (s) i= sup{ts — p(1)}.
>0

We recall that it is an increasing convex function satisfying ¢ = ¢ (see [21]). We will use
throughout the next Lemma (easy to prove; see [14]).

Lemma 2.3. Let w : [0,400) — [0,+00) be a continuous increasing function such that
o(t) := w(e') is convex. Then the following properties hold:
(i) ©*(s)/s is increasing.
(i) ¢*(t) + ¢*(s) < ¢"(t +5), 1,520
(i11) If there exist A > 0 and B > 1 such that w(et) < A+ Bw(t) for all t > 0, then for all
A>0and j,n € Ng=NU{0}:

J A J A
Ap™ | = < —pF An—.
4 (A) TS v ()\/B") TAg
Note that if w is subadditive (that means it satisfies w(ty + t2) < w(ty) + w(ta) for every
t1,te > 0), then we can take A =0 and B = 3.
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(iv) If there exist A > 0 and B > 1 such that w(et) < A+ Bw(t) for allt > 0, then for all
py A >0 and j € Ny:

g () < o e ()
for all 0 < X < \/Bllesetll and A, = e’\%[logp“}, where [z| denotes the integer part of x.
(v) For all A >0 and k € Ny:
e (8) < X 4>,
e (3) < MO0 g <<,

(vi) If there exist a € R and b > 0 such that w(t) > a + blog(1l +t) for allt > 0, then for all
o A>0andt>1:

it 101 (%) € (O Dag.
Jj€Ng -

(vii) If w(t) = o(t) as t tends to infinity, for every ¢ € N there exists a constant Cy > 0 such
that

s

1

(viii) Assume that there exist A > 0 and B > 1 such that w(et) < A+ Bw(t) for allt >0, and
moreover w(t) = o(t) as t tends to infinity. Then, for all D,A >0 and n € Ny:

slogsgs—l—&p*( >+Cg, s > 0.

Dl < Cpre¥ (),

for some Cp > 0.
(ix) For all j,h,r € Ny and A > 0:

6)\@*(%)6)\50*(%;}1) < e%*”*(%)e%“”*(ﬁ),

In this paper we will consider classes of ultradifferentiable functions of Beurling type in the
sense of Braun, Meise and Taylor [14], which are defined, for a weight function w and an open
subset Q of R?, by

Ew(Q) = {f € C™(R%) : for each K cC Q and for each A > 0,

sup sup |Daf(x)|e_’\“0*(‘%‘) < —I—oo},

aENg rzeK
where D% = D" --- Dy* with D; = —i0,,. Here, we relax condition (v) of [I4, Definition 1.1]
in our Definition 2Tl since we consider only Beurling classes (as Bjorck [6], but considering more
general weights that are not necessarily subadditive).

Then, the space of ultradifferentiable functions of Beurling type with compact support in €2 is
denoted by D(.(£2), and its corresponding dual space by Dzw)(ﬂ), which is called the space of
ultradistributions of Beurling type.

We consider also the Fourier transform of u € L*(R?) denoted by

F© = ile) = [ uwe 9, e
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with standard extensions to more general spaces of functions and distributions. The so-called
short-time Fourier transform (or Gabor transform) of u € L*(R?), for a window function v €
L*(RY), is denoted by

Vouls) = [ adl= e 09y, = (2.6) € R,

The Wigner transform of u,v € L*(R?) is denoted by

t t ;
Wig(u,v)(x,&) := / u (x + —) v (:c — —)e‘l<f’t>dt, z,¢ € R
Rd 2 2

Then we write Wigu for Wig(u, u). We refer to [I8] for the classical properties of the Gabor
and Wigner transforms. The setting of this work is given by the following definition.

Definition 2.4 ([6]). The space S,,(RY) is the set of all u € L*(R?) such that u,a € C>®(R?)
and for each A > 0 and each o € N& we have

sup @ | D(z)| < +00  and  sup MO |D%(E)| < +oo.
rER? £eRd

The corresponding strong dual of ultradistributions will be denoted by S’ (R?).

By condition () of Definition 211t is easy to deduce that S,,(R%) c S(RY). Hence, S, (R?)
can be equivalently defined as the set of all u € S(R?) that satisfy the condition of Definition
24 By Bjorck [6], we know that the Fourier transform F : S, (R?) — S, (R%) is a continuous
automorphism, that can be extended in the usual way to S/ (R?) and, moreover, the space
S,(RY) is an algebra under multiplication and convolution. On the other hand, for u, €
S.(RY) we have Vyu, Wigu € S,(R*¥). Moreover, for u,¢p € S, (R?) the Gabor and Wigner
transforms are well defined and belong to S’ (R?*?) [19, 11, 12]. We recall, for the reader
convenience, the following result [T11, 12].

Theorem 2.5. Given u € S(RY), u € S,(R?) if and only if one of the following conditions

hold:
(a) i) YA>0,a € N¢ 30, > 0 s.t. sup M@ |D%(x)| < Cyx,
rER?
ii) VA > 0,0 € N¢ 30, \ > 0 s.t. sup O |DY(€)] < Cun;
£€Rd
(b) 1) VA >0,a € N¢ 3C,» > 0 s.t. sup @ |z%(z)| < Cyx,
rER?
ii) VA > 0,0 € N¢ 30, 5 > 0 s.t. sup O |€20(€)| < Can ;
£€Rd
(¢) i) YA >03Cy >0 st sup @|u(z)] < Cy,
zER?
i) VA >0 3C, >0 s.t. sup O)a(€)] < Cy;
£cRe
(d) i) VA>0,8€Nd 3Cs, >0 s.t. sup sup |x5D°‘u(:B)|e_)‘“°*(%) < s,
aENg z€RL

ii) Vu > 0,0 € N¢ 3C, ,, > 0 s.t. sup sup |176D“u(:£)|e_““0*(7) <C
BENY zeR4
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() Vu,A>03C, >0 s.t. sup sup |:EBDau(a:)|e_)‘@*(Lﬂ)e_W () <Cun;

a,BeEN? zeR4

(f) VA >03C\ >0 s.t. sup sup |27 D%(z)e (=5%) <Cy;
a,BeENE zeR4
(g) Y, A >0 3C,\ >0 s.t. sup sup |Dau(x)\e_’\“”*(%)e“w(m) <Cun;
aeNg zeR4
(h) given 1 € S,(RY)\ {0}, YA >03C, >0 s.t. sup |[Vyu(z)[eM® < Cy.

zeR2d

In the following, it is sometimes more convenient to use LP-norms instead of L*°-norms in
S, (R%). We need the following notation of LP-space:

(2.5) LPA(R*) .= {F measurable on R?? such that:

1F|| o = (/R (/R |F(:c,§)|”d:c)q/pd§>1/q < +oo}

if 1 < p,q < 4o00; here, we replace the LP or L? norm with the essential supremum if p or ¢ is
equal to co. We obtain the next extension of Theorem 2.5

Theorem 2.6. Given a function u € S(R?) and 1 < p,q < +oo, we have that u € S,(R?) if
and only if one of the following conditions is satisfied:

(@) 1) YA >0, aeNI3C, >0 st || D%(z)| 1 < Can,
i) VA>0, a € Nd Cu > 0 s.t. [[eODY(E) || e < Can ;
(b)Y ) VA>0, ac Ng 30 > 0 st [[e@au(z)|r < Can,
i) VA >0, a € N¢ 30,0 > 0 s.t. [[eO0(E)||pa < Can;
(¢) i) YA >03C, >0 s.t. ||e’\‘”ﬂ u(z)||zr < Cy,
ii) V)\>OE|C>\>OSt ||6>\w ()||Lq<0>\,
)

(d) 1) VA>0,8€ NI 3ICs,\ >0 s.t. sup ||2° D" u(x)||Lpe_’\“D*(L;‘) < Csa,

aENg
< (181
ii) Vu > 0,0 € N¢ 30, , > 0 s.t. sup ||[2° Du(z)| pce™¢ (%) < Cupu;
BeNd
* @ ‘B
(e) Vi, A >03C,» >0 st sup |2°D%(z)| e ? (51 g=wer (52 <Cux;
a,BENg
« (o |
(f) YA>03C\ >0 st sup |2°D(x)|re (=52) < Cy;
a,BENg
« (1l
(9)" Y, A >0 3C,0 > 0 s.t. sup [ D(x)||re? () <Cun;
aENg

(h) Given 1 € S,(RY)\ {0}, YA >0 3Cy > 0 s.t. ||[Vypu(2)e® || 1ra < C.

Proof. (¢)' & u € S,(RY):

Let us assume u € S(R?) to satisfy (c¢)’ and prove that u € S, (RY). To this aim we shall
prove that u satisfies condition (h) of Theorem 25 for some fixed ¢ € S,(R?) \ {0}. We fix
o > (d+1)/bp’, where b is the constant in condition () of Definition 2Tl and p’ is the conjugate
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exponent of p. Let us first compute

V(e )] = [0 [ )il oe @9y
R

IN

- / July)]e iy — )|l ol gy
R

e)‘L||6()‘L+U)w(t)Q/J(t)||Loo . ||e>\Lw(y)u(y)HLp ‘ ||€_Jw(t)||Lp/

(2.6) o

since 1 € S,(RY) and because of (¢)’(i), (1) and Z3)).
On the other hand (see [18] formula (3.10)]),

Vou(w,€) = e ""V5a(€, —a),
so that, as in (Z0) with ¢ instead of p, we obtain that also
(2.7) | OVu(, &) = [OVa(¢, —2)| < C}

for some Cf > 0.

Then, from (Z0), (1) and @II):

Vyu(z,§) = \/ [Vyu(z, §)|? < \/ Che= @) O e=2w(©)
< Cllem3@@He@) < Ot i@

IAINA

for some C¥ > 0, i.e. condition (h) of Theorem 25 is satisfied and u € S,,(R?).
Conversely, if u € S, (R?) then condition (¢) of Theorem 28] is satisfied and hence from (2.3))

1P u(@) o < e Du(@) | - [le”7 10 < Oy
for ¢ > (d + 1) /bp, and analogously ||e*©(€)| 1« < C) for some Cy > 0.
(a) < u € S,(R?):

If u satisfies (a), then it satisfies (c)’, so from the previous point u € S,(R%). On the other
hand, if u € S,(R?), from (a) of Theorem 2 we have

X Du(a)|[ 10 < (e D) || o [le | o < C s
for o > (d+ 1)/bp, so (a)'(7) is satisfied; the proof of (a)(i7) is similar.

(b) & ue S, (RY):
It is enough to prove that (b)" < (¢)’. Since (b) = (c¢)’ is trivial, let us suppose that u satisfies
(¢)'; from the condition (v) of Definition 2.1} for ¢ = 1/b and C,, = e~°l/* we have

|€)\w(x)xa| < e)\w(x)—l—\aﬂog\w\ < Cae()\+c|a\)w(x)'

Hence, we obtain
1P a%u(z) [ 1r < Colle D Du(z)|1r < Can
for some C,, > 0, so that (b)’(7) is satisfied. Analogously we get (b)’(i7).
(f) & ue S,(RY):
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Let u € S(RY) which satisfies (f). It is enough to see that & € S,(R?). For all £ € R,
o, 3 € Né:

€7 Da(€)| = |F (D7 u(x))) (€)] < [|ID 2 u| s
< !|<1+\:c|2)‘"l|m ~||(1+|x\2>"D’3<x°"u( Dllze
< Gy ||(1+|rv\ )"a* YD () || 1o
> (B

for some C,, > 0 if we choose n > d/(2p’). Therefore, by (f)’, it is easy to see (Lemma [2.3))
that for every A > 0 there exists Cy > 0 such that for each £ € R¢,

€7D%a(6)] < Cre (557),
In the other direction, if u € S,,(R?), we have, by Lemma 2.3
|27 D%u(@) || o < (14 [2*) 7" 2o - [[(1+ |2]*)"2” DYu() || o
C 02)\ 2 (\a+l3\+2n) C C” Ap* (\a+ﬂ\) Ap* ( ) < C)\e)‘ﬂp (\ /3\)

22\€

for some C,, Cly, Cly, Cy > 0 if we choose n > d/(2p).
(e) & u € S, (RY):
From the convexity of ¢* we get that (e)’ < (f)’, cf. Lemma 23(ii) and (ix).
(9) & u e S,(RY):
We assume (g)’ is satisfied and we prove (e)’. By Lemma 23|(v), for all o, 3 € N&, A, 1 > 0:

12 D%u(z) || e < Cplle@ e (F) Do) 1o
Cruete () [ 7) Doy () | 1o
< 00 () e (5)

IA

for some C,,, C\, » > 0.
Let us now assume u € S, (RY). Then condition (g) of Theorem is satisfied, and hence
for o > (d +1)/bp and for every a € N& and p > 0:

e D (@) = [+ Du(z)e= )|,
[0 D) e - e

Cne (5)

IN

IA

for some C), » > 0 by (g) and (2.3)).
(d) & u e S,(RY):
Let u € S,,(RY); then u satisfies (e)’ for any p (or ¢) in [1,+oc]. Then (d)’ is trivially satisfied

for any 1 < p,q < +o00.
In the opposite direction, we have that, using (d)’ (i

\_/

it is not difficult to see that (Lemma[23))
|

=

), £eRY

y\

€9 Da(€)] < Cape™(
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So u satisfies (d)(ii) of Theorem [Z5l In the same way, the fact that u satisfies (d)'(i7) implies
that 4 satisfies (d)(i) of Theorem 25 Then 4 € S,,(R?).

(h) & ue S,(RY):
If u € S, (RY) then u satisfies (h) of Theorem 2.5, and so
IVyu(2)e | na < [Vyu(2)eM @] o [le™ 7| 1o < O,

for o sufficiently large, from (23]).
In the opposite direction, we prove that (h)" = (e) of Theorem 2.5 From the proof of [12]
Proposition 2.10], under condition (2.1) instead of subadditivity, we have

« (1ol * @
e (51) gmmen (4 )|yﬁDau(y)| < Ch, /2d [Vypu(z)|eHEF3IATOWE) gmow(z) g,
R

for every o > 0; using Holder’s inequality for LP9 spaces we get

_ (el — * (181 o olw(z —ow(z
e (e Gy Du(y)] < Cpul[Vyu(2)e WMD) |||y < G,
if we choose o sufficiently large, cf. (2.3)). O

We observe that Theorems and [Z.6] provide equivalent systems of seminorms for the space
S.(R?).

3. Real Paley-Wiener theorems for w-ultradifferentiable
functions

Now, we prove different “real Paley-Wiener theorems” in the spirit of [5, 2 4] in spaces of
w-ultradifferentiable functions. Moreover, we analyze the behavior of time-frequency represen-
tations (Gabor and Wigner) of w-ultradifferentiable functions which have Fourier transform
with compact support.
We shall use in the following the notation (f, g) for the inner product in L? when f,g € L?,
or (more generally) for the duality, that we consider as conjugate linear application of f to g.
Here, we consider, for R > 0 and a non-quasianalytic weight function w, the space

(3.1) PW4(RY) := {f e C®(RY): YA>0, sup sup R ()| Daf(z)] < +oo}.

aeNg zeR4
Lemma 3.1. PW%(R?) C S, (R?).

Proof. Let f € PW%(R?) and let us first prove that f € S(R?). Indeed, there exists a constant
C > 0 such that for every «, 8 € Nd there exists C,, 5 > 0 such that

27D f(2)| < CRIVad e ()
< CRlo|z)le P O
1
< CQR‘alﬁ’D‘a‘SD (18Dya)) _. Ca,ﬁ,

by [22) and Lemma 23(v). Now, we prove conditions (c¢)(i) and (c)(iz) of Theorem 2.5
Condition (c)(i) trivially follows from the definition of PW%(R?) with o = 0. Let us prove
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condition (c)(i7). For [£] > 1 and N € Ny we have:

1f(€) =

/ f(x)e "0 dy
Rd

< o | [ @AY e s
65 |
1
< g [, 1A @)l
R4
<

1 N!
aw X o7 [ P

V=N

where v € N® and D2 = D2 ... D2 Since f € PW§{(R?) we thus have, for |£] > 1 and
A>(d+1)/b:

; A v [ ()
6 < O [ e laiitlas
dN 2N d A
= v O R (2N +1) /Rde— “Wdy
dNR?N (2N + 1)4
3.2 = C}
(32) A HEA
, (2'RVd)*™™
< O\
- Py

< Cylg| 2N ee (3)

by Lemma 2.3(viii), for some C), C%,Cy > 0. Taking the infimum over N € Ny and applying
Lemma 23|(vi) we have that, for all g > 0 there exists C}, > 0 such that for all [{| > 1:

F(©)] < Cue®.
Since the above inequality is trivial for |¢| < 1, we finally have (c)(ii) and hence f € S,(R%). O

In the following result, we denote by

(3-3) Qr = {£ € R*: || < R},
where ¢ € R? and [€], is its sup norm.

Theorem 3.2. Let R > 0 and w a non-quasianalytic weight function. The following conditions
are equivalent:

(a) The function f € PW%(RY),

(b) The Fourier transform of f, f € D)(R?) and supp f C Qr.
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Proof. (a) = (b). Let f € PW%(R?). We integrate by parts,

@D+ DY )e™ ") da

/(€)=

N+ GV e

1
< DN f(z)] da.
_§%N+,_,+§3N;/Rd| 2 5 (o)

By hypothesis, we have that for every A > 0 there exists C'y such that

d
. 1 e
<C R / e ) dyy
|f(€)|— Af%N—l—"—ng; Rd

2N (ON + 1
dR2N(2N+1)d/ ) dy—DAdR (2N +1)

3.4 <C ,
(34) N /\% R N

for a constant D) independent of N and A > (d + 1)/b. Now, we observe that for any £ € R?
such that [¢]o > R we have /&N + .- + &NV > R and so supp f C Qp.

(b) = (a) Suppose that f € Dy (RY) C S,(R?) with supp f € Q. By Fourier inversion
formula in S(RY), for x # 0 and N € Ny:

fel _ L fel i(x,
D) = rra | [ FD D
< Rd&“f(f)‘ PNA?e”fd&)

1
< o / Ve (6| de

< i [, Mo (e apio)

lv|=N
min{2v1,a1 } min{2vg,0q}
N! 214 22U,
‘2NZ I Z (hl)'” Z (hd)
lv|=N h1=0 ha=0

051! Oéd! ar1—h1  ¢cag—ha| 2v—h }
(35) (041 — hl)' e (ad — hd)' /500SR |€ gd | ‘Df f(g)‘ dga
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where we denoted Dg”_h = DZ’l_hl » -D?;’d_hd. Since f € S, (RY), there exists Cya > 0 such
that, applying Theorem 2.5l(g) in (8.3, for |z| > 1 and N € Ny:

NI min{2v1,0q } 2, min{2vg,0q} 2wy
2 hzzo (hl)”' 2 (hd)

[v|=N hg=0

.O/lll .. .aZd /5 |€1|Oc1—h1 o |§d|ad—hd Dgu—hf(g)‘ dg

m1n{21/1 ai} min{2vg,0q}
Nl 214 2U,
B |93|2N V! (hl) (hd)

lv|=N hg=0

2N
Ja*¥ (”%) Rel [ ¢ (5 ) emmet®ge
d

< C,

— ‘ |2N

2N
AV (Ja| + 1) (1 + ]1%) M (50) Rlel,

for some C) > 0, where we have fixed > (d+1)/b.
Taking the infimum over N € Ny and applying Lemma [23(vi) we have therefore, for |z| >

2v/d(lo] +1)(1 + 3),

(3.6) |Daf(£E)| < C)\e_(A_E)w<2\/3(a+xl)(1+71?)> aR\a|

for a € R,b > 0 as in condition () of Definition 211
Let us consider now |z| < 2v/d(|a| + 1)(1 + &). We have

|Daf —)/ FDaf zx,ﬁ)df‘

< /Q el €

< CRM’

for C' = HfHLl(Rd). Since w is increasing we have that (B8] is true also for |z| < 2v/d(|a| +
1)(1 + ), for a constant C which depends on A, a,b, R,d and w(1). By (B8) and ([2Z2) we
finally have that for every X' > 0 there exists Cy > 0, depending on w, X', d, R, a and b, such
that

D ()] < Cye ¥t gl
This proves that f € PWS(RY). O
Let us define, for a function ¢ on R%:
(3.7) R, :=sup{|z|~ : x € suppg}.

The next result treats two different cases: the first one does not need weight functions and
it is a natural extension of Theorem 1 of [5] for several variables; in the other case, we assume
two different additional conditions on the weight function: subadditivity (condition (B9])) or
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a “mild” condition introduced in [13] that guarantees that the weight does not increase too
slowly (condition (3I0)). We shall use in the following the notation f(® for Df.
Proposition 3.3. Let 1 < p < +oo and f € C°(R%). We have:

(1) If f@(x) € LP(RY) for all « € N&, we have

(3.8) lim (max Hf(o‘)(x)HLp) e R;.

n—-+o0o |a‘:n

(2) Assume that e’\w(m\%)f(o‘) (z) € LP(RY) for all « € Nd and for some X > 0, and that the
weight function w satisfies one of the following conditions:
(a) It is sub-additive, i.e.,

(3.9) w(ty +t2) <w(ty) +w(ts), ti,ta >0;
(b) There is a constant H > 1 such that
(3.10) 2w(t) < w(Ht)+ H, t>0.
Then
) 1/n
(3.11) lim (fggﬁ e (iaf) £@) () Lp) =Ry, forall 0<p<A

Remark 3.4. We observe that, in general, R; € {t € R; t > 0} U {+oc}, so that f may not
have compact support. Moreover, the limit (BI1)) does not depend on .

Proof of Proposition[3.3. 1t suffices to see (2), since (1) can be proved in the same way (it is
statement (2) for A = 0). We can assume that p < oo, because the same proof is valid for p = co

with some small modifications. First, we consider ¢ € S, (R%) such that quS has compact support.
Then, by Theorem [3.2] we have that ¢ € PW}"% (R?) and hence, for every 1 < p < 400, A > 0,

and o > 2/bp:

= 1/n = = 1/n
eAw(\aHl)qb(a) " / _ He(A+U)W(W)¢(a)(I)e—W(\am) /
Lr p
< “e(A+C’)“(W)¢(a)($)“ " oo (fafr1) /
L p
@ n 4 _sw(z)1/n
< (Crsa RSN (Ja] + 1 e 1
So, if we take the maximum when |a] = n and then the limit when n tends to infinity, we
deduce
© 1/n
(3.12) lim sup (mlax e’\w(\a\ﬂ)(b(a)(:c)‘ ) <R, p € [l,+00), A>0.
n—+00 a|=n Lp

Now, we consider f € C*(R?) such that e’\w(\a\%)f(a) (z) € LP(R?) for all @ € N We
observe that f € S'(RY) and hence its Fourier transform is well defined. Assume, for the
moment, that supp f is compact, so that R; e R.

We observe that if the weight satisfies hypothesis (2)(a), i.e., it is sub-additive, we have

Nl — I < — | + —
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for any =,y € R? A\ > 0 and n € N. On the other hand, it is easy to deduce from hypothesis
(2)(b) that for each k € N,

Fw(r) <w(Hfz)+ HERF +22 4.+ 1), 2 eRY

and hence, w(z) < 2 *w(H*z) + H, for all x € R%. Now, we take k € N so that L < 2% where
L > 11is the constant of condition («) of Definition 2.1l Then, we select n € N big enough with
H* < n+1 to deduce, from (2.1)),

o (2 ) < aLw () 4oamw (222 4 aL
n+1 n-+1 n-+1

k _
< )\Lw< Y 1)+AL2—% (M)+)\L+H

n + n+1
Y
) < 7 —
(3.14) ANLw <n 1) + A w(r—y)+ AL+ H,

for all z,y € R% Hence, under both hypotheses on the weight function w, we have, by (B.13)
or ([3.I4), for each x,y € R? and n big enough,

(3.15) Aw( xl)g)\Lw( Y )+)\w(:)s—y)+DA,

n—+ n+1
for some constant D, that depends on A > 0 and :che weight function w.
Let ¢ > 0 and choose ¢ € S,(R?) such that ¢ = 1 in a neighborhood of [—Rf,Rf]d and

(;3 = 0 outside [—Rf —&, Ry + g]?. Then f = f . ¢3 and hence, by the properties of the Fourier
transform, f = f * ¢. Now, by (B.I5), we obtain

1/n

.

1/n
= lim sup | max
Lp n—+oo \la|=n

M) [ o) f =)y

e*‘“(#l)f « @ (z)
1/n
Ly )
v L/n
Lr )

¢(a) (y)€)\Lw(n_+1)f(l’ . y)e)\w(:c—y)dy
R4
w(x 1/n
Ve 5@l < 7y < By 4

M (afer) £ ()

lim sup (max

n—-+oo lor|=n

= lim sup (max

n—+00 la]=n

(3.16) < lim sup e?/" (max

n—+00 lor|=n

1/n

6)\Lw(ni+1) ¢(a) (l’) ‘

n—too \lal=n L Ly

< limsup (max
since, by assumption, @ f(x) € LP(R?) and, by the construction of ¢, Ry < Rj +e. Now,

as € > (0 is arbitrary, we obtain
1/n
< R;.
Lp ) B Rf

We remark that when supp f is not compact, R = 400 and, in this case, [3.17) is still valid.

Take now 0 # £° € supp f, and assume w.lo.g. that 0 < e < |€9] = |€°|, where &0 =
(5?7 s 752) € R, We take w € D(w)(Rd) with 1_[1 Suppw - [5? - %,fg + %} and (fﬂﬂ) 7é 07
where II; : R? — R is the projection in the first variable.

(3.17) lim sup (max e’\“(nil)f(a) (x)

n—-+oo lor|=n
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Then, for £ € R? with & #0, A > 0 and 1 < p < 400 we have:

(1€7] = &)1 (€), () = (€] = )" (& F(€), &7 (&)
= (1€7] = )" (DL F(€), &7 (€)]
(1] = &)" (DY f (), F (& "(€)) ()]
< (1&] = &) I D7 fll e |F (& () o
( )

< (1€%] - )"l ) Dy £ () s T +1_,_+x3)df‘1 (1= A& ()] .
< (1881 = &™) D @) v | e rea L (S RGN [ PR
We have
Fra-Ag ) = Y SFT DR DR )]

v=tva g =d

| 211
_ Z d! Z (21/1) n+ h 1)}) —1 [gl_n_hDgfl_h D2udw(§)]

w=d " h=0

Therefore, we obtain

|77 (1 = A) (& (E))] ]

d d 2d —n—h 2v1—h 2v,
<4+ 0+ 24P max DY DR

1 d d 2d —h n2v1—h 2v,
—_— 1 2 m D7D 1.
= (|€?| — 8/2)"4 (d + ) (n + d) |u\:d,02iz(§2y1 ||€1 &1 &a w(f)HL

We then obtain
(1€7] - é‘)l(f IR

1&Gl—<
‘51‘ /2 (1+a2+---+a2)

for a constant C'(¢) that depends on 1, the support of ¥ and its partial derivatives up to the
0]_
order 2d, and the dimension d. Hence, since S <

1/n
(n+ 2d)*¥"C ()",

/

M) Dy f ()

Lp

€0l—e/2 = 77
€900 — & < liminf (max “(m)f(a)(a:) ) < lim sup (max (7 )f(a)( ) ) < R;
n—+00 \af Ly nstoo \lal=n Lv
by BI7). A
By the arbitrariness of ¢ > 0 and then of £° € supp f:
. 1/n v 1/n
R; < liminf (max e’\“(nﬂ)f(o‘) (x) ) < lim sup (max e’\“(nﬂ)f(a) (x) ) < Ry,
n—+o0 \ Ja|=n Lv ntoo \lal=n Ly

and, hence, there exists

n—-+o0o |a‘:n

lim (max ‘e’\w(ﬁ)f(o‘)(x)

1/n
LP) - Rf’
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for A\>0and 1 <p < +o0. OJ

Remark 3.5. The condition e’\w(\a\%)f(") (z) € LP for all A\ > 0 is equivalent to @) f(@)(z) €
LP for all X > 0 by @2). Therefore, if in Proposition [3.3 we ask that e*®) f()(x) € LP(RY)
for all « € Nd and all X > 0, BI) is true without the additional assuptions B3) or [BI0).
Indeed, in (BI6) we can use 1)) directly.

As we have already mentioned, Proposition B3lin the case A = 0 is [5, Theorem 1] for several
variables, cf. [2, Theorem 3] also. On the other hand, we are interested in the case A > 0 in
order to get Paley-Wiener theorems for ultradifferentiable functions; see Theorem [B.17] below.
To this aim, first we prove that, under the assumptions of Proposition B3] if (BT is satisfied
for some R; € R and for all A > 0, then u € S, (RY). We need some lemmas.

Lemma 3.6. Let f € C®(R?) such that e’ f@)(z) € LP(RY) for all « € N, A\ > 0, and
some 1 < p < +oo. Then f € S(RY).

Proof. Since f € S'(R?), we can apply the Fourier transform to f. We fix o, 8 € Nd and choose

A > 0 big enough such that xﬁ_Ve_M(\a*i\H) € LY (R%), for every v < min{a, 8} and for
1/p+1/p’ =1, and we apply Holder’s inequality to obtain

€D f(©)| = |F (D3 (2" f(2))) (€)] < /Rd D2 (2" f ()] dx

< X () Lo st

<«
v<B

« 6' w( —Z — a—y =W ﬁ
- Z (7) (B =) Rd|eA (\&*"/\+1)Dm F(@)] - [a%re™ (= )|d:c

y<a
v<B

| = z
> (3) (3 f’w e (a=mn) e (@) o - |o? e (5= < Copn,
y<a ’
<8

IN

which finishes the proof. U

Lemma 3.7. Let 1 < p < 400 and f € C®°(R?) with X® (@) (x) € LP(R?) for all « € Nd
and for all X > 0. If f has compact support, we have

(3.18) sup e*©|f(€)| < +o0, for all A > 0.
£€Rd
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Proof. Assume that & = (&,...,&) # 0, and that || = [&]. Given n € Ny and A > 4t

bp’ ’
where 1/p+ 1/p’ = 1, we can write

€)= | [, S@DLe
< ﬁ/{m (550) | D1 £ (2)| e (757 da
< gl e,
- x| s

for Oy = [[e@||,,» < 400 from ([23).

Since f has compact support by assumption, by Proposition and Remark B.5 we have
that (B.I1) is satisfied with R; e R. Therefore, there exists a constant D € R, depending only
on f, such that, for all n € Ny,

XDy f (@) < D,
and hence, by Lemma 2.3](viii),

(3.19) FO1< Crgrtn+ 1P < Ot < Gl e ()
1 1

3 |

for some D, C% > 0.
Now, by Lemma 2.3(vi), if we assume |&;| > 1,

1F(6)] < Chem(i)wten=¢
Hence, it is suffices to take A > 1/b big enough to finish the proof. O

Lemma 3.8. Let 1 < p < +oo and f € C®(R?) such that @ f(*)(z) € LP(R) for all o € N¢
and X\ > 0. If f has compact support, then f € S,(R?).

Proof. By Lemmas and B we have that f € S(R?) and, for every A > 0, there exists

Cy > 0 such that [|e© f(&)]|L~ < Cy. Moreover [ f(z)||» < C4 for some C} > 0 by
assumption. It follows, from Theorem 26(c) with ¢ = oo, that f € S,(R?). O

3.1. Relation with the Wigner transform. Proposition proves that the radius of the
support of f can be computed with the limit (BI1]) for any A > 0. Now, we give a characteri-

zation of the support of f in terms of the Wigner transform. First, we introduce the following
real Paley-Wiener space defined by means of the Gabor transform:

Definition 3.9. Let T, R > 0 and define, for » € PW$(RY),
PWGSY(RY) == { fe C®RNHNS,(RY) : for each A,y > 0,

1 o
sup sup (R +T) N~ (w5 tmt) MVyf(x, )| < +o0}.
s s (R ) €121V (. €)] < +oc)
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Proposition 3.10. Let 1) € PW4(RY). Then
PW4(RY) C PWG%Y(RY).
Proof. Let f € PW%(RY). Fix £ € R?\ {0}. Then || = || for some 1 < j < d and hence

VRS0, 8] = 16V (0,80 = |6 [ 10T — a1 00y

/R fw)ly — =)Dy (6‘i<y’5>)dy‘

/R Dy (fw)ely — =) e—“y@dy‘

<y (],f) / DL F)] DYty — ) dy.

k=0

Since f € PW%(R?) and v € PW%(R?), it is not difficult to see that for every A > 0 there is
C'y > 0 such that
(3.20) €IV f (. )] < Ou(R+ TN S5 (N 41,

for all z, ¢ € R and N € Ny.
Moreover, since f,1 € S, (R?) by Lemma Bl then V, f € S, (R??) also ([I9, Thm. 2.7]) and,
hence, for all ;x> 0 there exists C, > 0 such that

(3.21) Vi f(@,€)| < Cpe™®,

since w(x, &) > w(§).
By Theorem we have that supp f C Qg, supp ¥ C Q1 and hence the projection on £ of
the support of V,, f satisfies

(322) Hf (Supp V¢f($, 5)) C QR+T7 S Rdv
as it can be deduced for example from [I8], formula (3.8)]. From (.21 and (3.:22) we have that
(3.23) €SIV f (2,6)] < Cu(R+ T)Ne®

for all z,£ € R, N € Ny and p > 0.
Combining (3.20) and ([B.23]) we finally have:

XV f (.0l = /(615 Ve (2, €)))°

T

< O (R + TYNe (55 (N 4 1)9C, (R + T)Ne-et®

< Cr\ (R+T)N(N + l)d/ze_%“(%ﬂ)e_%“(g)
for some C),, > 0 and for all z,£ € R, N € Ny, A, u > 0. Therefore f € PWG%Y (RY). O

Given the space defined in (2.3]), we have the following result:
Proposition 3.11. Let f, v € S,(R?) and p,q € [1,+00]. Then, for every A\, u >0,
rof = 1/N
(3.24) limsupHe ‘“(N—H)+“w(5)|§|évo\/¢f(x,§)H < R;+ Ry
N—+o0 Lp-a
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Proof. 1f supp f or supp @E are not compact, then Ry = 400 or, respectively, R ; = 400, so the

inequality (3.24)) is trivial. So, we can assume that supp f and suppzﬂ are compact, and hence
Rj, R; € R. By Theorem B2 and Proposition BI00, we have f € PW5, (RY) C PWG;;;"(Rd)

and hence for o and 7 sufficiently large, from (23)) we obtain

. 1/N
lim sup He’\“(N“>+W(§)|§|£V¢f($a 5)”
N—+o0 Lp
. 1/N . 1/N
< lim sup e(A-l—a)w(NH)-i-(M-i-r)w(f) ‘g‘ivo‘@f(l“, 3 H / . He—aw(NH)——rw(g) /
N—+00 Lo Lra
1
< limsup C, (R; + Ry)(N + 1) 78 [eow@-mw(O| /N = R + R,
N—+o0 '
for some C} , > 0, if p < +o00. If p = +oo the proof is similar. O

We introduce now the following notation for the translation and modulation operators; for
z, &, 20,60 € R we denote

Tof(x) = flx—a"),  Mef(&) =9 ().
Example 3.12. The inequality (B.:24]) is strict, in general. Let us consider, for instance,
f € Su(R) with supp f C [R; — p, Ry] for some 0 < u < R; < +00. Then
(3.25) HEIXVEF (2, ) me < 1l Vif (2, ) o

since

Hesupp Vp f(2,€) = U supp(f * M_. f)(€) € [R; — pu, Rj] + [~ R, —Rj + pt] = [—p, ],

where f(x) = f(—z), by [18, Lemma 3.1.1]. Since ||V} f(x, )| s« does not depend on N letting
N — 400 in ([B.25]) we get that

. N
limsup [[[€[XVyf(z, )| s < 1 < Rj < 2R;.
N—+o0
On the other hand, for the right choice of the window function we get the equality in ([3.24)), as

the next result shows. This fact becomes crucial for the analysis of real Paley-Wiener theorems
in terms of the Wigner transform. In the next result the number R i could be +o0.

Proposition 3.13. Let f € S,(R%) and p,q € [1,+0oc]. Then, for all A\, ;p > 0, we have

: w( =% w /N
(3.26) im0 v g)| =28,
Proof. By Proposition B.IT] we have
. 1/N
(3.27) limsup || (T eV (2, 6)|| | <28y,
N—+oc0 Lp.a

A~

since f(€) = f(—¢) and hence R]g = R;.
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Now, we fix €% € supp f and 0 < & < 2|€°|, choose ¢., 1. € Su(R?) with supp ¢., ¥. C Qe
and

(3.28) (F.Tetbe) #0, (£, Tew) #0.
Note that, by [I8, formula (3.10)],
e supp (V. (Magotp.) (. €)) = Hesupp (e 9V, (aeoth) (€, =) )
= Tesupp (V5. (Toeothe) (€, —) )
= TI¢ supp ((ngotﬁa x M_xgs)(§)>
C Q426" = {€ €R": |6 — 2] < /2.
Then, for & € I supp (V. (Macoth.)) we have |€]o > 2|¢%|o —&/2. Hence, for all £ € R%\ {0}:

“Aw( = ) —pw — e\~
| )1 2V, (o), 8)|| L < (210 = 5) T IVa (Magor)l| o
e\ —N
(3.29) < Cego <2|§0|Oo - 5)

for some C. ¢o > 0, since Vy_(Myeotp.) € S, (R??) C LPY7 (R??), where we have denoted by p/, ¢/
the conjugate exponents of p and ¢ respectively.
On the other hand, for £ € R?\ {0}, by (B29):

21k — )V WViF (), "V, (Maeotpe) (w,€))
< (2180 — &) (XTI DNV, f (2, ), (T ] N DY, My, €))|

< QIe)e — &) || IO yp || e O Y, (M|

P4 Lr'sa

(21€% % — )N || o ) €) :
< Ceon e ooy | ULV, < e

eAw(Ni1)+“w(§)|§|NV~fH .
o0 " o

Then
1
(216" — ) (Vi 2. €0,V (Mg (. )| <
(3.30) < O, [[X (=) @ g Ny f j :

Let us now remark that

V¢5(M2§O¢E)(x>€) = /Rd 6i<2§0’y>¢6(y)me—i@@dy

= €0 [ ()T = e 09y
R

= IV o (Meotho) (2, €)
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and therefore, from [18 Thm. 3.2.1], by ([B.28):

(Vif(@,6), eV, (Maeotpe) (2, €)) = (Vif, Via_ g0 (Meot)))

= <fa ME°'¢&> : <f> M—50¢a> - <]/C\a ]@> : <}:> ]\4/—_50\@56>
= (. Teot) - (f. T-e00.) = (f, Teon)) - (f, Teo,) # 0.

Therefore
~ ~ie0,2) ”N
Jim (Vi (@,6), e €NV, (M) ()| =1
and from (B.30) we obtain that
1/N
0 A (w57 ) Frw(€) ¢ | N/
(3.31) (21¢"] — ©) < liminf || M (T @ ey

21

By the arbitrariness of 0 < & < 2|€%| and of £€° € supp f, from B31) and B2T), we finally

obtain (3.20).

Corollary 3.14. Let f € S,(R?) and p,q € [1,+00]. Then, for all \, u > 0:
1/N
e R;.

(3.32) lim |l eX(F57) 400 ) Wig £ (2, €)|

N—+o0

Proof. By [18, Lemma 4.3.1], if p, q € [1, +00):

| e® e wig £, )|

= He)‘w( ) € |§|£2d62i<x’5> fo(QzL', 2¢) H

(3.33) = 29975274

Using the fact that w is increasing and satisfies condition («) of Definition 2] we have

q

y n N
e)\w(m)-i_uw(E) ‘g’ fo(y’n)

%w(t) <w (%) < w(t),

and so, by ([3.33),
1
2%(1—%—§)§€—A/N—M/N e%w(ﬁﬁ%w(n) |n|10VO fo(yﬂ])’

1 y
<405 L ol Y vy,

Consequently, from Proposition B.13 we deduce

lim_|e*(557) 59 ] Y Wig f (, )
N—+o0

1/N

Lpa

1/N

Lp.a

1/N

Lpr.a

for 1 < p,q < oco. If p and/or ¢ is co the proof is similar.

<[t

Lpr.a

T

Lpr.a

Jr®)||N Wig f(x, €)

U

1/N

Lpa
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Corollary 3.15. Let f € S,(R%) and p,q € [1,+0c0]. Then

(3.34) i {JI€]5 Wig £(x, €) I = By
(3.35) G {[lz| Wig £ (2, €) 1w = By

Proof. Formula ([3.34]) follows from ([332) with A = p = 0.
Formula (B:35) follows from [I8, Prop. 4.3.2] and (3.34]) applied to f:

. 1/N
N . . N ) B
hm HI:):| Wig f(z,§) Hqu = lefooH'g:'oongf(f’ ”T)HLM
li N Wig f 1/N R 5
= Jim el Wig f(¢,0)| | = R; = Ry.

O

If we consider formula ([3.34]) for p = ¢ = 2 in the one-dimensional case, the multiplication
by [V cannot be replaced by the derivatives DY of the Wigner transform of a real valued
function f € S,(R). Indeed, if we denote by

Af(z,€) = /Rf (t—i— g) f (t - %)e‘“t@dt

the ambiguity function Af of f, by [I8, Lemma 4.3.4], we obtain
1D Wig f (2,82 = | F(Dy Wig f(,€))l|2
(3.36) = lly"Wig f(y, m)lzz = ly" Af(=n,9) | 2.

Now, since f is real valued by assumption,

Af«WJ»:léf(t-g)f(v+gyfwwﬁ

_ /R £ — ) f(w)e 0 E0 du = 200V, £ ).

Hence, by (334,

limsup | DY Wig f(z,€)[|15" = = limsup ly™ Vi f(n, )]135Y,
N—+oco —+00

which can be strictly smaller than R, by Example B.12]
On the other hand, if f = f, by Proposition BI3]

Jim [[DY Wig f(2,)[12" = lim |ly™Vif(n.9)ll2" = 2R; > Ry.
Lemma 3.16. Let p,q € [1,+0o0] and f € S (R?) such that

o) Wi f(a,€) € LPI(RH)
for all \,;u > 0. Then f € S,(RY).
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Proof. We observe that Wig f € L'(R??), since
| Wig fllpr < (|40 Wig f(x,€)|| pralle™ OO Ly < 00

by hypothesis and ([2.3]), provided that A > (d+1)/bp" and u > (d+1)/bq’. Then, by applying
the inverse partial Fourier transform with respect to £ to Wig f(x, ) we get

(3.37) f (x + %) f (:c — %) = (2m) [ Wig f(z, )e'S P de.
R4

Then, the element f (z+ %) f (z — %), that a priori belongs to SZJ(R%&)), is in fact a function
in L°(RY) for almost every z € R? and is in L'(RY) for every t € R% Now, suppose that

f # 0 (otherwise the result is trivial), and let ¢y € S,,(RY) such that (f, ¢¢) # 0. For a function
¢ € S, (R?), consider

O(t,z) = ¢ (m + %) o (:c - é) € Su(R™),

and apply the two distributions in ([337)) to the test function ®; on the right-hand side we can
write the application as an integral, and then we obtain

(F, ) {F. o) = (2)~ /R ) ( RaC f)e’“’”dﬁ) b (a: ; %) b6 (x - g) da it

Then by the change of variables x +t/2 =y, x — t/2 = s and by Fubini Theorem we obtain

= ; i yrts eH&y—s) )
o0 = gy [ (L Wies (1526) €0 o) deas) o) dy

and so we get that f is a function in L'(R?) given by

T+ s
2

(3.38) fa)e —— [ wigs (

)T o) e ) e on(s) deds

In order to prove that f € S, (R?) we shall prove that f satisfies condition (¢)’ of Theorem 2.6l
Suppose that p < +o00. By ([B.38) and Minkowski inequality, cf. for example [17, 6.19], we have

Aw(x) » 1 ( ( e)\w(w) 1 (LL’—i—S )‘ )p x)l/p
IO @l < i ( (e Wi (5576 [looeieds )

2 M
1
< - - Aw(z)
= @m)(F, do)| Jrza </R <€

P 1/p
Wigf(xgs,g)'wo(sﬂ) das) dgds.
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Writing Co = ((27)%(f, ¢o)|) !, using Holder inequality in the &-integral and (Z.1]) we obtain,
for o > (d+1)/bq’,

He)\w(w)f(x)HLP < CoeAL/ e Hw (&) prew(§)
R2d

. (/ (6)\Lw(x+s) ngf (LE + 8’5)
Rd

2
< Cogd/pex\(L2+L) ||e—uw(£)

P 1/p
) d:)s) M| o (s)|déds

||qu

_ (/Rd Aw(s W (s )|ds) ehw(8) </Rd <€>\L2w(y)‘Wig f(y,ﬁ)\)pdy) "

(3.39) = Gyl WO Wig f(y, €)|| o < 00
by hypothesis and ([Z3]). In the case p = 400 the same proof works, with small modifications,
so ([B:39) holds for every p and q. B

Now, let ¢; € S,(R?) be such that (f, ;) # 0, and ¢ < +co. We apply B38) to f and use

[18, Prop. 4.3.2] to get
1/q
wief (S5°0) [lo(s)anas) ac)

Ao(€) 7 L <O (&)
0 fe < e ([ (0 [
1/q
= (/ (&w(@/ Wigf(— HS)'I% \dyds) dg) :
]Rd RZd

where C; = ((2m)¢ \( #1)])~'. We apply the change of variables (£ +5)/2 = in the -integral,
—y = x, use condition (a) of Definition 21 and (2 and Hélder’s inequality in the z-integral
to obtam for p > (d+1)/bp,

12O F(€) |10 < 0126&@2*”/ Mgy (s)|ds

Rd

q 1/q
(/ (6)\L2w(77)/ e_uw(:c)euw(x)|Wig f(l’,77)|dx> dn)
R4 R4
2 » a/p 1/q
< Ch / ( / <e/\L wn) gheo(@)| Wig f(:):,n)|) dg;) dn
R4 Rd

(3.40) = Cy|| " @A) \Wig f(z,n)|| e < 00,

by hypothesis, where C\ = C279MNE*+D) [ A w) | (5)|ds|le @), < +oo by (23).
q = oo the same proof works, with small modifications, so (3.40) holds for every p and ¢q. By
B39) and ([B40) the function f satisfies Theorem 2.6 (c)’. O

We can now prove the following theorem that, besides the classical result in ultradifferentiable
classes (see [0, [14] [16]), contains real ultradifferentiable Paley-Wiener theorems in the spirit of
[3] and a new equivalent condition on the Wigner transform. Given R > 0, for the compact set
Qr, as defined in ([B.3), we denote its supporting function Hg,(7) := sup,cq, (¥, y) simply by
Hpg(z) for all z € R4

La(RE)
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Theorem 3.17. Let 1 < p,q < 400 and R > 0. Then the following conditions are equivalent:
(a) f is an entire function in C¢ and for all k € Ny there exists Cy > 0 such that

|f(2)] < Cpeltnltma=he®) 2 e ¢,

(b) € PWH(RY
(c) f € O=(RY), @ f@)(z) € LP(R?) for all o € N¢ and X > 0 and

(3.41) lim (max Aw(T)f(a)(:c)

n—-+oo |o¢‘:n

1/n
=R:; < R.
Lp) R;<R

(d) f €S, (RY) and suppf C Qpg.
(e) f € S (RY), r@H+ml&) Wig f(z,€) € LP9(R??) for all \,u > 0 and

(3.42) lim H Xl )+ | Wig f(, 5)H ~R; <R
n—-+00 P,q

Proof. (a) < (d): This is Paley-Wiener theorem in Dy, (R?) (Beurling case) for the convex set

Qr; see [7, Theorem 2.14], or [0, Theorem 1.4.1] and [16, Satz 3.3], or [I4) Lemma 3.3] when

the weight w satisfies the additional assumption log(1 +¢) = o(w(t)) as t — +oo.
(d) < (b): This is Theorem

(d) = (c): Tt follows from Theorem [2.6(a)’, Proposition 3.3 and Remark
(¢) = (d): It follows from Proposition B3] Remark B0 and Lemma
(d) = (e): It is Corollary B.I4 since for f € S, (RY),

P Wig £ (1, €) € PI(RY)

for all A, u > 0.
(e) = (d): Follows from Lemma and Corollary B.14] O

Corollary 3.18. Given 1 < p,q < 400 and R > 0, we consider f € S (RY) such that
@) T€) Wig f € LP9(R?) for all A\, ;1 > 0. We have:

a) f e S,(RY) with supp f € Qg if and only if R; < R and for all A\, > 0 there eists
!
Cxpu > 0 such that

€], Wig f(z,€) < Cr R (n+ DEe G0 peNy, (2,6 € R

(b) f € Su(R?) with supp f C Qg if and only if Ry < R and for all A\, > 0 there exists
Cxpu > 0 such that

|2]oo| Wig £(2,€)| < CunR(n+ DEeGH) @ p e Ny, (2,6) € R™.

Proof. (a) If f € S,(R?) and supp f C Qr, by Theorem B.TT, we obtain that f € PWx(R).
From Proposition we have f € PWG%/, where f(z) = f(—z), and hence

1 .
M5O g |V f (2, €)] < +oc.

sup sup (2R) "————¢
sup s R e
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It follows from [I8 Lemma 4.3.1] that

_ 1 Ao =27 ) +p(€) .
sup sup R e T || Wig £ (2, €
neNg z,6€Rd (TL + 1)d/2 | | | ( )|

1
< sup sup R™"

)\w(ﬂ)+“w(2§) |2§|go d :
T aEe T 155100 19dy (9, 2
neNp z,£6€Rd (n + l)d/2 on | ff( €)|

1 T
— 24 sup sup (2R) " ——— M (FE )@ g 1y x,&)| < 4o0.
nENIz) x,fe%d( ) (n 4 1)d/2 |£|oo‘ ff( g)‘
Conversely, if f € S/ (R?) with @+ Wig f € LP9(R??) and the inequality of (a) is
satisfied, then f € S, (RY) by Lemma B.I6 and supp f C Qg by Corollary B4, since R; < R.
(b) It follows from (a) because

1 . .
sup sup R ———— MO 1n | Wig fa, €)] < 400
neNy (z,¢)cR2d (n+1)2

is equivalent to

1
sup sup R ———— ()@ 1 n  Wig f(x, €)] < oo,
neNy (z,¢)cR2d (n+1)2

since Wig f(z, &) = Wig f(—¢, ) by [I8, Prop. 4.3.2]. O

If we consider w(t) = log(1 +¢) we have that S, is the classical Schwartz space S and hence
Theorem with d = 1 coincides with Theorem 1 of [2], while Proposition for d = 1 and
A = 0 coincides with Theorem 1 of [5]. We observe also that Lemma B0l for w(t) = log(1 + t)
implies

feC®RY, (14 |z)*f@(z) e LP(RY) VA > 0, Vo € NE, for some p € [1, +o0] & f € S(RY).
Moreover, Lemma for w(t) = log(1 + t) implies
feSRY, (1+|z)M1+ )" Wig f(z,€) € LPY(R?) Y, A > 0, for some p,q € [1, 4+o]
& feSRY).
The above remarks lead to the following corollary of Theorem BT for w(t) = log(1 + ¢):

Corollary 3.19. Let 1 < p,q < 400 and R > 0. Then the following conditions are equivalent:
(a) f is an entire function in C¢ and for all k € Ny there exists Cy > 0 such that

1£(2)] < Cu(1 + |2])Felrm=) 5 e
(b) f € S(RY) and for all X > 0 there exists Cy > 0 such that
|f (@) < AR (ja| + 1)1+ |2))™ 2 eR?% aeNL
(c) feSMRY) and

lim (max H f(a)(:c)HLp) " _k<n

n—-+oo |a‘:n

(d) f € S(R?) and supp f € Q.
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(e) f € S(RY) and
. n . 1/n
i [€] Wig f(2,€)[1)3) = Ry < R.

Proof. 1t follows directly from Theorem B.I7 with w(t) = log(1 + ¢) and the observation that
BA41) and [B42) can be required just for A = 0 since we have f € S(R?).

Note also that we can substitute 6)‘“’(#1) with ((1:&‘)); instead of (1 + n%))‘ since

A A A N+1 k
L\ (el Y o Lt ”“:Z N+ 1\ (1]l
n-+1 - n+1) — n-+1 — k n+1 '

Example 3.20. For k € Ny, let e, be the Hermite function on R defined by
1 2
. —x?/2
ex(z) = 7(2%!\/7?)1/26 Hy(x), z € R,

where the Hermite polynomial Hy(x) of degree k is given by

dk
Hk([l}') = (—1)k€x2w€_w2, r € R.
The Hermite functions e, € S,,(R) (see [23, Lemma 3.2] and [I1, Remark 4.17]). Then the

Wigner transform Wig(e;, ex) € S,,(R?) and the Fourier-Wigner transform

1 t t\
Vi(ej, ex)(y,t) = - /Rej (I + 5) ek (x - 5) eV dx

is the inverse Fourier transform of Wig(e;, e;) (see [27]):
(3.43) Wig(ej, ex)(, &) = F(V(ej, ex))(, §).
Let us denote by

e;k(y,t) = Vies, er)(y,t), J, k € Np.
By B.43)
Wig(ej, ex)(w,§) = €j(z, §)
and, by [27, Thm. 3.4], for all j, k € Ny:
Leji(y,t) = (2k + 1eju(y, 1),
where L is the twisted Laplacian defined by

1\ 1\?
bm (- 2) (b

Lein = (2k +1)é;,

Then

and, by [11 Ex. 5.4]:
(3.44) Lé;n(z,€) = (2k + 1)éj4(x, €),
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. 1 2 1 2
L=(=D D, ¢ .
(30+0) + (52 -¢)

It is well-known that the Hermite functions are eigenfunctions of the Fourier transform:

e (§) = Aer(§)

for some A € C. Since e, does not have compact support, we have therefore that ¢, does not
have compact support, i.e. R, = +00. Since e, € S,(R), by Corollary B.14] we have that for
all p,q € [1,4+00] and p, A > 0:

where

1/n
. Mo (557 )+ (€) [ |7 Wi ‘ -
im e (GE) O Wig e, en) ()| = o0,
i.e. the eigenfunctions é;; = Wig(ey, e;) of L satisfy:
. Mol 223 )4 (€) ¢ n s 1/n
lim He mkT)TH |§|nek,k(x> 6)“ = +00, \V/ILL, A>0.
n——+o0o Lp:a

Moreover, Proposition and Remark imply that the Hermite functions ey satisfy

. dn 1/n
Aw(n+1)d$nek(z) = 400

lim
n——+00

e

Lp

for all A > 0 and p € [1, +o0].

4. Arbitrary support

In order to characterize the support of f in terms of the growth of some derivatives of f when
supp f is not compact, we substitute, in the definition of PW%(R?), the derivatives D® by the
iterates P(D)" of a linear partial differential operator with constant coefficients and generalize
some results of [4].

Given a polynomial P € C[y,...,&,;] we denote by P(D) the corresponding linear partial

differential operator with symbol P, where we use the standard notation D; := —id;. Following
[4], we define for an ultradistribution 7" on R? and a polynomial P € C[¢y, ..., &,
(4.1) R(P,T) = sup{|P(€)| : € € suppT},

with the convention that R(P,T) =0 if T'= 0.

Lemma 4.1. Let P € C[¢, ..., &) be a polynomial of degree m > 1. Then, for all k € N4 and
n € N:

|k
(1.2 DEPIO" = Y o= Pl PO
=0 '

for polynomials Py (&) independent of n and of degree deg Py < £(m — 1).
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Proof. Let us prove it by induction on |k|. If |k| = 0 then the statement is trivial with Py = 1.
Assume (£.2) to be valid for |k|, and let us prove it for |k| + 1, i.e. for a multi-index k + e; for
some 1 < j < d, where e; is the vector with all entries equal to 0 except the j-th entry equal

to 1.
By the inductive assumption
R
k+e; n n—
D" P()" = Z(n_@ D, [Pi(€)P(€)" "
=0
R

3 %@!w@ Pisl€) - PIEI"™ + Pisl€)(n — ) D P() - P

\k| | ,

= Z o Do P PO+ 3 o Pn(€) - D PO - PO

with deg (Pg,k(g)ngP(g)) <lm—-1)4+(m—-1)=L+1)(m—1).
We can thus write

|k|+1
k+e; n __ n! - n—~t
D" PE)" = Z mpé,k—l—ej(g)P(g) :
=0
for some polynomials Py, te, DOt depending on n and of degree deg I, te; < E(m —1). O

Theorem 4.2. Let P € Clxy, ..., x4) be a polynomial of degree m > 1. Let f € S,,(RY) and let
R(P, f) be defined as in ([dJ]). Then the following conditions are equivalent:
(a) VA > 0 3Cy > 0 such that Vn € Ny, x € R?

(4.3) Py ) < oypre l),

(b) R(P, f) < R.

Proof. Let us first prove that (a) = (b). Let & € R? and ¢ > 0 such that |P(&)| > R+ > 0.

We have to prove that f(£,) = 0.
For every A > 0 and n € Ny we have, from (a):

ol = |gge [ (PO @) da

1)I / (7 g,

<

— |P(&)

_C R+ 1 d/ e llul™) gy
e,

= & () 0+

for some C’, > 0, choosing A sufficiently large in such a way that e *(¥""™) ¢ L1(R?), cf. (Z3).
Letting n — 400 we have that f(&y) = 0 since |P(&)| > R + €. Therefore (b) is satisfied.
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Conversely, let us prove that (b) = (a). By the Fourier inversion formula, for = # 0 and
N € N()I

PP @] = s | [ PO
1 ¢ Nzxﬁ
< o | [ PO @AYo

IN

ﬁ / AN (P(e)"f(6))|de

= |£B|2N Z /P(5 |<R}D2V1. D2yd (5) f(S))‘df
W|=N
NI 2% /9 2
< PNZ .Z<V1> "Z</;d)
|v|=N kq=
- /|P©<R DEP(E)"] - | D2 f(€)|de
<

|2N 2o b Z <2> h Z <2k) Zl <nﬁ!f>!

lv|=N =0
AP PO D e,
|PE)I<R

for polynomials Py (&) with deg Py s, < ¢(m — 1) independent of n, by Lemma (A1
Since f € S, (R?) we thus have that for every u, A > 0 there exists C), , > 0 such that

K|

P oy M NI 22 <2V1) Zi <21/d) Z é|x|12NRn "

|\N‘k10 kq=0 ka

~ /PWR Poal€)] - [POH - | D2 ()] de

k|

3 N'i(”l)...% <2Vd)z r

1 2N
1 _
( " R)
lv|=N

/ (L+ €D PO [N IDETFFE)I(L+ €)= Vde
POI<E

IA

NUZN o0 A (20 ey 1 1\2¥
> .Z< )Z<k)2” MR (”E)
| ‘ N k1= k)dZO /=0
w [ 2N— w( mk|—Ltd+1 1
4.4 O (L) e (L )/ o
- ) e (T JEDP

by Theorem 25(e).
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Now, since " is increasing, we have that

(4.5) P () g (2l
and
(4.6) et (M) < 0 e () 5 (UR) < 0, 4eh e (i)

by Lemma [Z3|(ix).
Moreover, taking A = 11/2, we have that

(47) e (22520 o (7)o (352)

- )

by Lemma 2.3|(ii).
We use now (A.3)), (L6) and (L7) in ([44) to obtain that for every A > 0 there exists C > 0
such that

|P i< Y N.' i <2V1) Z (Zd) (2N + 1)n2V

|I/‘ N kd
1 1\ «(2m
Ww“W@+E)CMM@w)
2N
n 1 NoaNgen n2N l Ap* (2
< C)\R | PN(Z 2°Y2 1—|—R e A
1\ i m
< C\R" | PN/ V4N (1) (HE) em? (f/—Nm)] :
T

Taking the infimum over N € Ny and applying Lemma 2.3|(vi), we have that for all |z| >
Ad)™(n+ 1)1+ %)™

(A 2)f =M™\ _2a]m™
(48) |P(D)"f(l»)| SC)\RH |:6 (m b) (4d(n+1)1/m(1+1/R)) b:| :

for a € R,b > 0 as in condition () of Definition 21 For |z| < (4d)™(n + 1)(1 + %)™ we have
1
(2m)

s/’JP@mﬂM@scm,
supp f

[P(D)" f(x)] =

| PE(©e d&'

with C = || f]| ri(re) (observe that C'is finite since f € 8,(RY). Since w is increasing, we then
2ma

have that (EL8) is satisfied for |z] < (4d)™(n 4 1)(1 4 §)™ with C) = CeP=5 M3 and so
([E3) is satisfied for every x € RY. From (Z2) we finally have that for every pu > 0 there exists
C,, > 0, depending on p,m,a,b,d and R, such that

ol |z [
|P(D)"f(z)| < C,R" " (|”“| ) Vz € RY,

Y

i.e. ([L3) is satisfied. O
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Based in some known results of Andersen [4], we can deduce easily the following corollary:

Corollary 4.3. If P € Clxy, ..., 14] is a polynomial of degree m > 1, f € S,(R%) and 1 < p <
oo, we have, for all X >0,
1/n

(4.9) im (0= poy sl < mer f.

n—-+400

Lp

Proof. On one hand, from [4, Proposition 2.4], it is obvious that
1/n
Aw
e ( > R(P, f),
for all A > 0. Hence, it is sufficient to prove that

6)\w(| nil

for any A > 0. To see this we fix A > 0 and consider p > 0 big enough such that
He_uw“m'l/m)

x

A1) by

lim inf
n—-+o0o

Lp

1/n

< R(P, f),

") Py e

lim sup
n—-4o0o

Lr

< +00.
Ly

Now, we assume that R(P, f) < 400. By Theorem [1.2], for every R > R(P, f) and every n € N,
we have

H051) oy

Lp
< [l | osmellzal™) pippe
Lp oo
< (n+ 1)d/pC>\+“ e—ﬂw(\xll/m) . R".
We deduce that y
Aw z_|1/m "
limsup ||e (| e )P(D)"f(:z) <R,
n——+00 e
for each R > R(P, f ), which concludes the proof. O

Remark 4.4. Let us remark that Theorem gives an estimate, in terms of R, of the upper
bound of |P(£)| for & € supp f. This is interesting because {& € R%: |P(€)] < R} can be not
compact, so that we have some estimate on the support of f for f € S,(RY), with arbitrary
support of f . Our results should be compared with [22]. See also [, [, [10].

Example 4.5. Let P € C[y, ..., &) be a polynomial of degree m > 1. If P is hypoelliptic,
then

(4.10) Ve ={cR?: |P&)| <R}

is compact.
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Indeed, if P is hypoelliptic then there exist ¢ > 0 and 0 < ¢ < m such that
[P(E)] > cle]”,  VEERY, [¢> 1.
Therefore there exists M > 0 such that
Ve C{€eR": (< MIuU{eeR: g7 < |P(E)| < R},

and therefore is bounded and hence compact, since its trivially closed.
On the contrary, the fact that Vz is compact does not imply that P is hypoelliptic. Take,
for instance,

P(z):zf—zgjtizz, 21,29 € C.
In this case
Ve={{€R*: [ — & +i&| < R}
is compact since |P(§)| < R implies
[Im P(§)] = [&| < R

IReP(&)| = -G <R = |&4]|<\/&+R<VR2+R

However, P(§) is not hypoelliptic since the following necessary and sufficient condition for
hypoellipticity (see [25, Prop. 2.2.1]) is not satisfied:

lim |Im (] = o0,
Cev
I¢]—+00
for
V= {zeC*: P(z)=0}
= {2€C?: 22 —iz—2 =0}

» _ 2
{Z€C2: Z2:Z:|:\/ 214—421}7

where 4+4/—1 + 427 denote the two complex roots of 427 — 1.

Taking, for instance,
' 462 —1
= <§1,%> eV, forgeR

we have that |£| — 400 for [£;| — 400, but

1 1
= |(03)| -5
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