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Introduction

This thesis is devoted to the study of the following parabolic degenerate operator
Lu =10, (a(x,y, t)xd,u) + b(x,y, t)xd,u + x0yu — Opu (1)

where (z,y,t) € RT x Rx]0,7T] and the coefficients a(x,y,t),b(z,y,t) are bounded
real functions, with a bounded by below, which satisfy suitable regularity and growth
conditions that will be specified in the sequel.

The aim of this work is to prove sharp upper and lower bounds for the fundamental
solution of .Z in (1): let I'(x,y,t; xo, Yo, to) denote the fundamental solution of the
operator .Z with pole at (xg,yo,t0), then for sufficiently small ¢ > 0, there exists

two functions I', TS : R® — R and two positive constants k', k= such that

k';rg(‘ray7t;x07y07t0) S F<5U73/7t33307y07t0) S k;rrj(xayata »’5073/0;%) (2)

where z, g € RT, y, yo € R, t, ty € [0,T] with ¢t > t,. The interest in this result
is in that an expression of I' is not available, whereas explicit information on the
asymptotic behaviour of 'S are provided in this thesis. Estimates as in (2) are also
called two sided bounds.

We recall that the operator in (1) appears in several physical and mathematical
applications, in particular in Mathematical Finance since it plays a crucial role in
the problem of the Pricing of Arithmetic Average Asian Options in the framework
introduced by Black, Scholes and Merton in their celebrated papers [14] and [58].
For an exhaustive treatment of this subject we refer to the monographs by Pascucci
[66], Bjork [13], Shreve [78]|, Lamberton [46] and Hull [35].

The Mathematical Problem

The problem of proving upper and lower estimates for the fundamental solution of a

second order partial evolution operator has been considered by many authors in the
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study of partial differential operators and the theory, nowadays, is rich of interesting
results. It started with the seminal works by Nash [63], and by Moser [60, 61] for
uniformly parabolic operators. A keystone result in the theory of uniformly parabolic
partial differential equations reads as follows: if I' = I'(z, ¢, &, 7) is the fundamental

solution of a parabolic PDE

Oyu(x,t) Z O (aij(z,8)0p,u(z, 1)), (z,t) € RV x]0,T7, (3)

i,j=1
then there exist positive constants ¢—,C'~, c¢*, Ot such that

_ e _5|2 ct | — &P
(4)

for every (z,t),(£,7) € RV x]0,T] with 7 < t. The upper bound has been proved
by Aronson [2] for operators with bounded measurable coefficients a;;’s, satisfying

the uniform parabolicity condition

N
A > 05t VEERY, AP <D ay(z,t)&& < AP, VE>0,  (5)
ij=1

whereas the lower bound was proved by Moser [60], by Fabes and Strook [29] follow-
ing the fundamental works of Nash [63] for divergence form parabolic operators (3).
We also recall that Kusuoka and Stroock in [45] prove (4) by probabilistic methods.
We eventually refer to the monograph of Bass [10] where elliptic-parabolic operators

and the related results are introduced from a probabilistic point of view.
Many authors such as Davies [24], Jerison and Sanchez-Calle [37] and Varopou-
los, Saloff-Coste, Coulhon [81] have been interested in extending the bounds (4) to

fundamental solutions of non uniformly parabolic operators
= ZXf(x) — 0y, (w,t) € RN (6)

satisfying the strong Héormander condition and suitable Hypothesis on the Lie group
stucture related to them (see section 2.2 below for the precise notions and defini-
tions). Here X1, ..., X,, are smooth vector fields on R¥*1 and m < N. In this setting,
the quantity |z —£| appearing in (4) is replaced by the the Carnot-Carathéodory dis-
tance doo(x,€), which is its natural counterpart in the subelliptic setting. We also
remind that the quantity Y ", X? is called sub-Laplacian and operators as in (6),

satisfying Hormander condition, are said hypoelliptic (see Definition 2.2.1 below).
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The above results was also extended by Boscain-Polidoro [16], Cinti-Polidoro 23]
to hypoelliptic operators with drift, that is

Lo=) X}(x,t)+ Xo(x,t) = 0, (v,t) € RN, (7)

i=1
satisfying the weak Hormander condition. Here Xg, X1, ..., X, are smooth vector
fields on R¥*! and m < N. In this case, not even the Carnot-Carathéodory distance

is appropriate to bound the fundamental solution.

A particular class of second order degenerate parabolic operator which belongs
to the family described in (7) are Kolmogorov Operators. They are operators in the
form o N

Ku = Z i (2, 1) Oy, v + Z b;jx:0p,u — Opu,  (z,t) € RN (8)

ij=1 ij=1

where (z,t) € RV*! py < N and the coefficients a; ;(z,¢) are bounded and smooth
functions. Moreover, for this kind of operators, several results are available when
the coefficents a;; are bounded Hoélder continuous or measurable. Such operators
are widely studied in literature both from the analytical and the probabilistic point
of view as they play a crucial role in the description of the transition probability
density of a N-dimensional stochastic process and they form a bridge between the
theory of Stochastic Differential Equations and PDE’s.
We summarize some of the most interesting results on Kolmogorov operators. In Di
Francesco-Pascucci [26] and Polidoro [71], the authors prove the existence and upper
bounds for the fundamental solution of degenerate operators of Kolmogorov type by
using an adaptation of the Levi parametrix method for parabolic operators. The
Levi parametrix method was previously successfully used for uniformly parabolic
operators (see Friedman [31]). Also, from an analytical point of view Lanconelli-
Polidoro [47], Pascucci-Polidoro [68], Cinti-Pascucci-Polidoro [22], Di Francesco-
Polidoro [27], Polidoro [73| and Pascucci-Polidoro [67] extended several results on
uniformly parabolic operators to the degenerate operators of Kolmogorov type. To
reach this goal, very interesting geometric properties linked with the Lie group struc-
ture which underlies the operators have been pointed out. The main results are the
invariant Harnack inequality for Kolmogorov operators, the Moser’s iterative method
and the two sided bounds for fundamental solutions under suitably assumptions on

the coefficients a;;’s and on the coefficients of the matrix B = (b;;) j=1,..n-



Other related results are due to Lunardi [52|, Lorenzi [51| and Priola [75] who fo-
cused on the problem of the existence, uniqueness, optimal Schauder estimates and
other regularity properties of the solutions u of Kolmogorov equations.

Besides the analytical aspects, Kolmogorov operators are also discussed from a
probabilistic point of view. The most recent results are given by Delarue-Menozzi

[25] who extended the two sided bounds to Kolmogorov Operators of the form

Po N
ICU = Z ai,j(xa t)aszJu + Z E(ff, t)axju — 8tu, (I’, t) (= RN+17 (9)
i,j=1 j=1

in that the function F; are assumed spatial Lipschitz-continuous (uniformly in )
and the coefficients a; ;(z,t) are bounded and spatial Hélder-continuous (uniformly
in t). Their approach exploits the parametric expansion for fundamental solutions
previously introduced by Singer-McKean [79] combined with elements of Stochastic

Control Theory.

Concerning the operator . in (1) discussed in this thesis, it is clearly degenerate.

Consider for instance the prototype of the operator .Z:

Ly = 1°0py + 00, + 0, — 0y = X (2,y,t) + Y (2,9,1),
X(z,y,t) = 20,, Y(x,y,t) = 20, — 0.

Note that, even if %, can be written in the form (7) the estimates proven in [16],
[23] do not apply to it for the following reason. This operator does not satisfy the
Hoérmander condition on the whole space R, since the vector field X (x,y, t) vanishes
at x = 0. This fact yields some consequences on the underlying Lie group structure
which satisfy weaker Hypotheses than ones made for hypoelliptic operators (7) in
[39], [16], [23]

On the other hand, the operator %, cannot be globally seen as a Kolmogorov
operator with bounded variable variable coefficients, as those introduced in Delarue-
Menozzi [25], Di Francesco-Polidoro [27], Pascucci-Polidoro [68, 67], Di Francesco-
Pascucci [26]: indeed the variable coefficient 22 is unbounded and its infimum equals

zero. Hence, the results proven in the above references cannot be applied.

In this work we suitably adapt the methodology appearing in [27] and [23] in
order to achieve the bounds (2), giving an explicit expression to the function I'F
appearing in (2). The new difficulty concerning the operator .Z is thus in manag-

ing the unbounded and possibly vanishing coefficient x which appears in the vector
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field X (z,y,t) = x0,. As we will see in the sequel, the operator .Z exhibits differ-
ent features from a classical Kolmogorov operator with bounded Hélder continuous

coeflicients.

Our Approach and Main Results

Our main result extends the bounds (4) to the operator .Z. Specifically, we prove
that

c -
20t —tg)2 P (—C7W(x,y + woe(t —to), t — e(t — to), 20, Y0, to)) <

F($7yat7x07y0»t0) S (10)
C—jexp(—cﬂll(x Yy — Toe,t + €, X, Y t))
52(1} _t0)2 ) 0<) » 405 Y0, Lo )
for every (xq,yo,to) € Rt x Rx]0,T], every arbitrary e €]0, ﬁ[ and

(x,y,t) c R+X] — 00, Yo — ZZ]OE(t - to)[X]to,T].

Here the constants ¢, Ct depend on ¢ and T, whereas the constants ¢™, C~ depend
only on .. The function ¥ is the wvalue function of a suitable optimal control
problem with quadratic cost (see chapter 4).
The presence of ¢ is due to the method that we use to establish the estimates (10),
which lead us to consider a smaller time range (1 — ¢)(t — tp) than ¢ — ¢,. At this
level, we only precise that it is not possible to obtain estimates for € — 0 since the
constants ¢ and CF appearing in (10) may explode (see Remark 4.3.3 in chapter 4
for further details).

In order to emphasize the application of our main result to the existing literature
for the operator .Z and to the corresponding stochastic theory, we note that (4) can

be alternatively written as
k*l"*(m’ t: 57 7_) S F(.TL', t> 57 7—) S k+F+(5L’, ta 57 T)a (11)

where I'* is the fundamental solution of the heat equation O,u = A*Au, and the
constants k¥, \* are strictly positive and depend on ¢*, C*. From this point of view,
it would be natural write (10) in terms of the fundamental solution of a suitable
constant coefficients operator analogous to .Z. Actually, as we have noticed above,

the simplest form of . appears as we choose a =1 and b =0 :
SLou = 220p,u + x0pu + 20yu — Ouu,  (z,y,t) € RT x Rx]0,T]. (12)
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The fundamental solution ['y of %, can be written starting from the results given

in Yor [84] on the joint distribution of the process (Wt, At) , where (W}),5, is a
£>0 =

Wiener process on a probability space (2, %, P) endowed with the standard Brow-

nian filtration and .
A = / exp (2W;) ds. (13)
0

As we will see in Section 2 , it is possible to write almost explicitly the expression of
the fundamental solution I'y of .%). The authors Yor and Geman in their monograph
[85] widely studied the stochastic process related to the operator %, above by means
of probabilistic instruments. However, to our knowledge, the results apply only to
the specific case of .%.

Our approach is completely different. We adapt in this thesis the approach intro-
duced in [27], [23], and we provide a well-structured methodology in order to prove
upper and lower bound for the fundamental solution of a hypoelliptic operators with
drift which satisfy Héormander condition.

We emphasize that the methodology used in the proof of (10) involves several tech-
niques belonging to the theory of Partial Differential Equations, Stochastic Processes
and Optimal Control Theory, and can be applied to several different problems.

In particular, the proof of the lower bound relies on the repeated application of the
Harnack inequality, combined with a suitable optimization procedure, for positive
solution of Zu = 0. Such a procedure will lead us to naturally consider a relevant
optimal control problem which will be explicitly solved.

Concerning the upper bound we combine analytical results with elementary tools
belonging to Optimal Control Theory. We will use an analogous result of the Moser
iteration and the Hamilton-Jacobi-Bellman equation for the value function ¥ related
to a relevant optimal control problem.

The existence of a fundamental solution of . is guaranteed by Malliavin Calculus
under some regularity conditions on the coefficients, since the operator .Z can be
seen as the infinitesimal generator of a suitable stochastic process. We will clarify
in the sequel the intrinsic link between the joint transition probability densities of a
n-dimensional Stochastic Processes and the fundamental solution of its infinitesimal

generator.

A further consequence of (10) is the following result, again in the spirit of (11).



By applying (10) to I" and to the fundamental solutions I'* of the operators
LFu = N2 0ppu + 20,u + 10u — Ou,  (7,y,t) € RT x Rx]0,T7,

for some strictly positive constants A\*, we can state that there exist two constants
k* > 0 such that

E~T7 (z,y + xoe(t —to+ 1), t —e(t —to + 1); 20, Yo, to) <
F(x7y7t7x0ay07t0) S

ETTT (&y — Tog <

_E(t—t0+1),t+%_S(t—to—l—l),xo,yo,to) ,

for every (x,y,t), (xo,%0,t0) € RT x Rx]0,T] with y 4+ xee(t — to + 1) < yo and
t > tog+¢e/(1 —¢). The constants \*, k* depend on ¢z, CF, C~, ¢t. This is
an important theoretical result, as it allows us to extend to .Z any quantitative
information we know on the fundamental solution of Z*. Of course, the same

result holds for the densities of the respective stochastic processes.

Outline of the Thesis

The thesis is organized as follows.

In Chapter 1 we will preliminary recall some basic notion and facts about the
Theory of Stochastic Processes. We will introduce the application to Mathematical
Finance: we will provide a short description of financial markets and the Option
Pricing Theory in the Black-Scholes setting. In particular we will briefly intro-
duce some financial derivatives (plain-vanilla options, path-dependent options such
as Arithmetic Asian Options and Geometric ones) and we will introduce the classical
problem of Pricing Financial Deriwatives. In particular, we will use some elements
of the theory of the Martingale combined with some basic tools of Linear SDE (see
[13, Chapter 10,11] and [66, Chapter 9,10] for a detailed presentation of the topic).

In Chapter 2 we will discuss about Degenerate Evolution Operators in Hypoel-
liptic setting and we give the main ingredients of the Thesis: the invariant Harnack
inequality and the Harnack chains which are strongly related to the Harnack in-
equality. A particular attention will be given to Degenerate Kolmogorov Operators
with constant and variable coefficients. More specifically, we consider Kolmogorov

Operators with variable coefficients

do N
Ku = Z ;. (2, 1) Oy yu + Z bijTi0,;u — Opu, (x,t) € RN+

4,j=1 4,j=1

10



with dy < N under the assumptions that the coefficients a;;’s satisfy the following

uniform parabolicity condition

do
VER, plEP < Y ai(r )68 < plg, forevery EER®, (14)
ij=1
for a suitable © > 0 and they are bounded Holder continuous functions. We will

then consider the related constant coefficents Kolmogorov operators

do N
K*u= uil Z Oy + Z bi j1i0y;u — Opu
i=1 ij=1
and the main result of this chapter will concern the two sided bound of the funda-
mental solution I'(x,t;y, s) of K in terms of the fundamental solutions I'*(x,t;y, s)

of the constant operators K=:
kT (2t —e(t — s);y,8) <T(x,tyy,8) < KT (2, t +2(t — 5); 9, 5)

for every (z,t), (y,s) € RN*! and arbitrary ¢ €]0,1[, where the constants k= >
0, k™ > 0 and only depend on the operator K and on 7.

Chapter 3 will be devoted to the probabilistic part of this Thesis. In the first
part, we will focus on Geman-Yor’s results for Arithmetic Asian Options with con-
stant drift and volatility which have been introduced in (12), then we will write the
analytical expression of the transition probability density p(zo, yo, to; z,y,t) of the
stochastic process (Wy, Ai)i>o in (13).

We will then introduce a short survey on Malliavin Calculus, exhibiting some key
results of the Theory and its link with Hérmander Condition. We will emphasize the
deep connection between joint density of a n-dimensional stochastic process and the
fundamental solution of its infinitesimal generator and we compare our methodology
with a similar probabilistic results existing in literature. In the end of this chapter
we prove the existence of the fundamental solution T of (1), under further conditions

on the coeflicients.

In Chapter 4 we will prove our main results. The main purpose is to prove
formulas (10) and (11) and to give a description of the asymptotic behaviours of the
functions T'F in (2). In this chapter, we will show in detail the method which we
use: we will split the treatment into two part since lower and upper bound involve

different techniques. Concerning the lower bound we will introduce Harnack type

11



inequalities for positive solution u of the operator . in (1) and Harnack chains
for the operator .. By combining Harnack chains with a suitable optimization
procedure we will show how the problem of deriving sharp lower bound is strongly
related to the resolution of an optimal control problem. We will solve such optimal
control problem and we will give some asymptotic behaviours of its Value Function.
The final part of the chapter will be devoted to the research of the optimal upper
bound for the fundamental solution I'(z,y,t;zo,yo,t0) of .Z. We will introduce
several results in the spirit of the Moser iteration (see [23] and [22]) and by using
Hamilton-Jacobi-Bellman equation we will show that the Value function related to
the optimal control problem introduced for the lower bound can be also used to get

upper bound. This justifies the therm Optimal or Sharp estimates.

The last Chapter contains final remarks about the main results and possible
developments and extensions of the topic. We also give a brief plan of future re-

searches.
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Chapter 1

Elements of Option Pricing in

Mathematical Finance

In this Chapter we briefly recall some notions and details about the classic Option
Pricing Theory. We start with the introduction of some basic probabilistic notions
and tools, then passing to a briefly presentation of the Black-Scholes Theory [14] for
the Option Pricing. We only introduce in this section notions that we need in this
thesis and we refer to the monographs of Pascucci [66], Bjork [13] and Hull [35] for

a complete treatment of the topic.

1.1 Stochastic Processes Prerequisites

We start with preliminary notions of the theory of stochastic processes. We suggest
skipping ahead if the reader already knows the basic definitions.
We fix a probability space (€2,.%#,P) and we introduce the following objects.

Definition 1.1.1 (Continuous stochastic process). A RY-valued continuous time
stochastic process is a family of random variables X = (X;)ier on a probability space
(Q, Z,P) such that the function:

X : IxQ—RY X(t,w) = X, (w)

is measurable with respect to the o-algebra % x B(I), where B(I) is the Borel o-
algebra on the interval I C R.
Definition 1.1.2 (Filtration). A filtration on a probability space (Q0,.%,P) is an

increasing family of o-algebras (Fy)er (i-e. Fs C Fy for every s < t) such that

14



F; C F. Given a stochastic process X = (Xy)ier , the family of o-algebras (F7X)ier
defined by:
FX =0(X;0<s5<t)

is said natural filtration related to the process (Xi)ier-

We convene to set:
Fo =0 (U %)
A filtration is said right continuous (respectively left continuous) if

Fy = ﬂ Fire, (respectively#, = ﬂ Fi_e)
e>0 e>0
for every t € 1.
We say that the process is adapted with respect to the filtration (%), if

FrCF, Vtel.

or, equivalently, the random variable X, is .%; measurable for every ¢t € I. Obviously,
a stochastic process (X;)ier is always adapted with respect to the natural filtration
related to it.
A stochastic process is said continuous if has continuous trajectories w — X, for
almost every fixed w and for every t € I. A stochastic process is said right continuous
if:

X+ (w) = lim X (w) = Xi(w)

s—tt

and it is said integrable in I if

E qudt
I

Definition 1.1.3 (Progressively measurable process). A stochastic process X =

< +00.

(X1)ier ts said progressively measurable, with respect to (F)ier, if it holds:
{(s,w) € [0;t] x Q s.t Xy (w) € H} € B([0;t]) x F#
for every fizred t € I and every Borel set H in RY.

Remark 1.1.4. It holds that a right continuous process is also progressively mea-

surable.
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Given a Probability space (2, .#,P), we denote by:
N={Aec.Z tcP(A) =0}
the collection of the sets A with null measure.
Definition 1.1.5. A filtration (%,)es is said standard if:
i) the family F, contains N for every t € I;
1

ii) the filtration is right continuous *.

Definition 1.1.6. We say that a stochastic process X = (X)ier belongs to the class
LP(1) if:

o X is progressively measurable with respect to the filtration (F)ier;
o there exists [, E[|X,[P]dt and it is finite.

Furthermore we say that the process (Xy)ier belongs to the class 1P if it belongs to
LP(1) for every compact I C R.

Let (£2,.#,P) be a probability space endowed with the filtration (%#;)ic;. We

now recall the definition of Martingale, Submartingale and Supermartingale.

Definition 1.1.7. An integrable stochastic process (Xy)ier is said Martingale adapted
with respect to (F)er if:

Xs = E[Xy|Z) as. YV0O<s<t.

Analogously, an integrable stochastic process (Xi)ier is said supermartingale (re-

spectively submartingale) adapted with respect to (Fy)er if:
Xs > BE[Xi| 7], (Xs < EX{Z)), as. YV0<s<t
It holds the following properties

o E[Xy| = E[X| =FE[Xy, VO0<s<t,for Martingale;

"We only consider filtrations that contain negligible events in order to avoid the unpleasant
situation in which, given two random variables X,Y one has X =Y a.e., but X is .%#;-measurable
and Y not.

16



e E[Xy| > E[X,] > E[X], V0<s<tfor Supermartingale;
e F[Xy| < EF[X;] < E[Xy], 0<s<tfor Submartingale.

Definition 1.1.8 (Markov Property). An adapted stochastic process (Xi)ier, satis-
fies the Markov Property if:

P(X, € H|.Z,) = P(X, € H|X,) a.s. (1.1)

for all borel sets H of RV,

1.1.1 Brownian motion and It6 Calculus
Let (Q,.%;P; (F)i>0) be a probability space with filtration.

Definition 1.1.9 (scalar Brownian motion). A scalar Brownian motion on the fil-
tered probability space (Q, F;P; (F:)) is a stochastic process (Wy)i>o in R satisfying
the following properties:

1) W; is adapted with respect to (Fi)i>o;
2) P(W,=0) =1, (Wo =0 a.s.);

3) the random variable W, — Wy is independent of F5 fort > s (i.e for everyy € R
and A € F; the events {W, — Wy < y} and A are independent);

4) The random variable Wy — W is normally distributed N (0;t — s), that is for
every borel set A € R

P((W, — W) € A) = /

A 2w (t—s)

We now list some properties of scalar Brownian motions:
Proposition 1.1.10. A scalar Brownian motion satisfies the following properties:

o For all t > 0 the random wvariable Wy, = Wy — Wy has normal distribution
N(0;1);
o Cov(W,, W;) = min(s, t);
o (Wi)i>0 is a martingale with respect to the filtration (F)i>o:
E [Wy|Fs] = W, Vs <t.
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e A scalar Brownian motion (Wy)i>o satisfies the Markov property: for every
borel set A C R
P(W, € A|.Z,) = P(W, € A|[W,).

Moreover it holds the following formula

1 (y—o)?
P(W; € AlW, =« :/—e 2(6=9)
(We | ) N /—27r(t—s) Y
We refer to
flyrtho, ) = ———e” 05
Jx, 8) = ————¢ 20
Y 27(t — s)

as the transition function of the Brownian motion.

We remind that the family of trajectories with bounded variation of a Brownian
motion W; is negligible. In other words W, has almost all paths that are irregular,
non-rectifiable. If {t,...,t,,} is a partition of [0, 7] then

lim Z Wy, — Wi, | = +o0 (1.2)

At—0

Indeed, it holds the following crucial proposition

Theorem 1.1.11 (Quadratic Variation). If W, is a Brownian motion on [0, T, then

we have
(Wi) = Jim Z W, — Wi, ,[>=t, in L*0,T].
We say that the Brownian motion has quadratic variation (W;) equal to t.

With abuse of notation we will sometimes write (dW;)?* = dt.

We now introduce an n-dimensional Brownian motion.

Definition 1.1.12 (n-dimensional Brownian motion). A n-dimensional stochastic
process Wy = (W}, .., W) is said n-dimensional Brownian motion on the filtered
probability space (Q, F, P, (F)i=0) if:

1) for every i = 1,...,n the process Wi, t > 0 is a scalar Brownian motion on

(Qa ngu P? (yt)t>0);

2) for every fizedt > 0 and s > 0, the random variables W} and W7 are independent
for every i # j.
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A n-dimensional Brownian motion satisfies analogous properties:

Lemma 1.1.13. Let W; be a n-dimensional Brownian motion. It holds the following

properties
e cov [WfWF| =min(t,s), cov [WfW!] =0, if k #1;
o E[(W}—-W)?=(t—s), E[Wf-WHW -W)]=0, ifk#l

e For every borel set A € R™ the probability P(W, € A|W, = z), where x € R",

admits a gaussian density with respect to the Lebesgque measure:

1 _ly==l?
f(y) = f(ya t|l’, 3) — We ‘|2(t—L|) .

Correlated Brownian motion. Sometimes it is convenient to build models based on
Brownian motions which are correlated. In order to define such objects, we start
by considering a d-dimensional Brownian motion W; = (W}, ..., W) on the filtered
probability space (2, %, P, (.%,)i>0), with ¢ > 0. Let furthermore consider a constant
n x d matrix § = (J;;) with ¢ =1,...,n and j = 1, ..., d whose rows have unit length,

i.e. denoting by | - | the usual Euclidean norm in R?
10;| =1, i=1,...,n, (1.3)
and construct the following n-dimensional process W, = §W,, in other words
d .
WZ:Z(SZ]Wt]? Z:L,?’L
j=1
It is easy to check that each of the components W}, ..., W[ separately are stan-

dard Brownian motions on the filtered probability space (2, . %, P, (%#;)1=0), but the

process is correlated as it holds:
pijt = Coo[W/, W/] = (Z 5ik5jk> t.
k=1

Note that, denoting by p = (p;;), we have p = 6§* 2.

2By means of analogous arguments, it is also possible to built correlated Brownian motions

whose correlation matrix is a deterministic function of ¢, that is p(t) = §(¢)5*(t).
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Definition 1.1.14. The process W, = (W}, ...,W[) is called a vector of correlated
Brownian motion on the filtered probability space (0, F, P, (F)i=0) , with correlation

matrix p.

The random variable W, has a multivariate normal distribution with zero mean

an covariance matrix
X(t) = (pijt)ij, 4,7 =1,...,n.

It6 Formula

Let (W}, ..., WZ) be a d-dimensional Brownian motion on the filtered probability
space (Q,.Z,P,(%#):). A n-valued stochastic process X; = (X}, ..., X}") is called an

Ito process if it writes as follows:
X=X} +/ (s, X,)ds + Z/ oi(s, X)dWI, i=1,...n,  (1.4)

where ¢ € [0,7] and:

e X! is a %, measurable random variable for all i = 1, ..., n;

e cach u; = p;(t, Xy) (also called drift term) is a stochastic process belonging to
LYo, T;

e 0 is a n x d matrix (also called diffusion matriz) and each o, ; = 0, ;(t, X;) is

a stochastic process belonging to L?[0, T .

We explicitly say that the first integral f(f (s, Xs)ds appearing in (1.4) can be
interpreted in the usual sense of Riemann integral. But how can we interpret the
stochastic integral fot 0ij(s, Xs)dW? in (1.4)7 The definition of the stochastic integral
is not so obvious. Indeed, in view of property (1.2), it is not possible to define the
stochastic integral in the sense of Riemann-Stieltjes.

Given a stochastic process u; belonging to I.2[0, T'] and a scalar Brownian motion
W, the first definition of the stochastic integral fot u,dWs, is due to It6. Its con-
struction strongly exploits the result given in Theorem 1.1.11. We refer to Pascucci

[66, Chap 4| or Karatzas-Shreve |38, Chap 3] for a rigorous definition of it.

From now on, we will rewrite (1.4) in its differential form

d
dX] = pa(t, Xp)dt + > oy, X))dW7, i=1,..n, (1.5)

j=1
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or in compact form:

Let f € CY?(R x R™ R) be a function and consider the process f(t, X;). It holds

the following It6 formula:

Theorem 1.1.15. Let X; be a n-dimensional Ito process and let f € CP*(RxR™, R).
Then the process Yy = f(t, X;) has the following Ito-differential:

'tha

df (t, X,) _{ +Z f ”axax}dHZaf
=1

Z]f

Where a; = 041, ..., 03d] is the it row of the matriz o and
C = (¢j)=0-0", with o* transpose matriz of o.

We can also use the following formal rules:

dt dXZ dX"de
+Z t3 Z 83318% e

z]—
where:
(dt)? =
dt - dW} =0, i=1,...d,
(dW§)? = dt, i=1,..,d,
AW} dW] =0, i

(1.6)

The operator

n

of n
=gt 3 s

is called infinitesimal generator of the stochastic process (Xt)te[O,T}~
If, instead of a d-dimensional Brownian motion, we consider a correlated n-
dimensional Brownian motion W; = (W}, ..., W) on the filtered probability space

(Q, 7 ,P,(F)i>0), with correlation matrix p, we have

Theorem 1.1.16 (Multidimensional Correlated 1t6 Formula). Let X; = (X}, ..., X7)

a Ité process having the dynamic

X7 = pa(t, Xo)dt + Y o3t X)W/, i =1,.0m,

j=1
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where t € [0,T] and (W}, ..., W) is a vector of correlated Brownian motion with
correlation matriz p. Let f € C%?(R x R”,]R). It holds:

"9
df (£, X,) = { +Z f wp”aa }dt+z W,

One may use the following informal computation rules:

ij

df = dt dXZ dX'dX?
f = +Z T3 Zax 0 C—

with:
(dt)* =0

dt -dWi =0, i=1,...d,
(dW)H2=dt, i=1,..4d,
AWIAW] = pidt, i #j.

(1.7)

If the diffusion matrix o;;(¢, X;) is a deterministic function, depending only on

the ¢ time variable, i.e
O'ij(t,Xt) = Uij(t), 1= 1, ., n, ] = 1, ...,d,

it is possible to simply shift between the two formalisms above. It suffices to repeat
the construction introduced above for correlated Brownian motions by considering
correlations which depend on t. Suppose, therefore, that the n-dimensional process
X, t € [0,T] has a stochastic differential

d
dX] = pa(t, Xp)dt + > o()dWi i=1,..,n.
j=1
Here W, is a d-dimensional standard Brownian motion. Let denote by o; the i*" row

of the matrix o and define n new scalar Wiener processes W}, ..., W by

IS

o, (OW!, i=1,..n.

We can thus rewrite the X dynamics as
dX} = pi(t, Xp)dt + |og(t)|dWE, i=1,...,n.

Each W/ is a standard scalar Wiener process, but W}, ..., W/ are of course a corre-

lated Brownian motion. To see this, we first note that

oi(t) - o3 (t)
|03 () ()]
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where 07(t) denotes the transpose of the row vector o;(t).
By applying the Ito formula we have
AW W) = Wi dW + dW; Wi + dWy; dW}
and integrating from zero to ¢ we obtain
Wi = / Widii / W ¢ / ' pei(s)ds.
0 0 0

Taking the expected value we have

t

ool W) = [ pilo)ds
0

1.1.2 From SDE’s to PDE’s: the Kolmogorov Equations

In this section we examine the deep connection between SDE’s and PDE’s. Let y
be a point belonging to RY and let consider the following N-dimensional Stochastic

Differential Equation

(1.8)

dXt = M(t, Xt)dt + O'(t, Xt)th7
Xs =Y,

where W, is an assigned d-dimensional Brownian motion on the probability space
(Q, Z,P), t €]0,T)], s € [0,t], u(t, X()) is a R¥-valued stochastic process belonging
to L0, T] and the N x d matrix o(t, X;) belonging to L?[0, T].

We say that the stochastic process X; is a strong solution of (1.8) if X; satisfies

the integral equation
t t
Xe=y +/ w(r, X, )dt —i—/ o(r, X;)dW,, forallt > s. (1.9)

We explicitly write X;¥ to emphasize the fact that at time s the random variable

is deterministic and equal to X = y.
Proposition 1.1.17. Suppose that:

i) p, o are locally Lipschitz continuous functions in x uniformly with respect to
t € [0, 7], that is for every compact set K C RY there exists a positive constant

L such that for every x, y € K and for every t € [0,T] it holds

|:uz(t7x)_/lz(t7y)| §L|l’—y|7 izlu“')”v vt € [OaT]u
loi;(t,x) —oi(t,y)| < Llz —vy|, i=1,..,n, j=1,....d, Vtel0,T].
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ii) p, o have at most linear growth, i.e for every t € [0,T] there exists a positive
constant M = M(T') such that

(D) < MO+ Jal), i=1.m,
o it )| < ML+ z|), i=1,..,n, j=1,..4d,
for every v € RV,

Then there ezists a unique strong solution to the SDE (1.8). Such a solution has

the following properties:

1. X, is FY -adapted, where FV denotes the standard filtration generated by the

Brownian motion Wy for every t € [s,T;

2. the stochastic process Xy has continuous trajectories and satisfies the Markov

Property (1.1);
3. there exists a constant C such that

T
/ E[X.PIdt < CeCT9(1 + y]?).

For every fixed t € [s,T] the application W; — (X;¥(W;)) is a functional from
C([s,T]) (space of continuous function in [s,T]) to RY and X;(-) is a random vari-
able. For every Borel set A C RY the induced measure v, (t, A) = P(X,; € A|X, =
y) is a probability measure on RY. Let £ denotes the infinitesimal generator of the

process X;. It holds the following proposition

Proposition 1.1.18. For every fized (s,y) € [0,T] x RN, the measure (t,A) —

Vsy(t, A) is a weak solution of the following equation
Owu(t,z) — L'u(t,x) =0 for allt € [s,T). (1.10)
where L* denotes the formal adjoint of the operator L.

PROOF. Let X;* be the unique solution of (1.9), and let f € C5°([s, T] x RY). By

applying the It6 formula, reminding that f has compact support, we have
0=f(T,X7") = f(s,9)

T T N
= [ @ x4 L XNt [Y 005 X od

S =1
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Taking the expectation value, since

T N
E[ / S o, f(t,Xf’y)aith] —0,

=1

we obtain

T
Oz/ﬂdP/s (Ouf (1, X2V + LF(E, X2Y))dt

T
— [ [ @t + Lre oyt
RN Js
Therefore, the induced measure v, , solves weakly the PDE
owu(t,z) — Lru(t,r) =0, (t,x) € [s,T] x RY.

O

Provided that, for every fixed ¢t € [0, 7], we are able to show that the measure
vy.s(t,-) admits a density p(z,t;y,s) with respect to the Lebesgue measure on RY,
that is

vys(t,dx) = p(x, t;y, s)dx

we can conclude that p(z,t;y, s) is a weak solution of

(1.11)

{ op(t,z;y,s) — L*p(x,t;y,s)) =0, forall t €]s, T];
p(:L“, S; ya S) = 5y(37)

In this case we refer to (1.11) as the forward Kolmogorov equations since the operator
0y — L* acts on the forward variables (z, ).
Feynman-Kac Formula. Let Wy, t € [0,T] be a d-dimensional Brownian motion

and consider the N-dimensional SDE

{ X, = p(t, Xp)dt + o (t, X,)dWs, (1.12)

XS:y7

whose coefficients satisfy the Hypothesis of Proposition 1.1.17. Consider a continu-
ous stochastic process 7, = r(t, X;), t € [0,T] and suppose that r; € L![0,T] and is
bounded from below. The Feynman-Kac representation formula allows us to give a
probabilistic representation of the function f(s,y) solution of the following Cauchy

problem

{ Osu(s,y) + Lu(s,y) —r(s,y)u(s,y) =0, (s,y) € [0, T[xRY,

u(T,y) = ¢(y). (1-13)
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where (y) is a continuous function ¢ : RY — R which satisfies suitable growth

condition (for simplicity one can assume ¢ € C5°(RY)).

Theorem 1.1.19 (Feynman-Kac). Let u(s,y) a solution of the parabolic Cauchy
problem (1.13). Let X, be a stochastic process solution of the SDE (1.12). Assume
that

i) the coefficients p,o are uniformly Lipschitz functions and have at most linear

growth in x;

ii) for every (t,z) € [0,T] x RN | there exists a solution X*Y of the SDE (1.12)

related to a d-dimensional Brownian motion Wy on the space (Q, F P, (F):);

iii) there exist two positive constants M,p such that
u(s,y)] < M(1+[yl?), (s,9) € [0;T] x RY,

or the matriz o is bounded and there exist two positive constants M and «,

with a small enough, such that:

u(t,z)] < Me? (s,y) € [0;7] x RY.
Then u(y, s) has the following representation

u(s,y) = E {exp (- /ST redr) o(Xr) X, = y} | (1.14)

PROOF. Let X;*Y be the unique solution of (1.9). For the sake of simplicity we
give the proof of the theorem only if the process 7, is a deterministic function r(t)
belonging to L'[0,7] and we refer to [66, Chap. 9] for the general proof of the

statement. By applying the It6 formula we have
t t
d [exp (- / r(T)dT)u(t,Xf’y)} — —r(t)exp ( - / r(7)dr Yult, X;)
¢ N
+ exp ( - / T(T)dT) [(@tu(t, X2+ Lult, Xf’y))dt + 3 0 u(t, X)) odW,
s =1
N
= Opu(t, X;¥)o:dW;,
i=1
in view of (1.13).
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The result follows by integrating from s to 7"

exp ( - /STT(T)dT)go(XT) —u(s,y) = /ST i@miu(t, X7 o dW,

and taking the expectation value, reminding that

T N
E[/ Z@xiu(t,Xf’y)Uith] —0.
5 =1

0

As said before, provided that the measure P(X; € dz|X, = y) admits a density

p(t, z;y,s), we can rewrite the Faynman-Kac formula as follows

u(s,y) = /RN exp ( - /STT(T)dT)gp(x)p(t,a:;y, s)dx (1.15)

where the function p(z,t;y, s) solves weakly the problem

{ op(x,tyy, s) + Lp(x, t;y, s) —r(s,y)p(x, t;y,s) =0, forall s € [0,]; (1.16)

p(w,t;y,t) = 0.(y)

In this case we refer to the equation in (1.16) as the backward Kolmogorov equation.

Linear Equations

In this section we study the simplest and most important class of stochastic equa-
tions, namely those whose coefficients are linear functions of the solution, and we
introduce the corresponding class of second-order differential operators, the Kol-

mogorov operators. Let us consider the following linear SDE in RV
dX; = (B(t) Xy + b(t))dt + o (t)dW, (1.17)

where b, B and ¢ are L>[0,T] functions with values in the space of (N x 1), (N x N)
and (N x d)-dimensional matrices respectively, and W; is a d-dimensional Brownian
motion with d < N and ¢ € [0, T]. For these equations a strong solution exists and is
unique. Further, it is also possible to obtain the explicit expression of the solution.

Let us denote by ®(t) the solution of the ordinary Cauchy problem

(1) = B(1)®(1),
D(t) = Idy

where Idy is the identity N x N matrix.
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Proposition 1.1.20. The solution of the SDE equation (1.17), with initial condition
X, =& 15 given by

t t
X = Bt — s) (5 +/ o1 (r)b(r)dr +/ <I>_1(T)0(T)dWT>, t>s  (1.18)
Furthermore, Xf’E has multivariate normal distribution with mean

me(t —s) = ®(t —s) (f + /t <I>_1(T)b(7)d7> (1.19)
and covariance matriz

Ot —s) = @(t—s)(/ V(7)o (r) (@*1(7)(7(7))*(17)@*@—5). (1.20)

PROOF. To prove that X;* in (1.18) is the solution, we just have to use the Ito

formula: we set
Yi=¢&+ /t O (7)b(T)dT + /tq)l(T)O(T>dWT
and we note that
AX75 = d(B(1)Y,) = ' ()Y, + D(t)dY; = (B(t) X + b(t))dt + o (t)dW,.

Therefore, (1.18) holds true. The distribution of X;** in (1.18) is multivariate normal
since it is the sum of integrals of deterministic functions.
In order to compute its mean and covariance matrix we start from the integral

representation of (1.17) with initial data X, = &

t t
Xt =¢ +/ (Bt)X; 4 b(t))dt + / o(t)dWr,
and, taking the expectation value we have
t
m(t) = B[X;¥] = €+ / (B(t)E[Xf’g] + b(t))dt

therefore the mean m(t) satisfies the following Cauchy problem

{ (t) = B(t)m(t) +b(t), Vi>s;

Then, (1.19), plainly follows.
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Concerning the computation of the covariance matrix: we have
C(t — 5) = cov[ X7 *] = BI(X]* —meg(t — 9)) (X — me(t — 5))"]
t t *
— Bt — )E {/ O (r)o (r)dIV, - (/ (@ (7)o (7)), ) } (¢ — )

and (1.20) follows by Tt6 isometry. O

We explicitly note that, since d < N, in general, the matrix C(t) is only positive
semi-definite. The case C(t) > 0 is particularly significative: indeed in this case the

transition density (&,s) — p(z,t: €, s) of X&* is

Pl 56:5) =~ e (O 8)(w il =), (2 = melt =)
(1.21)

for z,y € RY and t €]s, T]. Moreover, by the Faynman-Kac representation formula,
p(z,t,&, 5) satisfies (1.16), where the differential operator in RY x [0, ¢[ associated
to the linear SDE writes:

N
1
L+0s=3 > cii(5)dee, + ((b(s) + B(5)€); Ve) + s,
ij=1
where (¢;;) = 0 0* and Ve = (O, ..., 0y )-
The case of constant coefficients, b(t) = b, B(t) = B and o(t) = o, is quite
simple. First of all, let us recall that in this case we have ®(t) = ¢'Z where

(e}

i N B)"
or =y UBS
n=0
We observe that
(etB)* _ olB” (etB)_l — o tB p(itt2)B _ B 0B
Therefore the solution of the linear SDE
with initial condition X, = £ is given by
t t
X5 = t=9)B (f +/ e "Bbdr —|—/ e_TBadWT>, tel[sT] (1.23)
and we have
t
me(t — s) = B[X5°] = =98¢ 1 e(ts)B/ e Bodr (1.24)
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and covariance matrix

¢
Ot — s) = cou[XF*] = et~ </ e Po. (e*TBU)*dT> =B (1.25)

S

Geometric Brownian motion. In the one dimensional case, given a scalar Brow-
nian Motion (W;); on the filtered probability space (£, .#,P, (%#;):), a linear differ-

ential equation having the following dynamic:
dXt = /LXtdt + O'Xtth, XO = X (126)

with constant u, 0 € R | is called Geometric Brownian motion.

In this case a solution of (1.26) explicitly writes as

2
X; = zgexp <0Wt + (,u - %) t) (1.27)

and the process has respectively mean and variance
E[X)] = zoe", Var(X,) = 22 (7 —1). (1.28)

We conclude this paragraph by recalling the Girsanov’s Theorem. We write
its statement in the general case of correlated Brownian motion (W;)cp,r with

correlation matrix p.

Theorem 1.1.21 (Girsanov’s Theorem). Let (Q, . #, P, (.F);) be a probability space,
let X be a stochastic process belonging to 120, T), and let Z} the exponential mar-

tingale with respect to P related to it

dZt = —Zt(pil)\t) . th, t e [O,T],

T 1 T
Zt = exXp (—/ p_l : /\tth — 5/ |p_1 : )\t|2dt) .
0 0

Consider the measure Q defined by

or equivalently

aQ _

= 7.
AP T

Then the process
t
W} =W, +/ Asds, t€10,7]
0

is a Brownian motion on ((Q2, . F,Q, (F):) with correlation matriz p.
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The main assumption of the Girsanov’s theorem is the martingale property of
the process Z,. In financial applications we frequently assume that p=! - ), is a
bounded process: under this hypothesis Z; is martingale. Nevertheless, in general,
the fact that p=!- ), is bounded may not be verified directly, so the following Novikov

condition can be very useful:

Proposition 1.1.22 (Novikov Condition). If p=! - \; such that

1 T
E [exp <§/ p~t- )\t\thﬂ < 00,
0

then the exponential martingale Z; is a strict martingale.

1.2 Options, Bonds and Interest rates

Let (Q2,.%#,P) be a probability space, where € is a set such that P(w) > 0 for every
w € (.

Definition 1.2.1. A continuous market is a vector of n + 1 stochastic process:
S, =(SP, S}, ..., S, t €[0,7],

where Si, i =0, ...,n are commonly called assets. For every fized t € [0,T), S, i =
0,...,n is a nonnegative random variable which denotes the price of the i asset at

time t.

In this paragraph we only deal with continuous stochastic processes.

Let W; be a d-dimensional Brownian motion and ¢ € [0,7]. In the Financial
application the d-dimensional Brownian motion W; represents the d independent
sources of the risk of the market. We also suppose that d < n.

Typically, in the Black-Scholes setting, the dynamic of S}, i = 1,...,n, with
t € [0,7T] is modeled as follows:

d
dS} = pi(t, Si)Sidt + a3 (t, ) SidWy (1.29)
j=1
where S; = (S}, ..., S"), the vector u(t,S;) is called drift and the matrix o(t, S;) is
the volatility.
We endow the probability space (£2,.%,P) with the usual filtration (F), t €

[0, T] generated by the Brownian motion W, for every ¢ € [0,7]. As a consequence,

31



the stochastic processes in (1.29) are adapted.
We also suppose that Fy = {(), 2}, i.e at time zero the random variables are deter-
ministic and observable (the price of the assets at time zero are observable), and
we further assume that % = Zp. The drift p;(t, S;), i = 1,...,n and the volatility
0ij(t,Sy), i=1,..,n, j=1,...,d belong to L'[0,T] and L?0, T| respectively.

We assume that the first asset S is a risk-less asset which we will denote by B,

having the following deterministic dynamic

T
dB; = rB,dt, By=1, B; = exp </ rtdt> : (1.30)
0

The process By, t € [0, 7] is called Bond and the stochastic process ry = r(t,S;), t €
[0, 77 is the interest rate. In the general case we assume that r,, t € [0, 7] belongs

to IL'[0, T] and is a positive stochastic process for all ¢t € [0, T]>.

A financial derivative is a contract whose value depends on one or more securities
or assets, called underlying assets. Typically the underlying asset is a stock, a bond,
a currency exchange rate or the quotation of commodities such as gold, oil or wheat.

An option is the simplest example of a derivative instrument. This is a contract
that gives the right (but not the obligation) to its holder to buy or sell some amount
of the underlying asset at a future date, for a pre-specified price. The parties that
sign an option establish at time ¢ = 0 (today) the amount of money which will be
paid or cashed for the purchase or sale of the underlying asset.

Who sells an option has the obligation, at time 7', to sell or buy the underlying
asset if the holder decides to exercise. Therefore, to write the contract, we need
to specify: an underlying asset, an exercise price K called strike price, a date T,
called maturity. The function ¢ which describes the profits or losses at time T is
said pay-off function.

Who subscribes on option is mainly concerned with two problems:

e The Evaluation Problem. This matter mainly concerns the buyer: one
knows the exact value of an option at maturity 7' (actually, its value is given

by the pay-off function ). The goal is to establish a fair price co, which

3In the Black-Scholes setting the interest rate (7¢)tefo,m) plays a marginal role and it is modeled
as a continuous positive stochastic process. Actually, nowadays, deriving an exact formula for
stochastic interest rates is not an easy task to perform. Moreover, negative interest rates can be

addressed in the modern class models.
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represents the initial value of the option, to get into the contract. The money

will be paid at time t =0 .

e The Hedging Problem. This matter mainly concerns the seller and, typi-
cally, who sells an option is a bank. Provided that the amount ¢y is cashed, the
goal is to exploit the money to construct an investment strategy (commonly

said hedging portfolio), which allows to cover from unexpected losses.

Actually, the two problems above are strictly connected. In particular, one may use a
suitable approach to the problem which finds out the price of an option at time ¢ = 0
by using hedging issues. The idea is to compute the value of an option by means of
a strategy which time by time assumes exactly the same value of the option. This
approach is called pricing by replication, and the portfolio is the replication
strategy. This method has the advantage of using few and simple instruments of
Stochastic Analysis even if the procedure requires additional notions and economic
reasonings. We suggest the manuscripts [35], [66], [13] for an exhaustive presentation
of the topic.

We follow in this thesis a bit sophisticated mathematical approach based on

Stochastic Differential Equations.

Financial derivatives: Vanilla Options and Path dependent Options

We introduce some of the most common financial derivatives: the European (Vanilla)
Call and Put Option and the path dependent option of Asian type.

An European Put Option is a contract that gives the owner the right to sell an
asset at the expiry date T" and at a prescribed price K. A Call Option gives instead
to him the right to buy the same asset at the date T" and at the price K. The value
of the Option at its expiry date T is given by a function ¢(Sr), where S; denotes

the price of the asset at time ¢. For instance, the payoff of a call option is
vc(St) = max (0, Sy — K),

while the payoff of a put option is
ep(St) = max (0, K — St)

Path dependent Options are characterized by the fact that their value also de-
pends on some average of the past price of the stock, that is Z, = Z(S;, A, t) for
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0 <t <T. For instance, in an Arithmetic Average Floating Strike Option the strike

price of an option is computed as the average of the stock price, then its payoff is

1 T
SOC(STy AT) = max (O, ST — T/ Stdt) N
0

T
op(St, Ar) = max (07 %/ Sydt — ST) ;
0

while in the Arithmetic Average Fized Strike Option the payoff is

1 T
oc(St, Ar) = max (O, f/ S,dt — K) ,
0

1 T
op(Sr, Ar) = max (O, K — T/ Stdt) .
0

When considering Geometric Average Options, the arithmetic average is replaced

exp (% /0 ' log(S:) dt) .

1.2.1 Option Pricing Theory

by the geometric one

In this section we introduce the evaluation problem in Option Pricing in the Black-
Scholes framework. We discuss the topic in the general situation of financial deriva-
tives which are written on n underlying assets.

We consider a market in which there are n+ 1 assets. The first n assets are risky

and have the following dynamic

dS! = p(t, S,)Sidt + a;(t, S,)SidW}, i=1,..,n. (1.31)

where W, = (W}, ...,W/) is a vector of n-correlated Brownian motion with
correlation matrix p. We assume that p is a deterministic matrix whose elements
can be constant or depending on t.
We also assume the existence of a bond By, t € [0,7] whose dynamic is described
in (1.30) with stochastic interest rate r; € L'[0, 7.

In the general case, we suppose that the asset S! pays dividends d;(¢, S;), where
d; is a stochastic process belonging to L'[0,7]. Such a process is also known as
dividend-yield. We denote S! = S/ exp (fot 5 (t, St)dt>. By applying It6 formula to

the process S¢, we have
dS! = (u(t,Sy) + 8(t, Sy))Sidt + 7(t, Sy) SidW;. (1.32)
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Discounting the (1.32) we have

and by applying the Girsanov Theorem (Theorem 1.1.21), the process defined by

~ ~

(pilt, St) — re 4 6i(t, S4))
&:(t, Sy)

AW} = dW} + dt (1.33)

is a Brownian motion under the unique measure QQ defined by

d T e
d%:exp (—/0 p_l-)\tth—i/O |,0—1.)\,5|2dt)7

where we have set

; _ uz(t, St> + (Sz(t, St> — Tt

A B =LA,
t 5i(t75t> t ( t t)

In order to write the new dynamic of the assets under the measure Q, we substitute

(1.33) in the expression (1.31). Hence, under the measure Q, we have
dSi = (r, — 6(t, 8,))Sidt + a,(t, S;) S;dW;.

which, basically says the fact that under Q we

T T
E[Sk|S]] = Siexp </ (ry — 5§)dt) ., E[SL|S] = Siexp (/ Ttdt) . (1.34)
¢ ¢
The formula (1.34) resumes two crucial fact:

. _ t Ni . .
e The discounted process e~ o dt Gl is a martingale under the measure Q;

e At time ¢ the conditional expectation E[S#|S¢] has the same dynamic of a Bond
under Q. This fact tell us that, under the measure Q, we realize (in mean)
a gain which is exactly equal to the profit arising from a risk-free investment

(B, is the risk-less asset): in this sense we are risk-neutral.

This explain the fact why the measure Q is also called risk-neutral measure or
Equivalent Martingale Measure (EMM):

Definition 1.2.2 (EMM). An equivalent martingale measure Q with numeraire

By, t € [0,T] is a probability measure on (Q, F) such that
i) Q is equivalent to P;
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ii) the process of the discounted prices

t
exp (—/ rsds) St telo,T),
0

18 a strict Q-martingale. In particular, it holds the following risk-neutral pric-

g formula
A . T A .
S = EQ {exp < —/ rsds) St ‘ 3‘2} , L€ [O,T] (1.35)
t

If an EMM ezists we say that the Market is Arbitrage free.

Let (2, #,Q,(%,);) be a filtered probability space, where %, is the filtration
generated by a Brownian motion W, = (W}, ..., Wp).

We consider the processes whose dynamic,, under Q, is
dS! = (ry — 8(t, ) Sidt + a,(t, S;)SidW;, (1.36)
dBt = TtBtdt, te [O, T] (137)

We now introduce the the financial derivative ®(Sk, ..., S%), where ® : R" — R is a

continuous function which satisfy the following growth condition
/ e @)\ B (2w |day - di, < 0. (1.38)

for a suitable positive constant ¢. We assume that, in accordance with (1.35), for
every t € [0,7] it holds the following risk neutral valuation formula, which
reflects the fact that the Market is arbitrage free

T
Vi = V(t, &) = E° [exp ( —/ rsds)cp(s;, o S F (1.39)
t

We refer to V;, t € [0,T] as the pricing process.

We explicitly note that, since the process S; = (S}, ..., S?), is Markovian we have
that the pricing process must be of the form V (¢, ®) = F(¢,S;) for some function
F(t,x1,...,x,) € CY2([0,T] x R R).

Reminding the dynamic (1.36) and the relation (1.39), by using the Feynman-Kac
theorem, we can conclude that the function F'(¢,z1, ..., x,) must solve the following
backward Cauchy Problem (denote by X = (z1,...,x,)):

g_ft” + >0 (r(tx) = (¢, x))xig—;:
| - B 2
—i—% Zi,j=1 0i(t, ) 0;(t, x)pi iz, 828];1' =rta)f, (1.40)
F(T> Zy, 73:71) = (I)(.lel, e .Z'n)
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The Cauchy problem (1.40) and the representation formula (1.39), fully solve the
problem of Pricing Financial Derivatives instrument both from theoretical and nu-

merical point of views.

The rank of the matrix A = [ - 7*|(¢, x1,...,x,) plays a crucial role in our
treatment. Indeed, if we have rank(A) = n (or equivalently d = n), the problem
(1.40) is a standard n-dimensional Cauchy problem of parabolic type and the matrix
A is uniformly parabolic for every ¢ € [0,T] (provided that the volatility is strictly
positive and uniformly bounded from below and above).

On the other hand, if the rank(A) < n (or equivalently d < n), the problem
(1.40) become strongly degenerate and the matrix A is not uniformly parabolic for

every t € [0,T]. In this case we refer to (1.40) as a Degenerate Kolmogorov Problem.

Asian Options

Geometric Average. A Geometric Average Asian Option is a contract which depends

on a stock S; and its geometric mean

exp (%/0 log(S,)dr).

In the simplest case of an option written on one asset with constant drift and volatil-
ity, we introduce directly the process of the mean and we consider the following

system

{ dS, = uS,dt + oS, dW;, (1.41)

dGy = log(S;)dt
The payoff is given by ¢ = ¢(S7, Gr). We always assume the existence of a bond
By, t € [0,T] whose dynamic is given by B(t) = Bye’ and the interest rate r is
constant on [0, 7] and non-negative.
By applying the change of variables X; = log(S;) and the bi-dimensional It6

formula, we get:

AX, = (n =% ) dt+odW,  Xo =g

(1.42)
th = Xtdt, GO = Yo-

We now observe that the system (1.42) is linear with constant coefficients, and

according to the notations used in Proposition 1.1.20 we have

B:<o 0) . (u—‘é) 02(00)
10) 0 ’ 0 0
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Therefore we have that the process (Xy, G;) is Gaussian. In order to compute its

mean and its covariance matrix we note that, since B is nilpotent we obtain

(10
t 1

and the covariance matrix is given by
2 22
ot o5
X(t) = 2 (1.43)
22 213
93 7%

Therefore the random vector has distribution

o? o2\ t?
(606~ A (204 (0= Tl bt + (-5 ) 5o 50)) . (a0
Moreover, since the matrix X(t) in (1.43) is positive definite for every t € [0, 7], the

transition density p(z,y, T;x,y,t) of the process (X;, G;) was given by (1.21).

According to the general Pricing Theory introduced before, we explicitly note
that the dynamic of the stochastic process (S, G;) in (1.41), with ¢ € [0, 7] under
the equivalent Martingale Measure Q is obtained by replacing p = r in the system
(1.41).

In this case, reminding (1.44) and that S; = exp(X;), we able to explicitly

compute the risk evaluation formula
Vi = e " TV EC [p(exp(Xr), Gr) | (X1, Gi) = (2,9)],

Furthermore, the price f(t,z,y) = V; at time t of a geometric average asian option
satisfies the following degenerate parabolic Cauchy problem (we denote by =z = S;
and by y = Gy):

2

{ Oif +rad, f + log(x)d, f(t, 2,y) + TL8,, f =1 f,
[T, 2,y) = ¢(x,y),

where ¢(St, Gr) is a prescribed payoff function.

(1.45)

The peculiarity of the Cauchy problem (1.45), is that by means of the change of

variable
2r+(r2

2r—o2 L(E
u(l’,y? t) — e 2v20 $+( 2v20 )t f(e\/i , \/iﬁy’ T — t)
we are able to lead back the problem (1.45) to the following degenerate problem
Opz(z,y,t) + x0yu(z,y, t) — Qu(x,y,t) =0, (z,y,t) € R*x]0,T};

21‘—02$ L{L’ o 9 (146)
u(z,y,0) = e>v2 w(eﬁ 775y>, (z,y) € R%
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The equation in (1.46) is the simplest example of a degenerate equation given by

Kolmogorov in 1934. Such problem has an explicit solution

U(x,y,t):AQF(£7y,t;£,n,T)¢(exp(%&)m)dﬁdn, t>,

where

Toleyt:6m7) = 5 s e (57 — (v - e -n%2) ).

We will go back on Kolmogorv equations in the next chapter.

Arithmetic Average. An Arithmetic Average Asian Option is a contract which

depends on a stock S; and on its arithmetic mean

1 T
L[ s

In the simplest case of an option written on one assets we introduce directly the

process of the mean and we consider the following system

{ dS, = pSydt + S, dW;, (147

dAt = Stdt

The payoff is a function ¢ = (S, Ar). As done before, we assume the existence
of a bond By, t € [0,T] whose dynamic is given by B(t) = Bpe’" and the interest
rate r is constant on [0, 7] and non negative. The case of arithmetic Asian Option
is much more challenging then geometric average: the main difficulty lies in the fact
that the system (1.47) cannot be led back to a linear system by means of change of
variables. In order to compute explicitly the risk evaluation formula, we need the
transition density of the random variable (S;, A;). Unfortunately, the distribution of
the vector (S, A;) is not easy to find. The distribution of A; itself is not immediate.
Many authors tried to bypass the problem by using various approach. Levy [50],
for instance, in 1992, had a simplified approach, which was used to approximate
the density of A; by matching the first two moments. The first two moment of the
random variable A; can be computed directly by integration (see formulas in chapter
3).

Another interesting approach was proposed by Ingersoll, who used a suitable
change of variable for the Arithmetic asian Option through which one can find the

value of an Arithmetic asian option just by solving a parabolic PDE equation of
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Black-Scholes type. The approach proposed by Ingersoll work only for suitable pay-
off functions.

The problem was solved by Yor in [84] and Geman-Yor in [33]. In these works
the authors were able to derive explicitly the joint law of the random vector (S;, A;)
for every t € [0,7T] and they wrote explicitly the Laplace transform at time ¢ of the
price of an Arithmetic Asian Option. Their approach is based on some advanced
techniques in Probability Theory, and we list the most meaningful aspects of their

methodology in chapter 3.

Ingersoll aprroach for Arithmetic Asian Option

Let consider an Arithmetic asian Option whose pay-off is a homogeneous function

©(Ar, Sr) = Srp(Ar/St, 1). (1.48)

The dynamic of the asset under the martingale measure Q is

{ dSt = TStdt + O'Stth, (1 49)

dA; = Sydt.

were the interest rate r is constant and non negative, the volatility o is constant
and t € [0, T]. By default one takes B; as numeraire and, given a EMM Q, the risk
evaluation formula writes

QO(AT7 ST)

V, = B,EY
t t BT

| ﬁt} — g© [e_ I e (A Sp) | 9}] .

In general, for a generic numeraire SY with associated EMM Qp, one has the

following risk evaluation formula

ATa ST)

Vi :SEE@O[gp( = |%] (1.50)
T

Provided that (1.48) holds, with B; as numeraire we have to calculate

ST()O(AT/SCD 1)
Br

Vi=BiE?| 7).

whereas, with S; as numeraire, and Qg the corresponding EMM, the same V; can be
obtained as
Vi = SE% p(Ar/Sr,1) | 7]

which appears much more simple.
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Therefore, a change of numeraire induces a change of the EMM, which may result
convenient in certain cases for the calculation of derivative prices. The question is,
once we have computed the martingale measure Q with numeraire B;, how can we
find the martingale measure Q° related to S; as numeraire? In other terms, what is
the Radon-Nikodym derivative L = dQ/dQ?

In this case, it is quite simple to compute L. Indeed, if we set L = x50

Brso’ since

S;/ By is a Q martingale, we have

L,=E°[L| %] =

By applying the Bayes formula we have

StEQ0 [Si; | g}} = -

S, B2 [L%S% | ,%] — B,E° [ﬁ | ,%] .

The previous computation can be formalized in the following proposition
Proposition 1.2.3 (Change of numeraire). Let Q be an EMM with numeraire B,

and let Uy a process such that U/ By is a Q-martingale.
Consider the probability measure QU on (Q,.F) defined by

dQU  UrB,
dQ — BrUy’

Then for any X € L'(Q, Q) we have
X X
BtEQ[—L%} — U,EY [—y%], t e 0,7).
Br Ur
A direct consequence of the previous result is the following

Corollary 1.2.4. Let Uy, V; be stochastic processes such that U,/ By, V;/ By are mar-
tingale under Q. Le denote by QUV, QV the corresponding EMMs Then we have

Q"' Vil

Note that if Uy, V; are be two positive [t6 processes of the form

dU;, = (...)dt + o¥dW,
dV, = (...)dt + o) dW,
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where W, is a correlated d-dimensional Brownian motion on the probability space

(Q,.7,Q, (%)) with correlation matrix p, by applying the Ité formula we have

U, Ufo v
Ay = (-)di + Vt<7t - 5 )dw, (1.51)

By combining Corollary 1.2.4 with (1.51) and Girsanov Theorem 1.1.21, we ob-
tain the following proposition which basically shows how the dynamic of the assets

change when we make a change of numeraire.

Theorem 1.2.5. Let U, V; be two positive Ito processes of the form

dUt = ()dt + Ugdeh
dVy = (...)dt 4 o) dW,,

where Wy is a correlated d-dimensional Brownian motion on the probability space
(Q,.7,Q,(F);) with correlation matriz p. Let QU, QV be the EMMs related to
U,V respectively and WU, W)Y be the related Brownian motions. Then the following
formula for the change of drift holds:

oU

thV = thU + )0(7zt - %)dta t € {07 T] (152)

With Theorems 1.2.3 and 1.2.5 in hand, it is quite simple to solve the problem
of Arithmetic Asian Option, when the pay-off function p(Ar, S7) is homogeneous
with respect to Sp. In this case, by picking the process S; as numeraire, and Q° the
associated EMM, we have from (1.50)

‘/;g == StEQO [QO(AT/ST, 1) | gzt == 6_7'(T_t)E@ QO(AT, ST) | ﬁt]

In order to compute the mean with respect to the measure Q° we need to write the
S; dynamic under Q°. We use the Theorem 1.2.5, we denote by VVtQ the Brownian
motion which drives S; under the measure Q having B; as numeraire, and by I/Vt@0
the Brownian motion which drives S; under the measure Q" having S; as numeraire.

In view of Theorem 1.52 we have
AWR = dW2 + odt.
Therefore, under Q° we obtain
dS, = rSydt + oS, dWE2 = (r + 02)S,dt + .5, W% (1.53)
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Defining the change of variable Z, = A;/S; where the dynamic of S; is given in
(1.53), we have that, by applying the It6 formula, the differential of Z; under QY is
given by

dZ, = (1 —rZ)dt — o Z,dW2, te0,T).

Therefore, by the Faynman-Kac Formula we have that the function
g(t.2) = E¥ [p(Zr,1) | Z, = 2|, (t.2) € [0,T) x R*

satisfies the following backward Cauchy problem

{ Qug(t, 2) + (1 = r2)d.g(t, z) + TF0..9(t,2) =0, (t,2) € [0,T) x RF; (154)

9(T,2) = o(z, 1), 2 ERY.

which in turns is a parabolic problem of Black-Scholes type (i.e. the partial differ-

ential equation is not degenerate).

We end this paragraph by pointing out that the Ingersoll approach for Arith-

metic Asian Option works both in the case of arithmetic floating strike and for fixed
strike Asian Options. Indeed, when ¢(Ar, Sr) = max(Sy — Ar/T,0) the function
is homogeneous with respect to the variable Sr.
In case of fixed strike p(Ar, St) = max(Ar/T — K, 0), we use the change of variable
Y, = Ay — KT. In this case we have dY; = dA; and the pay-off function be-
comes ¢(Yr, St) = max(Yr/T,0) which in turns satisfies the condition ¢(Yr, St) =
Sto(Yr/Sr,1).
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Chapter 2
Degenerate Evolution operators

In this chapter we introduce some evolution operators of parabolic type, with non-
negative and degenerate characteristic form, appearing in literature. The aim is to
give a brief description of them and, in particular, we mainly focus on the Harnack
inequality and its applications. The investigation of the local regularity properties
of the solutions of degenerate elliptic-parabolic operators have produced very inter-
esting results. The keystone result is the celebrated Hormander Theorem proved
in 1967 [34]. As we will see in the sequel, the Héormander theorem is strongly linked
with underlying algebraic-geometric structures of sub-Riemannian type which will
lead us to associate to the operators which will be considered in the sequel a Lie
group structure on RY¥*! | In this frame, many geometrical aspects can be pointed
out.

In this chapter we show the key ideas and results of the method to derive two
sided bounds for fundamental solutions of degenerate operators of Kolmogorov type.
Some results will be proven in detail, for other ones will give specific references.

Summarizing, the key ingredients which we will apply in this chapter rely on the

following tools:

e concerning the lower bound we will exploit the invariant Harnack inequality.
Such inequality will be applied recursively along a suitable chain of points and
combined with an optimization procedure. We mainly refer to the works given
by Boscain-Polidoro [16], Polidoro 73] and Di Francesco-Polidoro [27],

e concerning the upper bound, we just announce the main techniques involved.

In particular we mainly refer to the work by Pascucci-Polidoro |67, to the work
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by Cinti-Polidoro [23] where the upper bounds are proven by using Moser’s it-
eration, and Di Francesco-Pascucci [26], Polidoro [71] where the upper bounds

are derived by using and adaptation of the Levi parametrix method.

We first discuss general Hypoelliptic Operators with smooth coefficients: we
introduce the main definition and tools linked with them and we prove the invariant
Harnack inequality.

In the second part of the Chapter we discuss Kolmogorov Operators with variable
and bounded coefficients: here we introduce the methodology which we use to derive
two sided bounds for their fundamental solutions. The same method will be suitably
adapted and shown in detail in chapter 4 to the case of the Arithmetic Asian Option
type Operators.

2.1 Overview of the Method

In the first part of this chapter, smooth linear degenerate evolution operators of

second order on RVt of the form
Lo:=) X7+ Xo— 0 (2.1)
i1

will be discussed. In (2.7) X;’s are smooth vector fields on RN*! ie. denoting
z = (x,t) the point in RVT!

N
Xi(z) = Z dij(2)0y;, i=0,...,m,
j=1
where d;;(z) : R¥™ — R are smooth functions for every i,j = 1,..., N, and

m < N.
To take confidence with the operators in (2.7), we list some of meaningful oper-

ators belonging to the class described by L.

1. Heat operator on the Heisenberg group: whose prototype is an operator

acting on the variable (x,y,w,t) € R* which writes:

1
Ly = Oy + Oyy + 1(372 4+ %) O + 20y — YOy — Op = X2+ X2-0, (22
Here we have X; = 0, — %y@w, Xo =0, + %x@w and the vector field
Ag = X7+ X3,
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denotes the canonical sublaplacian in sub-riemmanian setting. Note that in

this case we have X, = 0;

. Kolmogorov Type Operators: the simplest version of a Kolmogorov oper-

ator Lo, acting on (z,y,t) € R3, is a linear operator of the form
Lo = Opy + 20y — Oy (2.3)
In this case, the vector fields are the following

X(.’L',y,t) = a:c; Xo(m,y,t) = l'ay,

. More Degenerate Kolmogorov-type Operators: they are operators L,

acting on (z,y,t) € R, whose prototype is the following
Lo = Opy + 2°0, — Oy (2.4)
In this case, the vector fields are the following

X(z,y,t) = 0, Xo(z,y,t) = 2°0,.

. Asian Option type Operators: whose prototype is represented by the fol-
lowing operator:
Lo = 220, + 0, + x0y — 0. (2.5)

In this case, the vector fields are the following

X(I',y,t) = l’az, X()(.’L'7y’t) = xay_

General second order partial differential operators with nonnegative and degen-

erate characteristic form appeared in literature with the seminal works of M.Picone,

who proved the celebrated Weak Maximum Principle for their solutions. The inter-

est in this type of equations in application fields arose because of works given by

Fokker, Planck and Kolmogorov, who showed that PDEs with nonnegative charac-

teristic form played a crucial role in several research areas, such as in mathematical

models in theoretical physics and in diffusion processes. Since then, this type of

equations appeared in many other different research fields, including for instance

Cauchy-Riemann geometry, Minimal Surfaces and convexity in sub- Riemannian

settings; Kinetic Theory of gases; Mathematical models in Finance and in Human
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vision.

A first systematic study of boundary value problems for the class of elliptic-parabolic
operators described by (2.1) was performed by Fichera, who proved existence theo-
rems on weak solutions of the Dirichlet problem related to operators belonging to the
family (2.7). Several existence and regularity results for elliptic- parabolic operators
were proved by O.A. Oleinik and E.V.Radkevi¢ and by J.J. Kohn and L.Nirenberg
(see the monograph [65]).

More recent results for operators belonging to the family £y described in (2.1)
were given by Garofalo and Lanconelli [32], Lanconelli and Polidoro [47], Pascucci
and Polidoro [70, 69|, Kogoj and Lanconelli [39], Boscain and Polidoro [16] who
concerned with Harnack inequality for non negative solutions and provided upper

and lower estimates for fundamental solutions. We will see them in the next section.

In the second part of the chapter particular attention will be given to the study

of Kolmogorov Operators K with non-negative characteristic form

m N
Ku= Z aij(ai, t)amj + Z bl.jxl.ngu —
4,j=1 ij=1

where m < N and whose coefficients a;;’s can be constant or variable satisfying
suitable conditions which will be specified in the sequel. We here describe the

method to derive two-sided bounds for fundamental solutions of the operator A.

We want to close this paragraph by giving a short overview on the results about

Kolmogorov Operators in literature.

In Lunardi [52], the problem on existence, uniqueness, optimal Schauder esti-

mates and optimal Holder regularity results for solutions u of the Cauchy problem

{ Zznjzl i (2) Oy, u + 252:1 biji0y,u — Ou = f(x,t), (x,t) € RVx]0,T];
u(z,0) = p(x), r e RN

(2.6)
were discussed in the framework of the semigroup theory. The main assumption
appearing in [52| are that the coefficients of the matrix (a;;); j=1, m satisfy the

condition
m

ij=1
where A is a strictly positive constant, and that the functions ¢, 0,9, Oz, and f

are Holder continuous. Note that, in this frame, the coefficients a;;’s are allowed to
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be unbounded. We also quote the works given by Lorenzi [51] and Priola [75] who

extended the previous results given by Lunardi in [52].

In the framework of sub-riemmanian geometry and Hormander setting, several
results on interior Schauder estimates for the solution u of the Cauchy problem
related to the Kolmogorov operator K and on the Dirichlet problem for it were
discussed by Manfredini [54], Di Francesco-Polidoro [27]. The Dirichlet problem was
also studied by Lascialfari-Morbidelli in [48] for quasilinear ultraparabolic operator.
We also remind that in Polidoro [72] uniqueness and representation for the solutions

of the Cauchy problem associated to the equation Ku = 0 were proven.

We eventually quote the work of Delarue-Menozzi [25], where the authors consid-
ered a wider class of Kolmogorov including, for instance, operators with non linear
drifts. In their paper the two sided bounds for the fundamental solution is derived
by applying parametrix method linked with a Stochastic Control approach. We

provide a comparison with their results in the next chapter.

2.2 Hypoelliptic Operators

Consider a linear second order operator on RV*! of the form

Lo=Y X7+ Xo—0. (2.7)
k=1
In (2.7) X}’s are smooth vector fields on RV ™! i.e. denoting z = (w,t) the point in

RN+1
N

Xi(z) =) dij(2)0s,,  i=0,...,m, (2.8)
=1
where d; ;j(z) : RV — R are smooth functions for every i,j = 1,..., N. Here

m < N and we denote by Y = Xy — ;.

As usual in the PDEs theory, we identify the directional derivatives with their
vector fields

diN<Z)
In general, we consider operators with m < N, in this specific case we say that L,
is strongly degenerate. We now introduce an important notion about the regularity

of an operator Ly in (2.7).
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Definition 2.2.1. We say that an operator Ly is hypoelliptic in © C RY x R if
every distributional solution of Lou = f is a C™(QY) solution whenever f € C*(1).

The Hormander condition provides us with a simple sufficient condition for the
hypoellipticity of Ly. It requires the definition of commutator or Lie Bracket of two
vector fields W and Z, acting on u € C*>(Q2) as (W, Z|u := WZu — ZWu.

Definition 2.2.2. We say that the vector fields X1(z), ..., X\ (2),Y(2) satisfy the
Hormander Condition at step k if:

e the vector fields X;(z) i=1,...N and Y (z);
e the Lie brackets [X;, X;](z) and [X;,Y|(z) fori=1,...N;

e the Lie bracket obtained by commuting the vector fields X1(2),..., Xm(2),Y (2)
with the commutators [X;, X;](2), [Xi, Y](z) fori,j=1,...N,

until the step k, form a basis for RNt for every z € RN*!,

The Hérmander condition can be stated in terms of Lie Algebra
Lie{X1,..., X, Y} (2),

which denotes the vector space generated by the vector fields X (z),..., X,,(2),Y (2)
and by their commutators. Whit this notation the Hérmander condition holds true
if

rank (Lie{Xy,..., X,,,Y})(2) = N +1, (2.9)

at every z € ). The celebrated hypoellipticity result due to Hormander reads as

follows.

Theorem 2.2.3 (Hormander [34]). Let Ly be a smooth operator as in (2.7) and
Xi1(2), ..., Xm(2),Y(2) its vector fields. If (2.9) holds at every z € Q, then Ly is
hypoelliptic in Q.

The main assumption we make in this section are that it holds the Hérmander
condition and it holds invariance properties for the operator £y with respect to

suitable left translations and dilations.

HYPOTHESIS [H| The vector fields X, ..., X,,,Y satisfy the Hormander condition
rank (Lie{Xy,...,X,,,Y}(2))=N+1, vz € RVTL (2.10)
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HypPOTHESIS [H1| There ezists a homogeneous Lie group G = (RN“,O,(S)\) L such
that

(i) X1,..., X, Y are left translation invariant on G, i.e. given £ € RV*! denoting
by
le(z) =€oz

the left translation of z € RV*! we have

Xi(ulle(2))) = (Xiu)(le(2))-

We also assume that the composition law o is Euclidean in the time variable.

More explicitly
(#,t) 0 (&) = (f(z, ;& 7)it +7)
for a suitable smooth function f;

(i) Xy,..., X, are dy-homogeneous of degree one and Y is dx-homogeneous of degree

two. 1.e.:

Xi(u(0r(2))) = A(Xiu)(0x(2))
Y (u(0r(2))) = N (Yu)(dr(2))

Here, §) is a matrix of the form (A\)y-o where M is a diagonal and positive definite
matrix on RY*! Hypothesis [H1] allows us to state that if u(z) is a solution of
Lou(z) = 0 in R¥*1 then for every fixed point 2o € RV the function u(zgody(z))

is still a solution of Lyu(zp 0 dx(z)) = 0. Indeed, one has
Lo (u(zo ) (5,\(z))) =)\2 (Eou) (zg o (5,\(,2)) =0 (2.11)

In our setting, hypotheses [H1] and [H] imply that RY has a direct sum decom-
position
RV=vie.--aV,

such that, if z = 2™ + ... + 2 with 2(® €V}, then the dilations are

Ox(aW 4 2™ ) = da® 4 A2 ™ N2, (2.12)

'A Lie group G = (RVT1,0) is called homogeneous if a family of dilations (0y),-, exists on G
and 8y (z 0 ¢) = (dx2) o (6x¢) for every z,¢ € RVN*! and for any A > 0.
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for any (z,t) € RV and A > 0. We may assume that

2V = (z1,...,2p,,0,...,0) € W,
l’(k) :(O,,..,O,ng),... x(k) 0770> evk?

) mk,
for some basis of RY, where

o

i = Tyt g +is 1=1,...,mp =dimVj.

The natural number

Q:kak+2
k=1

is usually called the homogeneous dimension of G with respect to (dx),.,- We also

introduce the following J)-homogeneous norms on RY and RN+

S ,
ole =D > lwlE, (@ t)lle = |xle + 1t
k=1 j=1
Since X1,...,X,, and Y are smooth vector fields which are §,-homogeneous respec-

tively of degree one and two, then

=t . (2.13)
Y = X() — at = Zd07]‘_2(l‘(1), N ,l'(j_z)) . V(]) — 8,5,
=2

where

Vi) = (0,-.,0,8,,--,0,00,0,...,0).
1 mj

and d; ; and b; are dy—homogeneous polynomial functions of degree j with values in

Vi1 and Vo respectively.
Remark 2.2.4. Let us explicitly note that formula (2.13) says that
span{Xl(O), . ,Xm(())} =W,

then we may assume m = my and X;(0) = e; for j = 1,...,m where {e;}1<i<n

denotes the canonical basis of RN. Also note that from (2.13) it follows that
Spaﬂ{Xo(O),[X],XZ](O>} :‘/27 Z?] - 17"'7m'

Moreover, up to a linear change of variable (x,t) — (x — tdpo,t), we may assume
that d070 = X()(O) = 0.
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2.2.1 Admissible Paths and Controllability

Given an operator of the form (2.7), we define

Definition 2.2.5. We say that an RN wvalued function v : [0,T] — RNt is an
Lo-admissible path starting from zo = (xo,ty) € RN for the vector fields X;, i =
1....m, Y if it is an absolutely continuous solution of the following ODE

(1) = Y wr() Xk(7(1) + Y (3(7)) (2.14)
k=1
7(0) = %o0-
with wy, ..., w, € L'([0,T]).
Note that, from (2.14), we always have #(7) = —1, then we can only steer points

(1'0,750) and (Il,tl) with ¢; < to-

Definition 2.2.6 (Attainable set). For every zy € @ C RNT! the attainable set <7,

from zg in Q is

., ={z € Q| there exists a time t € RT and an Z-admissible path
v [0,8] = Q stz =7(0), z=~(f)}. (2.15)

Let fix a point (x,t) € R¥*1. We introduce the following controllability condition

HypoTHESIS [C]. For every (z,t),(y,s) € RN™' with t > s, there exists an
absolutely continuous path v : [0,t — s] — RN solution of (2.14) such that
70) =z, At—s)=y.

We explicitly remind that the controllability condition is a precious property that
gives us a connectivity on RV*! by combining the vector fields X;(z) i=1,...,m
and Y. It is not always satisfied by an hypoelliptic operator: concerning the example
introduced above, operators as in (2.2) and (2.3) satisfy such property, whereas the
operators as in (2.4) and (2.5) do not satisfy it (see section 2.2.2 below). We also
remind that it is not true that condition [C| is a consequence of (2.10), nevertheless

it is well known that the strong Hérmander condition
rank Lie{X,..., X, }(z) = N, vz e RY, (2.16)

(which is stronger than (2.10)) implies [C].
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In the sequel we denote by v((z,t), (y,s),w) any admissible path joining (z,1)

to (y, ).
For a fixed path ~((zo,%0), (1,t1),w), which starts from zy = (z¢,%y) and ends
to z; = (x1,11), the following quantity

o) = [ @)+ ) 2.17)

is said cost related to the controls wq,...,wWn.

Fundamental Solution

Operators of the form (2.7), verifying assumptions [C| and [H1|, have been considered
by Kogoj and Lanconelli in [39] and [40]. In particular, in [39], it is proved that Lo

has a fundamental solution I'g, which can be defined as follows

Definition 2.2.7 (Fundamental Solution). Let (zq,t9) € RNl We say that the
function
(z,t) € RV To(w, ¢, 20, 10) € R

is a fundamental solution for the operator Ly with pole in (xo;to) if satisfies the

following property

i) For any fized (z,t) € RN To(+;2,t) and To(z,t;-) belong to L} (RNTL);
ii) For every f € C°(RY™) and (z,t) € RN it holds
50/ Loz, 20, t0) f (20, to)dzodty =
]RN+1
/ Lo(z,t; 0, t0) Lo f (w0, to)dxodte = — f (2, 1);
RN+1

as a consequence it holds Lol'o(x,t; o, to) = —0(zyte) for every fized (zo,t) €

RN*Y in distributional sense;

iii) For any bounded function ¢ € C(RY) and z,y € RN, we have

lim wu(z,t) = , lim  v(y,s) = p(z), 2.18
pam (z,t) = () e (y,s) = p(x) (2.18)
where
U(l’,t) ::/ Fo(ﬂf,t7y78)90(y)dy, U(yv 8) ::/ Fo(l',t,y,8>g0($)dﬂf
RN RN

(2.19)
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Note that the functions in (2.19) are weak solutions of the following backward

and forward Cauchy problems:
Lou(t,r) =0, (x,t) €]s, +oo[ xRN, | Liv(y,s) =0, (y,s)€]— oo, t[xRY,
u(z,s) = p(z), z€RY, v(y,t) = ¢ly), yERY.
iv) To € C5°({(z, t; w0, to) € RNFL x RNH! | (2,8) # (20, 20)});
v) Lo >0 and Ty(z, t;x0,t0) > 0 if and only if t > to;

vi) If we define Th(x,t;x0,t0) := To(xg,to; x,t) then T* is a fundamental solution

for the adjoint operator L of Ly satisfying the dual properties of ii) and iv).

The crucial results appeared [39] and [40] regards the existence of a fundamental

solution I'" for £y and the following remarkable properties
i) To(x,t;&,7) is Iy-homogeneous of degree 2 — Q:

Lo (Oa(,1);65(&, 7)) = A2 9T (z, t; €, 7), A >0, (2.20)

ii) Iy is invariant with respect to the left translation o of G

Lo((&,7) 0 (2,1); (§,7) o (y,5)) = To(, 81y, 5), (2.21)
for every (z,t), (§,7), (y,5) € RY x [0,T] with ¢ > 7.

iii) It holds the following integral identity

/ Do(z,t;6,7)dé =1, Vt>71, 2 € RV, (2.22)
RN

2.2.2 Examples

In this section, we introduce some examples of operators belonging to the family
described in L£y. Some operators satisfy the assumptions [H| and [H1|, whereas

some not.

Heat operator on Carnot groups. Consider operators % in (2.7) with Xy =0
which satisfy Hypothesis [H1]| and the srong Hormander condition (2.16). In this

setting we write

Lo=Ag— 0, (2.23)
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where Ag denotes the canonical sublaplacian on G

Ag = zm: X?
i=1

with X;(z) : z € RY — R smooth vector fields for every i = 1,..., N. The prototype
of operators in the form (2.23) is the operator %, = X? + X3 — 0;, where

X1 =0, — 390w,  Xo=0,+ 330, (2.24)

Note that % acts on the variable (z,y,w,t) € R?, and writes in the form (2.7) with
Xo = 0. The vector fields X, X5 are invariant with respect to the left translation
in R* defined by

(%0, Yo, wo, to) © (z,y,w,t) = (350 + 2,9 T Y, wo +w+ %(l’oy — Yo), to + t) .
Moreover % is invariant with respect to the following dilation
5r(x7 Yy, w, t) = (’I"ﬂf, Y, T‘QUJ, th) = diag(ra Ty 7,2’ Tz) ’ (IL’, Y, w, t)

The group H = (R3,0,(d,).-0) is called Heisenberg group. The vector field
Ap = X7+ X2 is said sub-Laplacian on the Heisenberg group. The operator defined
by the vector fields (2.24) is the simplest example of degenerate operator on a

homogeneous Lie group.

In general, operators as in (2.23) satisfies the controllability condition |C|. More-
over, for every  C RN¥*! and for every (zg,ty) € € there exist a positive ¢ and
a neighborhood U of x such that Ux|ty,tg — €[C &4,.,)(€2). This particular geo-
metric property of the attainable set implies that an invariant Harnack inequality
analogous to the standard parabolic one holds for these operators. The only differ-
ence is that the Euclidean translation and the parabolic dilations are replaced by the
operations used to satisfy hypotheses [H1]. A keystone result for the fundamental
solution I' of operators Ly as in (2.23) is the following: there exist positive constants
¢ ,C~,ct, C* such that

S S _Cdz”cc(m)) c (_déc(x,s))
c —‘BFT(INexp( t—r <I'(z,t,§7) < 5o P\~ ) (2.25)

for every (z,t),(£,7) € RYX|Ty, Ty[ with ¢ > 7, where where dcc denotes the

Carnot-Caratheodory distance
T
doc (o, x) — mf{L(y) | 7 is as in (2.14)},  ((~) ::/ oo (s) | ds.
0
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and |B,.(z)| is the volume of the metric ball with center at x and radius r. Since

|B,.(z)| is proportional to the homogeneous spatial dimension
r@*t? = det(6,),

we can easily rewrite

_ 2 C+
(tcwexp (-omglE) ST e <
-7

t—1

Y _exp(-— +M>
(t— ) exp (-t 555

(2.26)
The upper and lower bounds are due to Jerison and Sanchez-Calle [37], and to
Varopoulos, Saloff-Coste and Coulhon [81]. Note that it holds the identity

doc(xo, z)?

\I}(I(]at(]?xat) - n t
0—

Indeed, if we consider the path v(s) = (70(s), o — ) with 0 < s < t; —t, then by the
Holder inequality, we obtain () < /®(w)+y/to — t. Moreover the equality occurs

only if the norm of the control w is constant, that is
U(y0) = VO(WWty —t == (W] +... +w2)(s) = % for every s € [0,y — t].

These results apply to Lie groups which are not necessarily homogeneous. We also

quote the estimates by Saloff-Coste and Stroock [77].

Kolmogorov Type Operators. The following two examples appear in the analysis

of the Kolmogorov-Fokker-Plank equation related to some SDEs equations

1. Kolmogorov Operators. The simplest version of a Kolmogorov operator £y,

acting on (z,t) € R*M*! is a linear operator

N N
Lo=) 02+ 0y, — O
i=1 i=1

In this case, the vector fields are the following ones

N
Xi(@,t) =0y i =1,.., N, Xo(a,t) = i0,y,.,. (2.27)
=1

The introduction of this operator is due to A.N. Kolmogorov in order to de-
scribe the probability density of a system with 2N degree of freedom. The
2N-dimensional space is the phase space, where (z1, ..., xy) is the velocity and
(TN41, -, Tan) the position of the system. We deal with this kind of operator

and its extension in the next section.
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2. More Degenerate Kolmogorov-type Operators. An interesting presentation of
some more degenerate Kolmogorov operators Ly, acting on (z,t) € RNTL
is given in [21]. In their work, they consider differential operators with a
quadratic or super-quadratic vector field X in (2.27). The prototype of such

operator is the following one:

N-1 N-1
Lo=) O+ w0, — 0
i=1 i=1
In this case, the vector fields are the following
N-1
Xi(z,t) =0y, i=1,..N =1, Xo(x,t) =Y 270,
i=1

The name More Degenerate denotes the fact that the commutator

0

[Xi, Xo] = 22,0, ~ | 2z

0

vanishes in the set (z € RY|x; = 0), therefore, in a neighborhood of x = 0, we

need to consider another commutator

0
[Xi, [X1, Xo]] = 20, ~

0

2

to satisfy the Hérmander condition. As a consequence, a Lie group leaving
invariant the equation Lou = 0 cannot exist, so the Hypothesis [H1]-i) is not
satisfied. This problem is overcome by a lifting procedure (see Rothshild and
Stein [76]). Specifically, we consider the following operator

Lo:= 0%+ 20, +2%0,— 0,  (z,y,w,t) € R®x (0,7),

and we consider any solution of Lou = 0 as a function that does not depend
on w, and that solves the equation Eou = 0. The lifting procedure allows us
to rely on the Lie group invariance of Lo in the study of the positive solutions

of Lou = 0. Indeed, we have
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i) The operator Ly is invariant with respect to the following Lie group oper-

ation
(0, Yo, wo, to) o (&, y, w, t) = (x+x0, y+yo+ 220w —tag, w+wo—tao, t+to),
defined for every (z,y,w,t), (o, Yo, wo, to) € R*. In particular, it holds
(Lou)(z0 0 2) = Lo(u(zg 0 2)),
for every zo = (0, yo, wo, to) and z = (z,y,w,t) € R
ii) The operator LNO is invariant with respect to the following dilation
(0p)pz0 * (2,5, w,t) = (px, p'y, pw, pt)
that is it holds:
P (Lou)(p, p'y, pw, pt) = Lo(u(pz, p'y, p*w, p*t)).

Another peculiarity of this operator is that its fundamental solution is sup-
ported in a subset of R¥*! hence the property [C] is not satisfied. Indeed,
the attainable set of the is

A0,0,0,0(9) = {(x,w,y,t) cR* |0<y< —t,w*< —ty}.
We refer to the work [21] for an exhaustive presentation of the problem.
3. Asian Option type Operators. The prototype operator is
Lo =220y, + 20, + 20, — 0, (x,y,t) €ERT xR x [0, T], (2.28)

of the operator £ in (1), which will be discussed in chapter 4. We let known
in advance that only the Hypotheses [H| and [H1]-7) hold true for the operator
Ly in (2.28), whereas [H1]-i7) and [C] do not hold.

2.2.3 Harnack inequality for non-negative solution of Lyu = 0

In this section we prove an invariant Harnack inequality for non-negative smooth

solutions u of Lou = 0. Let us introduce the following sets
HT(Z(]> — 20 © 5T‘<H1)7 ST(Z()) = 20 © 57(51), (229)
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where

1 3
Hy={z=(z,t) e RV | |lz]|c £ 1, t <0}, Slz{(m,t) eHl|Z§—t§Z}.

The next result is an invariant Harnack inequality proved by Kogoj and Lan-
conelli in [39, Theorem 7.1]:

Theorem 2.2.8. Let Q) be an open subset of RNTY containing H,(z) for some
2o € RN and r > 0. Then, there exist two positive constants 0 and M, only

depending on the operator Ly, such that

sup u < M u(zp), (2.30)
Sor(20)

for every non-negative solution u of Lou = 0 in €.

The proof of this theorem is based on the mean value property of the solutions of
Lou = 0. Given zg € R¥*! and r > 0 we define the £y-ball of center 2z, and radius

r as the following set
0 (29) = {z RV Tz o z) > TQ%Q}

In virtue of formulas (2.20), (2.21) and (2.22), we have that the set §2,.(zo) is bounded,
Q,(20) = 20 0 Q, where Q, = Q,(0) and Q,(0) = §,(2(0)). Moreover it holds the

following proposition

Proposition 2.2.9. Let 2y € RVt and r > 0. There exists two positive constants

0, po only depending on the operator Ly such that it holds the following inclusion

Sor(z0) € Qr (20) € Hp(20) (2.31)

£0

PROOF. Since Q,(2) is a bounded set, denoting by py = max_.q, ||2|/c We have
Q1 C H,,. Therefore it holds that

Qo (20) C Ho(20), Vzo € RV vr > 0. (2.32)
PO
Furthermore, it also holds that
L =RVx] - 00,0[.
Indeed, if z = (z,t) € Q, then T'((z,¢)"!) > 1/r9"2 On the other hand since
(x,t)7! = (y, —t) for a suitable y € RY, from I'(y, —t) > 1/r?2 we deduce —t > 0
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in view of v) of Definition (2.2.7). Therefore, z € RY x] — 00,0[. Viceversa, given
z = (z,t) € RN X] —00,0] for a suitable y € RY, we have I'((x,t)™") = ['(y, —t) > 0.
This implies T'((z,t)~1) > 1/r9=2 for a suitable r > 0, hence (z,t) € Q,.

Therefore, since S is a compact subset of RY x| — 0o, 0], there exists p; > 0 such
that S; C Q,,. Then, we have

Sy € Q,p,,, for every r > 0. (2.33)

By setting 6 = pg - p1, merging (2.32) and (2.33), we obtain (2.31). O

Proposition 2.2.10 (Mean Value Formula). Let u be a solution to Lou = 0 in the
open set O € RN*L. Then, for every Lo-ball ,.(20) with closure contained in O, we

have
u(zo) = TQ%/ u(z, t) K (o, to; x, t)dxdt
Q:(20)

T,Uhelre | ( )|2
V] X0 t0'$ t
K to; t) = Lo R Y, = (Xq,... }(m .
(ZE07 071:») FQ(ZL'O,t();ZE,t) ) Lo ( Ty eees )

Here YV, acts on the variable (z,t).

Lemma 2.2.11. Let z = (z,t) € RN be fized. Then the set
S={C=(&7) e RV | 7 <t,K(2,¢) = 0},

does not contain interior points.

PROOF. By contradiction, assume that K(z,() = 0 for every £ € U, with U an
open subset of RV x| — oo, t[. Then, it holds X;I'(z;+) = 0in U for any j = 1,...,m.

Therefore,
> X}(T(z,) =0 inU.
j=1

Since L£§(z;+) = 0 in RY x] — oo, t[, this implies
(Xo—0)I'(z,-) =0, inU.

As a consequence, by the Remark 2.2.4, the euclidean gradient of I'(z; -) is identically
zero in U. Then T'(§7! 0 2) = Cj for any £ € U. Note that the time component of

& lozist— 1 > 0, therefore, by the definition of fundamental solution, we have
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Co > 0. This contradicts the fact that I'(x, t; £, 7) is dy-homogeneous of degree 2— Q)
and @) # 2. OJ

The main ingredient required for the proof of Theorem 2.2.8 is the following

weak Harnack inequality, first proven by Bony [15, Theorem 7.1]

Proposition 2.2.12 (Weak Harnack inequality). Let O be an open set of RN T
and let T be a dense subset of O. Then, for every compact set K C O there exists
21, ...,2p €T and a constant ¢ > 0 depending on Ly and K, such that

s1}1(pu <c(u(z) + ... +ulzp)),

for every non-negative C'*° solution v of Lou =0 in O.

We now state a convergence theorem, easy consequence of a weak Harnack in-

equality due to Bony.

Proposition 2.2.13. Let u,, be a sequence of Lo-harmonic functions in an open set
O C RN+ Suppose u,, monotone increasing and such that

U = sup U, < o0
neN

in a dense subset T of O. Then u < oo everywhere, u € C*(0) and satisfies

PROOF. By the previous Proposition 2.2.12, for every fixed compact set K C O,
there exist z1,...,2, € T and a constant C' > 0 such that

Slll(p(un — Upy) < C’Z(un(x]) — Uy (z5)), VYn>m

Then, since (u,, — up)(x;) — 0, as n,m — +oo, for any j € {1,..., p}, the sequence
(uy) is locally uniformly convergent in O, so that u is finite everywhere. Moreover,
since Lou, = 0 for any n € N, it follows that Lou = 0 in O in the weak sense of
distributions. The hypoellipticity of £y implies that u € C*°(O) and satisfies the

equation in the classical sense. ([l

PROOF OF THEOREM 2.2.8. Since L is left invariant and d,-homogeneous (prop-
erties (2.20) and (2.21)), it suffices to prove the claim for zp = 0 and » = 1. By
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contradiction, assume that (2.31) is false with zp = 0 and » = 1. Then, for every

n € N there exists a non-negative solution u,, € C*(0O) of Lou, = 0 such that

sup u, > 4"u,(z). (2.34)
Sp(20)

By using the relation (2.32) and the mean value property stated in Proposition
2.2.10 we have

1
wz0) = 53 /Q Kl QulQde o=

In view of Lemma 2.2.11, K is nonnegative and strictly positive in a dense open
subset of €,(2), this identity and inequality (2.34) imply that u,(z9) > 0.
Let define

Unp, - W,
Wy = , and w= —,
un(20) e 2n
we obtain
1
=)= 5 [ Ko QuOd.
P 2(20)

As a consequence, by the positivity property of K, we have w < oo in a dense
subset of €2,(z9). By Proposition 2.2.13, w € C*(Q,(2)) and Low = 0 in Q,(z).

In particular, since Sy(zp) is a compact subset of §2,(z), we have

sup w < 00 (2.35)
So(20)

But, on the other hand, by inequality (2.34), we obtain

Wnp,
sup w > sup —— > 2", for any n € N.
So(20) So(z0)

This contradicts (2.35) and completes the proof. O

Remark 2.2.14. We refer to the inequality in (2.30) as an tnvariant Harnack
inequality in the sense that the constant M appearing in (2.30) does not depend on

the point zg and r, but only on the operator L.

By the invariance with respect to the dilations (0, )x~0, Pascucci and Polidoro [70]
obtained a slight different version of Harnack inequality by replacing the cylinder
Sor(20) with the cone

Pr(20) = {2002 e RN st. ze P},
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where
Pr={(z,—t) e RN | |22 <2t, 0 <t <26%2). (2.36)

Such statement reads as follows and it is a corollary of Theorem 2.2.8

Proposition 2.2.15. Let  be an open set in RN* containing H,(z) for some
20 € RN and r > 0. Then

u(zp 0 2) < Mu(z) (2.37)

for every non-negative solution u of Lou = 0 in ) and for every z in P,

PrOOF. We only give the proof when zy = 0 since the general case follows by using
the invariance properties (2.11) of the operator Ly. For every positive p > 0 we

denote
2

Dy ={(e,~t) eRY | a2 <p? t =21,

Then, for every p € [0,0r] we have that u is a non-negative solution of Lou = 0 in

the domain H,. Since D, C S,, from Theorem 2.2.8 we obtain

supu < supu < Cu(0),
D, S,

and the conclusion follows by observing that 2t = p? on D, and from the fact that
Pr - U0<p§0TDp' |:|

By iterating Proposition 2.2.15, Boscain and Polidoro proved the following non-

local version of Harnack inequality:

Proposition 2.2.16. Let Ly be as defined in (2.7), satisfying assumptions [C] and
[H]. Then there ezist three constants 6 €]0,1[,h > 0 and M, only depending on the
operator Ly, such that the following statement is true.

If u : RVNX|Ty, Ti[— R is a non negative solution to Lou = 0, (z,t),(y,s) €
RN x]Ty, Th| are two points such that T, —0*(T1—Tp) < s < t < T, and v((z,1), (v, s),w)
is a solution to (2.14), then

uly, ) < M5 u(z, ),

where ®(w) is the function defined in (2.17).

We refer to Boscain and Polidoro [16] for the detailed proof of this proposition.
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2.2.4 Elements of Control Theory

Theorem 2.2.16 provides us with an upper bound for non negative solutions u of K
for every (z1,t1) € H(zy4) NRY X]Tp, T1[ in terms of the value which the function u
assumes in the vertex (zo, o).

In order to find the best exponent appearing in formula (2.73), it is natural

introducing the following Optimal Control Problem:

Zwk )Xu(v(s)) + Y (7(s)) 0<s<T, (2.38)

P(w) = /T(wf(s) +---w2(s))ds — min  with T fixed
0
7(0) = (w0, t0), Y(T) = (z1,t1), w; € L'[0,T].
The minimum V (xg, to; x1,t1) of this problem:
V(xo, to; x1,t1) = inf {(ID )y (zo, to; 21, t1; w) is a Ly admissible path}

is called Value funtion of the problem (2.38). In virtue of Theorem 2.2.16, by the
definition of value function V' we get the following sharp inequality

V(=zg, to Ty1,t1)

(Ilytl) < *]\4'1+ (Io,to), (239)

for every (Ig,to), (ZEhtl) € RNX}T(),Tl[ with T7 — 02(T1 — T()) <t <ty <Ti.
A key tool used to solve the optimal control problem (2.38) is the Pontryagin
Maximum Principle. Since we always have (s) = —1, from now on, we drop the t

time variable.

Let Q C RY be an open set and let (zg, ), (z1,t1) (with ¢; < t) be a fixed point
of RV x|Ty, Ty[. We denote by T = t; — t; and we consider the following optimal

control problem:

q:XO+ZWiXi(Q) 0<s<T,

/ ) ds — min, T is fixed.

q(0 ) =q0. q(T)=q, w; €L0,T). (2.40)

For such optimal control problem, the Pontryagin Maximum Principle provides
a first-order condition for the minimizing controls w(.) and the corresponding trajec-

tories ¢(.). We now recall its statement in the particular case in which variables and
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controls belong to the Euclidean spaces R™ R™, respectively. For a more general

statement on manifolds, see e.g. [1].

Theorem 2.2.17 (PMP for the problem (2.40)). Consider the minimization problem
(2.40), in the class of Lipschitz continuous curves, where X;, i = 0,... m are smooth
vector fields on RN and the final time T is fizred. Consider the map H : RY x RY x
R x R™ — R defined by

H(q, A\ po,w) = (A Xo+ ZwiXi(Q)> + Do szz (2.41)
i=1 i=1

If the curve q(.) : [0,T] — RN corresponding to the control w(.) : [0,T] — R™ is
optimal, then there exist a Lipschitz continuous covector A(.) : s € [0,T] — A(s) €
RY and a constant py < 0 such that:

o the pair (A\(s),po) is never vanishing;

e the optimal control w(s) satisfies

H(q(s), A(s),po,w(s)) = max H(q(s), A(s), po, V);

veR™

o for a.e. s € [0,T] it holds

q(s) - %_I){(q(SL A(S),po, w(s))v

' (2.42)
A(s) = =% (a(s), A(s), po, w(s)).

The Hamiltonian H*(q, A\, po) := max,erm H(q, A\, po,v) is called the maximized
Hamiltonian.
Solutions to the system (2.42) are called extremals. When py = 0, they are

called abnormal extremals, while when py < 0 they are called normal extremals.

Remark 2.2.18. The original statement [7}] of the Pontryagin Mazimum Principle
provides optimal controls in the space L*°([0,T],R™). Instead, we are interested in
optimal controls in the larger space L'([0, T],R™). For this reason, we aim to apply
a generalized version of the Pontryagin Mazimum Principle, such as the one stated
in [82, chapter 6]. For our optimal control problem, such generalized version has a

statement completely equivalent to Theorem 2.2.17.
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We further emphasizes that the function V is a viscosity solution of a specific
Hamilton-Jacobi-Bellman equation (this is a general fact coming from the Optimal
Control Theory, see for instance [9]). The Hamilton-Jacobi-Bellman equation related

to the Optimal control problem (2.38) for the value function V' is the following

m

YV + i d (X V)2 =o0. (2.43)

j=1
where X; ¢ = 0,...,m are defined in (2.8). Moreover, a result by Cannarsa and
Rifford 18] states that the solution of the the Hamilton-Jabobi-Bellman equation is

a semiconcave function, provided that the coefficients of the vector fields X, ..., X,,

have sub-linear growth
|X;(z)] < M(1+ |z]) forevery xRN, j=1,.,m,

and that the optimal control problem related to the Cauchy problem (2.14) admits
no singular minimizing controls. As a consequence, V satisfies the partial differential
equation (2.43) in the distributional sense, since all semiconcave functions are locally

Lipschitz continuous.

2.3 Degenerate Kolmogorv Operators

In this section we introduce the Degenerate Parabolic Fvolution Operators of Kol-

mogorov type in RY x]0, T[. A Kolmogorov Operator is an operator of the form

do do N
Ku = Z ij (7, )0, + Z a;(z,t) + Z biji0p;u — Opu. (2.44)
ij=1 i=1 ij=1

where dy < N and whose coefficients a; ;’s satisfy the following uniform parabolicity

condition

do
IA>0st AHEPEL Z ai (7, 0)&E < MNEP,  for every € € R™ ¢ > 0. (2.45)

ij=1

Other regularity assumptions on the coefficients a;;(x,t) and on a;(x,t) will be

specified in the sequel. The matrix B = (b;;) n has constant elements. We

i =1,...,
denote by V = (0,,,...,0.y)" and (-,-), respectively, the gradient and the inner

»YIN

product in RY.
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A Kolmogorov operator can also appear in its divergence form

N
Ku = div ((A(z,t); Vu)) + Z biji0p,u — Oy, (2.46)

ij=1
where the matrix A(x,t) = (a;(x,t)) is a N x N symmetric square matrix of rank

dy < N having the following representation

Az, t) = ( AO(S’w 8 )

with Ag(z,t) symmetric dy x dp square matrix, and the coefficients a; ;’s, with i, j =
1, ..., po, satisfy the uniform parabolicity condition (2.45).

If the matrix Ag is constant we set

do N
Ku := Z i j Oy, U+ Z bij2:0,;u — Oy, (2.47)

ij=1 ij=1
Throughout this section the constant coefficients operator K in (2.47) plays the
role of the smooth operator £, as in (2.7) satisfying the hypotheses [H] and [C]. These

assumptions make sense, since K can be written in the form (2.7) by choosing

do
Xi = Zdij&:j,i = 1, ceey do, X() = <J],BV>, (248)
j=1

11
do is the unique positive dyxdy matrix such that A5-A5 = Ao.

1
where A5 = (@ij)m:l ..... (

In the sequel we will denote by A and A2 the N x N matrices

Ay 0 1 :
A= " . Az = A 0 (2.49)
0 0 0 0

On the other hand we refer to the operator K in (2.44) and in (2.46) as a variable
coefficients operator. We further denote by Kj the operator as in (2.47) when A =
1d:

do N
i=1 ij=1

and we refer to Ky as the model operator related to .
A key results available in literature are upper and lower estimates for the funda-
mental solution I'(x,t;&,n) of the operator K in (2.46) or in (2.44) in terms of the

fundamental solution I' (z,t; &, 1) of the operators

do N
Koi — + Z aﬂ?zfﬁzu -+ Z wazaﬁ]u — atu,

i=1 i,j=1
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where the constants u* depend on the vector fields K and on X in (2.45). The two

sided bounds write as follows
kopUg (ot —e(t —7);6,7) <T(a, 46, 7) < kTG (ot +e(t —7);6,7),  (2.51)

where (z,t), (g, ty) € RVT! with t > ¢4, € > 0 is arbitrary and the constants k:T
depend on T and e.

We remark that estimates (2.51) extend the results previously given for uniformly
parabolic operators. Specifically, let h(x,t;xq,tg) denote the fundamental solution

of an uniformly parabolic operator (in non divergence form)

N N
Lu = Z i (7, 1) 0,0, u(z, T) + sz‘(% )0 u(z, t) + c(x, t)u(z, t) — Owu(x, t),
ij=1 i=1

where (z,t) € RN x]tg, to+T'[ and whose coefficients are bounded Holder continuous
functions. The lower bound for h writes as follows: there exists A > 0 and a positive
constant M, depending on 7" such that
1 )\N/Q _)\|m—m0\2
h(x —xg,t —tg) > — 4(t=to) 2.52
(x — xy, 0) > M(47r(t—t0))N/2€ o), (2.52)

for every (z,t), (g, t9) € RN x|tg,to + T such that t > t;. We explicitly note that

the term on the right side is the fundamental solution of the heat equation
1
XAu(x,t) — Ouu(z,t) =0 for every (z,t) € RN x]to, to + T7.

The results exploit the recursive use of the Harnack inequality given by Krylov-
Safonov in [42].

Upper estimates are obtained by using the parametrix method (see Friedman
[31]); this method provides also the existence of a fundamental solution. Such result

reads as follows:

M D (2.53)
(@mA(t — 1)) V2 ’ '

where A\ and M are the constants introduced before. We explicitly note that the

h([l? - ﬂfo,t - to) S

term on the right side is the fundamental solution of the heat equation
MNAu(z,t) — du(x,t) =0 for every (z,t) € RN x]tg, to + T/

For divergence form uniformly parabolic operators

N
L= Oa(aij(x,1)0s)) = O, (x,t) € RN X]to, to + T (2.54)

1,j=1
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the upper bound was proved by Aronson [2]| for measurable coefficients «a;;’s. More-
over, estimates (2.52) and (2.53) were proved by Davies [24] and by Fabes-Stook [29]
following the pioneer work of Nash [63]. The striking aspect is that for divergence
form operator (2.54) with measurable coefficients, the constant M appearing in the
bounds (2.52) and (2.53) does not depend on 7.

Also, as Fabes and Stroock emphasized in [29], the upper bound is an important
tool for using the ideas of Nash in order to directly obtain the lower bound and then

to derive the Harnack inequality and the local Holder continuity of weak solutions.

In this chapter, we collect the results given by Polidoro [73] and by Di Francesco-
Polidoro [27] which lead to the prof of the lower bound in (2.51), by Pascucci-Polidoro
[67] and by Cinti-Polidoro [23] for the upper bound. Concerning the lower bound,
generally, the methodology is an adaptation of the method due to Moser [60, 62| in
order to prove a Gaussian lower bound of I' and is based on the repeated use of an
invariant Harnack inequality combined with an optimization procedure.

On the other hand, the upper bound can be derived following the techniques
and ideas appearing in Aronson [2] by using result analogous to the Moser iteration
for uniformly parabolic operators. Furthermore, it can also be derived by using the

parametrix expansion of the fundamental solution I' of (2.46), given in [72] and [26].

For the sake of completeness we start by introducing the theory underlying the
Kolmogorov operator with constant coefficients (2.47) and then we pass to the vari-

able coeflicients ones.

2.3.1 Kolmogorov operators with constant coefficients

In this section we consider Kolmogorov operators with constant coefficients

do N
Ku = Z i, jOr;z; U + Z bi ji0z;u — Opu, (2.55)
i,j=1 i,j=1

and we recall some known results about it. We suggest the reference [47] for an
exhaustive presentation of the topic. In this section the operator K in (2.55) is
studied under the hypothesis [C].

It suffices only assuming |C| since it is equivalent to any of the following state-

ments:

i) K satisfies the Hormarder condition (2.10) (then it is hypoelliptic);
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ii) Ker(A2) does not contain non-trivial subspaces which are invariant for B;

iii) there exists a basis of R such that B has the form

* Bl O 0
x *x By
: (2.56)
x %k B,
S S *
where B; is a matrix d;_; x d; of rank d;, with
do>dy>...>2d, 21, do+di+...+d, =N,
while % are constant and arbitrary blocks;
iv) if we set
¢
E(s) = exp(—sBT), C(t) = / E(s)AE™ (s)ds, (2.57)
0

then C(t) is positive, for every ¢ > 0.

For the equivalence of the above conditions we refer to [47]. We explicitly remark

that [C] is equivalent to the well known Kalman condition: the N x N? matriz
[A%, BTA%, ... (BT)N-14 (2.58)
has rank N (see, for instance, [49], Theorem 5, p. 81).
We recall that the group law related to the Kolmogorov operator is
(x,t)o(&,7) = (£ + E(T)x,t +7), (z,1), (&, 1) € RNTL (2.59)

Moreover, K is invariant with respect to some group of dilations (dy),., if, and only

if, every *-block in (2.56) is null. In this case the dilations are defined as
6y = diag(A Iy, N2y, ..., NPT, A2, >0, (2.60)

where [, is the d; x d; identity matrix, with ¢ = 0,...,n. According to (2.12), we

decompose the space RY as follows

RYN =W,®--- @ W,, =20 4. ... 4™ (2.61)
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with 2 € Wy, so that
5)\(97(0) RS I(n),t) — ()\l,(O) I )\Qn-&—ll.(n)’ )\Qt),

for any (z,t) € R¥™! and X\ > 0. We also define the following norms

n dk

_1 1
ahe = S0 S P IR, (@, )l = Jal + ]2

k=0 i=0
We precise that we do not require explicitly that a group of dilation exist for K.
Therefore, the point i) in [H1| is always satisfied in view of (2.59), but i) of [H1]

could be not verified.

The fundamental solution of K, with singularity at point (£, 7), is explicitly
known:

e—Tr(B)(t—7)

(4m) 2 y/det C(t—7)

[(x,t, & 1) =

exp (—3(CTH(t = 1) (2 = E(t — 7)), v — E(t = 7)§))

(2.62)
for t > 7, and T'(z,¢,&,7) = 0 for ¢t < 7, in particular, when a group of dilations
exists, we have Tr(B) = 0.

Remark 2.3.1. We point out that, if K is dilation invariant, then it holds the
following identity between K and its formal adjoint K*

do n
K* = Z aijaxixju — Yv, Y = Z bijxi(?xj — 8t. (263)

ij=1 ij=1
Indeed, by the representation of B given in (2.56), being the x-blocks null if and only

iof the Lie group is homogeneous, we can rewrite K as follows

d n n
Kl = 20: al-jazizju -+ Z Z bl-jxﬁxju — 8tu (264)

ij=1 i=1 j=it1
and for the operator Ky in (2.64) plainly holds (2.63).

The converse is not true. Consider for instance the operator in R?
K = O0ppu(,y,t) + 20,u(x, y,t) + you(x,y,t) — du, (z,y,t) € R®

which satisfies the Hérmander condition and (2.63). In this case the matriz B

assumes the following representation

_ 0 1
B =
10
hence a group of dilations does not exist.
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We note that the operator K in (2.47) is a particular smooth operator of the
form (2.7), hence it holds true the Harnack inequality stated in Theorem 2.2.8.

2.3.2 Kolmogorov operators with variable coefficients

In this paragraph we consider Kolmogorov-Fokker-Planck operators with variable
coefficients in the form (2.46) or (2.44). In both cases, the coefficients a; ; satisfy
the uniform parabolicity condition (2.45) and are bounded Holder continuous, in

the sense that:

There exists o €]0,1] and a positive constant M such that
i (z,t) — ai; (&) < M[(€§7) 7" o (z,1) Ik (2.65)

for every (x,t), (§,7) belonging to RN*Y and for any i,j =1, ...,dy.

We suppose that the coefficients a;;(x,t) and a;(x,t) appearing in (2.44) are
bounded and Hélder continuous in the sense of (2.65).

Concerning the divergence form operator (2.46), we also suppose that for every
i,j =1,...,do there exists the derivatives 0,,a; j(z) and they are bounded and Hoélder
continuous in the sense of (2.65) (with this assumption the divergence form operator
in (2.46) is a particular case of (2.44)).

We consider the model operator Ky in (2.50), and we require that it satisfies the
Hoérmander condition [H|. Moreover, we introduce for K the sets (2.29) according to
the operation (2.59) and the dilation (2.60). We explicitly remind that the existence
of a dilation group appearing in the Hypothesis [H1] is not required. In this frame
Di Francesco-Pascucci [26] proves the existence of a fundamental solution I' for the
operator in (2.44) by using an adaptation of Levy’s parametrix method.

The same result was actually first proved by Polidoro [71] by requiring that there
exists a group of dilation with respect to whom the operator is invariant.

Let (£,7) € RY x [0,T[ and let ['(z,t;&,7) denotes the fundamental solution
of K with pole in (£,7). The main result of this section is to prove the following

Theorem

Theorem 2.3.2. Let K be the operator defined in (2.46) or in (2.44) whose coef-
ficients satisfies the condition (2.45). Assume that the model operator Ky related
to K satisfies the Hormander condition [H]. Then, for every ¢ > 0, there exist two
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positive constants k‘iT such that
ka_,TFa ($, t— €(t - T>; 57 T) < F(JZ, t 5, T) < k’:TFBL(% 1+ S(t - T); 57 T) (266)
for every (z,t) € RN x[0,T], and k:;L:T depends on K, T, X and e. Here, I'F(x,t;€,7)
are the fundamental solutions respectively of the operators
do
Ky = p*Y 02 + (x,BV) -0, (2.67)
i=1
where the constant u* are such that p™ > X\ and p= < 1/X and depend only on
the operator K.

The proof of Theorem 2.3.2 will be given by means of two proposition: one for

the lower bound and one for the upper bound.

2.3.3 Harnack Inequality and Lower Bound.

The first step is to give Harnack inequality Di Francesco and Polidoro prove in
[27] the following invariant Harnack inequality analogous to Theorem 2.2.8. Let
H,.(%0),Sr(%0) the sets introduced in (2.29) according to the operation (2.59) and
the dilation (2.60).

Theorem 2.3.3. Let ) be an open subset of RNTL. Consider the K as in (2.44) and
assume that the coefficients a;;(z,t) and a;(x,t) are bounded, Hélder continuous in
the sense of (2.65) and satisfy (2.45) for every (z,t) € RNTL. Let 29 € Q, r €]0,1]
be such that H.(z9) C 2. Then, there exist two positive constants 0 < 0 < 1 and M,
only depending on the operator IC, such that

v(z) < M wv(z), for every z € Sy.(z0), (2.68)
and for every non-negative solution v of Kv =0 in €.
It also holds the following Theorem analogous to Proposition 2.2.15.

Theorem 2.3.4. |[D1 FRANCESCO-POLIDORO| Let O be an open set in RN T con-
taining H,(zy) for some zyp € RYT! and r €]0,1]. Then, there exist two positive

constants 0 and M, only depending on the operator K in (2.44), such that
u(zp 0 2) < Mu(z) (2.69)

73



for every non-negative solution u of Ku = 0 in O and for every z in the positive
cone
Py ={(z,—t) e RN*L | [zf2 <2¢, 0 <t <26%2}. (2.70)

For fixed points (&,7), (z,t) belonging to R¥*! with ¢ > 7, we define the ad-
missible paths steering (£, 7) and (z,t) as in (2.14), then the admissible paths for
make use of the vector fields of K in (2.50). In this case the problem assumes the

following form

y(s)= BT 1d
{w@ +(5) + Tdu(s) -
Y0) = (x,1), ~A(t—7)=(7),
where w(s) = (wi(s),...,w4(s),0,...,0)7 € RY and s € [0,¢ — 7] and
—~ Id 0 : : : .
Id = ( 0 0 ) , where Id is the dy x dp identity matrix. (2.72)

We explicitly note that, if we write v(s) = (1(s), ..., xn(s),t(s)) in its components,
we always have £(s) = —1, therefore 7 < t.
For positive solutions Ku = 0, it holds this version of Harnack inequality which

involves the cost function ® defined in (2.17)

Theorem 2.3.5. Let Ty, 71 € R be fized and let u : RN x]Ty, Ty[ be a positive
solution of Ku = 0. Fiz (¢,7), (z,t) € RN X|Ty, Ty[ with t > 7 and let y(s) be of an
admissible path such that v(0) = (z,t) and v(t — 1) = (£,7) and w € L'0,t — 7]
the corresponding control. Then, there exist three positive constants 6 €]0,1[, h and
M > 1, only depending on IC, such that

To

u(ng) S Ml+¥+%+\log(f—92)| log(I:To)u(I7t)’ (273)

Here, the function ®(w) is cost (2.17) of the path v .

PRrROOF. If w € L([r,t]) \ L*([r, t]), then the estimate reads as u(z,y,t) < +oo, that

is clearly true. We now assume w € L*([r,t]).

Before starting we show the following fact: it is possible to pick a positive con-

stant h and a time ¢ only depending on the operator K such that as long as

t
/ w?(s)ds < h
t

then
9(8) — B(~Daly, < 2% (2.74)
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Indeed, the solution to (2.71) is

~(E) = BE(—Dz + /Ot E(s — ) Idw(s)ds. (2.75)

moreover, if we decompose the matrix £ defined in (2.57) as in (2.56):

EO,O(S) E071(S) e E07T(S)
B(s) - EL(:)(S) E11<3) . Elr(s) (2.76)
E.o(s) E.i(s) E,..(s)

then E070(S) = [po + s O()(S),
(=)’
J!

where O; denotes a p; X p; matrix whose coefficients continuously depend on s €

Ej,O(S) = (Ip]. —+ SOJ<S))B;F . B?, j = 1, e, Ty

[0, +00[. As a consequence, in accordance with the decomposition (2.61), and using
(2.75), we find

(3(B) - B(~Da)9| < / (s (¢ + ([ - 9)g;(f— ) [w(s)lds,  j=0,....n,

for some positive constants co, . . ., ¢, and positive functions gy, . .., g, € C([0, +0o0])

only depending on A and B. Hence

1
t 2j+1
G0) — E(-Da)V < &7 ( / |w<s>|2ds> j=0....0m,
0
for every t € [0,7], and for some positive constants ¢}, ...,c, only depending on

T, A and B. The claim then follows by choosing h is sufficiently small.

The proof of the proposition is based on the construction of a Harnack chain
which is made by applying several times Corollary 2.3.4. We perform the proof into

two steps.

Step 1. We fix three restrictive assumptions:
e it holdst — T, <1;
e the path v is defined on the time interval [0, — 7] with ¢t — 7 < 0%(t — Tp);

e the function ®(w) satisfies ®(w) < h, where the constant h is a positive con-

stant, only depending on the operator X and T, and it is suitably chosen.
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Under this assumption, we have (y(s),s) € (z,t) o &, for every s € [0,t — 7],
with r = \/t — Ty, therefore it holds (2.69).
Step 2. We now remove the three hypotheses of Step 1 and prove the main state-
ment. Consider any control w € L?([r,t]) and the corresponding curve 7(.). Define
the sequence of times 7 < tp < tp_1 < ... < ty < t; < t recursively starting from ¢

as follows

tj+1 = max {T, ti— 0% t; — 0*(t; — Tp), inf {s s.t. /t.7 lw(o)]?do < h}}
) (2.77)
The recursive formula terminates when the lower boundary 7 is reached. For sim-
plicity of notation, we denote ¢, = 7.
We now define r; = \/f; —;11/6 , then we note that ; <1 and

Hrj (l‘(t — tj),tj) C ]RN X [T(),Tl],

by (2.77). Moreover we clearly have t; — t;41 < 6*r7 and by applying Step 1 on the
k + 1 intervals [t;41,t;], it holds

u(€,7) < M Fu(z,t).

We point out that the points (z(t —1t;),y(t —t;),t;), j =1,...k+1, selected on the
path v(.), represent a Harnack chain. Since (2.77) implies

< Llts |2d$+4(t—7)/92+

1
1 7—To
o1 — ] ¢ (1)
this concludes the proof. [l
Let fix (z,t), (&, 7) € RV*L in view of the above proposition it is natural con-

sidering the following Optimal Control Problem:

A(s) = }Ew(s) + BTy(s) 0<s<T, (2.78)
/ s)ds — min with T fixed
7(0) = Yt —7)= (&)

We denote by Vy(z,t;&, ) its value function.

A crucial result to prove the lower bound in (2.66) is the following
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Proposition 2.3.6. Let KC the operator defined in (2.44) whose coefficients satisfies
the condition (2.45). Assume that the model opertor Ky related to K satisfies the
Hérmander condition [H]. Let Ty, Ty be fized and let T'(x,t;&, T) be the fundamental
solution of Ku = 0 where (x,t), (£,7) belong to RN x]Ty, Ty[ with t > 7. Denote by

T =T\ —Tp then there exist two positive constants c_p and C™ such that

D(x,t;€,71) > %6_07V0(x’t_8(t_7);5’7). (2.79)
(t—7) 2

PROOF. We first prove the claim in the case ({,7) = (0,0) after we pass to the
general one. With the same notation used in proposition 2.3.5, we pick T} =t, Ty =
0, let ¢ €]0, 1] arbitrary chosen and by using (2.39) for the fundamental solution
Lo(z,t,0,0) one gets

V((z,t);(0,et))
h

Lo(x,¢,0,0) > M~ (0, €t;0,0)

Vo ((,t);(0,et))

> M T To(0, 650, 0)
In Di Francesco Polidoro |27, Theorem 1.5] it is shown that there exists a positive
constant C] such that

Cy

Q-2

r'0,et) > =

Vte (0,7T). (2.80)
Finally, by using simple algebraic manipulations we get

Cer _
FO(x7t707 0) > 7—2 eXp(_C %<<x7t)7<07€t>))7
t 2

with
_ Ch
Cr="" o3>
MWHT="3

so the thesis holds for (y, s) = (0,0).

The general case follows from the fact that, in view of (2.21), we have
To(w, t:¢,7) = To((6,7) " o (x,1); 0,0)
s0, since the time translation is Euclidean, we get

1 - .
Fo((Em) " o ,1:0,0) > e O e 02-)

C-(e(t—r1))2

)
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The thesis follows from the invariance property of the optimal cost

Vo ((5,7’)*1 o (z,t); (0,e(t — T))) = Vo ((z,1); (&,7) 0 (0,e(t — 7))
= Vo ((z, 1) 0 (0, —e(t = 7); (&, 7)) -

O

Remark 2.3.7. The inequality (2.80) is a strict equality under the Hypothesis that
there exist a group of dilation with respect to whom the operator is invariant. Indeed,

the proof of the equality
C
(5t)¥.
is a plain consequence of the property (2.20) by observing that (0,et) = 6, ,(0,1)

and by denoting C; =T1°(0,1;0,0).

[0, et) =

We explicitly note that the bounds stated in Proposition 2.3.6 agrees with the
one stated in (2.26) for operators in the form (2.7) without the drift term X since

& (z,¢)

Ve, t,&,71) = P

when Xy = 0. (2.81)

The identity (2.81) fails when the drift term X is needed to fulfill condition [C].
Aiming to emphasize this assertion, we announce the following proposition which
states the remarkable fact that the Value function of the problem (2.38) has the

same expression appearing at the exponent of the fundamental solution of K (2.62).

Proposition 2.3.8. The solution v : [0,t — 7] — RY of (2.78), which minimizes
the problem (2.38), is the solution related to the control

w(s) = IdE(s)TC (t — 7)(x — E(t — T)y),
the optimal cost 1s
U(w) = /0 - lw(s)]Pdr = {CHt—7)(x — E(t —7)€),2 — E(t — 7)£).

where 1d is defined in (2.72) and
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PROOF. Let denote by ¢(s) = (x1(s),...,xn(s)), we apply the Pontryagin Maxi-

mum Principle (proposition 2.2.17) to problem (2.78) whose Hamiltonian is

H(z, \w) =Adw+AB 2z +polwl?, A=A, ), 2= (z1,...,25)7.
(2.82)
since the operator satisfies the Hormander condition, according to the representation

of B in (2.56), we can rewrite
A=), 2= (2@ 2T (2.83)

We first remark that the problem (2.78) admits no abnormal extremals. Indeed,

assume by contradiction py = 0 in (2.82), one has
H(z, A\ w)=Adw+ Bz (2.84)
Hence, the maximization of the Hamiltonian g—?j(a:, A, w) = 0 is equivalent to
>\z<8) = O, 1= 1, ey d(), Vs € [O,tl] (285)
By plugging (2.85) into (2.84), in view of (2.56) and (2.83), we have:

H(w,\,w) =AB'z =
ADBT XV)T £ ADBT  AO)T 4 4+ AXWBT AD ()T 4 4 A ()T . g,

where (x)’s are the blocks appearing in (2.56).

Hence, in view of (2.85), we have

: OH
—0) — _ — T
0= = -5 = AVB,
which yields
A (s) =0, Vsel0,t] (2.86)

since BT has rank p; > 0.

By plugging (2.85) and (2.86) into (2.84), with analogous arguments we obtain

: OH
- _\@pgT
0=A = - = \¥B;,
which yields
A (s) =0, Vsecl0,t], (2.87)
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since B3 has rank py > 0.
The arguments can be applied recursively up to the step n. As a consequence we

obtain
(AO(5), AP (), AP (), .., A (5)) = (A (5), ..o, An(s)) = (0, ..., 0),
Hence, we conclude that
(A1(8), .y AN(8),p0) = (0,0,...,0) for every s € [0,t]. (2.88)
The (2.88) is in contrast with the fact that (Ai(s),...,An(s),p0) is always non-
vanishing.
Consider the Hamiltonian function H in (2.82) related to the control problem

(2.78) in the interval [0, — 7].

The Pontryagin Maximum Principle states that the optimal control is given by
w(s) = Idp(s)T, for some solution to p = —p B”. (2.89)

We get
p(s) = p(0) exp(=B"(s)) = p(0) E(s). (2.90)
We use the identities (2.89) and (2.90) in (2.78), and we compute the explicit solu-
tion:
v(s) = E(=s) (z + C(s)p(0)")
for a specific constant vector p(0) which is given by the final condition v(t —7) = &.
At last, we find
p(0)" =C7H(t = T)(B(t — 7)z —§).
This concludes the proof. 0

As a byproduct, Proposition 2.3.6 and Proposition 2.3.8 yield the lower bound
in (2.66).

Remark 2.3.9. A result analogous to the lower bound in (2.66) was first proven
by Polidoro [73] for divergence form Kolmogorov operators K in (2.46) under the
Hypothesis that Ko in (2.50) is invariant with respect to a class of dilation group.
In his article the result was proved by using Harnack chain without passing through
the formulation of an optimal control problem. Moreover, in case of divergence
form Kolmogorov operators IC, provided that there exist an homogeneous Lie group
structure, it is possible to show that the lower bound is uniform, in the sense that

the constant c; appearing on the lower bound in (2.66) does not depend on T.
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2.3.4 Upper Bounds

An upper bound analogous to the one stated in Theorem 2.3.2 was given in [26],
by using the parametrix representation of the fundamental solution I" of K in (2.44)
under the hypothesis of boundedness and Hélder continuity of the coefficients. The
parametrix method is a powerful instrument as it allows to construct a fundamental
solution I" of . In some particular cases, it was first introduced by Weber [83], II'in
[36] and Sonin [80] in order to construct a fundamental solution for Kolmogorov
operators with variable coefficients. Besides an existence results, the parametrix
method provides upper bounds for I' and for its first and second derivatives. Such

results writes as follows (see Di Francesco Pascucci [26, Theorem 1.4]):

Consider the IKC as in (2.44) and assume that the coefficients a;j(x,t) and a;(x,t)
are bounded, Hélder continuous in the sense of (2.65) and satisfy (2.45) for every
(z,t) € RVx]0,T[. Assume that the model operator Ky satisfies the Hirmander
condition. Let ' be the fundamental solution of the operator IC and let Iy, denote

the fundamental solution of the constant coefficient operator
do

K§=(n+e)) 02 + (x,BV) — 0,
i=1

Then, there exists a constant C.r, depending on p, B, T and €, such that

F(fE,t, {Eo,to) S CE7TF6(<’IJ,t; Q?mto),

C
10,,T(, t; 20, )| < ——=

T V=1

C
Or,2, D, 520, 10)| < =

Fg(ﬂf, t; Zo, to),

; Loz, t; 2o, to),
— 1o

C
YT (x,t; z0,10)| < ; 5’;? Loz, t; 2o, to),
— 1o

for any i, = 1,...,po and (z,t), (zo,t0) € RN with 0 <tg <t < T.

Concerning divergence form operators K in (2.46), under the assumption that the
related model operator satisfies [H| and [H1|, Pascucci-Polidoro [67] proved upper

bound for the fundamental solution I' of I in the form
[(z,t;20,t0) < CTF (2,20, t0), ¥ (x,1), (z0,t0) € RV ¢ > 1,

where ['¢ is the fundamental solution of the operator K; appearing in (2.67), the

constant C' only depend on the operator K and on A in (2.45) and is independent
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of the moduli of continuity of the coefficients (and therefore the results can be
applied to operators in the form (2.46) with bounded and measurable coefficients)

and independent of 7.

We end this Chapter by recalling that an upper bound analogous to that one
given in the Proposition 2.3.6 was proved by Cinti-Polidoro [23, Theorem 1.6] for
divergence form operators with bounded and measurable coefficients. In their work,
more general hypoelliptic operators were discussed, including K in (2.46) as partic-
ular case. Furthermore, the proof of the upper bound is made under the assumption
that the related model operator satisfies [H1]-43) and [C]. For the reader convenience
we write here the result Theorem 1.6 in [23] in our specific case:

Let KC be the operator in (2.46), whose model operator Ky satisfies the Hypotheses
[H1], [H], [C], and let T be its fundamental solution. Then, for every positive €, there
exists a positive constant C. > 0, only depending on the vector fields Xy, ..., X,,, Y,
on the constant p in (2.67) and on € such that

F(l’,t;gﬂ') < LQ*ZGXP ( — ﬁ‘/(l’,t +E(t — 7'),&7')).
(t—7) 2
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Chapter 3

Geman-Yor’s results and elements of

Malliavin Calculus

In this chapter we collect the probabilistic notions and results of the thesis.

In the first part of the chapter we provide a description of Geman-Yor’s type
results concerning the case model of Arithmetic Asian Option in the Black-Scholes
setting. In this simplest case the problem is related to the following degenerate

operator
Ly = 220,y + 10, + x0y — Oy, (3.1)

first introduced in (12). Many authors as Dufresne [28], Yor [55] were first interested
in the probabilistic description of the process (A;):>o in (13). Moreover, they also
discussed exponential type functionals of Brownian motion as they play an important
role in several domains, e.g., Mathematical Finance, Diffusion Processes, Stochastic
Analysis related to Brownian motions on hyperbolic spaces. These facts motivated
detailed studies about these functionals. In particular we focus on the works given by
Yor and Geman about the problem of Pricing Arithmetic Average Asian Options [33].
We recommend the monograph [85] for further developments which is a collection
of the main works written by Yor and Geman about this subject.

In the second part of the chapter we discuss some basic facts on Malliavin Cal-
culus. This topic, also known as the Stochastic Calculus of Variation was first
introduced by Malliavin in [53] and well developed by Kusuoka and Strook in the
papers [43, 44, 45| and finally formalized in Nualart [64]. We also quote the mono-
graph given by Bally [4] in which Malliavin Calculus is introduced in an elementary

way.
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Besides the basic facts, notions and results of the Malliavin Calculus, we want to
focus on the link with the Hypoelliptic Operators and on the strict connection be-
tween the existence of a probability density and the Héormander condition. Roughly
speaking, we can say that the primitive goal of Malliavin Calculus is that to prove
the Hormander Theorem without passing through the Partial Differential Equations.
A Particular attention will be paid for the the Malliavin reprensentation formula for
the probability density of a stochastic process. This formula has large use in the

applications.

In the last part of the chapter we briefly mention some modern applications of
Malliavin Calculus and we compare our main result with a similar result given by

Delarue and Menozzi in |25].

3.1 Yor type results

In this section we recall some results given by Yor, Matsumoto and Geman [55]
[56] [33] and collected by Yor in [85]. These authors first formalized the problem
of Pricing of Arithmetic Average Asian Option by using probabilistic techniques,
specifically Yor and Geman exhibited in [33] a closed formula for the Laplace trans-
form of the price of an Arithmetic Average Asian Option at time ¢. The results
concern the simplest case of an Option written on an underlying asset with constant
drift and volatility:

o2

Xy =Eexp (UWt + (1 — _)t>
¢ 2

Ay =n +§/O exp (O'WS + (u— %)s) ds (3.2)

where (,7) € R x R*, t € [0,7] and (W,)ejor] is a scalar Brownian Motion on
the probability space (£2,.%#,P). The main difficulty emerging in this problem is un-
derstanding how to manage the integral of a geometric Brownian motion (At)te[O,T}'
Besides Yor, other authors such as Carr-Shroder [20]. [19], Dufresne [28] have been
interested in studying this process in order to give an expression of the laws of
(At)ejor) and (X, Ai)iejo,r) as explicit as possible.

Let fix a probability space (€2,.%,P). We assume the existence of a risk-neutral

probability measure Q (equivalent to P) under which the underlying stock price
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dynamic is given by
dX, = rX,dt + o X, dW2, te|0,T],

where r denotes the instantaneous risk free interest rate of a riskless asset (bond),
o is the volatility of the asset in [0,7] and (W.2),, t € [0,T] is a scalar Brownian
motion on the probability space (£2,.#,Q). From now on, we only work with the
probability space (€2, #,Q) and we endow it with the standard Brownian filtration
(ﬁtWQ)te[QT]. In order not to complicate the notation, we simply write W; instead
of W2.

Working under the martingale measure Q an expression of the density of the random
vector (Xy, A;) allows us to obtain the pricing at zero of an Arithmetic Average Asian

Option by the formula
CA(T,K) =e ™ Ep(Xr, Ar)]. (3.3)
In order to get information about the stochastic price process
Cult,K) = e " DE [o( Xy, Ar)|F (3.4)

we need the transition probability density Q((Xr, A7) € Ay x As| X = x, Ay = y),
where A, Ay are borelian sets of R* and (z,y) € RT x RT is fixed.

A particular approach was used in 33|, where the authors rewrote the formula
(3.4) in a suitable representation which does not involve conditional expectation.
Following their work, consider for instance an Asian Call options with fixed strike

+
Calt, K) = e "0 (% - K) m] . (3.5)

We can split the price into two terms

e—r(T—t) 4Xt ,
C.A(ta K) = T ’ ?C( )(7—7 Q), (36)
where
CY(7,q) = E[(AY - ¢)"] (3.7)

Herein, A" is Yor’s process

AW = / exp (2(Ws +vs)) ds
0
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and

2r o? o? !
== 1 = —(T —t =— | KT — Xds | . 3.8
v=Zen =G0 g={ (k- [xas). ey

In order to compute the quantity appearing in (3.7) we need the distribution of AFEF” ),
As we will see in the sequel the law of Ag”) can be obtained by the joint distribution
of (A, e).

In [85] Yor writes the moment of all order of the random variable A" e recall
here only the first two for the sake of completeness, which can be easily computed

by integration

(I/) . 1 (2(V+1)t . (l/) 2y 1 1 _ 2e2(v+1)t ed(v+2)t
E(At ) - 2(V + 1) (6 1)7 E((At ) ) - 4 V243042 v24+4v+3 + v245046 ) °
(3.9)

Formula (3.9) can be directly employed when ¢ appearing in (3.7) is not positive.
In this case, the computation of C)(7,q) in (3.7) reduces to

1
CW(r,q) = EIAY] — q = (1) —g (3.10)

2(v +1

By plugging this formula into (3.6), reminding the expression given in (3.8), we

obtain the following closed-form expression of the Asian option price, namely:

1— efr(Tft) 1 t
_ - = ) _ (T -
Ct,T Xt( T ) € (K T/O Xq—d7'> (311)

This expression deserves some comments: it has an interesting resemblance to the
Black and Scholes (1973) formula but, as shown in the following remarks, the com-

parison should not be carried too far:

e the volatility does not appear explicitly in the call price, but it is carried im-
plicitly in X; and in the integral fot X, dr. This appears clearly in a direct and
simple proof of (3.11), using the property that the discounted underlying asset
price is a Q-martingale; moreover, the result can be easily extends to stochas-
tic interest rates, since it indeed involves the forward price of the underlying

asset.

e It is interesting to observe that C; r is simultaneously and separately increasing
in the integral fot X, dr and in X,.
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e The delta and the gamma of the Asian call can be immediately derived from
(3.11). We explicitly note that gamma is zero while delta is not constant, which
is an uncommon situation. This property reflects the fact that the hedging
strategy consists in selling every day (or continuously) the same fraction of

the underlying asset.

For ¢ > 0, it is not possible to have a simple computation of C*)(7,q), but
Geman-Yor in their celebrated paper [33] were able to give an explicit formula for

the Laplace transform with respect to the variable 7 of the quantity
C(r)=E[(AY —a)T], (3.12)

where a is a fixed real parameter and the expected value is made with respect to
the Martingale measure Q. Aiming to introduce their main results, we follow the

works [33], [84] and we present a summary of the involved methodologies.

The crucial quantity to compute is (3.7). By applying the Girsanov’s theorem
(Theorem 1.1.21) one has

E [f(ATv))] - B |:f<AT)exp (VWT _ V;TH
- (_V;T> E[f(A7) (¢")'] (3.13)

so the distribution of A% can be obtained once the joint distribution of (", A))
is known.

With this aim we denote by W = W, + v7 and we consider the process
A = / exp(aW, + bs)ds, a,b€eR
0

and because of the time scaling property of Brownian motion we fix a = 2,v = b/a

and we focus on the process
AW = / exp(2W ) ds
0
Theorem 3.1.1. For any reals positive T,v, we have

C¥(1,q) =

+oo +00 1 2
c,,(T)/0 x”dx/o y%exp (— ;yx ) ly —aql™y (§r> dy (3.14)




Here the function w(i,T), s given by the following integral representation

E — = —% ficosh(g) . . 7T_§
@Z)(yﬂ') —/0 e e 51nh(§)81n(7_>d§ (3.15)

]. 7\'2 V2T
c, (1) = e 2, 3.16
- (3:10)

Before showing the theorem, we next recall a preliminary result about the law of

and

(A®) X)) taken at an exponential time independent on the underlying Brownian
motion. We now consider S,, an exponentially distributed random variable with

parameter y

2 2

and we assume that the random variable S, is independent of W;.

2 2
P(S, € dt) = & exp (—“—t) dt

For > 0, we denote by p}'(£,n) the semigroup (transition probability density)

of the Bessel process Rj%, of index

pi(&m) = g (?)ueXp (—52 ;772) I, (%77) (3.17)

were ,,(w) stands for the modified Bessel function of the first kind of order p and

complex argument w € C with Re(w) > 0

]H(w) — _/ 6(wcosG) COS(Me)de _ M/ 6—(wcosht+ut)dt.
0 0

™ ™

Looking at the distribution of (eWSu,ASM) may be very helpful since it can be led
back to the Laplace transform of the distribution of (ewf,At) by means of the
following equality

2 400 2
B [f (exp (Ws,)) g (As,)] = 5 F UO e-‘%tﬂexp(Wt))g(At)dt} (3.18)

for any Borel functions f,g : Rt — R*.
We state the following result

Theorem 3.1.2. The joint law of (eWSu,ASH) s given by

2

P ("5 € da, Ag, € dy) = ; *LH P (1, ) dwdy. (3.19)
x
More generally
(v) v ,U2 / u2 412
P(esw cde, AV edy) = — 2 1, z)dzdy. 3.20
<€ Z Su Yy Zx\/m—V'i‘? Dy ( .ZU) ray ( )
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PROOF. We only show (3.20) starting from (3.19). The proof of (3.19) is not so

immediate since it requires some notions and results about the Theory of Bessel
Processes. We refer to [84] and [33] for further details.

By using (3.18) and (3.13) we obtain

B )aa)] =5 [T [ )] a

:_/+°° —tE[ W) g(Ar)e <”Wf-”72t>} dt

2 S EVLE% Wy (vWe)
M +1/2 5 /0 e~ 2 E[f(e Jg(Ay)e }dt

and going back

2?2

+oo 202 t o
wr+v: 2 /0 e~ 2 tE[f(ew)g(At)e(W)}dt:
Wy
f(e m) (AS

2 (VW 2 2)
e ]:

1
i [ @t —ae Y

E

,u2_|_]/2

7\ / [L2+V2+2pu
which implies formula (3.20). O
PROOF OF THEOREM 3.1.1. In order to show the result we denote by
ar(z,y) =P(A;, e dylW, =x), p.(z,y) =P(A, € dy; W, = x) (3.21)
We firstly show that the following identity holds
1 22
\Z, = ar\T, . € 2 =
pr(,y) = ar(2,y) Nor=
e’ 1+e* eé e’
=" exp |- N 3.22
y? p( 2y >7r 21T w(y ) (322)
The introduction of the function v plays a central role since, as shown in [84], it
holds )
o2 ek ef (69” ) (ex)
e 27 c—p | —, 7 |dr =1, | — 3.23
/O el M5 (3.23)
By applying Fubini theorem we have
+o0 2
E |:/ _th (eXp (Wt)) (At) dt:| =
+o00 +o00 +oo 2
] e enmntene s -
+oo +oo
/ _*tdt f(e¥)e 3= daz/ g(y)a(z,y)dy (3.24)
0 —o00 0
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But on the other hand, reminding (3.18)

U*"Oe T (exp (W) g (A1) dt} _

/ / H@)9) 5 py(l,z)dzdy:
/OO e~ (e £ (g )dx/ooog(y>p5(17ex)dy 55

Hence, comparing (3.24) with (3.25) we get

too 2 ] 22
e_(““)mpg(l, e’) = / ezt e ay(x,y)dt
0

\ 27t

and finally, in virtue of (3.23) and the analytical expression of Bessel semigroup

(3.17)
/‘Jroo HZQ < 1 + 62x> eé e (ex ) dt
e exp - — —, T =
0 2y ™2t Y Yy

+00 2 1 2
ezt e ay(x,y)dt 3.26

and the identity (3.22) follows from the injectivity of Laplace transform.
The statement (3.14) follows from the fact that, reminding (3.22) we have

1
P(A, € dy; " € dv) = EpT(y,log )

2
1 1+ {E2) e (:1: )
= —exp|— . - T 3.27
oy < 2y ) w27 v y (3:27)
and so from (3.13)

e (=57) B L4 ()] -

o) (e
—o(r /+Oo /+oo yi (—1;;2) Fly)o (§T> dudy (3.28)

O

Remark 3.1.3. By using the Girsanov theorem one may obtain the joint distribution

of ( T(V), ASV)) for every v € R. As a consequence, the distribution of (e W) A(V))

plainly follows:

P(W® e dz, AY) € dy) =

2
L2 1 2z o z T
e’ lexp (— te ) . 6—2w (6—,7) (3.29)
2y T2TT Y Y
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and therefore

P(eQ(WT<U>) € dx, AV € dy) =

w2 (v—1)
2 1+ e T2 VT >
e 27exp | — . -—,T 3.30

p( 2y ) 2m\2rr  Y? v ( Y ( )

The following Theorem provides the main result given by Geman and Yor in [33].

A detailed proof of the result is out of the goal of the current Thesis. The proof makes
use of a particular representation of exponential function of Brownian motion in
terms of Bessel processes (see [33]). An alternative proof of the Geman-Yor formula
was given by Yor and Matsumoto in [56] starting from a suitable representation in

law of Ag;) in terms of beta variables and gamma variables.

[2 42 4n /2402 —1u
Denoting by d = % and b = %, the Geman-Yor Laplace transform

writes as follows [see Geman-Yor [33]).

Theorem 3.1.4 (Geman-Yor [33]). For all v € R, “2—2 >2(1+v) and a > 0 one has

2 +o0o 2
S ene[an - -
2 Jo
2

e 721 — 2at) T dt (3.31)

1/2a
(1* =41+ v)G(b—1) /0

where G(t) is the Gamma Function.

The inversion of this Laplace transform for a fixed 7 would provide the quantity
V) (7) and, finally, the Asian option price in view of (3.6). This inversion is not
easy. There are some softwares for inverting Laplace transforms, which may be
useful for a numerical solution of this problem.

Link with Fundamental Solution of 4. The operator % in (3.1) appears when
we fix 0 = /2 and g = 1 in (3.2). We first suppose that £ = 1, 5 = 0; this

assumptions are not restrictive as we will see in the sequel. Therefore we consider
t
X, = eV, A = / V2. (3.32)
0

Because of the scaling property of Brownian motion W, = aW ¢ , for all @ > 0 (the

equality holds in law), we can rewrite (3.32) as follows

¢
X, =¢ %, At:/ Vi ds. (3.33)
0



We precise that the equalities in (3.33) hold in law as we have

E[X,] = E[eV™] = ¢t = E[¢™"

5], te[0,T).
Starting from (3.30), by replacing v = 0 and 7 with £ we get
P(Xt < d.T,At S dy) =
e 1 1+z NZa
: exp [ — vr L 3.34
2mV/mt ry? p( 2y)w(y 2) 339

In order to obtain the probability transition density

]P(Xt € d.flj,At € dleS = g,AS = 77),
we consider the following left translation
(&;m,8) 0 (,y,t) = (§x,n+ &y, t + 5),

which corresponds to the fact that we shift the system (3.33) into

2Wt75 t
Xe=¢€ =z, A=n —1—5/ X, du. (3.35)

We note that (£,7n,s)™t = (%, 7 —s) and starting from

/ p(@,y, ;& n, s)dxdy = 1,
R+ xR
by applying the change of variable (z,y,t) — (£,1,s) o (z,y,t) we obtain

1 =/ p(z,y,t,§,m, s)dedy
Rt xR

1 T Yy—n
= —Dp —,—,t—s;l,0,0) dxdy.
/RJFXR 52 (f f

Then, we deduce that
1 —
p(w,y,t,&,m,8) = =p (E, u,t —5;1,0, 0) a.s. (3.36)
& \¢ &
As a consequence, the following result holds true

Theorem 3.1.5. Consider the stochastic process

dX, = X,dt + V2X,dW,, X, =¢ (3.37)
dAt = Xtdt, As =7 (338)
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which have
Lo = E0ge + 0 + €0, + Oy
as infinitesimal generator. Then the transition probability density p(x,y,t;€,n,s) of

the random vector (X, Ay) exists and has got the following representation

1
p(z,y,t;€,m,8) = f—zp((f,n, s)"' o (2,9,1);1,0,0) =

2

for every x >0,y >mn, t > s; and p(z,y,t;§,n,s) =0 otherwise.

In the end, we note that Theorem 3.1.5 and the relationship between probability

transition density and fundamental the solution I'y of (3.1)

F(ZL’, Y, ta Lo, Yo, tO) = p(x()v Yo, T — t07 z,y, T — t); (340)

provide the existence and an explicit formula of I'y analogous to (3.39). Formula

(3.40) also allows us to obtain two crucial properties for T'y:

1. Since p(xo,y0,T — to;x,y,T — t) is a density with respect to the variables

(20, Y0), we have that

/ Fo(xay,t;xod/o,to)dl’odyo = 1, t > to,
R* x (y,+00)

2. Since p is the transition probability density of a Markovian process (X;, A;)
with ¢ € [0, T, then it satisfies the reproduction property. The same property
also holds for I'y

F0(377 Y, ta Zo, Yo, tO) = / FD(‘Ta Y, tv 57 7, T)F0(£> 7, 7T;%0, Yo, tO)dgdna
R+t X (y,+00)

for all t > 7 > .

3.2 Elements of Malliavin Calculus

This section contains some known results about the theory of Stochastic Calculus of
Variations we need in this work. The aim of this section is to prove the existence

of a fundamental solution I' of the hypoelliptic operator
Lu = 20, (a(z, y)zd,u) + 2 b(x,y)dsu + x0yu — O, (3.41)
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with (z,y,t) € RTxRx]0, T, under the assumption that the coefficients a(z, y), b(z,y)
are bounded and smooth functions, z0,a(x,y) is also bounded and

RlJranRa(x,y) > 0. (3.42)

To keep the exposition in a general frame, we introduce the space Cy (RN, R)
of smooth functions with bounded derivatives of any order and the space Cp° (RM)
of smooth functions f : R® — R such that f and all its partial derivatives have
polynomial growth.

We then consider the n-dimensional Markovian diffusion process (X;)icpo,r) on the
probability space (Q,.%,P), strong solution of the SDE:

d
dX] = " ol(X)dW] + F{(Xy)dt, i=1,...,N, te€[0,T], (3.43)
j=1
where W, = (W}, ..., W2) is an assigned d-dimensional Brownian motion and

F',of e CR®RV,R) i=1,..N j=1,..d

J

We endow the probability space (£2,.%,P) with the filtration (.%;)cjor] generated
by (W)iep,r) and we remind that (X;).ep0,r1 belongs to the space L*([0,T] x Q; B x
Z ;X x P), where X stands for the Lebesgue measure in RY and B is the Borel
o-algebra in [0,7]. We denote by X7 the solution of the SDE (3.43) with initial
condition Xj =z € R™.

We further note that the functions belonging to CPp(R™,R) have sub-linear
growth since they are globally Lipschitz by definition.

Given a stochastic process as in (3.43), it is well known that under uniform el-
lipticity and boundedness assumptions for the diffusion coefficients matrix, its law
is absolutely continuous with respect to the Lebesgue measure. Moreover, one may
obtain Gaussian type lower and upper bounds for such density. This classical re-
sult has been extended by many authors in the case of degenerate processes with
bounded and smooth coefficients, by using Malliavin Calculus. The first results
about degenerate diffusion processes concerning the existence, positivity and esti-
mates of their densities, was given by Kusuoka and Stroock in |43, 44, 45|, Ben
Arous and Leandre in [11, 12| and Sanchez in [30], which, instead of ellipticity, the

authors assume Hormander type hypotheses on the coefficients of the diffusion.
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3.2.1 Malliavin Calculus for Random variables

We consider the Hilbert space of functions H = L2([0,T],R%) and we denote by
(-, )% its scalar product. Let (W;);>0 a d-dimensional Brownian motion on the
probability space (Q2,.%,P). For each h(t) = (h(t),...,h%(t)) € H we introduce the

(Gaussian random variable:

W(h) = zd: /OT W (t)dW;

We denote by S the class of n-dimensional smooth functions of Brownian motion of

the form:
F=f(W(h),...W(hy)), f[€ CEO(R”,R), hi,....h, € H

where C7°(R™, R) is the set of smooth functions with polynomial growth.
For every ' € S we define the Malliavin derivative (DyF)icom) of F' as the R

dimensional (non adapted) process:

D = 32 2L () W (k)1

For example, D;W (h) = h(t). In order to interpret D,F' as a directional derivative,

note that for any element h € H we have

(DF, By, = lim ~[f(W ()& (s Bty ooos W ()2 iy Bae)— F (W (1), ooos W ()]

e—0 &

Each hy(t) = (h}(t),...,h%(t)) has d components and we write D} F for the ;%

component of D, F, j =1,...,d. We introduce the Sobolev norm:

170, = [E1FE) +E(DFE)] (3.44)

T 1/2
|DF|,, = (/ |DtF\2dt)
0

It is possible to show that the operator D : & — LP(£2, L?[0,T]) is closable with
respect to the norm || - ||;,. We denote by D = Dom(D) the domain of D in

where

LP[0,T], which is the completion of S with respect to the norm || - ||1 .
For the high order derivatives, let & = (jy, ..., jx) be a multi-index of length &, we

define the k'"-order derivative as the random vector on [0, T]* x Q with coordinates:

,F =D DIF.

.....
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We introduce the Sobolev norm:

k . 1/p
|Flles = [E(FE) + Y E(DYFE)] (3.45)
j=1
where
1/2
j « 2
|IDWFEE = Z (/{Omk D5 o dtl...dtk)

|lal=j
We denote by D*P the completion of S with respect to the norm || - ||, and finally

we denote by
D> = ()] D**.
k,p>1

We now introduce the space P of simple processes, that is the subspace of
P CL*[0,T] x B x F; A x P)

of R™-valued processes (uy)¢cpo,r] which can be written
ue = S E(W () W) Vhi(t), E(W(hy), o W(h)) €S, i = 1,....m
i=1

for some m € N. For u € P we define the Skorohod integral (we denote by W (h) =
(W(h1), ..., W(hy,)) for brevity)

m

MWZXXMWWWWM—EB%MWWWM@%@MMﬂ

i=1
We further note that (D,F})scjor) € P for i =1,...,m and d(u) € S. One can show
that the Skorohod operator § : P — Lz([O, T] x Q) is also closable with respect to

the norm .
oo = | Elualldt, v e P.
so we can extend the definition of Skoroohod integral on the whole domain
Dom(9) = {u € L*([0,T] x Q) : Ju, € P s.t. ||un — ullr2oryx0) — O}
In this case we define
S(up) =2 F = d(u).
We eventually define the Ornstein- Uhlenbeck operator

LF:JD@UZ}Z@NWMDWMD—E:@mﬂwwﬁl hi(s)hy(s)ds.

ij=1
for F' € §. This operator is also closable and L is defined on D*°.

We now list some meaningful formulas:

96



Proposition 3.2.1 (Duality Formula). Let F' € D% and u € Dom(6). It holds the
following identity
E [(DF, W)z = E[Fé(u)] (3.46)

hence, the Skorohod integral § is the adjoint of the Malliavin derivative D. As a

consequence, for F,G € Dom(L) we have

E[FLG| = E[F§(DG)] = E[(DF, DG)y) = E[FLG]
i.e. L is self-adjoint.
Proposition 3.2.2. It holds the following computation formulas:

1) (Chain Rule). Let ¢ € C*(RN R) and F = (F',...,FN) a random vector

derivable in Malliavin sense. Then

D (F! Zaw FY)D,F (3.47)

2) (Differentiation of Ito Integral). Let W, = (W}, .., W2), with t € [0,T] a
d-dimensional Brownian motion and let v, an adapted process belonging to
Dom(D) such that fo [|u¢|?]dt < co. Therefore it holds

1. D! [f o dW; = v, + [T Div, dW;
2. D [V dt = [T Div,dt;
3. Di [T vdW} = [T Div,dWj, fori#j.

3) (Clark-Ocone Formula). Let W, = (W}, ..., W2), with t € [0,T] a d-dimensional
Brownian motion and let F € Dom(D) and c(W},...,Wa s < T))-measurable,

then it holds the following representation:
e
0

Density representation

Let FF = (F',...,F") be a random variable differentiable in Malliavin sense. We

now introduce the Malliavin covariance matrix of F.
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Definition 3.2.3. Let F = (F',... . FN) be a random vector which is derivable in
Malliavin sense. We define the Malliavin Covariance Matriz of the random

variable F as follows:
vp = (DF',DF7)y = Z/ DFFIDFFIds i,5=1,...,N. (3.48)
k=10

We say that F' is non-degenerate if its Malliavin covariance matriz is invertible a.s
and satisfies
E(|detyr|™?) < 00, VpeN. (3.49)

In the sequel, we denote the inverse of the Malliavin matrix by
I'r= ’Y;l'

The invertibility of the Malliavin Matrix vy yields a sufficient condition to ensure
that the law of the random vector F' is absolutely continuous with respect to the
Lebesgue measure. Moreover, the non-degeneracy (3.49) condition is a sufficient
condition to ensure that such density is regular. We refer to [64, Chapter 2|, for the

following proposition

Proposition 3.2.4 (Hirch-Bouleau). Let F' = (F, ..., FN) a random variable. If
each F' € DY with p > 1 and if vr is invertible almost surely, then the law of F is

absolutely continuous with respect to the Lebesgue measure on RY, that is
Pr(dz) = pp(z)dz.

Moreover, if yr satisfies the non degeneracy condition (8.49), then such a density

18 smooth.

The following theorem gives us a second integration by parts formula in terms

of some weights which depend on the coefficients of Malliavin covariance matrix.

Theorem 3.2.5 (Malliavin Representation Formula). Let F = (F*',... . FY) €
(D>®)N. Then, for all smooth function ¢ € C*(RY), G € D* and all multi-index

a = (ay,...,ay), it holds the following representation formula
E[0ap(F)G] = E[p(F)Ho(F, G)], (3.50)

where

Hi(F,G)=—=> (G(DTY,DF’) 1207y + T9{DG, DF’) 20 1) — TLGLFY)

Jj=1
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fori=1,....N and

Hy(F,G) = Hia,....ar)(F, G) = Hao,,,(F, Hia,.....c,_) (), G)).

,,,,,

An crucial consequence of The Malliavin formula is the following Density Rep-

resentation Formula

Theorem 3.2.6 (Density representation). Let F = (F' ... FN) € (D*) satisfy
the non degeneracy condition (3.49). The random vector F' admits a density on RY.

Fiz y € RY, the density writes
pr(y) = E (1) (F)Ho(F, 1], a=(1,..,N), (3.51)

where I(y) = Hﬁil[?/z‘, +00).

Moreover, 0,,pr(y) exists and is given by
Oy,pr(y) = —FE [y (F)Han(F,1)], i=1,..,N, (3.52)
where Hq;)(F,1) = H;(F, Hy(F,1)).

As a consequence of (3.51), by applying the Cauchy-Schwartz inequality we

obtain:

Corollary 3.2.7. In the same Hypothesis of Theorem 3.50. it holds the following
upper bounds for the density:

pr(y) < VP(FL > yr, o, Fy > y)[|Ha(F. D)2, (3.53)
10ypr ()] < VP(EL > g1,y Fy > yn) | Hiay (£ D)2, (3.54)

The great advantage of formulas (3.53) and (3.54) is that they allows us to factor-
ize the estimates of the density (or of its derivatives), into the product of a diagonal
decay, which is given by the L?-norm of Malliavin weights, and an off-diagonal bound
which in turns constitutes an estimates of the tales of the distribution. Formulas

(3.53) and (3.54) have large uses in the applications.

We want to emphasise that, supposing that the non degeneracy condition holds

true, formula (3.52) ensures that the density pr(y) is a C(RY,R). Moreover, it holds

lim pr(y) =0

ly|—+o0
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and the rate of convergence is controlled by the tails of the distribution. From
formula (3.54), if H,,(F,1) € L*(Q) and F has finite moments of all order ¢ € N,
by using Chebishev inequality we get

C
10,0 (Y)| < VP(FL > y1, ooy Fx > yn) [ Hia iy (F, D)2 < F q €N,
Y 2

therefore the density p is a C' function. By iterating the previous argument for
higher order derivatives we obtain that the density pr(y) belongs to the Schwartz
space of infinitely differentiable functions which decrease rapidly to infinity, along
with all its derivatives.

The following results concerns the conditional expectations:

Proposition 3.2.8 (Conditional Expectation). Let F, G. It holds that

E [1;0)(F)Ho(F, Q)]
E 11 (F)Ho(F 1))

with the convention that the the term on the right side is null when the denominator

E(G|F=z)=

18 null.
We end this paragraph with the following Remark

Remark 3.2.9. Due to the fact that 11, (F) = [, iy, 400) (£7), then starting from
(3.53) and (3.54), by applying repeatedly the Cauchy-Schwartz inequality we have

N

3C >0 pr(y H (F > 5) " Ha( B D) |2, v(i) = 27040,
=N |

3C >0 19, pr(y H (Fy > 1)) " Hiy(F, Dla,  v(i) = 270+,

3.2.2 Malliavin Calculus for Diffusion Processes

In this section we want to show that Malliavin Calculus is a powerful instrument in
the Theory of Diffusion Process which allow us to prove results about the strictly
positivity and smoothness for the density of a stochastic process (X;)i>o.

In particular, Theorem 3.2.14 below provides the crucial results of Malliavin Cal-
culus: the proof of the Hérmander Theorem, and accurate Gaussian-type estimate

for degenerate process with bounded coefficients.

To start with, we introduce the following probabilistic meanings of Lie Bracket

and Hormander condition.
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Definition 3.2.10 (Lie Bracket). For each pair of functions f,g € C*(R", R") we
define the Lie Bracket

[f,91=fVg—gVf (3.55)

We construct by recurrence the set of functions:
MOZ{Ulw"vO-d}v Mk:{[Fygo}v[0-1730]7"'7[0@7%0]’ SDGMk_l, kzl}a
where ¢} is the j — th column of the matrix ¢ and F = (F}, Fy, ..., F},).

Definition 3.2.11 (weak Hérmander Condition). We say that Hérmander condition
holds at the step k in xq if:

k
span {(p(xo) L € UM’} =R" (3.56)

i=0
In order not to make confusion between the two definitions of Lie Bracket and
Hormander given in chapter 2, we clarify in the following Remark that the above

definitions are exactly the same

Remark 3.2.12. The above definitions (3.55) and (3.56) agree with the ones we
used for directional derivatives in chapter 1. As usual happened in sub-riemannian
framework, the vector fields are identified with their coefficients, so, indeed, it easy
to check that, if X = ) fi0,; and Y = 3 g;0,;, then [ X,Y] = > h;0,,, where
h=1f.9]

Let (X¢())teo,r) a stochastic process having the dynamic as in (3.43) and start-
ing point Xo(z) = 2z € RY. We introduce the first variation of (X;(x))seo,r) which

is the matrix
Yi(z) = V. X,(z), orin components Y;”(x)= 00, X} (2), i,j=1,...n.

It is possible to show that the matrix Y;(x) is invertible and we denote by Z;(z)
its inverse. The following proposition, also known as variation of constants, plays a
crucial role in the proof of Theorem 3.2.14 below in order to check if the Malliavin
covariance matrix of the stochastic process X;(x) satisfies or not the non degeneracy

condition (3.49). We refer to [4] for its proof and to [3] for useful applications.

Proposition 3.2.13. Let (X.(x))icpo,n) a stochastic process having the dynamic as
in (3.43) and starting point Xo(z) = x € RY. Let o(X,(x)) denote the diffusion
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matrix aé(Xt(x)), i=1,..,n, j=1,..,d of the stochastic process X;(x) in (3.43)
for every t € [0, T]. It holds the following formula

DiXy(x) = Yi(x) - Zs(2) - 0(Xi(2)).

We now state the main result of the Stochastic Calculus of Variations Theory
(see Kusuoka-Stroock [43, 44, 45]).

Theorem 3.2.14 (Malliavin). Consider the n-dimensional diffusion process (3.43)
and suppose that F*, 02» e Cpy.

i) Then for every t € [0,T], X; belongs to D> and
X kp < rp(t)(1 + [a])Pr (3.57)

where B, € N and cp(t) is a constant which depends on k,p,t and on the

bounds of the derivatives of b,o up to order k.

ii) Suppose that the Hormander condition (3.56) holds true. Then there exist a
function Cy,(t) and some constants ng,my € N such that it is satisfied the
non-degeneracy condition, more precisely:

Crp(t)(1 + [x[)™

I (vxe) ™l < (3.58)

The function t — Cy,(t) is increasing. In particular the right hand side in
(3.58) blows up as t™™/% ast — 0.

iii) Suppose that the Hormander condition (3.56) and F*, aj- € Cpy- Then for every
t € [0,T] the law of X[ is absolutely continuous with respect to the Lebesgue
measure and the transition density y — p(y,t;x,0) is a C* function.

Moreover, if b, o are bounded, one has

Co(1 + [z])™o Dyo(t)|y — z|?
p(yat;l', 0) < %GXI) (—%) R (359)

@ Cal‘i‘.fma Daty—ﬂfz
|Dyp(y, t;2,0)] < %exp (—#) : (3.60)

where all above constants depend on the step for which Hormander condition

holds true and the functions Cy, Dy, Cy, D, are increasing functions of t.
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3.2.3 Existence of a Fundamental Solution for . and further

comments

We now consider the operator . in (3.41), assuming that the coeflicients a, b are
bounded C*(R?), zd,a(z,y) is also bounded and a(z,y) satisfies the condition
(3.42). We denote by

L= a(z,y)2°0p + (az(z,y)z + alz,y) + bz, y)) 20, + x0,. (3.61)

and we have that £ + 0, is the infinitesimal generator of the process

dXt = I[L(Xt, E)Xtdt + O'(Xt, K)Xtth (3 62)
dY, = X,dt. '
with
o*(z,y o?(x,y
o) = TED ey + TED e o e g)e = play). (369

and t € [0,7]. It is simple to show that the process (X, Y})ico,r] belongs to the
space C7p(R™ x R) provided that 0,(za(z,y)) is bounded. We now show that the
Hérmander condition (3.56) holds true for (3.62) We state the following result

Corollary 3.2.15. The process (X¢, Yi)icpo,r) in (8.62) satisfies the Hirmander con-
dition (3.56).

PROOF. Consider the process (X;,Y;):>o. The functions
o?(z,y)
2

Fl(z.y) = (b(a.y) +

F(x,y) =2, o=o(z,y)x

+ o(x,y)o.(z, y)x)x,

belong to the space CP§ (R x R) and the Hérmander condition holds true for every
(z,y) € RT x R.
Indeed we have:
F(z,y) = (F'(z,y), F*(z,y)) o(z,y) = (o(z,y)z, 0)
So, one has (we omit the dependence on z,y of the coefficients):

Op(ox) 0 N
0 0

~ (o, 0) <3$((b+%2)x+aa$m2) 1)

[F,o] = ((b—i—‘;)x—i—aamx?, x) <

0 0

= <$2 (Uzb - %0-20'93 - be‘) - Uzaxxxga —O'l')
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and Hormander condition holds true at step 1 for every (z,y) € RT X R since the
volatility o(z,y) is never vanishing in view of (3.42).

This concludes the proof. O
As a consequence, the density p of the process (X, Y;)ejo,r) exists and is smooth
in view of i) and ii) of Theorem 3.2.14 and from Proposition 3.2.4.

By using the Feynman-Kac representation formula, one can state that the tran-
sition density p(zo, Yo, to; z,y,t), of the process (3.62) satisfies the Fokker-Planck
equation Lu + dyu = 0, with £ in (3.61), with final condition p(T, zo,yo; T, z,y) =
O(z0.50) (%, y). Specifically, the function

i yot) = Blp(Cr, ADI (X0 Y0) = ()] = [ ol€.mp(€m Ty, e
RTxR
(3.64)
is a solution of the Cauchy problem related to the equation Lu + Oyu = 0 with

prescribed bounded continuous final condition .

We would remind that, since the stochastic process in (3.62) is Markovian, p

satisfies the Reproduction Property (also said Chapman-Kolmogorov identity)

P($07y0,t0;$73/7t) = / p(‘x07y07t0;£7777T)p(£77777—;x7y7t)d£dn7 <7< tO'
R+ xR
(3.65)
The following proposition summarizes the result about the fundamental solution

of . we have obtained in this Section.

Proposition 3.2.16. Let a = a(z,y),b = b(z,y) € C°(R" x R), with a,b and
Oy (za(x,y)) bounded. Suppose that infa > 0. Then, there exists a smooth funda-

mental solution of . Moreover it holds the following properties:
1) T'(z,y,t;¢,m,7)=0 whenever t<71 or y>n, (3.66)
2) / U(z,y,t;&,n,7)dédn =1, (x,y) € RT x R, (3.67)
R+t X (y,+00)
and the reproduction property holds true

3) F<x7y7t;‘r07y07t0):/ F(xvyat;57777T>F<§77777-;x07y07t0)d€dn (368)

R+ xR

or every (x,y,t), (Zo, Yo, o), (§, N, T) belonging to X with t > 7 > 1.
y (x,y,t Yo, t n,7) belonging to Rt x R? with t t
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ProOOF. Malliavin Calculus provides us with the existence of a smooth probability

density p(zo, yo, to; x, y,t) for the process (3.62). By setting

C(z,y, t;&,n,7)=pEn,T—1;2,y, T —t). (3.69)

it easy to check that (3.69) defines a smooth fundamental solution for . in the
sense of the Definition 2.2.7. The relation (3.66) simply follows from (3.62).

The relation (3.67) follows from the fact that p(-,-,7 — 7;2,y,T — t) is a density.
Moreover, since p is the transition probability density of a Markovian process, the

reproduction property (3.68) follows from (3.65). O

Further comments

As seen above, Mallavin Calculus provides a lots of instruments to prove the ex-
istence, positivity, and upper bound for densities of Stochastic Processes. Unfor-
tunately, the involved techniques do not allow us to infer on lower bounds. Such
problem is much more challenging and several authors focused on lower estimates
for diffusion process (3.43) by using probabilistic techniques linked to Malliavin
Calculus. We mainly quote the works due to Kohatsu-Higa [41]|, Bally [5] and
Kohatsu-Higa-Bally [8] which are the seminal works where new methodologies and
ideas appear in order to get lower buound for densities via Malliavin Calculus. In
these work less restrictive assumption and new objects are introduced: specifically,
the authors avoid boundedness assumptions on the coefficients of the underlying
dynamics (3.43) of X;, and they relax the uniform parabolicity condition (2.45).

A very technical use of Malliavin Calculus was given by Caramellino-Bally [6, 7]
where the authors discussed about the positivity and lower bounds for densities of

stochastic processes and the tube estimates for degenerate processes.!

We want to quote the paper given by Cinti-Menozzi-Polidoro where Malliavin
Calculus was used to get upper estimates. In this paper, the authors consider n + 1-

dimensional stochastic processes X; = (X}, ..., X7, X7'1) of two type:

Xi=m+W/, i=1,..n, Xi=z+ W}, i=1,..,n,
Xpt =+ fy X2 (keven). | XN = v+ fy X0, (X0 ds.

1A tube kind estimate is a lower bound of the probability that a stochastic process X; remains

close (in a suitable metric) a deterministic curve in a fixed interval [0, 7.
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where W, = (W}, ...,WW) is a n-dimensional Brownian motion. This problem led

the authors to consider particular degenerate hypoelliptic operators

L= %Aﬂfl,n + |x1,n|ka'r + O, (3.70)

n+1
;C = %Azl,n + Z $f8zn+1 + 8t <371>
i=1
The task was performed by using Malliavin Calculus for diffusion processes for the
upper bound and Harnack chains for the lower bound.
Concerning the upper bound of the density the main ideas used by the authors
is that to exploit the non degeneracy of the first n components of the stochastic

process X; and decompose the density p(t, z, £) of X; into the product of two factors

p(t7 &€, 5) = Pxin (ta Tin, él,n)pX"Jrl (ta Tn+1, £n+1 | X(}m = XLTH th’n = 51,71)

where

1 — oz 2
Pxin (taxl,nvgl,n) — _M> ’

(2rt)n2 P ( ot
is the usual n-dimensional gaussian function.

They used Malliavin Calculus in order to prove upper bound for the density

Pxn+1 (tv Tni1, §ntt |X3n = X1 th’n = §1,n) = Py, (§n+1 - $n+1)a

where
_ { fot |t_Tsx1n + 2810 + Wso’t‘k ; for (3.70);
S (e 4 s + WOE) L for (3.71),
and (W%),, s € [0,t] stands for the standard d-dimensional Brownian bridge on

[0,], i.e. starting and ending at 0.

The problem of getting upper and lower bounds for density by combining analytic
or probabilistic results with optimization procedure was widely discussed in Delarue-
Menozzi [25]. In their work the authors focused on two-sided bounds for the joint
density of some degenerate It6 Stochastic processes with possibly sub-linear drifts.

The processes that they considered are

d nd
L = Z (2, 1) 0, u + Z Fj(,t)0,,u — Osu. (3.72)
j,k=1 Jj=1

Here d,n are positive integers and (z,t) € R™ x R. The main assumptions they

made concerns are the following
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e the spectrum of the diffusion matrix (ajk(x, t)) with 7,k =1,...,d is included

in a compact and positive interval;

e the functions Fj(z,t), j = 1,...,nd are spatial Lipschitz continuous (uniformly
in ¢) and the diffusion matrix a(¢, x) is spatial a-Hélder continuous (uniformly
in t), with a € (0, 1).

The estimate that they gave are of Gaussian type with the same function from the
above and below. The techniques which they used are related to the parametrix
representation of the density combined with a Stochastic Control approach. We
want to clarify that the result given by Delarue and Menozzi does not applies to our

operator .Z. The reason is that, even if £ can be write in the form (3.72)
L = a(z,y,)2%0ps + (az(z,y, t)z + a(z,y,t) + b(z,y,t)) 20, + 20, — 0, (3.73)

it does not satisty the assumption of boundedness on the diffusion matrix. Indeed,

in our case we have

[oo*|(z,y,t) = 2%a(z, y, 1),

N

which does not belong to a compact and positive interval for every (z,y,t) € RT x
R x [0, 7] (the coefficient z? is unbounded and has minimum equal to zero).
On the other hand, by means of a suitable change of variable, it is possible to

rewrite the operator .Z in (3.73) in the following form
Lo = a(x,y,t)0 + (b(x,y,t) + 200, (z,y,t))0, + €0y — 0. (3.74)

For the operator %, we have that the coefficient a(x,y,t) is bounded from above

and has positive infimum, but the function e” is globally not Lipschitz.
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Chapter 4

Arithmetic Asian Option type

Operators

In this chapter we discuss the hypoelliptic operator
Lu =20, (a(x, Y, t):r;&tu) + 2 b(x,y,t)0yu + x0yu — Oyu, (4.1)

with (z,y,t) € RT x Rx]0,T].
The main goal of this chapter is establish bounds analogous to (2.25), (2.66)
given above. Specifically, we prove the following inequalities for the fundamental

solution I of &
co _ Ccr N
2 OXP (—C U(z,y+et,t — st) <I'(z,y,t) < ~2 XP (—c U(z,y—e,t+ 5)) ,

(4.2)

for every (z,y,t), € RT x Rx]0,T] with y + et < 0, where ¢ € (0, ;) is arbitrary.
Here W is the value function of the optimal control problem (2.40), which in this

case formalizes as follows

t
U(z,y,t) ;= inf / w?(s)ds subject to constraint (4.3)
wGLl([O,t]) 0

Ga(s) = qi(s), 32(0) =y, qft) =0.

We reach our goal by extending the method used in chapter 2. Note that, The-

{ Gi(s) =w(s)als), a0) =z, alt)=1,

orem 4.2, provides just estimates for the fundamental solution with pole at (1,0, 0).
As we have done before, we pass to the general case just by using invariance prop-

erties of the operator .Z with respect to a suitable translation group. In the next
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section we will go through the main results of this chapter, we briefly describe the
involved techniques to achieve our goals. In particular we will list several geometric
properties of the constant operator % related to £, we will give the precise as-
sumptions which we make on . and the statements of our results. Theorem 4.1.3
below exhibits the precise bounds for I'(x, y,¢; &, n, 7) at any point (z,y,t) belonging
to a specific subset of R* x R x [0, 7.

The PDE approach adopted in this chapter allows us to consider more general

problems. Among them, we can consider an option on a basket containing n assets
Sy = (S}, ..., 5!") whose dynamic is

dS? = S{pi(Si, A t) + 7Y oS, A ) dWf, j=1,...n, (4.4)
k=1

where (W .. W”)t>0

of the assets. If we chose

Agz/ Sidr, j=1,...,n, or At:Z/ Sidr,
0 j=1"0

in analogy with (3.63), we are led to consider the following operators

is a n-dimensional Wiener process and (At) is an average

t>0

L= Z 20y, (ajn(z, y, )20y, u) +Z ijj(x,y,t)azju+z 7;0,,u—0yu, (4.5)

k=1 j=1 J=1

with (x,y,t) € (RT)™ x R"x]0,T], and

Ly = Z 20y, (ajn(z, y, ) w0y, u) +ijbj(x7y,t)é?z].u—i—Za:j@yu—@tu, (4.6)
jik=1 j=1 J=1
with (z,y,t) € (RT)" x Rx]0,T], respectively. In these examples, denoting by

o(z,y,t) the matrix (o(z,y, t))jkzl ., we have

(a2, y.0) oy = 3 lo(@y t)o(z,y,1)"].

The coeflicients b;(z,y,t), j =1,...,n depend on the coeflicients p, ..., i, and on
the derivatives of the ajj.
The extension to the ideal case of no-correlated assets is immediate. Indeed, in

this case, we are led to consider operators of the form

Lu —ij (aj;(z,y,t)x;0,,u) Zw] (z,y,t)0, u—l—Zx]@ u — Oy,

7,k=1
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with (z,y,t) € (RT)" x R"x]0,T], and

PLou —ij a]j x,, )xjam]u —|—ij z, Y, )0y u+2x]8u o,

J=1 Jj=1
with (z,y,t) € (RT)" x Rx]0,T].
In these cases, a fundamental solution 'y (21, ..., Zp, Y1, ..., Yn, t) of £} can be written

as

Cy(T1, oy Ty Yty oy Yy ) = Hfi(mi, Yi, )
where T';(z;, y;,t) is a fundamental solution of the equation
2;0y, (%(337 v, t)xiamu) + ;b (x, y,t)0p,u + 2,0,,u — Opu = 0,

and respectively a fundamental solution [y(21, ..., 2, y,t) of %, can be written as

n

Doy, ., Tp,y, t) = H Li(zi,y,t),

=1

where T';(z;,y,t) is a fundamental solution of the equation
20y, (%‘i(% Y, t)xiaxiu) + x;b;(z, y, )0y, u + x;0,u — Opu = 0.

In this chapter we focus on the simplest case (4.1) for the sake of simplicity.

4.1 Invariance properties and main results

This section contains the precise statement of our assumptions and our main results.
Since the operator .Z in (4.1) appears with variable coefficients, a crucial point is
how many regularity we assume on them. We will study the operator .Z by assuming
that its coefficients a(x,y,t), b(x,y,t) are bounded Hoélder continuous function. In
order to introduce the correct meaning of Holder continuity of the coefficients a and
b of .Z in this setting, we recall some properties of the related constant coefficient
operator
Ly = 120y, + 10, + 0y — 0.

An invariance property was given by Monti and Pascucci, which observe in [59] that

% is invariant with respect to the following group operation on R™ x R?:

(20, Yo, to) © (z,y,t) = (zox, Yo + oy, to + 1). (4.7)
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Indeed, if we set

U(l’, Y, t) = U(on, Yo + ZoY, tO + t)v (48)

then Zyv = 0 if, and only if Zu = 0. We also note that
G := (R* xR? o) (4.9)

is a Lie group, its identity 1g and the inverse of (z,y,t) are defined as

le = (1,0,0), (x40 = (1,—5, —t> | (4.10)

T T

Then, in particular, we have

('ranO?tU)ilo(x?y’t) = (£7y_y07t_t0> ’ (411)
To Zo

so that (4.8) is equivalent to u(z,y,t) = v (i e N t0>.

xo’ xo

For the operator %, a dilation group of the form
(67“)'r>0 : (l‘, Y, t) = (Taxa r6y7 T7t>>

where «, 3, are positive parameters, under which the following invariance property
holds true
%4 (u(ro‘x, Py, Wt)) =77 (.,%u) (rez, Py, r7t),

for any u(x,y,t) belonging to C*!(R* x R x [0, T]), cannot exist. Then the operator
% does not satisfy the Hypothesis [H1]-ii) made in chapter 2.

We now introduce a further notation based on the invariance property of %
with respect to G. As the zero of the group (Rt x R? o) is (1,0,0), in the sequel

we use the simplified notation
[(x,y,t) :=T(z,y,t;1,0,0). (4.12)

Then, thanks to the invariance with respect to the left translation of G, we have

_ r y—-y
F<xayat;I07y07t0) :F((on;?/o,to) IO(I,y,t);l,O,O) =T (.CB_’ T Ovt_t0> .
0 0

Analogously, we denote by V(z,y, t; g, yo, to) the function defined in (4.3), with the
end point (1,0) replaced by (zo,yo), and ¢ replaced by ¢ — ¢,. Note that, in analogy
with (4.12), we have

U(z,y,t) = V(z,y,t;1,0,0).
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The definition of W is explicitly written in (4.59) below and is well posed only
when t > ty and yo > y, otherwise problem (4.3) has no solution. In this case
we agree to set U (x,y, t; xg, Yo, to) = +00. The following Proposition (which will be
proven by means of formulas (4.60) and (4.70) below) states its invariance properties

with respect to the operation on G.

Proposition 4.1.1. For every (x,y,t), (xo,vo,to) € RTxR?, withty < t and yo > v,

and for every r > 0 we have

. — Z Yy—yo 4 _ .
lI]('x?yatawanOat(]) =U (900’ a:oo’t t(]) ) (413)
\Ij(x7yat;$07y0at0> - %\I](ﬂf,%,é;ﬂfo,%,%). (414)

In particular, for r =1t — ty, we find

. _ 1 T —
\11(1‘7 Y, 1; o, Yo, tO) - m\p (a:_o’ (t?it(?)omo> 1) .
In this frame, the scaling property (4.14) for the value function ¥, replaces the
Hypothesis [H1|-ii) introduced in chapter 2.
We assume the following conditions on the coefficients a and b: there exists
A > 0 such that

a(z,y,t) >\ for every (x,y,t),(&,n,7) € RT x RTx]0,T]. (4.15)

Moreover, a,b,d,(za) and 0,(zb) are bounded and Hélder continuous functions in
accordance with the following definition: there exist M > 0 and « €]0, 1] such that

1/3 @
M+t—¢‘ +|t—7|1/2), (4.16)

|a(a:,y,t) —a(fﬂ?ﬂ'” SM( '3

z=¢
5)+

for every (z,y,t),(&,n,7) € RT x R x]0,T]. As said above, the same condition is
assumed on b, 0, (za) and 0, (zb).
We briefly discuss our definition (4.16) of Holder continuity. With this aim, we

first note that .Z can be written in the form
L= X*+Y,
where
Xu(z,y,t) == z0u(x,y,t), Yu(x,y,t):=z0u(r,y,t)—ou(x,yt). (4.17)
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As usual in the study of parabolic operators, .% is a second order operator provided
that we consider Y as a second order derivative. The commutator of X and Y plays
a crucial role in the study of the regularity of .%. In particular, we note that 0,
is obtained as a commutator of X and Y, that is 20, = [X,Y]| = XY — Y X; if we
consider X and Y as first and second order derivative, respectively, then xd, is a
third order derivative. This explains the exponent 1/3 appearing in (4.16). Then

our definition of Holder continuity is completely natural in view of (4.11).

Remark 4.1.2. Unlike %, the operator £ is not invariant with respect to the left
translation (4.7). Indeed, as we apply the change of variable (4.8) to a solution u of

ZLu =0, then v is a solution of ZL.,v =0, where zog = (o, Yo, to) and

LV =20y (a(%% Yo + ToY, to + t)l"axv)
+ x b(zox, Yo + Toy, to + )00 + x0yv — Opv. (4.18)

However, even if £,, does not agree with £, it satisfies assumptions (4.15) and
(4.16), with the same constants M, \ and « used for £. This property will be often
used in the sequel and is the basis of the invariant nature of our bounds (4.20) for
the fundamental solution of £ .

We point out that (4.16) is required for the validity of Harnack inequality, which
is the main tool in the proof of the lower bound of I'. Even if we rely on some
regularity properties of the coefficients a, b in our proof of the upper bound of ', a
method based on the Moser iteration would lead to the same results assuming a, b
measurable only. The existence of a fundamental solution is guaranteed by Malliavin
Calculus if the coefficients are smooth and satisfy further conditions. In this work
we prove upper and lower bounds for I' in terms of quantities only depending on
the constants appearing in (4.15), (4.16) and on the L>-norm of the coefficients. In
a future study we plan to prove the existence of a fundamental solution of .Z only
requiring (4.15), (4.16), by using the bounds (4.2).

An alternative approach for proving the existence of the fundamental solution I' of
% might be to construct I' by using the parametrix method following the techniques
appearing in [26] and [57].

For this reason, in our main result we assume the existence of a fundamental solution
I' of . We prove uniform bounds for I', that only depend on the constants A\, M
and « appearing in (4.15), (4.16) and on the L* norms of a, b, d,(xa) and 0, (xb).

The main result of this chapter is the following
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Theorem 4.1.3. Let I be the fundamental solution of £. Then for every (xo, yo, to),
(x,y,t) belonging to RT x R x [0,T], with t > ty, we have

F(fﬂ,y,t,l'o,yo,to) = 0 v (fﬂ,y,t) € RJF X RQ \ {] - OO,yO[X]to,T[}. (419)

Moreover, for arbitrary e €)0, =], there exist two positive constants ¢, C+ depend-

»ar b
ing on €, on T and on the operator £, and two positive constants C~,c*, only

depending on the operator £ such that

c
= exp (—CW(z,y + moe(t — to), t — e(t — to); To, Yo, to)) <

x3(t — tg)? <
U(z,y,t; 20, Yo, to) < (4.20)
C .
et U CURE SRR TR

Jor every (z,y,t) € RT x| —o00,yo— xoe(t —to)[x]to, T]. Here ¥ is the value function

of the optimal control problem

t—to
U(x,y,t; To, Yo, to) := inf / w?(s)ds subject to constraint  (4.21)
weL([0,t—to]) Jo
G (s) =w(s)q(s), @(0) =z, @t —1to) =,
G2(s) = q2(s), @(0) =y, gt —to) =yo

If we agree to set
e(_Ci‘lj($7y7t;x07yO7t0)> = 07 if \II(:(;) Y, t? Zo, Yo, tO) = +OO7

then (4.20) holds for every (zo, %o, to), (z,y,t) € RT x R x [0, T].

Clearly, the knowledge of the function W in (4.21) is crucial for the application of
our Theorem 4.1.3. We summarize here some of the quantitative information about
U, that are written in terms of the function g defined as follows

sinh(,/T) r>0

\ﬁ )
g(?n) = 17 r= 07 (422)
%, —m? <r <.
Proposition 4.1.4. For every (z,y,t), (2o, Yo, to) € RT xR?, with tq < t and yo > y,
we have
(Ve tannt) = B —to) + 5550 — 4, [+ i,
if B> —
f tO :):ero Axx (423>
\I](SL’ y7t7x07y07t0):E<t_t) +4\/E+ Wo— ;
if — <E<—J-

—to "
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where

4 _ Yo— Y
E—F + t)= —— g —L < . 4.24
<x7y7 3 205 Yo, 0) (t_t0>29 ((t_to)\/ Ifﬁo) ( )
Moreover,
W(z,y,t; 0, Yo, to) Yo— Yy
1 as ——— — t00;  (4.25)
4 2 — A(wo+z) ’ — o)/ ’
(t—to) log ((tfi/c?)\/ymo) - yoofy (= fo)v/mor
L t; t -
(.’L')y7 ;05 Yo, 0) N 17 as M — 0. (426)

4(Vz+/x0)?  4x?
Yo—Yy (t—to)

(t —to)y/Tox

The proof of the lower bound is based on a Harnack inequality for positive
solutions of Zu = 0. The repeated application of the Harnack inequality, combined
with a suitable optimization procedure, provides us with the lower bound of the
fundamental solution. The upper bound for I' follows from the fact that the value
function ¥ is a solution of the relevant Hamilton-Jacobi-Bellman equation.

As a corollary of Theorem 4.1.3, by applying (4.2) to I" and to the fundamental

solutions I'* of the operators
LEu = N2 0ppu + 20,u + 20yu — du,  (z,y,t) € RT x Rx]0, T7, (4.27)

for some strictly positive constants A*, we obtain the following result which says

that the fundamental solutions of . and %, have the same behavior.

Proposition 4.1.5. For every ¢ €]0, =, there exist I'* in the form (4.27), and

posilive constants k* such that
ET (x,y +xoe(t —to+ 1), t —e(t —to + 1); 20, yo, to) <

F(‘I'a Y, ta Lo, Yo, tO) S

£ £
RITT (9579—9601_g(t—f0+1)at+1—_€(t—t0+1)7$o,yo,fo),

Jor every (x,y,t), (o, Yo, t0) € RT x Rx]0,T] with y + xee(t —to + 1) < yo and
t> t0+8/<1—€).

4.2 Harnack inequality and Green function

In this section we will introduce the Harnack inequality for . in (4.1). For any
20 = (70, Y0, o) € RT x R? and r €]0,1/2], we set
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H,.(z) = {(x,y,t) ER?: v — x| < 71w, — 17 <t —15 <0,

[y — Yo+ 2o(t — 1o)| < 7“3960}

2 (4.28)

Sr(20) = {(a:,y,t) ER®: |z — 20| < rmg, —r? <t —t < 5
ly — o + wo(t — to)| < r3x0}.

Notice that the circular segments defined in (4.28) are the most natural geometric

sets which can be defined taking into account the group operation (4.7).

Proposition 4.2.1. Let zy € RY xR? and r €]0,1/2]. Ifu is a non negative solution
of Zu =0 in H.(z), then

u(z) < Mu(z)
for every z € Sp.(20). The two constants 6 €]0,1] and M > 0 only depend on the
operator L.

The proof of Proposition 4.2.1 relies on the Theorem 2.3.3. For the sake of
completeness, we recall the statement suitable for our operator .Z.

Let Q2 be an open subset of R®. Consider the following operator
Kv =a(x,y,t)0pv +g(:1c, Y, t)0,v + x0yv — O,  (x,y,t) € (L (4.29)

Assume that @ and b are bounded continuous functions such that infg a(x,y,t) > 0.

Suppose also that a and b satisfy the following Holder continuity condition
[@lw,y,t) = @€ n, )| < M (Jo =&+ ly —n+ (¢ = e+t = 7]2)

for every (x,y,t),(&,n,7) € Q. Let (1,0,0) € Q, r €]0,1/2] be such that H,(1,0,0) C
Q. Then there exist two positive constants 6 and M, only depending on the operator
IC, such that

v(z) < Mw(1,0,0), for every z € Sy.(1,0,0), (4.30)

and for every non-negative solution v of Kv =0 in 2.

PROOF OF PROPOSITION 4.2.1. Let u be a positive solution of Zu = 0 in H,.(z),

with r €]0,1/2]. We first consider the case zp = (1,0,0). We plan to apply (4.30)

to u. With this aim, we write . in its non-divergence form (4.29) by setting
a(z,y,t) = 2%a(x,y,t),

N 4.31
b(z,y,t) 3y

r (a(z,y,t) + x0a(z,y,t) + b(z,y,1)).
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As the coefficients @ and b are not bounded, . does not satisfy the conditions
required for the validity of (4.30). We overcome this problem by modifying them
out of the cylinder H,(zp) as follows. We set

a(z,y,t) = p*(z)a(z,y,t),

(4.32)
b(x,y,t) := p(z) (a(x,y,t) + p(z)0a(z,y,t) + b(z,y,t)),

where

1/2 for z €]0,1/2],
o(x)=< = forx €]1/2,3/2], (4.33)
3/2 for x € [3/2,00].
Then, it is easy to check that our assumption (4.15) and (4.16) on £ imply the
conditions on K for the validity of (4.30). In particular, our claim is proven for
2o = (1,0,0) and for every r €]0,1/2], since in this case £ agrees with IC in the
cylinder H,.(zp).

An argument similar to that used above would give the proof of Proposition 4.2.1
with a constant M that may depend on zy. In order to prove our claim as stated,
with M independent on z, we rely on the left translation (4.7). As we apply the
change of variable (4.8) to a solution u of Zu = 0 in H,(z), then v is a solution
of Z,v=01in H,(1,0,0) where .Z,, is defined in (4.18). Note that, as we have
noticed in Remark 4.1.2, .7, satisfies assumptions (4.15) and (4.16), with the same
constants used for .Z. In particular, the Harnack inequality (4.30) holds for v, and

implies

u(z,y,t) =v (x—wo, Rt — t0> < Mw(1,0,0) = M u(xg, yo, to),
for every (z,y,t) € Sp.(xo, Yo, t0). This concludes the proof. d

As a direct consequence, we obtain the following

Corollary 4.2.2. If u is a non negative solution of Lu = 0 in H,.(z), where
0<r<1/2, then
u(z) < Mu(zp)

for every z in the set

P (z0) = {(x,y,t) ER*:0<ty—t <0 v — 0| < (to — t)éxo,
, (4.34)
[y — o — (to — t)zo] < (to — )30 }.
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In the proof of our lower bound we will also use an estimate of a Green function
for the operator defined in (4.29), that has been proved in [27]. We introduce here
a simplified notation useful for our purpose. We first define a cylinder analogous to
H,(zp). For any r,¢6 €]0,1/2], we set

H°(1,0,0) = {(x,y,t) eRY: ot el 0 o <t < r2},

r? r6 2

Hy(1,0,0) = {(x,y,t) e R @l ol W o5 oy o r2}, (4.35)
$95(1,0,0) = {(,y,0) e R*: &2 B 4 8 < 6.4 — 0},
Note that H{(1,0,0) C {1—r <z < r}. In particular, if we define @ and b according
to (4.32) and (4.33), then K agrees with . in the cylinder H?(1,0,0). Also note
that the geometry of H°(1,0,0) is more complicated than the one of H,.(1,0,0), due
to the fact the the Dirichlet problem for K in (4.29) is well posed in H?(1,0,0) .
In |27, Section 4] it is proven the existence of a Green function G, : H%(1,0,0) x
H?(1,0,0) — [0, +00[ with the following property. For every f € C§°(H?(1,0,0)),
the function
oo t)i= [ Gleptgnn € nddydn (430)
HO(1,0,0)
is a classical solution of the Dirichlet problem
Lu=—f in H°(1,0,0),
d 3 ) (4.37)
u=0 ind(H(1,0,0) N {t <r?}.

Theorem 4.3 in [27] states that there exist positive 0 and x such that
K
G?"<x7 Y, tv 57 n, T) > 7’_4’
for every r €]0,1/2], (x,y,t) € H,5(1,0,0) and (£,1,7) € S)5(1,0,0). In particular,
if we choose 0 < s < }l and we set r = /s, we have

K
G (1, —s5,51,0,0) > = for every s €]0,1/4]. (4.38)

4.2.1 Harnack chains

Any Z-admissible path v(s) = (x(s),y(s),t(s)) for £ is the solution of the Cauchy
problem

(s)a(s) (0) = o,

y(s) = x(s) y(0) = vo, (4.39)
t(s) = —1, t(0) = to,

=

—~
»

~
I
&
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where w € L'([0,to —t]). In this setting, we refer to the function w as the control of
the problem (4.39).
We next compute the attainable set o7, 4.4) (R x RTx]0,T]) introduced in
(2.15). With this aim, we introduce the function
e —1

FiR=RY,  f(r) = , (4.40)

r

as r # 0, f(0) = 1 and we note that it is bijective. Moreover f~!(r) < 0 only if
r<land f7'(r) >0 only if r > 1 and

-1
limrf~(r) = —1, lim S ()
r—0 r——+oo 10g(T>

= 1. (4.41)
Proposition 4.2.3. For every (xo,yo,to) € RT x Rx]0, T it holds:

Ho0,t0) =)0, +00[X]yo, +00[x]0, Zo[. (4.42)

PROOF. From (4.39) it follows that
'Q{(Io,yo,to)(R+ X R+X]Oa 1) €J0, +o00[x]yo, +00[x]0, 2o

In order to prove the opposite inclusion, we fix an ending point (z1,y;,t1) belonging
to 0, +o00[X]yo, +00[x]0, %[ and we show that there exists a piecewise constant
control w(s), with s € [0,ty — t1], such that v(ty — t1) = (21, v1,t1).

We first construct an admissible path v such that x(ty — t1) = 9. We choose

the control as follows

{ w(s) =wo, 0 <s< 5ty (4.43)

—Wwp, %<S§t0—t1.

&
—~
Va)
~—
Il

for some constant wy that will be specified in the sequel. Note that we have
[ w(s)ds = 0 so that z(ty — t;) = 2, and

0
9 _
Y(to —t1) = (530,3/0 + —p <€w°t02tl — 1) ,t1>
Wo

We choose

wo = —2 ((tyl — o ) , (4.44)

N to - tl 0 — tl)xo

and we obtain

2 wo ot
y1:y0+—x0<e 0 —1>,
wo
then ~(to — t1) = (x0,y1,t1). In particular, our claim is proven in the case x; = zy.

We adopt a similar criterium when zy # x1. We consider two different cases.
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i) Ify; > yo + 25 tl (log(xcil):laijog(xo)>7 we define the control w as follows.

wi, 0<s< t07t1.
w(s) =14 wy, "7 <s< —3“0 f) (4.45)

—W2, —S(to t) <s< to — tl

We choose w; in order to have z (25%) = z;. We recall that z (25%) =
tg—t1

roe“t "z, and we set
2 T
= 1 4.46
b=t (2). (1.46)

With this choice of w; we find

tg—tl to—tl Tr1 — X t0+t1
= ) 4.4
() = (o 5" (o o) 5 ) 49

Note that, by our assumption, we have y; > y (25%), then we can choose wy

arguing as in the previous case. Specifically we set

e L <2(y1—y(t° “)))7 (4.48)

to — 1 (to — t1)z1

and we obtain y(tg — t1) = (z1,y1, t1)-

log(z1)—log(zo)
proof also in this case, we first assume that r; > zy, and we introduce two

ii) Suppose that yo < y1 < yo + to;tl ( AL ) In order to accomplish the

auxiliary admissible paths 5 = (Z,7,7) and 5 = (,7,¢) such that 5(0) =
¥(0) = (x1, 90, to). The control w of 7 is defined as follows

(4.49)

{w(s):@b 0<s< oy

(,U(S) = —wy, tO;tl < s <ty—1t.

with

o = — 2 ((yl;yo) (4.50)

to— 1 to —t1)xy
Note that, with this choice of w;, we have g(tqg — t1) = y1, then Y(to — t1) =
(1,41,11). The control w of 7 is defined as

{M@:—m,0<s§%%; (45)

w(s) = wy, %<s§to—t1.
with wy as in (4.46). Also note that Z(%7%) = .
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We claim that z(“5%) < zo. To prove our assertion, we note that

_(to—t to — t1 f _to—t
=1y — x —@
Yy 5 Y1 5 1 1 B )

and, in view of (4.47)

7(15) = w0+ S5t f (—entt) = o+ 950 (i)

By our assumption, we have y; < y (25%). Moreover yo < § (25%), then we

have y (to tl) —Yo>Y1— Y (to “) that is equivalent to

to —t to —t to —t to —t
0 1371f( 021>>0 lfl'lf( 021>'

Since f is increasing, the above inequality yields —w; > —d@;. We then conclude
that.

_ to—tl _ 5, to—t1 ., ot
x( 5 =mxe T <re YT =

Now we complete the construction of the admissible path steering (o, yo, to)
to (x1,y1,t1). From the continuity of Z(t), it follows that there exists ¢,, €
|t tg — ¢ such that Z(¢,,) = zo. We set §(tn) = ym and we note that

A <y < y1. We define the control function w as follows

w(s) =we, <5<ty (4.52)
w(s) = —wi, ty <s<ty—t.

where
— 2 Ym — Yo
= — ) 4.53
o= o (L (4.59)
This concludes the proof when yy < y1 < yo—i-to b <log(wf1):ifg(x0)) and x1 > xg.
The proof in the case x; < xg is analogous and will be omitted. 0

Remark 4.2.4. We note that, since we are able to solve the optimal control problem

(4.3) in section 4.8, the inclusion ]0,+00[X]yo, +00[x]0,%0[D Ay yo,z0) Will simply

follow once we have computed the optimal trajectories of (4.3). In this frame, a

handmade construction of smart paths which connect a general point (z,y,t) €

10, +00[x]yo, +00[%]0, to[ with (zo,yo,to) is not required.

As we will properly explain in section 4.3, we are able to exhibit the optimal

Z-admissible paths from (xq, yo, to) and we will see that they steer (xo,yo,to) to any

given point (z,y,t) €]0, +00[x ]|y, +00[X]0, tol.
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The following result provides a bound of any positive solution u of Zu = 0 at

the end point y(to — t) of an Z-admissible path ~.

Proposition 4.2.5. There exist four positive constants 0, h, 3 and M, with 0 < 1
and M > 1, only depending on the operator £ such that the following property
holds.

Let Ty < t <ty < T be fized. Fiz (xq,v0) and let w € L ([t,to],R) be a control,
with v : [t,to] — R3 the corresponding £ -admissible path of (4.39) starting from
(20, Y0,t0). Denote with (x,y,t) = ~(to) its end-point. Then, for every positive
solution u : R x Rx|Ty, Ty[ of Lu =0 it holds

B B(w) | Atg—t)
=T 1+ 2
u(z,y,t) < <to_—£)) M0 (o, Yo, o),

where

B(w) = /1t " W2(s) ds. (4.54)

PROOF. If w € LY([t,to]) \ L*([t, to]), then our claim reads as u(z,y,t) < 400, that
is clearly true. We now assume w € L?([t,to]). The proof of the proposition is
based on the construction of a Harnack chain, by applying several times Corollary
4.2.2. We then first fix § €0, 1] as in Corollary 4.2.2, and we also fix the constant
h = 41og*(3/2).

Step 1. We fix three restrictive assumptions:
e it holds tg — 1Ty < i ;
e the path 7 is defined on the time interval [0ty — t] with ¢y —t < 6%(ty — Tp);
e the function ®(w) satisfies ®(w) < h.
We first claim that, under such hypotheses, it holds
Y(t+s) € P(xg,yo,to) for every s € [0ty — ], (4.55)

with r =ty — Ty < % Indeed, Holder inequality implies

/t " ()

<5 ( / w2<7>d7)5 < Vis < log(1 +3)
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for every s € [0, —t] C [0, %

of log(1 + a), that implies log(1 + a) > 2log(3/2)a for a € [0,1/2] and from the
definition of h. We then find

|]. The last inequality follows from the concavity

el e _q| < T emdr| g < /5
for every s € [0,to — t]. Thus, integrating the system (4.39), we obtain
|z(s) — zo| < V/swo, and |y(s) — yo — sxg| < %s%xo < 521,

for every s € [0,to — t], and (4.55) is proven. Since H,(xo,yo,to) C RT x Rx]|Ty, T1]
for the definition of r, then Corollary 4.2.2 can be applied, and it holds u(x,y,t) <
Mu(xg, yo,to) with M given in Proposition 4.2.1.

Step 2. We now remove the three hypotheses of Step 1 and prove the main
statement. Consider any control w € L?([t,t,]) and the corresponding curve ~(.).
Define the sequence of times t < t, < tx_1 < ... <ty < t; <ty recursively starting

from t, as follows

tj41 = max {t, ti—0%/4,t; — 0*(t; — Tp), inf {s s.t. /tj w(T)|? dr < h}} :
) (1.56)
The recursive formula terminates when the lower boundary ¢ is reached. For sim-
plicity of notation, we denote ;. = t.
We now define r; = \/; —;11/60 , then we note that r; < 1/2 and

Hrj (.f(t() — tj),y(to - tj>,tj) - R x R x [Tg,Tl],

by (4.56). Moreover, we clearly have t; — t;,, < 6*77. By applying Step 1 on the
k + 1 intervals [t;41,t;], it holds

U({L’, Y, t) S MH_kU’(:EOa Yo, tO)

We point out that the points (z(tg — t;),y(to — t;),t;), j =1,...k+ 1, selected on
the path ~(.), form a Harnack chain. Since (4.56) implies

[ lw(r)Pdr tg—t 1

k<=t 4 log (A=

ST Y e — ey e )

this concludes the proof of Proposition 4.2.5, by setting § := %. O
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Remark 4.2.6. Fven if £ does not write in the form (2.7), the lower bound in
Proposition 4.2.5 basically depends on v, that in turns depends on the vector fields
X and Y that define £. This feature depends on the fact that ~v is contained in the
set P, (zy), where the Harnack inequality holds for both operators £, and L.

According to the paths constructed in Proposition 4.2.3, which rely on pathwise

constant controls, we are able to compute explicitly their costs ®(w).

Proposition 4.2.7. According to the controls in (4.45) and (4.52), it holds the
following equalities for the function ®(w) in (4.54).

i) if xo # x1, and

2y — —
(yl y0)> T — Xo

+ xq, 4.57
to —t log(x1) — log(xo) ! (4.57)

then

2 2 (x 2 ( 2(y1—yo) T1—
(I)(l’g,yo,to,331,y1,t1) T to—t1 <log (ﬁ) +8log ((toy—lt1?£’1 o Il(log(ﬂfll)—oog(wo)))) ’

— Y1—Yo
If v = x1, and o=ty > xo, then

q)(‘r()ayOJtO?xO’ylutl) = toétl 10g2 (ﬁ) .

Here C is a positive constant depending only on f.

ii) if xo # x1, and
0 < ————= < 1, (4.58)

then

(5 + 27)(to — t1)
(yl - yo)2

Y

1—Y0
to—t, < Xy.

q)(ajO) Yo, th 1, Y1, tl) = 16

The same estimate holds if o = x1, and

PROOF. We give here an explicit bound of W(xzg,yo, o, z1,¥y1,t1) based on the
paths considered in Proposition 4.2.3, and on the asymptotic behavior of f~! given
in (4.41).

i) If xo # x1, and (4.57) holds, then

—1

t
O (0, yo, to, 1, Y1, 1) = 0 (w} + w3) .

where w; and wy are defined in (4.46) and (4.48), respectively. Note that,
by (4.57) and (4.47), we have wy > 0. The conclusion then follows form the

second assertion (4.41). The proof in the case xg = z; is analogous.
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ii) If xo # 1, and (4.58) holds, we consider the path defined by the control function
introduced in (4.52). We then find

® (o, Yo, to, T1, Y1, t1) = tmis + (to — t1 — tm) @7 < (fo — t1) @5 + (252 7.

We note that the control @; and wy defined in (4.50) and (4.53) respectively,
are both negative. The conclusion of the proof then follows from the first
assertion (4.41). O

4.3 Application of the Pontryagin Maximum Prin-
ciple

In this section we apply the Pontryagin Maximum Principle to our problem (4.3).
Note that the ending point of the Z-admissible path considered in (4.3) is (1,0, 0),
we give here the formulation for any end-point (¢, yo,to) € R x R2. In accordance
with the notation used for the fundamental solution of .2, we denote the starting
point of the path by (z1,y1,t;) € RT x R? with t; > t,.

y(s) = x(s) 0<s<T, (4.59)

(a:,y,t)(O) = <x17y1>t1)> (xayat)<T) = (ﬂfojyoyto)-

where T" = t; — to. We first observe that such optimal control problem is invari-
ant on the Lie group RT x R? endowed with the operation (4.7). We recall that
optimal control problems on Lie group with invariant vector fields satisfy useful
invariance properties, that permit to have simpler solutions of the Pontryagin Max-
imum Principle, eventually leading to complete synthesis for specific problems, see
e.g. [17]. In our specific problem, it is sufficient to observe the following invariance
property for the solution of (4.59). Consider a control w(-) steering (x1,y1,t1) to
(20, Yo, to) with the trajectory (z(s),y(s),t(s)). Then the same control w(.) steers
(70, Y0, t0) ' o (w1, y1,11) to (1,0,0). This can be proved by observing that the tra-
jectory (zo,yo,t0) ' o (z(s),y(s),t(s)) is a solution of (4.59) with the same control
w(.). Since the cost depends on the control only, then the two trajectories have the

same cost, hence
U (21, Y1, t1; To, Yo, to) = W ((0, Yo, to) ' © (x1,41,11); 1,0,0). (4.60)
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As a consequence, we will now fix the final condition (x¢,yo,t) = (1,0,0) in the
optimal control problem (4.59), then using the invariance property to solve it with
a general initial condition.

The constraint ¢ = —1 implies that Z-admissible paths satisfy t(s) = t; — s,
hence T' = t; —ty. Then, in the sequel we drop the time variable, we set T := t; — 1,
and we denote

T
\Ij(xhylatl;x())y()at()) = eLilr(l[f(‘) TD/ MQ(T)dT7 (461)
w ) 0

where w € L'([0,T]) is such that (4.59) holds true.
For the above reasons, the optimal control problem (4.59), (2.38) now reads as
follows:

t1
U(xy,y1,t151,0,0) = wegl(i{gtl])/o w?(7)dT subject to constraint (4.62)

=
8

—~
~+

—

~—
Il

{fc(s>=w<s>x<s>, 2(0) = |
w(s),  y(0) =, ylt)=0.

To simplify the notation, in the sequel we agree to set
(1,91, 1) == V(21,91,1151,0,0).

We now solve this problem. As a by-product, we show that we can always steer
(z1,y1) to (x, o) in time T, when y; < yo. This implies that there exists a control
w steering (z1,y1,t1) to y(t1 — to) = (20, Yo, to), as we pointed out in Remark 4.2.4.

We now apply the Pontryagin Maximum Principle to problem (4.62). The Hamil-
tonian of the problem (4.62) is

H (2,9, M, Mg, po, w) = Maw + Ao + pow?, (4.63)

where (A1, Ag) are the coordinates of the covector A.
We first remark that Problem (4.62) admits no abnormal extremals. Indeed,

assume by contradiction pyp = 0 in (4.63). Then
H(z,y, A, A2, po, w) = Maw + Aoz

Recall that x > 0. Hence, the maximization of the Hamiltonian is equivalent to

oH
%(%%)\1,)\271?0700) =0 = >\1(5> =0, Vse [Oatl]'
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Moreover, using the fact that A;(s) = 0 for all s € [0, ], it holds

. OH
)\1(8) = _%(xaya )\17 )\2,]?070.)) = _)\1(8)(’0(8) - >\2(8) = 07

hence \y(s) = 0 for every s € [0,t1]. We conclude that
(A1(s); A2(8),po) = (0,0,0) for every s € [0,1].

This is in contradiction with the fact that (A;(s), Aa(s), po) is always non-vanishing.
Since no abnormal extremals occur, we choose pg = —%. We then compute the

optimal control as the unique minimizer of H (x, Y, A1, Ag, —%, w), that is

w(s) = Ai(s)z(s), (4.64)

and the maximized Hamiltonian is
1

H*<xay7 )\17 )\27p0) = 2

Ma? + hox. (4.65)

The corresponding Hamiltonian system reads as
(4.66)

In the sequel, we choose the parameters
k= )\1(t1> and C .= )\2(t1)

as the final condition for each extremal, that is uniquely determined by being the
solution of (4.66) with final condition (x,y, A1, A\2)(t1) = (1,0,k,¢). Note that, by
the last equation in (4.66), we have \y(s) = ¢ for every s € [0, ¢;]. Furthermore, the
value of the Hamiltonian is a constant of motion, fixed by the final data. From now

on, we then fix
E = \2(s)x%(s) + 2Xq(s)z(s) = k* + 2¢. (4.67)

Moreover, by recalling the explicit expression for the optimal control (4.64) and

y = x, we have the following expression of the cost for extremals:

Clw( ) :/01w(3>2ds=/01A§(s)x2(3) ds:/Ol(E—2cy(s))ds:Et1+2cy1.
(4.68)
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We now describe the explicit solutions to (4.66), as a function of the final value
of the Hamiltonian E = k% + 2c. For simplicity, we consider the space variable (z,y)

only. We have three cases:

1. E =0: it holds (z(s),y(s)) = ( 4 — 2la) );

(K(hi=5)+2)7 "~ K(ti—3)+2
2. E > 0: it holds
E
(VE cosh (452 VE) + ksinh (452VE) )
—2sinh (“T_S\/F) '
VE cosh (22VE) + ksinh (L2VE)

x(s) =

y(s) =

3. E < 0: it holds
—-F
(V=B cos (527~ B) + ksin (527~ B))"
—2sin (432/—F)
yls) = V—Ecos (452/—E) + ksin (455V/-E)’

where the trajectory is defined on the whole time interval s € [0,¢;] when

(s) =

E > —;—2 only.

The three cases can be unified by using the function ¢ defined in (4.22) and
observing that it always holds

y(s) = —g (%) (1 — )V/a(o). (4.69)

We are now ready to prove the invariance properties of W.

PROOF OF PROPOSITION 4.1.1. The proof of (4.13) is a direct consequence of (4.60).
In order to prove (4.14) we introduce another symmetry of the problem. Consider an
extremal of (4.62) steering (x,y) to (1,0) in time ¢, with a final covector parametrized
by (k,c), hence with Hamiltonian £ = k* + 2¢ and cost C' = E'T + 2cy,. Fix now
r > 0: the extremal ending to (1,0) with final covector (rk, rc) steers (z, £) to (1,0)
in time f Moreover, the Hamiltonian is 72 F and the cost is r C. The proofis a direct
consequence of the explicit expression of solutions of (4.66). As a consequence, a

trajectory parametrized by (k,c) steering (x,y) to (1,0) in time ¢ is optimal if and
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only if the trajectory parametrized by (rk,r?c) steering ( ) (1,0) in time £ is
optimal too. Combining this with (4.60) we get the property

(21, y1,t1; %0, Yo, to) = ‘I’(ié U 1y — t0; 1,0, 0) (4.70)
_ 1 1 Yi—yo t1—t Y1 t1. Yo to
\Ij(x(lﬂ 1’&:00’ 17”0 1 0 O) \Ij(x17 rl’r}’xo’ 7"0’7?)'
This proves (4.14) in Proposition 4.1.1. O

In view of (4.13) and (4.14), with no loss of generality, from now on we consider
the problem of steering (z1,y;) to (1,0) with fixed final time ¢; = 2. First observe
that, since g is a C'™, strictly increasing function, from (4.69) we find the unique
value for the prime integral E for which it holds (2(0),y(0)) = (z1,v1), that is

E-got (k=) -0t (1) (@.71)

It also clearly gives the basic relation ¢ = E’T’#, hence c is uniquely determined

by k. Then, the cost of the corresponding extremal is

C=2E+uy(E—-k) =24k -k’ (4.72)

We now compute the value of £ by imposing the initial condition on the second

component only, i.e. y(0) = y;. It holds:

e for y; = —2,/771, the unique extremal satisfying y(0) = y; has final covector

k= 1y+2 and the optimal cost is C' = (yly;f)Q

e for y; > 2,/71, the unique extremal satisfying y(0) = y; has final covector

k= —\/E(coth(\/E)) _2_ VEY +4a, — 2

Y1 yl

9 Ey1—2x1—2+424 /4:c1+Eyf

Y1

and the optimal cost is C' =

e for y; < 2,/771, the unique extremal satisfying y(0) = y; has final covector

k=—V—E(cot(V-E)) - 2

Y1
Since —m2 < E < 0, we find

p= VR 2y < B <

v Eyitdzi+2 .
k= -NATHTE i 2 < B < —72/4,

Y1 ’

129



and the expression of the optimal cost is

Ey1—2x1—2424/4z1+Ey? .
C =g Zn2VAn TN if —m2/4 < E <0

Y1

Eyi1—2x1—2—2+/4z1+Ey? .
O =921 Tt by 1f—7r2<E<—7r2/4.

Y1 ’

In conclusion, we have that the unique extremal satisfying y(0) = ; has final

o — v/ Ey? 44z -2

covector
if B> —n%/4;

\/E%Tiz (4.73)
k=Yl if —n? < B < —m?/4,
and the optimal cost is
By —zq— z1+g9— (-4 )y?
02423/1 1 1+\/4 1+9g 1( Nlﬁ)yl7 B> 2/
Y1 (4.74)

Zy —961—\/4561-&-9*1 <—2y7\/1x—1>y%
Y1 ’

C=4

if —m? < B < —7w?/4.

We are now left to prove that, with the previous choice of k, one also has z(0) = z;
and z(t;) = 1. With this goal, it is sufficient to observe the following interesting
geometric feature of solutions of (4.66): the quantity A\;(s)z(s)+Aa2(s)y(s) is another
constant of motion for (4.66), whose value set at s = ¢ is k. Merging this information
with (4.67), we have

2cx(s) = E — (k — cy(s))?

for all points (z(s),y(s)) of the solution of (4.66). In other terms, the trajectory
(x(s),y(s)) always belongs to the parabola

2(s) = =5y7(s) + ky(s) + 1.

Then, when the trajectory reaches y(0) = y; and ¢; = 2, it holds

KR -E

#(0) = "

v kyy + 1 =14, (4.75)

by plugging the explicit expression (4.73) of k.

Summing up, the optimal trajectory steering (x1,4;) to (1,0) in time ¢; = 2 is
the unique solution of (4.66) with final covector (k, "”QT_E), where k and E are given
by (4.73) and (4.71). We next prove Proposition 4.1.4 by applying the symmetry

inverse transformations (4.13) and (4.14).

PROOF OF PROPOSITION 4.1.4. By (4.14) with r = 5% we find

\Ij('xlvylatl;xO)yOatO) = 2 v <ﬂ M72a 17070> .

t1—to z0’ zo(to—t1)
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Moreover, the Hamiltonian of the optimal trajectory of (4.66) corresponding to
the right hand side of the above equation is %E, where E is the Hamiltonian
of the optimal trajectory steering (z1,v1,%1) to (xo,yo,to). From (4.71) we obtain

WE = g! (#ﬁ), that gives (4.24). By using the first expression in

(4.74) of the ¥ ("’“ 2w1=w0) 9.1 (), 0), we obtain

20 To(t1—to)

zo(to—t1) Zo
z1 | (ti—to)? 20n-w0) |2 | Tolts — to)
+ \/413) + 4 E <x0(t17t0)> ) 2<y1 _ yo) 5

which, recalling that yo > y1, agrees with (4.23). The proof of the second one is

2 _ _
(1, y1,t1; %o, Yo, to) r— 4<(t1 4t°)2§- 2i—yo) @y
1—to

analogous.

In order to prove (4.25), we claim that, for every e €]0, 1] there exists a positive
E. such that

4
(t1 — t0)?

2 Yo—y
log <(t1_tg) %) <E<

4 2 _
(1 —&)2(t1 — to)? log (#&m) . (4.76)

where E is the function defined in (4.71), for every E > E.. To prove the claim, we
fix £ €]0, 1] and we note that

sinh(x)

exp((1 —¢e)z) < < exp(x), (4.77)

for every sufficiently large positive x. Recalling (4.24), since #;071 — 400, we

consider ¢(r) in (4.22) with » > 0. Then, from (4.77) it follows that

(1—e)(ti — ty)VE Yo — W (ti — to)VE
P ( 2 ) = (t1 — to)y/Zo1 - <T> ’

for any positive E big enough. This proves (4.76). Moreover, for E big enough, we

have, for every arbitrary € > 0

4£L'1£L'0 E
0< = < €. 4.78
o=y st (LR /) (&78)

We next consider the value function ¥ as a function of #ﬁ From the

first expression in (4.23) and (4.78), we obtain the following inequality

4 10g2 ( Yo — Y1 ) " 4(x1 + x0)
1 —¢)2(t1 — to) (to — t)y/ZoZ1 Yo — Y1
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for every E > E.. On the other hand, modifying if necessary the choice of E., we

also have

4(1—e)? — 4
W (21, y1,t1; To, Yo, to) = Sl log? <(t o~ 0 ) + —(ml + 20) — 2

(t1 — to) 1 — t0)/ToT1 Yo —
for every E' > E.. This concludes the proof of (4.25).

The proof of (4.26) is easier. It suffices to note that since, #ﬁ — 0, we

consider g(r) in (4.22) with r < 0, then £ — —ﬁ. From the second expression
in (4.23) we have

v t1; t
lim ($17y1, 15 205 Yo, 0)

Fy_ __4n?2 4(z1+xo)+4viazizg  4x
(t1—t0)? Yo—Y1 (t1—to)

4.3.1 Lower Estimates for Fundamental Solution

In this section we give the proof of the lower bound in Theorem 4.1.3 for a prelimi-
nary choice of the pole zy = (0, v0,t0) = (1,0,0). We postpone the general case at
the end of section 4.4. We first prove the following

Lemma 4.3.1. There exists a positive constant k such that
K

P(L~1,1,0,0) > .

for every t €]0,1/4].
PROOF. We claim that, for every r €]0,1/2] we have

D(z,y,t:6,n,7) > Go(x,y,6:€,1,7),

for every (z,y,t;&,n,7) € m x H°(1,0,0), where G,.(x,y,t;&,n,7) is the
Green function appearing in (4.36). The proof of Lemma 4.3.1 then follows from
(4.38).

In order to prove our claim, we fix » €]0,1/2]. For every non-negative f €
Cs°(HO(1,0,0)) and for every (z,y,t) € HO(1,0,0) we set

)= [ Gl gben ) s dnr
H9(1,0,0

wleot)= [ D 7)€ D dnr
HO(1,0,0
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Both v; and wu; are solution of Zu = —f in H’(1,0,0). Moreover u(z,y,t) > 0
for every (z,y,t) € 0(HY(1,0,0)) N {¢ < r?}. From (4.37) and from the comparison
principle we then find uy > vy in HY(1,0,0). In other words, we have

/ (D, g, 6.6.0,7) — Gols s 660, 7)) (€, 7)dE diydr > 0,
H,?(l,0,0)

for every non-negative f € Cg°(H?(1,0,0)) and for every (z,y,t) € H°(1,0,0). This

proves our claim. 0

We next state and prove the main result of this section.

Proposition 4.3.2. Let 0 < ¢ < ﬁ be fixed arbitrarily. There exists a positive

constant c_ only depending on the operator £, on € and on T' such that for every
(x,y,t) € RT x Rx]0,T] with y < —et it holds

C
T (z,y,t:1,0,0) > T?T exp (—=CU(z,y + et, t — et;1,0,0)) . (4.79)

PROOF. Let € €]0, 75| be fixed, by Proposition 4.2.5 and Lemma 4.3.1 we have

_4(d—e)t  Y(z,y,t;l,—et,et)
92 h

[(z,y,1,0,0) > M} (1, —et,et; 1,0,0)

AT _ Y(zy.t;l,—etet) [

> PR ,
- (et)”

for every (z,y,t) € Rt x Rx]0,T] with y < —et. This proves (4.79) for (zo, Yo, to) =
-5

(1,0,0), with c_p = Fm M~ 2.

(4.80)

Remark 4.3.3. The presence of € is necessary to keep the constant c_p in (4.79)
bounded. Therefore, we are led to consider a smaller time range (1 —¢)(t —to) than

t —tg. Moreover, according to the fact that

z(s) >0, y(s)=yo+ /S x(r)dr, s€]0,T],

to

the parameter € appears also in the spatial component y of V.

4.4 Upper Bound and Proof of the Main Theorem

In this section we prove the Theorem 4.1.3. For the scopes of this section it is more

convenient to write . in its divergence form
Lu=—-X"(aXu)+ (b—a)Xu+Yu, (4.81)
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where

Xu(z,y,t) := z0u(z,y,t), X'u(zr,y,t):=—Xu(x,y,t) —u(x,y,t),
Yu(z,y,t) = z0u(x,y,t) — Owu(x,y,t). (4.82)

We first prove the upper bound in (4.2) for the fundamental solution of £, which

in turns is the main result of this section:

Proposition 4.4.1 (Upper Bound). Let Ty, T} be fized and consider the set Rt x
Rx|Ty, T1[. Let £ be the operator in (4.84), and let T'(x,y,t;1,0,0) its fundamental
solution. Denoting by M, the L>®-norm of a(x,y,t) and T' =Ty — Ty, then for every
posilive €, there exists a positive constant CF, depending on the vector fields XY,

on €, T and on the L>®-norm of a(z,y,t) such that

+

C.
D(,y.41,0,0) < - exp (-ﬁxp(g:, y— et el 0)) (4.83)

for every (x,y,t) € RT x| — 00, 0[x]0, T].

We prove Proposition 4.4.1 by requiring less restrictive regularity assumptions on
the coefficients than the ones needed for the analogous lower bounds. In particular,

in this setting, we only need that I' is a distributional solution of ZLu = 0.

To achieve the proof of Proposition 4.4.1, we need to introduce some preliminary
results on non-negative weak solution u to Zu = 0 in RT x Rx]Tj, 71| and on non-
negative weak solution u to its formal adjoint .Z*u = 0 in R™ x Rx|Ty, T1[.

For this reason, we consider operators with a zero order term, namely
Lu(z,y,t) = =X (aXu) + (b—a)Xu+ cu+ Yu (4.84)

with the notation used in (4.82). Clearly, .Z is the particular case of £ that we

obtain with ¢ = 0. With the same notation, its formal adjoint .Z}" is
Llu(z,y,t) = —X*(aXu) + X*((b— a)u) + cu — Yu. (4.85)
We assume that
a,b,c,0;(xa),0,(xb) are bounded Hélder continuous functions (4.86)

in the sense of (4.16) and that a satisfies the condition (4.15). Note that the same

assumptions holds for £
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The proof of Theorem 4.4.1 is based on a local L*> a priori estimate for non-
negative solution u of Zju = 0. In order to state precisely this estimate, we introduce
some notation.

For every (xo,y0,t0) € Rt x R? and r €0, 1/2] we consider the set H,(zq, yo, to)
introduced in (4.28)

H,(xo,y0,t0) := {(x,y,t) € RT x R? | |z — 20| < ruo,
ly —yo + 20t —to)| < 73mg, —1? <t —1ty < 0}.
Proposition 4.4.2. Let (xq,yo,t0) be any point of RT x R?, and let r,p with 0 <

r/2 < p<r <1/2. Let u be a non-negative weak solution of Lyu(x,y,t) =0 in
H,(x,y0,t0) and let uw € LP(H,(xo, Yo, t0)), with p > 1. Then

sup  uf < L@,/ uP, (4.87)
Hp(xo,yo,to) (T - p) HT(xo,y(),to)

where the constant ¢ > 0 depends only on £1,p and on the L> norm of a,b, c.
The proof of Proposition 4.4.2 relies on the analogous result proven in [22, The-
orem 1.4] for the Kolmogorov equation with bounded coefficients. For the sake of

simplicity we recall here its statement for a particular operator strongly related to

. For every (xg,yo,to) and r > 0 we denote

H (w0, 90,t0) = { (2,9,8) € B* | |o = o] <.
Y — o + 2ot — to)| < %, =12 <t —1y < o}.

Let Q be an open subset of R3 (x,y,t) € Q and consider v(z,y,t) a positive weak

solution in Q0 of the following equation
Ou(a(x,y, £)0,0) + b(x,y, )0y + 20,0 + &, y, t)v — Opv = 0. (4.88)
Assume that a, b and T are measurable bounded continuous functions such that
igf a(x,y,t) > 0.

Let (xq, yo,to) € Q, let p,r be real parameters such that 0 < r/2 < p <r <1 and
f[r(xo,yo,to) C Q. Then, there exists a positive constant ¢ depending on the L
norm of a, g, ¢ and on p such that

sup P < —/ vP. (4.89)

- _ 6 [~
H(x0,y0,t0) (7“ P) Hyr(z0,y0,t0)



for every v € LP(H, (o, yo.to))-

PROOF OF PROPOSITION 4.4.2. We first note that .Zu = 0 reads as follows
Op(2?a(x,y,t)0u) + (b(z,y, ) — a(z, y, t))wpu+ c(z, y, t)u+ xdyu — yu = 0 (4.90)

so that it has the form (4.88). Even if coefficents of % are unbounded and
infg+ g2 22a(z,y,t) = 0, estimate (4.89) holds on compact cylinders contained in
RT x R% However, we need to show that the constant ¢ in (4.87) does not depend
on (zg, Yo, to) and r.

We first fix (o, yo,t0) = (1,0,0), so that the cylinders H,(1,0,0) and ﬁr(l, 0,0)
coincide. We modify the functions a(z,y,t), b(z,y,t) and ¢(x,y,t) as we have done

in chapter 2

a(z,y,t) = p*(x)alz,y,1), b(z,y,t) = p(z)(b(z,y,t) — a(z,y,1)),

cz,y,t) = p(z)c(z, y, t)
where o(z) is the function defined in (4.33). Then the functions a,b and ¢ are
uniformly bounded, inf @ is strictly positive and (4.89) implies (4.87) if (xo, o, t0) =
(1,0,0).

For a general (xg, yo, o), we consider the function

w(z,y,t) = U((IOJ Yo to) © (m,y,t))

and we conclude the proof by the argument used in the proof of Proposition 4.2.1.
O

We next introduce a result that, combined with Proposition 4.4.2, provides us
with the asymptotic upper bound of the fundamental solution of .Z;. We first
introduce a suitable cut-off function. Let choose R > 1 and consider the following

function
Xr(z,y) = gr(z)hr(y), (z,y) € RT xR, (4.91)

where
— o (log?(@)+1].
- gn(e) = o ()
- (s) is a continuous function such that ¢(s) = 1 if s € [0,1/2] and ¢(s) = 0 if
s € [1,+o0l;
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- h(y) is a continuous function such that

e h(y)=1ify € [-R, R];
o h(y) =0if y €] — 0o, —R* U [R?, +00];

e h(y) is a C? spline function with derivative bounded by =2, if y €

R?_R’
[~ R% —R]U[R, R?.

We first observe that gg(z) # 0 only if = € [1/R, R] and

2
R—1’
2log(z)
z(log*(R) + 1)
2log(x)
(log*(R) + 1)’

|20y xr(7,y)| < #lgr(@)[|0,hr(y)] <

|20: xR (7, y)| < 2lhr@)]l¢]| Lo @)
< Nl @

Therefore

log R

X <(C—FF——
[Xxr] < log2R—|—1

—0 as R— 4+
2
Yxr| < |xdyxr| < o1 —0 as R — +o0.

Now we are ready to state the following

Proposition 4.4.3. Let u € L? (R x R?) be a weak solution of L u =0, and let
U be the value function of the control problem (2.38). Then there exist two positive

constants m, My depending on the L*™ norm of a, b, ¢, x0,a, x0,b, such that
W (xq1,Y1,5;%,Y,t1)
/ e T (b )da dy <
Rt xR
_ W(xz1,Y1,8:%,y,t )777’1,
/ P w2z, y, to)dx dy, (4.92)
Rt xR
Jor every to, t1 with ty < t1, and (x1,71,s) € RT x Rx]ty, +00].

PROOF. Fix (z1,91,t1) € RT x R?, and ¢y < t1, and recall that, for any (zo, yo, to) €
R3, in view of (4.61) the function (z,y,t) — ¥(xo, o, to; T, y, 1) is a classical solution

of the Hamilton-Jacobi-Bellman equation (see [9])

1
YU 4 L (XT)” =0,
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We set v(z,y,t) = ﬁ\ﬂ(xo,yo,to;x,y,t) where M, is the L>®-norm of a. Then v
satisfies
Yv +4M;(Xv)? = 0. (4.93)

We prove (4.92) by showing that

d
lim —XRe My <0, (4.94)

R—+o00 R+><Rx[to tﬂ dt
where xg is the cut-off function introduced above and the constant m will be speci-

fied in the sequel. Let u be a positive solution of .Z] in the domain R™ x R X [tg, 1]

We note that
/ l'ay(X?%‘e 2u—mt 2) _0
R+XRX[t0,t1]

since the function yg(z,y) has compact support in RT x R. Therefore we obtain

d v—m —20—m
/ thRe —2 tu2 —_ _/ Y(Xée 2 tu2)
R+><RX[t() tl} R+XRX[t0,t1]

:/ e_Qv_mtu2< —Y(x%) +2x5Y v — m;&z)
R+XRX[t0,t1]

-2 / e 2T uY u. (4.95)
R+ xRx [to,t1]

We first focus on the last term of (4.95). By using the fact that u is weak solution
of A u =0 one gets

—2 X5he 2Ty Yy
Rt XRX to,tl

[\3

X2 e—2v—mtu)Xu
R"'XRX to,tl

+ 2/ (xRe 2 ™) (b — a)Xu
+><R><[t0 t1

/ CXRG —2v-mi 2 A1 + A2 + Ag (496)
R+XRX[t0,t1}

Consider the first term in (4.96) and compute the derivatives

2/ aX (xre > ") Xu
R+XRX[tO tl]

/ re Ty XuX xR
R+ xRx [to,tl]

/ e —2v=mby XuXv
R+ xRx [to,tﬂ

— 2/ axne "™ (Xu)? =: By + By + Bs. (4.97)
+><]R><[t0 tl]

..p

+
S
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By using Young inequality, it follows
By =— 4/ axre ™ uXuXyr
R+XRX[t0,t1]
S4/ axre” " | Xul [uX xg]
R+ xRx[to,t1]
S/ GX%€72vfmt(Xu>2
R+ xRx[to,t1]
+ 4/ ae 2"y (X xg)? =: Oy + Oy, (4.98)
R"LXRX[to,tﬂ
Merging the inequalities (4.97) and (4.98), since By = —2C', we conclude
A =— / axmpe 2™ (Xu)? + By + Cy
R+ xRx[to,t1]
§4/ axgne My (Xv) + Oy
R+ XxXRx[to,t1]
<4M, / Xahe 2T (X v)? 4 Co. (4.99)
R+XRX[t0,t1]

Now consider the second term in (4.96). Start from integration by parts formula

Ay = 2/ uX* ((b—a)(xpe > ")) .
R"'XRX[to,tﬂ

Reminding that X* = —X — 1, similarly to (4.97), (4.98) and (4.99) we have
A2 S _/ (b o G)X%é’_zv_mt’lﬂ
R+XRX[t0,t1]

+ 4M, / X%e_%_thQ(va
R+ xRx [to,t1]

7 .
4 (b . a)2x2 672v7mtu2
AMy Jr+ xRxto,t1] f

+ / X(X?%) e 2vTmiy? 4 / X(b—a)xhe 27mhy?
Rt XRX[to,tl] Rt XRX[to,tl]

<4M, / XQRe_Q”_mtuQ(Xv)2
Rt xRx[to,t1]

3
+ / X(xp)e ™ ™Mu* 4+ =m Xue T (4.100)
R+ xRx[to,t1] 4 Rt XRx[to,t1]

by setting

m := 4 max {ﬁ”(b — a)2||Loo(R+XRX[tO,t1]), | X (b — @) || Lo (m+ xR xt0,41]) 5

2llell oo s sexosays 16 = all e xrniaosap) b (4:101)
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Going back to (4.96), combining (4.99), (4.100) and

1
A3 S Zm X2Re—2v—mtu27
R+XRX[t0,t1]
we have
A §8M1/ Xhe 2y (X v)?

R+XRX[t0,t1]
4 4/ ae—?v—mtu2 (XXR)2

R+ xR [to,t1]
+ / X(x3)e ™y 4 m e 2Ty, (4.102)

R+><R><[t0,t1] R+XRX[t0,t1]

Merging (4.102) with (4.96) ad (4.95) we conclude that

/ iX%‘evafmtuQ
R+ xXRx[to,t1] dt

§2/ (X%e_%_thQ) [Yv + 4M, (XU)Q]
Rt XRX[to,tl]

+ / (2 ™a2) (— Y (xZ) + da(X )’ + X(:2)).
R+ xR X [to,t1]

The first integral is zero since v satisfies the Hamilton-Jacobi-Bellman equation
(4.93), and (4.92) simply follows by letting R — +o0. O

The next Lemma is crucial to prove Theorem 4.4.1.

Lemma 4.4.4. Let € be a fized positive constants. Then there exists a constant
c. > 0, only depending on £, and € such that
W?(1,0,1/2) < c. / emeir® (1mei42810) 2 (¢ . 0) e (4.103)
Rt xR

Jor every non-negative weak solution u of Lu =10 in RT x Rx]Ty, T1].

PROOF. Let ¢ > 0 be fixed and let r €]0,1/2] be such that r* < ¢. By Proposition
4.4.2, with p = 2, we have

2(1,0,t/2) < 26 m.7) < —— 2(¢,m, 7)dEdnd
' ( / ) HT/2S(111,I(?,7&/2) ’ (f ! T) (T/2)6 /T(l’o’t/Q) ! <€ ! T) g "
(4.104)

for every t €]Ty, T1[. Multiply and divide the integrand of the above inequality by

the quantity
eﬁ\l!(l,—e,%—&—s;{,n,T)—&-mT. (4105)
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Note that, as r* < ¢, the function (&, n,7) — (1, —e, % +¢&;&,n,7) is well defined,
continuous and bounded in the set HT/2<1, 0, t/2).

Therefore, we denote by C. the maximum of the function in (4.105) in the set
Hr/z(l, 0, t/2), which is uniform with respect to t €|Tp, T1[. We then find

cC,
(r/2)°

< &5 // /R e B e T
2—r X

(by Pr0p031t10n 4.4.3, with to = 0 and t; = 1)

(1 —¢, +s£ 0)
7"/2 //2 r2 /R+><Re o ' (5 1, 0)dedn

u(1,0,t/2)

IN

1
/ o) © V(o) 2, g, dgdnar
10t2

cC. e 1,—&,£+&£n,0
=2 /R O vlsdiant) ey oydedy
X
which gives (4.103) by setting c. := (f/%e. O

We finally introduce a last results we need in order to prove the Proposition
(4.4.1). The following Proposition is a direct consequence of Proposition 4.4.2 and
involves the fundamental solution I' of £ in (4.81):

Proposition 4.4.5. Let fir (x,y,t), (2o, v0,t0) in RT x R? with y < yo and Ty <
to < t < Ty and let T be a fundamental solution of £ in (4.81). Let denote by
T =Ty — Ty, then there exist a positive constant Cr depending on the operator £
and on T such that the following upper bounds hold for I’

i) I'(z,y,t; 20, Y0, to) < (t—CtTo)2 ’

ii) fR+xR (x,y,t; To, Yo, to)dxodyy < C_)2;
PrOOF. We only prove i), since ii) is its direct consequence reminding that

/ I'(z,y,t; 0, Yo, to)drodyy = 1.
R+ xR
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We first fix 0 <t —ty < 1 and, by using Proposition 4.4.2, we have

F(x7y7t;x07y07t0) < sup F(‘?'f;xO’yOatO)
HH/Q(xvyvt)

C
< I (€, 717 0, yo, o) el
C« t
<o [ [ T tdgdy
(t - tO) t—(t—to) R+ xR

C
- (4.106)
since [, p T(&,m, 73 %o, Yo, to)dédn < +oo. If t —ty > 1 we set v = 22 < 1, and

starting from the reproduction property (3.68), we have

F(;E, Y, tu Zo, Yo, tO) = / F(J:a Y, t? 57 7, tO + V)F(f, 7, tO + Vi Zo, Yo, to)dfdﬁ

R+ xR

C& L/i C&
< — [(x,y,t;6,m,tg + v)dédn <
(t—t0)* Jr+xr (29,68, o + v)dtidn (t —to)?
by (4.106) where Cr = C'T? and [, o D(z,y,t;& 0, to + v)dédn = 1. O

We are now ready to prove the main proposition of this Section.
PROOF OF PROPOSITION 4.4.1. Let € > 0 be fixed and let I'(x,y,¢;1,0,0) be the
fundamental solution of .Z (4.81) and (x,y,t) € RTx] — 00, 0[x|Ty, T1[. We define
Di={(&n) eR" xR | U(z,y—e,t+/2,&n,t/2)
< W(&,n,t/2;1,0,—¢/2)},
D, = {(5,77) ERY X R |U(z,y —e,t+¢/2,&,m,t/2)
> W(E,n,t/2;1,0,—¢/2)},

Starting from the reproduction property (3.68) of I'

[z, 1:1,0,0) = / Dty €, t/2)0(E . £/2. 1,0, 0)dédn

R+ xR~

_ / T, by €0t 2)T (€, 12, 1,0, 0)dEdn +
Dy

+ [ D, t,y;&n,t/2)L(&,n,t/2,1,0,0)dédn
Do
1

C
gt—T( (/D T2(¢,1,t/2, 1,0,0)d§dn) ’

(/192 FQ(%y,t;i,n,t/?)dﬁdn) )
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where T' = T} —Tj and the last inequality follows from Holder inequality and (4.106).

We now introduce the sets

D= {(&n) eRY xR | W(zy—c,t+¢/2,1,0,—¢/2)
<20(&,m,/2,1,0,—/2)},

Dy = {(&,n) €R* xR~ | (z,y — &, 1 +¢/2,1,0, —£/2)
< 2U(x,y — E,t+€/2;5,77,t/2)}7

and we note that D; C IN)I and Dy C _52 as a consequence of the triangular inequality

of the value function:

\Ij(x()vyOutO;xvyat) S \I](x(]?yO’tO;g?naT) + qj(&?”aT;xayvt>

for arbitrary points (zo, o, %), (§,7,7), (z,y,t) belonging to RT x Rx|Ty, 71| with

y>n>yoand Ty <t <7<ty <T). Hence

N

C
Dorti1,0,0) <5 ([ T(Emt/2,1.0.00dsan)
t Dy
1

+ </~ FQ(x,y,t;S,nat/Q)dgd”)§>

Dy

We now claim that:

1
/ T2(¢,7,8/2,1,0,0)d€dn < coe” IR 72t/ 2L072/

D,

1
/ T2,y t: €, t/2)dEdn < coe” TN Y (07t HE/AL07E)
Dy

(4.107)

(4.108)

where c. is a positive constant depending on .Z and . We first prove (4.108) and

we define the functions

Do

u(z,w,s) =v((z,y,t/2) o (z,w, s)).

We further note that the functions u and v satisfy the following properties:

i) v(z,w,s) is a solution of Lv(z,w,s) =0 in R* x R x [t/2,T1[. Then u(z, w, s)
is a solution of Zu(z,w,s) =0 in RT x Rx]0, Ty[ where z = (x,y,t/2) and

Zou(z,w,5) =20, (a(zz,y + zw, t/2 + $)20,u)
+ zb(zz,y + 2w, t/2 + 5)0,u+
+ 20pu + c(rz,y + 2w, t/2 + s)u — Owu.
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ii) the function v satisfies the initial condition

v(z,w,t/2) =T(2,y,t; 2,w,t/2)15 (2, w);

iii) it holds u(1,0,t/2) = [5 T*(x,y,t;&,n,t/2)dEdn.

where 15 (z,w) denotes the characteristic function of the set Ds. In virtue of Lemma
4.4.4 we have

t
u?(1,0,t/2) < cs/ e_ﬁ‘y(l’_aﬂﬁﬂ’z’w’o)u2(z,w,O)dzclw.
R+ xR

By observing that
\Il(l, —¢, % +¢/2, z,w,O) = \If(a:,y —e,t+¢/2x,y,t/2) 0 (z,w,O))7

by the change of variable (£,7,t/2) = (x,y,t/2) o (z,w,0) and by properties ii) and
iii), we get
2
([ I(2,y, ¢, n,t/2)d5dn> = u?(1,0,t/2)
Do

<e / omwin v (evmsrremeni2) po e i) dedn

D

We finally obtain (4.108) by recalling the definition of Do

2
</~ FQ(x,y,t;ﬁ,n,t/mdgdn) <
Do

e D) / I?(z,y,t; €, m,t/2)dédn

Do

and the result immediately follows by dividing by [5 T*(x,y,t;€,n,t/2)dédn and
by recalling that \I/(x,y —e,t+¢/2,1,0, —6/2) = \I’(:I:,y —e&,t+¢,1,0,0)

The proof of inequality (4.107) is analogous to (4.108). Indeed, consider the

function
UQ(Za w, S) - /y F(£7 Tlat/27 <, W, S)F(£7 7]775/2, ]-7 07 O>d€dn7
Dy
which is a non-negative solution to Z*vy = 0 with final data wve(z,w,t/2) =

[(z,w,t/2:1,0,0) if (z,w) € Dy and vy(z,w,t/2) = 0 if (z,w) ¢ D;. Notice
that the coefficients of £* satisfy the same assumptions (4.15) and (4.86) made
on .7 in (4.84) and on ;" in (4.85), then all the properties shown for the func-
tion (z,y,t) — I'(z,y,t;&,n,7) and used to prove (4.108), also hold for the function
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(z,y,t) — (&, n,7;2,y,t) (which is the fundamental solution of Z*u = 0) and they
can be used to prove (4.107). This proves the claim. O

We are now ready to prove the main result announced in Theorem 4.1.3 .

PROOF OF THEOREM 4.1.3. Let I'(x, y,t; xo, Yo, to) denote the fundamental solution
of £ in (4.1) and (z,y,t), (%0, Yo, t0) in RT x R x [0,7] with y < yo and ¢t >
to. If (zo,y0,t0) = (1,0,0), the lower bound of I" follows from Proposition 4.3.2,
whereas the upper bound follows from Proposition 4.4.1. For a general choice of

20 = (0, Yo, to) it suffices to note that the function

on('rvyyt; ]-7 07 0) = x(Q) F<<x0a yU)tO) © (xvyyt)a :L‘[))yO:tO) (4110)

is the fundamental solution of the operator .Z,, defined in (4.18), with singularity
at (1,0,0). As noticed in Remark 4.1.2, it satisfies assumptions (4.15) and (4.16),
with the same constants M, A and « used for £, then (4.79) and (4.83) applies to

I',,. If one consider the lower estimates, we find

Cer _
F((Iﬂ»ymtO) o (I7y7t);x07y07t0> > # exp (_C ‘IJ(Q%?JJ, 17 —€t,€t)) )

that can be written equivalently as follows

F((]}, Y, t7 Zo, Yo, tO) Z

Ce, _ _
x2(t—;Tt0)2 exp (—C~U((zo, Yo, to) ' o (z,y,1); 1, —e(t —to),£(t — o)) -
0

The conclusion follows by applying the invariance property (4.60) of W:

U ((z0,Y0,t0) to(z,y,t); 1, —e(t —to),e(t —to))
= U(x,y,t; (o, Yo, to)o(1, —e(t — to),e(t — to)))
= U(z,y,t;x0,y0 — €(t — to)xo, to + (t — to))
= V(z,y +e(t —to)zo,t — (t — to); o, Yo, to)-

The proof of the upper bound is analogous. 0
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Conclusions and Future

Perpespectives

In this thesis we have derived the two sided bounds for the fundamental solution I'

of the operator
Lu = x0,(a(x,y,t)xd,u) + b(x,y, t)xd,u + x0yu — Oyu.

We have seen in the previous chapter that the operator .Z cannot be globally seen as
a Kolmogorov operator with bounded and variable coefficients since the coefficient
22 is unbonded and its infimum equals zero in R¥.

The key ingredients needed to achieve our result are the invariant Harnack in-
equality for non negative solution of Zu = 0 to obtain the lower bound and the
Moser iteration for the upper one.

This properties has been derived by the fact that . is locally well approximated by
a Kolmogorov operator with variable and bounded coefficients. Indeed, the proof of
the main theorem is based on local estimates of non negative the solution of Zu = 0
and the operator £ can be locally seen as a Kolmogorov operator with a variable
coefficients in a compact set K included in RT x R x [0, 7]. This fact allowed us
to deduce a Harnack inequality and a result analogous to the Moser iteration for
. Furthermore, the invariance of such operator with respect to a suitable left
translation yields that the constants involved in the Harnack inequality and in the
Moser iteration are idependent of the choice of K.

The first advantage of this strategy is to acquire the diagonal bounds

Cr

— T >,
.’L’Q(t—t0>2 0

I'(zo, yo + zo(t — t0), t; 2o, Yo, to) =

which agrees with the diagonal term of the fundamental solution

V3
21 (t — to)?

x—1x0)? stzo) 2
FO($7 Y, ta Lo, Yo, tO) = exXp < - (4(1571?0)) - (tin)S (y — Y — (t - t0>( —; O)) >
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of the operator

Lou = Ot + x0yu — Oyu.

This bound has an interesting probabilistic parallel since the diagonal estimate cor-
responds to the product of the standard deviations in short time ¢ of the random

variables
o2
Xt = X eXp <O'Wt + (M - g)t) )

t 2
A =10+ sco/ exp (aWs + (u — %)s) ds
0

defined in (3.2) introduced by Yor and Geman. Indeed, when p = 1, 0 = /2 we

have

Var(X;) = zg e (e* — 1) =223t + o(t), ast— 0,

(=) =2(=1) = (¢ = 1)") = 2ade* +o(t), ast—0.

oN o N

Var(A;)

T

The second advantage is that the technique allows us to obtain optimal upper
and lower bound for the off-diagonal term. Indeed, in connection with control theory,
the basic idea is that, to obtain the bounds between two points, there must exist
an admissible path between those points, along which the Harnack inequality holds.
For the non-degenerate case in RY this path is simply the straight line as it is shown
in Moser’s articles [60, 62|, whereas in degenerate problem it is the geodesic curve
joining the two points (when the optimal control problem is well-posed).

For the off-diagonal upper bound, we have developed the techniques appearing in
Aronson [2|. However, in order to obtain a similar upper bounds for the fundamental
solution I' of .Z in terms of the cost associated to the geodesic curve joining the two
points, we has been led to consider the Hamilton-Jacobi-Bellmann equation related

to our value function.

Concerning the existence of the fundamental solution of ., the only known
result is the representation formula proven by Geman and Yor (3.27) and in its
general expression (3.39), which has been obtained by probabilistic techniques for
the simplest case of operators related to Asian options with arithmetic average.
The existence of the fundamental solution in the more general case of smooth variable
coefficients is proved in this thesis by means of the Theory of stochastic processes
and, in particular, by Malliavin Calculus.

Because the estimates of the fundamental solution apply both to operators with
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variable coefficients .Z and to operators %, considered by Geman and Yor, we get,
in particular, a comparison between the two fundamental solutions. Consequently,
the expression in integral form shown by Geman and Yor provides a further estimate

of the fundamental solution I' of the operator . with variable coefficients.

We plan to pursue the research work considering the problem of the existence of
the fundamental solution of the operator .Z relaxing the smoothness assumption on
the coefficients, using a method different from the classic parametrix method, but
that is based on the approximation of the coefficients with regular functions. The
existence of the limit should be ensured by the estimates proven in the thesis, which
depend only on the module of the Holder continuity of the coefficients and not on

their further regularity.

In the case of uniformly parabolic equations, this set of information provides
criteria of existence and identifies the classes of uniqueness solution of the problem
of initial values. The extension of this study to the operator of the arithmetic average
Asian options is also a future research work. We also plan to extend this program to
more general operators, following the lines of research classically used in the study

of uniformly parabolic operators.
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