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1 Introduction

1.1 General description of the problem

The name “Diophantine equation” derives from Diophantus of Alexandria (about A.D. 250), au-
thor of a series of books called Arithmetica, who was the first mathematician to study solution
of equations involving only integers numbers. One of the first problems was to know how well a
real number can be approximated by rational numbers. We can talk in this case of Diophantine
approximation.

We define a Diophantine inequality | #?(n)| < 1, n € R, as an inequality for a real general-
ized polynomial & in r integer variables n = (ny,...,n,); however, in our research, we focus only
on sums of monomials of r different variables.

Let @ € R; the aim is to approximate @ with F(x,k,A) where
F(,K,A) = F(X) = F(x1, .. X kiye ook Ay, ) = it o A (1.1)
with
e X = (x1,...,x,) where x1,...,x, are integer variables,
e k= (ky,...,k,) with k; € R™ fixed real exponents,
e A =(Ay,...,A) with A; € R* fixed real constants.

In our dissertation k = (kj,...,k,) will have at most one non integer component. More pre-
cisely, ki ..., k,_1, will be fixed positive integers, while k, > 1 will be a real parameter. One of our
goals will be to prove non-trivial results in as wide a range for k, as possible. Moreover we will
only look for solutions in prime variables which we denote by x =p = (py,...,pr).

The exact value of @ may be not reachable in general for obvious reasons but our goal is
to prove that V@ € R and Vn > 0 fixed, there exist infinitely many solutions of the Diophantine

inequality

|F(p) —o| <n (1.2)

1



1.1. General description of the problem

with some conditions on the coefficients A;. In fact, some further hypothesis is necessary:
e on signs: otherwise it would be impossible to approximate all real numbers.

e at least on one ratio A;/A;: in fact, if all coefficients A; and all exponents k; were integers,
then F would only take on integral values and it would be impossible to approximate non
integers; more generally, if all exponents were integers and all the coefficients A; were
rational, the values of F' would all be multiple of some fixed rational number and, again, it

would be impossible to approximate other real numbers.

The difficulties of the problem depend both on the number of variables r and on the exponents

k;. We call “density” of the function F the quantity

1 1
— o(F) = e — 1.
p=p(F) ki k.’ (1.3)

in agreement with the definition of density in typical additive problems with integers.
The “smaller” is p the harder the problem. For small value of the density the goal is to prove
that |F(p) — @| < n has infinitely many solutions for some fixed 1 > 0, but if p is larger we can

prove stronger results taking 7 as a small negative power of M(p,k) := (max;( p'f‘ veen, PR)), say
n=(M(p,k)) ¥, (1.4)

where Kk is the parameter referred to above and y(k) > 0. The number of variables r also plays
a role in determining whether a problem is easy or difficult: having more variables complicates
the computations but it is possible to apply the Cauchy-Schwartz and the Holder inequalities in
several different ways and thus make the problem “easier”.

In these kinds of problems it is enough to prove that there is at least one solution of inequality
(1.2) with pl;-j € [0X,,X,) for j=1,...,r, where § is a small positive constant and X, is a suitable
sequence with ngrmen = +oo, Actually X (we are dropping the useless suffix n), will be related to
the convergents of the continued fraction of the ratio A;/A;, that we supposed to be irrational, and

we can define all parameters in terms of X. In other words, as we supposed that A;/A; is irrational,

there exist infinitely many solutions of the inequality

witha € Z, g € Nand (a,q) = 1. We will take some fixed positive power of the denominator g > 0

as a sequence of X that therefore tends to infinity.



1.2. Main known results

1.2 Main known results

Many recent results are known with various types of assumptions and conclusions. The first ap-
proach to deal with these kinds of problems is due to Davenport & Heilbronn in 1946 (see [10]):
their technique is a variant of the circle method as we will explain later in the next section. In their
problem k = (2,2,2,2,2) and all the five variables are integers numbers.

Following the Davenport & Heilbronn variant, many authors faced similar problems where
variables were prime numbers: Vaughan in 1974 (see [44]) dealt with a ternary linear form, k =
(1,1,1) while Briidern, Cook & Perelli in [5] dealt with a binary linear form in prime arguments
with k = (1,1) in 1997. Cook & Fox in [7] dealt with a ternary form with primes squared, k =
(2,2,2), that was improved in term of approximation by Harman in 2004 (see [22]). Furthermore,
Cook in [6] gave a deeper description of general the problem with r primes py,...,p, and this
work was improved by Cook & Harman in 2006 (see [8]).

Some authors dealt with the number of exceptional real numbers @ that cannot be well ap-
proximated with (1.1). In detail, we call a well-spaced set ¥ a set of positive reals where there is
ac>0suchthatu,ve ¥, u#v = |u—v|>c. Theideais to study the set E(¥,X,d) that

denotes the number of @ € ¥ with @ < X such that the inequality

F(p)- 0| <o

has no solutions in primes py,..., p,.

There are some differences between the results quoted above and our purpose: in our case the
value of 1 does depend on the primes p; and it will be actually a negative power of the maximum
of the p;, see (1.4), while in the papers quoted above 7 is a small negative power of ® and the
assumption that the coefficients A; are all positive is not a restriction. Moreover k; is the same
positive integer for all j. Nevertheless the assumptions that A;/A;, say, must be irrational is still
the heart of the matter and it is necessary, if one wants to approximate to all real numbers and not
only some proper subset; in fact we remark that if all A;/A; were rational F (p) would be multiple
of some fixed, positive real number, if all k; are integers, as we pointed out above.

Vaughan in [44] followed another approach, that is the same we are using in our dissertation:
dealing with a ternary linear form in prime arguments with k = (1,1,1) and assuming some more
suitable conditions on the A;, he proved that there are infinitely many solutions of the problem (1.2)
when 1) is defined as in (1.4); in his case y(k) = y = %. Such result was improved by Baker &
Harman in [2] with y = é, later by Harman in [21] with y = % and finally by Matoméki in [34]
with v = %. Baker & Harman [2] also proved that under the generalized Riemann hypothesis it is

possible to reach y = i.



1.2. Main known results

Piatetski-Shapiro in [39] was the first to approach a Diophantine problem, analogue of the
Waring-Goldbach problem, in which a non-integral exponent appears. Later Tolev in [42] im-
proved the results of Piatetski-Shapiro on the ternary problem with all A; = 1 and all the exponents
kj equal to a rational constant k ¢ N.

Languasco & Zaccagnini in [29] and [30] dealt with ternary problems with different powers
kj, one of them depending on a real parameter k, that is, k = (1,2,k) and k = (1, 1, k), respectively.
The idea is to get the best approximation reaching the widest range of values for k whereby the
inequality holds. In both cases, the choice of the values of the different parameters, and hence
the range for k and the value of y(k), depends on the solution of an optimization problem; see
in particular Sections 2.3 and 3.3. A result of this dissertation is the improvement of the ternary
problem in [30] as one can see in Chapter 4 and [15]. The case k = (1,1, 1) has not been treated
here since, as described above, has already been dealt with by several authors; in fact for integral
values of the exponents, stronger estimates are available for the exponential sums we will define
in the next sections.

Languasco & Zaccagnini also dealt with a quaternary form, k = (1,2,2,2) in [28] with a prime

and 3 squares of primes obtaining Y = —; this was improved by Liu & Sun in [33] with v = %

T
using the Harman technique and recently refined by Wang & Yao in [48] with y = ﬁ using a
better estimation on the minor arc due to Harman [22] and Harman & Kumchev [23]. Another
result of this dissertation is the generalization such a quaternary problem as one can see in Chapter
2 and [13].

Recently Mu in [36] dealt with a problem in five variables with four squares of primes and
a k-th integer power of a prime, k > 3; in this case k = (2,2,2,2,k). Ge & Li in [16] used a
quaternary form with different integer powers k;. Mu & Lii dealt also with a quaternary problem
in [37] with two square of primes, a cube of a prime and a k-th power of a prime with k > 3
integer: k = (2,2,3,k). Finally, as we will show in this dissertation in Chapter 4, the results of
the ternary problem [30] is improved by Languasco, Zaccagnini & the author of this dissertation
in [15] widening the k-range to k € (1,3] and giving a stronger bound for the approximation in the
common range, combining Harman’s technique on the minor arc with the L*-norm of the relevant
Weyl sum over primes Sk.

Another approach in Diophantine approximation considers a real analogue of the Goldbach-
Linnik problem, i.e. adding to the polynomial a combination of primes and s powers of 2, where

s is a fixed integer:

TP+ Aepf + 2" 4 2™



1.3. The Circle Method

The first result on this matter is due to Linnik himself in [31] and [32] but for more recent
results proved on the topic we cite Parsell [38], Languasco & Zaccagnini [27], Languasco &
Settimi [26], Wang [47]. The approach is similar to the one without powers of two and the heart
of the matter is again the assumption that some ratio between two of the A; must be irrational.

We remark that the presence of the powers of 2 does not change the density of the problem.

Some authors have faced similar problems with primes and almost-prime'

numbers (see Har-
man [20] and Yang [50]) or the special prime numbers: see Dimitrov [11] and Tolev [43], where a
special prime number is a prime p that satisfy that p 42 has at most n prime factors where n varies

according to the different papers.

1.3 The Circle Method

The Circle Method is an idea developed by Hardy & Ramanujan [18] in investigations on the
partition function and later applied in additive problems like the Waring Problem and the Goldbach
Conjecture. Actually various problems in additive number theory motivated the development of
the Circle Method and many problems were solved with this method by Hardy & Littlewood in
the beginning of the XX century; the standard reference for this method is Vaughan, [46].

In general a typical additive problem has the following nature:

Given s > 2 subsets of N, Ay,...,As, not necessarily distinct and a positive integer n, deter-

mine how many solutions has the equation
n=a+---+a

wherea; € Ajfor j=1,...,s.

Sometimes for large values of n is sufficient to show that such an equation has at least one
solution. Nevertheless, even for large n, there can be arithmetic conditions that force some restric-
tion in the choice of n: for instance, in the binary Goldbach problem n must be even otherwise the
conjecture is usually false: it is not possible to write an odd number as a sum of two primes be-
cause every prime greater than 2 is odd; on the other hand in ternary Goldbach problem » must be
odd. In the Waring problem - solved by D. Hilbert in 1909 in ”Bewesis fiir die Darstellbarkeit der
ganzen Zahlen durch eine feste Anzahl n-ter Potenzen (Waringsches Problem)” - all the subsets
Ay,...,As are equal to the k-th powers of the natural numbers and the goal is to represent every

natural number » as a sum of at most s k-th powers.

1p_ is an almost-prime number is it is an integer number with at most » prime factor



1.3. The Circle Method

In order to study these problems we start by the original Hardy, Littlewood & Ramanujan

ideas: we assume that A} = A, =---A,, = A is an infinite set and we define a generating function

= 1 ifneA
fa@) =Y am)  ap=
n=0

0 otherwise.

f is a power series with radius of convergence 1. Now, setting r¢(n) the number of ways of writing

n as the sum of s elements of A,

rs(n) = {(ai,...,a5) €A* :n=a;+---+as}|

we have
oo
f@) =Y rs(n)"2".
n=0
Consequently,
11 fa(@)’
}"S(I’l) = % ” Zn+l dz

where v is the circle whose center is at the origin and radius is p < 1.

Vinogradov in the 1930’s introduced some simplifications using finite sums instead of infinite
sums: the problem we considered since the beginning is interesting only if A is an infinite set,
otherwise we could enumerate the different values of a; + ...+ a; in a finite numbers of steps. If
we define Ay = {a €A :a <N}, Ay is afinite set for every N and the Ay is an increasing sequence
of subsets of A. For each N it is possible to consider the truncated generating function for every
Ay without any singularities and without any problem of convergence.

Also with Vinogradov’s approach the problem can be transformed in a complex analysis prob-
lem where the circle is replaced by the interval [0, 1].

The idea of the Circle Method is to split the interval [0, 1] into disjoint pieces called major
arcs and minor arcs: on the major arcs we will find the main term of the contribution bounded
away from zero; they are the union of suitable neighborhoods of rational numbers with “small”
denominators. The minor arcs are the complement of the major arcs and we should prove that
their contribution is smaller than the major arcs.

The Circle Method was used to attack problems involving prime numbers so it needs several
results concerning analytic number theory. For those reason we will use the exponential sums
defined in Appendix B and their weighted version as basic tools also for the problems we will
discuss in the next Chapters.

More details on the Circle Method, it is possible to consult the classical literature; this section

is adapted from Davenport [9] and Miller & Takloo-Bighash [35].



1.4. The Davenport-Heilbronn variant

1.4 The Davenport-Heilbronn variant

A variant of the classical circle method was introduced by Davenport & Heilbronn in 1946 (see
[10]) in order to attack Diophantine problems; in particular it permits the investigation of some
given type of inequalities as (1.2). The integration on a circle, or equivalently on the interval [0, 1],
is now replaced by integration on the whole real line. The problem we are dealing with is not to
count the exact hits like in Goldbach or Waring’s problems but to find how close it is possible to
be at any real number @ as described in section 1.1.

For this purpose we need a measure of “proximity” that can be chosen in many ways: in these
Diophantine problems there is only one major arc, which is a suitable neighborhood of 0. The most
natural way is to choose the characteristic function x|_p ;) of the interval [—7n,n]. Nevertheless,
as we will see later, we need a function whose essential feature is that the rate of the decay at
infinity of its inverse Fourier transform is & <\Oz \*1>. We want to point out that since we are
considering only even functions, it makes no difference to speak of Fourier transform or inverse
Fourier transform. To keep the same notation of the references in bibliography we will call K
the function and En its Fourier transform. In this case I?n(oc) = X[—n,n) (@) is not suitable as its
inverse Fourier transform behaves at infinity like |a| 1.

We need a continuous function as En (a) (see Fig.1.4), so we introduce

~

Ky(ot) :=max(0,n —|et|) where 71 >0

whose inverse Fourier transform is
sin(mran)\?
Ky(a)=(——
T

2

for o0 # 0 and, by continuity, Ky, (0) = n?. It vanishes at infinity like &2 and it is trivial to prove

that

Ky () < min(n?, || 2). (1.5)

Figure 1.1: Graph of function fn (o)



1.5. L*-norm estimation approach

1.5 L?-norm estimation approach

First of all, we need to define an exponential sum related to the primes, similarly to the Goldbach
problem: for £ > 1, let
Sc(a)=Y logpe(p‘a). (1.6)
SX<pk<x
where 6 is a small, fixed positive constant; the choice of starting from 60X instead of 1 or 2
is needed for technical reasons but it does not alter the final result. & may also depend on the
coefficients A;.
We will approximate the exponential sum S; with both the corresponding exponential sum

with the coefficient log p replaced by its average 1 and the exponential integral:

Ua)= Y e(nfa) (1.7)
SX<nk<X
Xt
_ k
Tk(a)—/(sx)ie(at )dr. (1.8)

The reader can find in Appendix B some details on the bounds for the exponential sums and
integrals Sy (), Ux(o) and T (cx).

The original works of Davenport & Heillbronn in [10] and later Vaughan in [44] and [45]
approximate directly the difference |Si (@) — Ti ()| and estimate it in a trivial way with O(1). The
idea of Briidern, Cook & Perelli in [5] and Languasco & Zaccagnini in [30], is to improve these
estimations taking the L?>-norm of | Sy (a) — T ()| leading to significantly better conditions and to
have a wider major arc (we will define the major arc for our problems in Section 1.6 similarly to
the definition of major arcs for the Goldbach problem) compared to the original DH approach.

In fact, setting the generalized version of the Selberg integral

2x 1

AGH) = [ (0+mh - 00 - (1) —xh) ax

X

where 6(x) = Z log p is the first Chebyshev function, Gallagher’s Lemma (Lemma 1 of [12])
p<x

allows us to connect the mean-square average of Sy — Uy to the Selberg integral _#;, instead of

using a point-wise bound (see [5]). We will have then Lemmas B.11 and B.12 that allow us to get

a proper bound for the quantity

[ Isi(@) - vifoolae

f0r0<Y<%.



1.6. Setting the problem

The Davenport & Heilbronn method is related to the maximum of the quantity 6 (x) — x, while
Briidern, Cook & Perelli and Languasco & Zaccagnini are related to the variance of 6(x) — x:
as we know that the behavior of such a function is better when we take the average, we gain

something in terms of width of the major arc.

1.6 Setting the problem

We decompose R into subsets such that R = 90t U m U t where 90 is the major arc, m is the minor
arc and ¢ is the trivial arc. In contrast to Goldbach problem the major arc is a small interval centered
in O that becomes smaller as our parameter X increases. Moreover in Goldbach the number of the
arcs increases as the parameter considered grows while in our problems we have only 3 or 4 arcs.

We expect to have on 9 the main term with the right order of magnitude without any special
hypothesis on the coefficients A;. It is necessary to prove that the contributions of the trivial arc
and the minor arc are small compared to the major arc: the contribution of the trivial arc will not
be a problem because we will prove its contribution is “tiny” with respect to the main term because
of the Fourier transform property. The real problem is on the minor arc where we will need the full
force of the hypothesis on the A; and the theory of continued fractions. There is another difference
to the Goldbach problem: we will be able to prove that the terms on the minor arc and on the
trivial arc are a little-o of the main term only on a suitable sequence where the exponential sums
are small taking advantage of the fact that the ratio A;/A; is irrational.

Sometimes it may happen that for matters of choice of the parameters we have a gap between
the end of the major arc and the beginning of the minor arc. This kind of intermediate arc can
be filled, depending on the case, with standard estimates such as those that have been used for
instance by Liu & Sun in [33] and by Languasco, Zaccagnini & the author of this dissertation in
[15] (see Chapter 4).

A (X) will always denote the number of solutions of our inequality and we expect that a lower
bound for .4 (X) is nXP~!, where p is the density of the problem defined in (1.3). This is a reason
why the smaller is the density the more difficult is the problem. For the same reason every problem
presented in this dissertation has got a density greater than 1.

In general, we expect that a Diophantine problem, once that the necessary conditions have
been discussed, is soluble V7] > 0 fixed, as soon as p > 1; it is just because today’s techniques are
not strong enough that we need more restrictive conditions, that is, to take larger values of p. For
the same reason, any numerical simulation about the theorems that will be enunciated suggests

that less restrictive conditions may be taken or that the density may be reduced.



1.7. Results

Another clue suggesting that we may take less restrictive conditions is that the term pﬁ is
always irrational if & is not integer and one might argue that the hypothesis of irrationality might
become redundant. Though p* is uniformly distributed (mod 1) it is not of any help as we are
approximating any real number and not within an equivalence class. Today’s techniques do not
allow us to have better estimates on all R than those in the Appendix B.

One thing that allows us to have better estimates is to increase the number r of variables as it
happens for the Goldbach ternary case, which, unlike the binary case, has been solved. In fact,
having more variables complicates the computations, but on the other hand with more variables
it is possible to apply the Cauchy-Schwartz and the Holder inequalities in several different ways
getting better results. For instance, this fact can be seen clearly in Section 4.5 where the Holder
inequality is used in three different ways depending on the specific needs.

Remark: from now on, anytime we use the Vinogradov symbol < or >> we drop the depen-
dence of the approximation from the constants 4, 8 and k. Furthermore € stands for a sufficiently

small positive number whose value could vary depending on the occurrences. We use the notation

f=o0(g) forg=o(f).

1.7 Results

Theorem 1.1 ([13], Theorem 1). Assume that 1 < k < 14/5, A1,A2,A3 and A4 be non-zero real
numbers, not all of the same sign, that A /A, is irrational and let @ be a real number. The

inequality
|Aip1+ 22p3 + A3p3 + Aaply — 0] < (M(p, k) VHre

has infinitely many solutions in prime variables p1, p2, p3, pa for any € > 0, where

. 1 14-5k
l//(k)—m1n<14, ok >

The first problem we are dealing with in Chapter 2 is a quaternary problem that can be seen
as a generalization of Languasco & Zaccagnini [28], Liu & Sun [33] and Wang & Yao [48]. In
particular we recover [48] for kK = 2 obtaining the same result (neglecting the log powers) but we

also enlarged the k-range reaching k = 1?4 —E&.

Theorem 1.2 ([14], Theorem 1). Assume that 1 < k <7/6, Ai,A2, A3 and A4 be non-zero real
numbers, not all of the same sign, that Ay/A, is irrational and let @ be a real number. The
inequality

1-6k

(APt +Map3 +A3p3 + Aaph — @] < (M(p,k)) ™ ™ T

10



1.7. Results

has infinitely many solutions in prime variables p1, p2, p3, p4 for any € > 0.

The second quaternary problem outlined in Chapter 3 has a lower density and it leads to a
narrower range for k. It is very similar to Harman’s ternary work in [22], but the addition of a

variable makes it possible to raise the density and then to get infinitely many solutions for k < 7/6.

Theorem 1.3 ([15], Theorem 1). Assume that 1 < k <3, Ay, Ay and A3 are non-zero real numbers,

not all of the same sign, that Ay /A, is irrational and let ® be a real number. The inequality

—y(k
\Aip1+Aapa + Asph — o] < (M(p,k)) vikre
has infinitely many solutions in prime variables p1, p», p3 for any € > 0, where
(

(B-20)/(6k) if1<k<,

1/12 fe < k<2,
y(k) = / J3<ks (1.9)
(3—k)/(6k) if2<k<3,

1/24 ifk =3.

As we remarked above, for integer values of k stronger estimates are available for exponential
sums (see Appendix B) and they allow us to prove Theorem 1.3 with y(3) = 2—14.

Problems in Theorem 1.1 and Theorem 1.3 have the same density but as we will see we can
reach a wider range for k in Theorem 1.3. This fact can be explained noting that it is easier to
handle the distribution of one prime than the distribution of the sum of two squares of primes
although the density is the same. Theorem 1.3 is also a refining of a result of [30] which was only
proved to hold for 1 < k < 4/3. We point out that in the common range 1 < k < 4/3 we have a
stronger bound (see Chapter 4 here and [15]).

All three theorems involve a Diophantine approximation with a real k-th power of one of the

primes.



2 One prime, two squares of primes and

one k-th power of prime

The first problem is a generalization of Languasco & Zaccagnini [28], Liu & Sun [33] and Wang

& Yao [48] who found the best approximation for k = 2 with y = ﬁ.
We want to investigate the following problem: let k > 1 be a real number and assume that
A1,A2, A3, A4 are non-zero real numbers, not all of the same sign and with the ratio A; /A, irrational.

Let o be a real number. We would like to find a range for k£ where
IF(p1,p2, 23, pas 1,22,k M, 00, A3, M) — @) = [Aip1 + Jopy + Aap + Aapl — o <1 (2.1)

has infinitely many solutions in prime variables pi, p2, p3, pa for some 11 — 0 a small negative
power of the largest prime as in (1.4).

We will prove the following:

Theorem 2.1. Assume that 1 < k < 14/5, A1,A2,A3 and A4 be non-zero real numbers, not all of

the same sign, that Ay /A, is irrational and let @ be a real number. The inequality
|Ap1+ Aaph + Aap3 + Aaph — o] < (M(p,k))~¥H*e

has infinitely many solutions in prime variables p1, p2, p3, pa for any € > 0, where

. 1 14-5k
l//(k)—mln<14, T )

Let
P(X) ={(p1,p2,p3,p4) : 6X < p1 <X, 6X < p3,pj <X, 8X < p <X}
and let us define
I, w,X)= /xSl (M a)S2(A200)S2(A300) S (Ag) Ky () e(—wax)d o

where X is a measurable subset of R.

12



2.1. The major arc

From the definitions of S;(a) and performing the Fourier transform for K; (), we get
j(n7w7R): Z 10gp1 10gp210gp310gp4 max(oarl_‘F(P17P27p37p471727271()_(0‘)
(p1ysp4)EP(X)

< nllogX)*.# (X),

where ./ (X) denotes the number of solutions of the inequality (2.1) with (p1, p2, p3, pa) € Z(X).
In other words .# (1, ®,R) provides a lower bound for the quantity we are interested in and there-
fore for the proof of the theorem it is sufficient to prove that .# (1, @, R) > 0 on a suitable sequence
of values of X with limit infinity.

We now decompose R into subsets such that R =9t U m U t where 91 is the major arc, m is

the minor arc and t is the trivial arc. The decomposition is the following:

om = [—;ﬂ m— [;R] U [—R,—)I;] = R\(MUm)

so that
J(n,0,R)=9(n,0,M)+.7(n,0,m)+.7(N,0,t).

The parameters P = P(X) > 1 and R = R(X) > 1/n are chosen later (see (2.7) and (2.10)) as
well as 1 = n(X), that, as we explained before, will be a small negative power of M(p, k) (and so
of X, see (2.20)).

It is necessary to prove that .# (1, ®,m) and .# (1, @, t) are both o(.# (N, ,M)). As we will
see, in this first case we are dealing with, we do not have any gap between the major arc and the

minor arc.

2.1 The major arc

Let us start from the major arc and the computation of the main term. We replace all S; defined
in (1.6) with the corresponding 7; defined in (1.8). This replacing brings up some errors that we
must estimate by means of Lemma B.11, the Cauchy-Schwarz and the Holder inequalities.

We write
S (n,0,0M) :/msl (M10)S2 (A ) Sa (A3 ) S (Ag) Ky (o) e(—wa)do
:/sm Ti(Ma)Th (o) T (A3a) Ti(As00) Ky (0t)e(—wor)da

+/zm(Sl (Ma) =T (M a))T(Ao) T2 (A3 o) T (Asa) Ky (o) e(—war)d o

13



2.1. The major arc 14

—i—/mS] (A]OC)(SQOLQOC) —T2()LQ(X))T2(A3OC)]}((7L4(X)KTI(Ot)e(—(l)OC)dOC
+/mSl(lla)Sz(Aza)(Sg(7L3oc) —T2(13a))Tk(7L4a)Kn(oc)e(—a)a)d(x
+ /EIRSI (A1a)S2(A)S2(A30) (Sk(Asx) — Ti(Asx) ) Ky (o) e(—@ax)d e

=h+h+h+J1+ s, 2.2)

say.

Ji: Main Term

As the reader might expect the main term is given by the summand J;.

Let H(a) = T1 (M &) T2 (A 00) Tr (A3 ) Ti (Aa 0 ) Ky (@) e(— @) so that

7 :/RH(a)dwﬁ(/P: \H(a)|doc>.

Using inequalities (1.5) and Theorem B.1,

Feo e da
/ H(a)|da <<X*%X*%X%*1n2/ -
P/X P/X O
<<X%“n2P*3 —0 (X%an)

provided that P — +-co.

1

Let D = [8X,X] x [(6X)2,X2]* x [(6X)*,X*]; we have
/R H(a)do = / .. /D /R e((Aaty + Mt + A3t + Atk — @) o) Ky (o) dordry diadrsdy
- / : -/Dmax(O, N — |ty + Aa13 + Asts 4 Atk — @)|)drdradrzdey.
Apart from trivial changes of sign, there are essentially three cases as in [28]:
1. 41 >0,2%>0,43>0,44 <0
2. 1>0,4>0,23<0,44 <0
3. 1>0,4<0,43 <0, 44 <0.

We deal with the second case, the other ones being similar. We warn the reader that here it
may be necessary to adjust the value of 0 in order to guarantee the necessary set inclusions. Let
us perform the following change of variables: u; =t — % (in order to make the dependence on @

disappear), uy =13, u3 =13, us = t& so that the set D becomes essentially [§X,X]* and let us define
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D' = [8X,(1— 8)X]* for large X. The Jacobian determinant of the change of variables above is

L bbb
—u, *u, *uf . Then
4k 2 3 4

dudurdusd
/RH(a)da >>/---/D/max(0,n—Mlu1+/12u2+3~3u3 +3~4u4)|)w

>>X%72 / e /, max(O, n-— ‘l]lt] + Apuy + Azuz + 14144) ])dulduzdu3du4.

Apart from sign, the computation is essentially symmetrical with respect to the coefficients A;:

we assume, as we may, that |A4] > max(A;, 2, 43), the other cases being similar.

4|1 3
Now, fOI‘j: 1,2,3 letaj = M, bj = Eaj and .@j = [ajSX,bjSX]; ifuj S .@j fOI‘j: 1,2,3
J

then
Mug + Aup + Azusz € [2’A4|5X, 8|l4|5X]
so that, for every choice of (u,u,u3) the interval

1 1
[a,b] = |:|)44| (=1 + (Muy + Qup + Azuz)), m (N + (Mg + Auy + Azuz))

is contained in [8X, (1 — 8)X]. In other words, for u4 € [a,b] the values of Aju; + Adrua + Azus +

Aquy cover the whole interval [—n,n]. Hence for any (uj,us,u3) € 2 X P> x 93 we have
(1-8)X
/5 max(0, 1 — [Ayits + Aatts + Astts + Agitg| )ity
X
1 M 2
> Al [ max(0,m — ful)du>
-n

Finally,

/ H(a)do > nZX%*Z /// dudurdus > T]ZX%72X3 = rI2X%+1‘
R D x Drx Dy

It means that the lower bound for J; is n°X %“, as expected.

Bound for J,

We expect the main term to have the dominant asymptotic behavior, then we shall prove that all
the remaining terms of the sum (2.2) are o (an %“).

Retrieving (1.5) and using the triangle inequality,
J :/fm(Sl (7(406) -1 ()LlOC))Tz(kzd)Tz(ﬁgOﬂ)Tk()%;OC)Kn(OC)E(—(DO!)dOC
<<T]2/m ’S] (QL] Ot) —T <7L1 OC)"Tz(?tza”’T2(7L3(X)|’Tk<)t406)’d06

<<n2/5m |Sl (1106) -U (Ala)‘|T2(A'2a)‘|T2(2~3a)”Tk(2/4OC)|d(X
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+n2/m Ui(hia) = Ti (M) || T2 (A0) || T2 (As @) || Ti(As ) [dex
:772(142 +B2)7

say, where U, (A &) is given by (1.7).

Using the Cauchy-Schwarz inequality and remembering the definition of 91,

1

P/X 5 3 P/X ) 5 ) 2
A < </P 1S1(A1at) — Uy (A at)] da) (/P/X]Tz(lzocﬂ 1B (As0)[?| Tk (As)| d(x> ;

then using Lemma B.11 and Lemma B.12,

P/X ) X
/P/Xysl(xla) Ui (o) Pdo < 2/1< 2P>

<X log X 3 < X
exp| —c | ———
P ! loglog X (logX )4

for any fixed A > 0 and X 1-3+e < % < X (conditions of Lemma B.12).

Let us point out that in the estimation above we have neglected the two terms

X2/k=2 long

P?/X
px TP/

of Lemma B.11. This can be explained by the fact that the hypotheses of Lemma B.12 must be
met and therefore these terms become negligible.

The first condition on P (with k = 1) is then the following:
)Ff>)(3+E -~ P<XiE 2.3)

Let us complete the estimate for Ay:

X (U 2 2 2
A2<<<(logX)A> </O 175 (Aa0) PITo (A @) 2| T (Ascx) Pd et

1

P/X ) ) 5 2
+ [ P Pms(aa) T tac) )

Remembering Theorem B.1,

3 [ X P/X (X X—1)2(x1-1)2 2
2<<<(1 X)A> </o (X%) (X 7 % doH—/ 6> ( ) doc)
1
X 2 UX s P/X xi-4 :
<<<(10gX)A> </O Xt ida+ x o da
1 -5\ 2
X : 1+2 2_4 l
<<<(10gx>A) (X e <X> )
1 1 1
X 2/ 2 \2 X2 1,1 Xz 1
< <(10gX)A> (XkH)Z - (1ogx)’%X2+k ~ (logX)? = o)



2.1. The major arc 17

forall A > 0.

Now we need an estimation for B;: noting that

1 if o < 4

>

1+ alX <«
X if o] > 4,

in this case we use Theorem B.2,
32 :/932 ‘Ul (2,106) — T1 (7(,106)||T2(A,206)‘ |T2(A3OC)‘ |Tk(7t406)|d06

1/x P/X
<</0 |T2()~206)HTz(ﬁgO{)HTk(L;OC)’dOt+X/1/X OC|T2(1206)HT2(13OC)||T]{(A,4OC)‘C1(X

UX 1 1y o1 (P«
<</ X:X2Xido+XX 21X 1X¥ / < da
0 1/x o

Bound for J4

The computations on J3 are similar to and simpler than the corresponding one on J4, so we will

skip them. Using the triangle inequality and (1.5),

s = || 8121 0)S2(2000) (S2(Aa0r) = To(Ra) Te(A42) K (@)e( ~0t)de
<<T72/m\51(/lla)HSz(/lza)HSz(%a)—Tz(laa)HTk(MOC)Ida
gnZ/m\sl(xla)usz(xza)usz(kga)—Uz(lsa)l\Tk(Ma)!da

+n’ /Sm [S1(M10)||2(A20)[[U2(As00) — Ta(A3 @) || T (Ae @) |dex

=n*(A4+By),

say. Using the trivial inequality |S(a)| < X 2, Theorem B.1 and then the Cauchy-Schwarz in-

equality,

Ay <X1X1 /Em|Sl(Aloc)||Sg(l3a)—Uz(lgot)|doc

1
2

1
b
<<X%X% </ |Sl(7Lla)|2da> </ |Sz(l306) —U2(2L3oc)2da>
m m
Using Theorem B.3 and Lemmas B.11-B.12, for any fixed A,

4
2

S

=
=

Ay <<X%+%(X10gX) (logX)~ :XH%(logX)

=0 (X%H)

aslong as A > 1.
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As for A, we used in the estimation above Lemma B.11 that has two more terms, but also in
this case these terms are negligible if we want to meet the hypothesis of Lemma B.12: in fact it

requires that

x'-hre< X o x
<5<

and this is consistent with the choice we will make in (2.4).

Again using Theorem B.2,
B, :/im ‘Sl ()L]OC)HSQ(lz(X)HUz(Ag(X) — T2(7L3(X>HT/<<)L4OC)’(1(X
1/x P/X
<</0 ‘S] (/11(X)"Sz(lza)"Tk(k4a)‘dOC +XK/X OC’S](l](X)HSz()LzOC)HTk(L;OC”dOL

Remembering that |a| < § on I and using the Cauchy inequality, trivial bounds, Theorem

B.3 and Lemma B.4, we have
Ll L/ P/X NN )
B4<<XX2Xk§+XXk/ 1) (e0)dex / 02| (a)Pdar
1/x

o , L/ PX i/ /X i
<X2TE 4 X5 (X1ogX)? </ a“da) </ |Sz(a)\4doc>
1/x 1/x

5

TSR U 1 P\* 1 1 1,15
<Xk 4+ X2k (logX)2 X X4(logX)2 =X2"%PalogX.
We assume
2
P<X57¢ 2.4)
so that Pi = o(X %/ log X') which, with the upper bound for B4 here above, ensures that

Bound for J5

In order to provide an estimation for Js5, we use (1.5),
Js <<772/m S1 (A1) [[S2(A200)|[S2(A3 ) |[Sk(Aa ) — Tic(Asx)|dex
and then the arithmetic-geometric inequality (ab < a? + b?):
3
ss<n? 3, ([ si(liss () Pisia) - thsa)oa ).
j=2

The two terms may be estimated in the same way and produce the same upper bound. We

show the details of the bound only for the case j = 2:

172/mlSl(lla)llSz(lza)\zlSk(/ha) —Ti(As0)|da



2.1. The major arc

<<712/m|51 (M1@)[[S2(Aa ) *[Sk(Aax) — Ui (Asex) |dex
12 [ 151(210)S2(2200) UL (As00) — Ty (Asct) | do
=n°(As + Bs),
say. Using trivial estimates,
As < X /Sm 152 (A0 00) 218k (Aa @) — Ug (Asr)|dex

then using the Cauchy—Schwarz inequality, for any fixed A > 2, by Lemmas B.4, B.11 and B.12
we have

1
2

1
2
As <X ( / \Sg(lzoc)|4doc> ( / 1Se(Aact) — Uk(Ma)\zda)
m m
1
P X\?
<<XX%10gX§/k <X, P) <4 X"i(logX)'" T =0 (X%ﬂ)
provided that % >X 1= g +e (condition of Lemma B.12), that is,
(logX)* < P < X, 2.5)
Now we turn to Bs, using Theorem B.2:
1/x ) P/X 5
Bs < /0 IS1(AM1a)]]S2(A0)|"da +X/1/X o|S1 (A a)||S2 ()| de.

Using trivial estimates and Lemma B.4

1
P/X

1 P / ) P/X 4 2
Bs<— (X -X)+ X (/ 11 ()| doc-/ 1S,(A0ct)| da>
X X \Ji/x 1/X

(Sl

<X +P(XlogX -Xlog>X)

3
=X + PX(logX)2.
The case j = 3 can be estimated in the same way, then we need
P=o (X%—E) :
and, summing up with (2.5),
S
P<Xw¢ (2.6)
Collecting all the bounds for P, that is, (2.3), (2.4), (2.6) we can take
. 2 ¢ o5
P <min (X372, X&), @7
In fact, if we consider (2.4) and (2.6), we should choose the most restrictive condition between

. 2 . s
the two: if k < %, P =X5"¢ otherwise, if % <k< %, P=Xw&u"¢

19



2.2. Trivial arc

2.2 Trivial arc

By the arithmetic-geometric mean inequality and the trivial bound for S;(A4x), we see that
—+oo
|2 (N, m,1)] <</R 1S1(A100)S2(Aa0x)S2 (A3 ) Si(As0r) Ky () |dex

3 —+oo
<Xt Z/R 151 (A1 )] [S2(A;00) 2Ky () der.
=2

The two terms may be estimated in the same way and produce the same upper bound. We
show the details of the bound only for the case j =2

—+oo
xb [ 110152400 Ky (e)de

<Xt ( /R s, (/1105)\21(,7(oa)doa)é < /R +°° Sz(lzoc)|4Kn(oc)d(x);

1 1

Yoo 2 2 [ oo 4 2

<x} (/ 'Sl(ﬁf”da) </ Wﬂﬂda> —xtc
R R

[
> i
say. Using the PNT and the periodicity of S; (o), we have

om [N g I
R o? MR O

1 n XlogX
< Y 72/ 151 (a)Pder < 228
n>[Ai|R (n=1)2 R

. (2.8)
Now using Lemma B.4,

= S (R0)[* = S ()|

G :/ Lda<</ P22 da
R a? MR o?
1 n Xlog?X
<Y 7/ 155 (c)[*dor <« 281 (2.9)
(l’l—l)2 n—1
n>|A1|R

Collecting (2.8) and (2.9),

1 1 1 3
XlogX\2 /Xlog?X\2 X' (logX)2
\f(n,w,t)|<<xf‘c< ‘;g ) ( (;f ) <<k(ROg 2

Hence, remembering that |.# (1, @, t)| must be o (an %“>, i.e. little-o of the main term, the
choice

log® X
- 0;’;2 (2.10)

R

is admissible!.

3ie
IWe could also take R = log;# but (2.10) is sufficient for our purpose.



2.3. The minor arc

2.3 The minor arc

In [29] Lemma 2.3 it is proven that the measure of the set where [ (Ma)ﬁ and |S2(Lo)| are
both large for o € m is small, exploiting the fact that the ratio A; /A, is irrational. The idea is to
reach the widest k-range, assuming k as a parameter from which all other parameters depend and
adjusting all them retrospectively.

In this section we have chosen to leave the parameters free. We will call (1,d) the k-range
and a(k), b(k), c¢(k) the parameters that will determine the choices of 1 and the link between the
choice of X and the convergent of the fraction A;/A;. This choice reflects the work procedure
followed to find the values of the parameters a posteriori and may help the reader to understand
the choice. The following lemma is not true for each parameter choice, but only for a subset of

them where the optimum values are chosen. The parameters are:

8 1 5 443k 2 3k-2 (1 8-3k
d=2, — = 2R bk = S s k) =min ( —, > %),
3 a(k) max(9’ ok ) (k) max<9’ Ok > ck) mm<18’ 18k>

2.11)

Now, following the lines of Lemma 2.3 of [29], we have

Lemma 2.2. Let 1 < k < d. Assume that /2, is irrational and let X = ¢*®), where q is the

denominator of a convergent of the continued fraction for A /A,. Let
V(er) = min(|S1(A1a)], [S2 (A2 ) ).
Then
sup V(o) < x1-" e,

oacm

Proof. Let oo € m and Q = X*®) < P. By rational approximation Dirichlet’s theorem (Theorem

A.3), there exist integers a;,q; with 1 < ¢g; < g and (a;,q;) = 1, such that
0
|Aiag; —a;| < X

for i = 1,2. We remark that a;a; # 0, for otherwise we would have o € 9. Now suppose that

qi < Q for i =1,2. In this case we get

A«l ar a
AL — (A _ — (A _
@iy~ @ (Mg al)/lza (Lagn aZ)/lzoc
and hence
M M\ 0F 1
aZQ]Z_a]CIZ <21+ Tz Y<Z (2.12)

21



2.3. The minor arc

for sufficiently large X. In fact, the last inequality is true due to the choice of the parameters in

(2.11): being g < Q, we need
P<x = x*NWox = 3pk) <1,

and this is always true: max (%, %) < 1.

Then, from the law of best approximation (Theorem A.4)
1
X0 =q < |axqi]|

so, recalling the definition of m, we obtain

1
laxq1| < q12R < Q*R < X @0 ¢ (2.13)

which is absurd? if n = X% and R = loﬁzzx . Hence either g > Q or ¢» > Q.
Assuming that g; > Q and using Lemma B.13:
X (k)
V(ia) <|Si(Ma)| < sup <+ VXq +X§> log* X < x1=" e, (2.14)
0<q1<} Var
Assuming that g, > Q and using Lemma B.14:

1

2 14+2¢ I 1T ¢ b

V() <|S2(ha)l” <X sup | —+—++2 ) <X'T27E (2.15)
0<qp<y \92 X1 X

Again, both inequalities in (2.14) and (2.15) are true due to the appropriate choice of the

parameters in (2.11), and this completes the proof of the Lemma. O

If we want that the last inequalities in both (2.12) and (2.13) are true, we need the following
conditions on a(k), b(k) and c(k):

1
%@—ugag (2.16)

1

2b(k) +2¢(k) <

fo]

%—{ae[

so that [;,R] = Z7U%Z5 and

2.17)

Now let

,R} 1S1(ha)| < |s2<xza>\2}

o <o

,R} 151 (ha) 2 |sz<xza>\2}

rmoml< ([ + [ )15l ta)s o)k @)

2The choice of the parameters in (2.11) is made in order to get a contradiction.
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If @ € 27, we have |S1 (4 @)| < [S2(A o), then

7 (n, @, 21)] <</% [S1(A10)||S2(A2@)[[S2(A3 1) [|Sk(Aa0x) | K (ax)dex

1

1/4
< (max [S1(A1a)])2 </ﬁ/1 |Sl(7Lloc)|2Kn(oc)doc)>

3 1/4

H </Jl !Sz(lia)]“Kn(a)da)) . </Jl \Sk(iuoc)\“Kn(a)\da))

i=2

FSE

<X T (X logX)F (X 1og2 X)* (NX log2 X ) (nxfmax(x%,xﬁ”ﬁ
b(k)
)

:17X%_T+‘s max(Xi X

=
N,

using Lemma B.10.

ke

In this case |.Z(n,®,m)| =0 (X“r *‘g) only if
T’ — oo (max(X%_ﬁ_%k)'i_e?X_%k)))

then we can add the following condition on ¢(k):

It is clear that for 1 < k < 2, 1 is a negative power of X independently from the value of k as

b(k) > 0. The we have the following most restrictive condition for k > 2:

If @ € 23, we have |S1 (41 @)| > [S2(A o), then

|7 (n, 0, 23)] <</1 1S1(A1a)[|S2(A2a)[|S2(As @) [|Sk(Aa ) | Ky (o) dex
12
<max |$> (Ao c)| ( /% |S1(kla)2Kn(a)da)>

(/% ’SZ(;LSO‘)‘Z‘KH(O{)M)) : </£2 ’Sk(/l4a)!4l<n(a)da)) :

b(k) 1

<X T (X logX)? (NX log X ) (nxemax(x%,x%”»

i
:nX%*@”gmax(X%k,X%*%).
As in the previous case |.¥ (N, 0,m)| =0 (X”%*S) only if

n :oo(max(x%—ﬂ—T%,x—@)) (2.18)

then we can add the following condition on ¢(k):

23
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essentially the same condition we got for o € 27.
Collecting (2.16), (2.17) and (2.18) we getd = %, the maximum value we can have for k. This
is justified as follows: neglecting the log-powers and recalling the choice of P(X) in (2.7) and

R(X) in (2.10), we must maximize k subject to the constraints:

a(k) >1
0 <b(k) <min(%,2)
c(k) >0
2b(k) ~1 < — s
2b(k) +2c(k) < 7l
\ —c(k) > max (i — A= @’f@)

which is a linear optimization problem in the variables +, -, b(k), c(k). The solution of this

problem is

2.4 The minor arc using the Harman technique

We start again from the idea that the measure of the set where |S;(Aa)|2 and |Sy(A,00)| are
both large for a € m is suitably bounded, if the ratio A;/A, is irrational. We now state some
considerations about Lemmas B.13 and B.14 that allow us to introduce two more corollaries to
those Lemmas.

By B.13, S () < <% + \/)TquX%) log* X, then it is easy to check out that:
e if g < X3 the main term is X +¢4 2

<g< X3, the main term is X5+¢

e if ¢ > X3, the main term is X 2+€¢>.

By B.14, $;(a) <¢ X271 (é + XL% + %) !, then it is easy to check out that:

o ifg < X# the main term is X%“q*%

o if X4 §qSX%,themainterrnilelﬁJr£

o ifg> X%, the main term is X%“q%.
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2.4. The minor arc using the Harman technique

From the considerations above and by the fact that, as we will see later, we will need an
estimate for low values of ¢ we need corollaries B.15 and B.16. Let us now split m into subsets

my, mp and m* = m\ (m; Umy), where

m; = {OC cm: |Sl(7l,106)| §X17t+£}

my={aem: [S(ha) < X2}

remembering that Corollaries B.15 and B.16 hold respectively for 0 <¢ < % and0<u < 11—6. We
make again the choice to follow the work procedure leaving the parameters ¢t and u free.
Using the Holder inequalities, Lemma B.10 and the definition of m; we obtain

[ om)| < [ [S1(4a)][S2(220)[[S2(As00) ISk (Aa ) | Ky (o) dex

my

< (e sima) ([ 15itmesy i)
3

1/4
([ st @aa) ([ st @)

i=2

1/4

S

<X>75(nXlogX)F (nX log? X)? (nxemax(x%,X%*1)>

i

:nX%_%JF%“Lemax(Xﬁ,X%_ ). (2.19)

by Corollaries B.15 and B.16.

Using the Holder inequalities, Lemma B.10 and the definition of m; we obtain
-7 (N, ©,my)| <</ [S1(A1a)[|S2(A200)[[S2 (A3 ) [[Si (A ) [ K (0¢)dex
my
1/2
< max |S(La)| ( 1S1 (lloc)|2Kn(a)da)>
oacmy my

([ smartmarsa) (| oaresa)

1
1 1

<X (nXlogX)Z(nX log? X)) (nx*?max(x%,X%*l)>Z
=nX2 It max (X %, X4 3). (2.20)
Both (2.19) and (2.20) must be o (nZX“%), consequently, as ¢ > 0 and u > 0, it is clear that

for 1 <k <2, n is a negative power of X independently from the value of k. Then we have the

following conditions for k > 2:
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2.4. The minor arc using the Harman technique

It remains to discuss the set m* in which the following bounds hold simultaneously

log? X
U

P s
IS (Aa)| > XVE ISy (Aha)| > X2 ETE, E:min<X*%,X%’l><]a]§

Following the dyadic dissection argument shown by Harman in [22] we divide m* into disjoint

sets E(Zy,Z,,y) in which, for a € E(Z;,Z,,y), we have
Z <|Si(Ma)| <27, 7, < |S2(ha)| <27, y<|a| <2y

where Z; = 2k X 1=+ 7, = Dk 3—u+€ and y = 25 X3~ for some non-negative integers ki, k
and k3.

It follows that the disjoint sets are, at most, < log3 X. Let us define &7 a shorthand for the sets
E(Z1,Z,,y); we have the following result about the Lebesgue measure of <7 following the same
lines of Lemma 6 in [36].

In the following Lemma, it is crucial that both the integers a; and a; appearing in (2.21) below
do not vanish: in fact, if a; = 0, say, then ¢; = 1 and || is so small that it can not belong to m*.
In order to use the Harman technique then, we are forced to be far from the major arc in which we
would have aja; = 0. As we will see later, after setting the parameters ¢ and u, we will not have a
gap between the major and the minor arc, so it will not be necessary to introduce an intermediate

arc.

Lemma 2.3. We have
where LL(-) denotes the Lebesgue measure.

Proof. If @ € o/, by Corollaries B.15 and B.16 there are coprime integers (a1,q;1) and (az2,q2)

xl+e/2 2 X%+£/2 2
I<qg < ; lgiha—al| <
Z Z

yirea\! yirea\?
1< < : |20 —ap| < X! ~ . (2.21)
2

such that

Z

We remark that ajay # 0 otherwise we would have o € 9. In fact, if a; = O recalling the

definitions of Z; and (2.21), we get

1 2
X§+8/2 X
—1 _ y—1+2t—¢.
o< g, ( Z ) < X2 2 =X ; (2.22)
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2.4. The minor arc using the Harman technique

otherwise, if a; = 0 recalling the definitions of Z, and (2.21), we get

1 4
B B X§+8/4 X B 3
o] < g;'x 7! ( Z < Yot =x~ e,

It means that, on the minor arc

’a’ > max (X71+21787X71+4u73£) .

We wonder now if there is a gap between the end of the major arc and the beginning of the

minor arc, i.e. if

x1Hr-e ; = min (X_%,X&_l> or X I1t4u—3e o ; = min (X_%,X&_l) .

(2.23)

This possibility can be evaluated only afterwards, after finding the parameters ¢ and u and the

maximum value for k. Both with the results that we get in this section (2.27), and with those we

will get in (2.29) in which we improve the estimate, we can state that there will be no gap between

the two arcs.

Now, we can further split m* into sets 1(Z;,Z5,y,01,0Q>) where Q; < ¢; < 2Q; on each set.

Note that a; and ¢; are uniquely determined by . In the opposite direction, for a given quadruple

ai, q1, az, g2 the inequalities (2.21) define an interval of ¢ of length

' . x1+€/2 2 e x1+e/4 4
p(l) < min | Q) s 0 X Z
1 2

Taking the geometric mean (min(a,b) < /a\/b) we can write

1 1 2
1 1 ){EJF‘9/2 X§+8/4 xl+e
u(l) < Q20X 1 ( > ( « 4
0} 032123

Z Z

11
Now we need a lower bound for Q7 Q3 : by (2.21)

_ \&(Ma—ao S (g a)

M
a2611T2—6116]2

<L @lgih o —ar| +qi|qpla —as|

X%+£/2 2 . X%+£/4 4
X .
<O 2 +0 7

x1+e/2

4
2 1ig
Remembering that 0 < (T) ,Oh K <X2Z+24> 70> X1 7, > X1ute,

xate/4 4 x2+€/2 2 x+e/2 2 » x1+e/4
< X%7u+8 X1-t+e + X1-t+e X X%ﬂﬂr&

A
a5 —arg
A

(2.24)
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2.4. The minor arc using the Harman technique 28

XZ+€x1+8

< & X~ raurdi—ae (2.25)

X274u+4ex272t+2£

We recall that ¢ = X'~#~2 is a denominator of a convergent of A;/A,. Hence by (2.25)
Legendre’s law of best approximation (see Appendix A.4) implies that |a,q1| > g and by the same

token, for any pair o, &’ having distinct associated products a>q; (see [49], Lemma 2),

lax(@)q1 () — ax(o)q ()] > g

thus, by the pigeon-hole principle, there is at most one value of ayq; in the interval [rg, (r+1)q) for
any positive integer r. Hence a>q; determines a, and g to within X¢ possibilities (see the upper
bound for the divisor function in Appendix, Theorem A.8) and consequently also a>q; determines
a; and g, to within X possibilities from (2.25).

Hence we got a lower bound for g;g>, remembering that in our shorthand Q; < ¢; <20Q;:

bl F
q192 = 02611(]* > 19
a |

> rqy_1

for the quadruple under consideration. As a consequence we obtain from (2.24), that the total

length of the interval I(Z1,Z,,y,01,02) with axq; € [rq,(r+ 1)q) does not exceed

1 1 1

ull) < X1+28Z1_]Zz_2r_7q_§y7.

Now we need a bound for r: inside the interval [rq, (r+ 1)q), rq < |axq;| and, in turn from

2.21), a < q2’06

yi+e/2\ 2 [ xirea\? v
rqg < qiga2|t] < Z Z y < yX**¥z,27,

, then

=r<q yxt ¥z 22,4
Now, we sum on every interval to get an upper bound for the measure of 7
ey L1 1
,LL(%)<<X1+2€ZI lzzzq 2y2 Z r2
I<r<qyx+i2ez, 22,4
By standard estimation we obtain
1 _ Y|
T < (g yx ez 27
I<r<qlyx 42z, 22,4

then
‘u(d) < yx3+3€Zl—222—4q—] < yx3+3821—222—4x—1+4u+21 < yX2+4u+21+3821—222—4'

This concludes the proof of Lemma 2.3. 0



2.4. The minor arc using the Harman technique

Using Lemma 2.3 we finally are able to get a bound for . (n, ®, 7 ):

(N, 0,) :/Q/ [S1(A1a)[[2(A200)[S2 (A3 ) [[ Sk (A ) [ K (0x)dx
< (/d !Sl(Ala)Sz(/lza)lan(a)da> z (/d 52(1305)’4[(17(0‘)(10‘) Z

1

ISk (Ag)|* Ky (@ )da)

mi (n : 2>>;((zlzz)2u(u<zf>)é

(,
(el2))
|
<

A

< (nXlong)% (nXgmax(X%,X%’l)>

A

. ( 2>> 2 ZIZZ(yX2+4u+2z+4ezl—222—4)%n Txit2e max(Xﬁ ,X%_%)
1

2
< ( min (n , 2)) yZZ 1X1+2u+t+28n2X4+28maX(X2i X%*%)

1
1 2
< (min<n2,2>) yrX zt3eH e 1 X a2 may (X % X

).

1

<<nX4+3u+t+4€ max(x% X;*

=

Remark: if n < 1. yin3 <miifn> 1y in2 <n.
Again, (2.26) must be o (X ”%*8) and even in this case, if 1 < k < 2, ] is a negative power

of X independently from the value of k. The last condition on 7 is:
n=co <Xfifﬁ+3u+t+£> ) (2.26)

Collecting all the conditions (2.19), (2.20), (2.26) and the condition given by corollaries B.15
and B.16, we get the following linear optimization system: setting x = % and let w be the exponent

of n we would like to optimize,

u=-—  t=- (2.27)

(and consequently X = ¢?) are the optimal values; the maximum k-range is (1 ) g) In this case we
do not get any improvement using Harman technique for the range of &, as the conditions (2.19),

(2.20) are more restrictive than (2.26).
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2.5. Further improvements 30

However, if we consider the value of ¢(k) in (2.11) and the condition on 1 by specifying the

parameters ¢ and # in (2.19) and (2.20) we can notice an improvement in estimation:
nN=o (max (X_%J’e,X%“))

then
(k) = min i 78_3]( > min i 78_3](
Vi = 16" 16k TRETT A

2.5 Further improvements

We tried to improve the estimations on (2.19) and (2.20) using the bounds of Bourgain [3], Theo-
rem 10, and Holder inequalities in a different way, but we could not get any better estimation. In

fact, by Bourgain, Theorem 10,
1
/ 152 (c0)[Cder < X2+
0

but we could reach the same result using trivial estimation for S>() (see (B.1)) and (B.4):
1
/ 1S2()[®da < X - X log? X.
Jo

This fact does not surprise us because Bourgain himself states that Theorem 10 of [3] improves
Hua’s Lemma only for greater powers of S ().

In a recent work of Wang & Yao [48] concerning a prime a three square of primes, the authors
shows that it is possible for the special case k = 2 reach the exponent —1—14 for 1.

In their paper they make use of a new estimation formula firstly introduced by Harman ([22],
sections 8 and 9), where the exponent 7/16 in the estimation of S(«) is improved to 3/7. The

idea is to use p(m) as a characteristic function for the set of primes, in place of logn or A(n), that

satisfy:

1 if mis prime

p(m) <

0 otherwise

and
T
p(m)>
mg’T logX

for Xz <T <Xz,
This approach leads to the construction of two functions, using Buchstab’s identity, that can be

used as a function and do not change the treatment of the major arc. Wang and Yao in their work
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proved [Lemma 1,[48]], following the proof of Lemma 1 in [23] where g(a) is the exponential

sum defined with the characteristic function above:

g(a) =Y, p(m)e(am?)

meT
where T = [%X%,%X%).

The estimation in our notation is:

1
: 1 4
Sh(e) < XTTE 4 X2TE <q+f{> (2.28)

and in this situation we can replace Corollary B.16 with the following:

Corollary 2.4. Suppose that Xz > Z > X2 15+€ and |Sy(At)| > Z. Then there are coprime

integers (a,q) = 1 satisfying

q q a
= = 7 ) 2 7

The proof follows the same steps of Corollary B.16 but it will use the estimation (2.28). Using

such corollary (2.19) and (2.20) can be improved choosing
u=— t= = (2.29)

in place of u = % and t = % and after a linear optimization we get a wider k-range and we can

improve the approximation: the maximum k-range became (1, 15—4) and the exponent of 7 can be

(k) = min i 14— 5k > min i78—3k
Vi) = 14" 28k 16" 16k )

Corollary 2.4 does not affect Lemma 2.3 as the Harman technique on the arc m* can be used

replaced with

with X = q% in place of X = ¢*. However, after the new parameter choices in (2.29) and the new
k-range, we may wonder whether a gap has been created between the major and the minor arc.

Also in this case, there is no need to introduce an intermediate arc because from (2.23),
x-13e o By (X—%,X%—l)
X

: : 14
for every choice of k in (1,%).

Finally, not only the range for k can be enlarged, but also that for the value of k between 1 and

% we have a better estimation.
Using the work of Kumchev [25] it is also possible to replace the exponents 4 in the right side
of both inequalities of Corollary 2.4 with 2, but it does not lead to an improvement on the range

of k because one still requires Z > X 3/7,
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2.5. Further improvements 32

Wang & Yao in [48] have also shown that assuming the hypothesis in k = 2 that both 4, /A,
and A; /A3 are irrational and algebraic, managed to get y(2) = 3/40. This is due to the fact those
assumptions enable them to use the functions constructed in Harman and Kumchev [24].

These techniques could also be applied to our case and may be the beginning of further inves-

tigations.



3 Three squares of primes and one k-th

power of prime

The second problem studied is very similar to the first with the only difference of having three
squares of primes and a k-th power. This little change lowers the density of the problem making it
slightly more complicated: let k > 1 be a real number and assume that A;,A,, A3, A4 are non-zero
real numbers, not all of the same sign and with the ratio A; /A, irrational. Let @ be a real number.

We would like to find a range for k where
|F(pl7p27p3ap47252)27k);t'17}'232’3a)l’4) —CO‘ = ‘A’lp%+2'2p%+k3p%+)l’4pﬁ_ w’ S 77 (31)

has infinitely many solutions in prime variables p1, p2, p3, p4 for some 1 — 0 as a small negative
power of the largest prime, as in (1.4).

We will prove the following:

Theorem 3.1. Assume that 1 <k <7/6, A1,42,A3 and A4 be non-zero real numbers, not all of the
same sign, that Ay /A, is irrational and let @ be a real number. The inequality

[ap}+ 4203+ Aapd + Aapk — 0] < (M(p.K)) T ¢
has infinitely many solutions in prime variables p1, p2, p3, ps for any € > 0.
Let
P(X) ={(p1,p2,p3,p4) : X < p1,p3,p5 <X, 6X < p <X}
and let us define

(1, 0,%) = /3E §5 (A1 00)S2(A200)$2(A300) S(As ) Koy () (— w0t)dt

where X is a measurable subset of R.

From the definitions of the S;(4;c) and performing the Fourier transform for K, (), we get

JMmo,R)= Y  logpilogplogpslogps max(0,n —|F(p1,p2,p3,p4,2,2,2,k) — @)
(P17~~-7P4)€e@(X)
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3.1. The major arc 34

< n(logX)* ¥ (X),

where ./ (X) actually denotes the number of solutions of the inequality (3.1) with (p;pap3ps) €
Z(X). In other words .# (N, ®,R) provides a lower bound for the quantity we are interested in,
therefore for the proof of the theorem it is sufficient to prove that .#(n,®,R) > 0 on a suitable
sequence of values of X with limit infinity.

As in the first problem, we decompose R into subsets such that R =90t U m U ¢t where 91 is

the major arc, m is the minor arc and ¢ is the trivial arc. The decomposition is the following:

s.m:[} m:[;R]u[R,P] = R\(MUm)
so that
J(M,0,R)=7(n,0, M)+ (n,0,m)+.7(n,0,t).

The parameters P = P(X) > 1 and R = R(X) > 1/n are chosen later (see (3.7) and (3.10)) as
well as 1 = n(X), that, as we explained before, we will take a small negative power of M(p, k)
(and so of X, see (3.23)).

It is necessary to prove that .# (1, ®,m) and .# (1, @, 1) are both o(.# (N, ®,M)). As we will
see, also in this second case we are dealing with, we do not have any gap between the major arc

and the minor arc.

3.1 The major arc

Let us start from the major arc and the computation of the main term. We replace all S, defined
in (1.6) with the corresponding 7,, defined in (1.8). This replacing brings up some errors that we
must estimate by means of Lemma B.11, the Cauchy-Schwarz and the Holder inequalities.

‘We have

I (0, 0,9) = /EmSz().la)Sz(lza)Sz(lga)Sk().405)1(,,(a)e(—a)oc)doc
= /sm Ty (A1 00)T> (A00) T3 (A3 0) Tic(Aa ) Koy (00 )e(— 00t dt

+ /m(sz(xla) Ty (M 0)Ta(Aa0) Ta (A3 0) Ti(As ) Ko () — et det

+ /msz(zla)(sz(zza) (M) T (A30) Te(As ) K () e( — ) dox

+ /msz(xla)sz(xza)(sz(x3a) T (As0)Te(As @) Ky (0)e(—w0t)dat

+ /msg(xla)sz(xga)sz(xga)(sk(zm) — Ti(A40))Kp (0)e(—0a)dor
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=h+h+h+J1+ s, (3.2)

say.

J1: Main Term

As the reader might expect the main term is given by the summand J;.

Let H(ot) = (M a)Th(A00) Tr (A3 a) Ty (As o) Ky (o) e(— @) so that

I :/RH(a)da+ﬁ</Pj: \H(oc)|da>.

Using the inequality (1.5) and the Theorem (B.1),

oo e da
[ H(@lda<xixixixi-g [ 8
P/X P/x O
3
cxt il =Xt = o (xitin?)
provided that P — +-co.
Let D = [(6X)2,X2]3 x [(6X)+,X*]; we have

/ H(a)do = / / / (M2 + Mo + At + Atk — ) ) Ky (o) dardrydradrsdiy
R DJR

_ / .. /D max (0,0 — [ + Aor? + Asf2 + Autk — )|)drydradrsdaa.
Apart from trivial changes of sign, there are essentially three cases as in [28]:
1. 41 >0,4>0,43>0,A4 <0
2. 1 >0,>0,A3<0,44 <0
3.4 >0, <0,43 <0, A4 <O.

We deal with the second case, the other ones being similar (we warn the reader that here it
may be necessary to adjust the value of § in order to guarantee the necessary set inclusions): let us
perform the following change of variables: u; = t12 — % (in order to make w disappear), u, = t%,

uz =12, us = t§. The set D becomes essentially [§X,X]* and let us define D’ = [8X, (1 — &)X ]* for
(R S R R
large X. The Jacobian determinant of the change of variables above is 7 Uy Cus Cuy ' Then

duidurdusd
/RH(oc)da >>// max (0,1 — [Auy + Aotz + Aaus + Aautg) ) o
DI

22024
Uy M2M3I/t4

k

[S1[v)

>>X%7 / . max(O, n-— |2,1u1 + Aot + Azuz +l4u4)\)du1du2du3du4.
D/
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Apart from sign, the computation is essentially symmetrical with respect to the coefficients

Aj: we assume, as we may, that |A4| > max(A;,A2,43), the other cases being similar. Now, for

4| A 3
‘ 4’ ,bj=-ajand ;= [a;0X,b;6X];if u; € Z; for j=1,2,3 then

j=1231eta; = 5

AMuy +Aup + Azus € [2’&4’5)(,8’7(,4‘5)(]
so that, for every choice of (u1,uz,us) the interval

[avb] = ( 17+(7LlM1+7Lzuz+7L3M3)) (T]—I—(Mu1+lguz+l3u3))

[ 1 1
|44 [A4]

is contained in [8X, (1 — §)X]. In other words, for u4 € [a,b] the values of Aju; + Adrup + Asus +

Asuy cover the whole interval [—n,n]. Hence for any (uy,uz,us) € 21 x 2, X P53 we have

(1-6)X
/5 o max(0.7 (A Ao+ Asus + A

n
z|/14\—‘/ max (0,1 — |uf)du > 1.
-1

Finally,

/H o)da>n % %/// dulduzdug>>1’)2XA :an?J“?
_11><_J2><93

It means that the lower bound for J; is an %%, as expected.

Bound for J,

We expect the main term to have the dominant asymptotic behavior, then we shall prove that all
the remaining terms of the sum (3.2) are o (nZX %Jr%).

Retrieving (1.5) and using the triangle inequality,

J =/m(sz(7tla) — T (M 0)) T (A20) T (A3 &) T (Ag @) K () e( — x)dex
<n’ /zm 1$2(1@) = Ta(21 @) | Ta(A20) | T3 (A3 @) T (A ) | dex
<n? [ 1820400 = V(M @) (200 [To(Aa00) i (s o
12 [ 102(210) = Ta(20)|[Ta(2200) [ Ta(Aact) [T gt e

=n*(A2+Ba),

say. Using the Cauchy-Schwartz inequality and remembering the definition of 91,

1

P/X 5 3/ rP/X ) 5 ) 2
A2 < </P/X|Sg(kla)—U2()Llo¢)| dOC) (/P/X’TQ(AQO{” ‘T2(7L306)| |Tk(A4OC)‘ dOC> 5
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then using Lemma B.11 and Lemma B.12,

" S0 - (o) Paa < 2 g (x,X
[, 52000 —vaa)Paoc < 5 7 (X 3

< logX 3 < 1
exp| —c1 | ———
P ! loglog X (logX )4

for any fixed A > 0 and X1-+e < % < X (conditions of Lemma B.12).

Also in this case, in the estimation above we have neglected the two terms

X2/k-21002 X

A7 "log A 4 p? /X
P/X

of Lemma B.11 as these terms become negligible in order to meet the hypotheses of Lemma B.12.

The first condition on P (with k = 2) is then the following:

X :
ng%“ —~ P<XuE (3.3)

Let us complete the estimate for Ay:

1
1 1/ X
A < ((ng)A) (/O 175 (A0) PITo (Aa@) 2| Te(Ascx) Pd et

1

P/X ) ) 5 2
+ [ P PTs(aa) Pt )

Remembering Theorem B.1,

A< ((long)A)é (/Ol/x(xé)Z(xé)Z(xi)Zda

—
D=

A
N
o
i'%_a
=
N~
ST
/N N
o\
=
>
<
[\e)
e
o
Q
_l_
< %
%
<
Q?v-
(@)}
o
R
~
(S]]

1N\’
xtioxi4. (2
< <(10gX)A * X
3 1 141
<<( 1 2<X%H>2: Lxit = X i
(logX)4 (logX)2 (logX)2
forall A > 0.
Now we need an estimation for B;: noting that
1 if |af < &
I+]|o]X <
a|X if af >
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in this case we use the Theorem B.2,
B, =/m U2(ha) = T (M) || T2 (A20) || T2 (A3 @) || T (Mg ) | dx
1/x
<</O IT(Aa ) || T> (A00)|| Te(Aact) [dex
P/X
+X/1/X o| L (Lo)||L(A0)||T (Ase) |da
1/x P/X

< X%X%X%daerx—%X—%X%—l/ —da
0 /X o

<Xt :o(X%+%).

Bound for J4

The computations on J3 are similar and simpler than the corresponding one on J4, so we will skip

them. Using the triangle inequality and (1.5),
A :/msz(zla)sz(lza)(sz(lga) — 1 (A30)) i (As ) K (at)e(— w0t )dar
<n? /m|Sz(/ha)!lSz(/lza)HSz(lza)—Tz(/laoc)HTkUw)lda
Snz./m\52(/110‘)!\52(/120‘)“52(/130‘) — U (A0)||Ti(Asa)|da
+n2/m|Sz(xla)y|sz(xza)y|U2(7L3a)—Tz(itsa)HTk(Moc)lda
=n?(A4+Ba),

say. Using Theorem B.1 and the Holder inequality,

A4 <<X% /2m ’Sz(l] Ot)HSz()LzOC)HSz(l3OC) — U2(7L3a)\da

<X} ( /m |52(;Lloc)r*doc>l ( /m |s2(;Lzoz)\4doc>l ( /m 1S2(A50) —Uz(/l3a)]2da)

Using Lemmas B.4-B.11-B.12, for any fixed A,

1
2

1

Ay <<X%(Xlog2X)7(logX)_% :X%Jr%(logX)l_

[S1N
D=

:0<X%Jr

)

as long as A > 2.

As for A, we used in the estimation above Lemma B.11 that has two more terms, but also in

this case these terms are negligible if we want to meet the hypothesis of Lemma B.12: in fact it

requires that
xi-are <X oy
=p =

and this is consistent with the choice we will make in (3.4).



3.1. The major arc

Again using Theorem B.2,
By Z/m ’Sz(l]Ot)HSz()LzOt)HUQ(AﬂX) — T2(13OC)HT/<(A4(X)‘(1(X
1/X
<</0 155 (A @)||S2 (A0 @) || Ty (A ct) [dex
P/X
+X/1/X o] S2 (A1) ||S2 () || Tk (A ) |dex.

Remembering that |a| < § on 21 and using the Holder inequality, trivial bounds and Lemma

B.4 we have

1

Lo PIX N2 [ (P/X Yoopix 1
By <X X3Xi— 4 xx} </ a2> </ \Sz(a)|4doc> </ |52(a)|4da>
X 1/x 1/x 1/X

P/X 2

1

<X +X"FF (Xlog?X)? (/ azda)
1/x

3
2

1 3,1 P 13
LX*+X2TrlogX X =X*P2logX.
We assume
1
P< X3¢, (3.4)
so that P2 = o(X %/ log X) which, with the upper bound for B4 here above, ensures that

Bound for J5
In order to provide an estimation for Js5, we use (1.5),
Js <n? /m 1S2(A1 00)|1S2(A2@) 152 (A00) ISk () — Te(Ast)|dex

and then the arithmetic-geometric inequality:

3
s <n’y (/152300 Isu(s) - Tsaniae ).

The three terms may be estimated in the same way and produce the same upper bound. We

show the details of the bound only for the case j = 1:
nz/m|52(kla)y3|sk(l4a) —Ti(Asar)|dar
<n? /mT 1522 )P Se(Aact) — Uy (Agr)|dex

+ nz/m [S2(A10) P|Uk(As0r) = Tic(As ) |dex
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3.1. The major arc

=n*(As+Bs),
say. Using trivial estimates,
1
As < X3 /m 15221 @) %Sk (Aa @) — Ug(Asex)|dex

then using the Cauchy-Schwartz inequality, for any fixed A > 2, by Lemmas B.4, B.11 and B.12

we have

1
2

1
2
As <X? < / |S2(7Lloc)|4doc> ( / 1Sk (Ag0x) — Uk(z,4a)|2da>
m m
1
P X\ :?
<xixtiopx? 7 (X,P) <a X¥logx) ¢ = o (x3+1)
provided that % > X!~ &*¢ (condition of Lemma B.12), that is,
(logX)* <o P < X, (3.5)
Now we turn to Bs, using Theorem B.2:
1/x P/X
Bs < / 1S,(M ) Pdax +X// |S> (2 )P dar.
0 1/X

Using trivial estimates and Lemma B.4,

1

51 f PIX P/X . 2
Bs <X} +X.-X} / o2da / 1S2(A o) *dax
X 1/x 1/X
<X?+X3(P/X)2X?logX = X? +P3X? logX.
The case j =2 and j = 3 can be estimated in the same way. We need
P=o (X%k’e) .
Summing up with (3.5),
2

P< X378, (3.6)

Collecting all the bounds for P, that is, (3.3), (3.4), (3.6) we can take

P<X3E 3.7)

In fact, if we consider (3.4), (3.5) and (3.6) we should choose the most restrictive condition
among the three but as we expect that the value of k is smaller than 2, (3.4) is the most restrictive:

2 5 1 2 :
ﬁS@ﬂﬂdéZﬁonlylszz
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3.2. Trivial arc

3.2 Trivial arc
By the arithmetic-geometric mean inequality and the trivial bound for S,(A; &), we see that
—+oo
|2 (N, m,1)] <</R 1S2(A100)S2(Aa0x)S2 (A3 ) Si(Aa0r) Ky () |dex
<x:Y /R 155(A;00)|2[Se(As00) | Koy () dct.
j=1

The three terms may be estimated in the same way and produce the same upper bound. We

show the details of the bound only for the case j = 1:

1

~+oo
X [ 18202500 PISk(Aat) Ky ()

1

<X} < /R +°° |Sz(7Lloc)|4Kn(oc)doc>; ( /R +°° \Sk(Moc)\an(a)doc) 2

1 1
oo 1§ (A o) |4 2 /e |8 (Aao)]2 2 14
ox! </ |2‘<10‘)|da> </ Mda) —xicic,
R R

o? o?

say. Using Lemma B.4, we have

Ci :/+°° [S2(0)* | < /+°° S2(0)*
R o? MR QP

1 n Xlog’X
< Y 72/ 155(c0)[*dor < 2281 (3.8)

Now using Lemma B.6,
+eo S (Ag0) [t +eo S (o) 2
6 [TIB [IE,
R (04 JMR o
1
n Xtlog®X

Collecting (3.8) and (3.9),

1 1 3 i s
1 (Xlog?X\? [ Xtlog’X X% (logX)2
X2 —_.

7 (n.0.0] < x* (FEEX) ( e X)) LXE
Hence, remembering that |.# (1, @,¢)| must be o (nQX %“) , i.e. little-o of the main term, the

choice

1 1
X2 %log’ X
R= ”Tog (3.10)

is admissible.



3.3. The minor arc

3.3 The minor arc

The measure of the set where |S2(A; )| and |S2(A2 )| are both large for @ € m is suitably bounded,
exploiting the fact that the ratio A; /A, is irrational. The idea is to reach the widest k-range assum-
ing k as a parameter from which all other parameters depend and adjusting all them retrospectively.

Also in this section we have chosen to leave the parameters free then we proceed as we did
in Chapter 2. The following lemma is not true for each parameter choice, but only for a subset of

them where the optimum values are chosen. The parameters are:

8 1 k+4 4k —2 8Tk
° - == =, A1
d 7 (k) or b(k) ) c(k) (3.11)

Now, following the lines of Lemma 2.3 of [29], we have
Lemma 3.2. Let 1 < k < d. Assume that A /2, is irrational and let X = ¢*%), where q is the
denominator of a convergent of the continued fraction for Ay /A,. Let
V() = min(|S1 (41 )], |S2(A2)]).

Then

b(k)
sup V(o) < X772 €,

oacem

Proof. Let o € m and Q = X"¥) < P. By rational approximation Dirichlet’s (Theorem A.3), there

exist integers a;,q; with 1 < ¢g; < g and (a;,q;) = 1, such that
0
|Aiag; —a;| < X

for i = 1,2. We remark that a;a; # 0, for otherwise we would have o € 9. Now suppose that

qi < Q fori=1,2. In this case we get

M a ai
Mo — (A —a)2 (4 o 4
@17 a1 (Magq al)lg(x (haq a2)),2a
and hence
A M\ Q1
M <2(1+|54) 2 <~ 3.12
aqulg a1qz| < < + 7 > X < 2 (3.12)

for sufficiently large X. In fact, the last inequality is true due to the choice of the parameters in

(3.11): being g < Q, we need

P<x = xPW<cx = 3pk) <l,

thisisalwaystme:%<l & 4k-2<9% <& k>—%.
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3.3. The minor arc

Then, from the law of best approximation (Theorem A.4)
X = g <|axq|
so, recalling the definition of m, we obtain

L
laxq1| < q1q2R < Q*R < X @0 ¢ (3.13)

which is absurd! if n = X () and R = loﬁix. Hence either g; > Q or ¢ > Q.

Ifn=X°®andR= 10%22)(, hence either g; > Q or ¢ > Q.
Assuming that g; > Q and using Lemma B.14:

1

1 1 i\ 2 _ b

V() < |S2 ()P < X2 sup <+l+q> < x1="7 e, (3.14)
O<gi<y \4i X4 X

The inequality for i = 1,2 in (3.14) is true due to the appropriate choice of the parameters in
(3.11), and this completes the proof of the Lemma.
O

If we want that the last inequalities in both (3.12) and (3.13) are true, we need the following

conditions on a(k), b(k) and c(k):

1
250 =1 <~ (3.15)
2b(k) +2¢(k) < 0(1) (3.16)

Now let

efo]
%:{ae[

so that [%,R] = 27U%Z5 and

,R} [Sa(ha) < \szuzan}

| e v

,R} T \szuza)r}

o)< ([ + [ ) stalsitnls s i) k@i

If @ € 27, we have |S2(A10)| < [S2(A20)], then

7 (n, 0, 21)| <</% [S2(A100)||S2(A2@)[[S2(A3 ) ISk (Aax) | K (ax)dex

< (max ) ([ 180015y @)
1/2

(], sseroiane) ([ isueis @)

'In this Chapter too, the choice of the parameters in (3.11) is made in order to get a contradiction.
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D=

<X i (MX 0@ X)F (NX log2 X)) (nxhog3x>
:Xl_%J’le“nlong
In this case |.¥ (N, 0,m)| =0 (X%Jr%*g) only if
n = oo <X%—i—@+8)
then we can add the following condition on c(k):

(3.17)

The other case with @ € 23 is totally similar.
Collecting (3.15), (3.16) and (3.17) we get d = 8/7 the maximum value we can have for k.
This is justified as follows: neglecting the log-powers and recalling the choice of P(X) in (3.7)

and R(X) in (3.10),we have to maximize k subject to the constraints:

which is a linear optimization problem in the variables %, L b(k), c(k). The solution of this

a(k)
problem is

1 k+4 4k—2 8 — 7k

- o =g k=g

for k < %.

3.4 The minor arc using the Harman technique

We start again from the idea that the measure of the set where |S2(4; @) \% and |S»(A2x)| are both
large for oo € m is suitably bounded, if the ratio A;/A; is irrational. In this case we need only

Corollary B.16. Let us split m into subsets mj, m and m* = m\ (m; Um,) where
mi={oem: S (ha) < X4}

remembering that Corollary B.16 holds for 0 <u < 11—6. In this case we leave only the parameter u

free.
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Using the Holder inequalities and the definition of m; we obtain
[ (n,0,m)| < | [S2(Aia)][S2(A20)[[S2(A3 @) [|Sk(Asx) | K () dex
m;
1/4
<<max|S2(7Lla)|< \Sz(),goc)|4Kn(a)d(x)>
m;

1/4 , . 1/2
([ aartrytena)) ([ sy (@ao)
1
<<X%_”+€(nXlog2X)%(nXlogZX)% (nX%10g3X> ’
—nX' "R+ logl X (3.18)

by Corollary B.16.

The bound (3.18) must be o (nZX %*%>, consequently we have the following condition:

n — oo (X%—ﬁ—u-i-&‘) .

It remains to discuss the set m* in which the following bounds hold simultaneously

S (ha)| > XU, =X

Following the dyadic dissection argument shown by Harman in [22] we divide m* into disjoint

sets E(Zy,Z,,y) in which, for a € E(Z;,Z,,y), we have
21 < ’Sz()L]Ot)‘ <27, IH < ‘Sz(lza)‘ <27, y< ‘Ot’ <2y

where Z; = 2kiX Sute for j— 1,2,and y = 2k X =3¢ for some non-negative integers ki, ks, k3.

It follows that the disjoint sets are, at most, < log3 X. Let us define <7 a shorthand for the sets
E(Z1,Z,,y); we have the following result about the Lebesgue measure of <7 following the same
lines of Lemma 6 in [36].

In the following Lemmia, it is crucial that both the integers a; and a; appearing in (2.21) below
do not vanish: in fact, if a; = 0, say, then ¢; = 1 and || is so small that it can not belong to m*.
In order to use the Harman technique then, we are forced to be far from the major arc in which we
would have aja, = 0. As we will see later, after setting the parameter u, we will not have a gap

between the major and the minor arc, so it will not be necessary to introduce an intermediate arc.

Lemma 3.3. We have
‘LL(%) < yX2+8”+3821_4ZQ_4

where |L(-) denotes the Lebesgue measure.
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Proof. If o € o7, by Corollary B.16 there are coprime integers (a;,q) and (az,g>) such that

1 4 ) 4

X§+£/4 . X§+£/4

1< K , |20 —an] < X~ (3.19)
V43 V4)

We remark that aja, # 0 otherwise we would have o € 9. In fact, if a; = O recalling the

definitions of Z; and (3.19), we get

1 4
X§+8/4 X
‘OC’ <<q271X71 ( < :X71+4u73£'

Z2 X274u+3£
It means that, on the minor arc
|(X| > X—1+4u—38‘

We wonder now if there is a gap between the end of the major arc and the beginning of the

1.

minor arc: from Corollary B.16 we are sure that u < 1¢;

furthermore, from the previous lower

bound for &, we need to check whether § is greater than it:

P 2 1
X3 o xs o <.
X ““12

It is clear that we can choose any parameter u with the condition given by Corollary B.16
without leaving any gap from the two arcs.

Now, we can further split m* into sets 1(Z;,Z,y,Q1,Q2) where Q i < ¢q; <2Q; on each set.
Note that a; and ¢; are uniquely determined by . In the opposite direction, for a given quadruple

ai, q1, az, gz the inequalities (3.19) define an interval of ¢ of length

. ol x3+e/4 4 o x3+e/4 4
u(l) <min [ Q;'X ~ .0, X ~

1 2

Taking the geometric mean (min(a,b) < \/av/b) we can write

1 2 1 2
11 [ xate/4 x1te/4 xl+e
n(l) < Q,20,%X 1( ~ ) ( - L 15— (3.20)
! > ) eless

11
Now we need a lower bound for Q7 Q3 : by (3.19)

M
Clquf2 —aiqz

%(qlxla—m) = &(sza—az)

L @M o—al|+qi1|gppra —a|

1 4 1 4
xate/4 x2t+e/4
<<Q2X—‘< ’ ) +Q1X—‘< ’ ) . 3.21)

Z VZ)



3.4. The minor arc using the Harman technique

4
. Lies
Remembering that O; < <X2; 4) 7> Xaoute,
M xi+e/4 4 1 Y 3+e/4 4 x3+2¢ s
B —1+8u—6¢e
@7, AP S\ e | X | i | S xammewe <X . G2

We recall that ¢ = X' 8 is a denominator of a convergent of A, /A,. Hence by (3.22) Legen-
dre’s law of best approximation (see Appendix A.4) implies that |a,q| > ¢ and by the same token,

for any pair o, @’ having distinct associated products a,q; (see [49], Lemma 2),

|aa(0t)q1 () —ax () g1 ()] > g;

thus, by the pigeon-hole principle, there is at most one value of a,q; in the interval [rg, (r+1)q) for
any positive integer r. Hence aq; determines a; and g; to within X¢ possibilities (see the upper
bound for the divisor function in Appendix, Theorem A.8) and consequently also a,g; determines
a; and ¢ to within X¢ possibilities from (3.22).

Hence we got a lower bound for g1¢>, remembering that in our shorthand Q; < ¢g; <20;:

2 F
q192 = azQ1i > 19
an ’OC|

> rq)f1

for the quadruple under consideration. As a consequence we obtain from (3.20), that the total

length of the interval 1(Z,,Z,,y,01,0Q2) with axq; € [rg,(r+ 1)q) does not exceed
ull) < X1+28Z1_222_2r_%q_%y%.

Now we need a bound for r: inside the interval [rq, (r+ 1)q), rq < |azq1| and, in turn from

(3.19), a2 < g2 |ct|, then

xirea\ ! xhrea\? 4126544
rq < q1q2]a) < y < yX*ez 47,

Z 4]
=r<q yx**z 472",

Now, we sum on every interval to get an upper bound for the measure of <7

11
p(e) < X"W¥z27,2q 12 Z roz.
1<r<qlyx++2ez 42,4

D=

By standard estimation we obtain
1 _ Ay )
I<r<glyx4t2ez, 47,4

then

This concludes the proof of Lemma 3.3. 0
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3.4. The minor arc using the Harman technique

Using Lemma 3.3 we finally are able to get a bound for . (1, m, <7 ):

J(M,0,9) :/m* 1S2(A10)[|S2(A200) [ S2(A300) || Si(Agx) | Ky (o)d e
< ([ s ataia)” [ s:0a0 ko)

< ‘Sk 1406 ‘an )dOC> i

1
4 1
1
< (mm ( '3 )) Lz (X377 A b dx e
< <m1n (T]Z, 12>> y%n%X +2u+2k+£

<<nx%+u+ﬂ+8

1
(nXlong) i (nX% 10g3X) ’

and this must be o (XH%*E) )

The condition on 7 is
n=oo (X%*ﬁ“"“) . (3.23)

Collecting all the conditions (3.18), (3.23) and the condition given by Corollary B.16, we get
the following linear optimization system: setting x = % and let w be the exponent of 11 we would

like to optimize,

x§1;w20;u§%
—w>1l -y
Z3i" 2
1 X
—w2>—7—35+2u.

Solving the system, it turns out that u = % (and consequently X = ¢?) are the optimal values;
the maximum k-range is (1 , %) and even in this second case we do not get any improvement using
Harman technique if we stop on the range of k, as the condition (3.18), is more restrictive than
(3.23). However, if we consider the value of ¢(k) in (3.11) and the condition on 7N by specifying

the parameter u in (3.18) we can notice again an improvement in estimation:

then

BTk 8Tk
V= Ter =~ 18k
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3.5. Further improvements

3.5 Further improvements

In this case the mean value of |Si(@)|* does not give us any improvement. Nevertheless using the

same argument of Chapter 2, the bound on S»(a) showed in (2.28) and Corollary 2.4, we are able
to replace 8/7 with 7/6.

The proof follows the same steps of Corollary B.16 but it will use the estimation (2.28). Using

such corollary, (3.18) can be improved choosing u = ﬁ in place of u = % and after a linear

optimization we get a wider k-range and we can improve the approximation: the maximum k-

7

range became (1, 6) and the exponent of 1) can be replaced with

7 — 6k

k)= ——.
vk =

Also in this case, Corollary 2.4 does not affect Lemma 3.3 as the Harman technique on the arc

m* can be used with X = q% in place of X = ¢*>. Moreover the condition (3.21) assures us that we

will not have a gap between the major and the minor arc.
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4 Two primes and one k-th power of a

prime

4.1 Introduction

The last problem of this dissertation deals with an improvement of the result contained in Lan-
guasco & Zaccagnini [30]. Such improvements are contained in [15], due to Languasco, Zacca-
gnini and the author of this dissertation, and they are shown in this Chapter.

The problem tackled in [30] had r =3,k =k, = 1, ks =k € (1,4/3):
[F(p1,p2,p3,1,1,k) — 0| = |Mip1 + Aapa+ Aaps — o] < 1.

Assuming that A; /A, is irrational and that the coefficients A; are not all of the same sign,

—¢(k)

Languasco and Zaccagnini proved that one can take 1 = (M(p,k)) ™€ for any fixed € > 0,

where ¢ (k) = (4 —3k)/(10k). Our purpose in this dissertation is to improve on this result both in
the admissible range for k and in the exponent, replacing ¢ (k) by a larger value in the common

range. More precisely, we prove the following Theorem.

Theorem 4.1. Assume that 1 < k <3, Ay, Ay and A3 are non-zero real numbers, not all of the same

sign, that Ay /Ay is irrational and let ® be a real number. The inequality

k)+¢e

Api 4+ Aapa + Aph — o] < (M(p,k)) " .1

has infinitely many solutions in prime variables p1, p», p3 for any € > 0, where
(3-2K)/(6k) if1<k<$
1/12 ifé<k<2,

(3—k)/(6k) if2<k<3,

1/24 ifk=3.
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4.2. OQutline of the proof 51

We point out that in the common range 1 < k < 4/3 we have y(k) > ¢ (k).

We also remark that the strong bounds for the exponential sum S, defined in (1.7), that recently
became available for integral k (see Bourgain [3] and Bourgain, Demeter & Guth [4]) are not useful
in our problem. Our improvement is due to the use of the Harman technique on the minor arc and

to the fourth-power average for the exponential sum S.

4.2 Outline of the proof

In order to prove that (4.1) has infinitely many solutions, it is sufficient to construct an increasing
sequence X, that tends to infinity such that (4.1) has at least one solution with M(p, k) € [6X,,, X,,],
with a fixed & > 0 which depends only on the choice of A1, A, and A3. Let g be a denominator of a
convergent to A; /A, and let X,, = X (dropping the suffix ) run through the sequence X = ¢°. The
main quantities we will use are again Sy with 7; and U,. We will use the bounds of Theorem B.1
and Theorem B.2 as well. We need K, as a continuous function we will use to detect the solutions
of (4.1).
Let now

P2(X) ={(p1,p2,p3) : X < p1,p2 < X, 8X < pi <X}

and

f(n,a),%):/%Sl(kloc)Sl(lzoc)Sk(Ma)Kn(a)e(—wa)dm

where X is a measurable subset of R. From (1.7) and using the Fourier transform of K (¢), we
get
J(n,0,R) = ) log p1 log p2log p3 max (051 — |41 p1 + Aap2 + A3ph — o)
(P1.p2,p3)eP (X)

< n(logX)* A (X),

where ./ (X) actually denotes the number of solutions of the inequality (4.1) with (py, p2,p3) €
Z(X). In other words .# (1, ®,R) provides a lower bound for the quantity we are interested in;
therefore it is sufficient to prove that . (1, ®,R) > 0.

In this problem we need to introduce the intermediate arc: we now decompose R into subsets
such that R =91 U 997" U m U t where 901 is the major arc, 91" is the intermediate arc (which is
non-empty only for some values of k, see section 4.6), m is the minor arc and t is the trivial arc.

The decomposition is the following: if 1 < k < 5/2 we consider

M= [-P/X,P/X], m* =0,

m = [P/X,R]U[~R,—P/X], t=R\ (MUM Um), 4.2)



4.3. The Major arc

while, for 5/2 < k < 3, we set
M= [-P/X,P/X], M = [P/X, X 3P|U[-x35, —P/X],
m=[X"3° R|U[-R,—Xx /), t=R\ (MUM*Um), (4.3)
where the parameters P = P(X) > 1 and R = R(X) > 1/n are chosen later (see (4.4) and (4.5))

as well as n = n(X), that, as we explained before, we will take as a small negative power of

M(p, k) (and so of X). We have to distinguish two cases in the previous decomposition of the real

line because eq. (4.12) implies that we are able to apply Harman technique only if |of| > X —2/3,

then we are forced to choose as minor arc, an interval that may leave a gap the major arc for
some values of k, see also section 4.6. We remark that, after the choice in (4.4), the inequality
P/X < X~3/3 holds for k > 25/12. However, as we will see later in section 4.6, we need to
introduce the intermediate arc only for k > 5/2.

The constraints on 7 are in (4.7), (4.9) and (4.10), according to the value of k. In any case,
we have . (n,0,R) = Z(n,0, M)+ 7 (n,0, M)+ 7(n,0,m)+ .7 (n,0,t). We expect that
M provides the main term with the right order of magnitude without any special hypothesis on
the coefficients A;. It is necessary to prove that .#(n,®,M"), .#(n,w,m) and .# (N, ®,t) are
o(Z(n,0,M)).

4.3 The Major arc

We recall the definitions in (4.2) and (4.3). The major arc computation is the same as in [30]:
F(N,0,M) = /msl (M a)S1(Aa)Sk(Az o) Ky (or)e(—wer) da
:/mTl()Lla)Tl(kza)Tk(Aga)Kn(oc)e(—woz)doc
+ /m(Sl (Ma) =T (Ma)Ti(Ao)Ti(Az0) Ky (a)e(—wa) do
+/m51 (M) (S1(A0) = T1 (A a))Ti(A30) Ky (a)e(—wa)do
+/m51 (M)S1(Aa)(Sk(Az0r) — Ti(Az)) Ky (o) e(—wa) dot
= +h+J3+ s,

say.

Main Term: lower bound for J;
As the reader might expect the main term is given by the summand J;. Let

H(o) =Ti(Ma)Ti (A0) T (A3 ) Ky (o) e(—mex)
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4.3. The Major arc 53

so that
~+oo
11=/H(a)da+ﬁ(/ H(00)| der).
R P/X

Using (1.5) and Theorem B.1, we get

Foe T da
H(a)|do < %W”/ — <
f, H@laa <Xt [ e

2x1+1/k

= 0(772X1+1/k)7

provided that P — +eo. Let now D = [6X,X]? x [(6X)'/%,X/¥]. We obtain

/ H(a)do = /// / e((Mt1 + Aoty + Aotk — ) a)Kn (0r) dordry diads
R . DJR

_ / / /D max (031 — [ty + Aota + Atk — @)]) drdiadss.
Apart from trivial changes of sign, there are essentially two cases:
1. 41 >0, >0,43<0
2. 41 >0, <0,A3 <0.

After a suitable change of variables, letting D' = [§X, (1 — §)X],

/R H(o)da > // max(0;1) — iy + Aoz + Aaus)|) /S dudusdus
D/

> x /et /// max (0;1 — [Aiuy + Aouz + Azus)|) duydundus.
D/

We deal with the first one. We warn the reader that here it may be necessary to adjust the
value of & in order to guarantee the necessary set inclusions. Apart from sign, the computation

is essentially symmetrical with respect to the coefficients A;: we assume, as we may, that |A3| >
26| 23]
Al

3
, bj = Eaj and

max(Ai,A2), the other cases being similar. Now, for j = 1,2 let a; =

Pj= [an,ij]; ifu; € ¥ for j=1,2 then
Muy + auy € [41A3]8X,6|A3|6X]

so that, for every choice of (u;,u2) the interval [a, b] with endpoints £1 /| 43|+ (Aiu; + Aauz) /| A3
is contained in [8X, (1 — 8)X]. In other words, for u3 € [a,b] the values of Adju; + Auy + Azus

cover the whole interval [—7,n]. Hence for any (u;,u2) € 21 X %> we have

(1-8)x n

/ax max(o;n—mlu1+/12u2+/13u3|)du3:|x3\—1/ max(0;7 — [u]) du > 0.
-n

Summing up we get

> n2x /e //j i duydiy > 02X VA1X2 = p2x 11k
OIXOZ

which is the expected lower bound.



4.4. The trivial arc

Bound for J;, /5 and J,4

The computations for J, and J3 are similar to and simpler than the corresponding one for Jy;
moreover the most restrictive condition on P arises from Jy4; hence we will skip the computation

for both J; and J3. Using the triangle inequality and (1.5),

I < /Sm 151 (A ) [[S1 (A00)|[Sk(As @) — Ty (As )| dex
< HZ/m 1S1(M1a)[|S1(a)][Sk(A3a) — U(Aza)|da
+le/gﬁ\51(lla)!\sl(lza)!\Uk(Ma)—Tk(%a)\da

= nz(A4 +B4)7

say, where Uy(A3ar) and Ty (A3a) are defined in (1.7). Using the Cauchy-Schwarz inequality,
Lemmas B.11-B.12 and trivial bounds yields, for any fixed A > 0,

A <<x(/m\sl(xla)ylda)l/2 (/m|Sk(7L3a) —Uk(lg,a)\zda)l/z

as long as A > 1, provided that P < X°>/(®Y)~¢_Using again the Cauchy-Schwarz inequality, Theo-

rem B.2 and trivial bounds, we see that
1/x P/X
B4<<A ‘Sl(ll(X)Hsl(lz(X)’dOl—i-X/l/X (X‘Sl(ll(X)Hsl(lz(X)’dOt
P/X 5 P/X ) 1/2
<<X+P<// 1S1 ()| da// Si(laa)Pda) < PXlogX.
1/X 1/Xx

Taking P = o(Xl/k(logX)_l) we get 2By = 0(n2X1+1/1‘). We may therefore choose

P = x3/(0k)-¢ (4.4)

4.4 The trivial arc

We recall that the trivial arc is defined in (4.2) and (4.3). Using the Cauchy-Schwarz inequality

and the Theorem B.1, we see that

2, 0,0 < /;w 181 (A1 00)S1 (A200) St (A3 0) | Koy (00) dex

< X'k (/;w |S1(Ara) K (ex) d“) " (/I:‘” 51 (%20) Ky (01) da) "

< x'*c*c)?,
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4.5. The minor arc

say. Using the PNT and the periodicity of S;(a), for every j = 1,2 we have that

do e 1 n XlogX
C;= / 51 (400) 12f<</ si@)P% « 7/ 151 ()P der < .
@ < e R IRy %R
Hence, recalling that |.# (17, @, t)| has to be o(n?X'+1/), the choice
R=1n"2(logx)>? (4.5)

is admissible.

4.5 The minor arc

Here we use Harman’s technique as described in [21]. The minor arc is defined in (4.2) and
(4.3), according to the value of k. Using Lemma B.15 we now split m into subsets m;, m, and

m* =m\ (m; Umy) where
m; = {a € m: S (Lia)| <XV} fori=1,2.
In order to obtain the optimization, we chose to split the range for k into two intervals in which to
take advantage of the L?-norm of S; () in one case (Lemma B.7) and the L*-norm of S () in the
other one (Lemma B.10). The same choice will be made later in the discussion of the arc m*. We
will see that it is not possible to split the minor arc in another way in order to get a better result.
Bounds on m; Um,
Using Holder’s inequality and Lemma B.6, for 1 < k < 6/5 we obtain
[, 0,m)| < | [S1(Ai@)][Si(Aa)||Sk(As0) |Kn (o) dex
m;
5 1/2
< (maX\Sl (;L]a)y)( 151 (Aa)] K,,(a)da))
oacm; m;
5 1/2
X ( ISk(Aaa) 2Ky (o) da))
m;
< X5 (nXlogX)"/2(nX'*(logX)?)"/?

< XA+, (4.6)
The estimate in (4.6) should be o(n?X'*1/%); hence this leads to the constraint
n= OO(XI/3—1/(2k)+£)‘ (4.7)
Using Holder’s inequality and Lemmas B.3 and B.10, for 6/5 < k < 3 we obtain

[/ (, 0,m)[ < | [S1(A1a)][S1(A20)|[Sk(As00) [ K () dox
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4.5. The minor arc

< (maxlsi @) 2) ([ 151100y (@)de))

< ([ Isetmaky(@aa) ([ 15i(a) Py (@) do)

< X312+ (X log X) /4 (n max (X%, X/ 1)) /4 (n X 10g X)!/2

1/2

< nmaX(X7/6+1/(2k);X11/12+1/k)X£' 4.8)
The estimate in (4.8) should be o(12X'+1/%); hence this leads to
n= oo(maX(X1/6—1/(2k)+8;X—1/12+8)). 4.9)
If k = 3 we use Lemmas B.3 and Lemma B.5 with ¢ = 3, thus getting
If(n7w,mi)l<</ [S1(A10)|[S1(A20)][[S3 (A3 00) | K (o) dx
m;
3/8
< (max 1512100 ) ([ 191Ky (o) der))
1/8 1/2
< ([ 1s:0a@)F k(o) de) ([ 1510 PRy (@)der))
m; m;
< nx31/24+£‘

This bound leads to the constraint

1 =oo(X 1/247E), (4.10)

which justifies the last line of (1.9)

Bound on m*

It remains to discuss the set m* where the following bounds hold simultaneously
ST (A a)| > XIS (La)| > XY T <|al <n 2(logX)** =R.

where T = P/X = X°/(%)~1=¢€ by our choice in (4.4) if k < 5/2, and T = X 3/ otherwise. Using a
dyadic dissection, we split m* into disjoint sets E(Z;,Z,y) like in the previous Chapters in which,

for o € E(Z1,Z,,y), we have
Zi <|Si1(ha)| <27Z;, y<|o] <2y,

where Z; = 2kiX5/61€ and y = 2k x3/(6K)~1-€ for some non-negative integers ki, k», k3. The range
of o is given by (4.4) and (4.5).
It follows that the number of disjoint sets is, at most, < (log X)*. Let us write .27 as a shorthand

for the set E(Z;,Z,,y). We have the following result about the Lebesgue measure of 7.
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4.5. The minor arc

In the following Lemma, it is crucial that both the integers a; and a; appearing in (4.11) below
do not vanish: in fact, if a; = 0, say, then ¢; = 1 and || is so small that it can not belong to m*.
In order to use the Harman technique then, we are forced to be far from the major arc in which
we would have aja; = 0. Notice that a; = 0 or a; = 0 implies that |ot| < X~2/3 from (4.11),
which means that, on the minor arc, we are working on || > X ~2/3 as showed in (4.12). In some
cases, for high values of &, there would be a gap between the major arc and the minor arc, because
P/X becomes smaller as k grows and it can become smaller than X ~%/3; this is the reason why we

introduce the intermediate arc, when k exceeds a certain threshold, in Section 4.6. In any case, we

will show that we are able to control the contribution of such intermediate arc.

Lemma 4.2. We have that (/) < yX3/3+3¢7.27.72 where u(-) denotes the Lebesgue measure.

Proof. If a € o/, by Lemma B.15 there are coprime integers (a;,q;) and (a2,g2) such that

X1+£/2

X1/2+8/2)2

2
) , lgidiot — a; <<( Z

1§q,-<<( 4.11)

i
We remark that aja; # 0 otherwise we would have o € 9. In fact, if ¢y =0 or a; =0,

recalling the definitions of Z; and (4.11) we get

X1/2+8/2

2
T) < X3, 4.12)

o < g7

Now, we can further split m* into sets I = I(Z,Z5,y,Q1,Q>) where, on each set, Q; < g; <
2Q;. Note that a; and ¢; are uniquely determined by o. In the opposite direction, for a given

quadruple ay, q1, a2, g> the inequalities (4.11) define an interval of & of length

.U(I)<<min(Ql<X1/;+£/2)27 2()(1/;:8/2)2)
<<Q11/2Q21/2(X]/;-1&-8/2)(Xl/;.zg_gp)

X1+8

L= m
2077,
by taking the geometric mean.
Now we need a lower bound for Q}/ 2 é/ 2. by (4.11) we obtain

A
azélli —0142‘ = ‘%(Qllla —ay) — %(921205—02))

L @lgiho—ai|+qi|gpla—a|

x1/2+¢/2\ 2 X1/2+8/2 5
<=5 —) +a (=)
Recalling that Q; < (X'1¢/2/7;)2, Z; > X°/0+¢,
M X'Te2N2 X222 —1/3-2¢ 1
ClzC]1T2fa1q2‘ < <X5/6+£> ( X5/6+¢ ) <X < @ (4.13)
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4.5. The minor arc

We recall that g = X /3 is a denominator of a convergent of A, /A>. Hence by (4.13) Legendre’s
law of best approximation (see Appendix A.4) implies that |a,q;| > ¢ and by the same token, for

any pair o, o’ having distinct associated products a,q; (see [49], Lemma 2),
jax(@)q1 (o) —ax (@) g1 ()| > g

thus, by the pigeon-hole principle, there is at most one value of ayq; in the interval [rg, (r+1)q) for
any positive integer r. Hence a>q; determines a, and ¢ to within X¢ possibilities (see the upper
bound for the divisor function in Appendix, Theorem A.8) and consequently also a>q; determines
a; and g5 to within X¢ possibilities from (4.13).

Hence we got a lower bound for g;¢», since, using Q; < g; <20Q;, we get

]

1
D =a >

>rqy

for the quadruple under consideration.
As a consequence we obtain that the total length of the interval I(Z,7,,y,01,0>), with axq; €

[rq, (r+1)q) does not exceed
w(l) <<X£X1+£ZI—IZZ—1r—1/2q—1/2y1/2.

Now we need a bound for r: since axq; € [rq,(r+1),q), we have

X1+e/2)2 <X1+e/2

2
X4+28z—2z—2
Z Z ) < 1“2

rq < |axq1| < 12| o] <<y<

and hence we get

Next, we sum on every interval to get an upper bound for the measure of o7: we get

w() < X1+2ezl—122—1q—1/2y1/2 Z 12
1<r<g=yx+t2ez,27;2

By standard estimation we obtain

1<r<qlyX++2ez27;2

and hence we can finally write

This proves the Lemma. 0
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4.6. The intermediate arc: 5/2 <k <3 59

4.6 The intermediate arc: 5/2 <k <3

In section 4.5 we apply Harman’s technique to the minor arc, using Lemma B.15 as the starting
point. We remark that in the course of the proof of Lemma 4.2 it is crucial that both the integers
a; and ap appearing in (4.11) below do not vanish; in fact, if a; = 0, say, then o is very small
(a0 < X723 and, according to our definitions above, it belongs to 90t Ut*.

For small £ we do not need an intermediate arc, because the major arc is wide enough to rule
out the possibility that aja, = 0 for & € m. For larger values of &, the constraint (4.4) implies that
there is a gap between the major arc and the minor arc which we need to fill: see the definition in

(4.3). Using the intermediate arc 2)t*, we are able to cover more than needed.

Lemmad4.3. Let X' < a0 < X3/, Then |S)(a)| < X'/?|a|~1/2(log X )*.
Proof. Tt follows immediately from Lemma B.13 by choosing ¢ = |1/a] and a = 1. O

Using (1.5), Lemma 4.3, the Cauchy-Schwarz inequality and (4.4) we get

X73/5

f(n,wafvt*)<<n2/P/X [S1(A10)[[S1 (A2 ) [Sk(Az )| dox
X35 do
< 02X (logX)® / ISe(Az0) X
P/X (04
X73/5 1/2 X73/5 da 1/2
2 8 2 -
<wxtoex)* ([ isiOserde) C( [ )

< nZX(Xl/kf3/5)1/2(X175/(6k))1/2X8 < n2X6/5+1/(12k)+87

where we also used Lemma B.6 with 7 = X3/>. The last estimate is o(an 1+1/ k) for every

5/2 <k <55/12.

4.7 Conclusion

Here we finally justify the choice of the function v in the statement of the main Theorem. Using
Lemmas B.6-B.10-4.2 we are now able to estimate .# (1, @, <7 ) for 1 <k <3.

If 1 <k <6/5 we proceed as follows:
S, 0,4 < /MISl(MOC)IISl(leC)IISk(lsa)lKn(Ot)da

< (/9{ [S1(A10)S1(A20t) K (@) dO‘) . (/Qj k(A3 a) Ky (ax) da) 2
< (min(n*y ™))" (122 u()) " (nx/ite) 2

< (min(nZ;y—z))l/zzlz2 (yx8/3zl—222—2)1/2n1/2X1/(2k)+e



4.7. Conclusion
< nX4/3+l/(2k)+e'

Hence we need n = oo(X 1/3-1/(2k)+e ), which is the same condition we got in (4.7).

If6/5 <k<3,

(0,0, < [ 1510210812200 (4200)| K (@) da

1/4

<( /Qj 512 @)$1 (Aat) [ Ko (1) da Y “( /d k(A1) K (1) der
< (min(nz;y_z))3/4 ((2122)4/3;1(;27))3/4 (n max (X /%, x4/k1 )X€) 1/4

3/42122 ()’XS/321_222_2)3/471 1/4 max(Xl/(Zk);Xl/k—IM)Xe

< (min(n%y~?))
< nzl—l/222—1/2X2+s max(Xl/(Zk);Xl/k*1/4)

Hence we need 1 = eo(max (X 1/6-1/(k)+e, x =1/ 12+€)), which is the same condition we got in

(4.9). If k = 3, using Lemmas B.5 with £ = 3 and 4.2 we obtain

(1, 0,7)]| < /MISl(MO!)HSl(lza)llSz(lsa)lKn(Oﬂ)da

< ([ IsitmasiGoa) Py (@) ( [ 183000k (@)da)

< an3/4Z£3/4X7/3+5/24+8 < TIX31/24+8-

This leads to the same constraint for 17 that we had in (4.10).
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A Elementary results

A.1 Continued fractions

This thesis needs some important tools coming from continued fractions theory, in particular it
is closely linked to the Legendre law of best approximation: therefore we will give some basic

details of the theory of continued fractions.

A finite continued fraction is a representation of the n + 1 variables ag,ay,...,a,
1
f(ao,CZ],. .. ,an) =ap+
1
ay +
a + i

an

There is a simpler form to represent a continued fraction using square brackets:

flag,ai,...,ay) = lag,ai,... a,).

A finite regular continued fraction [ag,ay,...,a,] is a repeated quotient with integers a; sat-
isfying a; > 0 and a, > 1. Every rational number has got a unique representation with a regular
finite continued fraction (if we do not assume a,, > 1, the representation of a rational number by
continued fractions is actually not unique (see [19], section 10.5) but if two simple continued frac-
tions have the same value x = [ag, ..., a,| = [bo,...,by| With m = n and a, > 1, b,, > 1 then the
fractions are identical.

If we take only a truncated representation we will get a convergent, Pm 4o the continued

dm
fraction:

ajapg+1 1

lao] = ao [ag,a1] = ——— =ap+ —

ai [a1]
lao, a a]_aoalaz—i-ao—i-az_a n 1

0,d1,d2 a1a2+1 0 [a1,a2]
1 Pm

lao,ai,...,am| =ap+ ————="— Vm<n

[al,ag,...,am] dm
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A.1. Continued fractions

Two continued fractions are identical if they are formed by the same sequence of partial quo-

tients.

Theorem A.1 (see [19]). If x = [ao,...,a,] is a rational number, n > 1 and m > 0 then the differ-

ence
1 1
’x—pm§<2 Vm<n-—1
qm mdm+1 9y
where x,, = Z—’" = [ao,ay,...,an] is called a convergent of x for m < n— 1.

The main interest of continued fractions lies in the representation of irrational numbers, so in
this case we need to talk about infinite continued fractions. The most important feature we will use
is the difference between the irrational number and its convergents. It is proven that every infinite
simple continued fraction is convergent and every irrational x can be represented by an infinite
continued fraction x = [ap,a1,a2,...]. Also in this case two simple infinite continued fractions
which have the same value are identical and every irrational can be expressed just in one way
using simple infinite continued fractions.

The results of the previous theorem hold also for infinite continued fractions and in this case we
can talk about best approximation with a rational number: % is the fraction, among all fractions
whose denominator does not exceed g,,, that provides the best approximation for the irrational
number x = [ag,ay,...]. Legendre’s law of best approximation states that the convergents to an

irrational number give a sequence of best approximations. In other words,
Theorem A.2. If x¢ Q, m>1,0<qg < g, and 5 + %’

W_x\<'P_x
qm q

or, equivalently,

|pm — qmx| < |p—gx].

If x is an irrational number there is an infinity of fractions satisfying

1
< ? (A.1)

——X

’ p
q

Dirichlet proved a more general statement:

Theorem A.3 (Dirichlet). For any real number x there exists integers Q > 1, a and g with (a,q) =1

and 1 < q < Q, such that
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A.2. Elementary tools

It is also a fact that the simplest numbers in term of continued fractions like the golden ratio
¢ =[1,1,1,...] are the worst in terms of approximation: in other words, it is not possible to

improve the approximation with a power of ¢ greater than 2 in (A.1):

Theorem A.4. Any irrational x has an infinity of approximations which satisfy

where A = /5. If we take A > \/S the previous inequalities may have only a finite number of

solutions.
In particular for all algebraic numbers the best approximations is actually -
q

Theorem A.5 (Roth). Let x be a real algebraic number. For any € >0 and (p,q) = 1, the inequal-
ity

has only finitely many solutions in p and q.

This last theorem will give us a natural limit in the choice of the exponent of the denominator
of the continued fraction.

Dirichlet Theorem A.3 and the law of best approximation A.4 are both used in the study of the
minor arc in all three cases discussed in this dissertation. For instance, in Chapter 2, the Dirichet
theorem is used in Lemma 2.2 while the law best approximation is used in both Lemma 2.2 and

Lemma 2.3 in which Harman technique is applied.

A.2 Elementary tools

Abel’s partial summation formula

Theorem A.6 (Abel summation formula). Let a, be a sequence of real or complex numbers and

¢ :RT — Ca %! function. If we define

A(x) =) ay,
n<x
then

Y ad(n) =AWOG) — [ AW 0)ar

n<x
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A.2. Elementary tools 64

Euler summation formula

Theorem A.7 (Euler summation formula). Let f : (x,y| — C be a derivable function.

Y )= [ f0d+ [ 0a— 0300+ 6 )

x<n<y

where {x} denotes the fractional part of a real number x.

See Apostol [1] Theorem 3.1 for the proof.

Bound on the divisor function

Theorem A.8. Let d(n) denote the number of divisor of a given positive integer n:

d(n) :zleHdEN* :d|n}|.
d|n

Then for large n, d(n) < nt, or, more precisely,

logn
d(n) < exp <loglogn> :

See Apostol [1] Theorem 13.12 for the proof.
In this section we have presented some elementary results of analytic number theory that can

be found on classical literature such as Hardy-Wright [19] and Apostol [1]



B Exponential sums

Exponential sums are objects defined in the following way

S, f) =Y, p(x)e(f(x)),

xEY
where ¥ is an arbitrary set, f is a function on x, e(a) = exp(2mict) and p(x) is a suitable weight.

In analytic number theory we are dealing with infinite sets like N or the set of the prime num-
bers that we can denote with the letter P, and it may be useful to deal with truncated exponential
sums:

SN f) =), p(x)e(f(x)).
x<N
The definition of Uy (¢t) in (1.7) is a truncated exponential sum.
Sometimes it can be useful to treat weighted exponential sums when we are summing over

prime numbers:

S(X,a):= ) logpe(par)

p<X
S'(X, ) ;=) A(n)e(na).
n<X
where
lo if n=p*
A(n) = gp P
0 otherwise

is the von Mangoldt function. The first definition is used in the circle method and in a more
generalized version in (1.6), more suitable for our purpose (dropping the argument X):
Sc@)= Y, logpe(pta),
SX<pt<x

where k > 1 is a real parameter and § is a small positive constant. We always use this last definition
in which the choice of starting from 6X instead of 1 or 2 is needed for technical reasons but it does

not alter the final result.
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Exponential sums

It is possible to use the weighted sum with both the logarithm or the von Mangoldt function as
weights; in the latter case the weights are exactly the coefficients of the logarithmic derivative of
the Riemann § function. It is well known that weighted exponential sums are extremely useful in
analytic number theory.

The weighted exponential sum over the prime numbers can be approximated with a sum with-

out weights or with the exponential integral:

These definitions are those used in this dissertation and are already defined respectively in
(1.6)-(1.7)-(1.8).

Sometimes, we do not need to know the exact behavior of the exponential sum but it is im-
portant to have an upper bound; in all cases a trivial upper bound is the number of element of the

truncated set:
Se(@)] < XF,  |U(@)| < XT,  |Ti(e)] < XF (B.1)

in which, in the estimation of |Si(a)|, we used the Prime Number Theorem.

The estimations above are trivial estimates that often do not lead to satisfactory results. In this
dissertation, in order to be able to exploit the Cauchy-Schwartz and the Holder inequalities, we
need estimates we need stronger bounds on the exponential sums such as L"-norm estimations (in
almost all cases L?>-norm or L*-norm). Moreover, we need sometimes to estimate the difference

between two of the objects defined above, sometimes also in L2-norm.

Theorem B.1. For k > 1 we have
Ti(t) <5 X&' min(X, | "),

Proof. Forall o € R,

1

X k X k !
/ L e(ffa)dr <</ dr < X%,
(8X)* (8X)*

Using an appropriate change of variables followed by an integration by parts we have

1
Xk X 1 k-1 X
/ le(tkOt)dt:/ fs%_]e(sa)ds: [sll_]e(w‘)} + / e<sa)s%—2ds
( sx k 5

8X) k o |sy K Jsx o

If |or| > X! itis easy to see that this is < s X%_1|a\*1.
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B.1. Mean-value of |S;()|?

Theorem B.2.
|Ti(a) —Ur(o)| < 1+ o] X.

It can be proved using Euler summation formula (Theorem A.7).

B.1 Mean-value of |5‘1(oc)|2

Theorem B.3.
1
/ ]S%((x)|d06 < XlogX.
0

Proof.
1 1
/ 152(a0)|dex = / $1(a)S) (—a)dax
0 0
1
2/0 Y logp-e(pa) ) logg-e(—qa)da

<X q<X
1
=Y Zlogplogq/ e((p—q)a)da.
p<X q<X 0

If p = g the integral is 1, otherwise the integral is 0, therefore

1
/ St (a)|do =Y log® p = XlogX +o(XlogX)
0
p<X

using partial summation (Theorem A.6) and the Prime Number Theorem.

B.2 Mean-value of |Sy(a)|*
Lemma B.4.
1
/ 152(e0)*det < X log? X.
0

The proof is due to Rieger [40] p. 94 satz 3.

B.3 Mean-value of |S3(c)|* and |S;(a)|*
Lemma B.5 (Hua’s Lemma). Let k > 1 integer and 1 < £ < k; we have
1 ot 2
/ 1Se(0)[2 dor < X 3T
0

The proof of Hua’s Lemma can be found in [46] Lemma 2.5.
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B.4 Mean-value of |S(o)|?

Lemma B.6 ([42], Lemma 7). Letk > 1, 7> 0,
T
/ |Sk(OC)‘2da < IIlaX(‘L'Xl/k‘*‘S’XZ/k—l-i-g)‘
—T

Proof. 1t comes directly from [42] Lemma 7, in fact, although in Tolev’s paper ¢ € (1, %), the

Lemma is true for every ¢ > 1. In our case we use the definition of S (o) in (1.6):

[ @Pda< ¥ togm)ogr) [ el(vh - phaia

Sx<pk ph<x

1
< long Z min (T, |kk)

sx<pkph<x Pi— P

1
< log’X Z min (‘c, kk>

85X <nk nk )
< Uflog2X+Vlog2X,
where
1
v= Y 1, v= Y FE
8X<nj s <X Sx<nkpf<x 11 2
|nk —n§|<1/T |nk—nk|>1/7
‘We have
1
U < (ki1 /7)< (xR xe
then

Utlog?X < (Xz/k—‘ + er/k> X

On the other hand, using a dyadic argument on u = |[n¥ —n4|~!, V < ¥, V; where

1

vi= Y -
5X<n’1‘,n1§§X
I<|nk—nk|<21

i

2
and / takes the values = i=0,1,2,...,with [ < X. We have

1
Vi« - 1.
<k L
OX<ni<X OX<ny<X
(n’{-&-l)]/kgnzg(n]{-&-ﬂ)l/k

1
For [ > p and 06X < n; < X itis easy to see that

(k4208 — (lF + D)5 > 1,
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hence

1
Vi< X (ka0 oo n) < x
SX<nk<X

by the mean-value Theorem. Collecting all bounds we get
T
/ [Sk(a)Pda < (rxl/uxz/k—l)xg
—T
O

Lemma B.7 ([30], Lemma 5). Let A e R\ {0}, k> 1, 0<n <L R>1/nand1 <P <X. We
have

R
/P ISk (A0 (o) der < X (logX)?.

B.5 Mean-value of |Sk(oc)]4

Lemma B.8 ([15], Lemma 3). Let € >0, k > 1 and v > 0. Let further Qi(Xl/k;k; Y) denote the

number of solutions of the inequalities

|n11€+n§_n§_nﬁ|<,}/a Xl/k<nl7n27n37n4§2X1/k-

Then
o (XK ky) < (X xR xE

Proof. This is an immediate consequence of Theorem 2 of Robert & Sargos [41]; we just need to

choose M = X'/ o = k and y = SM* there. O
Lemma B.9 ([15], Lemma4). Lete >0,6 >0,k >1,n€ Nand 1 > 0. Then we have
T n+1
/ ISe(a)*dar < (ex¥* + X)X and / ISe(e)[* dor < (XP/E 4 x4/k-T)xe,
—T n

Proof. A direct computation gives

@ T
[ Isie)ftda= ¥ (togpi)--(ogps) [ e((ph+ - p5 - phwda
o 8X <pk.pk,ph.ph<X T
. I
< (logXx)* ) mm(r; — )
SX<pk.ph.ph,pk<x pl+p2_p3_p4|

1
< (logX)* min(’c; )
(logX) Z \nll‘—i-n’é—nk n’j\

5X<nf,n’§,n§,n§§X 37T

< Ut(logX)* 4V (logX)*, (B.2)
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where
1
U:= Z 1, and V:= \nk—i—nk—nk—nk ,
5X<n’]‘ ,n’é ,n§ ,nﬁ <X 5X<n']‘ ,n’é ,n§ ,n’j <X 1 2 3 4
[k -+ —nk—nk|<1/7 [ 1k —nk—nk|>1/7

say. Using Lemma B.8 on U we get
1
U< (X5 k1/7) < (Xz/" + ;X“/"*l)xf.
Concerning V, by a dyadic argument we get

1 1
V <« logX | max Z - ) <«logX max —,sz/(Xl/k;k;2W)
1/T<W<X u 1/r<wW<x \W
5X<n]f,n§,n§7n§§X

W <|nk 40k —nk —nk | <2ow

1 X2/k
< max <*(2WX4/k71 +X2/k)>X€ < max (X4/k*1 +7>X€
1/r<W<x \W 1/T<W<X w

< (TXM* 4 xR xE, (B.3)

Combining (B.2)-(B.3), the first part of the Lemma follows. The second part can be proved in a

similar way. O

Lemma B.10 ([15], Lemma 10). Let A e R\ {0}, €>0,k>1,0<n<1,R>1/nand1 <P <X.
Then

R
/P ISk Ae) K () der < max(X2/% X451 xe

Proof. Using (1.5) we obtain

R 4 2 1/ 4 R 4do
/ 1Se (A a)|*Ky (o) dat < 1 / ISe(Aa)| da+/ SA)[*SE =A+B,  (B4)
P/X P/X 1/n o

say. By Lemma B.9, we immediately get
[A]/n
A<’ / 1 S0 d 1 max(X2/%; nx /e xe,
- n

Moreover, again by Lemma B.9, we have that

tee da 1 "
B [ @G < ¥ oo [ i@t

az
Al/m n>[A]/n

< nmax(X2/* x4k xe, (B.5)

Combining (B.4)-(B.5) and using 0 < 1) < 1, the Lemma follows. ]
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B.6 Generalized Selberg integrals

Let us define the generalized version of the Selberg integral:

2X

A = [ (001 — 06 — (e ) —xb)) d

X

where 6(x) =Y ,<,logp is the usual Chebyshev function.
Lemma B.11 ([29], Theorem 3.1). Let k > 1 be a real number. For 0 <Y < % we have

Y Xi 21002 X 1
/ 1Sk(0) — Ui() Pder < %Hﬂxwzﬁ <X2Y> .
-y

Lemma B.12 ([29], Theorem 3.2). Let k > 1 be a real number and € be an arbitrarily small

positive constant. There exists a positive constant ¢ (€), which does not depend on k, such that

1
2_ logX \3
X, h thf ! — _
(X h) < P ( “l (loglogX> )

uni ormlyfoer_ﬁikJrg <h<X.

B.7 The theorems of Vaughan and Ghosh

Lemma B.13 (Vaughan [46], Theorem 3.1). Let & be a real number and a,q be positive integers

satisfying (a,q) = 1 and ‘a -4

< q]—z. Then

X
Si(a) < (ﬂ + \/Xq+X§> log*X.

Lemma B.14 (Ghosh [17], Theorem 2). Let & be a real number and a,q be positive integers

satisfying (a,q) = 1 and ‘Ot - g < qiz. Let moreover € > 0, then

1

/11 g\®
So(a) < X2t [y — + L)
2(01) < (61+X1+X>

Corollary B.15. Let A € R\ {0}, X > Z > X*/>(logX)’ and |S\ (A )| > Z. Then there are coprime
integers (a,q) = 1 satisfying

X (logX)'°

X (logX)*\2
&), lgha —a| < =

1< (
<g< -

Proof. Let Q be a parameter that we will choose later. By Dirichlet’s theorem A.3 there exist

coprime integers (a,q) = 1 such that 1 < ¢ < Q and |[gAa —a| < Q7! < g~'. The choice

ZZ
0= 10
X (logX)



B.7. The theorems of Vaughan and Ghosh

allows us to prove the second part of the statement and to neglect some terms in the estimations of
S1(Aar)|. Using Lemma B.13, knowing that Z > X*/3(logX)® and |S; (Aa)| > Z, we can rewrite
the bound for |S| (A )| neglecting the term X*/:

Z < |S1(ha)] < (Xg 2+ x12¢1?) (logx)*.

The condition ¢ < Q allows us to neglect the term X'/2¢'/2 and deal with small values of g; in

fact, if ¢ > X '/2 then we would have a contradiction

Z < |Si(Aa)| < X'2¢' *(1ogX)* < x1/? (logX)* =0(Z).

X1/2(logX )3
Then g < min(X'/2,Q) = X'/2, since Z > X*/>(logX ) > X3/*(log X)°. Moreover, we can rewrite
the inequality on |S;(A )] as

Z<|Si(Aa)| < Xqg~ " (logx)*

and finally we get ¢'/2Z < X (logX)*, which completes the proof.
O

Corollary B.16. Let A € R\ {0}, X2>Z>X2 6 and |S2(Aa)| > Z. Then there are coprime

integers (a,q) = 1 satisfying

5 .

Proof. Let Q be a parameter that we will choose later. By Dirichlet’s Theorem A.3 there exist

coprime integers (a,q) = 1 such 1 < g < Q such that |gAa —a| < Q' < g~ !. The choice

7 4
e=x <X%+€>

allows us to prove the second part of the statement and to neglect some terms in the estimations

of |S2(Aa)|. Using Lemma B.14, knowing that Z > X167€ and |S2(A100)| > Z, we can rewrite the

bound for |S>(A a)| neglecting the term X T te:
Z<|S(Aa)| < X2teqs 4 X it 2,

The condition ¢ < Q allows us to neglect the term X ite/ 2q£ and deal with small value of g;

in fact, if ¢ > X 2 then we would have a contradiction:

z
Z < |S(Aa)| < X3+ 2gi < X%“/zx%ﬁ =0(2).
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. 1 1 . 7 3 . . .
Then ¢ <min(X2,Q) = X2, since Z > X167¢ > X57¢_ Moreover we can rewrite the inequality

for |S2(A )| as

Z<|SH(Aa)| < X2t

and get

1 1 X%J’_8 !
Gzxte = <%

which proves the Lemma. O
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