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Centre Scientifique d’Orsay, F-91898 Orsay Cedex, France
25Lawrence Livermore National Laboratory, Livermore, California 94550, USA

26University of Liverpool, Liverpool L69 7ZE, United Kingdom
27Queen Mary, University of London, London, E1 4NS, United Kingdom

28University of London, Royal Holloway and Bedford New College, Egham,
Surrey TW20 0EX, United Kingdom

29University of Louisville, Louisville, Kentucky 40292, USA
30Johannes Gutenberg-Universität Mainz, Institut für Kernphysik, D-55099 Mainz, Germany

31University of Manchester, Manchester M13 9PL, United Kingdom
32University of Maryland, College Park, Maryland 20742, USA

33Laboratory for Nuclear Science. Massachusetts Institute of Technology,
Cambridge, Massachusetts 02139, USA

34aInstitute of Particle Physics, Montréal, Québec H3A 2T8, Canada
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45cScuola Normale Superiore di Pisa, I-56127 Pisa, Italy
46Princeton University, Princeton, New Jersey 08544, USA

47aINFN Sezione di Roma, I-00185 Roma, Italy
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We study the processes eþe− → πþπ−π0π0π0γ and πþπ−π0π0ηγ in which an energetic photon is radiated
from the initial state. The data are collected with the BABAR detector at SLAC. About 14 000 and 4700
events, respectively, are selected from a data sample corresponding to an integrated luminosity of 469 fb−1.
The invariant mass of the hadronic final state defines the effective eþe− center-of-mass energy. From the
mass spectra, the first precise measurement of the eþe− → πþπ−π0π0π0 cross section and the first
measurement ever of the eþe− → πþπ−π0π0η cross section are performed. The center-of-mass energies
range from threshold to 4.35 GeV. The systematic uncertainty is typically between 10% and 13%. The
contributions from ωπ0π0, ηπþπ−, and other intermediate states are presented. We observe the J=ψ and
ψð2SÞ in most of these final states and measure the corresponding branching fractions, many of them for
the first time.

DOI: 10.1103/PhysRevD.98.112015

I. INTRODUCTION

Electron-positron annihilation events with initial-state
radiation (ISR) can be used to study processes over a wide
range of energies below the nominal eþe− center-of-mass
(c.m.) energy (Ec:m:), as proposed in Ref. [1]. The pos-
sibility of exploiting ISR to make precise measurements of
low-energy cross sections at high-luminosity ϕ and B
factories is discussed in Refs. [2–4], and motivates the
studies described in this paper. Such measurements are of
particular interest because of an ∼3.5 standard-deviation
discrepancy between the measured value of the muon
anomalous magnetic moment (gμ − 2) and the Standard
Model value [5], where the Standard Model calculation
requires input from experimental eþe− hadronic cross
section data in order to account for hadronic vacuum

polarization (HVP) terms. The calculation is most sensitive
to the low-energy region, where the inclusive hadronic
cross section cannot be measured reliably and a sum of
exclusive states must be used. Not all accessible states have
yet been measured, and new measurements will improve
the reliability of the calculation. In addition, studies of ISR
events at B factories are interesting in their own right,
because they provide information on resonance spectros-
copy for masses up to the charmonium region.
Studies of the ISR processes eþe− → μþμ−γ [6,7] and

eþe− → Xhγ, using data from the BABAR experiment at
SLAC, have been previously reported. Here Xh represents
any of several exclusive hadronic final states. The Xh
studied to date include charged hadron pairs πþπ− [7],
KþK− [8], and pp̄ [9]; four or six charged mesons [10–12];
charged mesons plus one or two π0 mesons [11–15]; a K0

S
meson plus charged and neutral mesons [16], and channels
with K0

L mesons [17]. The ISR events are characterized by
good reconstruction efficiency and by well-understood
kinematics (see for example Ref. [13]), tracking, particle
identification, and π0, K0

S, and K0
L reconstruction demon-

strated in the above references.
This paper reports analyses of the πþπ−3π0 and

πþπ−2π0η final states produced in conjunction with a hard
photon assumed to result from ISR. While BABAR data are
available at effective c.m. energies up to 10.58 GeV, the
present analysis is restricted to energies below 4.35 GeV
because of backgrounds from ϒð4SÞ decays. As part of the
analysis, we search for and observe intermediate states,
including the η, ω, ρ, a0ð980Þ, and a1ð1260Þ resonances.
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A clear J=ψ signal is observed for both the πþπ−3π0 and
πþπ−2π0η channels, and the corresponding J=ψ branching
fractions are measured. The decay ψð2SÞ → πþπ−π0π0π0 is
observed and its branching fraction is measured.
Previous measurements of the eþe− → πþπ−π0π0π0

cross section were reported by the M3N [18] and MEA
[19] experiments, but with very limited precision, leading
to a large uncertainty in the corresponding HVP contribu-
tion. The BABAR experiment previously measured the
eþe− → ηπþπ− reaction in the η → πþπ−π0 [14] and
η → γγ [20] decay channels. Below, we present the
measurement of eþe− → ηπþπ− with η → π0π0π0: this
process contributes to eþe− → πþπ−π0π0π0. There are
no previous results for eþe− → πþπ−π0π0η.

II. THE BABAR DETECTOR AND DATA SET

The data used in this analysis were collected with the
BABAR detector at the PEP-II2 asymmetric energy eþe−
storage ring. The total integrated luminosity used is
468.6 fb−1 [21], which includes data collected at the
ϒð4SÞ resonance (424.7 fb−1) and at a c.m. energy
40 MeV below this resonance (43.9 fb−1).
The BABAR detector is described in detail elsewhere

[22]. Charged particles are reconstructed using the BABAR
tracking system, which is comprised of the silicon vertex
tracker (SVT) and the drift chamber (DCH), both located
inside the 1.5 T solenoid. Separation of pions and kaons is
accomplished by means of the detector of internally
reflected Cherenkov light and energy-loss measurements
in the SVT and DCH. Photons and K0

L mesons are detected
in the electromagnetic calorimeter (EMC). Muon identi-
fication is provided by the instrumented flux return.
To evaluate the detector acceptance and efficiency, we

have developed a special package of Monte Carlo (MC)
simulation programs for radiative processes based on
the approach of Czyż and Kühn [23]. Multiple collinear
soft-photon emission from the initial eþe− state is imple-
mented with the structure function technique [24,25], while
additional photon radiation from final-state particles is
simulated using the PHOTOS package [26]. The precision
of the radiative simulation is such that it contributes less
than 1% to the uncertainty in the measured hadronic cross
sections.
We simulate eþe− → πþπ−π0π0π0γ events assuming

production through the ωð782Þπ0π0 and ηρð770Þ inter-
mediate channels, with decay of the ω to three pions and
decay of the η to all its measured decay modes [27]. The
two neutral pions in the ωπ0π0 system are in an S-wave
state and are described by a combination of phase space and
f0ð980Þ → π0π0 based on our study of the ωπþπ− state
[14]. The simulation of eþe− → πþπ−π0π0ηγ events is
similarly based on two production channels: a phase space
model, and a model with an ωπ0η intermediate state with a
π0η S-wave system.

A sample of 100–200 k simulated events is generated for
each signal reaction and processed through the detector
response simulation based on the GEANT4 package [28].
These events are reconstructed using the same software
chain as the data. Variations in detector and background
conditions are taken into account.
For the purpose of background estimation, large samples

of events from the main relevant ISR processes (2πγ, 3πγ,
4πγ, 5πγ, 2Kπγ, and πþπ−π0π0γ) are simulated. To
evaluate the background from the relevant non-ISR proc-
esses, namely eþe− → qq̄ (q ¼ u, d, s) and eþe− → τþτ−,
simulated samples with integrated luminosities about twice
that of the data are generated using the JETSET [29] and
KORALB [30] programs, respectively. The cross sections
for the above processes are known with an accuracy
slightly better than 10%, which is sufficient for the present
purposes.

III. EVENT SELECTION AND KINEMATIC FIT

A relatively clean sample of πþπ−3π0γ and πþπ−2π0ηγ
events is selected by requiring that there be two tracks
reconstructed in the DCH, SVT, or both, and seven or more
photons, with an energy above 0.02 GeV, in the EMC.
We assume the photon with the highest energy to be the ISR
photon, and we require its c.m. energy to be larger than
3 GeV.
We allow either exactly two or exactly three tracks in an

event, but only two that extrapolate to within 0.25 cm of the
beam axis and 3.0 cm of the nominal collision point along
that axis. The reason a third track is allowed is to capture a
relatively small fraction of signal events that contain a
background track. The two tracks that satisfy the extrapo-
lation criteria are fit to a vertex, which is used as the point of
origin in the calculation of the photon directions.
We subject each candidate event to a set of constrained

kinematic fits and use the fit results, along with charged-
particle identification, to select the final states of interest and
evaluate backgrounds from other processes. The kinematic
fits make use of the four-momenta and covariance matrices
of the initial eþ, e−, and the set of selected tracks and
photons. The fitted three-momenta of each track and photon
are then used in further kinematical calculations.
Excluding the photon with the highest c.m. energy,

which is assumed to arise from ISR, six other photons
are combined into three pairs. For each set of six photons,
there are 15 independent combinations of photon pairs. We
retain those combinations in which the diphoton mass of at
least two pairs lies within 35 MeV=c2 of the π0 mass mπ0 .
The selected combinations are subjected to a fit in which
the diphoton masses of the two pairs with jmðγγÞ −mπ0 j <
35 MeV=c2 are constrained to mπ0 . In combination with
the constraints due to four-momentum conservation, there
are thus six constraints (6C) in the fit. The photons in the
remaining (“third”) pair are treated as being independent.
If all three photon pairs in the combination satisfy
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jmðγγÞ −mπ0 j < 35 MeV=c2, we test all possible combi-
nations, allowing each of the three diphoton pairs in turn to
be the third pair, i.e., the pair without the mπ0 constraint.
The above procedure allows us not only to search for

events with π0 → γγ in the third photon pair, but also for
events with η → γγ.
The 6C fit is performed under the signal hypothesis

eþe− → πþπ−π0π0γγγISR. The combination with the small-
est χ2 is retained, along with the obtained χ22π2π0γγ value
and the fitted three-momenta of each track and photon.
Each selected event is also subjected to a 6C fit under the
eþe− → πþπ−π0π0γISR background hypothesis, and the
χ2
2π2π0

value is retained. The πþπ−π0π0 process has a larger
cross section than the πþπ−3π0 signal process and can
contribute to the background when two background pho-
tons are present. Most events contain additional soft
photons due to machine background or interactions in
the detector material.

IV. THE π +π − 3π0 FINAL STATE

A. Additional selection criteria

The results of the 6C fit to events with two tracks and at
least seven photon candidates are used to perform the final
selection of the five-pion sample. We require the tracks to
lie within the fiducial region of the DCH (0.45–2.40 rad)
and to be inconsistent with being a kaon or muon. The
photon candidates are required to lie within the fiducial
region of the EMC (0.35–2.40 rad) and to have an energy
larger than 0.035 GeV. A requirement that there be no
charged tracks within 1 rad of the ISR photon reduces the
τþτ− background to a negligible level. A requirement that
any extra photons in an event each have an energy below
0.7 GeV slightly reduces the multiphoton background.
Figure 1(a) shows the invariant mass mðγγÞ of the third

photon pair vs χ2
2π2π0γγ

. Clear π0 and η peaks are visible at

small χ2 values. We require χ2
2π2π0γγ

< 60 for the signal

hypothesis and χ2
2π2π0

> 30 for the 2π2π0 background
hypothesis. This requirement reduces the contamination
due to 2π2π0 events from 30% to about 1%–2% while
reducing the signal efficiency by only 5%.
Figure 1(b) shows the mðγγÞ distribution after the above

requirements have been applied. The dip in this distribution
at the π0 mass value is a consequence of the kinematic fit
constraint of the best two photon pairs to the π0 mass. Also,
because of this constraint, the third photon pair is some-
times formed from photon candidates that are less well
measured.
Figure 2 shows the mðγγÞ distribution vs the invariant

mass mð2π2π0γγÞ for events, Fig. 2(a), in the signal region
χ2
2π2π0γγ

< 60 and, Fig. 2(b), in a control region defined by

60 < χ2
2π2π0γγ

< 120. Events from the eþe−→πþπ−π0π0π0

and πþπ−2π0η processes are clearly seen in the signal

region, as well as J=ψ decays to these final states. In the
control region no significant structures are seen and we use
these events to evaluate background.
Our strategy to extract the signals for the eþe− →

πþπ−π0π0π0 and πþπ−π0π0η processes is to perform
a fit for the π0 and η yields in intervals of 0.05 GeV=c2

in the distribution of the πþπ−2π0γγ invariant mass
mðπþπ−2π0γγÞ.

B. Detection efficiency

As mentioned in Sec. II, the model used in the MC
simulation assumes that the five-pion final state results
predominantly from ωπ0π0 and ηπþπ− production, with ω
decays to three pions and η decays to all modes. As shown
below, these two final states dominate the observed cross
section.
The selection procedure applied to the data is also

applied to the MC-simulated events. Figures 3(a) and
4(a) show the mðγγÞ distribution and Figs. 3(b) and 4(b)
show the distribution of mðγγÞ vs mð2π2π0γγÞ for the
simulated ηπþπ− and ωπ0π0 events, respectively. The π0

peak is not Gaussian in either reaction and is broader for
ηπþπ− events than for ωπ0π0 events because the photon
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FIG. 1. (a) The invariant mass mðγγÞ of the third photon pair vs
χ2
2π2π0γγ

. (b) The mðγγÞ distribution for χ2
2π2π0γγ

< 60 and with

additional selection criteria applied as described in the text.

STUDY OF THE REACTIONS … PHYS. REV. D 98, 112015 (2018)

112015-5



energies are lower. Background photons are included in
the simulation. Thus these distributions include simulation
of the combinatoric background that arises when back-
ground photons are combined with photons from the signal
reactions.
The combinatoric background is subtracted using the

data from the χ2 control region. The method is illustrated
using simulation in Fig. 5, which shows the mðγγÞ
distribution with a bin width of 0.02 GeV=c2. The dashed
histograms show the simulated combinatoric background.
The solid histograms show the simulated results from the
signal region after subtraction of the simulated combina-
toric background. The sum of three Gaussian functions
with a common mean is used to describe the π0 signal
shape. The fitted fit function is shown by the smooth curve
in Fig. 5. We perform a fit of the π0 signal in every
0.05 GeV=c2 interval in themð2π2π0γγÞ invariant mass for
the two different simulated channels.
Alternatively, for the ηπþπ− events, we determine the

number of events vs the mð2π2π0γγÞ invariant mass by
fitting the η signal from the η → π0π0π0 decay: the
simulated background-subtracted distribution is shown in
Fig. 6(a). The fit function is again the sum of three
Gaussian functions with a common mean.

Similarly, as an alternative for the ωπ0π0 events, the ω
mass peak can be used. The ω mass peak in simulation is
shown in Fig. 6(b), with three entries per event. We obtain
the number of events by fittingmðπþπ−π0Þ in 0.05 GeV=c2

intervals of the mðπþπ−2π0γγÞ invariant mass. A Breit-
Wigner (BW) function convoluted with a Gaussian dis-
tribution to account for the detector resolution is used to
describe the ω signal. A second-order polynomial is used to
describe the background.
The mass-dependent detection efficiency is obtained by

dividing the number of fitted MC events in each
0.05 GeV=c2 mass interval by the number generated in
the same interval. Although the signal simulation accounts
for all η decay modes, the efficiency calculation considers
the signal η → π0π0π0 decay mode only. This efficiency
estimate takes into account the geometrical acceptance of
the detector for the final-state photons and the charged
pions, the inefficiency of the detector subsystems, and the
event loss due to additional soft-photon emission from the
initial and final states. Corrections that account for data
versus MC differences are discussed below.
The mass-dependent efficiencies from the π0 fit

are shown in Fig. 7 by points for the ηπþπ− and by
squares for the ωπ0π0 intermediate states, respectively.
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The efficiencies determined from the η and ω fits are
shown in Fig. 7 by the triangles and upside-down triangles,
respectively. These results are very similar to those
obtained from the π0 fits.
From Fig. 7 it is seen that the reconstruction efficiency is

about 4%, roughly independent of mass. By comparing the
results of the four different methods used to evaluate the
efficiency, we conclude that the overall acceptance does not
change by more than 5% because of variations of the
functions used to extract the number of events or the use of
different models. This value is taken as an estimate of the
systematic uncertainty in the acceptance associated with the
simulation model used and with the fit procedure. We
average the four efficiencies in each 0.05 GeV=c2 mass
interval and fit the result with a third-order polynomial
function shown in Fig. 7. The result of this fit is used for the
cross section calculation.

C. Number of π +π − 3π0 events

The solid histogram in Fig. 8(a) shows the mðγγÞ data
of Fig. 1(b) binned in mass intervals of 0.02 GeV=c2.
The dashed histogram shows the distribution of data

from the χ2 control region. The dotted histogram is the
estimated remaining background from the eþe− →
πþπ−π0π0 process. No evidence for a peaking background
is seen in either of the two background distributions.
We subtract the background evaluated using the χ2 control
region. The resulting mðγγÞ distribution is shown in
Fig. 8(b).
We fit the data of Fig. 8(b) with a combination of a signal

function taken from simulation, and a background function
taken to be a third-order polynomial. The fit is performed in
the mðγγÞ mass range from 0.0 to 0.5 GeV=c2. The result
of the fit is shown by the solid and dashed curves in
Fig. 8(b). In total 14 390� 182 events are obtained. Note
that this number includes a relatively small peaking-
background component, due to qq̄ events, which is dis-
cussed in Sec. IV D. The same fit is applied to the
corresponding mðγγÞ distribution in each 0.05 GeV=c2

interval in the πþπ−2π0γγ invariant mass. The resulting
number of πþπ−3π0 event candidates as a function of
mðπþπ−3π0Þ, including the peaking qq̄ background, is
shown by the data points in Fig. 9.
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D. Peaking background

The major background producing a π0 peak following
application of the selection criteria of Sec. IVA is from
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FIG. 6. (a) The background-subtracted MC-simulated 3π0

invariant mass for the eþe− → ηπþπ− events. The dashed
distribution is from the simulated χ2 control region used for
background subtraction. (b) The πþπ−π0 invariant mass for the
MC-simulated eþe− → ωπ0π0 events (three entries per event).
The solid curve shows the fit function used to obtain the number
of signal events. The dashed curve shows the fit function for the
combinatorial background.
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non-ISR qq̄ events, the most important channel being
eþe− → πþπ−π0π0π0π0 in which one of the neutral pions
decays asymmetrically, yielding a high-energy photon that
mimics an ISR photon. Figure 10(a) shows the third-
photon-pair invariant mass vs mðπþπ−π0π0γγÞ for the
non-ISR light quark qq̄ (uds) simulation: clear signals
from π0 and η are seen. Figure 10(b) shows the projection
plots for χ2

2π2π0γγ
< 60 and 60 < χ2

2π2π0γγ
< 120.

To normalize the uds simulation, we calculate the
diphoton invariant mass distribution of the ISR candidate
with all the remaining photons in the event. A π0 peak is
observed, with approximately the same number of events in
data and simulation, leading to a normalization factor of
1.0� 0.1. The resulting uds background is shown by the
squares in Fig. 9: The uds background is negligible below
2 GeV=c2, but accounts for more than half the total
background for around 4 GeV=c2 and above.

E. Cross section for e+ e − → π +π − π0π0π0

The eþe− → πþπ−π0π0π0 Born cross section is deter-
mined from

σð2π3π0ÞðEc:m:Þ¼
dN5πγðEc:m:Þ

dLðEc:m:Þϵcorr5π ϵMC
5π ðEc:m:Þð1þδRÞ

; ð1Þ

where Ec:m: is the invariant mass of the five-pion system;
dN5πγ is the background-subtracted number of selected
five-pion events in the interval dEc:m:, and ϵMC

5π ðEc:m:Þ is the
corresponding detection efficiency from simulation. The
factor ϵcorr5π accounts for the difference between data and
simulation in the tracking (1.0� 1.0%=per track) [10] and
π0 (3.0� 1.0% per pion) [15] reconstruction efficiencies.
The ISR differential luminosity dL is calculated using the
total integrated BABAR luminosity of 469 fb−1 [13]. The
initial- and final-state soft-photon emission is accounted for
by the radiative correction factor (1þ δR), which is close to
unity for our selection criteria. The cross section results
contain the effect of vacuum polarization because this effect
is not accounted for in the luminosity calculation.
Our results for the eþe− → πþπ−π0π0π0 cross section

are shown in Fig. 11. The cross section exhibits a structure
around 1.7 GeV with a peak value of about 2.5 nb, followed
by a monotonic decrease toward higher energies. Because
we present our data in bins of width 0.050 GeV=c2,
compatible with the experimental resolution, we do not
apply an unfolding procedure to the data. Numerical values
for the cross section are presented in Table I. The J=ψ
region is discussed later.

F. Summary of the systematic studies

The systematic uncertainties presented in the previous
sections are summarized in Table II, along with the
corrections that are applied to the measurements.
The three corrections applied to the cross sections sum up

to 12.5%. The systematic uncertainties vary from 10% for
Ec:m: < 2.5 GeV to 50% for Ec:m: > 3.5 GeV. The largest
systematic uncertainty arises from the fitting and background-
subtraction procedures. It is estimated by varying the back-
ground levels and the parameters of the functions used.

G. Overview of the intermediate structures

The eþe− → πþπ−π0π0π0 process has a rich internal
substructure. To study this substructure, we restrict events
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FIG. 10. (a) The third-photon-pair invariant mass vs
mðπþπ−π0π0γγÞ for the uds simulation. (b) The projection plot
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< 60 (solid histogram), and the
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tomðγγÞ < 0.35 GeV=c2, eliminating the region populated
by eþe− → πþπ−π0π0η. We then assume that the
mðπþπ−2π0γγÞ invariant mass can be taken to represent
mðπþπ−3π0Þ.
Figure 12(a) shows the distribution of the π0π0π0

invariant mass. The distribution is seen to exhibit a
prominent η peak, which is due to the eþe− → ηπþπ−
reaction. Figure 12(b) presents a scatter plot of the πþπ− vs
the 3π0 invariant mass. From this plot, the ρð770Þη
intermediate state is seen to dominate. Figure 12(c)
presents a scatter plot of the 3π0 invariant mass versus
mðπþπ−π0π0γγÞ.
The distribution of the πþπ−π0 invariant mass (three

entries per event) is shown in Fig. 13(a). A prominent ω
peak from eþe− → ωπ0π0 is seen. Some indications of ϕ
and J=ψ peaks are also present. The scatter plot in Fig. 13
(b) shows the π0π0 vs the πþπ−π0 invariant mass. A scatter
plot of the πþπ−π0 vs the πþπ−π0π0γγ mass is shown in
Fig. 13(c). A clear signal for a J=ψ peak is seen.

TABLE I. Summary of the eþe− → πþπ−π0π0π0 cross section measurement. The uncertainties are statistical only.

Ec:m: (GeV) σ (nb) Ec:m: (GeV) σ (nb) Ec:m: (GeV) σ (nb) Ec:m: (GeV) σ (nb) Ec:m: (GeV) σ (nb)

1.125 0.00� 0.02 1.775 2.20� 0.23 2.425 0.92� 0.10 3.075 4.36� 0.13 3.725 0.29� 0.05
1.175 0.00� 0.03 1.825 2.03� 0.17 2.475 0.61� 0.09 3.125 2.66� 0.11 3.775 0.15� 0.04
1.225 −0.03� 0.05 1.875 1.65� 0.15 2.525 0.45� 0.08 3.175 0.60� 0.06 3.825 0.20� 0.04
1.275 0.21� 0.12 1.925 1.23� 0.15 2.575 0.71� 0.10 3.225 0.33� 0.05 3.875 0.18� 0.04
1.325 0.51� 0.12 1.975 1.46� 0.19 2.625 0.45� 0.08 3.275 0.31� 0.05 3.925 0.14� 0.04
1.375 1.17� 0.20 2.025 1.41� 0.14 2.675 0.56� 0.09 3.325 0.20� 0.05 3.975 0.22� 0.04
1.425 1.68� 0.15 2.075 1.42� 0.14 2.725 0.22� 0.08 3.375 0.35� 0.05 4.025 0.14� 0.04
1.475 2.10� 0.26 2.125 1.30� 0.12 2.775 0.40� 0.08 3.425 0.22� 0.05 4.075 0.14� 0.03
1.525 1.92� 0.28 2.175 1.12� 0.13 2.825 0.29� 0.08 3.475 0.19� 0.05 4.125 0.04� 0.03
1.575 2.49� 0.27 2.225 1.16� 0.13 2.875 0.62� 0.08 3.525 0.26� 0.05 4.175 0.08� 0.03
1.625 2.36� 0.27 2.275 1.03� 0.12 2.925 0.55� 0.08 3.575 0.12� 0.05 4.225 0.09� 0.03
1.675 2.81� 0.20 2.325 0.82� 0.11 2.975 0.60� 0.09 3.625 0.38� 0.05 4.275 0.12� 0.03
1.725 2.20� 0.25 2.375 0.68� 0.10 3.025 0.85� 0.10 3.675 0.41� 0.06 4.325 0.09� 0.03
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FIG. 12. (a) The π0π0π0 invariant mass. (b) The πþπ− vs the π0π0π0 invariant mass. (c) The π0π0π0 invariant mass vs the five-pion
invariant mass.

TABLE II. Summary of the systematic uncertainties in the
eþe− → πþπ−π0π0π0 cross section measurement.

Source Correction Uncertainty

Luminosity � � � 1%
MC-data difference ISR
Photon efficiency þ1.5% 1%
χ2 cut uncertainty � � � 3%
Fit and background subtraction � � � 7%

Ec:m: > 2.5 GeV � � � 20%
Ec:m: > 3.5 GeV � � � 50%

MC-data difference in track losses þ2% 2%
MC-data difference in π0 losses þ9% 3%
Radiative corrections accuracy � � � 1%
Acceptance from MC
(Model dependent) � � � 5%

Total (assuming no correlations) þ12.5% 10%
Ec:m: > 2.5 GeV 21%
Ec:m: > 3.5 GeV 50%
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Figure 14(a) shows the πþπ0 (dotted) and π−π0 (solid)
invariant masses (three entries per event). A prominent
ρð770Þ peak, corresponding to eþe− → 3πρ, is visible. The
scatter plot in Fig. 14(b) shows the π−π0 vs the πþπ0

invariant mass. An indication of the ρþρ−π0 intermediate
state is visible. Figure 14(c) shows the ππ0 invariant mass
vs the five-pion invariant mass: a clear signal for the J=ψ
and an indication of the ψð2SÞ are seen.

H. The ηπ + π − intermediate state

To determine the contribution of the ηπþπ− intermediate
state, we fit the events of Fig. 12(a) using a triple-Gaussian
function to describe the signal peak, as in Fig. 6(a), and a
polynomial to describe the background. The result of the fit
is shown in Fig. 15(a). We obtain 2102� 112 ηπþπ−

events. The number of ηπþπ− events as a function of the
five-pion invariant mass is determined by performing an
analogous fit of events in Fig. 12(c) in each 0.05 GeV=c2

interval of mðπþπ−3π0Þ. The resulting distribution is
shown in Fig. 16.
The πþπ− invariant mass distribution for events within

�0.7 GeV=c2 of the η peak in Fig. 15(a) is shown in

Fig. 15(b). A clear signal from ρð770Þ is observed,
supporting the statement that the reaction is dominated
by the ρð770Þη intermediate state. The distribution of
events from η-peak sidebands is shown by the dashed
histogram.
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FIG. 13. (a) The πþπ−π0 invariant mass (three combinations per event). (b) The π0π0 vs the πþπ−π0 invariant mass. (c) The πþπ−π0
invariant mass vs the five-pion invariant mass.
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FIG. 14. (a) The πþπ0 (solid) and π−π0 (dashed) invariant masses (three combinations per event). (b) The π−π0 vs the πþπ0 invariant
mass. (c) The π�π0 invariant mass vs the five-pion invariant mass.
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FIG. 15. (a) The 3π0 invariant mass for data. The curves show
the fit functions. The solid curve shows the η peak (based on MC
simulation) plus the non-η continuum background (dashed).
(b) The πþπ− invariant mass for events selected in the η-peak
region. The dashed histogram shows the continuum events in the
η-peak sidebands.
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Using Eq. (1), we determine the cross section for the
eþe− → ηπþπ− process. Our simulation takes into account
all η decays, so the cross section results shown in Fig. 17(a)
and listed in Table III correspond to all η decays.

Systematic uncertainties in this measurement are the same
as those listed in Table II. Figure 17(b) shows our
measurement in comparison to our previous results
[14,20] and to those from the SND experiment [31].
These previous results are based on different η decay
modes than that considered here. The different results
are seen to agree within the uncertainties. Including the
results of the present study, we have thus now measured the
eþe− → ηπþπ− cross section in three different η decay
modes.

I. The ωπ0π0 intermediate state

To determine the contribution of the ωπ0π0 intermediate
state, we fit the events of Fig. 13(a) using a BW function
to model the signal and a polynomial to model the back-
ground. The BW function is convoluted with a Gaussian
distribution that accounts for the detector resolution, as
described for the fit of Fig. 6(b). The result of the fit is
shown in Fig. 18(a). We obtain 3960� 146 ωπ0π0 events.
The number of the ωπ0π0 events as a function of the
five-pion invariant mass is determined by performing an
analogous fit of events in Fig. 13(c) in each 0.05 GeV=c2

interval of mðπþπ−3π0Þ. The resulting distribution is
shown by the circle symbols in Fig. 18(b). We do not
observe a clear f0ð980Þ → π0π0 signal in the π0π0 invariant
mass, perhaps because of a large combinatorial back-
ground. In contrast, in our previous study of the eþe− →
ωπþπ− → πþπ−πþπ−π0 process [14], a clear f0ð980Þ →
πþπ− signal was seen.
For the eþe− → ωπ0π0 channel, there is a peaking

background from eþe− → ωπ0 → πþπ−π0π0. A simulation
of this reaction with proper normalization leads to the
peaking-background estimation shown by the square sym-
bols in Fig. 18(b). This background is subtracted from the
ωπ0π0 signal candidate distribution.
The eþe− → ωπ0π0 cross section corrected for the

ω → πþπ−π0 branching fraction is shown in Fig. 19 and
tabulated in Table IV. The uncertainties are statistical
only. The systematic uncertainties are about 10% for
Ec:m: < 2.4 GeV, as discussed in Sec. IV F. No previous
measurement exists for this process. The cross section
exhibits a rise at threshold, a decrease at large (Ec:m:,) and a
clear resonance at around 1.6 GeV, possibly from the
ωð1650Þ. The measured eþe− → ωπ0π0 cross section is
around a factor of 2 smaller than that we observed
for eþe− → ωπþπ− [14], as is expected from isospin
symmetry.

J. The ρð770Þ�π∓π0π0 intermediate state

A similar approach is followed to study events with a ρ�
meson in the intermediate state. Because the ρ meson is
broad, a BW function is used to describe the signal shape.
There are six ρ� entries per event, leading to a large
combinatoric background. To extract the contribution of the

1 1.5 2 2.5 3
2), GeV/c0π3-π+πm(

0

50

100

150

200
2

E
ve

nt
s/

0.
05

 G
eV

/c

FIG. 16. The mðπþπ−3π0Þ invariant mass dependence of the
selected data events for eþe− → ηπþπ−, η → 3π0.
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FIG. 17. (a) The energy-dependent eþe− → ηπþπ− cross sec-
tion obtained in the 2π3π0 mode. (b) Comparison of the current
results (squares) with previous measurements from BABAR in the
η → πþπ−π0 (upside-down triangles) [14] and η → γγ modes
(circles) [20]. Results from the SND experiment [31] are shown
by triangles.
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ρ�π∓π0π0 intermediate state we fit the events in Fig. 14(a)
with a BW function to describe the signal and a polynomial
to describe the background. The parameters of the ρ
resonance are taken from Ref. [27]. The result of the fit
is shown in Fig. 20(a). We obtain 14894� 501 ρ�π∓π0π0
events. The distribution of these events vs the five-pion
invariant mass is shown by the square symbols in
Fig. 21(a).

The circle symbols in Fig. 21(a) show the total number of
πþπ−3π0 events repeated from Fig. 9. It is seen that the
number of events with a ρ� exceeds the total number
of πþπ−3π0 events, implying that there is more than one
ρ� per event, namely a significant production of eþe− →
ρþρ−π0. To determine the rate of ρþρ−π0 events, we
perform a fit to determine the number of ρþ in intervals
of 0.04 GeV=c2 in the π−π0 distribution of Fig. 14(b). The
result is shown in Fig. 20(b). Indeed, a significant ρþ peak
is observed.
The number of eþe− → ρþρ−π0 events is determined

by fitting the data of Fig. 20(b) with the sum of a BW
function and a polynomial. The sample is divided into
three mass intervals: mðπþπ−3π0Þ < 2.5 GeV=ðc2Þ, 2.5 <
mðπþπ−3π0Þ < 3.0 GeV=ððc2ÞÞ, and mðπþπ−3π0Þ >
3.0 GeV=ðc2Þ. For each mass interval we determine the
number of ρþ events. We find that the fraction of correlated
ρþρ− events, relative to the total number of πþπ−3π0 events
with a ρ�, decreases with the mass interval as 0.49� 0.05,
0.37� 0.07, and 0.23� 0.10, respectively, where the
uncertainties are statistical. Thus, the ρþρ−π0 intermediate
state dominates at threshold.
Intermediate states with either one or two ρð770Þ

are expected to be produced, at least in part, through
eþe− → ρð1400;1700Þ0π0→ a1ð1260Þ�π∓π0 → ρ�π∓π0π0

TABLE III. Summary of the eþe− → ηπþπ− cross section measurement. The uncertainties are statistical only.

Ec:m: (GeV) σ (nb) Ec:m: (GeV) σ (nb) Ec:m: (GeV) σ (nb) Ec:m: (GeV) σ (nb) Ec:m: (GeV) σ (nb)

1.075 0.06� 0.03 1.475 3.74� 0.43 1.875 1.16� 0.21 2.275 0.35� 0.10 2.675 0.27� 0.07
1.125 0.29� 0.23 1.525 4.14� 0.44 1.925 1.00� 0.19 2.325 0.22� 0.09 2.725 0.11� 0.05
1.175 0.00� 0.12 1.575 3.48� 0.40 1.975 0.65� 0.16 2.375 0.33� 0.09 2.775 0.09� 0.05
1.225 0.23� 0.25 1.625 2.67� 0.36 2.025 0.78� 0.16 2.425 0.22� 0.07 2.825 0.03� 0.04
1.275 0.57� 0.27 1.675 2.52� 0.32 2.075 0.51� 0.13 2.475 0.51� 0.10 2.875 0.05� 0.04
1.325 1.15� 0.34 1.725 2.20� 0.30 2.125 0.50� 0.13 2.525 0.27� 0.09 2.925 0.02� 0.04
1.375 1.83� 0.36 1.775 2.38� 0.29 2.175 0.75� 0.13 2.575 0.08� 0.05 2.975 0.09� 0.05
1.425 2.74� 0.40 1.825 1.39� 0.23 2.225 0.23� 0.11 2.625 0.12� 0.06 3.025 0.05� 0.05
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FIG. 18. (a) The πþπ−π0 invariant mass for data. The solid
curve shows the fit function for signal (based on MC simulation)
plus the combinatorial background (dashed curve). (b) The mass
distribution of the πþπ−3π0 events in the ω peak (circles) and
estimated contribution from the ωπ0 background (squares).
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and eþe− → ρ�a∓1 → ρþρ−π0, respectively. Figure 20(c)
shows a scatter plot of the ρ�π0 invariant mass vs the π∓π0

invariant mass. An indication of the a1ð1260Þ is seen, but it
is not statistically significant.

K. The sum of intermediate states

Figure 21(a) shows the number of ηπþπ− (upside-down
triangles), ωπ0π0 (triangles), and ρ�π∓π0π0 (square) inter-
mediate state events found as described in the previous
sections, in comparison to the total number of πþπ−3π0

events (circles) found from the fit to the π0 mass peak. The
results for the η and ω are repeated from Figs. 16 and 18,
respectively. As noted above, a significant excess of events
with a ρ is observed. Based on the results of our study of
correlated ρþρ− production, we scale the number of events
found from the fit to the ρ peak so that it corresponds to the
number of events with either a single ρ� or with a ρþρ−
pair. We then sum this latter result with the η and ω curves
in Fig. 21(a). The result of this sum is shown by the square
symbols in Fig. 21(b). This summed curve is seen to be in

agreement with the total number of πþπ−3π0 events shown
by the circular symbols.
Note that below Ec:m: ¼ 2 GeV, the number of events is

completely dominated by the ηπþπ− and ωπ0π0 channels,
so the cross section of the intermediate states with a ρ can
be estimated as the difference between the total eþe− →
πþπ−π0π0π0 cross section and the sum of the ηπþπ− and
ωπ0π0 contributions.

V. THE π +π − 2π0η FINAL STATE

A. Determination of the number of events

The analogous approach to that described above for
eþe− → πþπ−π0π0π0 events is used to study eþe− →
πþπ−π0π0η events. We fit the η signal in the third-
photon-pair invariant mass distribution (cf. Fig. 1) with
the sum of two Gaussians with a common mean, while the
relatively smooth background is described by a second-
order polynomial function, as shown in Fig. 22(a). We
obtain 4700� 84 events. Figure 22(b) shows the mass
distribution of these events.

TABLE IV. Summary of the eþe− → ωπ0π0 cross section measurement. The uncertainties are statistical only.

Ec:m: (GeV) σ (nb) Ec:m: (GeV) σ (nb) Ec:m: (GeV) σ (nb) Ec:m: (GeV) σ (nb) Ec:m: (GeV) σ (nb)

1.125 0.04� 0.08 1.775 0.88� 0.16 2.425 0.07� 0.05 3.075 0.83� 0.07 3.725 0.06� 0.02
1.175 0.03� 0.10 1.825 0.62� 0.14 2.475 0.12� 0.05 3.125 0.52� 0.05 3.775 0.03� 0.02
1.225 −0.02� 0.10 1.875 0.96� 0.14 2.525 0.21� 0.05 3.175 0.11� 0.03 3.825 0.03� 0.01
1.275 0.13� 0.11 1.925 0.61� 0.13 2.575 0.15� 0.04 3.225 0.08� 0.02 3.875 0.02� 0.01
1.325 0.41� 0.13 1.975 0.45� 0.11 2.625 0.13� 0.04 3.275 0.08� 0.02 3.925 0.03� 0.02
1.375 0.69� 0.18 2.025 0.47� 0.10 2.675 0.12� 0.04 3.325 0.07� 0.02 3.975 0.04� 0.01
1.425 0.29� 0.18 2.075 0.33� 0.09 2.725 0.17� 0.04 3.375 0.06� 0.02 4.025 0.03� 0.01
1.475 0.68� 0.19 2.125 0.29� 0.09 2.775 0.10� 0.04 3.425 0.07� 0.02 4.075 0.02� 0.01
1.525 1.05� 0.21 2.175 0.26� 0.08 2.825 0.11� 0.04 3.475 0.03� 0.02 4.125 0.03� 0.01
1.575 1.44� 0.22 2.225 0.40� 0.08 2.875 0.18� 0.04 3.525 0.07� 0.02 4.175 0.02� 0.01
1.625 1.40� 0.21 2.275 0.31� 0.07 2.925 0.10� 0.03 3.575 0.04� 0.02 4.225 0.01� 0.01
1.675 1.55� 0.20 2.325 0.21� 0.06 2.975 0.14� 0.06 3.625 0.06� 0.02 4.275 0.01� 0.01
1.725 0.96� 0.18 2.375 0.23� 0.06 3.025 0.25� 0.04 3.675 0.11� 0.03 4.325 0.02� 0.01
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FIG. 20. (a) The π�π0 invariant mass for data. The dashed curve shows the fit to the combinatorial background. The solid curve is the
sum of the background curve and the BW function for the ρ�. (b) The result of the ρþ fit in bins of 0.04 GeV=c2 in the ρ− mass.
(c) Scatter plot of the ρ�π0 invariant mass vs the π∓π0 invariant mass.
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B. Peaking background

The major background producing an η peak is the non-
ISR background, in particular eþe− → πþπ−π0π0π0η when
one of the neutral pions decays asymmetrically, producing
a photon interpreted as ISR. The η peak from the uds
simulation is visible in Fig. 10.
To normalize the uds simulation, we form the diphoton

invariant mass distribution of the ISR candidate with all the
remaining photons in the event. Comparing the number of
events in the π0 peaks in data and uds simulation, we assign
a scale factor of 1.5� 0.2 to the simulation. We fit the η
peak in the uds simulation in intervals of 0.05 GeV=c2 in
mðπþπ−π0π0γγÞ. The results are shown by the squares in
Fig. 22(b).

C. Detection efficiency

We use simulated eþe− → πþπ−π0π0ηγ events from the
phase space model and with the ωπ0η intermediate state to
determine the efficiency. As for the data, we fit to find the η

signal in the third photon pair in intervals of 0.05 GeV=c2

in mðπþπ−π0π0γγÞ. The fit is illustrated in Fig. 23(a) using
all πþπ−π0π0γγ candidates. The efficiency is determined as
the ratio of the number of fitted events in each interval to
the number generated in that interval. For the ωπ0η
intermediate channel, we also determine the efficiency
using an alternative method, by fitting the ω peak in the
πþπ−π0 invariant mass distribution shown in Fig. 23(b).
The efficiencies obtained for the three methods are

shown in Fig. 24. The circles and squares show the results
from the fit to the η peak for the phase space and ωπ0η
channels, respectively. The triangles show the results for
the fit to the ω peak. The efficiencies are calculated
assuming the η → γγ mode only. The obtained efficiencies
are around 4%, similar to what is found for πþπ−3π0
(Fig. 7). The results from the three methods are consistent
with each other, and are averaged. The average is fit with a
third-order polynomial shown by the curve in Fig. 24. The
result of the fit is used for the cross section determination.
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FIG. 21. (a) Number of events in bins of Ec:m: from the ηπþπ−

(triangles), ωπ0π0 (upside-down triangles), and ρ → ππ0

(squares) intermediate states. The circles show the total event
numbers obtained from the fit to the π0 peak. (b) The circles are as
described for (a). The squares show the sums of event numbers
with η, ω and the ρ contribution for correlated ρþρ− production.
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FIG. 22. (a) The third-photon-pair invariant mass for data. The
dashed curve shows the fitted background. The solid curve shows
the sum of background and the two-Gaussian fit function used to
obtain the number of events with an η. (b) The invariant mass
distribution for the πþπ−2π0η events obtained from the η signal
fit. The contribution of the uds background events is shown by
the squares.
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We estimate the systematic uncertainty in the efficiency
due to the fit procedure and the model dependence to be not
more than 10%.

D. Cross section for e+ e− → π +π −π0π0η

The cross section for eþe− → πþπ−π0π0η is determined
using Eq. (1). The results are shown in Fig. 25 and listed in
Table V. These are the first results for this process. The
systematic uncertainties and corrections are the same as
those presented in Table II except there is an increase in the
uncertainty in the detection efficiency. The total systematic
uncertainty for Ec:m: < 2.5 GeV is 13%.

E. Overview of the intermediate structures

The πþπ−2π0η final state, like that for πþπ−3π0, has a
rich substructure. Figure 26(a) shows the 2π0η invariant
mass distribution for events selected by requiring jmðγγÞ −
mðηÞj < 0.07 GeV=c2 in Fig. 22(a). There is a small but

clear signal for ηð1285Þ production. The dotted histogram
shows the background distribution determined using an η
sideband control region defined by 0.07< jmðγγÞ−mðηÞj<
0.14GeV=c2. Figure 26(b) shows a scatter plot of the πþπ−

invariant mass vs the 2π0η invariant mass. No structures
are seen.
Figure 27(a) shows the πþπ−π0 mass distribution (two

entries per event). An ω signal is clearly visible, as well as a
bump close to 1 GeV=c2 corresponding to ϕ → πþπ−π0.
The dotted histogram shows the estimate of the background
evaluated using the η sideband described above. The scatter
plot in Fig. 27(b) shows the π0η vs the πþπ−π0 invariant
mass. A clear correlation of ω and a0ð980Þ → π0η pro-
duction is seen. Figure 27(c) shows how ωπ0η events are
distributed over the πþπ−2π0η invariant mass.
Figure 28(a) presents the πþπ0 (solid) and π−π0 (dotted)

mass combinations (two entries per event) for the selected
πþπ−2π0η events. Signals from the ρ� are clearly visible,
but they can also come from events with a ρþρ− pair. The
fraction of ρþρ− events is extracted from the distribution in
Fig. 28(b), where the πþπ0 vs the π−π0 invariant mass is
shown. Figure 28(c) displays the π�π0 vs the πþπ−2π0η
invariant mass.

F. The ωπ0η and ϕπ0η intermediate states

To determine the contribution of the ωπ0η and ϕπ0η
intermediate states, we fit the events in Fig. 27(a) with two
Gaussian functions, one to describe the ω peak and the
other the ϕ peak, and a polynomial function, which
describes the background. The results of the fit are shown
in Fig. 29(a). We obtain 1676� 22 and 269� 68 events for
the ω and ϕ, respectively. The number of events as a
function of the πþπ−2π0η invariant mass is determined by
performing an analogous fit of events in Fig. 27(c) in
intervals of 0.05 GeV=c2 in mðπþπ−2π0ηÞ.
We select events within �0.7 GeV=c2 of the ω peak in

Fig. 29(a) and display the resulting π0η invariant mass in
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FIG. 23. (a) The third-photon-pair invariant mass for simulation
of the eþe− → πþπ−π0π0ηγ process. The dashed curve shows the
fitted background. The solid curve shows the sum of background
and the two-Gaussian fit function used to obtain the number of
events with an η. (b) The πþπ−π0 invariant mass for simulation.
The solid curve shows a two-Gaussian fit function for the ω
signal plus the combinatorial background (dashed).
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Fig. 29(b). A very clear signal from the a0ð980Þ is
observed, while no signal is seen in an ω sideband defined
by 0.07 < jmðπþπ−π0Þ −mðωÞj < 0.14 GeV=c2.
The obtained eþe− → ωπ0η cross section corrected for

the ω → πþπ−π0 branching fraction is shown in Fig. 30 in
comparison to previous results from SND [32]. The SND

results, which are available only for energies below 2 GeV,
are seen to lie systematically above our data. All systematic
uncertainties discussed in Sec. IV F are applied to the
measured eþe− → ωπ0η cross section, resulting in a total
systematic uncertainty of 13% below 2.4 GeV. The results
are presented in Table VI (statistical uncertainties only) in

TABLE V. Summary of the eþe− → πþπ−π0π0η cross section measurement. The uncertainties are statistical only.

Ec:m: (GeV) σ (nb) Ec:m: (GeV) σ (nb) Ec:m: (GeV) σ (nb) Ec:m: (GeV) σ (nb) Ec:m: (GeV) σ (nb)

1.625 0.01� 0.10 2.175 1.59� 0.16 2.725 1.07� 0.13 3.275 0.26� 0.09 3.825 0.02� 0.07
1.675 −0.05� 0.08 2.225 1.66� 0.18 2.775 0.97� 0.14 3.325 0.15� 0.11 3.875 0.08� 0.08
1.725 0.20� 0.10 2.275 1.29� 0.16 2.825 0.68� 0.14 3.375 0.50� 0.10 3.925 0.12� 0.07
1.775 0.51� 0.12 2.325 1.27� 0.15 2.875 1.00� 0.13 3.425 0.15� 0.11 3.975 −0.02� 0.08
1.825 0.71� 0.14 2.375 1.70� 0.18 2.925 0.81� 0.13 3.475 0.34� 0.10 4.025 −0.04� 0.08
1.875 0.73� 0.14 2.425 1.30� 0.15 2.975 0.96� 0.13 3.525 0.30� 0.08 4.075 0.10� 0.06
1.925 1.22� 0.16 2.475 1.27� 0.16 3.025 0.61� 0.14 3.575 0.18� 0.09 4.125 0.14� 0.07
1.975 2.22� 0.20 2.525 1.00� 0.13 3.075 1.21� 0.16 3.625 0.20� 0.11 4.175 −0.06� 0.07
2.025 2.01� 0.19 2.575 0.95� 0.15 3.125 1.06� 0.15 3.675 0.18� 0.09 4.225 0.05� 0.06
2.075 1.61� 0.18 2.625 1.11� 0.16 3.175 0.50� 0.12 3.725 0.28� 0.09 4.275 0.10� 0.06
2.125 1.90� 0.18 2.675 0.67� 0.14 3.225 0.52� 0.11 3.775 0.06� 0.09 4.325 0.04� 0.06
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FIG. 26. (a) The 2π0η invariant mass of the selected πþπ−2π0η events (solid histogram), and the background determined from the χ2

sideband (dotted histogram). (b) The πþπ− vs the 2π0η mass for the selected events.
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FIG. 27. (a) The πþπ−π0 invariant mass with two entries per event (solid histogram) and the background estimate from the η sideband
(dotted histogram). (b) The π0η vs the πþπ−π0 invariant mass. (c) The πþπ−π0 invariant mass vs the πþπ−2π0η invariant mass.
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bin widths of 0.05 GeV. Above 3.5 GeV, the cross section
measurements are consistent with zero within the exper-
imental accuracy.

G. The ρð770Þ�π∓π0η intermediate state

The approach described in Sec. IV J is used to study
events with a ρ� meson in the intermediate state. We fit the
events in Fig. 28(a) using a BW function to describe the ρ
signal and a polynomial function to describe the back-
ground (four entries per event). The fit yields 2908� 202

ρ�π∓π0η events. The result of the fit is shown in Fig. 31(a).
The distribution of these events vs the πþπ−2π0η invariant
mass is shown by the squares in Fig. 32.
The size of our data sample is not sufficient to justify a

sophisticated amplitude analysis, as would be needed to
extract detailed information on all the intermediate states.
We can deduce that an intermediate a0ð980Þρπ state is
present: a correlated bump at the a0ð980Þ and ρ invariant
masses is seen in the scatter plot of Fig. 31(b), where the
π�η invariant mass is plotted vs the π∓π0 mass. Also, there
is a contribution from ρþρ−η: a scatter plot of the π�π0 vs
the π∓π0 invariant mass is presented in Fig. 28(b), from
which an enhancement corresponding to correlated ρþρ−
production is visible.

H. The sum of intermediate states

Figure 32 displays the number of events obtained from
the fits described above to the ω (triangles), ϕ (upside-
down triangles), and ρ (square) peaks. The results are
shown in comparison to the total number of πþπ−2π0η
events (circles) obtained from the fit to the third-photon-
pair invariant mass distribution. The sum of events from the
intermediate states is seen to agree within the uncertainties
with the total number of πþπ−2π0η events, except in the
region around 2 GeV.
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FIG. 28. (a) The πþπ0 (solid) and π−π0 (dotted) invariant mass for the selected πþπ−2π0η events (two entries per event). (b) The π−π0

vs the πþπ0 invariant mass for the selected events. (c) The π�π0 invariant mass vs the πþπ−2π0η invariant mass.

0.6 0.7 0.8 0.9 1 1.1 1.2
2), GeV/c0π-π+πm(

0

100

200

300

400

500

600

700

2
E

ve
nt

s/
0.

01
 G

eV
/c (a)

0.5 1 1.5 2 2.5
2), GeV/cη0πm(

0

50

100

150

2
E

ve
nt

s/
0.

04
 G

eV
/c (b)

FIG. 29. (a) The πþπ−π0 invariant mass for the data. The
dashed curve describes the nonresonant background. The solid
curve shows the sum of the background and the fit functions for
the ω and ϕ contributions described in the text. (b) The π0η
invariant mass distribution for the events selected in the ω peak
(solid). The dashed histogram shows the distribution from the ω-
peak sideband.
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VI. THE J=ψ REGION

A. The π +π − 3π0 final state

Figure 33(a) shows an expanded view of the J=ψ mass
region from Fig. 9 for the five-pion data sample. Signals

from J=ψ → πþπ−π0π0π0 and ψð2SÞ → πþπ−π0π0π0 are
clearly seen. The nonresonant background distribution is
flat in this region.
The observed peak shapes are not purely Gaussian

because of radiation effects and resolution, as is also seen
in the simulated signal distributions shown in Fig. 33(b).
The sum of two Gaussians with a common mean is used to
describe them. We obtain 2389� 63 J=ψ events and 177�
27 ψð2SÞ events. Using the results for the number of events,
the detection efficiency, and the ISR luminosity, we
determine the product:

BJ=ψ→5π · Γ
J=ψ
ee ¼ NðJ=ψ → πþπ−3π0Þ ·m2

J=ψ

6π2 · dL=dE · ϵMC · ϵcorr · C

¼ ð150� 4� 15Þ eV; ð2Þ

where ΓJ=ψ
ee is the electronic width, dL=dE¼180nb−1=MeV

is the ISR luminosity at the J=ψ massmJ=ψ , ϵMC ¼ 0.041 is
the detection efficiency from simulation with the corrections
ϵcorr ¼ 0.88 discussed in Sec. IV F, and C ¼ 3.894 ×
1011 nbMeV2 is a conversion constant [27]. We estimate
the systematic uncertainty for this region to be 10%, because
no background subtraction is needed. The subscript “5π” for

TABLE VI. Summary of the eþe− → ωπ0η cross section measurement. The uncertainties are statistical only.

Ec:m: (GeV) σ (nb) Ec:m: (GeV) σ (nb) Ec:m: (GeV) σ (nb) Ec:m: (GeV) σ (nb) Ec:m: (GeV) σ (nb)

1.525 0.02� 0.10 2.125 1.26� 0.17 2.725 0.35� 0.07 3.325 0.13� 0.04 3.925 0.08� 0.03
1.575 0.03� 0.07 2.175 1.06� 0.14 2.775 0.29� 0.07 3.375 0.11� 0.03 3.975 0.00� 0.03
1.625 0.24� 0.10 2.225 0.83� 0.13 2.825 0.25� 0.06 3.425 0.13� 0.04 4.025 0.05� 0.02
1.675 0.20� 0.10 2.275 0.74� 0.12 2.875 0.22� 0.06 3.475 0.09� 0.03 4.075 0.00� 0.03
1.725 0.30� 0.11 2.325 0.47� 0.10 2.925 0.25� 0.06 3.525 0.06� 0.03 4.125 0.04� 0.02
1.775 0.76� 0.15 2.375 0.68� 0.11 2.975 0.18� 0.05 3.575 0.10� 0.03 4.175 0.03� 0.02
1.825 0.96� 0.16 2.425 0.58� 0.10 3.025 0.15� 0.05 3.625 0.02� 0.02 4.225 0.03� 0.02
1.875 0.88� 0.16 2.475 0.41� 0.09 3.075 0.35� 0.07 3.675 0.06� 0.03 4.275 0.00� 0.03
1.925 1.46� 0.18 2.525 0.45� 0.09 3.125 0.20� 0.05 3.725 0.05� 0.03 4.325 0.02� 0.01
1.975 1.62� 0.20 2.575 0.48� 0.09 3.175 0.14� 0.04 3.775 0.08� 0.02
2.025 1.54� 0.19 2.625 0.41� 0.08 3.225 0.13� 0.04 3.825 0.04� 0.03
2.075 1.16� 0.16 2.675 0.39� 0.08 3.275 0.09� 0.03 3.875 0.07� 0.02
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FIG. 31. (a) The π�π0 invariant mass for data. The curves show
the fit functions described in the text. (b) The π�η vs the π∓π0

invariant mass.
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FIG. 33. (a) The πþπ−3π0 mass distribution for ISR-produced
eþe− → πþπ−π0π0π0 events in the J=ψ–ψð2SÞ region. (b) The
MC-simulated signals. The curves show the fit functions de-
scribed in the text.
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the branching fraction refers to the πþπ−3π0 final state
exclusively.
Using ΓJ=ψ

ee ¼5.55�0.14keV [27], we obtain BJ=ψ→5π ¼
ð2.70� 0.07� 0.27Þ × 10−2: no other measurements for
this channel exist.
Using Eq. (2) and the result dL=dE ¼ 228 nb−1=MeV at

the ψð2SÞ mass, we obtain

Bψð2SÞ→5π · Γ
ψð2SÞ
ee ¼ ð12.4� 1.9� 1.2Þ eV:

With Γψð2SÞ
ee ¼ 2.34� 0.06 keV [27] we find Bψð2SÞ→5π ¼

ð5.2� 0.8� 0.5Þ × 10−3. For this channel also, no pre-
vious result exists.
The ψð2SÞ peak partly corresponds to the decay chain

ψð2SÞ → J=ψπ0π0 → πþπ−π0π0π0, with J=ψ decay to
three pions. We select the πþπ−π0 mass combination
closest to the J=ψ mass. Figure 34(a) displays this
πþπ−π0 mass vs the five-pion invariant mass. A clear
signal from the above decay chain is seen. We select events
in a �0.05 GeV=c2 window around the J=ψ mass and
project the results onto mðπþπ−3π0Þ. The results are
shown in Fig. 34(b). Performing a fit to this distribution
yields 142� 21 ψð2SÞ → J=ψπ0π0 → πþπ−π0π0π0
events. In conjunction with the detection efficiency and
ISR luminosity, this yields

Bψð2SÞ→J=ψπ0π0 · BJ=ψ→πþπ−π0 · Γ
ψð2SÞ
ee

¼ ð10.1� 1.5� 1.1Þ eV:

With Γψð2SÞ
ee as stated above and Bψð2SÞ→J=ψπ0π0 ¼ 0.1817�

0.0031 [27], we obtain BJ=ψ→πþπ−π0 ¼ ð2.29� 0.28�
0.23Þ%, in agreement with our direct measurement
BJ=ψ→πþπ−π0 ¼ ð2.18� 0.19Þ% [13] as well as with the
Particle Data Group (PDG) value BJ=ψ→πþπ−π0 ¼
ð2.11� 0.07Þ%. This gives us confidence that our nor-
malization procedure is correct.

1. The ωπ0π0 intermediate state

The J=ψ → ηπþπ− branching fraction is very small, as
we observed in our previous publication [20], and there is
not a statistically significant signal in our sample shown in
Fig. 16. We do not attempt to extract a J=ψ branching
fraction for this channel.
Figure 35(a) shows an expanded view of Fig. 18 with the

πþπ−3π0 mass distribution for events obtained by a fit to
the πþπ−π0 mass distribution. The two-Gaussian fit imple-
mented as described above yields 398� 29 and 33� 10
events for the J=ψ and ψð2SÞ, respectively. Using Eq. (2)
we obtain

BJ=ψ→ωπ0π0 · Bω→πþπ−π0 · Γ
J=ψ
ee ¼ ð24.9� 1.8� 2.5Þ eV;

Bψð2SÞ→ωπþπ− · Bω→πþπ−π0 · Γ
ψð2SÞ
ee ¼ ð2.3� 0.7� 0.2Þ eV:

Using Bω→πþπ−π0 ¼ 0.891 and the value of Γee from
Ref. [27], we obtain BJ=ψ→ωπ0π0 ¼ ð5.04� 0.37� 0.50Þ ×
10−3 and Bψð2SÞ→ωπ0π0 ¼ ð1.1� 0.3� 0.1Þ × 10−3. The
value of BJ=ψ→ωπ0π0 listed in Ref. [27] based on the
DM2 [33] result is ð3.4� 0.8Þ × 10−3. There is no previous
result for Bψð2SÞ→ωπ0π0. Note that our result for BJ=ψ→ωπ0π0 is
about a factor of 2 lower than our result BJ=ψ→ωπþπ− ¼
ð9.7� 0.9Þ × 10−3 [14], as expected from isospin
symmetry.

2. The ρ�π∓π0π0 intermediate state

Figure 35(b) shows an expanded view of Fig. 21(a)
(squares) for the πþπ−3π0 mass, for events obtained from
the fit to the ρ signal in the π�π0 mass. The two-Gaussian
fit yields 2299� 201 and < 88 events at 90% C.L. for the
J=ψ and ψð2SÞ, respectively.
The obtained J=ψ → ρ�π∓π0π0 result exceeds the total

number of observed J=ψ events. This is because of J=ψ
decays to ρþρ−π0. Figure 36(a) shows a scatter plot of the
πþπ0 vs the π−π0 invariant mass for 3051 events in a
�0.1 GeV=c2 interval around the J=ψ peak of Fig. 35(b).

3 3.5
2), GeV/c0π3-π+πm(

0

50

100

150

200

250

2
 e

ve
nt

s/
0.

05
 G

eV
/c

0 π2
ω

(a)

3 3.5
2), GeV/c0π3-π+πm(

0

500

1000

1500

2000

2
 e

ve
nt

s/
0.

05
 G

eV
/c

π3ρ

(b)

FIG. 35. (a) The five-pion mass for events with the three-pion
combination in the ωð782Þ mass region. (b) The five-pion mass
for events with π�π0 combination in the ρð770Þmass region. The
curves show the fit functions described in the text.
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FIG. 34. (a) The three-pion combination closest to the J=ψ
mass vs the five-pion mass. (b) The five-pion mass for the events
with the three-pion mass in the �50 MeV=c2 interval around the
J=ψ mass. The curves show the fit functions for all events (solid)
and the contribution of the background (dashed).
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To determine the rate of correlated ρþρ− production, we fit
the πþπ0 invariant mass with a BW and combinatorial
background function in intervals of 0.04 GeV=c2 in the
π−π0 mass distribution. The resulting distribution exhibits a
clear ρ peak shown in Fig. 36(b), with a correlated ρþρ−
yield of 703� 153 events, corresponding to 46� 8% of
the ρ�π∓π0π0 events. Using this value we estimate
the number of J=ψ decays to single and double ρ to be
1241� 109� 183 and 529� 46� 92, respectively. The
second uncertainty is from the uncertainty in the fraction of
ρþρ− events given above. We obtain

BJ=ψ→ρ�π∓π0π0 · Γ
J=ψ
ee ¼ ð78� 7� 8� 6Þ eV;

BJ=ψ→ρþρ−π0 · Γ
J=ψ
ee ¼ ð33� 3� 3� 3Þ eV:

Dividing by the value of Γee from Ref. [27] then yields

BJ=ψ→ρ�π∓π0π0 ¼ ð1.40� 0.12� 0.14� 0.10Þ × 10−2;

BJ=ψ→ρþρ−π0 ¼ ð0.60� 0.05� 0.06� 0.05Þ × 10−2;

where the third uncertainty is associated with the uncer-
tainty arising from the procedure used to determine the

correlated ρþρ− rate. No other measurements for these
processes exist.

B. The π +π − 2π0η final state

Figure 37 shows an expanded view of Fig. 32, with a
clear J=ψ signal seen in all three distributions: the inclusive
πþπ−2π0η mass distribution [Fig. 37(a)] and the mass
distributions for the ωπ0η [Fig. 37(b)] and ρ�π∓π0η
[Fig. 37(c)] intermediate states. Our fits yield 203� 29,
27� 14, and 168� 62 events for the J=ψ decays into these
final states, respectively. Only an upper limit with < 12
events at 90% C.L. is obtained for the ψð2SÞ decay to
πþπ−2π0η. We determine

BJ=ψ→πþπ−π0π0η · Γ
J=ψ
ee ¼ ð12.8� 1.8� 2.0Þ eV;

BJ=ψ→ωπ0η · Bω→3π · Γ
J=ψ
ee ¼ ð1.7� 0.8� 0.3Þ eV;

BJ=ψ→ρ�π∓π0η · Γ
J=ψ
ee ¼ ð10.5� 4.1� 1.6Þ eV;

Bψð2SÞ→πþπ−π0π0η · Γ
ψð2SÞ
ee < 0.85 eV at 90%C:L:

Dividing by the appropriate Γee value from Ref. [27],
we find BJ=ψ→πþπ−π0π0η ¼ ð2.30� 0.33� 0.35Þ × 10−3,
BJ=ψ→ωπ0η ¼ ð3.4� 1.6� 0.6Þ × 10−4, BJ=ψ→ρ�π∓π0η ¼
ð1.9�0.7�0.3Þ×10−3, and Bψð2SÞ→πþπ−π0π0η<3.5×10−4

at 90% C.L. There are no previous results for these final
states.

C. Summary of the charmonium region study

The rates of J=ψ and ψð2SÞ decays to πþπ−3π0,
πþπ−2π0η and several intermediate final states have been
measured. A small discrepancy with only one available
current PDG value measured by the DM2 experiment [33]
is observed for the J=ψ → ωπ0π0 decay rate. The measured
products and calculated branching fractions are summa-
rized in Table VII together with the available PDG values
for comparison.
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FIG. 37. The J=ψ region for the (a) πþπ−2π0η, (b) ωπ0η, and (c) ρ�π∓π0η events. The curves show the fit functions described in
the text.
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FIG. 36. (a) Scatter plot of the πþπ0 vs the π−π0 invariant mass
for the J=ψ region in Fig. 35(b). (b) Number of πþπ0 events in
bins of 0.04 GeV=c2 in the π−π0 mass. The curves show the fit
functions for all events (solid) and the contribution of the
background (dashed).
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VII. SUMMARY

The photon-energy and charged-particle momentum
resolutions together with the particle identification capa-
bilities of the BABAR detector permit the reconstruction of
the πþπ−3π0 and πþπ−2π0η final states produced at low
effective center-of-mass energies via initial-state photon
radiation in data collected in eþe− annihilation in the
ϒð4SÞ mass region.
The analysis shows that the effective luminosity and

efficiency have been understood with 10%–13% accuracy.
The cross section measurements for the reaction eþe− →
πþπ−π0π0π0 present a significant improvement on existing
data. The eþe− → πþπ−π0π0η cross section has been
measured for the first time.
The selectedmultihadronic final states in thebroad rangeof

accessible energies provide new information on hadron
spectroscopy. The observed eþe−→ωπ0π0 and eþe−→
ηπþπ− cross sections provide evidence of resonant structures
around 1.4 and 1.7 GeV=c2, whichwere previously observed
byDM2and interpreted asωð1450Þ andωð1650Þ resonances.
The initial-state radiation events allow a study of J=ψ

and ψð2SÞ production and a measurement of the corre-
sponding products of the decay branching fractions and
eþe− width for most of the studied channels, the majority
of them for the first time.
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TABLE VII. Summary of the J=ψ and ψð2SÞ branching fractions.

J=ψ or ψð2SÞ branching fraction (10−3)

Measured quantity Measured value (eV) Calculated, this work PDG [27]

ΓJ=ψ
ee · BJ=ψ→πþπ−π0π0π0

150.0� 4.0� 15.0 27.0� 0.7� 2.7 No entry

ΓJ=ψ
ee · BJ=ψ→ωπ0π0 · Bω→3π

24.8� 1.8� 2.5 5.04� 0.37� 0.50 3.4� 0.8

ΓJ=ψ
ee · BJ=ψ→ρ�π∓π0π0

78.0� 9.0� 8.0 14.0� 1.2� 1.4 No entry

ΓJ=ψ
ee · BJ=ψ→ρþρ−π0

33.0� 5.0� 3.3 6.0� 0.9� 0.6 No entry

ΓJ=ψ
ee · BJ=ψ→πþπ−π0π0η

12.8� 1.8� 2.0 2.30� 0.33� 0.35 No entry

ΓJ=ψ
ee · BJ=ψ→ωπ0η · Bω→3π

1.7� 0.8� 0.3 0.34� 0.16� 0.06 No entry

ΓJ=ψ
ee · BJ=ψ→ρ�π∓π0η

10.5� 4.1� 1.6 1.7� 0.7� 0.3 No entry

Γψð2SÞ
ee · Bψð2SÞ→πþπ−π0π0π0

12.4� 1.8� 1.2 5.2� 0.8� 0.5 No entry

Γψð2SÞ
ee · Bψð2SÞ→J=ψπ0π0 · BJ=ψ→3π

10.1� 1.5� 1.1 22.9� 2.8� 2.3 21.1� 0.7

Γψð2SÞ
ee · Bψð2SÞ→ωπ0π0 · Bω→3π

2.3� 0.7� 0.2 1.1� 0.3� 0.1 No entry

Γψð2SÞ
ee · Bψð2SÞ→ρ�π∓π0π0

<6.2 at 90% C.L. <2.6 at 90% C.L. No entry

Γψð2SÞ
ee · Bψð2SÞ→πþπ−π0π0η

<0.85 at 90% C.L. <0.35 at 90% C.L. No entry

J. P. LEES et al. PHYS. REV. D 98, 112015 (2018)

112015-22



[1] V. N. Baier and V. S. Fadin, Phys. Lett. 27B, 223 (1968).
[2] A. B. Arbuzov, E. A. Kuraev, N. P. Merenkov, and L.

Trentadue, J. High Energy Phys. 12 (1998) 009.
[3] S. Binner, J. H. Kühn, and K. Melnikov, Phys. Lett. B 459,

279 (1999).
[4] M. Benayoun, S. I. Eidelman, V. N. Ivanchenko, and Z. K.

Silagadze, Mod. Phys. Lett. A 14, 2605 (1999).
[5] M. Davier, A. Hoecker, B. Malaescu, and Z. Zhang, Eur.

Phys. J. C 77, 827 (2017); F. Jegerlehner, EPJ Web Conf.
166, 00022 (2018); A. Keshavarzi, D. Nomura, and T.
Teubner, Phys. Rev. D 97, 114025 (2018).

[6] B. Aubert et al. (BABAR Collaboration), Phys. Rev. D 69,
011103 (2004).

[7] B. Aubert et al. (BABAR Collaboration), Phys. Rev. Lett.
103, 231801 (2009); J. P. Lees et al. (BABAR Collabora-
tion), Phys. Rev. D 86, 032013 (2012).

[8] J. P. Lees et al. (BABAR Collaboration), Phys. Rev. D 88,
032013 (2013).

[9] J. P. Lees et al. (BABAR Collaboration), Phys. Rev. D 88,
072009 (2013).

[10] B. Aubert et al. (BABAR Collaboration), Phys. Rev. D 71,
052001 (2005).

[11] B. Aubert et al. (BABAR Collaboration), Phys. Rev. D 86,
012008 (2012).

[12] B. Aubert et al. (BABAR Collaboration), Phys. Rev. D 73,
052003 (2006).

[13] B. Aubert et al. (BABAR Collaboration), Phys. Rev. D 70,
072004 (2004).

[14] B. Aubert et al. (BABAR Collaboration), Phys. Rev. D 76,
092005 (2007).

[15] J. P. Lees et al. (BABAR Collaboration), Phys. Rev. D 96,
092007 (2017).

[16] B. Aubert et al. (BABAR Collaboration), Phys. Rev. D 77,
092002 (2008).

[17] J. P. Lees et al. (BABAR Collaboration), Phys. Rev. D 89,
092002 (2014).

[18] G. Cosme et al., Nucl. Phys. B152, 215 (1979).
[19] B. Esposito et al., Lett. Nuovo Cimento 25, 5 (1979).
[20] J. P. Lees et al. (BABAR Collaboration), Phys. Rev. D 97,

052007 (2018).
[21] J. P. Lees et al. (BABAR Collaboration), Nucl. Instrum.

Methods Phys. Res., Sect. A 726, 203 (2013).
[22] B. Aubert et al. (BABAR Collaboration), Nucl. Instrum.

Methods Phys. Res., Sect. A 479, 1 (2002); 729, 615 (2013).
[23] H. Czyż and J. H. Kühn, Eur. Phys. J. C 18, 497 (2001).
[24] A. B. Arbuzov, E. A. Kuraev, G. V. Fedotovich, N. P.

Merenkov, V. D. Rushai, and L. Trentadue, J. High Energy
Phys. 10 (1997) 001.

[25] M. Caffo, H. Czyż, and E. Remiddi, Nuovo Cim. A 110, 515
(1997); Phys. Lett. B 327, 369 (1994).

[26] E. Barberio, B. van Eijk, and Z. Was, Comput. Phys.
Commun. 66, 115 (1991).

[27] M. Tanabashi et al. (Particle Data Group), Phys. Rev. D 98,
030001 (2018).

[28] S. Agostinelli et al. (GEANT Collaboration), Nucl. Instrum.
Methods Phys. Res., Sect. A 506, 250 (2003).

[29] T. Sjöstrand, Comput. Phys. Commun. 82, 74 (1994).
[30] S. Jadach and Z. Was, Comput. Phys. Commun. 85, 453

(1995).
[31] V. M. Aulchenko et al., Phys. Rev. D 91, 052013 (2015).
[32] M. N. Achasov et al. (SND Collaboration), Phys. Rev. D 94,

032010 (2016).
[33] J. E. Augustin et al. (DM2 Collaboration), Nucl. Phys.

B320, 1 (1989).

STUDY OF THE REACTIONS … PHYS. REV. D 98, 112015 (2018)

112015-23

https://doi.org/10.1016/0370-2693(68)90279-7
https://doi.org/10.1088/1126-6708/1998/12/009
https://doi.org/10.1016/S0370-2693(99)00658-9
https://doi.org/10.1016/S0370-2693(99)00658-9
https://doi.org/10.1142/S021773239900273X
https://doi.org/10.1140/epjc/s10052-017-5161-6
https://doi.org/10.1140/epjc/s10052-017-5161-6
https://doi.org/10.1051/epjconf/201816600022
https://doi.org/10.1051/epjconf/201816600022
https://doi.org/10.1103/PhysRevD.97.114025
https://doi.org/10.1103/PhysRevD.69.011103
https://doi.org/10.1103/PhysRevD.69.011103
https://doi.org/10.1103/PhysRevLett.103.231801
https://doi.org/10.1103/PhysRevLett.103.231801
https://doi.org/10.1103/PhysRevD.86.032013
https://doi.org/10.1103/PhysRevD.88.032013
https://doi.org/10.1103/PhysRevD.88.032013
https://doi.org/10.1103/PhysRevD.88.072009
https://doi.org/10.1103/PhysRevD.88.072009
https://doi.org/10.1103/PhysRevD.71.052001
https://doi.org/10.1103/PhysRevD.71.052001
https://doi.org/10.1103/PhysRevD.86.012008
https://doi.org/10.1103/PhysRevD.86.012008
https://doi.org/10.1103/PhysRevD.73.052003
https://doi.org/10.1103/PhysRevD.73.052003
https://doi.org/10.1103/PhysRevD.70.072004
https://doi.org/10.1103/PhysRevD.70.072004
https://doi.org/10.1103/PhysRevD.76.092005
https://doi.org/10.1103/PhysRevD.76.092005
https://doi.org/10.1103/PhysRevD.96.092007
https://doi.org/10.1103/PhysRevD.96.092007
https://doi.org/10.1103/PhysRevD.77.092002
https://doi.org/10.1103/PhysRevD.77.092002
https://doi.org/10.1103/PhysRevD.89.092002
https://doi.org/10.1103/PhysRevD.89.092002
https://doi.org/10.1016/0550-3213(79)90100-7
https://doi.org/10.1007/BF02790654
https://doi.org/10.1103/PhysRevD.97.052007
https://doi.org/10.1103/PhysRevD.97.052007
https://doi.org/10.1016/j.nima.2013.04.029
https://doi.org/10.1016/j.nima.2013.04.029
https://doi.org/10.1016/S0168-9002(01)02012-5
https://doi.org/10.1016/S0168-9002(01)02012-5
https://doi.org/10.1016/j.nima.2013.05.107
https://doi.org/10.1007/s100520000553
https://doi.org/10.1088/1126-6708/1997/10/001
https://doi.org/10.1088/1126-6708/1997/10/001
https://doi.org/10.1007/BF03035898
https://doi.org/10.1007/BF03035898
https://doi.org/10.1016/0370-2693(94)90743-9
https://doi.org/10.1016/0010-4655(91)90012-A
https://doi.org/10.1016/0010-4655(91)90012-A
https://doi.org/10.1103/PhysRevD.98.030001
https://doi.org/10.1103/PhysRevD.98.030001
https://doi.org/10.1016/S0168-9002(03)01368-8
https://doi.org/10.1016/S0168-9002(03)01368-8
https://doi.org/10.1016/0010-4655(94)90132-5
https://doi.org/10.1016/0010-4655(94)00091-F
https://doi.org/10.1016/0010-4655(94)00091-F
https://doi.org/10.1103/PhysRevD.91.052013
https://doi.org/10.1103/PhysRevD.94.032010
https://doi.org/10.1103/PhysRevD.94.032010
https://doi.org/10.1016/0550-3213(89)90208-3
https://doi.org/10.1016/0550-3213(89)90208-3

