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Abstract

Multi-messenger emissions from SN1987A and GW170817/GRB170817A suggest a Universe rife

with multi-messenger transients associated with black holes and neutron stars. For LIGO-Virgo,

soon to be joined by KAGRA, these observations promise unprecedented opportunities to probe

the central engines of core-collapse supernovae (CC-SNe) and gamma-ray bursts. Compared to

neutron stars, central engines powered by black hole-disk or torus systems may be of particular

interest to multi-messenger observations by the relatively large energy reservoir EJ of angular

momentum, up to 29% of total mass in the Kerr metric. These central engines are expected from

relatively massive stellar progenitors and compact binary coalescence involving a neutron star. We

review prospects of multi-messenger emission by catalytic conversion of EJ by a non-axisymmetric

disk or torus. Observational support for this radiation process is found in a recent identification of

E ' (3.5±1)%M�c
2 in Extended Emission to GW170817 at a significance of 4.2σ concurrent with

GRB170817A. A prospect on similar emissions from nearby CC-SNe justifies the need for all-sky

blind searches of long duration bursts by heterogeneous computing.
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LIST OF SYMBOLS AND ACRONYMS

c velocity of light (3× 1010 cm s−1)

cs sound speed

EB energy in poloidal magnetic field

Eiso, Eγ isotropic equivalent and true energy in gamma-rays

Ec maximal spin energy neutron star (3× 1052 erg)

η efficiency

h dimensionless gravitational strain

ξ dimensionless mass-inhomogeneity

Lj luminosity in baryon poor jet (BPJ)

L0 c5/G = 3.6× 1059 erg s−1

σ torus-to-black hole mass ratio MT /M

ṁ accretion rate

M� solar mass (2× 1033 g)

Ṅ event rate

ν kinematic viscosity

νH black hole rotation frequency in Hz

ΩH , ΩT black hole and torus angular velocity

ΩISCO angular velocity of matter at the ISCO

ω frame dragging angular velocity

q index of rotation in accretion disk

Rg gravitational radius (GM/c2)

RS Schwarzschild radius (2Rg)

rISCO radius of ISCO

rc transition radius to fragmentation by cooling

rd Roche radius in accretion flows

rb viscosity-to-radiation driven transition radius

Tspin lifetime of black hole spin

τ coherence time scale

tff free fall time scale

z rISCO/Rg

θH half-opening angle on horizon

(L,S)GRB(EE) (long, short) gamma-ray burst (with Extended Emission)

QNM quasi-normal mode

I. INTRODUCTION

The breakthrough LIGO detection GW150914 opens a new window to the Universe [1]

beyond electromagnetic radiation, neutrinos and (ultra-)high-energy cosmic rays. As broad-
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band detectors covering 30 - 2000 kHz, LIGO-Virgo and KAGRA [2] promise to probe an

exceptionally broad class of astrophysical sources [3, 4]. While the black hole merger event

GW150914 left no conclusive signature in the electromagnetic spectrum [5], it offers new

results of direct astronomical interest with estimates of mass and spin in the progenitor

binary,

M1 = 35.75.4
−3.8M�, a1/M1 = 0.31+0.48

−0.28, (1)

M2 = 29.13.8
−4.4M�, a2/M2 = 0.46+0.48

−0.42, (2)

that are surprising given the more familiar observations on stellar mass black holes in X-ray

binaries in the Milky Way. The inferred high mass Mi of the black holes may originate

from core-collapse of Population III stars [6, 7] and their modest dimensionless spin ai/Mi

may result from classical isolated binary evolution [8] except for those that are remnants of

powering supernovae [9].

Gravitational radiation has long since been observed in long time observations of binary

evolution in the electromagnetic spectrum [10], notably in the Hulse-Taylor pulsar PSR

B1913+16 [11–13], the double pulsar PSR J0737-3039 [14], and ultra-short period cata-

clysmic variables with He mass transfer from a degenerate dwarf directly onto a companion

(low mass) white dwarf [15–21]. The AM CVn source ES Cet (d ' 350 pc), for instance, has

an orbital period of about 10 min, a mass ratio q ' 0.094 of the binary with a white dwarf

of mass M ' 0.7M� and a luminosity LEM ' 1034 erg s−1 [22, 23], whose expected grav-

itational wave-to-electromagnetic luminosity ratio satisfies Lgw/LEM ' 0.3. At an orbital

period of about 5 min, current data on the AM CVn source RX J0806 [21] suggest

Lgw ' LEM , (3)

indicative of relativistic evolution that ultimately terminates in a binary merger.

GW150914 is the most extreme example with an output EGW ' 3M�c
2 at a peak lumi-

nosity Lgw ' 200Mc2 s−1, far surpassing anything featured in any electromagnetic transient

event with a peak luminosity Lgw ' 0.1%L0, where

L0 =
c5

G
= 3.6× 1059 erg s−1 = 2× 105M�c

2 s−1 (4)

is the unit of luminosity defined by Newton’s constant G and the velocity of light c. In this

light, PSR B1913+16 is a gentle whisper at Lgw ' 10−28L0.
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SN1987A [24–27] and the double neutron star merger GW170817 [28] are the first multi-

messenger sources of MeV-neutrinos and, respectively, gravitational radiation alongside elec-

tromagnetic radiation in optical and, respectively, a short gamma-ray burst GRB170817A.

They give direct evidence for the formation of high-density matter and, respectively, the

formation of a compact object in the immediate aftermath of the merger. These two events,

therefore, point to radiative processes arising from high-density matter in strong gravita-

tional interactions around neutron stars or stellar mass black holes believed to power the

most relativistic transients in the sky: cosmological gamma-ray bursts (GRBs), discovered

serendipitously by nuclear treaty monitoring satellites [29].

For gamma-ray bursts, the potential of strong gravitational interactions may be inferred

from compactness of their putative central engines, e.g., [30]

αE =
GE

c5δt
= 2.75× 10−5

(
E52

δt−3

)
(5)

for burst energies E = E521052 erg and variability times δt = δt−3 ms. The observed isotropic

equivalent energies Eiso = 1048 − 1054 erg and variability times δt down to 0.1 ms show αE

up to 10−4. Such values are extremely large compared to those of other transients, including

GRB 980425 associated with SN 1998bw [31] and galactic sources such as GRS 1915+105

[32]. It implies engines in the form of neutron stars or stellar mass black holes, more likely

so than aforementioned white dwarfs in CVs. Neutron star masses tend to cluster around

1.4M� [33], from 1.25 M� of PSR J0737-303B [14] to 2.1 M� in the NS-WD binary PSR

J075+1807 [34]; masses of black hole candidates in X-ray novae are broadly distributed

between about 5-20 M� [35].

GRBs show anomalous Eddington luminosities of Lγ ' 108 − 1014LEdd, given limited

durations of typically less than one minute (Fig. 1). These super-Eddington luminosities

defy an origin in electromagnetic interactions in a baryonic energy source. The only physical

processes known that might circumvent these limitations are neutrino emissions and gravi-

tational interactions allowed by the theory of general relativity. In anisotropic emission, the

true energy in gamma-rays Eγ << Eiso, e.g., when GRBs are produced in jet-like outflows

at finite opening angles. Even thus, some events have Eγ ' 1052 erg. Typical values of

events that reveal collimation show a relatively narrow distribution around [36–38]

Eγ ' 9× 1050 erg. (6)
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FIG. 1. (Left.) The bimodal distribution of durations in the BATSE 4B Catalog, showing a pop-

ulation of short GRBs (less than 2 s) and long GRBs (over 2 s) (Reprinted from [40].) (Right.)

Core-collapse supernovae form a heterogeneous class of events, broadly partitioned in normal (nar-

row line) and relatively more energetic (broad line, BL) events. Reprinted from van Putten et al.

[39], data from Maurer et al. [41].

Normal long GRBs have an accompanying supernova explosion with kinetic energies Ek,

typically greater than Eγ but with some exceptions. Particularly, Ek may point to an energy

reservoir Eres that exceeds the maximal spin energy Ec of a rapidly rotating neutron star

[39], marking the birth of a stellar mass black hole or collapse of a neutron star thereto.

The Burst and Transient Source Experiment (BATSE) discovered the populations of short

(SGRB) and long GRBs (LGRB) with durations T90 < 2 s and, respectively, T90 > 2 s

(Fig. 1), extended by Swift to short GRBs with Extended Emission (SGRBEE) lasting

tens of seconds to well over a minute. Their soft EE is very similar to long GRBs with

accompanying supernova. In attributing SGRBs to mergers, SGRBEEs defy the dynamical

time scale Tmerger ' 10 ms of NS-NS or NS-BH mergers by a large factor.

Electromagnetic observations thus constrain the physical nature of GRBs by extreme

values of (5) and

Lγ >> LEdd, Eres > Ec (in some cases), T SGRBEE90 >> Tmerger. (7)

GRB engines hereby should be ultra-relativistic, conceivably operating by strong gravi-

tational interactions with high density matter on the scale of the Schwarzschild radius
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RS = 2Rg of their total mass M ,

Rg =
GM

c2
. (8)

If so, their engines might be luminous in gravitational waves over the lifetime of the inner

engine, i.e., up to tens of seconds indicated by long GRBs [42] - “If gravitational waves are

detected from one or more gamma-burst triggers, the waves will almost certainly reveal the

physical nature of the trigger” [3].

GRB170817A is a nearby SGRB that led to the first successful detection GW170817 of

a binary neutron star merger [28]. At a distance of 40 Mpc, GW170817 was fortuitous,

since the event rate of GRBs within the sensitivity distance of LIGO-Virgo and KAGRA is

quite sparse. Even corrected for beaming, the true GRB event rate is about one per year

within a distance of 100 Mpc, similar to the event rate of double neutron star coalescence,

or about one per century within the distance to Virgo (D ' 20 Mpc). Beaming is less

severe in afterglow emission that follows the prompt phase as the blast wave slows down

and, at late times, the emission is ultimately roughly isotropic. In such cases, an observer

might detect an orphan afterglow emission at radio wavelengths [43], a few months after the

explosion. Identifying GRBs by afterglow emissions leaves uncertain the true time-of-onset

of the trigger, however, hampering efficient search for an accompany gravitational wave

burst.

A search for gravitational radiation from SN of type Ib/c [44–46] appears opportune,

given that they are far more numerous than LGRBs by about two orders of magnitude,

representing about 20% of all core-collapse supernovae (CC-SNe). CC-SNe are remarkably

heterogenous (Fig. 1) with a ratio of about two-to-one of narrow- to broad-line events with

relatively high velocities of mass ejecta. The most energetic events of type Ib/c stand out

as the parent population of normal LGRBs.

The small branching ratio of CC-SNe into successful GRBs is commonly attributed to the

challenge of creating an energetic inner engine sufficiently long lived, powering a supernova

by an (ultra-)relativistic outflow. Jet powered supernovae for a broad class of events [47–49],

that appears to include SN1987A (Fig. 1). Jet outflows may or may not successfully breakout

of the progenitor remnant envelope, the first producing normal LGRB by collimated ultra-

relativistic baryon-poor jet (BPJ). This diversity implies a broad class of CC-SNe with and

without GRBs. Unsuccessful jet breakout from the stellar envelope in a CC-SN event [50–52]
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FIG. 2. Radio image of the disk of ionized gas around the black hole in the active galactic nucleus

of M87. The high angular resolution reveals some clumpiness beyond what is expected from

gravitational lensing by the gravitational field of the black hole [61], pointing to non-axisymmetric

orbiting mass permitting radiation of gravitational waves of potential interest to LISA [62]. (Credit:

Event Horizon Telescope Collaboration.)

leads to so called “choked GRBs,” appearing as low-luminosity long GRB or, more broadly,

as a class of X-ray transients [53, 54]. Certain types of supernova explosions may lead to

a relativistic shock breakout that may explain (nearby) low-luminosity GRBs (LLGRBs)

but not the prompt GRB emission of normal long GRBs [55–57]. Diversity may, in part,

be attributed to engines harboring neutron stars or black holes, that is gradually becoming

amenable also to numerical simulations [58]. The detailed properties of these engines leading

to a successful breakout are not known, but a contributing factor may be intermittency at the

source increasing time-average luminosity of magnetically launched jets [59]. Conceivably,

therefore, the formation of energetic inner engines is more frequent than successful GRB-

SNe. Similar considerations might apply to their emission in neutrinos [56, 60].

We shall review some specific prospects for gravitational radiation from CC-SNe as the

parent population of normal long GRBs and LLGRBs, from central engines harboring ro-

tating black holes along with un-modeled searches for broadband extended gravitational

radiation using modern heterogeneous computing. Our focus will be on potentially multi-

messenger radiation from black hole-disk or torus systems and their naturally formation in

core-collapse of relatively more massive progenitor stars. For black holes, we recall their

rotational energy EJ in angular momentum J of up to 29%M�c
2 according to the Kerr
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metric [63], far exceeding the limit of a few %M�c
2 of rapidly rotating neutron stars. For

multi-messenger astronomy, this motivates all-sky blind searches for un-modeled broad-

band extended gravitational-wave emission (BEGE) searches from CC-SNe and GRBs by

novel pipelines exploiting modern high-performance computing alongside detailed energy

constraints derived from electromagnetic observations. Observational support for this ap-

proach can be found in the multi-messenger results obtained on GW170817/GRB170817A.

We shall highlight prospects for gravitational-wave bursts from non-axisymmetric ac-

cretion flows onto rotating black holes (Fig. 2), here around stellar mass black holes in

core-collapse of massive stars or (delayed) collapse of a hyper-massive neutron star formed

in the immediate aftermath of a compact binary merger. A broad outlook is given to poten-

tially long duration emission in gravitational radiation at relatively low frequencies. This

outlook is different from what may be expected in the first one or two seconds from core-

collapse and bounce in complex short duration bursts producing neutron stars [64] with a

LIGO sensitivity distance limited to a few Mpc [65]. Their connection to GRB-supernovae

and extremely energetic supernovae, however, is not obvious [66, 67]. In contrast, Extended

Emission in LGRBs and SGREEs indicates central engine lifetimes of tens of seconds that

conceivably indicates activity over similar durations in the central engines of the more fre-

quent group of energetic type Ib/c supernovae. It therefore appears opportune to search

for un-modeled BEGE from, broadly speaking, nearby energetic CC-SNe by all-sky blind

searches by advanced computing.

The relatively energetic type Ib/c SNe have an event rate of about 100 per year within a

distance of 100 Mpc. Found in optical surveys using moderately sized telescopes, they and

the larger class SNII provide readily available targets of opportunity of interest to LIGO-

Virgo and KAGRA provided that the (unknown) fraction successfully producing gravita-

tional wave bursts exceeds their branching ratio into LGRBs [68]. Additionally, nearby

galaxies such as M51 (D ' 8 Mpc) and M82 (D ' 4 Mpc) each with an event rate of over

one core-collapse supernova per decade. By their proximity, these events appear of interest

as well, independently of any association with SNIb/c or GRBs [69, 70].
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A. Energy in angular momentum EJ

Energetic output in BEGE from black hole-disk or torus systems may be large by the

ample energy reservoir EJ of rotating black holes, exceeding that of rotating neutron stars

by some two orders of magnitude. We recall the maximal rotational energy Ec of a neutron

star is attained at its break up frequency whereas the same of a black hole of mass M is

attained when its angular momentum reaches GM2/c. Canonical bounds on the energy

reservoir EJ in angular momentum J are

EJ . Ec = 1.5%M�c
2 (9)

for neutron stars [71], and

EJ . 29%Mc2M (10)

for rotating black holes of mass M according to the Kerr metric [63] (§3 below).

Of particular interest is enhancement of EJ by up to two orders of magnitude in (an-

gular momentum conserving) core-collapse of a hyper-massive neutron star to a Kerr black

hole, in the immediate aftermath of a merger or CC-SN. Such radically changes the out-

look on potentially observable multi-messenger emission in catalytic conversion of EJ by a

surrounding accretion disk or torus into gravitational radiation, MeV-neutrinos, mass-ejecta

and electromagnetic radiation [72]. If detected, LIGO-Virgo and KAGRA probes may reveal

rotating black holes by calorimetry on their output in gravitational waves [73]. In general

terms, gravitational radiation from non-axisymmetries associated with core-collapse of high

angular momentum progenitors and non-axisymmetric collapse has been well appreciated

[74–78], see further [e.g. 64, 78–80]. Potentially extreme energy E in gravitational radiation

may derive from non-axisymmetric accretion flows down to ISCO powered by EJ of the

central black hole [42]. Generated by matter in possibly turbulent motion, this calls for

un-modeled searches for ascending chirps and descending chirps.

Detailed spectral and temporal analysis of GRBs from BATSE, BeppoSAX and Swift

give considerable support for rotating black holes as common endpoints to energetic core-

collapse events and mergers of neutron stars with neutron stars or stellar mass black holes

alike. They hereby define a leading candidate as a universal inner engine to LGRBs and

the Swift class of SGRBEE and LGRB’s with no supernovae (LGRBN) [81]. In interaction

with high density accretion flows, potentially powerful gravitational wave emission may

12



ensue, powered by accretion or the energy EJ in the angular momentum J of the black hole

mediated by relativistic frame-dragging.

The existence of frame dragging is not in doubt: recent measurements of non-relativistic

frame dragging around Earth are in excellent agreement with general relativity [82–85].

(Gravity Probe-B measurement is equivalent to that at 5.3 million Schwarzschild radii of

an extremal Kerr black hole endowed with Earth’s angular momentum [86].) Specifically,

accretion flows onto rotating black holes offer a window to broadband extended gravitational-

wave emission, from non-axisymmetric accretion flows and high density matter accumulated

at the Innermost Stable Circular Orbit (ISCO), contemporaneously with two-component

relativistic outflows that may drive an accompanying supernova explosion and GRB. Some

of these model considerations can be confronted with data from GRB catalogues of BATSE,

BeppoSAX and Swift. The resulting outlook on long duration ascending and descending

chirps from accretion flows onto rotating black holes [87] suggests searches for BEGE using

modern heterogeneous computing [88].

B. Quadrupole gravitational radiation

In central engines harboring neutron stars or black holes, gravitational radiation is ex-

pected from non-axisymmetric mass-motion by canonical instabilities [72, 89–91], due to

cooling in self-gravitating disks (e.g. [92–96]) or magnetic stresses [95, 97–99], some of

which may be pressure-induced by dissipation or magnetic fields in feedback from a rotat-

ing black hole [72, 100]. Some of these mechanisms may be already seen at work in high

frequency QPOs in micro-quasars [101] or flaring in SgrA* [102],

In what follows, we shall change to geometrical units and denote the gravitational radius

(8) by M . Equivalently, we put G = c = 1 in (8). Thus, M parametrizes perturbations in

space-time at a distance D in terms of a dimensionless strain

h =
M

D
+ hGW , (11)

where hGW is the strain amplitude in gravitational radiation. At large distances, hGW

satisfies the linearized Einstein equations in vacuo, given by a second order wave equation for

small amplitude perturbations that satisfies the same dispersion relation as electromagnetic

waves (Appendix A).
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At the lowest frequency, efficient gravitational radiation is described by the quadrupole

gravitational-wave formula, a special case of higher frequency emissions from rotating tidal

fields from multipole mass moments Ilm, where l and m refer to the poloidal and azimuthal

quantum numbers of spherical harmonics. Thorne [103] gives a comprehensive overview

of gravitational wave luminosity in hGW above from multipole mass moments defined by

projections on the spherical harmonics Ylm (l ≥ m ≥ 2),

Llm =
1

32π

G

c2l+1

(
dl+1

dtl+1
Ilm

)2

(12)

by

Ilm =
16π

(2l + 1)!!

[
(l + 1)(l + 2)

2(l − 1)l

] 1
2
∫
V

Y ∗lmr
ldm, (13)

where dm = ρ d3x over the source region V expressed in spherical coordinates (r, θ, ϕ) as

before.

Relatively inefficient radiation derives from radial mass-motion (m = 0), introducing

time-dependence with m = 0 which, by (12-13), that does not radiate any angular momen-

tum. Illustrative is the gravitational wave output of about 0.2% from head-on collisions of

two Schwarzschild black holes [104] (cf. [105]), which reflects the effective regularization by

black hole event horizons of the singular behavior of Newton’s law between point particles

[106]. In contrast, the m 6= 0 tidal fields in binary mergers shows appreciable efficiency up

to about 2% (e.g. [107, 108]) and slightly more in double neutron star coalescence [109].

In binary of two masses M with separation a, much greater than the Schwarzschild radius

Rg = 2M of the system, expressed in geometrical units G = c = 1, wherein aforementioned

L0 = 1. The Newtonian potential energy UN = M2/a between the two introduces a tidal

field, whose quadrupole moment rotates at an angular velocity ω = 2Ωb, where Ωb =
√

2M/a

is the Keplerian orbital angular velocity of the binary. Combined, the dimensionless ampli-

tude ε = UN/M and angular velocity Mω, define a luminosity

L ∼ ε2ω2 ∼ (MΩb)
10
3 . (14)

For a binary of two masses Mi (i = 1, 2) in circular motion, a detailed derivation obtains

the celebrated quadrupole gravitational radiation formula (Appendix A)

Lgw =
32

5
(MΩb)

10
3 , (15)
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further replacing M with the chirp mass M = M
3
5

1 M
3
5

2 (M1 +M2)−
1
5 [e.g. 110, 111]. An

extension to non-circular orbits by incorporating enhanced emission at higher frequency

harmonics obtains by including a factor F (e) (Eqn. (32), Appendix A) as a function of

ellipticity [20, 112]. It has been verified experimentally in long-term radio observations

of the orbital decay of the Hulse-Taylor binary PSR 1913+16 to better than 0.1% with

F (e) = 11.8568 for the observed ellipticity e = 0.6171334 [12]. At the distance of 6.4 kpc,

its Lgw ' 8 × 1031 erg s−1 produces an instantaneous dimensionless strain at the Earth

that, as such, may be evaluated directly in geometrical units to give an equivalent isotropic

equivalent strain

h ' L
1/2
gw

ΩD
' 1.38× 10−22, (16)

based on previous arguments with k = 1/16π (Appendix A). As a relatively compact binary,

the Hulse-Taylor binary coalesces in about 310 Myr [20].

Coincidentally, (16) is very similar to the scale of maximal strain in the final merger of a

circular binary of two neutron stars of total mass M = M1 +M2 in the Local Universe. For

an equal mass binary, Lgw = 2/5 (M/a)5, averaging over the orientation of the source (e.g.,

[20] for a more general discussion) gives

h =

√
2

5

M2

aD
=

√
2

5

M

D
(πMfgw)

2
3 , (17)

where fgw is the quadrupole gravitational wave-frequency equal to twice the orbital frequency

forb. It shows that h is the product of the Newtonian specific binding energy U = M/a and

distance scale factor M/D (see also [4]). That is (e.g. [20, 113, 114]),

h = 6.3× 10−23

(
M

3M�

) 5
3
(

D

100 Mpc

)−1(
fgw

1000 Hz

) 2
3

. (18)

In double neutron star coalescence, (18) holds true up to the instant when h peaks at

f ' 800 Hz [116]. This ascending chirp has now been observed up to about 300 Hz in the

NS-NS coalescence event GW170817 [28]. Numerical simulations show that the neutron stars

subsequently break up, merge into a hyper massive object (e.g. [115]) followed by prompt or

delayed collapse to a stellar mass black hole accompanied by a burst of quasi-normal mode

(QNM) ringing. The result is a rapidly rotating low-mass black hole of close to mass M

with an accretion disk of mass up to a few tenths of M� [116]. It may give rise to a short

GRB, but perhaps also a SGRB with Extended Emission [81].
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C. Multi-messenger emission from SN1987A

SN1987A in the Large Magellanic Cloud (LMC,D ' 50 kpc (Fig. 3) stands out as a multi-

messenger event by a luminous output in MeV-neutrinos and accompanying electromagnetic

radiation. Characteristic for a core-collapse supernova, SN 1987A was radio-loud [117] and

aspherical [118]. It featured relativistic radio jets [119] with a possible black hole remnant,

based on a lack of detection of a neutron star and on evidence for a black hole in the rather

similar type IIL event SN1979C [120, 121]. Collectively, core-collapse supernova form a

rather heterogeneous group [122], broadly in narrow line and broad line events (Fig. 1, right

panel) with more energetic and relativistic ejection velocities. SN1987A has a relatively

massive progenitor [123, 124], possibly powered by an angular momentum rich wind or jet

giving rise to its aspherical supernova remnant (Fig. 3).

The output Eν ' 1053 erg in > 10MeV neutrinos offered our most direct view yet on

the innermost workings of a CC-SN. Spectroscopic observations of SNe-Ibc [125–127] reveal

that geometry of ejecta of the stripped envelope supernovae is, in about 50% of the observed

events, strongly asymmetric. Non-axisymmetric angular momentum-rich explosion mecha-

nisms inevitably produce gravitational waves, of interest as candidate events in the Local

Universe.

Eν evidences the formation of high density matter. Combined with ample angular momen-

tum in the progenitor, these are just the kind of conditions needed for an output in gravita-

tional radiation. Such will be especially luminous, whenever the resulting non-axisymmetric

high-density mass-motion takes place on the Schwarzschild scale of the system, e.g., the

Innermost Stable Circular Orbit (ISCO) around a newly formed black hole. By virtue of the

large value of L0 in (4), the quadrupole formula (15) predicts an appreciable luminosity for

canonical values of non-axisymmetric mass inhomogeneities δm about a central mass M ,

Lgw ' 1050 − 1053 erg s−1 (δm/M = 0.1− 1%). (19)

More specifically, δm = M2 << M1 = M introduces a chirp mass µ ' (δm/M)
3
5 M . By

virtue of (4), Lgw reaches luminosities on par with Eν of SN1987A for δm/M ' 0.1% at an

orbital radius of a few times the Schwarzschild radius RS = 2Rg. As a mass perturbation

in a torus or inner disk of mass MT ' 0.01M , the gravitational wave luminosity (15) of δm
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satisfies

Lgw =
32

5

(
δm

M

)2(
M

a

)5

L0 (20)

in the limit of a small chirp mass. Expressed in terms of ξ = δm/MT and σ = MT/M , we

have

Lgw = 2× 1051

(
ξ

0.1

)2 ( σ

0.01

)2
(

4M

a

)5

erg s−1, (21)

where a denotes the orbital separation. The observed dimensionless strain at a source

distance D satisfies

h =
L

1
2
gw

ΩD
= 4

√
2

5
ξσ

(
M

D

)
(πMfgw)

2
3 . (22)

Generalized to a similar event in the Local Universe, e.g., SN1979C [121], scaled to a distance

of 20 Mpc, we have

h = 3.4× 10−23M1

(
ξ

0.1

) ( σ

0.01

)( D

20 Mpc

)−1(
fgw

600 Hz

) 2
3

, (23)

where fgw = 2forb in the Newtonian approximation 2πforb = M−1 (M/a)3/2 with M =

M1 10M�.

D. Multi-messenger Extended Emission to GW170817/GRB170817A

GW170817/GRB170817A [28] is the first multi-messenger detection by LIGO-Virgo with

accompanying electromagnetic radiation in GRB170817A detected by Fermi and INTE-

GRAL [128–132]. The merger is observed in gravitational radiation as a ∼ 20 long ascending

chirp up to a few hundred Hz, satisfying

fgw(t) = A (Tm − t)−
3
8 (24)

with A = 138 s−
5
8 with Tm = 1842.43 s in the LIGO O2 data. From the multipole grav-

itational radiation luminosity formula of a binary with ellipticity e [112], the chirp mass

satisfies [28]

M = c

(
15

768F (e)

) 3
5

(πA)−
8
5 = 1.1188F (e)−3/5M�, (25)
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FIG. 3. (Left.) SN 1987A is a Type II supernovae produced by core-collapse of the supergiant

Sanduleak -69o 202 in the Large Magellanic Cloud at a distance of about 50 kpc [123, 124]. (Credit:

ESA/Hubble & NASA.) (Right.) Shown is the neutrino light curve compiled from Kamiokande

(stars) and IMB (circles) listed in [24] associated with the optical identification of SN 1987A [25–

27]. The SN1987A neutrino light curve, showing an initial energy of >10 MeV representative

for the formation of high density matter, possibly through continuing collapse of a protoneutron

star. The final remnant is conceivably a stellar mass black hole, though undetected at present.

(Reprinted from [133]).

where F (e) ' 1 at e ' 0 (136) (Appendix A). By chirp mass, therefore, GW170817 is most

likely a double neutron star merger, though the merger of a neutron star with a low mass

stellar black hole cannot be excluded [134].

GW170817 is of significance to the origin of the most heavy elements inferred from the

associated kilonova [135–138] and the identification of a binary neutron star system as the

astronomical progenitor of GRB170817A.

Fig. 4 shows Extended Emission post-merger to GW170817 [139]. Detailed signal-

injection experiments show [140]

Egw ' (3.5± 1)%M�c
2. (26)

As a calorimetric constraint, Egw offers a unique opportunity to identify the central engine

of GRB170817A. Egw is sufficiently large to break the degeneracy between neutron stars and

black holes, as it exceeds the canonical bound (9) on EJ of the former. Instead, (26) points to
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FIG. 4. GW170817 features Extended Emission in gravitational-wave radiation post-merger, that

appears as an ascending-descending chirp. The descending chirp has a characteristic time-scale

of decay τs ' 3 s and a duration of about five seconds. It is powered by rotational energy EJ in

angular momentum, greatly enhanced in a black hole produced in collapse of the hyper-massive

neutron star formed in the immediate aftermath of the merger. EJ gradually diminishes as the

black hole loses its angular momentum J to a surrounding thick torus, converting it to Egw by non-

axisymmetric mass-motion in quadrupole gravitational radiation concurrent with GRB170817A.

Shown are frequency coincidences in butterfly filtering of H1 and L1 with colors indicating strength

of correlations of signal with time-symmetric chirp templates. (Reprinted from [139].)

EJ of a black hole, i.e., enhancement by collapse of the hyper-massive neutron star formed in

the immediate aftermath of the merger. Accompanying energy emissions appear in magnetic

disk winds powering the associated kilonova and ultra-relativistic outflows along the black

hole spin axis powering the GRB-afterglow emission of GRB170817A. Model predictions

[72], see further (30) of §2.1 and (40) of §3.1 and Figs. 13-12 below, agree with observations

[141, 142],

Model prediction : Ew ' 4× 1051erg, Ej ' 5× 1050erg, (27)

Observed : Ek ' 4.5× 1051erg, Ej ' 1049−50erg, (28)

where we identify total energy output in disk winds with the kinetic energy Ek ' 4.5×1051erg
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of the kilonova and the total energy output Ej in ultra-relativistic jets with the true energy

output in GRB-afterglow emission.

GW170817 is potentially also significant in providing independent measurements of the

Hubble parameter H0, in addition to the two existing main approaches based on surveys

of the Local Universe and ΛCDM analysis of the CMB. This H0 tension problem might

indicate, for instance, that the future de Sitter state assumed in ΛCDM) is unstable [143]

pointing to H0 consistent with the outcome of the local distance ladder [144]. [145] estimate

that about 50 GW170817 type events will allow an accurate determination of H0, sufficient

to discriminate it from the value obtained by ΛCDM analysis of the CMB.

E. Roadmap

Motivated by the multi-messenger events SN1987A and GW170817EE/GRB170817A,

we set out to derive a prospect for broadband extended gravitational-wave emission from

energetic CC-SNe and GRBs with a focus on central engines harboring rotating black holes

according to the following roadmap:

§2 Observational evidence for black holes as common central engines in LGRBs and

SGRBEEs based on BATSE, BeppoSAX and Swift.

§3 Outlook on multi-messenger powered by EJ of rotating black holes at various stages

of accretion [9, 87, 146].

§4 Gravitational radiation from non-axisymmetric accretion flows onto rotating black

holes based on various fluid dynamical instabilities and wave motion.

§5 Estimated stochastic background of an astrophysical population of energetic CC-SNe

powered by rotating black holes.

§6 Searches for broadband extended gravitational-wave emission by butterfly filtering

[147] using heterogeneous computing with Graphics Processor Units (GPUs).

§7 Outlook summary on the proposed search for BEGE from CC-SNe in the Local Uni-

verse by LIGO-Virgo, soon to be joined by KAGRA.

For CC-SNe, the above suggests all-sky blind searches for their potential emission per-

haps more so than follow-up to triggers from their optical light curves, given the generic

uncertainties their true time-of-onset. For light curves obtained early on, triggered searches

might be pursued from events ongoing [148, 149] or upcoming all sky optical surveys such
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as Pan-STARRs [150] or the planned Caltech Zwicky Transient Facility [151, 152]. Searches

for their contribution to the stochastic background in gravitational waves may be pursued

by multi-year correlations between two or more gravitational wave detectors (e.g. [4]).

II. PHENOMENOLOGY OF LONG GRB-SUPERNOVAE AND SGRBEE’S

Immediately following the serendipitous discovery of GRBs, Stirling Colgate suggested

an association to supernovae - gamma-ray flashes from type II supernova shocks [153–155]

- now seen by association of normal long GRBs to core-collapse of massive stars [156].

Indeed, shock breakout in regular CC-SNe is likely to produce high energy emission in

UV light [157], X-rays [158] up to gamma-rays [159–163]. While conceivably relevant to low

luminosity LGRBs (LLGRBs), the prompt GRB emission of normal long GRBs is understood

to represent dissipation in ultra-relativistic BPJs (below).

BATSE identified short and long GRBs with an observed bimodal distribution in dura-

tions T90 shown in Fig. 1 (left panel). Short GRBs originate in mergers of NS-NS [164],

now confirmed in GW170817, or possibly NS-BH [165] for black holes with slow spin [166],

albeit a large overlap between the two populations of short and long durations [52, 167]. T90

is defined by the time interval covering a 90 percentile in total photon count [168]. BATSE

identified a mostly non-thermal spectrum, which is typically well described by a smoothly

broken power-law Band spectrum [169].

BeppoSAX seminal discovery of X-ray afterglow emission to GRB 970228 [170] allowed

rapid follow-up by optical observations [171], providing the first cosmological redshift (z =

0.835 of GRB 970508) from optical absorption lines of FeII and MgII [172, 173]. When

detected, afterglow emission of short GRBs tends to be very weak compared to those of

LGRBs, consistent with less energy output and burst locations outside star forming regions.

Weak X-ray afterglow emission discovered by Swift in GRB050509B [174] and by the High

Energy Transient Explorer-2 (HETE II) in GRB 050709 [175] was predicted based on energy

emitted from rotating black holes [166]. Following GRB 970508, BeppoSAX, HETE II and

Swift provided a growing list of GRBs with measured redshifts. Presently, the total number

of redshifts identified is about 350 with 287 due to Swift alone. Fig. 5 shows the distribution

of the latter.

For long GRBs, the association with massive stars is now supported by four pieces of
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evidence:

• supernovae (SNe) accompanying a few nearby events [176];

• detection of SN features in the spectra of “rebrightenings” during GRB afterglow

decay, at intermediate redshifts, most recently GRB 130427A (z=0.34, [177]) up to

z ' 1 [178];

• the host galaxies are spiral and irregular with active star formation typical for envi-

ronments hosting core-collapse SN-Ic’s [179, 180]; and

• a cosmological distribution of redshifts of long GRBs with z ' 2 (Fig. 5). Up to

moderate redshifts, this appears to be consistent with the cosmic star formation rate

[181, 182] (Fig. 5). At high redshifts, this awaits confirmation by future missions such

as the planned Transient High Energy Sky and Early Universe Surveyor (THESEUS)

[183]

A. Hyper-energetic GRB-supernovae

Aspherical CC-SNe [45, 118, 184] such as SN1987A derive from relatively massive progen-

itors. While their explosion mechanism remains ill-understood, relatively energetic events

are probably powered by magnetic winds from an angular momentum-rich central engine

[185] possibly including relativistic outflows or jet [186]. In core-collapse of a massive star,

following a drop in thermal pressure at the end of nuclear burning or associated with pair-

instability for the most massive stars [187–190], the central engine will be a (rotating)

neutron star or black hole.

The kinetic energy Ek in a supernova explosion powered by angular momentum is con-

strained by the maximal rotational energy of the newly formed neutron star or black hole

and the efficiency in expulsion of the remnant stellar envelope by a putative internal wind

or jet. The efficiency η = Ek/Ew in ejecting an envelope with kinetic energy Ek by a wind

or jet with energy Ew depends on the baryon loading of the wind, i.e., [39]

1

2
βej < η < 1, (29)

where βej = vej/c denotes the observed velocity of the ejected envelope relative to the

velocity of light c, that parameterizes the efficiency by which wind energy Ew released from
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FIG. 5. Observed redshifts of 230 LGRBs in the Swift catalogue with mean µ = 2.11 and standard

deviation σ = 1.35. This distribution is significantly biased towards low redshifts. (Reprinted from

[191].)

the central energy is converted to observed kinetic energy Ek in ejecta. η increases with

baryon loading, as the outflow velocity becomes less relativistic; η reducing to (1/2)βej in

the limit of baryon-poor (Poynting-flux dominated) jets, as the velocity of winds released

by the central engine approach c. By the above, Ek is bounded by ηEJ of either (9) or (10).

By (9-10), black holes allow Ek to be considerably larger than ηEc, even at modest

efficiencies. Additionally, black hole-disk systems can produce two-component outflows:

an ultra-relativistic jet about their spin axis surrounded by a baryon-rich and possibly

collimating disk wind. The first offers potential for gamma-ray emissions upon breakout

from the stellar envelope, the second for an efficient supernova explosion. In contrast,

neutron stars the one-component (magnetic and neutrino-driven) outflow of a neutron star

may facilitate one but not both.

Exceptional Ek’s are observed in GRB 031203/SN2003lw and 030329/SN2003dh with

ESN ' 6×1052 erg and ESN ' 4×1052 erg, respectively (Table 1). Like SN1987A, supernovae

accompanying LGRBs are aspherical and radio-loud. Hyper-energetic events with Ek > Ec

(see (9-10) are no exception. In [185], these explosive events are attributed to magnetic

winds powered by angular momentum extraction of a compact object, i.e., a proto-neutron

star or magnetar (e.g. [208, 209] in SN2007bi [210] or a rotating black hole-disk system

23



Table 1.† Energies [39] of GRB and SNe in units of 1051 erg. References refer to SNe except for

GRB 070125.
GRB Supernova z Eγ Etot ESN η Erot/Ec Ref.

SN2005ap 0.283 > 10 1 > 0.3 1

SN2007bi 0.1279 > 10 1 > 0.3 1

980425 SN1998bw 0.008 < 0.001 50 1 1.7 2

031203 SN2003lw 0.1055 < 0.17 60 0.25 10 3

060218 SN2006aj 0.033 < 0.04 2 0.25 0.25 4

100316D SN2006aj 0.0591 0.037-0.06 10 0.25 1.3 5

030329 SN2003dh 0.1685 0.07-0.46 40 0.25 5.3 6

050820A 2.607 42 1.4 7

050904 6.295 12.9 0.43 7

070125 1.55 25.3 0.84 7

080319B 0.937 30 1.0 7

080916C 4.25 10.2 0.34 7

090926A 2.1062 14.5 0.48 8

070125 1.55 25.3 0.84 9

† [39]; 1. [189, 192]; 2. [31]; 3. [193]; 4. [158, 194–199]; 5. [200, 201]; 6. [202–204]; 7. [205]; 8.

[206]; 9. [207].

(BHS, [72]). Taking into account a finite efficiency for the conversion of angular momentum

to a (largely radial) explosion, η < 1, we determined that aforementioned two events require

a central energy Erot in angular momentum exceeding the maximal spin energy of a rapidly

rotating neutron star by a factor of 10 and, respectively, 5.3 (Table 1). With a total output

of about 1052 erg in optical emission alone, SN2015L [211] likewise defies the limit ηEc

in the face of reasonable efficiencies η and finite efficiency in dissipating kinetic energy to

electromagnetic radiation, at least not at the same time. It appears therefore unlikely that

GRB 031203/SN2003lw and 030329/SN2003dh are powered by EJ of a neutron star at any

reasonable efficiency. For this reason, they stand out as potentially being powered by black

holes at efficiencies of a few %. In particular, a wind energy Ew may derive from winds from

a disk extracting energy of EJ , satisfying [72]

Ew = 6× 1052

(
ΩT

0.1ΩH

)2(
M

10M�

)
erg (30)

for rapidly spinning black hole of mass M parameterized by the ratio of the angular velocity

ΩT of a torus about the ISCO to the angular velocity ΩH of the black hole.
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B. Local event rates of energetic CC-SNe

As a parent population of long GRBs, energetic core-collapse supernovae in the Local

Universe are targets of opportunity (TOOs) to LIGO-Virgo [212–214] and KAGRA [215,

216]. Current GRB and SN rates show, based on beaming-corrected event rates, a branching

ratio

R =
N(GRB-SNe)

N(Type Ib/c)
' 0.2− 3% (31)

by conservative [38, 217] to optimistic estimates [218]. The event rate of SN Ib/c exceeds

that of GRB-SNe by R−1.

The origin of the small value of R in (31) is not well understood. Evidently, an observable

GRB event requires the succesful formation of an engine sufficiently powerful for outflows

to overcome various adverse conditions, namely a high density environment formed in core-

collapse of a massive progenitor star, perhaps in a short binary period [219]. A possible

additional factor is the time of residence of the newly formed black hole in the center of the

star, to be sufficiently long only when its kick velocity happens to be low. These successful

GRB-supernovae may be rare. Alternatively, it may reflect a small probability of forming

nearly extreme Kerr black holes, i.e., about the Thorne limit reached along a modified

Bardeen trajectory as the initial condition for long GRBs [220].

We estimate SNe of type Ib/c within a distance DS to have a local event rate

Ṅ(Type Ib/c, D < DS) ∼ 101−2 yr−1

(
DS

100 Mpc

)3

(32)

by a weighted volumetric rates from Asiago [221, 222], Lick surveys [149, 223], SDSS-II [224]

and SUDARE VST-OmegaCAM [225]. Broad line events (cf. Fig. 1) successfully producing

a normal LGRBs represent a small fraction of SNe of type Ib/c. Even so, these energetic

BL events are a few per year within 100 Mpc, still more numerous than the true event rate

of LGRBs (corrected for beaming) by up to one order of magnitude.

Electromagnetic detection of nearby supernovae is remarkably easy, especially in the

Local Universe within 100 Mpc. In contrast, electromagnetic counterparts to mergers

of double neutron star binaries are generally challenging [226–228] - thusfar detected in

GW170817/GRB170817A only.
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C. GRBs in the Swift era

At present, calorimetry by electromagnetic observations on the kinetic energy in super-

novae and the prompt GRB emission offers our strongest observational constraints on the

central engines of GRB-SNe. Indirect constraints may further derive from the MeV-neutrino

burst from SN1987A.

We next review the present classification, spectral-temporal properties of GRBs relevant

to their putative central engine based on BATSE, BeppoSAX and Swift of long and short

GRBs based on Table 2, the Amati-relation (Fig. 6) and associated event statistics (Fig.

7).

Swift identified the new class of short GRBs with Extended Emission. The SGRBEE

GRB060614 (z = 0.125, T90=102 s) has no detectable supernova [263, 264, 278] and GRB

050724 is a SGRB with Extended Emission (SGRBEE) with an overall emission time T90=69

s in an elliptical host galaxy [244, 245]. Neither is readily associated with a massive star.

Since then, the list of SGRBEEs has grown considerably (Table 2). Table 2 further shows

a few long GRBs with no apparent association to supernova (LGRBNs). SGRBEE and

LGRBNs challenge the BATSE classification into short and long events. Though both show

an initial hard pulse, characteristic of short GRBs, a subsequent long duration soft tail

features a spectral peak energy (Ep,i)-radiated energy (Eiso) correlation that satisfies the

Amati-correlation holding for normal long GRBs. This “hybrid” structure of observational

properties of SGRBEE and LGRBNs suggests that they share the same astronomical origin

as short GRBs with the same physics in the central engine as normal long GRBs, albeit

with somewhat smaller values of Eiso.

Prompt GRB emission has a characteristic peak energy Ep,i at which the νFν photon

spectrum peaks in the cosmological rest-frame. It typically ranges from tens of keV to

thousands of keV. If the isotropic-equivalent energy Eiso is the radiation output by a GRB

during its whole duration (assuming spherical symmetry), it is found that Eiso, commonly

used in the absence of reliable information on the degree of collimation in individual GRB

events, correlates with Ep,i (see Fig. 6). This correlation, now known as the Amati relation,

26



Table 2.† Swift SGRB, SGRBEEa and LGRBNs. Eiso in 1052 erg, Ep in keV.

T90 z hostb Eiso
c Ep

c

SGRB

050509B 0.073 0.225 elliptical galaxy2 0.000273 -

050813 0.45 1.8 galaxy cluster17,18 0.01718 -

051221A 1.400 0.547 SF, late type galaxy8 0.259

060502B 0.131 0.287 massive red galaxy4 0.022 193

060801 0.49 1.131 - 0.02715

061201 0.760 0.111 galaxy cluster1 0.013 969

061217 0.210 0.827 faint galaxy12 0.00812

070724A 0.4 0.457 moderate SF galaxy7 -

070429B 0.47 0.904 SFR14 1.1M� yr−1 - -

090426 1.2 2.609 irreg. SF galaxy19 - -

090510 0.3 0.903 field galaxy13 3.813

100724A 1.4 1.288 probably LGRB16 - -

101219A 0.6 0.718 faint object11 0.48 842

130603B 0.18 0.356 SFR5 0.26 906

131004A 1.54 0.717 low mass galaxy10 -

SGRBEE

050724 d e f g 69 0.258 elliptical, weak S22 0.009923 -

050911 d e 16.2 1.165 EDCC493 cluster30 0.001930 -

060614 d e f g 108.7 0.125 faint SFR20,21 0.2120 5520

061210 d e f g 85.3 0.41 bulge dominated26 0.04626 -

061006 d e f g 129.9 0.438 exp. disk profile27 0.18 955

070714B d e f g 64 0.92 SF galaxy28 0.1628,29 -

071227A e f 1.8 0.384 edge-on S24 0.00825 -

LGRBN

060505 4 0.089 spiral, H+, no SN31 0.001221 120

060614 d e f g 108.7 0.125 faint SFR, no SN20 0.2121 -

061021 46 0.3462 no SN32 0.68 630

† [81]; a From [229]; b galaxy type, SN association; c Isotropic-equivalent energy and peak energy

for events with reliable estimates of the bolometric Eiso across a large enough energy band, under

the assumption Ωm = 0.3 and a Hubble constant H0 = 70 km s−1 Mpc−1; d [230]; e [231]; f [232];

g [233]; 1. [234] ;2. [230, 235, 236] ; 3. [237, 238]; 4. [238]; 5. [239]; 6.[240]; 7. [241]; 8. [242, 245];

9. [249]; 10. [250]; 11. [251]; 12. [252, 253]; 13. [254, 255]; 14. [256]; 15. [246, 257]; 16. [258]; 17.

[238, 259–261];18. [243]; 19. [262]; 20. [263]; 21. [264, 265] ; 22. [235, 236, 244, 246]; 23. [266]; 24.

[247]; 25. [248]; 26. [267]; 27. [235, 246]; 28. [268]; 29. [269]; 30. [245]; 31. [270]; 32. [271]
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FIG. 6. Short GRBs with Extended Emission (SGRBEE) and long GRBs with and without

apparent supernovae (LGRBN) in the Ep,i − Eiso plane [272, 273], including GRB-SNe 030329,

050525A, 081007,091127,100316D,101219B. The lines are Ep,i − Eiso correlatons for normal long

GRBs (±2σ). Highlights include the sub-energetic GRB980425/SN1998bw and GRBEE 050724

(also a LGRBN). Initial pulses of SGRBEEs (solid triangles, red) fall into the separate group of

SGRBs, like initial pulses of LGRBNs (large size filled circle, blue; 90% confidence limits.) Data

mostly from [274–277]. (Reprinted from [81].)

is well established for long GRBs, while short GRBs do not appear to satisfy this Amati

relation ([273] and references therein).

To quantify our level of confidence in the merger origin of SGRBEE and LGRBNs, we

recently considered the mean values µ of the observed redshifts (Fig. 7), i.e., µNL of LGRBNs,

µEE of SGRBEEs, µS of SGRBs and µL of LGRBs, and concluded that they satisfy

µNL < µEE < µS < µL, (33)

where µEE = 0.5286, µS = 0.8587, µNL = 0.1870, and µL = 2.1069 based on the redshifts

shown in Table 2.

By a Monte Carlo test, we determined the probability that, from the mean redshift, the

Swift samples of SGRBEE (n1 = 7), SGRB (n2 = 15) and LGRBNs (n3 = 3) are drawn
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FIG. 7. Redshifts of SGRB, SRGBEE, LGRBN and SGRBEE+LGRBN and their associated mean

µ. (Reprinted from [81].)

from the observed distribution of LGRBs (n = 230). Because of the small n samples and

the broad distribution of redshifts of LGRBs (with an observational bias towards low z),

we proceed with Monte Carlo test by drawing samples of size ni (i = 1, 2, 3) from the

distribution of the n = 230 redshifts of the latter. Doing so N times for large N obtains

distributions of averages µi of the redshifts in these small n samples under the Bayesian null-

hypothesis of coming from the distribution of redshifts of LGRBs. We find the following

levels of confidence of each [81]

SGRBEE 6⊂ LGRB : 4.6700σ

SGRB 6⊂ LGRB : 4.7520σ

LGRBN 6⊂ LGRB : 4.3140σ

(34)

SGRBs and LGRBS hereby have different astronomical progenitors. For SGRBs, (34) is

consistent with a relatively low redshift origin inferred from identification of host galaxies

in the local Universe [279]. At a level of confidence exceeding 4 σ, SGRBEE and LGRBNs

have inner engines originating in mergers in common with normal long GRBs originating in

CC-SNe, given that both share the Amati-relation in the long/soft tail.
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Our results (34) show with relatively high confidence that the enigmatic LGRBN

GRB060614 is a merger event, suggested earlier based on other arguments [280, 281],

whose long durations in soft extended emission can be identified with the lifetime of spin of

a rotating black hole (§2); see [282, 283] for various other explanations of extended emissions

from mergers. Baryon-rich jets from accretion disks produced in naked inner engines formed

in mergers may dissipate into lower energy emissions, perhaps including a radio burst [284].

The preceding data show a soft/long tail satisfying the same Amati-relation (Fig. 6) of

extended emission in SGRBEE and normal LGRBNs. The association of normal LGRBs

with supernovae and their shared spectral-energy properties with Extended Emission to

short GRBs discovered by Swift suggests the possibility of a common inner engine, even

as SGRBEE’s derive from mergers such as GW17087/GRB170817A. If SGRBEE’s indeed

derive from mergers, it remains to be determined if these are neutron star-neutron star or

neutron star-black hole mergers. In what follows, we review some of their properties in the

electromagnetic spectrum.

D. Prompt GRB emission of (L)LGRBs

The three main stages in prompt GRB emission are: (i) formation of outflows from a

central energy reservoir, (ii) dissipation of bulk energy in this outflow, and (iii) conversion

thereof into electromagnetic radiation. These processes are most likely interrelated. Suc-

cessful breakout of the jet from the stellar envelope is a necessary condition for producing a

GRB. Due to the compactness of the energy source, the largely non-thermal electromagnetic

emission originates from large radii and, therefore, does not provide a direct probe of the

central engine. Nevertheless, the central engine possibly leaves an imprint in the light curve

of prompt emission on the secular time scale of accretion and evolution of the black hole

[285, 286].

Conventional wisdom states that GRB jets are powered by magnetic extraction of the

rotational energy of a magnetar [287, 288] or a hyper-accreting black hole, that may be

an attractive alternative to account for low baryon-loading [289, 290]. In some cases [39],

evidence from total energy output is tilting towards an association to black holes rather than

neutron stars. At sufficiently high accretion rates, annihilation of neutrinos that originate

from the hot matter surrounding a Kerr black hole can also power a GRB outflow [291, 292],
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although magnetic extraction seems favorable. Efficient conversion of an outgoing Poynting

flux into kinetic energy of baryonic contaminants is not fully understood, yet, it is generally

believed to involve gradual acceleration of the flow (e.g., [293–296]), impulsive acceleration

[297, 298], magnetic reconnection [299–302, 304, 305], and/or current driven instabilities

[306].

The production of high energy emission requires substantial dissipation above or just

below the photosphere. It most likely results from the formation of internal [307, 308]

and/or collimation [309, 310] shocks in cases where the flow is hydrodynamic in the vicinity

of the photosphere, or magnetic reconnection [299, 305] if the flow remains highly magnetized

at large radii. Dissipation at very large optical depths will merely lead to re-acceleration

of the flow, or in case of magnetic extraction to a transition to kinetic energy dominated

outflows [297, 306]. It can, nonetheless, help increasing the specific entropy, which seems to

be required by the observed SED peaks.

The nature of the prompt emission mechanism remains an open issue. The emitted

spectrum, although exhibiting notable variations from source to source, can generally be

described by a broken power law Band function [169]), with some exceptions, e.g., GRB

090902B. It has been originally proposed that the observed spectrum is produced by syn-

chrotron emission of non-thermal electrons accelerated at internal collisionless shocks (for

reviews see [311, 312]). However, subsequent analysis (e.g., [313–316]) indicated that the

synchrotron model has difficulties accounting for some common properties exhibited by the

GRB population, specifically, the clustering of peak energies around 1MeV, the hardness of

the spectrum below the peak, and the high efficiencies inferred from the observations. At the

same time, it has been argued [317, 318] that a thermal component appears to be present in

some bursts, which may be transient as in the BeppoSAX event GRB 990712 [319]. These

developments, and the recent detection of some GRBs with a prominent thermal component

(e.g., GRB 090902B) or multiple peaks (e.g., GRB 110721A, GRB 120323A) have motivated

a reconsideration of photospheric emission [313, 315, 320–323].

On theoretical grounds, one naively anticipates significant dissipation of the bulk energy

of a GRB outflow just below the photosphere, either by internal [324–326] or collimation

shocks [309, 310]. They are mediated by radiation and their typical size is on the order

of a few Thomson depths [161, 327–329], larger than any kinetic scale by many orders

of magnitudes. Their structure and emission are, therefore, vastly different from those of
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collisionless shocks above the photosphere, where the Thomson optical depth is well below

unity. The large shock width strongly suppresses particle acceleration [161, 328], yet a

non-thermal spectrum can be produced inside the shock via bulk Comptonization [327]

and formation of a Band-like spectrum is conceivable [330]. Alternatively, sub-photospheric

dissipation may be accomplished through shocks or magnetic reconnection. The first can

produce non-thermal spectra even without particle acceleration [331]. The second holds if

the flow remains highly magnetized at mild optical depths, in which case a Band spectrum

may follow by particle acceleration [313, 320, 323].

Observationally, a photospheric model (black body plus power law) or a Band function

provides a satisfactory fit to most BATSE GRB light curves. However, extending spectra to

the low energy range of 2-28 keV (of the BeppoSAX Wide Field Cameras) poses challenges

in a number of cases. For the extended energy range of 2-2000 keV, a Comptonization

model appears more robust in producing satisfactory fits [332]. The low energy window

is consistent with Comptonization of black body background photons by an initially non-

relativistic expanding outflow, perhaps representative of the initial launch at stellar breakout

of the outflow creating the GRB. High luminosities may particularly derive from intermittent

sources, that may be illustrated by numerical simulations on the breakout of a striped

relativlstic MHD jet [59].

Prompt GRB emission is often followed by afterglow emissions mainly detected at lower

energies, especially in X-rays down to radio in some cases. Afterglow emission was an-

ticipated based on the GRB association with ultra-relativistic outflows, further enabling

identifying host properties and, in some cases, providing calorimetry in the total energy

output. We refer the reader to existing reviews on this subject [311, 312]. Swift made a

key discovery with the identification of long duration X-ray tails, that appear to represent

latent activity of the remnant inner engine (e.g. [333, 334]). A systematic study of temporal,

energetic and spectral properties of these X-ray tails to both short and long GRBs points

to a similar dissipation and/or emission mechanism of common internal origin [335].

E. Kolmogorov spectra in LGRBs from BeppoSAX

High frequency analysis of prompt GRB emission offers a possible window to intermit-

tency or quasi-periodic behavior in the inner engine, that may be pursued on light curves
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FIG. 8. Power law index of average PDS over frequencies 10−2 < f/Hz < 1 by Fourier analysis

of different data sets as a function of observed energy. Dashed line (α2 ∝ E−0.09) illustrates

α2-dependence on energy estimated from Fermi data. (Reprinted from [346].)

of the BeppoSAX catalogue sampled at 2 kHz. As mentioned above, prompt GRB emission

probably originates from ultra-relativistic, baryon poor jets, launched from a compact stel-

lar mass object [336, 337] (see also [338, 339]), i.e., neutron star or stellar mass black hole

[288, 340].

Shock induced emission predicts a power law spectrum in energy (e.g. [341, 342]) with

turbulent behavior in time. Indeed, Fourier analysis of lights curves of long GRBs observed

by BATSE and BeppoSAX reveals a Kolmogorov spectrum in [343–347]. The power law

index in the observed PSD spectra is broadly distributed about the Kolmogorov value of

5/3 with a negative gradient as a function of energy (Fig. 8). Conceivably, this spectral-

energy gradient might be due to scale dependent dissipation in turbulent flows, which is only

beginning to be explored by high resolution numerical simulations in the approximation of

relativistic hydrodynamics [348] (see also [349]).

However, Fourier spectra are limited to tens of Hz due to strong Poisson noise in high

frequency sampled gamma-ray light curves. For long GRBs of BeppoSAX (Fig. 9), Fig. 10

shows an extension to the maximal frequency permitted by the Nyquist criterion obtained by

butterfly filtering, i.e., matched filtering against a dense bank of time-symmetric chirp-like

templates [147]. A broadband extended Kolmogorov spectrum is found with no evidence
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FIG. 9. Smoothed light curves of 72 bright long GRBs from BeppoSAX sampled at 2 kHz for the

first 8-10 seconds. 42 have a pronounced autocorrelation (red) with mean photon counts of 1.26

per 500 µ s bin, while 30 have essentially no autocorrelation (white) with mean photon counts of

0.59 per 500 µ s bin. (Reprinted from [147].)

for a bump that might indicate the formation of magnetars. These data point to a common

engine producing soft extended emission, probably so from black holes in mergers and CC-

SNe alike. Additionally, rotating black holes have ample energy to account for the most

energetic GRB-SNe (Table 1). Apart from the low number counts, the only reservation

would be extremely sub-luminous CC-SNe (cf. [350]), that would be undetectable in our

sample of LGRBNs (Fig. 7).

Table 3 summarizes our current observational evidence pointing to black hole central

engines to LGRBs.

On the premise of black holes unifying the soft extended emission in normal LGRBs (in
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FIG. 10. Broadband Kolmogorov spectrum averaged over 42 spectra of (red) bursts with non-

trivial autocorrelation functions, extracted by matched filtering using a bank of 8.64 million chirp

templates. Results de-redshifted in the source frame show a continuation (black line) to a few kHz

(purple, source frame of GRBs) of the Kolmogorov spectrum, extending the same identified at low-

frequency by Fourier analysis (blue). Absent a bump at high frequency expected from canonical

mis-alignment of angular momentum and spin in newly formed pulsars suggests - but does not

prove - the absence of magnetars. (Reprinted from [147].)

core-collapse of massive stars) and SGRBEEs (from mergers), we next turn to a model for

extended emission from rotating black holes, whose long durations represent the secular time

scale of spin down against surrounding high density matter.

III. MULTI-MESSENGER EMISSION FROM BLACK HOLE-TORUS SYSTEMS

The large energy reservoir EJ in (10) is predicted by the exact [63] solution of rotating
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Table 3. Observational evidence for LGRBs from rotating black holes. (Adapted from [412].)

Instrument Observation/Discovery Result Ref.

Swift LGRBs with no SN, SGRBEE Extended Emission to mergers (1)

Amati-relation Universal to LGRBs and EEs to SGRBs (1)

X-ray afterglows SGRBs SGRB 050509B (2)

HETE-II X-ray afterglows SGRBs SGRB050709 (3)

BeppoSAX X-ray afterglows LGRBs GRB970228, common to LGRBs, SGRB(EE)s (1,4)

Broadband Kolmogorov spectrum No signature (proto-)pulsars (5)

BATSE Bi-modal distribution durations. short-hard and long-soft GRBs (6)

ms variability Compact relativistic central engine (7)

Normalized light curves LGRBs BH spin-down against ISCO (8)

Optical LGRB association to SNe Ib/c Branching ratio < 1% (9)

Calorimetry, Ek of SNe Erot > Ec[NS] in some GRB-SNe (10)

Note. (1) Revisited in [81]; (2) [174]; (3) [175, 351, 352]; (4) [170]; (5) [81]; (6) [168]; (7)

[336–338], and [30, 339]; (8) [191, 284, 353], see further [354, 355]; (9) [217, 218]; (10) in the

model of [185], Erot exceeds the maximal spin energy Ec[NS] of a (proto-)neutron star in some

hyper-energetic events [39].

black holes of mass M , angular momentum J and electric charge Q. (For astrophysical

black holes of interest here, gravitational contributions by Q can be neglected.) Rotation

is commonly expressed by the dimensionless parameter a/J , where a = J/M denotes the

specific angular momentum, −1 ≤ a/M ≤ 1, sinλ = a/M in terms of |λ| ≤ π/2 [356].

Spacetime about a rotating black hole is dragged into rotation at an angular velocity ω =

ω(r, θ), that may be observed as the angular velocity of test particles orbiting at a given

constant radial distance r and poloidal angle θ with vanishing specific angular momentum

as measured at infinity. The angular velocity ΩH of the black hole is defined as the limit

of ω as one approaches the black hole (r → rH) that, by the no-hair theorem, reduces to

a constant ΩH = tan(λ/2)/2M on the event horizon. At a corresponding spin frequency

νH = ΩH/2π,

νH = 1.6 kHz tan(λ/2)

(
10M�
M

)
, (35)

the total energy EJ in (10) derives more specifically as EJ = 2M sin2(λ/4), i.e.,

EJ ' 6× 1054 erg

(
M

10M�

)(
sin(λ/4)

sin(π/8)

)2

. (36)

EJ is of interest to multi-messenger emission whenever the black hole interacts strongly
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with surrounding matter in the form if a disk or possibly thick torus. In addition to accre-

tion, such interaction may be driven by frame dragging, possibly explaining (5-7) when the

duration of any such transient emission is identified with the lifetime Ts of black hole spin.

In core-collapse of a massive star, a black hole grows by Bondi accretion [110, 357], up

to the moment that an accretion disk first forms by angular momentum hang-up about the

ISCO of the newly formed rotating black hole. Subsequently, [358] accretion is expected to

ensue [359–361] - modified by open outflows [220] - driving the black hole to a near-extremal

state, provided there is sufficient mass infall to reach this state.

In general time-dependent scenarios, a mass accretion rate ṁ in an extended disk is to

be distinguished from the accretion flow with mass accretion rate Ṁ into the black hole of

mass M . Initially during hyper-accretion the two are expected to be the same, Ṁ = ṁ,

leading to black hole spin-up by Reynolds stresses in an approximately time-independent

accretion flow. When the accretion rate drops sufficiently, Reynolds stresses in the inner

accretion flow onto the black hole may become sub-dominant, allowing magnetic stress in

Alfvén waves to become dominant allowing for suspended accretion mediated by a postive

outflow −J̇ over an inner torus magnetosphere [72, 166, 356]. As Ṁ ' 0, the accretion

disk hereby will become time-dependent, that may lead to the formation of a thick torus as

matter continues to pile up about and beyond the ISCO by ṁ > 0.

In suspended accretion at sub-critical accretion rates in the sense of [362], such near-

extremal black hole may experience angular momentum loss J̇ to surrounding matter, until

its angular velocity ΩH drops to ΩISCO of matter orbiting at the ISCO - a stable fixed point

in the equations of suspended accretion [280].

In GW170817/GRB170817A, the black hole appears to form by collapse of the hyper-

massive neutron star with mass and angular momentum (M,J) in the immediate aftermath

of the merger. In this event, the black hole parameters are (M,J), while EJ is significantly

enhanced in this collapse process.

For core-collapse of massive stars, Fig. 11 illustrates the complex sequence of different

types of accretion, over the course of which the black grows in mass and spins down (Bondi

accretion), grows in mass and spins up (Bardeen accretion), and loses mass-energy and spins

down (suspended accretion). This final phase evolves over a secular time-scale [9, 72]

Ts ' 30
( σ

10−2

)−1
(

M

7M�

)(z
6

)4

s, (37)
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defined by the ratio σ = MT/M and its normalized radius z = R/M . According to (37),

the process of losing angular momentum to matter at the ISCO can extend to ultra-long

durations when σ is small, e.g.,

Ts ' 100
( σ

10−7

)−1

d, (38)

which time scale can be found in super-luminous supernovae such as SN2015L [9].

The process of black holes losing angular momentum to matter at and beyond the ISCO

is expected especially from a fully developed turbulent disk. Exposed to a finite variance in

poloidal magnetic flux, a rapidly rotating black hole develops a finite magnetic moment that

preserves maximal magnetic flux through the event horizon at all spin rates, especially so at

maximal spin [363–365]. Fig. 12 shows the overall efficiency of radiation thus catalytically

converted from black hole spin.

In poloidal cross-section, Fig. 14 illustrates the structure of open outflows in a suspended

accretion state, allowing the black hole to loose angular momentum J to surrounding matter.

Like their supermassive counter parts [e.g. 366, 367] or galactic stellar mass black holes in

micro-quasars such as GRS 1915+105 [32, 368], accretion flows in catastrophic events are

believed to be likewise magnetized, exposing the central black hole to a finite magnetic flux

by accretion [369–371] or the formation of a torus magnetosphere [356].

Strong magnetic fields may derive from the magneto-rotational instability (MRI, [362,

372, 373]), whose m = 0 component of the infrared spectrum of MHD turbulence represent

a net poloidal flux. In turbulent accretion [370] or by forcing [356], µH will follow changes

in sign in the m = 0 part of the infrared MHD spectrum on an Alfvén crossing time scale.

In the absence of a small angular parameter in the connection of magnetic flux from the

latter to the former, an inner torus magnetosphere may hereby mediate angular momentum

transport −J̇ to surrounding matter by Alvén waves. When the black hole spins faster than

its surrounding disk or torus, and accretion rates are sub-critical [292], J will be transported

outwards with gradual expansion of the ISCO as the black hole gradually spins. In this

process, matter will be heated and the associated thermal pressures may drive it to develop

non-axisymmetric wave instabilities balanced by cooling in gravitational radiation [191].

The rate of angular momentum transport −J̇ outwards is determined by the variance

in poloidal magnetic field B2
p . Canonical bounds on B2

p may be derived from a magnetic

stability limit EB/Ek ' 1/15 of energy EB of the poloidal magnetic field to the kinetic
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FIG. 11. Evolution of a rotating black hole following birth in a progenitor of mass M0 in three

phases of accretion: surge in direct accretion (dashed), growth by Bardeen accretion (continuous)

followed by spin down against matter at the ISCO when accretion becomes subcritical (top and

middle panels). Shown is further the associated evolution of any quadrupole gravitational wave

signature from matter at the ISCO, marked by frequencies fGW0 at birth, fGW1, at the onset of

Bardeen accretion, fGW,2 at the onset of spin down and fGW,3 at late times, when the black hole

is slowly rotating in approximate co-rotation with matter at the ISCO (lower panel.) (Reprinted

from [9].)

energy Ek in the inner disk or torus [72]. Conceivably, this bound may be circumvented by

strongly intermittent inner engines [59], see also [305]. As a result, a key parameter setting

the lifetime of rapid spin of the black hole is the ratio σ = MT/M of the mass MT in the

torus relative to the mass M of the black hole.
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FIG. 12. Model estimate Egw of a descending chirp with initial frequency 600 Hz < fgw < 700 Hz,

produced by a non-axisymmetric torus of radius K times the ISCO radius converting spin energy

EJ at moderate efficiency η of a rapidly rotating black hole of mass M = 3M�. The graphs show

E = 3 − 4%M� for a Kerr black hole with initial dimensionless spin parameter 0.7 < a/M < 0.8

corresponding to EJ ' 0.22− 0.322M�c
2. (Reprinted from [140].)

A. Spin-down in gravitational radiation

Given the total energy (26), Extended Emission to GW170817 derives from EJ of a

rotating black hole, observed as a descending chirp satisfying (Fig. 4)

fgw(t) = (fs − f0)e−(t−ts)/τs + f0 (t > ts) (39)

with τs = 3.01 ± 0.2 s, ts = 1843.1 s, fs = 650 Hz and f0 = 98 Hz. At a source

distance D, here scaled to 40 Mpc for GW170817 (1), the dimensionless strain h =

L
1/2
gw /(ΩD) produced by a dimensionless quadrupole mass-moment ζ = δm/M satisfies

h(t) ' 2.7 × 10−23 (ζ/3%) (D/40 Mpc)−1 (fgw/650 Hz)
2
3 , Lgw = (32/5)ζ2(M/r)5 ' 2 × 1052

(ζ/3%)2 (10M/r)5 erg s−1 ' 1%M�c
2/s−1.

A model estimate Egw in (26) derives for catalytic conversion of EJ operating at an

efficiency η given by the ratio ΩT/ΩH . The estimated initial frequency of about 744 Hz at

the time of coalescence tc inferred from our Extended Emission starting at ts < 1 s is below

the orbital frequency at which the stars approach the ISCO of the system as a whole, about

1100 Hz at r ' 16 km according to the Kerr metric. At this point, a binary system of two
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equal mass neutron stars has a dimensionless specific angular momentum a/M = 0.72 < 1

consistent with the values found in numerical simulations of [116], allowing for prompt

collapse to a ∼ 3M� Kerr black hole with EJ ' 24%M�c
2, i.e., about one-third of its

maximal spin energy. For a torus radius K times the ISCO radius well beyond the ISCO,

Fig. 11 shows the result of numerical integration of the equations describing spin-down,

predicting a maximum output E ' 3−4%M� over 0.7 < a/M < 0.8 subject to the observed

initial gravitational-wave frequency 600 Hz < fgw < 700 Hz at ts < 1 s post-merger.

B. Ultra-relativistic black hole jets

In (42), black holes are envisioned to be losing J mostly to surrounding matter about

and beyond the ISCO, leaving a minor release about the spin axis in open outflows powering

the baryon-poor ultra-relativistic jets (BPJ) seen in gamma-rays with luminosity [72, 284]

Lj ' 1.4× 1051 erg s−1

(
M

7M�

)(
T

20 s

)(
θH
0.5

)4

, (40)

where θH refers to the half-opening angle of the open magnetic flux-tube on the event horizon

of the black hole, considered in its lowest energy state. For rapidly rotating black holes, Lj is

produced by frame dragging along open magnetic flux tubes, supported by Carter’s magnetic

moment µHe of the black hole [363, 374, 375] in equilibrium with an external magnetic field,

supported by the surrounding matter at sub-critical accretion rates schematically indicated

in Fig. 14 [72, 166].

The output (40) is robust as a consequence of differential frame-dragging. (ω decays to

zero at infinity from ΩH on the black hole.) Locally, frame dragging is formally manifest

in Papapetrou forces [376, 377], where, for charged particles, frame dragging acts on the

canonical angular momentum supporting a Poynting flux-dominated outflow. The line-

integral thereof is a potential energy E = ωJp [285]. For charged particles, Jp is defined by

total magnetic flux on the flux-surface at hand (which is an adiabatic invariant). In super-

strong magnetic fields typically considered in models of GRB inner engines, E assumes

energies on the scale of Ultra-High Energy Cosmic Rays (UHECRs). This may be processed

downstream to gamma-ray emission in relativistic shocks or, for intermittent sources, into

UHECRs by acceleration of ionic contaminants ahead of outgoing Alfvén fronts [285].

The jet luminosity (40) may be compared with open model of force-free flux surfaces
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FIG. 13. Scenarios of GRBs from rotating black holes from double neutron star mergers (NS-NS,

left), mergers of a neutron star with another black hole (NS-BH, middle) and core-collapse of a

massive star (CC-SN, right). A black hole-disk or torus system will be of relatively low (LMBH)

or high mass (HMBH). NS-NS produces a LMBH with high but non-extremal spin after passing

through a super-massive near-extremal neutron star phase [e.g. 116]. Spin of the HMBH following

NS-BH mergers depends largely on the BH in the progenitor binary, unless its mass and spin are

extremely low. Black hole formation in core-collapse passes through Bondi and modified Bardeen

accretion, causing the black hole to surge to high mass with near-extremal spin. We identify

soft Extended Emission (EE) with the spin down phase of rapidly rotating black holes producing

SGRBEEs or LGRBs with no supernovae (LGRBN) from mergers (involving rapidly rotating black

holes) and normal LGRBs from core-collapse of massive stars. This common physical origin is

supported by a common Amati-correlation of EE and LGRBs shown in Fig. 6. (Reprinted from

[220].)
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FIG. 14. Extremal black holes with vanishing Carter’s magnetic moment are out-of-equilibrium

with vanishing horizon flux (a). It rapidly settles down to an equilibrium state with essentially

maximal horizon flux (b), allowing an open magnetic flux tube to form along the axis of rotation

supported by the equilibrium value µeH . At sub-critical accretion rates, frame dragging may produce

BPJs while accretion from the ISCO is suspended by feedback from the black hole by Alvén waves

via an inner torus magnetosphere (b). Major dissipation (ED > 0) by forced MHD turbulence

about the ISCO implies RjD = Ej/ED << 1. By slip and no-slip boundary conditions on the

event horizon and, respectively, matter at the ISCO, the black hole. Gradually loss of angular

momentum gives rise to a finite lifetime Ts of rapid spin. Reprinted from [220].

rotating at one-half the angular velocity of the black hole envisioned in [371] (with θH = π/2).

Channeling an outflow in θH << π/2 limits the output to be a very small fraction of the

total black hole luminosity LH , leaving most LH to be incident to the surrounding matter

mediated by the inner torus magnetosphere. Upon integration in time, (40) predicts the

same small fraction of EJ [72] (applied to Eq. 27)

Ej '
1

4z4
EJ , (41)

where z = r/M . If, on the other hand, Lj would represents an opening outflow supported

by horizon flux over the full hemisphere of the black hole event horizon, Ej would be a

substantial fraction of EJ . The canonically small fraction 1/4z4 is in quantitative agreement

with observations indicating Ej to be a relatively small fraction of EJ in (10), equivalently,

(36) [72, 220].
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C. Spin-down in long GRBs

In the electromagnetic spectrum, indirect observational evidence for black hole spin down

may be seen by time domain analysis of long GRBs from the BATSE catalogue. As a proxy

for the BATSE durations T90 of prompt emission of long GRBs (Fig. 1) [72, 166, 356] (Fig.

13), consider Tengine ' T90 with

Ts ' T90 (42)

while ΩH > ΩISCO, where ΩISCO = (M(z3/2 ± sinλ))−1 for prograde (+) and retrograde

(-) orbital motion [e.g. 110] The inequality ΩH > ΩISCO is readily satisfied, whenever their

rotational energy exceeds about 5.3% of their maximal spin energy (for a given black hole

mass-at-infinity M).

BATSE Light curves may be normalized in time and count rates by matched filtering

using a mode light curve Lj(t) from (40), defined by numerical integration of the equations of

suspended accretion (with fixed points at extremal and slow spin). The resulting normalized

light curves may then be averaged. The results compare well the model light curve, showing

consistency especially for relatively long duration GRBs. Such model light curve can be

created by considering θH = θH(t) to be positively correlated to the ISCO: Lj ∝ Ω2
H and,

since Lj is dimensionless in geometrical units, Lj ∝ (rISCOΩH)2. In this set-up, Lj ∝ z2Ω2
H

in a Taylor series expansion in z = rISCO/M , where rISCO denotes the ISCO radius.

Normalized light curves (nLC) extracted from the BATSE catalogue of LGRBs allow a

confrontation with model templates of spindown, of black holes against high density matter

at the ISCO and (proto-)neutron stars by magnetic winds. In making a connection to the

observed GRB emission, we consider a linear correlation between ultra-relativistic baryon-

poor outflows and the observed prompt GRB emission. Fig. 15 shows a match between

nLC and model templates. The results favour the first, especially so for very long duration

events with T90 exceeding tens of seconds. Similar results obtain for normalized light curves

extracted from Swift [378]. Noticeable also is an improvement in the fit for relatively long

duration events with T90 > 20 s [284]. We attribute this to the time scale of jet breakout

in a remnant stellar envelope for the majority of long GRBs originating in CC-SNe [191],

possibly further in association with the most rapidly spinning black holes [284]. Based on

different observations related to the relatively flat distribution of T90 below 20 s, a similar

conclusion obtains [167].
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FIG. 15. Normalized GRB light curves (nLC, thick lines) extracted from the BATSE catalog, by

matched filtering on model templates (thin lines) for outflows from spin-down of rotating black holes

(BHS, A) and proto-neutron stars (C). Consistency is relatively better for the former, especially

so for durations greater than 20 s. We attribute this time scale to that of jet breakout of a stellar

remnant envelope. (Adapted from [191].)

Eq.(42) may be contrasted with various time scales of accretion, generally associated with

growth and spin-up of the central black hole. In [360], a distinction is outlined between fall-

back at high and low (down to zero) accretion rates. The first implies an initial ṁ ∝ t−1/2

for the first ten seconds or so in transition to ṁ ∝ t−3 on the time scale of one hundred

seconds. The second implies ṁ ∝ t−n with 4/3 ≤ n ≤ 2, depending on the detailed radial

profile of mass-loss in winds. Assuming a linear correlation between black hole luminosity

LH powering the prompt GRB emission and accretion rate [360], the same procedure applied

to these accretion models shows matches vastly below par to those shown in Fig. 15 [9].

For power law accretion profiles, discrepant behavior appears notably in a spike between

the nLC and the model light curves, characterized by a prompt switch-on (cf. short GRBs).

In contrast, Fig. 15 shows a satisfactory match the nLC with the model light curve of black

holes losing angular momentum against matter at the ISCO across the full duration of the

bursts. The results for T90 > 20 s provide some support for very long GRBs commencing from

near-extremal rotating black holes, perhaps in the Thorne limit of the Bardeen trajectory

of evolution [220]. Furthermore, extreme luminosities in GRBs can derive from a nonlinear

response to intermittent accretion about the ISCO [59], perhaps stimulated by feedback

from the black hole starting from aforementioned nearly extremal spin.
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D. Slowly rotating remnants

A principle outcome of black hole evolution shown in Fig. 11 is a slowly rotating remnant,

whose angular velocity has reached the fixed point ΩH = ΩISCO in the equations of suspended

accretion, satisfying

a/M ' 0.36 (43)

as a black hole gradually lost most of its angular momentum, and the surrounding Kerr

space time relaxed to the space time of a slowly spinning black hole. (Just such slow spin

appears to be present in the progenitor binary estimates (2) of GW150914, but this may

also be attributed to canonical isolated stellar evolution prior.)

As a stable fixed point, the black hole luminosity will reach a plateau with finite luminosity

in open outflows, provided there is a continuing, latent accretion. The plateau in the optical

light curve at late times appears natural when attributing SN2015L to black hole spin down

following (38). Following (37), it may signal X-ray tails (XRT) over time scales of thousands

of seconds, discovered by Swift, that are remarkably universal to LGRBs and SGRBs alike,

pointing to a common remnant [379].

We identify this remnant to be a slowly rotating black hole about the stable fixed point

(43), as a sure outcome regardless of prior formation and evolution history and progenitor.

In the present context, XRT’s may possibly be accompanied by long lasting low luminosity

gravitational wave emission. As a common endpoint, this may appear both to normal

LGRBs and SGRBs originating in mergers, following messy break-up of neutron stars in the

tidal field of a companion black hole [380, 381] or in the merger of two neutron stars [382].

Any misalignment between its angular momentum and that of the black hole would

further lead to Lense-Thirring precession and hence line-broadening of the trajectories shown

[383] and thick or extended disks will produce frequencies lower than those shown. In

particular, Fig. 4 shows Extended Emission to GW170817 appears at < 700 Hz in the first

quadrant, identified with emission from mass-quadrupole moment at about three times the

radius of the ISCO.

At late times, a further release in X-rays may appear with luminosity LX ' 0.25 ṁ for

an accretion rate ṁ. Accompanying gravitational wave emissions should be very weak with

negligible increase in black hole mass and angular momentum in view of the observed X-ray

luminosities, e.g., LX ' 1041 erg s−1 in GRB060614 [384]. If unsteady, large amplitude
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flaring may occur in, e.g., GRB050502B [385] by fluctuations between feedback of the black

hole (ΩH > ΩT ) or accretion (ΩH < ΩT ). See also [386].

IV. NON-AXISYMMETRIC ACCRETION FLOWS

The relatively high densities anticipated in accretion flows in catastrophic events such as

mergers and core-collapse of massive stars forms a promising starting point for broadband

extended gravitational-wave emission. In essence, we expect gravitational radiation derived

from accretion flows and, possibly, waves at or about the ISCO excited by input from the

black hole, converting angular momentum in orbital motion and, respectively, spin of the

central black hole. A key pre-requisite for this outlook is the onset of non-axisymmetric

waves.

A. Alpha-disk model

The alpha-disk model gives a general frame work for mass-inhomogeneities in accretion

flows with the following properties:

1. A kinematic viscosity ν expressed in terms of a dimensionless α parameter given by

ν = αcsH =
αΩH2

√
2

=
αH2

√
2M

(
M

r

)3/2

, (44)

using cs = ΩH/
√

2 for the sound speed in terms of orbital angular velocity Ω. Here,

r is the radial distance to the black hole of mass M and, typically, 0.001 < α < 0.1.

Where accretion flows are governed by viscous torques, the surface density of the

disk satisfies Σ(r) = ṁ/(3πν) [387] for an accretion rate ṁ with asymptotic radial

migration velocity vνr , i.e.,

Σ =
Mṁ
√

2

3παH2

( r
M

) 3
2
, vνr =

3ν

2r
=

3αH2

2
√

2M

(
M

r

) 5
2

. (45)

Shown below, under certain conditions, there exists a critical radius rν within which

angular momentum loss is dominated by gravitational radiation;

2. A Lagrangian disk partition, given by annular rings of radius r, radial width l(r) and

mass ∆m(r) ≡ σ(r)M , here in the approximation that l(r) is similar to the vertical

47



scale height H(r) of the disk. A ring is parametrised by mass inhomogeneity, total

energy and gravitational wave luminosity

δm = ξ∆m, ∆E =
σM

2

(
M

r

)
, ∆Lgw =

32

5
ξ2σ2

(
M

r

)5

. (46)

in terms of the dimensionless parameter 0 ≤ ξ < 1 (Appendix A), where ξ is not

necessarily small, in a local Keplerian approximation q = 3/2 in the angular velocity

distribution

Ω(r) = M−1

(
M

r

)q
. (47)

Gravitational radiation from mass-inhomogeneities in accretion flows down to the ISCO

may appear as instabilities driven by cooling, wave-like or as fragments, when cooling times

are on the order of the orbital period [92, 93]. In accretion flows onto black holes, a cru-

cial condition is that such instabilities set in at a radius outside the ISCO. In this event,

accretion may be driven by angular momentum loss in gravitational radiation rather than

viscous torques across some critical radius greater than rISCO. Although details on the

origin and structure of mass-inhomogeneities are uncertain, we shall, for illustrative pur-

poses, discuss these in the quadrupole approximation. In this approximation, migration of

mass-inhomogeneities is described by (133-135) in Appendix A.

Spiral in of inhomogeneities by gravitational radiation dominated angular momentum

loss may commence at radii large compared to rISCO. In this event, the luminosity in

gravitational waves at a given mass accretion rate

Ṁ = ṁṁ0, ṁ0 =
c3

G
= 4× 1038 g s−1, (48)

satisfies
Lgw
ṁ
' M

2rISCO
. (49)

For illustrative purposes, we express (49) in a Newtonian approximation of the gravitational

binding energy at the ISCO to the central black hole. A more precise estimate involves 1−e,

where e denotes the specific energy of orbiting matter in the Kerr metric given. Our aim

here is to develop leading order estimates within a factor of a few. Accretion onto the ISCO

may be followed by a plunge into the black hole or mass ejection in the form of a disk wind.
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The scale (49) points to a potentially substantial energy output EGW in gravitational

waves, provided that a window rc > rISCO or rb > rISCO for gravitational radiation domi-

nated angular momentum transport exists. As the following two sections show, this depends

on cooling, viscous transport by random walks of large scale eddies describes by the alpha

disk model above and mass-inhomogeneities parameterized by ξ. The α and ξ are probably

inversely correlated, although a detailed description thereof is not known. For instance,

small α disks have relatively high density and/or low temperature, by which they are prone

to a variety of self-gravity and wave-like instabilities that may produce ξ.

We introduce

P =
ξ

α
(50)

to reflect the ratio of gravitational radiation-to-viscous mediated angular momentum trans-

port. P effectively acts as an efficiency parameter in the gravitational wave output from the

extended disk r > rb in the alpha model, assumed to hold for r ≥ rb > rISCO. In this region,

the efficiency in gravitational radiation is relatively low and the approximation l ' H in

(45) gives the mass density profile

σ = 2πr lΣ =
2
√

2M

3αH

( r
M

) 5
2
ṁ (r > rb). (51)

Accordingly, (46) implies

∆Lgw =
256

45h2
0

P 2

(
M

r

)2

ṁ (r > rν). (52)

Adopting a scaling H = h0r, the total disk luminosity Lgw =
∫∞
rb

∆Lgwdn, dn = dr/l,

satisfies
Lgw
ṁ

=
256

90h3
0

P 2

z2
b

' 1.4
P 2

1

z2
ν

(
h0

0.1

)−3
(

Ṁ

M� s−1

)
, (53)

where zb = rb/M and P = 10P1 associated with a fiducial value α = 0.1.

Based on these preliminaries, we next turn to some specific estimates of rc and rb.

B. Fragmentation chirps

In self-gravitating accretion flows, a possible origin of mass inhomogeneities is fragmen-

tation when the cooling time of the accreted matter in the instability zone is on the order
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of or shorter than the orbital time (e.g., [92–94]). The disk is unstable to axisymmetric

perturbations if [388, 389]

Q =
csΩ

πGΣ
< 1, (54)

and to non-axisymmetric perturbations at slightly larger values, Q . 2 (e.g. [390]).

For our α-disk model, (54) yields a characteristic radius beyond which the instability may

be generated [91]:

rc
M

>

(
3αh3

1√
2ṁ

)2/3

' 300α
2/3
−1

(
h1

0.5

)2
(

Ṁ

M� s−1

)− 2
3

(55)

adopting H = h1r at this radius [391, 392] with the fiducial scale h1 = 0.5 for the relatively

colder disk flow further out. The characteristic wavelength of the fastest growing mode is

of the order of QH, and its mass is (QH)2Σ.

Cooling may derive from several channels. Among electron-positron pair annihilation

to neutrinos, URCA process, and photo-disintegration of 4He, it has been argued that the

latter may be most effective one in the instability zone [91]. Rapid cooling may thus lead to

fragmentation into a gravitationally bound clumps of mass mf up to a few percent of the

mass of the black hole, i.e. [91]:

mf = Mσf 'MΣ(QH)2 ' M

π
h3

1 ' 0.04M. (56)

It is unclear how many fragments are produced in this process. In [91], it is suggested that

if multiple fragments form, they may merge into a mass of 0.1− 1M�. Fragments thus pro-

duced will subsequently migrate inwards, initially so by viscous stresses. Any gravitational

wave emission hereby derives its energy from the accretion flow. The characteristic strain

amplitude hereby scales with the instantaneous strain amplitude, i.e., hchar(f) ∝ f 2/3 (cf.

23). When it reaches small enough radius with associated transition frequency fe in gravita-

tional waves, angular momentum loss may be overtaken by gravitational wave emission. In

this event, the gravitational wave luminosity effectively derives from gravitational binding

energy of the inhomogeneities to the central object, as opposed to the accretion flow, until

complete disruption by tidal forces.

At the fragment’s Roche radius rd ' 1.26ηM(mf/M)
1
3 for a black hole size ηM , where

1 ≤ η ≤ 2 parametrizes uncertainty in black hole spin [393–395], the orbital frequency is

roughly Ωd ' 1/M(M/rd)
2
3 . With (56) adopted for mf , the corresponding gravitational
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wave frequency window is

Wc : fc < f < min{fd, 2fISCO}, (57)

where where fISCO denotes the orbital frequency at the ISCO and

fc ' 1.2M−1
1

1

α−1

(
h1

0.5

)−3
(

Ṁ

M� s−1

)
Hz, fd ' 300− 900M−1

1

(
h1

0.5

) 3
2

Hz, (58)

where M = M1 10M� and the range in fd refers to the uncertainty in η. The broad band-

width in Wc essentially covers the full operational bandwidth of sensitivity of LIGO-Virgo

and KAGRA. The associated characteristic strain amplitude satisfies the canonical scaling

of binary coalescence. For a mass fragment (56), we have, adapted from (135) of Appendix

A:

hchar(f > fe) = 1.7× 10−22D−1
100M1

1
3

( σf
0.04

) 1
2

(
f

100 Hz

)− 1
6

(fεWc) (59)

with σf = mf/M , D = D100 100 Mpc and Wc = [fe,min{fd, 2fISCO}]. A plot of the

fragmentation chirps is exhibited in Fig. 16.

C. Wave patterns in accretion disks

We shall consider continuous accretion in a non-fragmented disk with deformations ξ > 0

originate at large radii in wave motion, such as spiral waves by self-gravity in Lin-Shu type

wave instabilities [390]. These deformations may evolve as matter accretes inwards, though

this is poorly understood at present.

In what follows, we consider a general framework of steady-state accretion and assume,

for simplicity, that ξ is a constant. Given the definition of δm in (46), this means that δm

varies in proportion to σ = σ(r). This model approach is hereby distinct from ordinary

constant mass inhomogeneities.

Once more we focus on quadrupole emission, although any Jeans type self-gravitating

instability, as in fragmentation, is inherently local and need not couple to the large scale

structure of the disk to ensure that the lowest order modes are the most unstable. For

illustrative purposes, we nevertheless focus on the l = m = 2 instabilities.

Fig. 16 illustrates our identification of quadrupole mass-moments in a spiral wave, in

rings following discretization in polar coordinates. Each ring is has finite annular width. By
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the underlying spiral wave, each ring has a quadrupole mass-moment of over-dense regions,

here represented by a pair of mass-inhomogeneities δm. Due to rotation, each pair of δm

emits quadrupole gravitational wave emission at twice the Keplerian frequency, defined by

the radius of each ring. In accretion flows, the spiral wave gradually tightens. As δm

migrates inwards, their gravitational radiation broadens in frequency, each imprinting their

own stamp in the gravitational wave spectrum. The total luminosity is the sum of the

luminosity in each ring by Parseval’s theorem.

Our focus on quadrupole wave emissions gives a leading order approximation, that ignores

possibly further emissions by higher order mass moments. The full spectrum of gravitational

wave emission from all multiple mass moments can be calculated, but likely so the total

luminosity is dominant in m = 2 [89, 100].

FIG. 16. (a) A spiral density wave pattern in a disk. (b) Over-dense regions (thick black) in

an annular region 4.5 < r < 5 (thin black circles) of finite angular extend δϕ/2π << 1. (a)

Approximation of the over-dense regions in (b) by local mass-inhomogeneities δm, here 2 × 32

on a grid with 32 annular rings. (d) Keplerian rotation implies distinct quadrupole emission

spectra of each δm in (c) that are non-overlapping in frequencies. The Fourier coefficients |ck|2

show broadening due to accretion, shown in (d) for two accretion rates, corresponding to radial

migrations δr2 < δr1 < 0. (Reprinted from [87].)
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We consider a transition radius rb, beyond which accretion is by viscous angular momen-

tum transport following standard thin disk accretion theory. Within rb, accretion is driven

by gravitational radiation losses in the inspiral in region

rISCO < r < rb. (60)

Provided that rb is sufficiently larger than rISCO, (60) implies maximal efficiency in gravita-

tional radiation with a luminosity satisfying (49). We now show that rb > rISCO is satisfied

at hyper-accretion rates.

By ∆Lgw in (46), the ring shrinks, thereby reducing its total energy by d∆E =

M2σ/2r2dr = −∆Lgwdtgw (dr < 0), that is

dtgw =
5

64

(
M

r

)−3

ξ−2σ−1dr. (61)

The time for a radial drift dr by viscous torques alone is

dtb =
2r

3ν
dr =

√
8M2

3αH2

(
M

r

)− 5
2

dr. (62)

We define the transition radius rb below which gravitational driven migration dominates

over viscous transport by equating (61) and (62), i.e., dtgw = dtb at the transition radius

rb
M

=

(
128
√

2

15

ξ2σM2

αH2

)2

. (63)

To be specific, consider a vertical scale height H(r)/r slowly increasing with r from about

0.1 within a few gravitational radii to about 0.5 at about 100 M , based on numerical results

for neutrino cooled disk models [391, 392]. These numerical results show that H/r depends

relatively weakly on α. For illustrative purposes, we shall therefore adopt H(r) = h0r,

h0 ' 0.1, in the inner region. Our (α, ξ) model (44-46) thus obtains

rb
M

=
512ξ2

45α2h3
0

ṁ ' 5.7P 2
1

(
h0

0.1

)−3
(

Ṁ

M� s−1

)
, (64)

where P = 10P1, P1 = ξ/α−1, α = 0.1α−1. Integration of (52) then yields

Lgw(r) =
ṁMrν

4r2
(r > rb), Lgw(rb) = 2.2× 10−7P−2

1

(
h0

0.1

)3

. (65)

In the region rISCO < r < rb the accretion flow is driven by gravitational radiation losses,

where the mass profile of the enclosed number of dn = dr/l rings is determined from the

relation (σM)dn = ∆mdn = ṁ dtgw. Using (61) with l = H, H = h0r, we obtain

σ =
1

5.7ξ

√
5h0ṁ

( r
M

)2

. (66)
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Note the relatively steep radial dependence compared to (51) due to a modified surface

density Σ. Following substitution of (66) into (46), it is seen that ∆Lgw ∝ ṁ r−1 is strongest

at the smallest radii. The total luminosity is roughly the sum over the inner rings, Lgw '

(rISCO/l)∆Lgw(rISCO) ' h−1
0 ∆Lgw(rISCO). In the high efficiency regime rb > rISCO, we

thus obtain the total disk luminosity (49). This shows that a major fraction of the accretion

flow is converted to gravitational radiation, independent of P .

According to (64), rb > rISCO holds at hyper-accretion rates

Ṁ

M� s−1
>

1

5.7
z P−2

1 (67)

with luminosity (49) provided that mass inhomogeneities originating at r > rb > rISCO

survive all the way to rISCO = zM . If they dissipate at rISCO < rdiss < rb, then rISCO

should be replaced by rdiss in (49) , and the net result is a relatively lower Lgw emitted at

lower frequencies. It will also be appreciated that for (67) to proceed on a long duration

time scale of tens of seconds, a large progenitor remnant stellar envelope mass is required

or α is small.

We express the outlook above in terms of the frequency window associated with quadrupole

emissions at rb and rISCO:

Wb : fb < f < max{fdiss, 2fISCO}, (68)

where

fb ' 468M−1
1 P−3

1

(
h0

0.1

) 9
2

(
Ṁ

M� s−1

)− 3
2

Hz. (69)

The observable relevant to Wb is the associated characteristic strain amplitude. Over a

time period τ , an accretion rate ṁ implies a mass migration ṁτ in the annular region down

to r from rb by the associated energy ∆Erad = (1/2) (M/r) ṁτ in gravitational radiation.

For rISCO ≤ r << rb, it is emitted over a bandwidth given by the difference between the

gravitational wave frequency at r and fb,

∆f = f(r)− fb ' f(r) = (πM)−1

(
M

r

) 3
2

(70)

in the present Keplerian approximation. Consequently,

∆Erad
∆f

=
πṀτM

2

(
M

r

)− 1
2

, (71)
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and hence the characteristic strain for a source at a distance D is

hchar(f) =

√
2

πD

√
∆Erad

∆f
' M√

πD

√
Ṁτ

M
(πMf)−1/6 =

√
2κ (f/fb)

− 1
6 (72)

for fεWb with

κ = κ0

(
fb
f0

)− 1
6

, κ0 =
M√
2πD

√
Ṁτ

M
(πMf0)−1/6 . (73)

Numerically, we have

κ0 = 8.3× 10−22 M
1
3

1

D100

√
Macc

M�

(
f0

1000 Hz

)− 1
6

, (74)

where we put Macc = Ṁτ . This shows that hchar(f) is maximal in Wb at f ' fb. Observa-

tionally, fb is the most relevant frequency in Wν provided that it falls in the thermal or shot

noise dominated region of the LIGO-Virgo and KAGRA detectors.

By the strong dependence of fb on Ṁ in (69), it will be appreciated that Wb opens up a

window fb < 2fISCO only at large hyper-accretion rates, when

Ṁ

M� s−1
>

(
M1fISCO
216 Hz

)− 2
3

α2
−1 '

1

6

(
z

3
2 + â

) 2
3
α2
−1 ≥ 0.26α2

−1, (75)

where z = rISCO/M , â = a/M denotes the dimensionless spin rate of the black hole and the

lower bound on the right hand side refers to an extremal Kerr black hole (z = â = 1). The

inequality on the right hand side of (75) provides a necessary but not sufficient condition.

Around non-extremal black holes, the required Ṁ is larger. Furthermore, the frequency

windows Wc and Wb satisfy different scalings with accretion rate Ṁ . Around a nearly

extremal Kerr black hole, we note that fc = fb only when

ṁ ' 10

(
h1

0.5

) 6
5

α
8
5
−1. (76)

Unless α−1 is small, i.e., 0.001 < α < 0.01, we expect

Wb ⊂ Wc. (77)

In the external region r > rb, the emission in gravitational waves is at frequencies f < fb.

In this region, the emission is relatively inefficient and satisfies (65). We can estimate the

effective strain heff = h(f)
√
fτ from the instantaneous strain h = L

1/2
gw /ΩD, Ω = πf , and
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the number of wave periods n = fτ . By hchar
√
f−1∆f =

√
2heff , we thus estimate the

characteristic strain associated with a one-sided frequency spectrum as

hchar(f) =
M√
2πD

√
Macc

M
(πMfb)

− 1
6 (f/fb)

1
6 (f < fν). (78)

A matching of the expressions (72) and (65) obtains by noting that the luminosity in the

inner radiatively efficient region [r, rb], rISCO ≤ r << rb, satisfies

Ligw([r, rν ]) =
Mṁ

2r
− Mṁ

4rb
=
Mṁ

4r

[
2− (fb/f)

2
3

]
. (79)

With (74), we therefore have [87]

hchar(f) = κ

 (f/fb)
1
6 (f < fb)

(f/fb)
− 1

6

[
2− (fb/f)

2
3

] 1
2

(f ≥ fb).
(80)

This broadband spectrum increases with ṁ. Due to (65), the increase in f < fb is entirely

due a shrinking of the bandwidth, as rν increases and fb decreases with Ṁ . In contrast,

the increase in f > fb is due to an increase in the luminosity (79). A plot of the proposed

broadband emission (80) is exhibited in Fig. 19 for various choices of Macc = ṁτ and fb.

D. Non-axisymmetric waves in a torus

Following (42), we consider sub-critical accretion allowing for the formation of a torus in

suspended accretion, which catalytically converts most of the input from the black hole into

gravitational radiation at frequencies about

fgw ' π−1ΩT (81)

with ΩT . ΩISCO (inequality for an extended disk or thick torus) with lesser emission at

higher frequencies [100], accompanied by a minor output (40) in BPJs. The former features

a distinctive descending chirp, due to expansion of the ISCO as the black hole spins down

[280]. This emission is subsequent to any gravitational burst associated with the initial

formation of the black hole and continuing accretion [396–403] and separate from any quasi-

normal mode ringing (QNR) of the event horizon [404, 405] with relatively high frequencies

(l = m = 2) [406]

fQNM = 3200 Hz

[
1− 0.63

(
1− a

MH

)] 3
10
(

MH

10M�

)−1

. (82)
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Quite generally, gravitational radiation from ISCO waves is described by mass moments

Ilm in the quantum numbers l and m of spherical harmonics has a luminosity (Appendix A)

Lgw ∝ Ω2l+2
T I2

lm. (83)

In practice, it appears that most of the emission comes from m = l [100]. To leading order

Ω2
T ∝ r−3, whereby (83) satisfies

Lgw ∝
1

rm+3
. (84)

Consequently, gravitational wave luminosity tends to be maximal at the ISCO, such as

exemplified in the previous section.

Susceptibility to non-axisymmetric instabilities at the ISCO is due to a variety of pro-

cesses. In particular, energetic feedback by black hole sets in at EH
rot in excess of 5.3% of

Emax
rot , when ΩH > ΩISCO. Black holes losing angular momentum to surrounding matter

enforce turbulence with associated heating and enhanced (thermal and magnetic) pressure

[89, 191]. An improved criterion for the black hole to be rapidly spinning, is when its forcing

onto the surrounding matter exceeds the luminosity in magnetic winds from the disk, taking

advantage of ΩH/ΩISCO > 1 (the ratio extends up to 1.4396 in the Kerr metric) and the

substantial surface area of the event horizon. Using the Shakura-Sunyaev solution [407] as

a leading order approximation of the inner disk, the time integrated output EH from the

black hole luminosity onto the inner disk exceeds the energy loss E∗w of this disk in magnetic

winds whenever a/M ≥ 0.4433 [191]. Equivalently, EJ initially exceeds Emax
J by about 9%,

which is still small. The excess EH − E∗w can be radiated off in gravitational waves and

MeV neutrinos. Here, we attribute the excitation of non-axisymmetric wave instabilities to

enhanced thermal and magnetic pressures induced by such feedback.

Papaloizou-Pringle [408] considered (47) with non-Keplerian rotation index q > 3/2.

Applied to a torus, the associated surface gravity allows surface waves to be excited at

the inner and outer surface. In the approximation of an incompressible fluid, a detailed

analysis shows that the coupling between waves on these two opposite faces allows for angular

momentum transport outwards on a dynamical time scale. In the singular limit of an

infinitesimally slender torus considered in [408], these surface waves become unstable to all

of m ≥ 1 modes at the same critical rotation index qc =
√

3. In what follows, we again

highlight results for the idealized limit ΩT ' ΩISCO, where ΩT < ΩISCO for an extended

disk or thick torus.
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We envision q > 3/2 induced by feedback from the central rotating black hole. Extending

the Papaloizou-Pringle instability to tori of arbitrary width [89], non-axisymmetric insta-

bilities are found to set in consecutively, starting at m = 1, as a function of the rotation

index of a torus (Appendix B). When q > qcm(δ) ≥
√

3, the azimuthal modes m = 1, 2, · · ·

become successively unstable (as a function of q, Fig. 17), where [89]

qc1(δ) =
√

3 + 0.27

(
δ

0.7506

)2

, qc2 =
√

3 + 0.27

(
δ

0.3260

)2

, · · · (85)

as a function of the ratio δ = b/R of minor-to-major radius of the torus. Here,
√

3 refers to

the singular limit δ = 0 of infinitesimally slender tori in [408]. The curves (85) are analytic

approximations to semi-analytical results shown in Fig. 17. Gravitational radiation from

such non-axisymmetric wave instabilities in a torus of finite aspect ratio anticipated in

[42, 72, 89] is now also seen in more recent numerical simulations [409, 410].

From heating alone, a minimum value of q can be associated with the temperature T =

T101010 K [72]

T10 ' 2Lν,52

(
MT

0.1M�

)− 1
6

. (86)

For a torus of minor-to-major radius δ = b/R, the resulting thermal pressure enhances q

according to

q = 1.5 + 0.15

(
R

M

)(
δ

0.2

)2

T10. (87)

Thermal pressures and magnetic pressures will be similar at temperatures of about 2 MeV

[285].

A mode that becomes unstable is generally strengthened by gravitational radiation back

reaction [89]. As a result, inducing gravitational wave emissions by (85) is reminiscent of

a Hopf bifurcation [191]. The result is a characteristic descending chirp during black hole

spin down (Fig. 4).

Ultimately, the luminosity is determined by a nonlinear saturation amplitude, balancing

heating in dissipation and cooling in gravitational waves, MeV neutrino emission and mag-

netic winds [191], unless aforementioned feedback is intermittent or the torus as a whole is

unstable. The first allows for an analytic estimate in the case of a flat infrared spectrum

of MHD turbulence [42], possibly of interest to the most luminous sources resulting from

hyper-accretion onto the ISCO in core-collapse supernovae [59].
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FIG. 17. (Left panel.) The neutral stability curves for buckling modes expressed in terms of the

critical rotating index qc as a function of minor-to-major radius δ = b/a. Labels refer to azimuthal

quantum numbers m = 1, 2, · · · , where instability sets in above and stability sets in below. Of

particular interest is the range q ≤ 2, where m = 0 is Rayleigh-stable. For q = 2, instability sets

in for b/a < 0.7385 (m = 1), 0.3225 (m = 2) and, asymptotically, for b/a < 0.56/m (m ≥ 3).

Included are the curves of qc as a function of δ at various temperatures T = T10 1010 K. (Reprinted

from [89, 191].) (Middle and right panels.) Theoretical wave form of ISCO waves induced around

an initially extremal black hole obtained by integration of the equations of suspended accretion in

the strong interaction limit Lgw ' LH ' −Ṁ . Shown is the orientation averaged strain amplitude

h(t)/
√

5. Due to a turbulent background accretion flow, phase-incoherence is anticipated to be

limited intermediate time scales. The wave form is sliced into chirp templates of intermediate

duration τ = 1 s for use in matched filtering. (Reprinted from [280], working in the idealized limit

ΩT ' ΩISCO.)

E. Gravitational strain frequency and amplitude

The wave instability (85) has the desirable property that the associated mass-moments are

predominantly at the lowest quantum numbers, which ensures that most of the gravitational

wave output is at the lowest quadrupole emission frequency. Around a stellar mass black

hole of 10M�, the resulting frequency is broadly in the range of 500-3000 Hz for emissions

from quadruple mass moments within the sensitivity wave band of the upcoming advanced

ground based detectors. Emissions from m = 3 and higher are unlikely to be detectable by

these detectors. (Emissions from m = 1, 2 in a disk or torus produce quadrupole emissions

at the same frequency from the combined black hole plus disk or torus system). Even so,

their output may be of interest to future, next generation detectors. The same conclusion
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holds for gravitational wave spectra produced by magnetic pressure induced multipole mass

moments based on a numerical simulation [100]. Accordingly, the frequency of gravitational

wave emissions is fixed by the Kerr metric for a given mass and angular momentum of the

black hole with those of quadrupole emission satisfying

fgw < 2fISCO, (88)

where ΩT ≤ ΩISCO denotes the angular velocity of the torus formed about or beyond the

ISCO. At late times, when the angular velocity of the black hole approaches that of the

ISCO, we have for an initial black hole mass M the frequency range [411]

fgw < 595− 704 Hz

(
M

10M�

)−1

, (89)

where the 15% frequency range 595-704 Hz refers to different choices of black hole initial

spin.

The limits (88-89) serve as strict upper bounds (for quadrupole emission). For thick tori,

fgw will be considerably lower, when the quadrupole mass-moment giving rise to the emission

develops over an extended radius r = KrISCO. For relatively low stellar mass black holes,

such fortuitously moves fgw closer to the minimum of detector strain noise of the present

ground based detectors (cf. Fig. 19). With K ' 3 estimated in (12), this appears to be the

case in the Extended Emission from the black hole-torus system following delayed collapse

of a hyper-massive neutron star post-merger to GW170817 (Fig. 4).

The instantaneous strain implies an effective strain heff =
√
nh, where n ' fT at a

characteristic frequency f for a burst duration T . Thus, heff ' π−1D−1
√
E/f represents

the strain that can be recovered by matched filtering in the ideal limit of matching the entire

signal with a model. Similar to the derivation of (78), we have, in the frequency domain

[413, 414], the corresponding characteristic amplitude

hchar(f) '
√

2

πD

√
dE

df
' 3.5× 10−21D−1

100M1 (90)

based on dE/df ' 4.5× 1012M2
1 cm2 across a frequency range of 600 - 1500 Hz (10M�/M).

Figs. 18-19 summarize the frequencies and strain amplitude of quadrupole emissions from

accretion flows and a torus about the ISCO. Concluding this section, we anticipate, further

to (42), that for the gravitational wave emissions most likely observable by LIGO-Virgo

and KAGRA with durations Tgw ' Tengine, where Tgw represents either the time scale of

hyper-accretion or the lifetime of spin of the central black hole.
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FIG. 18. Schematic overview of quadrupole gravitational radiation derived from accretion flows

onto rotating black holes in non-axisymmetric wave patterns (Wb) or spiral in of fragments (Wc),

or ISCO waves (red curve). The first produces one or more ascending chirps at sufficiently high

accretion rates, the second descending chirps. Fragmentation may occur at sufficient cooling in

the extended accretion disk. Wave instabilities from a torus about the ISCO arise from heating

and magnetic pressure by feedback from the central black hole if ΩH > ΩISCO. High frequency

radiation can be produced by Quasi-Normal Mode ringing of the event horizon that may be exciting

by matter plunging in (black curve). The spectrum may contain additional radiation from higher

order modes (not shown), e.g., by high m multipole mass moments in the disk or torus, as well as

fragments in elliptical orbits (not shown).(Reprinted from [87].)

V. STOCHASTIC BACKGROUND FROM CORE-COLLAPSE SUPERNOVAE

In a homogeneous isotropic universe, the contribution to the stochastic background in

gravitational waves from a source population locked to the cosmic star formation rate (SFR)

can be expressed in terms of the spectral energy density ε′B per unit volume per unit fre-

quency. It is common to express the same per unit logarithmic frequency relative to the

closure density, i.e., fε′B relative to ρc, where f denotes the observed frequency in gravi-

tational waves and ρc = 3H2
0/8π in geometrical units for a present-day Hubble constant

H0. It can be calculated [133] based on (a) Einstein’s adiabatic relationship E = hf for
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FIG. 19. Overview of the characteristic strain hchar(f) of quadrupole gravitational radiation from

accretion flows around rotating black holes formed in core-collapse of massive stars atD = 100 Mpc.

The vertical distance to the dimensionless strain hn =
√
fSh in LIGO S5 represents the maximal

attainable S/N ratio obtainable by filtering. The model curves shown are broadband emission from

non-axisymmetric accretion flows (green), fragmentation chirps of [91] (circles, σf = 0.1, fe = 120

Hz) and ISCO waves induced by feedback from a central black hole (red). The curves shown refer

to a black hole mass M = 10M� (black), M = 7, 10 and 15M� (green, red). (Reprinted from

[412].)

the energy E of a graviton of frequency f , where h is Planck’s constant; (b) conservation of

radiation energy within a co-moving volume during cosmological evolution; and (c) a scaling

of the SFR over the cosmic evolution described by the Hubble constant H(z) = H0h(z) [e.g.

415]. In three-flat ΛCDM at late times, h(z) =
√

1− Ωm,0 + Ωm,0(1 + z)3 with present-day

matter (dark and baryonic) density Ωm,0 expressed relative to ρc,0.

The event number density per unit redshift N(z) and the event rate volume density R(z)

satisfy N(z)dz = R(z)dte where dz refers to the redshift interval with a corresponding locally

measured time interval dte (measured in the source frame). Consequently,

N(z) = R(z)dte
dz
dz = R(z)dte

dt
dt
dr
dr
dz

= R(z)dz
(1+z)H0h(z)

, (91)
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where dte/dt = 1/(1 + z) is the cosmological dilation in time, dr/dt = 1 is the velocity of

light measured at z = 0 and dr/dz = (H0h(z))−1 denotes the change in proper distance with

respect to redshift. According to (c) derived in [415], the cosmic SFR expressed in terms of

a rate per unit volume RSF2(z,ΩΛ) in a three-flat cosmology parametrized by ΩΛ satisfies

RSF2(z,ΩΛ) = RSF2(z, 0)
h(z)

h0(z)
, h0 = (1 + z)

3
2 . (92)

By Einstein’s adiabatic relationship (a), dE/df is redshift invariant as a function of

(1 + z)f for a given f . Hence, by conservation of radiation (b), we have (cf. [416] for a

closely related expression)

ε′B(f) =

∫ ∞
0

dE

df
((1 + z)f)N(z)dz, (93)

where zmax denotes the maximal redshift in the cosmic SFR model rate (92). For a gravita-

tional wave source locked to the cosmic SFR,

N(z) = N0
RSF2(z,ΩΛ)

RSF2(0,ΩΛ)
, (94)

where N0 denotes the observed rate volume density at z = 0. By (92), it follows that

ε′B(f) = n0

∫∞
0

dE
df

[(1 + z)f ] R̂SF2(z)

(1+z)
3
2
dz, n0 = R0

H0
, (95)

where R̂SF2(z) = RSR2(z, 0)/RSF2(0, 0) denotes the normalized cosmic SFR satisfying

R̂SF2(0, 0) = 1.

A concrete example of a cosmic SFR model rate is [415]

RSF2(z, 0) =
0.16h73

1 + 660e−3.4(1+z)
M� yr−1 Mpc−3, (96)

where H0 = h73 × 73 km s−1 Mpc−1, whereby

R̂SF2(z) = 23
1+660e−3.4(1+z) , N(z) = 23N0

(1+660e−3.4(1+z))(1+z)
3
2

(97)

is an approximation to the observed cosmic SFR over the redshift range 0 ≤ z ≤ 5. For

a given observational parameter N0 and source model dE/df , ε′B(f) can thus be evaluated

by numerical integration. In what follows, we shall write Ef = dE/df . Thus, the Schwarz

inequality provides an a priori bound on ε′B(f), given by

ε′B(f) ≤ n0A2E2, E2 =
√∫∞

0
E2
f (x)dx

x
, A2 =

√∫∞
0

R̂2
SF2(z)

(1+z)2
dz (98)

with A2 = 12.72.
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For a source effectively described by a constant Ef = E0
f over a finite bandwidth B =

f2 − f1 between two cut-off frequencies f1,2, i.e., we have

ε′B(f) = n0E
0
f

∫ 1+z=f2/f

1+z=f1/f
R̂(z)

(1+z)
3
2
dz ≤ n0E

0
fA 3

2
, A 3

2
=
∫∞

0
R̂(z)

(1+z)
3
2
dz, (99)

where A 3
2

= 5.8. The maximum of ε′B(f) attains at ε′′B(f) = 0, i.e.,

R̂

(
f1

f
− 1

)
=

√
f1

f2

R̂

(
f2

f
− 1

)
. (100)

For a cosmic SFR that is asymptotically constant, i.e., R̂(z) ' R̂∗ at large z, e.g., R̂∗ = 23

in (96), (100) reduces to the implicit equation

R̂

(
f1

f
− 1

)
=

√
f1

f2

R̂∗ (101)

whenever f2 >> f1. To exemplify, f1 = 600 Hz and f2 = 3000 Hz associated with a black

hole mass M = 10M� imply a maximum at

fB,peak = 272 Hz (102)

as the root of (101) for the model rate (96) (with a corresponding zc = 0.84). Note that

f2/fc = 11.0, which is still within the redshift range of star formation. At this frequency,

(99) gives the maximum ε′B(f) = n0E
0
fA∗, where A∗ = 3.52. In this approximation, we have,

consequently,

ΩB =
Bε′B(f)

ρc
' 10−8

(
k

10%

)
(103)

for a bandwidth B ' 1000 Hz in gravitational waves from SN Ib/c. Here, we consider

a branching ratio k of SN Ib/c into broad line events that may successfully produce long

gravitational wave bursts.

VI. SEARCHES FOR BROADBAND EXTENDED GRAVITATIONAL RADIA-

TION

To search for broadband extended gravitational radiation from transient events with a

finite energy reservoir EJ , we focus on chirps - ascending or descending in frequency over

a duration T of seconds or more. To this end, we use butterfly filtering: matched filtering

against a dense bank of time-symmetric chirp-like templates. It differs from Fourier-based
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FIG. 20. Butterfly filtering is a bandpass filter of trajectories of long-duration chirps with finite

slope 0 < δ ≤ df(t)/dt in frequency f(t), suppressing signals with essentially constant frequencies.

Butterfly filtering is realized by matched filtering against a bank of chirp templates, here of inter-

mediate duration τ = 1 s and covering of bandwidth of 350-2000 Hz in frequency. (Reprinted from

[412].)

spectrograms [417–423] by bandpass filtering of signals with a finite slope |df(t)/dt| ≥ δ > 0

for some δ > 0 [88]. It permits searches for un-modeled signals of long duration, e.g.,

seconds to tens of seconds, different from transients of sub-second durations [e.g. 424] without

clustering or path algorithms [e.g. 425, 426] using templates with relative bandwidths of less

than 10% [88, 412] (Fig. 20). As phase coherence in gravitational-wave emission from

(magneto-)hydrodynamic sources such as accretion flows onto compact objects is expected

to be limited to intermediate time scales τ , the templates used are of duration

P << τ << T (104)

for periods P and total burst durations T . Thus, τ is one of the search parameters in a

probe for gravitational-wave emission. Butterfly filtering produces single detector output in

terms of spectrograms, that may be merged across two detectors by frequency coincidences.

While LIGO data in the shot-noise dominated frequency range 350-2000 Hz is largely
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Gaussian over intermediate bandwidths of our templates over τ = 0.5 s or τ = 1 s, it features

frequent spurious signals, commonly referred to as glitches, some of which may be triggered

by earthquakes [427, 428], e.g., a seven minute long descending chirp EQ170223 in H1

triggered by a 4.1σ earthquake 80s prior in Belfair [429]. Furthermore, the LIGO data sets

are large. LIGO S6 alone covers well over one year of observations in 1 TB of data; LIGO

O1(O2) offers 586 (3113) frames of 4096 s of simultaneous H1 and L1 data.

Butterfly filtering derives its sensitivity (Eq. 26) by linear amplification of candidate

signals according to the theory of matched filtering, prior to correlating the output of two

detectors (by frequency coincidences [139, 140]). It permits deep searches in LIGO data

(Fig. 4) similar to that in the time-series of GRB light curves (Fig. 10). Acceleration

on Graphics Processor Units (GPU) is required to produce broadband spectrograms using

a large bank of templates and detailed image analysis thereof. A heterogeneous compute

platform comprising an appreciable number of GPU-CPU nodes permits blind searches over

an entire observational run such as S6, O1-2 or, upcoming, O3 with no triggers from elec-

tromagnetic radiation or neutrinos. This is ideally suited to search for un-modeled signals

including descending chirps from newly formed black holes post-merger to mergers of a neu-

tron star with a companion neutron star (Fig. 4) or black hole including those formed in

nearby core-collapse supernovae.

VII. SUMMARY AND FUTURE PROSPECTS

We reviewed some novel prospects for multi-messenger emission from energetic CC-SNe

forming black holes and their associated long GRBs, hinted at by current theory and obser-

vations. We are led to this outlook by prospects for non-axisymmetric inner disks around

black holes (Fig. 2), the large energy reservoir EJ in angular momentum of rapidly ro-

tating Kerr black holes, the formation of high-density matter in SN19817A (Fig. 3), and

calorimetric evidence for black hole spin-down during GRB170817A (Fig. 4) at frequencies

emitted from a thick torus extending beyond the ISCO (Fig. 12). A similar outcome might

be produced by SGRBEE’s, and mergers of neutron stars with a black hole companion.

While GRBs are rare, their parent population of CC-CNe are far more numerous, in-

cluding supernovae of type Ib/c. At a fraction of these share the same central engine, it

appears opportune to search for multi-messenger emission relatively energetic CC-SNe that
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may harbor newly formed black holes, derived from non-axisymmetric accretion flows sim-

ilar to those considered for post-merger emission from GW170817, summarized in Table 4.

In particular, signals from non-axisymmetric accretion flows onto rotating black holes may

appear as

1. Ascending chirps from accretion flows with fragments or non-axisymmetric wave pat-

terns (Fig. 16), formed within a critical radius where cooling conspires with self-gravity

or where angular momentum loss by gravitational radiation is dominant over angular

momentum loss by viscous transport;

2. Descending chirps from waves in a disk or torus by catalytic conversion of black hole

spin energy EJ via an inner torus magnetosphere. Non-axisymmetric waves are ex-

pected from heating and enhanced magnetic pressure, balanced by cooling in gravi-

tational radiation, MeV neutrino emission and magnetic winds. In this process, fre-

quencies descend in time as the ISCO expands with diminishing angular momentum

of the black hole.

These emissions may be preceded by QNM ringing and the random black hole kicks in black

hole formation, during a surge in black hole mass prior to the formation of an accretion disk,

possibly continued during further growth to a nearly extremal black hole leading up to an

accompanying LGRB.

While emanating in the proximity of black holes well-described by the Kerr metric, these

signals are to be searched for as essentially un-modeled due to a gradual loss of phase coher-

ence over an extended time of emission. Observations of un-modeled signals will be based on

features indicating correlated behavior across two or more gravitational-wave detectors. The

latter may appear in merged spectrograms produced by butterfly filtering over dense banks

of time-symmetric chirp-like templates of intermediate duration (capturing phase-coherence)

by heterogeneous computing, for an individual event in the Local Universe or the stochastic

background of their astrophysical source population. Significance will critically depend on

the sharpness at which physical properties of the central engine - (M,J) and (K, τs) - are

resolved, by image analysis of candidate features in merged spectrograms.

A major scientific objective is true calorimetry on all emission channels to identify the

true nature of the inner engine of energetic CC-SNe, furthering our observational evidence

of black hole spin-down in the Extended Emission post-merger to GW170817. Upcoming
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Table 4. Parameter estimates of broadband extended gravitational radiation from accretion

flows onto rotating black holes.

Quantity Scale Comment Ref.

BH-disk

M 101 M� [35, 156]

EHrot 1M�c
2 [63]

fISCO 102−3 Hz (89)

Macc 10−1 − 100 M� Ṁτ (74)

MT 10−2 M (21)

Long GW-burst

efficiency < 50% Fig. 12

Egw < 0.1M�c
2 Fig. 12

Tgw 101 s T90, tff , Tspin Figs. 11-12, (37)

L 0.1M�c
2 s−1 Fig. 12

τs 1 s (39)

Accretion

Fragments [91]

fc < fgw < 2fISCO 100 − 103 Hz (57)

hchar(f) 1.7× 10−22(f/fe)
2
3 fc < f < fe cf. (23)

hchar(f) 1.7× 10−22(f/fe)
− 1

6 fe < f < 2fISCO (59)

Disk waves [87]

fgw < 2fISCO 100 − 103 Hz

hchar(f) 1.2× 10−21(f/fb)
1
6 f < fb (80)

hchar(f) 1.2× 10−21(f/fb)
− 1

6 fb < f < 2fISCO (80)

ISCO waves [72, 89]

fgw < 2fISCO 102−3 Hz (89)

hchar(f) 3.4× 10−21 (90) [42]

LIGO-Virgo and KAGRA observations hereby promise to decisively identify the physical

mechanism of the most extreme transients in the Universe and provide new insights in the

diversity of CC-SNe and GRBs, long and short including SGRBEE’s, and their relation to

mergers of neutron stars with another neutron star or black hole. Based on GW170817EE,

they may be found in all-sky blind searches in gravitational-wave data up to distances of

about 100Mpc in LIGO-Virgo O3 [e.g. 68].
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Appendix A. Gravitational radiation

The Einstein equations are a hyperbolic-elliptic system of equations for a four metric gab

with signature (−,+,+,+) in the line element

ds2 = gabdx
adxb. (105)

This can be made explicit following a foliation of space-time in Cauchy surfaces [430] or

in a Lorentz gauge on SO(3,1) connections in the Riemann-Cartan formalism [431]. The

resulting gravitational wave motion is subject to elliptic constraints given by conservation

of energy and momentum.

Hyperbolicity

The linearized equations of motion about Minkowski space-time reveal the two modes of

transverse gravitational waves of spin two. Traditionally, the derivation is given in 3+1 in
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a special choice of coordinates, that exploits gauge covariance in the choice of coordinates.

Here, we note a derivation utilizing the constraints of energy-momentum conservation.

To start, consider slicing of space-time into space-like hypersurfaces of constant coordinate

time t = x0. Let hij denote the three-metric intrinsic to these hypersurfaces, that are

coordinated by the remaining xi (i = 1, 2, 3). The line-element can be equivalently expressed

as (e.g. [404])

ds2 = −α2dt2 + hij
(
dxi + βidt

) (
dxj + βjdt

)
, (106)

where (α, βi) denote the lapse function and, respectively, shift functions. In foliating space-

time into three-dimensional hypersurfaces, the (α, βi) are a gauge, and are not dynamical

variables. The three-metric hij defines parallel transport of vectors in the hypersurfaces of

constant coordinate time t and, as such, comes with a covariant three-derivative Di and

associated Christoffel symbols Γkij.

Following (106), the Ricci tensor (4)R of gab expands to (3)R of hij and quadratic terms

of the extrinsic curvature tensor Kij = −1/(2α)Lthij, where Lt denotes the Lie derivative of

hij with respect to the coordinate time t. The Hilbert action for gab hereby reveals explicit

contributions from “potential” and “kinetic” energies in

S =
1

16π

∫ (
(3)R +KijK

ij −K2
)
α
√
hdx3dt. (107)

Following [430], variations with respect to the non-dynamical variables (α, βi) obtain the

conservation laws of energy and momentum, given by the constraints

R−KijK
ij +K2 = 0, DiKij −DjK = 0, (108)

where R = Ri
i denotes the trace of the Ricci tensor of hij. Variation with respect to hij gives

the first-order evolution equation

LtKij = (Rij −DiDj)α + (KKij − 2Km
i Kjm)α, (109)

where LtKij = ∂tKij −
(
Km
i Dmβj +Km

j Dmβi + βmDmKij

)
. Similar to the latter, we may

expand Lthij to obtain the first-order evolution equation

∂thij = Diβj +Djβi − 2αKij. (110)

Combined, (108-110) define a constraint Hamiltonian system of equations for the dynamical

variables (hij, Kij).
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The existence of gravitational waves represents the hyperbolic structure of (108-110).

This becomes explicit by analysis of harmonic perturbations in the curvature driven gauge

[62, 432]

∂tα = −K, βi = 0. (111)

We next consider small perturbations about Minkowski space-time (hij = δij, α = 1, Kij =

0), where δij denotes the Kronecker delta symbol, that is, hij = δij + δhij, α = 1 + δα and

Kij = δKij. In the gauge (111), (109-110) imply

∂2
t hij = −2 (Rij −DiDjδα) , ∂2

tK = ∆K, (112)

where we used that (3)R is of second order according to the Hamiltonian energy constraint

in (108), Here, we recall the perturbative expansion [433]

Rij = −1

2
∆δhij +

1

2
∂i∂

eδh̄ej +
1

2
∂jδh̄ej, (113)

where h̄ij = δhij− 1
2
δijδh, δh = δijδhij. A harmonic plane wave δhij = ĥije

−iωteikix
i
(similarly

for Kij) of angular frequency ω with wave vector ki can be applied to (109) and (111), giving

kiK̂ij = kjK̂, −iωα̂ = −K̂, δĥij = −2iω−1K̂ij and, for ∂i∂
eh̄ej,

kik
eĥej −

1

2
kikjδĥ = iω−1

(
−2kik

eK̂ej + kikjK̂
)

= −iω−1kikjK̂. (114)

By (113), there follows that R̂ij − ∂i∂jα̂ = 1
2
k2ĥij − iω−1kikjK̂ + iω−1kikjK̂, whereby the

first evolution equation in (112) reduces to the dispersion relation

ω2 = k2 (115)

of propagation along light cones in a local Minkowski background space-time.

The Einstein equations, Gab = 16πTab describe the response of space-time curvature to

a stress-energy tensor Tab of matter and fields, where Gab =(4) Rab − 1
2
g

(4)
ab R is the Einstein

tensor. Following (113) and (115), the covariant wave equation for perturbations gab =

ηab + δgab in the four-metric on a fixed background space-time with metric ηab is

�ηδgab = −16πTab, (116)

where� denotes the d’Alembertian associated with ηab. The coefficient−16π in (116) results

from the factor −1
2

in (113).
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Searches for contemporaneous emission in electromagnetic and gravitational from cosmo-

logical GRBs have been suggested to test for gravitons to be massless as described by (116).

However, these tests only serve to identify differences in masses of gravitons and photons,

as may be seen by expressing wave motion of both in terms of four vector fields. Let ωaµν

denote the Riemann-Cartan connection of four-dimensional space-time in the SO(3,1) tetrad

formalism and Aa denote the vector potential of the electromagnetic field. In the Lorentz

gauge to both [431], propagation in vacuum satisfies

�̂ωaµµ −Rc
aωcµν − [ωc,∇aωc]µν = 0, �Aa −Rc

aAc = 0, (117)

where �̂ denotes the d’Alembertian associated with the SO(3,1) gauge covariant derivative

∇̂a = ∇a + [ωa, ·]. In the presence of a cosmological constant Λ > 0 [434, 435], Rab = Λgab,

whereby (117) becomes

�̂ωaµµ − Λωcµν − [ωc,∇aωc]µν = 0, �Aa − ΛAc = 0, (118)

showing gravitons and photons of the same effective mass m =
√

Λ ' 10−29 cm−1 in geo-

metrical units, as defined by the dispersion relation of (118).

Luminosity in gravitational radiation

Consider the transverse traceless perturbations [436]

δhTTij =

 h+ h× 0

h× −h+ 0

0 0 0

 = h+e
+
ij + h×e

×
ij, (119)

decomposed in the two linear polarization tensors e+
ij and e×ij of gravitational waves in the

(x, y) plane orthogonal to the direction of propagation along the z−axis. The perturbed

line-element (105) now assumes the form

ds2 = ηabdx
adxb + h+(dx2 − dy2) + 2h×dxdy. (120)

With rotational symmetry over an angle π about the z−axis, gravitational waves are of

spin-2 [437]. In the far field region away from a source region, the Hilbert action (107)

reduces to the kinetic term KijK
ij, and hence by (110) to

S =
1

16π

∫
1

2

[
(∂ah+)2 + (∂ah×)2] dx3dt. (121)
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We can now read off the stress-energy tensor of gravitational wave motion:

t00 = t0z = tzz =
1

16π

〈
ḣ2

+ + ḣ2
×

〉
(122)

The two polarization wave modes (119) and the associated gravitational wave stress-energy

tensor (122) are characteristic properties of general general relativity. Alternative theories

may have additional degrees of freedom [4].

For a source described by a stress-energy tensor Tab, the gravitational wave emission

results from the associated time harmonic perturbations in the tidal gravitational field.

Following (116), we have in response to a distance source over a region V

δhij(r, t) =
4

r

∫
V

Tij(t− r, xi)d3x. (123)

Explicit evaluation for a circular binary of point masses M1 and M2, orbital frequency Ω

and orbital separation a shows the quadrupole gravitational wave formula [111, 433]

Lgw =
32

5
Ω6a4µ2 =

32

5
(Ωµ)

10
3 (124)

in units of L0 = c5/G, where µ = M
3
5

1 M
3
5

2 /(M1 + M2)
1
5 denotes the chirp mass, c is the

velocity of light and G is Newton’s constant.

To see (124), we first recall the following identity for a mass distribution with velocity

four-vector ub (e.g. [111]) ∫
V

T ijd3x =
1

2
∂2

0I
ij
0 (125)

between
∫
V
T ijd3x =

∫
V
uiujdm, dm = ρd3x and the moment of inertia tensor

I ij0 =

∫
V

T 00xixjd3x '
∫
V

xixjdm, (126)

where the latter refers to the non-relativistic limit u0 ' 1. The identity (125) follows from

the conservation of energy-momentum, ∇aT
ab = 0. About a flat space-time background,

∇a∇bT
ab = 0 implies ∂2

0T
00 + 2∂0∂iT

0i + ∂i∂jT
ij = 0, i.e., ∂2

0T
00 − ∂i∂jT

ij = 0 using

∂0T
00 + ∂iT

0i = 0. Integration by parts twice of ∂2
0

∫
V
xixjT 00d3x =

∫
V
xixj∂k∂lT

kl obtains

(125).

Consequently, (123) gives for the traceless metric perturbations

hTij(t, r) =
2

r

d2Iij(t− r)
dt2

, Ijk = Ijk0 −
1

3
δjkδlmI

lm
0 . (127)
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By (121), we arrive at the gravitational wave luminosity

Lgw =
dEGW
dt

=
1

5
〈d

3Ijk
dt3

d3Ijk

dt3
〉, (128)

taking into account and reduction factor 2/5 as only two of the five degrees of freedom in

the traceless metric perturbation δhTij are physical degrees of freedom representing outgoing

gravitational radiation [111].

Radiation from multipole mass moments

Consider a ring having cross-sectional radius b and density ρ, rotating around a central

object in the (x, y) plan at angular velocity Ω in a circular orbit of radius r. Let m =
∫
V
ρd3x

denote the total mass of the ring, where the integration is over the ring’s volume V . We

restrict the analysis to a thin ring, b << r, and compute Ijk to order O(b2/r2). Let (x′, y′)

denote a Cartesian coordinate system rotating with the ring. One can always choose the

axis such that

Ix
′x′

0 =
1

2
mr2(1 + ξ), Iy

′y′

0 =
1

2
mr2(1− ξ), Ix

′y′

0 = 0. (129)

to order O(b2/r2). Here, ξ quantifies the mass quadrupole inhomogeneity, with ξ = 0 for an

axi-symmetric ring. For example, for a ring having a density ρ = ρ0 +ρ2 cos2 θ in cylindrical

coordinates, with ρ0 and ρ2 being constants, one obtains ξ = m2/4m, where m =
∫
V
d3xρ is

the total mass, and m2 =
∫
V
d3xρ2. Now, transforming to the non-rotating frame,(
x

y

)
=

(
x′ cos Ωt y′ sin Ωt

−x′ sin Ωt +y′ cos Ωt

)
(130)

yields

Ixx0 = Ix
′x′

0 cos2 Ωt+ Iy
′y′

0 sin2 Ωt = 1
2
mr2(1 + ξ cos 2Ωt),

Iyy0 = Ix
′x′

0 sin2 Ωt+ Iy
′y′

0 cos2 Ωt = 1
2
mr2(1− ξ cos 2Ωt),

Ixy0 = 1
2
(Ix

′x′
0 − Iy

′y′

0 ) sin 2Ωt = −1
2
mr2ξ sin 2Ωt.

By employing (127) and (131) one has

d3I ij

dt3
= 4ξmr2Ω3

(
sin Ωt cos Ωt

cos Ωt − sin Ωt

)
. (131)

Substituting into Equation (128) finally gives

Lgw =
32

5
ξ2m2r4Ω6. (132)
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The quadrupole formula for a circular binary of point masses is obtained upon taking ξ = 1,

m = µ and r = a, here µ is the reduced mass and a is the binary separation.

In (132), the limit ξ = 1 obtains the canonical formula of quadrupole gravitational wave

emission. A circular binary of masses Mi (i = 1, 2) with chirp mass µ = (M1M2)5/3(M1 +

M2)−1/5. For a matched filtering detection method, the relevant quantity is the amplitude

that takes into account the square root of the associated number of wave periods. In the

frequency domain, the corresponding quantity is the characteristic strain amplitude, given

by the square root of the energy per unit logarithmic frequency interval [413],

hchar(f) =

√
2

πD

√∣∣∣∣dEdf
∣∣∣∣. (133)

Consider a circular binary with small mass-ratio σ = M2/M1 << 1, so that M = M1 +M2 '

M2. At an orbital separation a, it emits quadrupole gravitational radiation at a frequency

πMf = (M/a)
2
3 . The total energy E = −1

2
σM2/a = −1

2
Mσ(Mπf)

2
3 hereby shrinks,

whereby (cf. [436])

dE

df
= − πσM2

3(πMf)
1
3

(134)

and hence (cf. [114, 438])

hchar(f) = 8.6× 10−22 σ
1
2M1

1
3

(
D

100 Mpc

)−1 (
f

100 Hz

)− 1
6 (135)

for a central mass M = M1 × 10M�. This shows that the low frequency emission at early

in spiral is particularly important for detection.

In the presence of ellipticity e, the luminosity in gravitational waves is greater than (132)

by additional radiation at frequency harmonics m > 2 [112]. The result can be expressed

by an enhancement factor F (e) ≥ 1. The time rate of change in orbital frequency satisfies

ḟorb =
96

5
(2π)

8
3f

11
3
orbF (e), F (e) =

1 + 73
24
e2 + 37

96
e4

(1− e2)
7
2

. (136)

Given an initial ellipticity e0, the orbital separation a = a(t) hereby satisfies

a(t) = a0

(
1− t

τ0

) 1
4

, τ0 =
5a4

0

256M1M2(M1 +M2)
f(e0), (137)

where f(e0) ≤ 1 (e0 ≥ 0) obtains as an integral over 0 ≤ e ≤ e0 (see, e.g., [20] for a detailed

expression).
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It should be mentioned that (12-13) are derived for sources about the Minskowski back-

ground space-time. In an applying to the multipole mass-moments of a strongly magnetized

torus about the ISCO of a rotating black hole [100], the radiation is emitted in a strongly

curved space-time. It requires extending (12) by an additional grey body factor, that rep-

resents suppression of radiation at low l for a given Ilm. (For a related discussion, see, e.g.,

[356].) The grey body factor derives from scattering of relatively low frequency gravitational

waves in the curved space-time around black holes, that results in partial absorption by the

black hole. However, in a suspended accretion state which balances heating by input from

the black hole and cooling in gravitational radiation [191], Ilm is self-regulated such that Llm

in (12) times such grey body factor balances with the energetic input from the black hole.

Emissions from Ilm beyond the ISCO are relatively less affected by space-time curvature. At

large distances away from the black hole, the grey body factor is effectively one. A detailed

derivation of the grey body factor is beyond the scope of this review.

Appendix B. Relativistic frame dragging

The Kerr metric in Boyer-Lindquist coordinates (t, r, θ, φ) explicitly brings about the

Killing vectors kb = (∂t)
b and mb = (∂φ)b of time slices of constant coordinate time t. It

gives an exact solution of frame dragging in terms of the angular velocity ω of particles of

zero-angular momentum. In Boyer-Lindquist coordinates (t, r, θ, φ) of the Kerr metric [404],

the world line of zero-angular momentum observers (ZAMOs, [404] are orthogonal to slices

of constant time-at-infinity. The angular velocity ω = dφ/dt decays with the cube of the

distance to the black hole at large distances.

By frame dragging, the ISCO of corotating orbits shrinks to the event horizon from 6M

around a non-rotating Schwarzschild black hole. This appears in X-ray spectroscopy of MCG

6-30-15 [439]. These results are time variable over a time scale of a year, that may reflect

intermittency in the inner radius of the disk [440] or, alternatively, in circumnuclear clouds

intermittently absorbing disk emissions.

The complete gravitational field induced by the angular momentum and mass of a rotating

black hole is described by the Riemann tensor. For completeness, we here include a brief

summary of earlier derivations on the associated energetic interactions [191].
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Gravitational spin-orbit energy

Consider the tetrad 1-forms

e(0) = αdt, e(1) =
Σ

ρ
(dφ− ωdt) sin θ, e(2) =

ρ√
∆
dr, e(3) = ρdθ, (138)

where α = ρΣ−1
√

∆ is the redshift factor, Σ2 = (r2 + a2)2 − a2∆ sin θ, ρ = r2 + a2 cos2 θ,

∆ = r2 − 2Mr + a2 and ω = 2aMrΣ−2 is the angular velocity of frame dragging. The

Riemann tensor has the following non-zero components [441]

R0123 = A, R1230 = AC, R1302 = AD

−R3002 = R1213 = −3aA
√

∆Σ−2(r2 + a2) sin θ

−R1220 = R1330 = −3aB
√

∆Σ−2(r2 + a2) sin θ

−R1010 = R2323 = B = R0202 +R0303

−R1313 = R0202 = BD, −R1212 = R0303 = −BC,

(139)

where

A = aMρ−6(3r2 − a2 cos2 θ), B = Mrρ−6(r2 − 3a2 cos2 θ),

C = Σ−2[(r2 + a2)2 + 2a2∆ sin2 θ], D = Σ−2[2(r2 + a2)2 + a2∆ sin2 θ].
(140)

About the black hole spin axis (θ = 0), 2A = −∂rω = 2aMρ−6(3r2 − a2), C = 1, D = 2, J

induced components appear in the first three of (139). Integrating the Papapetrou force on

a test particle with velocity four-vector ub satisfying [376]

F2 =
1

2
εabefR

cf
cdJ

a
pu

bud = JpR3120 = JpAD = −∂2ωJp (141)

gives

E =

∫ ∞
r

F2ds. (142)

Alternatively, consider the angular velocity Ω = uφ/ut. The normalization −1 = ucuc =

[gtt + gφφΩ(Ω− 2ω)] (ut)2 gives two roots

Ω± = ω ±
√
ω2 − (gtt + (ut)−2)/gφφ. (143)

Two particles with the same angular momentum in absolute value,

Jp,± = gφφu
t(Ω± + ω) = gφφu

t
√
ω2 − (gtt + (ut)−2)/gφφ = ±Jp (144)

hereby have (with the same ut) the total energies E± = (ut)−1 + Ω±J±. One-half the

difference satisfies

E =
1

2
(E+ − E−) = ωJp. (145)
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As a gravitational interaction, the curvature-spin coupling (145) acts universally on an-

gular momentum, whether mechanical or electromagnetic in origin.

The result of (142) combined with canonical pair-creation processes will be a possibly

force-free outflow along open magnetic field lines along the black hole spin axis, such as

envisioned in [371]. Intermittent inner engines hereby produce outgoing Alfvén fronts, that

communicate the raw Faraday induced potential within the inner engine (roughly, on the

event horizon of the black hole) out to large distance. The result may thus produce a linear

accelerator ahead of the Alfvén front in regions of relatively low opacity, facilitating the

production of UHECRs [284].

The structure of force-free outflows is a limit of ideal MHD [362], which neglects inertia

(and hence Reynolds stresses) in addition to being free of dissipation of the electromagnetic

field. Originally, this limit was motivated to model extragalactic outflows, e.g., [442], but

increasingly this limit appears to be relevant also to extreme sources such as GRBs (e.g.

[302, 303]).

Let pB = B2/8π and eB = B2/8/pi denote the magnetic pressure and energy density.

In a magnetic flux tube of radius R, the dissipationless limit implies adiabatic compression:

pB(2πRdR) = d(πeBR
2), i.e., the magnetic flux Φ = πBR2 is frozen into the fluid. In

contrast, a torsional perturbation mediating angular momentum outflow creates an Alfvén

wave with velocity [443]

vA =
B√

4πρ+B2
, (146)

where ρ denotes the fluid density as seen in the comoving frame. The Alfvén wave is purely

rotational, leaving density (and magnetic flux) invariant. It should be mentioned that (146)

is unique to MHD in U(1). It does not generalize to colored MHD [444].

Neglecting inertia, the Alfvén velocity reaches the velocity of light. Neglecting Reynolds

stresses,

Fabj
b = 0, (147)

which reduces the number of degrees of freedom in the electromagnetic field to two. For an

electric current jb = ρev
b associated with a charge density ρe with four-velocity vb, (147)

implies vi∂iAφ = 0 and vi∂iA0 = 0 for a time-independent tube Aφ =const. along the

polar axis θ = 0. The electric potential hereby satisfies A0 = A0(Aφ), and the electric field
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∂iA0 = A′0∂iAφ, in the Boyer-Lindquist frame of reference, is normal to the flux surfaces.

Force-free flux surfaces are equipotential surfaces ([371, 404, 445]).

Alfvén surfaces in force-free outflows from Intermittent inner engines can thus transmit

Faraday induced potentials outwards. They can produce linear accelerators upstream at

large distances from the source, providing a suitable condition for the creation of UHCRs

from ionic contaminants by, e.g., UV-irradiation from a surrounding torus in AGN.

Alfvén waves in a torus magnetosphere

Consider the electromagnetic two-tensor Fab [443]

F = u ∧ e + ∗u ∧ h (148)

in the four-vector representation (ub, eb, hb) associated with a time like unit tangent ub,

ucuc = −1, of ZAMOs. Following [404, 446], we have the one-form u = −αdt with redshift

α. Then u = α−1(k+ωm) is linear combination of the Killing vectors, satisfying ∇cu
c = 0.

ZAMOs measure an electric field eb and a magnetic field hb, eb = ucF
ac and hb = uc ∗ F cb,

each with three degrees of freedom given ucec = uchc = 0. The same ZAMOs observe

e = (0, Ei) and h = (0, Bi), where i = 1, 2, 3 refers to the coordinates of the surfaces of

constant t. The star ∗ denotes the Hodge dual, satisfying ∗2 = −1 in four dimensions.

Faraday’s equation

∇a ∗ F ab = 0 (149)

can be expanded by considering ∇a(u
ahb − ubha) = Luh

b + (∇cu
c)hb − (∇ch

c)ub, where

Luh
b = (uc∇c)h

b − (hc∇c)u
b denotes the Lie-derivative of hb with respect to ub. Projected

onto surfaces of constant t (orthogonal to ub), we have

(Luh)⊥ = α−1 (∂tB + LωB) (150)

evaluated in the frame of ZAMOs, where Lω is the Lie-derivative with respect to ωi ≡ ωmi

(mi is not a unit three-vector). Next, ∇a = Da − ua(u
c∇c) and (∗u ∧ h)abcd = εabcdu

ced.

With acceleration (uc∇c)ub = α−1∇bα, consider ∇b(εabcdu
ced) = εabcd(D

buc)ed−εabcdubaced+

εabcdu
c∇bed. Projection of the right hand side onto the space like coordinates i = (r, θ, φ)

normal to ub satisfies

εibcd(D
buc)ed + ε̃ijka

jek + ε̃ijk∇jek = εibcd(D
buc)ed + α−1ε̃ijk∇j(αek), (151)
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where εaijku
a = ε̃ijk =

√
h∆ijk with

√
−g = α

√
h over the space like volume element

√
h,

where ∆ijk, ∆123 = 1. The first term on the right hand side vanishes, since Dbuc is spacelike:

ub(Dbuc) = 0 by construction and ucDbuc = 0 by u2 = −1. Consequently, Faraday’s law

includes an additional term (derived alternatively in [404] and references therein)

∇̃ × αE = −∂tB + 4πJm, (152)

where ∇̃i = Di and

Jm = − 1

4π
LωB. (153)

Jm appears analogously to a current of virtual magnetic monopoles.

Applied to a torus magnetosphere, (153) satisfies

ωiJ
i
m '

1

8π
B · ∇̃(ωiω

i) > 0, ωiω
i = 4

z2 sin2 λ

(z2 + sin2 λ)3
(θ =

π

2
), (154)

where the inequality refers to a poloidal ingoing magnetic field.

By (154), frame dragging induced poloidal current loops in the inner torus magnetosphere.

The resulting poloidal Afvén waves produces Maxwell stresses by which rotating black holes

lose angular momentum to surrounding matter. The black hole hereby spins down, which

should have an imprint on any light curve derived from high energy emissions derived from

(142), while surrounding matter is brought into a state of forced turbulence by competing

torques acting on the inner and outer faces [356], possibly related to forced turbulence in

Taylor-Couette flows [447].

The Alfvén waves effectively transport angular momentum out an onto the torus, provided

they are not canceled by Reynolds stresses from a baryon-rich torus wind back into the black

hole. In this event, the inner face of the torus will be spun up, whereby it assumes a state

of super-Keplerian motion. The resulting differential rotation can induce non-axisymmetric

wave instabilities. The associated surface gravity tends to suppress baryon-rich outflows

from the inner face of the torus. A detailed description of this suppression of Reynolds

stresses falls outside the scope of the present discussion, however.
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