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ADJUNCTIONS AND BRAIDED OBJECTS

ALESSANDRO ARDIZZONI AND CLAUDIA MENINI

Abstract. In this paper we investigate the categories of braided objects, algebras and bialgebras
in a given monoidal category, some pairs of adjoint functors between them and their relations.
In particular we construct a braided primitive functor and its left adjoint, the braided tensor
bialgebra functor, from the category of braided objects to the one of braided bialgebras. The
latter is obtained by a specific elaborated construction introducing a braided tensor algebra
functor as a left adjoint of the forgetful functor from the category of braided algebras to the
one of braided objects. The behaviour of these functors in the case when the base category is
braided is also considered.
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Introduction

Let B be a braided bialgebra over a field k. This means that B is both an algebra and a
coalgebra and these structures are suitably compatible with a braiding c : B ⊗ B → B ⊗ B of B.
It is well-known that c induces a braiding cP on the space P = P (B) of primitive elements of B,
see e.g. [Kh, page 4] in the connected case. It is natural to wonder whether this result remains
true for braided bialgebras in a monoidal category M. Note that M needs not to be braided,
a priori exactly as the above braiding c needs not to be the evaluation of a braiding defined on
the whole category of vector spaces. On the other hand it is also well-known that, under mild
assumptions, the forgetful functor Ω : AlgM → M from the category of algebras into M has a left
adjoint T : M → AlgM given by the tensor algebra functor, see Remark 1.3.

In this paper we prove that, under mild assumptions, the forgetful functor ΩBr : BrAlgM → BrM
from the category BrAlgM of braided algebras in M to the category BrM of braided objects in
M has a left adjoint TBr, see Proposition 3.1, which is induced by T . This is achieved by a rather
technical tool which makes use of suitable morphisms cm,n

T constructed in Proposition 2.7 by means
of Lemma 2.6, where the Braid Category plays a central role. We also introduce a braided primitive
functor PBr : BrBialgM → BrM where BrBialgM denotes the category of braided bialgebras in
M, see Lemma 3.3. We prove that this functor PBr has also a left adjoint, namely the functor TBr

which is induced by the functor TBr.
Another problem is to investigate the case when the monoidal category M is braided. In this

case one can also consider the category BialgM of bialgebras in M. Moreover, the categories M,
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AlgM and BialgM are related to their braided analogues by means of the functors

J : M → BrM, JAlg : AlgM → BrAlgM and JBialg : BialgM → BrBialgM,

see Proposition 4.4. Using these functors we investigate the relation between T and TBr (Proposi-
tion 4.5). We also show that PBr gives rise to a primitive functor P : BialgM → M, see Proposition
4.7. We prove that even this functor P has a left adjoint T (Theorem 4.9) which is related to the
functor TBr as in (71).

In this paper we also investigate the behaviour of the primitive functors mentioned above when
the base category changes through an arbitrary monoidal functors F : M → M′. This is done in
Proposition 2.5, Proposition 3.6 and Proposition 4.10.

The adjunctions considered above will be studied in connection with monadic decomposition of
functors in a forthcoming paper where the particular cases when M or M′ are the category of
vector spaces or the category of (co)modules over a not necessarily finite-dimensional (dual) quasi-
bialgebra will be investigated.

1. Preliminaries

In this section, we shall fix some basic notation and terminology.

Notation 1.1. Throughout this paper k will denote a field. All vector spaces will be defined over
k. The unadorned tensor product ⊗ will denote the tensor product over k if not stated otherwise.

1.2. Monoidal Categories. Recall that (see [Ka, Chap. XI]) a monoidal category is a category
M endowed with an object 1 ∈ M (called unit), a functor ⊗ : M × M → M (called tensor
product), and functorial isomorphisms aX,Y,Z : (X ⊗ Y ) ⊗ Z → X ⊗ (Y ⊗ Z), lX : 1 ⊗ X → X,

rX : X ⊗ 1 → X, for every X,Y, Z in M. The functorial morphism a is called the associativity
constraint and satisfies the Pentagon Axiom, that is the equality

(U ⊗ aV,W,X) ◦ aU,V⊗W,X ◦ (aU,V,W ⊗X) = aU,V,W⊗X ◦ aU⊗V,W,X

holds true, for every U, V,W,X in M. The morphisms l and r are called the unit constraints and
they obey the Triangle Axiom, that is (V ⊗ lW ) ◦ aV,1,W = rV ⊗W , for every V,W in M.

A monoidal functor (also called strong monoidal in the literature)

(F, φ0, φ2) : (M,⊗,1, a, l, r) → (M′,⊗′,1′, a′, l′, r′)

between two monoidal categories consists of a functor F : M → M′, an isomorphism φ2(U, V ) :
F (U)⊗′ F (V ) → F (U ⊗ V ), natural in U, V ∈ M, and an isomorphism φ0 : 1′ → F (1) such that
the diagram

(F (U)⊗′ F (V ))⊗′ F (W )

a′
F (U),F (V ),F (W )

��

φ2(U,V )⊗′F (W ) // F (U ⊗ V )⊗′ F (W )
φ2(U⊗V,W ) // F ((U ⊗ V )⊗W )

F (aU,V,W )

��
F (U)⊗′ (F (V )⊗′ F (W ))

F (U)⊗′φ2(V,W ) // F (U)⊗′ F (V ⊗W )
φ2(U,V ⊗W ) // F (U ⊗ (V ⊗W ))

is commutative, and the following conditions are satisfied:

F (lU ) ◦ φ2(1, U) ◦ (φ0⊗
′F (U)) = l′F (U), F (rU ) ◦ φ2(U,1) ◦ (F (U)⊗′

φ0) = r′F (U).

The monoidal functor is called strict if the isomorphisms φ0, φ2 are identities of M′.

The notions of algebra, module over an algebra, coalgebra and comodule over a coalgebra can
be introduced in the general setting of monoidal categories.

From now on we will omit the associativity and unity constraints unless needed to clarify the
context.

Let V be an object in a monoidal category (M,⊗,1). Define iteratively V ⊗n for all n ∈ N by
setting V ⊗0 := 1 for n = 0 and V ⊗n := V ⊗(n−1) ⊗ V for n > 0.
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Remark 1.3. Let M be a monoidal category. Denote by AlgM the category of algebras in M and
their morphisms. Assume that M has denumerable coproducts and that the tensor products (i.e.
M ⊗ (−) : M → M and (−)⊗M : M → M, for every object M in M) preserve such coproducts.
By [M, Theorem 2, page 172], the forgetful functor

Ω : AlgM → M

has a left adjoint T : M → AlgM. By construction ΩTV = ⊕n∈NV
⊗n for every V ∈ M. For every

n ∈ N, we will denote by

αnV : V ⊗n → ΩTV

the canonical injection. Given a morphism f : V → W in M, we have that Tf is uniquely
determined by the following equality

(1) ΩTf ◦ αnV = αnW ◦ f⊗n, for every n ∈ N.

The multiplication mΩTV and the unit uΩTV are uniquely determined by

mΩTV ◦ (αmV ⊗ αnV ) = αm+nV, for every m,n ∈ N,(2)

uΩTV = α0V.(3)

Remark 1.4. The unit η and the counit ǫ of the adjunction (T,Ω) are uniquely determined, for
all V ∈ M and (A,mA, uA) ∈ AlgM by the following equalities

(4) ηV := α1V and Ωǫ (A,mA, uA) ◦ αnA := mn−1
A for every n ∈ N

where mn−1
A : A⊗n → A is the iterated multiplication of A defined by m−1

A := uA,m
0
A := IdA and,

for n ≥ 2, mn−1
A = mA(m

n−2
A ⊗A).

2. Braided objects

Definition 2.1. Let (M,⊗,1) be a monoidal category (as usual we omit the brackets although
we are not assuming the constraints are trivial).

1) Let V be an object in M. A morphism c = cV : V ⊗ V → V ⊗ V is called a braiding
(see [Ka, Definition XIII.3.1] where it is called a Yang-Baxter operator) if it satisfies the quantum
Yang-Baxter equation

(5) (c⊗ V ) (V ⊗ c) (c⊗ V ) = (V ⊗ c) (c⊗ V ) (V ⊗ c)

on V ⊗V ⊗V. We further assume that c is invertible. The pair (V, c) will be called a braided
object in M. A morphism of braided objects (V, cV ) and (W, cW ) in M is a morphism f : V → W

such that cW (f ⊗ f) = (f ⊗ f)cV . This defines the category BrM of braided objects and their
morphisms.

2) [B] A quadruple (A,m, u, c) is called a braided algebra if

• (A,m, u) is an algebra in M;
• (A, c) is a braided object in M;
• m and u commute with c, that is the following conditions hold:

c(m⊗A) = (A⊗m)(c⊗A)(A⊗ c),(6)

c(A⊗m) = (m⊗A) (A⊗ c) (c⊗A),(7)

c(u⊗A)l−1
A = (A⊗ u) r−1

A , c(A⊗ u)r−1
A = (u⊗A) l−1

A .(8)

A morphism of braided algebras is, by definition, a morphism of algebras which, in addition, is
a morphism of braided objects. This defines the category BrAlgM of braided algebras and their
morphisms.

3) A quadruple (C,∆, ε, c) is called a braided coalgebra if

• (C,∆, ε) is a coalgebra in M;
• (C, c) is a braided object in M;



4 ALESSANDRO ARDIZZONI AND CLAUDIA MENINI

• ∆ and ε commute with c, that is the following relations hold:

(∆⊗ C)c = (C ⊗ c)(c⊗ C)(C ⊗∆),(9)

(C ⊗∆)c = (c⊗ C)(C ⊗ c)(∆⊗ C),(10)

lC(ε⊗ C)c = rC (C ⊗ ε) , rC(C ⊗ ε)c = lC (ε⊗ C) .(11)

A morphism of braided coalgebras is, by definition, a morphism of coalgebras which, in addition,
is a morphism of braided objects. This defines the category BrCoalgM of braided coalgebras and
their morphisms.

4) [T, Definition 5.1] A sextuple (B,m, u,∆, ε, c) is a called a braided bialgebra if

• (B,m, u, c) is a braided algebra;
• (B,∆, ε, c) is a braided coalgebra;
• the following relations hold:

∆m = (m⊗m)(B ⊗ c⊗B)(∆ ⊗∆).(12)

∆u = (u⊗ u)∆1,(13)

εm = m1 (ε⊗ ε) ,(14)

εu = Id1.(15)

A morphism of braided bialgebras is both a morphism of braided algebras and coalgebras. This
defines the category BrBialgM of braided bialgebras.

Proposition 2.2. Let M be a monoidal category.
1) Consider a datum (A1, A2, c2,1) where A1 = (A1,m1, u1) and A2 = (A2,m2, u2) are algebras

in M and c2,1 : A2 ⊗A1 → A1 ⊗A2 is a morphism in M such that

c2,1(m2 ⊗A1) = (A1 ⊗m2)(c2,1 ⊗A2)(A2 ⊗ c2,1),(16)

c2,1 (A2 ⊗m1) = (m1 ⊗A2) (A1 ⊗ c2,1) (c2,1 ⊗A1),(17)

c2,1(u2 ⊗ 1)l−1
A1

= (A1 ⊗ u2) r
−1
A1

, c2,1(A2 ⊗ u1)r
−1
2 = (u1 ⊗A2) l

−1
A2

.(18)

Then (A1 ⊗A2,mA1⊗A2 , uA1⊗A2) is an algebra in M where

mA1⊗A2 : = (m1 ⊗m2) (A1 ⊗ c2,1 ⊗A2) ,(19)

uA1⊗A2 : = (u1 ⊗ u2)∆1.(20)

2) Let (A1,m1, u1), A2 = (A2,m2, u2) ∈ AlgM. Assume that, for all i, j ∈ {1, 2} , there are
isomorphisms ci,j : Ai ⊗Aj → Aj ⊗Ai such that the following equalities are fulfilled

ci,j(mi ⊗Aj) = (Aj ⊗mi) (ci,j ⊗Ai) (Ai ⊗ ci,j) ,(21)

ci,j (Ai ⊗mj) = (mj ⊗Ai) (Aj ⊗ ci,j) (ci,j ⊗Aj) ,(22)

ci,j (ui ⊗ Aj) l
−1
Aj

= (Aj ⊗ ui) r
−1
Aj

, ci,j(Ai ⊗ uj)r
−1
Ai

= (uj ⊗Ai) l
−1
Ai

,(23)

(Ak ⊗ ci,j) (ci,k ⊗Aj) (Ai ⊗ cj,k) = (cj,k ⊗Ai) (Aj ⊗ ci,k) (ci,j ⊗Ak) ,(24)

for all i, j, k ∈ {1, 2}.
Then (A1,m1, u1, c1,1), (A2,m2, u2, c2,2) ∈ BrAlgM.

Moreover, for all i, j ∈ {1, 2} ,
(
Ai ⊗Aj ,mAi⊗Aj

, uAi⊗Aj
, cAi⊗Aj

)
∈ BrAlgM where mAi⊗Aj

and uAi⊗Aj
are as in 1) and

cAi⊗Aj
= (Ai ⊗ ci,j ⊗Aj) (ci,i ⊗ cj,j) (Ai ⊗ cj,i ⊗Aj) .

3) Let A1, A2 (respectively A′
1, A

′
2) be objects in AlgM that fulfil the requirements in 2). Let

f1 : A1 → A′
1 and f2 : A2 → A′

2 be morphisms in AlgM such that

(25) (fi ⊗ fj) cj,i = c′j,i (fj ⊗ fi) ,

for all i, j ∈ {1, 2}. Then,for all i, j ∈ {1, 2} , fi and fi ⊗ fj are morphisms in BrAlgM.

Proof. It is straightforward. �
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Lemma 2.3. Let (A,mA, uA, cA) ∈ BrAlgM. Then (A1,m1, u1), (A2,m2, u2), ci,j fulfil the require-
ments of Proposition 2.2, where (A1,m1, u1) := (A,mA, uA) , c1,1 := cA,

A2 = A⊗A, m2 := (mA ⊗mA) (A⊗ cA ⊗A) , u2 := (uA ⊗ uA)∆1,

c2,2 := (A⊗ cA ⊗A) (cA ⊗ cA) (A⊗ cA ⊗A) ,

c2,1 := (cA ⊗A) (A⊗ cA) : A2 ⊗A1 → A1 ⊗A2,

c1,2 := (A⊗ cA) (cA ⊗A) : A1 ⊗A2 → A2 ⊗A1.

In particular (E,mE , uE , cE) ∈ BrAlgM, where

E := A1 ⊗A2, mE := (m1 ⊗m2) (A1 ⊗ c2,1 ⊗A2) , uE := (u1 ⊗ u2)∆1,

cE := (A1 ⊗ c1,2 ⊗A2) (c1,1 ⊗ c2,2) (A1 ⊗ c2,1 ⊗A2) .

Proof. It is straightforward. �

Definition 2.4. A functor is called conservative if it reflects isomorphisms.

Proposition 2.5. Let M and M′ be monoidal categories. Let (F, φ0, φ2) : M → M′ be a monoidal
functor. Then F induces functors

BrF : BrM → BrM′ , AlgF : AlgM → AlgM′ ,

BrAlgF : BrAlgM → BrAlgM′ , BrBialgF : BrBialgM → BrBialgM′

which act as F on morphisms and defined on objects by

(BrF ) (V, cV ) : = (FV, cFV ) ,

(AlgF ) (A,mA, uA) : = (FA,mFA, uFA) ,

(BrAlgF ) (A,mA, uA, cA) : = (FA,mFA, uFA, cFA) ,

(BrBialgF ) (B,mB , uB,∆B, εB, cB) : = (FB,mFB, uFB,∆FB, εFB, cFB) ,

where

cFV : = φ−1
2 (V, V ) ◦ FcV ◦ φ2 (V, V ) : FV ⊗ FV → FV ⊗ FV

mFA : = FmA ◦ φ2 (A,A) : FA⊗ FA → FA,

uFA : = FuA ◦ φ0 : 1 → FA,

∆FB : = φ−1
2 (B,B) ◦ F∆B : FB → FB ⊗ FB,

εFB : = φ−1
0 ◦ FεB : FB → 1,

and the following diagrams commute, where the vertical arrows denote the obvious forgetful func-
tors.

BrM
BrF //

H ��

BrM′

H′

��
M

F // M′

AlgM
AlgF //

Ω ��

AlgM′

Ω′

��
M

F // M′

BrAlgM
BrAlgF//

HAlg
��

BrAlgM′

H′
Alg��

AlgM
AlgF // AlgM′

BrAlgM
BrAlgF//

ΩBr ��

BrAlgM′

Ω′
Br��

BrM
BrF // BrM′

BrBialgM
BrBialgF //

℧Br ��

BrBialgM′

℧
′
Br��

BrAlgM
BrAlgF // BrAlgM′

.

Moreover
1) The functors H,Ω, HAlg,ΩBr,℧Br are conservative.
2) BrF,AlgF,BrAlgF and BrBialgF are equivalences (resp. isomorphisms or conservative)

whenever F is.

Proof. Let (V, cV ) be a braided object in M. Let us check that (FV, cFV ) is a braided object in
M′. We have

φ2 (V ⊗ V, V ) ◦ (φ2 (V, V )⊗ FV ) = φ2 (V, V ⊗ V ) ◦ (FV ⊗ φ2 (V, V )) .
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Call ω : FV ⊗ FV ⊗ FV → F (V ⊗ V ⊗ V ) this composition. Using the definition of cFV and the
naturality of φ2 one easily gets

(26) ω ◦ (cFV ⊗ FV ) = F (cV ⊗ V ) ◦ ω, ω ◦ (FV ⊗ cFV ) = F (V ⊗ cV ) ◦ ω.

Thus we obtain

ω ◦ (cFV ⊗ FV ) ◦ (FV ⊗ cFV ) ◦ (cFV ⊗ FV )

= F [(cV ⊗ V ) ◦ (V ⊗ cV ) ◦ (cV ⊗ V )] ◦ ω

= F [(V ⊗ cV ) ◦ (cV ⊗ V ) ◦ (V ⊗ cV )] ◦ ω

= ω ◦ (FV ⊗ cFV ) ◦ (cFV ⊗ FV ) ◦ (FV ⊗ cFV ) .

Since ω is an isomorphism, we conclude that cFV is a braiding. Thus (FV, cFV ) is a braided object.
Let f : (V, cV ) → (V ′, cV ′) be a morphism of braided objects in M. Using the definition of cFV ′ ,

the naturality of φ2, that f is compatible with the braiding, one easily gets cFV ′ ◦ (Ff ⊗ Ff) =
(Ff ⊗ Ff) ◦ cFV . Thus the functor BrF : BrM → BrM′ of the statement is well-defined. By
construction one easily checks that H ′ ◦ BrF = F ◦H.

Let (A,mA, uA) ∈ AlgM. By [AMS, Proposition 1.5], we have that (FA,mFA, uFA) is in AlgM′ .

Let f : (A,mA, uA) → (A′,mA′ , uA′) be a morphism of algebras in M. Using the definition of
mFA′ , the naturality of φ2 and the multiplicativity of f one gets mFA′ ◦ (Ff ⊗ Ff) = Ff ◦mFA.

Moreover, using the definition of uFA and the unitarity of f one has Ff ◦ uFA = uFA′ . Thus the
functor AlgF : AlgM → AlgM′ is well-defined. It is clear that F ◦ Ω = Ω′ ◦AlgF .

Let (A,mA, uA, cA) be an object in BrAlgM. Then (A, cA) ∈ BrM and (A,mA, uA) ∈ AlgM so
that, by the foregoing, we get that (FA, cFA) ∈ BrM′ and (FA,mFA, uFA) ∈ AlgM′ . We have

φ2 (A,A) ◦ (FA⊗mFA) ◦ (cFA ⊗ FA) ◦ (FA⊗ cFA)

(∗)
= F (A⊗mA) ◦ ω ◦ (cFA ⊗ FA) ◦ (FA⊗ cFA)

(26)
= F (A⊗mA) ◦ F (cA ⊗A) ◦ F (A⊗ cA) ◦ ω

(6)
= F [cA ◦ (mA ⊗ A)] ◦ ω

(∗)
= FcA ◦ φ2 (A,A) ◦ (mFA ⊗ FA) = φ2 (A,A) ◦ cFA ◦ (mFA ⊗ FA)

where in (*) we used the definition of mFA, the naturality of φ2 (A,A) and the definition of ω.
Thus

(FA⊗mFA) ◦ (cFA ⊗ FA) ◦ (FA⊗ cFA) = cFA ◦ (mFA ⊗ FA).

Similarly one proves that (mFA⊗FA) ◦ (FA⊗ cFA) ◦ (cFA⊗FA) = cFA ◦ (FA⊗mFA). Moreover

φ2 (A,A) ◦ cFA ◦ (uFA ⊗ FA) ◦ l−1
FA

(∗∗)
= F

[
cA ◦ (uA ⊗A) ◦ l−1

A

]

(8)
= F

[
(A⊗ uA) ◦ r

−1
A

] (∗∗)
= φ2 (A,A) ◦ (FA⊗ uFA) ◦ r

−1
FA

where in (**) we used the definitions of cFA and uFA, the naturality of φ2 and the definition of
monoidal functor. Thus cFA ◦ (uFA ⊗ FA) ◦ l−1

FA = (FA⊗ uFA) ◦ r
−1
FA. Similarly one proves that

cFA ◦ (FA ⊗ uFA) ◦ r
−1
FA = (uFA ⊗ FA) ◦ l−1

FA. We have so proved that (FA,mFA, uFA, cFA) is a
braided algebra in M′. Since, by definition, a morphism of braided algebras is just a morphism
of braided objects and of algebras, it is clear, by the foregoing, that F preserves morphisms of
braided algebras so that the functor BrAlgF : BrAlgM → BrAlgM′ is well-defined. It is clear that
AlgF ◦HAlg = H ′

Alg ◦ BrAlgF and BrF ◦ ΩBr = Ω′
Br ◦ BrAlgF.

Let us define the functor BrBialgF. Let (B,mB, uB,∆B , εB, cB) be a braided bialgebra in M.
Then (B,mB, uB, cB) is a braided algebra in M, so that, by the foregoing, (FB,mFB, uFB, cFB) is
a braided algebra in M′. A dual argument proves that (FB,∆FB, εFB, cFB) is a braided coalgebra
in M′.

We compute

φ2 (B,B) ◦ (mFB ⊗mFB) ◦ (FB ⊗ cFB ⊗ FB) ◦ (∆FB ⊗∆FB)

(∗∗∗)
= F (mB ⊗mB) ◦ φ2 (B ⊗B ⊗B,B) ◦ (ω ⊗ FB) ◦ (FB ⊗ cFB ⊗ FB) ◦ (∆FB ⊗∆FB)
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(26)
= F (mB ⊗mB) ◦ φ2 (B ⊗B ⊗B,B) ◦ (F (B ⊗ cB)⊗ FB) ◦ (ω ⊗ FB) ◦ (∆FB ⊗∆FB)

(∗∗∗)′

= F [(mB ⊗mB) ◦ (B ⊗ cB ⊗B) ◦ (∆B ⊗∆B)] ◦ φ2 (B,B)

(12)
= F (∆B ◦mB) ◦ φ2 (B,B) = F∆B ◦mFB = φ2 (B,B) ◦∆FB ◦mFB

where in (***) we used the definition of mFB, the naturality of φ2, the fact that F is a monoidal
functor and the definition of ω while in (***)’ we used the naturality of φ2, the definition of ω,
the definition of ∆FB (the one on the left of the tensor), the fact that F is monoidal, again the
definition of ∆FB (the one on the right of the tensor) and the naturality of φ2. Thus

(mFB ⊗mFB) ◦ (FB ⊗ cFB ⊗ FB) ◦ (∆FB ⊗∆FB) = ∆FB ◦mFB.

We calculate
definitions of ∆FB and uFB, the unitarity of ∆B, the equality ∆1 = l−1

1
, the monoidality of F,

the naturality of the left unit constraint, the naturality of φ2 and again the definition of uFB, one
gets φ2 (B,B)◦∆FB ◦uFB = φ2 (B,B)◦(uFB⊗uFB)◦∆1 so that ∆FB ◦uFB = (uFB⊗uFB)◦∆1.
Dually one gets εFB ◦mFB = m1 ◦ (εFB ⊗ εFB) . Finally we have

εFB ◦ uFB = φ−1
0 ◦ FεB ◦ FuB ◦ φ0 = φ−1

0 ◦ F (εB ◦ uB) ◦ φ0 = φ−1
0 ◦ φ0 = Id1.

We have so proved that (FB,mFB, uFB,∆FB, εFB, cFB) is a braided bialgebra. Let f be a mor-
phism of braided bialgebras from (B,mB, uB,∆B , εB, cB) to (B′,mB′ , uB′ ,∆B′ , εB′ , cB′). Then
f : (B,mB, uB) → (B′,mB′ , uB′) is a morphism of algebras and f : (B,∆B, εB) → (B′,∆B′ , εB′)
is a morphism of coalgebras. Thus Ff : (FB,mFB, uFB) → (FB′,mFB′ , uFB′) is a morphism of
algebras and Ff : (FB,∆FB, εFB) → (FB′,∆FB′ , εFB′) is a morphism of coalgebras. Moreover
we know that Ff : (FB, cFB) → (FB′, cFB′) is a morphism of braided objects. We have so proved
that Ff is a morphism of braided bialgebras. Thus the functor BrBialgF : BrBialgM → BrBialgM′

of the statement is well-defined.

Let
(
F, φF

0 , φ
F
2

)
: M → M′ and

(
F ′, φF ′

0 , φF ′

2

)
: M′ → M′′ be monoidal functors. Then

(
F ′F, φF ′F

2 , φF ′F
0

)
is a monoidal functor where φF ′F

2 (U, V ) := F ′

(
φF
2

)
(U, V ) ◦ φF ′

2 (FU, FV ) and

φF ′F
0 := F ′

(
φF
0

)
◦ φF ′

0 .We compute

(BrF ′ ◦ BrF ) (V, cV ) = BrF ′ (FV, cFV ) =
(
F ′FV, cF ′(FV )

) (•)
=

(
F ′FV, c(F ′F )V

)
= Br (F ′F ) (V, cV ) .

where (•) follows from the following computation

cF ′(FV ) =
(
φF ′

2

)−1

(FV, FV ) ◦ F ′cFV ◦ φF ′

2 (FV, FV )

=
(
φF ′

2

)−1

(FV, FV ) ◦ F ′

((
φF
2

)−1

(V, V ) ◦ FcV ◦
(
φF
2

)
(V, V )

)
◦ φF ′

2 (FV, FV )

=
(
φF ′

2

)−1

(FV, FV ) ◦ F ′
(
φF
2

)−1

(V, V ) ◦ F ′FcV ◦ F ′
(
φF
2

)
(V, V ) ◦ φF ′

2 (FV, FV )

= φF ′F
2 (V, V )

−1 ◦ F ′FcV ◦ φF ′F
2 (V, V ) = c(F ′F )V .

Thus we have BrF ′ ◦ BrF = Br (F ′F ) . We compute

(AlgF ′ ◦AlgF ) (A,mA, uA) = AlgF ′ (FA,mFA, uFA) =
(
F ′FA,mF ′(FA), uF ′(FA)

)

(••)
=

(
F ′FA,m(F ′F )A, u(F ′F )A

)
= Alg (F ′F ) (A,mA, uA)

where (••) follows from the following computations

mF ′(FA) = F ′mFA ◦ φF ′

2 (FA,FA) = F ′FmA ◦ F ′φF
2 (A,A) ◦ φF ′

2 (FA,FA)

= F ′FmA ◦ φF ′F
2 (A,A) = m(F ′F )A,

uF ′(FA) = F ′uFA ◦ φF ′

0 = FuA ◦ F ′φF
0 ◦ φF ′

0 = FuA ◦ φF ′F
0 = u(F ′F )A.

Thus AlgF ′◦AlgF = Alg (F ′F ) . By the foregoing it is clear that BrAlgF ′◦BrAlgF = BrAlg (F ′F ) .
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By the foregoing and a dual argument on the comultiplication and counit, one also gets that
BrBialgF ′ ◦ BrBialgF = BrBialg (F ′F ) .

Consider the strict monoidal functor IdM. A direct computation shows

Br (IdM) = IdBrM , Alg (IdM) = IdAlgM ,

BrAlg (IdM) = IdBrAlgM
, BrBialg (IdM) = IdBrBialgM

.

Let
(
F, φF

0 , φ
F
2

)
: M → M′ and

(
F ′, φF ′

0 , φF ′

2

)
: M → M′ be monoidal functors. Let ξ :

(
F, φF

0 , φ
F
2

)
→

(
F ′, φF ′

0 , φF ′

2

)
be a morphism of monoidal functors i.e. a natural transformation

ξ : F → F ′ such that ξ1 ◦ φF
0 = φF ′

0 and ξ (U ⊗ V ) ◦ φF
2 (U, V ) = φF ′

2 (U, V ) ◦ (ξU ⊗ ξV ) . Let us
define a natural transformation Brξ : BrF → BrF ′. First we have to define a morphism Brξ (V, c) :
BrF (V, c) → BrF ′ (V, c) . in BrM′ . Now BrF (V, c) = (FV, cFV ) and BrF ′ (V, c) = (F ′V, cF ′V )
so that a natural candidate is ξV. We have to check it is a morphism of braided objects i.e.
(ξV ⊗ ξV ) ◦ cFV = cF ′V ◦ (ξU ⊗ ξV ) but this is achieved by means of the definition of cFV , the
fact that ξ is a morphism of monoidal functors and the naturality of ξ. Thus ξV really induces a
unique morphism Brξ (V, c) : BrF (V, c) → BrF ′ (V, c) such that H ′Brξ (V, c) = ξV. Let us check
that Brξ (V, c) is natural in (V, c). Let f : (V, c) → (V ′, c′) be a morphism of braided object in M.
Then

H ′ (Brξ (V ′, c′) ◦ BrF (f)) = H ′Brξ (V ′, c′) ◦H ′BrF (f)

= ξV ′ ◦ FH (f) = F ′H (f) ◦ ξV = H ′ (BrF ′ (f) ◦ Brξ (V, c))

so that Brξ (V ′, c′) ◦ BrF (f) = BrF ′ (f) ◦ Brξ (V, c) and hence we get a natural transformation
Brξ : BrF → BrF ′.

We have to define a morphism Algξ (A,mA, uA) : AlgF (A,mA, uA) → AlgF ′ (A,mA, uA) in
AlgM′ . Now AlgF (A,mA, uA) = (FA,mFA, uFA) and AlgF ′ (A,mA, uA) = (F ′A,mF ′A, uF ′A) so
that a natural candidate is again ξA : FA → F ′A. We have to check it is a morphism of algebras
in M′ i.e. that ξA ◦mFA = mF ′A ◦ (ξA⊗ ξA) and ξA ◦ uFA = uF ′A but these equalities follow by
definition of mFA (resp. uFA) the naturality of ξ and the fact that ξ is a morphism of monoidal
functors. Hence there is a unique morphism Algξ (A,mA, uA) such that Ω′Algξ (A,mA, uA) = ξA.

We check it is natural in (A,mA, uA) . For an algebra morphism f : (A,mA, uA) → (A′,mA′ , uA′) ,
we get

Ω′ [Algξ (A′,mA′ , uA′) ◦AlgF (f)] = ξA′ ◦ FΩ (f)

= F ′Ω (f) ◦ ξA = Ω′ [AlgF ′ (f) ◦Algξ (A,mA, uA)]

so that we get a natural transformation Algξ : AlgF → AlgF ′. By the foregoing and the definition
of BrAlgF we can define a natural transformation BrAlgξ : BrAlgF → BrAlgF ′ using again ξA.

Similarly one gets a natural transformation BrBialgξ : BrBialgF → BrBialgF ′.

Let
(
F, φF

0 , φ
F
2

)
: M → M′,

(
F ′, φF ′

0 , φF ′

2

)
: M → M′ and

(
F ′′, φF ′′

0 , φF ′′

2

)
: M → M′ be

monoidal functors. Let ξ :
(
F, φF

0 , φ
F
2

)
→

(
F ′, φF ′

0 , φF ′

2

)
and ξ′ :

(
F ′, φF ′

0 , φF ′

2

)
→

(
F ′′, φF ′′

0 , φF ′′

2

)

be morphisms of monoidal functors. Thus

H ′
(
Brξ′ ◦ Brξ

)
= H ′Brξ′ ◦H ′Brξ = ξ′H ′ ◦ ξH ′ =

(
ξ′ξ

)
H ′ = H ′

(
Br

(
ξ′ξ

))
,

Ω′
(
Algξ′ ◦Algξ

)
= Ω′Algξ′ ◦ Ω′Algξ = ξ′Ω′ ◦ ξΩ′ =

(
ξ′ξ

)
Ω′ = Ω′

(
Alg

(
ξ′ξ

))

so that Brξ′ ◦ Brξ = Br
(
ξ′ξ

)
, Algξ′ ◦ Algξ = Alg

(
ξ′ξ

)
and hence BrAlgξ′ ◦ BrAlgξ = BrAlg

(
ξ′ξ

)

and BrBialgξ′ ◦ BrBialgξ = BrBialg
(
ξ′ξ

)
. Moreover

H ′ (Br (IdF )) = (IdF )H = IdFH = H ′IdBrF ,

Ω (Alg (IdF )) = (IdF ) Ω = IdFΩ = Ω(IdAlgF ) ,

so that Br (IdF ) = IdBrF ,Alg (IdF ) = IdAlgF and hence BrAlg (IdF ) = IdBrAlgF and BrBialg (IdF ) =

IdBrBialgF . Now, if
(
F, φF

0 , φ
F
2

)
: M → M′ is a monoidal equivalence, i.e. F : M → M′ is a
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monoidal functor and there is a monoidal functor
(
G,φG

0 , φ
G
2

)
: M′ → M and monoidal isomor-

phisms of functors

α : IdM′ → FG β : GF → IdM.

Then

Brα ◦ Br
(
α−1

)
= Br

(
α ◦ α−1

)
= Br (IdFG) = IdBr(FG) = IdBr(F )◦Br(G)

Br
(
α−1

)
◦ Brα = Br

(
α−1 ◦ α

)
= Br

(
IdIdM′

)
= IdBr(IdM′ ) = IdIdBrM′

so that Brα : IdBrM′ → Br (F ) ◦ Br (G) ( and similarly Brβ) is a functorial isomorphism. This
means that BrF : BrM → BrM′ is an equivalence. Analogously AlgF : AlgM → AlgM′ is an
equivalence and hence also BrAlgF : BrAlgM → BrAlgM′ and BrBialgF : BrBialgM → BrBialgM′

are equivalences.

If F is a category isomorphism there is a monoidal functor
(
G,φG

0 , φ
G
2

)
: M′ → M such

that FG = IdM′ and GF = IdM. Hence Br (F ) ◦ Br (G) = Br (FG) = Br (IdM′) = IdBrM′

and similarly Br (G) ◦ Br (F ) = IdBrM so that Br (F ) is a category isomorphism. Analogously
AlgF : AlgM → AlgM′ is an isomorphism and hence also BrAlgF : BrAlgM → BrAlgM′ and
BrBialgF : BrBialgM → BrBialgM′ are isomorphisms.

The proof of 1) is straightforward. If F is conservative, using 1), one easily check that so are
BrF,AlgF,BrAlgF and BrBialgF . For instance, F and H conservative implies FH = H ′ (BrF )
conservative and hence, since H ′, as any functor, preserves isomorphisms, we obtain that BrF is
conservative. �

The following result is essentially [Ka, Lemma XII.3.5, page 327] in case the monoidal category is
strict. We prove that it holds for any monoidal category (M,⊗,1) using the monoidal equivalence
Mstr → M described in [Ka, Theorem XI.5.3, page 291], where Mstr is a strict monoidal category.

Lemma 2.6. Let (M,⊗,1) be a monoidal category and let (V, c) ∈ BrM. There there exists a
unique monoidal functor (F, ϕ2, ϕ0) : B → M such that, for all a, b ∈ N,

F (0) = 1, F (1) = V, F (a⊗ 1) = F (a)⊗ V, F (c1,1) = c

and

ϕ2 (0, b) = lF (b),(27)

ϕ2 (a, 0) = rF (a),(28)

ϕ2 (a, 1) = IdF (a)⊗V , a ≥ 1,(29)

ϕ2 (a, b⊗ 1) = (ϕ2 (a, b)⊗ V ) ◦ a−1
F (a),F (b),V , a, b ≥ 1,(30)

ϕ0 = Id1.(31)

Here B denotes the Braid Category, see [Ka, page 321], which is a strict monoidal category. Its
braiding is denoted by cm,n : m⊗ n → n⊗m. Moreover F (n) := V ⊗n for every n ∈ N.

Proof. By [Ka, Theorem XI.5.3, page 291], there is a monoidal equivalence F ′ : Mstr → M, where
Mstr is a suitable strict monoidal category. Recall that objects in Mstr are all finite sequences
S = (V1, . . . , Vk) of objects of M including the empty sequence ∅. The integer k is by definition
the length of the sequence and is denoted by l (S). This category is strict monoidal with unit ∅
and tensor product given by

∅ ⊗ S : = S =: S ⊗ ∅,

(V1, . . . , Vk)⊗ (V ′
1 , . . . , V

′
s ) : = (V1, . . . , Vk, V

′
1 , . . . , V

′
s ) .

To any sequence S one assigns an object F ′ (S) defined recursively as follows: F ′ (∅) := 1,

F ′ ((V1)) := V1, F
′ ((V1, . . . , Vk, Vk+1)) = F ′ ((V1, . . . , Vk)) ⊗ Vk+1. The morphisms in Mstr are

given by

Mstr (S, S′) := M (F ′ (S) , F ′ (S′)) .
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Defining F ′ as the identity on morphisms, we get the functor F ′ : Mstr → M . For arbitrary
objects S, S′ ∈ Mstr there is an isomorphism ϕ′

2 (S, S
′) : F ′ (S) ⊗ F ′ (S′) → F ′ (S ⊗ S′) defined

iteratively as follows

ϕ′
2 (∅, S

′) : = lF ′(S′), ϕ′
2 (S, ∅) := rF ′(S),

ϕ′
2 (S, (Z)) : = IdF ′(S)⊗Z , l (S) ≥ 1,

ϕ′
2 (S, S

′ ⊗ (Z)) : = (ϕ′
2 (S, S

′)⊗ Z) ◦ a−1
F ′(S),F ′(S′),Z , l (S) ≥ 1, l (S′) ≥ 1.

Define ϕ′
0 = Id1 : 1 → F ′ (∅) . Then (F ′, ϕ′

2, ϕ
′
0) is the claimed monoidal functor. This comes

out to be an equivalence. Its right adjoint G′ : M → Mstr is given by G′ (Z) := (Z) and is the
identity on morphisms too. Note that F ′G′ = IdM. The counit of this adjunction is the identity
ǫZ = IdZ : F ′G′Z → Z. The unit is ηS = IdF ′S : S → G′F ′S. By [AMS, Proposition 1.4.], we
have that (G′, γ′

2, γ
′
0) is a monoidal functor where

γ′
0 : = G′

(
(ϕ′

0)
−1

)
◦ η∅ : ∅ → G′1.

γ′
2 (X,Y ) : = G′ (ǫX ⊗ ǫY ) ◦G′

(
(ϕ′

2)
−1

(G′X,G′Y )
)
◦ η (G′X ⊗G′Y ) : G′X ⊗G′Y → G′ (X ⊗ Y ) .

Hence γ′
0 = Id1 : ∅ → (1) and γ′

2 (X,Y ) = IdX⊗Y : (X,Y ) → (X ⊗ Y ) as

(ϕ′
2)

−1
(G′X,G′Y ) = (ϕ′

2)
−1

((X) , (Y )) = IdF ′((X))⊗Y = IdX⊗Y .

Therefore we have a functor BrG′ : BrM → BrMstr . By construction

BrG′ (V, c) =
(
G′ (V ) , (γ′

2)
−1

(V, V ) ◦G′c ◦ γ′
2 (V, V )

)
= ((V ) , c) .

Thus ((V ) , c) = BrG′ (V, c) ∈ BrMstr . By [Ka, Lemma XII.3.5, page 327], there is a unique strict
monoidal functor F ′′ : B → Mstr such that F ′′ (1) = (V ) and F ′′ (c1,1) = c. Define F := F ′ ◦ F ′′ :
B → M. Hence F (1) = F ′F ′′ (1) = F ′ ((V )) = V and F (c1,1) = F ′F ′′ (c1,1) = F ′ (c) = c. Let us
compute the monoidal structure of F . By [AMS, 1.3], we have that (F, ϕ2, ϕ0) is monoidal where

ϕ2 (a, b) : = ϕ′
2 (F

′′ (a) , F ′′ (b)) : F (a)⊗ F (b) → F ′ (F ′′ (a)⊗ F ′′ (b)) = F (a⊗ b) ,

ϕ0 = ϕ′
0 : 1 → F ′ (∅) = F (0) .

We get

ϕ2 (0, b) = ϕ′
2 (F

′′ (0) , F ′′ (b)) = ϕ′
2 (∅, F

′′ (b)) = lF (b),

ϕ2 (a, 0) = ϕ′
2 (F

′′ (a) , F ′′ (0)) = ϕ′
2 (F

′′ (a) , ∅) = rF (a),

ϕ2 (a, 1) = ϕ′
2 (F

′′ (a) , F ′′ (1)) = ϕ′
2 (F

′′ (a) , (V )) = IdF (a)⊗V ,

ϕ2 (a, b⊗ 1) = ϕ′
2 (F

′′ (a) , F ′′ (b⊗ 1)) = ϕ′
2 (F

′′ (a) , F ′′ (b)⊗ F ′′ (1))

= ϕ′
2 (F

′′ (a) , F ′′ (b)⊗ (V )) = (ϕ′
2 (F

′′ (a) , F ′′ (b))⊗ V ) ◦ a−1
F ′F ′′(a),F ′F ′′(b),V

= (ϕ2 (a, b)⊗ V ) ◦ a−1
F (a),F (b),V .

Thus (27), (28), (29), (30) and (31) hold true for (F, ϕ2, ϕ0).

Let
(
F̃ , ϕ̃2, ϕ̃0

)
: B → M be another monoidal functor such that F̃ (0) = 1, F̃ (1) = V, F̃ (a⊗ 1) =

F̃ (a)⊗ V, F̃ (c1,1) = c and the analogue equations (27), (28), (29), (30) and (31) hold true.

In order to prove that (F, ϕ2, ϕ0) =
(
F̃ , ϕ̃2, ϕ̃0

)
it suffices to check that F (a) = F̃ (a) for every

a ∈ N (in fact the constraints are then uniquely determined by the equalities they fulfil).

Let us check that F̃ (n) = V ⊗n for n ≥ 0. We proceed by induction on n. For n = 0, by

assumption we have F̃ (0) = 1. Let n > 0 and assume that F̃ (n− 1) := V ⊗(n−1). Then

F̃ (n) = F̃ ((n− 1)⊗ 1) = F̃ (n− 1)⊗ V = V ⊗(n−1) ⊗ V = V ⊗n.

Similarly F (n) = V ⊗n for n ≥ 0. �
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Proposition 2.7. Let (M,⊗,1) be a monoidal category and let (V, c) ∈ BrM. Then there is a
unique morphism

c
a,b
T : V ⊗a ⊗ V ⊗b → V ⊗b ⊗ V ⊗a

such that for all l,m, n ∈ N
(

V
⊗n

⊗ c
l,m

T

)

◦
(

c
l,n

T ⊗ V
⊗m

)

◦
(

V
⊗l

⊗ c
m,n

T

)

=
(

c
m,n

T ⊗ V
⊗l
)

◦
(

V
⊗m

⊗ c
l,n

T

)

◦
(

c
l,m

T ⊗ V
⊗n

)

,(32)
(

c
l,n

T ⊗ V
⊗m

)

◦
(

V
⊗l

⊗ c
m,n

T

)

= c
l+m,n

T , l 6= 0,m 6= 0,(33)
(

V
⊗m

⊗ c
l,n

T

)

◦
(

c
l,m

T ⊗ V
⊗n

)

= c
l,m+n

T , m 6= 0, n 6= 0,(34)

c
0,n
T ◦ l

−1
V ⊗n = r

−1
V ⊗n ,(35)

c
n,0
T ◦ r

−1
V ⊗n = l

−1
V ⊗n ,(36)

c
1,1
T = c.(37)

Proof. Consider the monoidal functor (F, ϕ2, ϕ0) : B → M of Lemma 2.6. Consider for a, b ∈ N,

the isomorphism ϕ2 (a, b) : F (a)⊗ F (b) → F (a+ b) where F (n) = V ⊗n for every n ∈ N. Set

c
a,b
T := ϕ2 (b, a)

−1 ◦ F (ca,b) ◦ ϕ2 (a, b) : V
⊗a ⊗ V ⊗b → V ⊗b ⊗ V ⊗a.

Thus

(38) ϕ2 (b, a) ◦ c
a,b
T = F (ca,b) ◦ ϕ2 (a, b) .

Note that, since ϕ2 (1, 1) = IdV⊗V , we get c
1,1
T = F (c1,1) = c so that (37) holds. Since cm,n :

m⊗ n → n⊗m is the braiding in B, we have that

(39) (n⊗ cl,m) ◦ (cl,n ⊗m) ◦ (l⊗ cm,n) = (cm,n ⊗ l) ◦ (m⊗ cl,n) ◦ (cl,m ⊗ n) .

Thus,




ϕ2 (n,m⊗ l) ◦ (F (n)⊗ ϕ2 (m, l)) ◦
(

F (n)⊗ c
l,m

T

)

◦ aF (n),F (l),F (m)

◦
(

c
l,n

T ⊗ F (m)
)

◦ a−1
F (l),F (n),F (m) ◦ (F (l)⊗ c

m,n

T )





(∗)
= F (n⊗ cl,m) ◦ F (cl,n ⊗m) ◦ F (l ⊗ cm,n) ◦ ϕ2 (l, m⊗ n) ◦ (F (l)⊗ ϕ2 (m,n))

(39)
= F (cm,n ⊗ l) ◦ F (m⊗ cl,n) ◦ F (cl,m ⊗ n) ◦ ϕ2 (l, m⊗ n) ◦ (F (l)⊗ ϕ2 (m,n))

(∗∗)
=

[

ϕ2 (n,m⊗ l) ◦ (F (n)⊗ ϕ2 (m, l)) ◦ aF (n),F (m),F (l) ◦ (c
m,n

T ⊗ F (l)) ◦ a−1
F (m),F (n),F (l)

◦
(

F (m)⊗ c
l,n

T

)

◦ aF (m),F (l),F (n) ◦
(

c
l,m

T ⊗ F (n)
)

◦ a−1
F (l),F (m),F (n)

]

where in (*) we used in the order (38), the naturality of ϕ2, the monoidality of F, (38), the
naturality of ϕ2, the monoidality of F, (38) and the naturality of ϕ2, while in (**) we used in the
order the monoidality of F , the naturality of ϕ2, (38), the monoidality of F, repeated three times.

Since ϕ2 (n,m⊗ l) ◦ (F (n)⊗ ϕ2 (m, l)) is an isomorphism, from the computation above we
deduce

(

F (n) ⊗ c
l,m

T

)

◦ aF (n),F (l),F (m) ◦
(

c
l,n

T ⊗ F (m)
)

◦ a
−1
F (l),F (n),F (m) ◦ (F (l) ⊗ c

m,n

T )

=





aF (n),F (m),F (l) ◦ (c
m,n

T ⊗ F (l)) ◦ a−1
F (m),F (n),F (l) ◦

(

F (m)⊗ c
l,n

T

)

◦aF (m),F (l),F (n) ◦
(

c
l,m

T ⊗ F (n)
)

◦ a−1
F (l),F (m),F (n)



 .

This is (32) with all the constraints. Since c−,− is a braiding, we have

(40) (cl,n ⊗m) ◦ (l ⊗ cm,n) = cl+m,n.

We compute

ϕ2 (n, l ⊗m) ◦ (F (n)⊗ ϕ2 (l,m)) ◦ aF (n),F (l),F (m) ◦
(
c
l,n
T ⊗ F (m)

)
◦ a−1

F (l),F (n),F (m) ◦ (F (l)⊗ c
m,n
T )

(•)
= F (cl,n ⊗m) ◦ F (l ⊗ cm,n) ◦ ϕ2 (l,m⊗ n) ◦ (F (l)⊗ ϕ2 (m,n))

(40)
= F (cl+m,n) ◦ ϕ2 (l,m⊗ n) ◦ (F (l)⊗ ϕ2 (m,n))
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(••)
= ϕ2 (n, l ⊗m) ◦ cl+m,n

T ◦ (ϕ2 (l,m)⊗ F (n)) ◦ a−1
F (l),F (m),F (n).

where in (•) we used monoidality of F , (38), naturality of ϕ2, repeated twice, while in (••) we
used monoidality of F and (38). Since ϕ2 (n, l ⊗m) is an isomorphism, we obtain

(F (n)⊗ ϕ2 (l,m)) ◦ aF (n),F (l),F (m) ◦
(
c
l,n
T ⊗ F (m)

)
◦ a−1

F (l),F (n),F (m) ◦ (F (l)⊗ c
m,n
T )

= c
l+m,n
T ◦ (ϕ2 (l,m)⊗ F (n)) ◦ a−1

F (l),F (m),F (n).

If l 6= 0 and m 6= 0 this formula is (33) with all the constraints.
Equation (34) follows analogously. Since c−,− is a braiding, we have

(41) c0,n ◦ l−1
n = r−1

n .

We get

ϕ2 (n, 0) ◦ c
0,n
T ◦ (ϕ0 ⊗ F (n)) ◦ l−1

F (n)

(38)
= F (c0,n) ◦ ϕ2 (0, n) ◦ (ϕ0 ⊗ F (n)) ◦ l−1

F (n)

= F (c0,n) ◦ F
(
l−1
n

) (41)
= F

(
r−1
n

)
= ϕ2 (n, 0) ◦ (F (n)⊗ ϕ0) ◦ r

−1
F (n)

so that

c
0,n
T ◦ (ϕ0 ⊗ F (n)) ◦ l−1

F (n) = (F (n)⊗ ϕ0) ◦ r
−1
F (n).

This is (35) with all the constraints. Equation (36) follows analogously.

We now deal with uniqueness. Suppose there exists another ca,bT ′ : V ⊗a⊗V ⊗b → V ⊗b⊗V ⊗a that

fulfills the analogue of the equalities that ca,bT does for all a, b ∈ N. Since c
a,b
T ′ fulfills the analogue

of (33) we have
(
c
l,n
T ′ ⊗ V ⊗m

)
◦
(
V ⊗l ⊗ c

m,n
T ′

)
= c

l+m,n
T ′ , for all l,m, n ∈ N, l 6= 0,m 6= 0.

For l = 1 we get
(
c
1,n
T ′ ⊗ V ⊗m

)
◦ (V ⊗ c

m,n
T ′ ) = c

1+m,n
T ′ , for all l,m, n ∈ N,m 6= 0.

Hence, an induction process tells that ca,bT ′ is uniquely determined by c
1,n
T and c

0,n
T for n ∈ N. Since

c
a,b
T fulfills the same equalities, in order to prove ca,bT ′ = c

a,b
T it suffices to check that this is true for

a = 0, 1. Analogously, using the analogue of (34) we can further reduce to the case a, b = 0, 1. The
equality in these cases follows by (35), (36), (37) and their analogous. �

3. Braided Adjunctions

Proposition 3.1. Let (M,⊗,1) be a monoidal category. Consider the category BrAlgM of braided
algebras in M and their morphisms. Assume that M has denumerable coproducts and that the
tensor functors preserve such coproducts for every object M in M. Denote by ΩBr : BrAlgM →
BrM, H : BrM → M and HAlg : BrAlgM → AlgM the obvious forgetful functors. Then the functor
ΩBr : BrAlgM → BrM has a left adjoint

TBr : BrM → BrAlgM.

Given (V, c) ∈ BrM one has that TBr (V, c) = (TV, cT ) where cT := cΩTV is uniquely determined
by

(42) cT ◦ (αmV ⊗ αnV ) = (αnV ⊗ αmV ) ◦ cm,n
T

and c
m,n
T are the morphisms of Proposition 2.7. For f a morphism in BrM, one has TBr (f) :=

T (f) .
The unit ηBr and the counit ǫBr are uniquely determined by the following equations

(43) HηBr = ηH, HAlgǫBr = ǫHAlg,
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where η and ǫ denote the unit and counit of the adjunction (T,Ω) of Remark 1.3. Moreover the
following diagrams commute.

(44) BrAlgM
HAlg //

ΩBr ��

AlgM
Ω��

BrM
H // M

BrAlgM
HAlg // AlgM

BrM

TBr

OO

H // M

T

OO
.

Proof. Let (V, c) ∈ BrM. By Proposition 2.7 we can consider, for m,n ∈ N, the morphisms
c
m,n
T : V ⊗m⊗V ⊗n → V ⊗n⊗V ⊗m. By Remark 1.3, we can consider the tensor algebra TV ∈ AlgM.

Let us define a braiding cT on T = ΩTV using c
m,n
T . Let αnV : V ⊗n → T be the canonical

morphism. Since the tensor functors preserves denumerable coproducts, there is a unique morphism
cT : T ⊗ T → T ⊗ T such that (42).

Let us check that (T,mT , uT , cT ) is a braided algebra. We know that (T,mT , uT ) = TV is an
algebra. We compute

(T ⊗ cT ) ◦ (cT ⊗ T ) ◦ (T ⊗ cT ) ◦ (αlV ⊗ αmV ⊗ αnV )

(42)
= (αnV ⊗ αmV ⊗ αlV ) ◦

(
V ⊗n ⊗ c

l,m
T

)
◦
(
c
l,n
T ⊗ V ⊗m

)
◦
(
V ⊗l ⊗ c

m,n
T

)

(32)
= (αnV ⊗ αmV ⊗ αlV ) ◦

(
c
m,n
T ⊗ V ⊗l

)
◦
(
V ⊗m ⊗ c

l,n
T

)
◦
(
c
l,m
T ⊗ V ⊗n

)

(42)
= (cT ⊗ T ) ◦ (T ⊗ cT ) ◦ (cT ⊗ T ) ◦ (αlV ⊗ αmV ⊗ αnV ) .

By arbitrariness of l,m and n we obtain that cT is a braiding i.e. that (T, cT ) is a braided object.
We have

(T ⊗mT ) ◦ (cT ⊗ T ) ◦ (T ⊗ cT ) ◦ (αlV ⊗ αmV ⊗ αVn)

(42)
= (T ⊗mT ) ◦ (αnV ⊗ αlV ⊗ αmV ) ◦

(
c
l,n
T ⊗ V ⊗m

)
◦
(
V ⊗l ⊗ c

m,n
T

)

(2)
= (αnV ⊗ αl+mV ) ◦

(
c
l,n
T ⊗ V ⊗m

)
◦
(
V ⊗l ⊗ c

m,n
T

)

(33)
= (αnV ⊗ αl+mV ) ◦ cl+m,n

T

(42)
= cT ◦ (αl+mV ⊗ αnV )

(2)
= cT ◦ (mT ⊗ T ) ◦ (αlV ⊗ αmV ⊗ αnV ) .

By arbitrariness of l,m and n we obtain that (T ⊗ mT ) ◦ (cT ⊗ T ) ◦ (T ⊗ cT ) = cT ◦ (mT ⊗ T ).
Similarly, using (34), one gets (mT ⊗ T ) ◦ (T ⊗ cT ) ◦ (cT ⊗ T ) = cT ◦ (T ⊗mT ).

We have

cT ◦ (uT ⊗ T ) ◦ l−1
T ◦ αVn = cT ◦ (uT ⊗ αVn) ◦ l

−1
V ⊗n

(3)
= cT ◦ (αV0 ⊗ αVn) ◦ l

−1
V ⊗n

(42)
= (αVn ⊗ αV0) ◦ c

0,n
T ◦ l−1

V ⊗n

(35)
= (αVn ⊗ uT ) ◦ r

−1
V ⊗n

= (T ⊗ uT ) ◦ (αVn ⊗ 1) ◦ r−1
V ⊗n = (T ⊗ uT ) ◦ r

−1
T ◦ αVn.

By arbitrariness of n we obtain that cT ◦ (uT ⊗ T ) ◦ l−1
T = (T ⊗ uT ) ◦ r

−1
T . Similarly, using (36),

one gets cT ◦ (T ⊗ uT ) ◦ r
−1
T = (uT ⊗ T ) ◦ l−1

T . We have so proved that (T,mT , uT , cT ) is a braided
algebra in M. Define TBr (V, c) to be this braided algebra in M.

Let f : (V, c) → (V ′, c′) be a morphism of braided objects. In particular f : V → V ′ is
a morphism in M so that we can consider the algebra homomorphism T (f) : (T,mT , uT ) →
(T ′,mT ′ , uT ′). Let us check by induction on m ∈ N that

(45)
(
f⊗n ⊗ f⊗m

)
◦ cm,n

T = c
m,n
T ′ ◦

(
f⊗m ⊗ f⊗n

)
.

For m = 0 and n ∈ N we have
(
f⊗n ⊗ f⊗m

)
◦ cm,n

T =
(
f⊗n ⊗ f⊗0

)
◦ c0,nT

(35)
=

(
f⊗n ⊗ 1

)
◦ r−1

V ⊗n ◦ lV ⊗n = r−1
(V ′)⊗n ◦ f⊗n ◦ lV ⊗n

= r−1
(V ′)⊗n ◦ l(V ′)⊗n ◦

(
1⊗ f⊗n

) (35)
= c

0,n
T ′ ◦

(
f⊗0 ⊗ f⊗n

)
= c

m,n
T ′ ◦

(
f⊗m ⊗ f⊗n

)
.
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For m = 1. For n = 0, it follows in a similar way. For n = 1,we have
(
f⊗n ⊗ f⊗m

)
◦ cm,n

T = (f ⊗ f) ◦ c1,1T

(37)
= (f ⊗ f) ◦ c

= c′ ◦ (f ⊗ f)
(37)
= c

1,1
T ′ ◦ (f ⊗ f) = c

m,n
T ′ ◦

(
f⊗m ⊗ f⊗n

)
.

Assume that the formula holds for n ≥ 1and let us check it for n+ 1. Using (34), (37), the fact

that f is braided, (37) and (34) we get
(
f⊗n+1 ⊗ f

)
◦ c1,n+1

T = c
1,n+1
T ′ ◦

(
f ⊗ f⊗n+1

)
. We have so

proved that the statement holds for m = 1 and n ∈ N .

For m ∈ N and n = 0 the formula holds in analogy to the first case we considered above.
Assume that the equation holds for m ≥ 1 and n ≥ 1. Then the formula holds for (m+ 1, n) by

means of (33), induction hypothesis and (33). Thus the formula is proved for all m,n ∈ N.
Now, using in this order (42), (1), (45), (42) and (1) we get
(ΩT (f)⊗ ΩT (f))◦cT ◦(αmV ⊗ αnV ) = cT ◦(ΩT (f)⊗ ΩT (f))◦(αmV ⊗ αnV ). By arbitrariness

of m,n we obtain that (ΩT (f)⊗ ΩT (f)) ◦ cT = cT ◦ (ΩT (f)⊗ ΩT (f)) so that T (f) yields a
morphism of braided algebras in M that we denote by TBr (f). Thus we have defined a functor
TBr : BrM → BrAlgM. It is clear, from the construction that diagrams (44) commute. Let us
check that (TBr,ΩBr) is an adjunction. For (V, c) ∈ BrM,

cT ◦ (ηV ⊗ ηV )
(4)
= cT ◦ (α1V ⊗ α1V )

(42)
= (α1V ⊗ α1V ) ◦ c1,1T

(37),(4)
= (ηV ⊗ ηV ) ◦ c.

Thus ηV : V → ΩTV defines a morphism ηBr (V, c) : (V, c) → (ΩBr ◦ TBr) (V, c) such that
HηBr (V, c) = ηV. Since ηV is natural in V we get that ηBr (V, c) is natural in (V, c) so that
we get a natural transformation ηBr : IdBrM → ΩBr ◦ TBr. Let (A,mA, uA, cA) ∈ BrAlgM. Then
ǫ (A,mA, uA) : TΩ (A,mA, uA) → (A,mA, uA) is an algebra map. Let us check it commutes with
braidings:

(Ωǫ (A,mA, uA)⊗ Ωǫ (A,mA, uA)) ◦ cΩTΩ(A,mA,uA) ◦ (αmA⊗ αnA)

= (Ωǫ (A,mA, uA)⊗ Ωǫ (A,mA, uA)) ◦ cΩTA ◦ (αmA⊗ αnA)

(42)
= (Ωǫ (A,mA, uA)⊗ Ωǫ (A,mA, uA)) ◦ (αnA⊗ αmA) ◦ cm,n

ΩTA

(4)
=

(
mn−1

A ⊗mm−1
A

)
◦ cm,n

ΩTA

(∗)
= cA ◦

(
mm−1

A ⊗mn−1
A

)

(4)
= cA ◦ (Ωǫ (A,mA, uA)⊗ Ωǫ (A,mA, uA)) ◦ (αAm ⊗ αAn) .

Let us prove (*) by induction. For m = 0 and n ∈ N we have

(
mn−1

A ⊗mm−1
A

)
◦ cm,n

ΩTA =
(
mn−1

A ⊗m−1
A

)
◦ c0,nΩTA

(35)
=

(
mn−1

A ⊗ uA

)
◦ r−1

A⊗n ◦ lA⊗n

= (A⊗ uA) ◦
(
mn−1

A ⊗ 1
)
◦ r−1

A⊗n ◦ lA⊗n = (A⊗ uA) ◦ r
−1
A ◦mn−1

A ◦ lA⊗n

= (A⊗ uA) ◦ r
−1
A ◦ lA ◦

(
1⊗mn−1

A

) (8)
= cA ◦ (uA ⊗A) ◦

(
1⊗mn−1

A

)

= cA ◦
(
uA ⊗mn−1

A

)
= cA ◦

(
m−1

A ⊗mn−1
A

)
= cA ◦

(
mm−1

A ⊗mn−1
A

)
.

For n = 0 and m ∈ N, the proof is similar. In particular we get the case m = 1 and n = 0. For
m = n = 1,we have

(
mn−1

A ⊗mm−1
A

)
◦ cm,n

ΩTA =
(
m0

A ⊗m0
A

)
◦ c1,1ΩTA = c

1,1
ΩTA

(37)
= cA = cA ◦

(
mm−1

A ⊗mn−1
A

)
.

For m = 1, assume that the formula holds for n ≥ 1 and let us check it for n+ 1. We have
(
mn

A ⊗mm−1
A

)
◦ cm,n+1

ΩTA = (mn
A ⊗A) ◦ c1,n+1

ΩTA

(34)
= (mn

A ⊗A) ◦
(
A⊗n ⊗ c

1,1
ΩTA

)
◦
(
c
1,n
ΩTA ⊗A⊗1

)

(37)
= (mA ⊗A) ◦

(
mn−1

A ⊗A⊗A
)
◦
(
A⊗n ⊗ cA

)
◦
(
c
1,n
ΩTA ⊗A

)

= (mA ⊗A) ◦ (A⊗ cA) ◦
(
mn−1

A ⊗m0
A ⊗A

)
◦
(
c
1,n
ΩTA ⊗A

)

= (mA ⊗A) ◦ (A⊗ cA) ◦ (cA ⊗A) ◦
(
m0

A ⊗mn−1
A ⊗A

)

(7)
= cA ◦ (A⊗mA) ◦

(
m0

A ⊗mn−1
A ⊗A

)
= cA ◦

(
mm−1

A ⊗mn
A

)
.
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We have so proved that the statement holds for m = 1 and n ∈ N .

Assume that the equation holds for m ≥ 1 and n ≥ 1 and let us prove it for (m+ 1, n). We
have

(
mn−1

A ⊗mm
A

)
◦ cm+1,n

ΩTA

(33)
=

(
mn−1

A ⊗mm
A

)
◦
(
c
m,n
ΩTA ⊗A⊗1

)
◦
(
A⊗m ⊗ c

1,n
ΩTA

)

= (A⊗mA) ◦
(
mn−1

A ⊗mm−1
A ⊗A

)
◦ (cm,n

ΩTA ⊗A) ◦
(
A⊗m ⊗ c

1,n
ΩTA

)

= (A⊗mA) ◦ (cA ⊗A) ◦
(
mm−1

A ⊗mn−1
A ⊗A

)
◦
(
A⊗m ⊗ c

1,n
ΩTA

)

= (A⊗mA) ◦ (cA ⊗A) ◦ (A⊗ cA) ◦
(
mm−1

A ⊗ A⊗mn−1
A

)

(6)
= cA ◦ (mA ⊗A) ◦

(
mm−1

A ⊗A⊗mn−1
A

)
= cA ◦

(
mm

A ⊗mn−1
A

)
.

We have so proved that (*) holds. Hence ǫ (A,mA, uA) : TΩ (A,mA, uA) → (A,mA, uA) induces a
morphism ǫBr (A,mA, uA, cA) : TBrΩBr (A,mA, uA, cA) → (A,mA, uA, cA) such that

HAlg (ǫBr (A,mA, uA, cA)) = ǫ (A,mA, uA) .

The morphism ǫBr (A,mA, uA, cA) is natural as ǫ (A,mA, uA) is natural. We have

HAlg (ǫBrTBr ◦ TBrηBr) = ǫHAlgTBr ◦HAlgTBrηBr

= ǫTH ◦ THηBr = ǫTH ◦ TηH = IdTH = HAlg (IdT ) ,

H (ΩBrǫBr ◦ ηBrΩBr) = HΩBrǫBr ◦HηBrΩBr

= ΩHAlgǫBr ◦ ηHΩBr = ΩǫHAlg ◦ ηΩHAlg = IdHAlg
= HAlg (IdM) .

Since both HAlg and H are faithful, we get that (TBr,ΩBr) is an adjunction with unit ηBr and
counit ǫBr. �

Definition 3.2. Let M be a preadditive monoidal category with equalizers. Assume that the
tensor functors are additive. Let C := (C,∆C , εC , uC) be a coalgebra (C,∆C , εC) endowed with a
coalgebra morphism uC : 1 → C. In this setting we always implicitly assume that we can choose
a specific equalizer

P (C)
ξC // C

∆C //

(C⊗uC)r−1
C

+(uC⊗C)l−1
C

// C ⊗ C

We will use the same symbol when C comes out to be enriched with an extra structure such us
when C will denote a bialgebra or a braided bialgebra.

Next result should be compared with [GV, Lemma 6.2]. Note that, in our case, the braiding
of the primitive elements has not order two, in general. Also our proof of the existence of such a
braiding follows different lines.

Lemma 3.3. Let M a preadditive monoidal category with equalizers. Assume that the tensor
functors are additive and preserve equalizers. For any A := (A,mA, uA,∆A, εA, cA) ∈ BrBialgM,

there is a unique morphism cP (A) : P (A)⊗ P (A) → P (A)⊗ P (A) such that

(46) (ξA⊗ ξA) ◦ cP (A) = cA ◦ (ξA⊗ ξA) .

We have that
(
P (A) , cP (A)

)
∈ BrM and that ξA : P (A) → A is a morphism of braided objects

that will be denoted by ξA :
(
P (A) , cP (A)

)
→ (A, cA). For any morphism f : A → A

′ in BrBialgM,

there is a unique morphism P (f) : P (A) → P (A′) such that

(47) ξA′ ◦ P (f) = f ◦ ξA.

The morphism P (f) is indeed a morphism of braided objects. This way we get a functor

PBr : BrBialgM → BrM : A 7→
(
P (A) , cP (A)

)
, f 7→ P (f) .

Moreover

(48) ξA′ ◦ PBr (f) = ΩBr℧Br (f) ◦ ξA.

for every morphism f : A → A
′ in BrBialgM i.e. ξA : PBrA → ΩBr℧BrA is natural in A.
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Proof. Note that, using Definition 3.2, we have

(P (A) , ξA) := (P (A,∆A, εA, uA) , ξ (A,∆A, εA, uA)) .

For sake of shortness we just write P instead of P (A) . Let us check that the braiding of A
induces a braiding on P . To this aim, first consider the following diagram.

P ⊗A
ξA⊗A // A⊗A

cA

��

∆A⊗A //

[(A⊗uA)r−1
A

+(uA⊗A)l−1
A

]⊗A

// A⊗A⊗A

(cA⊗A)(A⊗cA)

��
A⊗ P

A⊗ξA // A⊗A
A⊗∆A //

A⊗[(A⊗uA)r−1
A

+(uA⊗A)l−1
A

]

// A⊗A⊗A

Note that (A,∆A, εA, cA) is a braided coalgebra whence we have that (10) holds. Moreover, using
the equalities r−1

A ⊗ A = A ⊗ l−1
A and l−1

A ⊗ A = l−1
A⊗A, (8), the naturality of l−1, the equalities

A ⊗ r−1
A = r−1

A⊗A and l−1
A⊗A = l−1

A ⊗ A, the naturality of r−1, (8), the equalities r−1
A⊗A = A ⊗ r−1

A

and r−1
A ⊗A = A⊗ l−1

A , we get

(cA ⊗A) (A⊗ cA)
{[
(A⊗ uA) r

−1
A + (uA ⊗A) l−1

A

]
⊗A

}

=
{
A⊗

[
(A⊗ uA) r

−1
A + (uA ⊗A) l−1

A

]}
cA.

Hence the diagram above serially commutes. Since the tensor product preserves equalizers, the
bottom fork of the diagram is an equalizer so that there is a unique morphism cP,A : P⊗A → A⊗P

such that

(49) (A⊗ ξA) ◦ cP,A = cA ◦ (ξA⊗A) .

Similarly there is a unique morphism cA,P : A⊗ P → P ⊗A such that

(50) (ξA⊗A) ◦ cA,P = cA ◦ (A⊗ ξA) .

Consider the following diagram

P ⊗ P
P⊗ξA // P ⊗A

cP,A

��
P ⊗ P

ξA⊗P // A⊗ P
∆A⊗P //

[(A⊗uA)r−1
A

+(uA⊗A)l−1
A

]⊗P

// A⊗A⊗ P

Using (49), (50), the equalizer defining ξA, (50), (49) we get

(A⊗A⊗ ξA) ◦ (∆A ⊗ P ) ◦ cP,A ◦ (P ⊗ ξA)

= (A⊗A⊗ ξA) ◦
{[
(A⊗ uA) r

−1
A + (uA ⊗A) l−1

A

]
⊗ P

}
◦ cP,A ◦ (P ⊗ ξA)

so that

(∆A ⊗ P ) ◦ cP,A ◦ (P ⊗ ξA) =
{[
(A⊗ uA) r

−1
A + (uA ⊗A) l−1

A

]
⊗ P

}
◦ cP,A ◦ (P ⊗ ξA) .

Hence there is a unique morphism cP : P ⊗ P → P ⊗ P such that

(51) (ξA⊗ P ) ◦ cP = cP,A ◦ (P ⊗ ξA) .

Using (51) and (49) one gets (ξA⊗ ξA) cP = cA (ξA⊗ ξA) so that (46) holds. Note that, since
ξA⊗ ξA is a monomorphism, the morphism cP is uniquely determined by (46).

Since (A,mA, uA,∆A, εA, cA) ∈ BrBialgM we have that (10), (9) and (8) holds.If we write these
equalities with respect to c−1

A , we get
(
A⊗ c−1

A

) (
c−1
A ⊗A

)
(A⊗∆A) = (∆A ⊗A) c−1

A ,
(
c−1
A ⊗A

) (
A⊗ c−1

A

)
(∆A ⊗A) = (A⊗∆A) c

−1
A ,

(uA ⊗A)l−1
A = c−1

A (A⊗ uA) r
−1
A , (A⊗ uA)r

−1
A = c−1

A (uA ⊗A) l−1
A .
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Thus c−1
A fulfills the same equalities that we used for cA in the computations above. Hence, the

same argument entails that there is a morphism c′P : P ⊗ P → P ⊗ P such that

(ξA⊗ ξA) c′P = c−1
A (ξA⊗ ξA) .

Thus (ξA⊗ ξA) c′P cP = c−1
A (ξA⊗ ξA) cP = c−1

A cA (ξA⊗ ξA) = (ξA⊗ ξA) and hence c′P cP =
IdP⊗P . Similarly cP c

′
P = IdP⊗P so that cP is invertible. Moreover using (46) repeatedly and the

fact that cA is a braiding, one checks that

(ξA⊗ ξA⊗ ξA) (cP ⊗ P ) (P ⊗ cP ) (cP ⊗ P ) = (ξA⊗ ξA⊗ ξA) (P ⊗ cP ) (cP ⊗ P ) (P ⊗ cP )

so that (cP ⊗ P ) (P ⊗ cP ) (cP ⊗ P ) = (P ⊗ cP ) (cP ⊗ P ) (P ⊗ cP ) which means that cP is a braid-
ing. Note that (46) means that ξA : P → A is a morphism of braided objects that will be denoted
by ξA : (P, cP ) → (A, cA). Let f : A → A

′ be a morphism in BrBialgM and consider the following
diagram

P (A)
ξA // A

f

��

∆A //

(A⊗uA)r−1
A

+(uA⊗A)l−1
A

// A⊗A

f⊗f

��
P (A′)

ξA′

// A′
∆A′ //

(A′
⊗uA′)r−1

A′ +(uA′⊗A′)l−1

A′

// A′ ⊗A′

Using (f ⊗ f) (A⊗ uA) r
−1
A = (A′ ⊗ uA′) r−1

A′ f and (f ⊗ f) (uA ⊗A) l−1
A = (uA′ ⊗A′) l−1

A′ f we get
that the diagram above serially commutes. Therefore there is a unique morphism P (f) : P (A) →
P (A′) such that (47) holds. Using (47), (46), the fact that f is braided, (47) and (46) we arrive at
(ξA′ ⊗ ξA′) (P (f)⊗ P (f)) cP (A) = (ξA′ ⊗ ξA′) cP (A′) (P (f)⊗ P (f)) so that (P (f)⊗ P (f)) cP =
cP ′ (P (f)⊗ P (f)) which means that P (f) : P (A) → P (A′) is a morphism of braided objects.
This way we get a functor

PBr : BrBialgM → BrM : A 7→
(
P (A) , cP (A)

)
, f 7→ P (f) .

By the foregoing we have (48) holds. �

We now investigate some properties of TBr.

Lemma 3.4. Let M a preadditive monoidal category with equalizers and denumerable coproducts.
Assume that the tensor functors are additive and preserve equalizers and denumerable coproducts.
By Proposition 3.1, the forgetful functor ΩBr : BrAlgM → BrM has a left adjoint TBr : BrM →
BrAlgM. For all B ∈ BrBialgM, since TBr (V, c) ∈ BrAlgM we can write it in the form TBr (V, c) =
(A,mA, uA, cA). Regard A ⊗ A as an algebra in M via mA⊗A := (mA ⊗mA) (A⊗ cA ⊗A) and
uA⊗A := (uA ⊗ uA)∆1. For every n ∈ N, denote by αnV : V ⊗n → ΩTV the canonical injection.
Then there are unique algebra morphisms ∆A : A → A⊗A and εA : A → 1 such that

∆A ◦ α1V = δlV + δrV ,(52)

εA ◦ α1V = 0,(53)

where δlV := (uA ⊗ α1V ) ◦ l−1
V and δrV := (α1V ⊗ uA) ◦ r

−1
V . Moreover

(54) εA ◦ αnV = δn,0Id1, for every n ∈ N.

The datum (A,mA, uA,∆A, εA, cA) is a braided bialgebra. Moreover TBr : BrM → BrAlgM induces
the functor

TBr : BrM → BrBialgM

(V, c) 7→ (T = TBr (V, c) ,∆T , εT ) = (A,mA, uA,∆A, εA, cA)

f 7→ TBr (f) .

so that the following diagram commutes.

(55) BrBialgM
℧Br // BrAlgM

BrM
TBr

hhPPPPPPP TBr

77♦♦♦♦♦♦
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Proof. By Proposition 3.1, the unit ηBr and the counit ǫBr of the adjunction (TBr,ΩBr) are uniquely
determined by (43). Moreover the diagrams (44) commute. Given (V, c) ∈ BrM, then TBr (V, c)
becomes an object in BrBialgM as follows. For all B ∈ BrBialgM, consider the canonical isomor-
phism

Φ ((V, c) ,B) : BrAlgM (TBr (V, c) ,B) → BrM ((V, c) ,ΩBr (B)) : f 7→ ΩBr (f) ◦ ηBr (V, c) .

Since TBr (V, c) ∈ BrAlgM we can write it in the form TBr (V, c) = (A,mA, uA, cA). By Lemma
2.3, (B,mB, uB, cB) ∈ BrAlgM where B := A ⊗ A,mB := (mA ⊗mA) (A⊗ cA ⊗A) , uB :=
(uA ⊗ uA)∆1 and cB := (A⊗ cA ⊗A) (cA ⊗ cA) (A⊗ cA ⊗A) .

In particular we have the morphisms

Φ ((V, c) , (B,mB, uB, cB)) : BrAlgM (TBr (V, c) , (B,mB, uB, cB)) → BrM ((V, c) , (B, cB)) ,

Φ ((V, c) , (1,m1, u1, c1)) : BrAlgM (TBr (V, c) ,B) → BrM ((V, c) , (1,c1)) .

where c1 = Id1⊗1. Note that

(56) HηBr (V, c)
(43)
= ηH (V, c) = ηV = α1V.

Let us check that δlV is a morphism of braided objects. Using in the given order the definitions of

cB and δlV , (8) twice, the equality l
−1
A ⊗A = l−1

A⊗A, the naturality of l−1, the equality l−1
A⊗A = l−1

A ⊗A,

the equality rA ⊗A = A⊗ lA, the naturality of l−1, (8), the equality 1⊗ lA = r1 ⊗A, the equality
r1 = l1, the naturality of r, the equality rV ⊗ V = V ⊗ lV , the naturality of l−1, the equality
(56) twice, the equality l−1

A⊗1
= l−1

A ⊗ 1, the fact that ηBr (V, c) is braided, the equality (56) twice,

the equality r−1
A ⊗ A = A ⊗ l−1

A , the naturality of l−1 and the definition of δlV , we arrive at

cB

(
δlV ⊗ δlV

)
=

(
δlV ⊗ δlV

)
c. Analogously one gets the equalities cB (δrV ⊗ δrV ) = (δrV ⊗ δrV ) c,

cB

(
δlV ⊗ δrV

)
=

(
δrV ⊗ δlV

)
c and cB

(
δrV ⊗ δlV

)
=

(
δrV ⊗ δl

)
c. By means of these equalities one

easily gets cB

[(
δlV + δrV

)
⊗
(
δlV + δrV

)]
=

[(
δlV + δrV

)
⊗
(
δlV + δrV

)]
c. Thus δlV + δrV : V → B

defines a morphism ̂
δlV + δrV : (V, c) → (B, cB) in BrM such that H

(
̂

δlV + δrV

)
= δlV + δrV . Hence

we can set

∆T : = Φ ((V, c) , (B,mB, uB, cB))
−1

(
̂

δlV + δrV

)
∈ BrAlgM (TBr (V, c) , (B,mB , uB, cB)) ,

εT : = Φ ((V, c) , (1,m1, u1, c1))
−1

(0) ∈ BrAlgM (TBr (V, c) , (1,m1, u1, c1)) .

Moreover we set

∆A := HΩBr∆T and εA := HΩBrεT .

We have43

∆A ◦ α1V
(56)
= HΩBr∆T ◦HηBr (V, c) = H (ΩBr∆T ◦ ηBr (V, c))

= H (Φ ((V, c) , (B,mB, uB, cB)) [∆T ]) = H

(
̂

δlV + δrV

)
= δlV + δrV ,

εA ◦ α1V
(56)
= HΩBrεT ◦HηBr (V, c) = H (ΩBrεT ◦ ηBr (V, c))

= H (Φ ((V, c) , (1,m1, u1, c1)) [εT ]) = H (0) = 0

so that we get (52) and (53). Note that, since the tensor algebra functor is a left adjoint of the
forgetful functor and α1V = ηV, the unit of the adjunction, we have that the algebra morphisms
∆A and εA are uniquely determined by (52) and (53).

For every n > 0, we have

εA ◦ αnV
(2)
= εA ◦mΩTV ◦ (αn−1V ⊗ α1V ) = (εA ⊗ εA) ◦ (αn−1V ⊗ α1V ) = 0

where we used that εA is an algebra morphism. Moreover εA ◦ α0V = εA ◦ uA = Id1. Thus we get
that (54) holds. Using (42), (54), the naturality of r, the equality rV ⊗nc

0,n
A = lV ⊗n (which holds
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since construction c
0,n
A fulfills (35)), the naturality of l and (54), we get

rA (A⊗ εA) cA (αmV ⊗ αnV ) = lA (εA ⊗A) (αmV ⊗ αnV )

Since this holds true for every m,n, we obtain that rA (A⊗ εA) cA = lA (εA ⊗A). Analogously one
gets lA (εA ⊗A) cA = rA (A⊗ εA) so that (11) is proved. Note that IdA : A → A and εA : A → 1

are morphisms in BrAlgM.Moreover (A1, A2, c2,1) and (A2, A1, c1,2) (respectively (A′
1, A

′
2, c

′
2,1) and

(A′
2, A

′
1, c

′
1,2)) fulfil the requirements of Proposition 2.2-2) for A2 = A1 = A and ci,j = cA, i, j ∈

{1, 2} (resp. for A′
1 = A, A′

2 = 1, c′2,1 = r−1
A lA, c

′
1,2 = l−1

A rA, c
′
2,2 = Id1⊗1, c

′
1,1 = cA). Moreover,

by the foregoing, we have

(A⊗ εA) c2,1 = c′2,1 (εA ⊗A) , (εA ⊗A) c1,2 = c′1,2 (A⊗ εA) .

Thus, by Proposition 2.2-3) applied to f1 := IdA and f2 := εA, we can conclude that T ⊗ εT
is a morphism in BrAlgM. Thus we have that (T ⊗ εT )∆T is a morphism in BrAlgM. One
also checks that rA : A ⊗ 1 → A is a morphism in BrAlgM. Thus we can denote by rT the
morphism rA regarded as a morphism in BrAlgM. In other wordsHΩBrrT = rA. Thus we have that
rT (T ⊗ εT )∆T : T → T is a morphism in BrAlgM. We have to check that rT (T ⊗ εT )∆T = IdT .
Since the two sides are in BrAlgM (TBr (V, c) , TBr (V, c)) we have to prove that

Φ ((V, c) , TBr (V, c)) [rT (T ⊗ εT )∆T ] = Φ ((V, c) , TBr (V, c)) [IdT ]

or equivalently

(57) HΦ ((V, c) , TBr (V, c)) [rT (T ⊗ εT )∆T ] = HΦ ((V, c) , TBr (V, c)) [IdT ] .

Note that for any braided algebra morphism ξ : T → U , we have

HΦ ((V, c) , U) (ξ∆T ) = H {ΩBr (ξ∆T ) ηBr (V, c)} = HΩBr (ξ)H {ΩBr (∆T ) ηBr (V, c)}

= HΩBr (ξ)H

[
̂

δlV + δrV

]
= HΩBr (ξ)

(
δlV + δrV

)
.

so that

(58) HΦ ((V, c) , U) (ξ∆T ) = HΩBr (ξ)
(
δlV + δrV

)
, for any ξ : T → U in BrAlgM.

The left-hand side of (57) is

HΦ ((V, c) , TBr (V, c)) [rT (T ⊗ εT )∆T ]
(58)
= HΩBr [rT (T ⊗ εT )]

(
δlV + δrV

)

= rA (A⊗ εA)
(
δlV + δrV

)
= rA (A⊗ εA) (uA ⊗ α1V ) l−1

V + rA (A⊗ εA) (α1V ⊗ uA) r
−1
V

(53)
= rA (α1V ⊗ 1) r−1

V = (α1V ) rV r
−1
V = α1V

(56)
= HηBr (V, c)

= HΦ ((V, c) , TBr (V, c)) [IdT ]

so that rT (T ⊗ εT )∆T = IdT . Similarly one proves that lT (εT ⊗ T )∆T = IdT . By construction
∆A is a morphism of braided algebras so that (∆A ⊗∆A) cA = cA⊗A (∆A ⊗∆A) i.e.

(∆A ⊗∆A) cA = (A⊗ cA ⊗A) (cA ⊗ cA) (A⊗ cA ⊗A) (∆A ⊗∆A) .

If we apply (A⊗A⊗ rA (A⊗ εA)) we get

(∆A ⊗ rA (A⊗ εA)∆A) cA = (A⊗A⊗ rA (A⊗ εA)) (A⊗ cA ⊗A) (cA ⊗ cA) (A⊗ cA ⊗A) (∆A ⊗∆A) .

The left hand side is (∆A ⊗A) cA. Using equality A⊗ rA = rA⊗A, the naturality of r, the equality
rA⊗A = A⊗rA, equality (11), equality A⊗ lA = rA⊗A, equality (11), equality A⊗ lA = rA⊗A and
equality rA (A⊗ εA)∆A = IdA, we see that the right hand side is (A⊗ cA) (cA ⊗A) (A⊗∆A) .
Hence we get (9). Analogously one gets (10).

Note that IdA : A → A and ∆A : A → A⊗A are morphisms in BrAlgM. Moreover (A1, A2, c2,1)
and (A2, A1, c1,2) (respectively (A′

1, A
′
2, c

′
2,1) and (A′

2, A
′
1, c

′
1,2)) fulfil the requirements of Propo-

sition 2.2-2) for A2 = A1 = A and ci,j = cA, i, j ∈ {1, 2} (resp. for A′
1 = A, A′

2 = A ⊗ A
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and c′2,1 = (cA ⊗A) (A⊗ cA) , c
′
1,2 = (A⊗ cA) (cA ⊗A) , c′1,1 = cA, c

′
2,2 = cA⊗A see Lemma 2.3).

Moreover, by the foregoing, we have

(A⊗∆A) c2,1 = c′2,1 (∆A ⊗A) and (∆A ⊗A) c1,2 = c′1,1 (A⊗∆A) .

Thus, by Proposition 2.2-3) applied to f1 := IdA and f2 := ∆A, we can conclude that T ⊗ ∆T

is a morphism in BrAlgM. Similarly ∆T ⊗ T is a morphism in BrAlgM. We have to check that
(T ⊗∆T )∆T = (∆T ⊗ T )∆T . Equivalently we will prove that

(59) HΦ ((V, c) , T ⊗ T ⊗ T ) [(T ⊗∆T )∆T ] = HΦ ((V, c) , T ⊗ T ⊗ T ) [(∆T ⊗ T )∆T ] .

If we apply (58) for ξ = T ⊗∆T , the left-hand side of (59) becomes

HΦ ((V, c) , T ⊗ T ⊗ T ) [(T ⊗∆T )∆T ]
(58)
= HΩBr [(T ⊗∆T )]

(
δlV + δrV

)

= (A⊗∆A)
(
δlV + δrV

)
= (A⊗∆A) (uA ⊗ α1V ) l−1

V + (A⊗∆A) (α1V ⊗ uA) r
−1
V

(52)
=

(
uA ⊗

(
δlV + δrV

))
l−1
V + (α1V ⊗ (uA ⊗ uA)∆1) r

−1
V

=

[
(uA ⊗ uA ⊗ α1V )

(
1⊗ l−1

V

)
l−1
V + (uA ⊗ α1V ⊗ uA)

(
1⊗ r−1

V

)
l−1
V +

+(α1V ⊗ uA ⊗ uA) (V ⊗∆1) r
−1
V

]
.

If we apply (58) for ξ = ∆T ⊗ T , the right-hand side of (59) becomes

HΦ ((V, c) , T ⊗ T ⊗ T ) [(∆T ⊗ T )∆T ]
(58)
= HΩBr [(∆T ⊗ T )]

(
δlV + δrV

)

= (∆A ⊗A)
(
δlV + δrV

)
= (∆A ⊗A) (uA ⊗ α1V ) l−1

V + (∆A ⊗A) (α1V ⊗ uA) r
−1
V

(52)
= ((uA ⊗ uA)∆1 ⊗ α1V ) l−1

V +
((

δlV + δrV

)
⊗ uA

)
r−1
V

=

[
(uA ⊗ uA ⊗ α1V )

(
1⊗ l−1

V

)
l−1
V + (uA ⊗ α1V ⊗ uA)

(
1⊗ r−1

V

)
l−1
V +

+(α1V ⊗ uA ⊗ uA) (V ⊗∆1) r
−1
V

]
.

where the last equality depends on the definitions δlV and δrV , and on the relations ∆1 ⊗ V =
r−1
1

⊗ V = 1⊗ l−1
V ,

(
l−1
V ⊗ 1

)
r−1
V = r−1

1⊗V l
−1
V =

(
1⊗ r−1

V

)
l−1
V and r−1

V ⊗ 1 = V ⊗∆1.

We have so proved that (T ⊗∆T )∆T = (∆T ⊗ T )∆T . Thus (A,mA, uA,∆A, εA, cA) is a braided
bialgebra.

Let f : (V, c) → (V ′, c′) be a morphism in BrM. Let us prove that TBr (f) is a morphism
of braided bialgebras. We know that TBr (f) is a morphism in BrAlgM. We have to check that
T (f) = HΩBrTBr (f) is a morphism of coalgebras i.e. that

(T (f)⊗ T (f)) ◦∆T (V ) = ∆T (V ′) ◦ T (f) ,

εT (V ′) ◦ T (f) = εT (V ).

Take A := T (V ) and A′ := T (V ′) . Note that T (Hf) : T (V ) → T (V ′) and T (Hf) :
T (V ) → T (V ′) are morphisms in BrAlgM. Moreover (A1, A2, c2,1) and (A2, A1, c1,2) (respectively
(A′

1, A
′
2, c

′
2,1) and (A′

2, A
′
1, c

′
1,2)) fulfil the requirements of Proposition 2.2-2) for A2 = A1 = A and

ci,j = cA, i, j ∈ {1, 2} (resp. for A′
2 = A′

1 = A′ and c′i,j = cA′ , i, j ∈ {1, 2} , see Proposition 2.2).

Moreover, since T (Hf) = HΩBrTBr (f) and ΩBrTBr (f) is a morphism of braided objects, we have

(T (Hf)⊗ T (Hf)) c2,1 = c′2,1 (T (Hf)⊗ T (Hf)) ,

(T (Hf)⊗ T (Hf)) c1,2 = c1,2 (T (f)⊗ T (Hf)) .

Thus we can conclude that TBr (f)⊗ TBr (f) is a morphism in BrAlgM. We have to check that

(TBr (f)⊗ TBr (f)) ◦∆T = ∆T ′ ◦ TBr (f)

as morphisms in BrAlgM. Equivalently we will check that

HΦ ((V, c) , T ⊗ T ) [(TBr (f)⊗ TBr (f)) ◦∆T ] = HΦ ((V, c) , T ⊗ T ) [∆T ′ ◦ TBr (f)] .
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The left hand-side is

HΦ ((V, c) , T ⊗ T ) [(TBr (f)⊗ TBr (f)) ◦∆T ]
(58)
= HΩBr [(TBr (f)⊗ TBr (f))]

(
δlV + δrV

)

= (ΩT (Hf)⊗ ΩT (Hf)) (uA ⊗ α1V ) l−1
V + (ΩT (Hf)⊗ ΩT (Hf)) (α1V ⊗ uA) r

−1
V

(1)
= (uA′ ⊗ α1V

′) (1⊗Hf) l−1
V + (α1V

′ ⊗ uA′) (Hf ⊗ 1) r−1
V

= (uA′ ⊗ α1V
′) l−1

V ′ Hf + (α1V
′ ⊗ uA′) r−1

V ′ Hf =
(
δlV ′ + δrV ′

)
Hf.

The right hand-side is

HΦ ((V, c) , T ⊗ T ) [∆T ′ ◦ TBr (f)] = H {ΩBr [∆T ′ ◦ TBr (f)] ηBr (V, c)}

= H {ΩBr [∆T ′ ]}H {ΩBrTBr (f) ηBr (V, c)} = H {ΩBr [∆T ′ ]}H {ηBr (V
′, c′)}Hf

=
(
δlV ′ + δrV ′

)
Hf.

Hence the two sides coincide. We have proved that TBr (f) is comultiplicative. Let us check it
is counitary i.e. that εT ′ ◦ TBr (f) = εT holds in BrAlgM. Equivalently we have to prove that
Φ ((V, c) ,1) [εT ′ ◦ TBr (f)] = Φ ((V, c) ,1) [εT ] . We have

Φ ((V, c) ,1) [εT ′ ◦ TBr (f)] = ΩBr [εT ′ ◦ TBr (f)] ηBr (V, c)

= ΩBr [εT ′ ] {ΩBrTBr (f) ηBr (V, c)}

= ΩBr [εT ′ ] ηBr (V
′, c′) f = 0 =

= ΩBr [εT ] ηBr (V, c) = Φ ((V, c) ,1) [εT ] .

By construction we have that diagram (55) commutes. �

Next aim is to check that the functor PBr : BrBialgM → BrM of Lemma 3.3 is a left adjoint of
TBr.

Theorem 3.5. Take the hypotheses and notations of Lemma 3.3 i.e let M be a preadditive monoidal
category with equalizers and assume that the tensor functors are additive and preserve equalizers.
Assume also that the monoidal category M has denumerable coproducts and that the tensor functors
preserve such coproducts. Then

(
TBr : BrM → BrBialgM, PBr : BrBialgM → BrM

)

is an adjunction. The unit ηBr and the counit ǫBr are uniquely determined by the following equalities

ξTBr ◦ ηBr = ηBr,(60)

ǫBr℧Br ◦ TBrξ = ℧BrǫBr,(61)

where (V, c) ∈ BrM,B ∈ BrBialgM while ηBr and ǫBr denote the unit and counit of the adjunction
(TBr,ΩBr) respectively. Moreover ℧Br : BrBialgM → BrAlgM denotes the forgetful functor.

Proof. Let (V, c) ∈ BrM. Let A := TBr (V, c) . Write A := (A,mA, uA,∆A, εA, cA). Consider the
equalizer

P (A)
ξA // A

∆A //

(A⊗uA)r−1
A

+(uA⊗A)l−1
A

// A⊗A

Note that the codomain of ηBr (V, c) is ΩBrTBr (V, c) = (A, cA) so that it makes sense to check if
HηBr (V, c) : V → A is equalized by the pair

(
∆A, (A⊗ uA) r

−1
A + (uA ⊗A) l−1

A

)
. We have

[
(A⊗ uA) ◦ r

−1
A + (uA ⊗A) ◦ l−1

A

]
◦HηBr (V, c)

(56)
=

[
(A⊗ uA) ◦ r

−1
A + (uA ⊗A) ◦ l−1

A

]
◦ α1V

= (α1V ⊗ uA) ◦ r
−1
V + (uA ⊗ α1V ) ◦ l−1

V

= δrV + δlV
(52)
= ∆A ◦ α1V

(56)
= ∆A ◦HηBr (V, c) .
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By the universal property of equalizers, there is a unique morphism ηBr (V, c) : V → P (A) such
that

(62) ξA ◦ ηBr (V, c) = HηBr (V, c) .

We have

(ξA⊗ξA) ◦ cP (A) ◦ (ηBr (V, c)⊗ ηBr (V, c))
(46)
= cA ◦ (ξA⊗ξA) ◦ (ηBr (V, c)⊗ ηBr (V, c))

= cA ◦ (HηBr (V, c)⊗HηBr (V, c)) = (HηBr (V, c)⊗HηBr (V, c)) ◦ c

= (ξA⊗ξA) ◦ (ηBr (V, c)⊗ ηBr (V, c)) ◦ c

and hence

cP (A) ◦ (ηBrA⊗ ηBrA) = (ηBrA⊗ ηBrA) ◦ c.

Hence ηBr (V, c) induces a morphism of braided objects that we denote with the same symbol,
namely ηBr (V, c) : (V, c) →

(
P (A) , cP (A)

)
.

Let us check that ηBr (V, c) is natural in (V, c) . Let f : (V, c) → (V ′, c′) be a morphism in BrM.
Then

ξTBr (V
′, c′) ◦ PBrTBr (f) ◦ ηBr (V, c)

(48)
= ΩBr℧BrTBr (f) ◦ ξTBr (V, c) ◦ ηBr (V, c)

(62)
= ΩBrTBr (f) ◦ ηBr (V, c)

= ηBr (V
′, c′) ◦ f

(62)
= ξTBr (V

′, c′) ◦ ηBr (V
′, c′) ◦ f

and hence PBrTBr (f) ◦ ηBr (V, c) = ηBr (V
′, c′) ◦ f which means that ηBr (V, c) is natural in (V, c).

A similar argument holds for ξA so that we have proved (60).
The morphism ηBr (V, c) will play the role of the unit of the adjunction

(
TBr, PBr

)
. Let B :=

(B,mB, uB,∆B, εB , cB) ∈ BrBialgM and consider the canonical isomorphism

Φ (PBr (B) ,℧Br (B)) : BrAlgM (TBrPBr (B) ,℧Br (B)) → BrM (PBr (B) ,ΩBr℧Br (B))

f 7→ ΩBr (f) ◦ ηBrPBr (B) .

Define the morphism ζB := Φ (PBr (B) ,℧Br (B))
−1 (ξB). This means that

(63) ΩBr (ζB) ◦ ηBrPBr (B) = ξB.

Set ζB := HΩBr (ζB) = ΩHAlg (ζB) : TP (B) → B. Note that

ζB ◦ ηP (B)
(56)
= HΩBr (ζB) ◦HηBrPBr (B)

= H [ΩBr (ζB) ◦ ηBrPBr (B)]
(63)
= HξB

so that

(64) ζB ◦ ηP (B) = HξB.

We will check that

(65) ∆B ◦ ζB = (ζB ⊗ ζB) ◦∆TP (B).

The morphisms above are in particular algebra maps. Since (T,Ω) is an adjunction, the equality
above holds if

∆B ◦ ζB ◦ ηP (B) = (ζB ⊗ ζB) ◦∆TP (B) ◦ ηP (B) .

The first term is

∆B ◦ ζB ◦ ηP (B)
(64)
= ∆B ◦HξB

=
(
(B ⊗ uB) r

−1
B + (uB ⊗B) l−1

B

)
◦HξB.

On the other hand, using, in the given order, (4), (52), the definitions of δlP (B) and δrP (B), (4), (64)

and the naturality of the unit constraints, we obtain that the second term is
(
(B ⊗ uB) r

−1
B + (uB ⊗B) l−1

B

)
◦
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HξB. Thus (65) holds true. Now we will prove that εB◦ζB = εΩTP (B). Since (T,Ω) is an adjunction,
the equality above holds if

εB ◦ ζB ◦ ηP (B) = εΩTP (B) ◦ ηP (B) .

We have

εB ◦ ζB ◦ ηP (B)
(64)
= εB ◦HξB

(∗)
= 0

(53),(4)
= εΩTP (B) ◦ ηP (B) .

In order to prove (*) we proceed as follows. Consider the equalizer

P (B)
ξB // B

∆B //

(B⊗uB)r−1
B

+(uB⊗B)l−1
B

// B ⊗B

By applying m1 ◦ (εB ⊗ εB) we get

m1 ◦ (εB ⊗ εB) ◦∆B ◦ ξB = m1 ◦ (εB ⊗ εB) ◦
[
(B ⊗ uB) r

−1
B + (uB ⊗B) l−1

B

]
◦ ξB.

The left hand-side is

m1 ◦ (εB ⊗ εB) ◦∆B ◦ ξB = m1 ◦ (εB ⊗ 1) ◦ (B ⊗ εB) ◦∆B ◦ ξB

= m1 ◦ (εB ⊗ 1) ◦ r−1
B ◦ ξB = m1 ◦ r−1

1
◦ εB ◦ ξB = εB ◦ ξB

The right hand-side is

m1 ◦ (εB ⊗ εB) ◦
[
(B ⊗ uB) r

−1
B + (uB ⊗B) l−1

B

]
◦ ξB

= m1 ◦
[
(εB ⊗ 1) r−1

B + (1⊗ εB) l
−1
B

]
◦ ξB

= m1 ◦
[
r−1
1

εB + l−1
1

εB
]
◦ ξB = 2εB ◦ ξB

Hence we get εB ◦ ξB = 2εB ◦ ξB and hence εB ◦ ξB = 0 as required. Thus (*) is proved. Summing
up, we have proved that ζB : TP (B) → B is a coalgebra morphism. Since ζB := HΩBr (ζB), we
also know it is a morphism of algebras and braided objects so that there is a unique morphism
ǫBrB : TP (B) → B in BrBialgM such that

℧Br (ǫBrB) = ζB.

By definition of ζB, we have

ΩBr℧Br (ǫBrB) ◦ ηBrPBr (B) = ΩBrζB ◦ ηBrPBr (B)
(63)
= ξB

Observe that ǫBrB is uniquely determined by the last equality. Note also that

(66) ǫBr℧BrB ◦ TBrξB = Φ(PBr (B) ,℧BrB)
−1

(ξB) = ζB = ℧Br (ǫBrB) .

Let us check that ǫBrB is natural in B. Let f : B → B′ be a morphism in BrBialgM. Then

℧Br

[
ǫBrB

′ ◦ TBrPBr (f)
] (66)

= ǫBr℧BrB
′ ◦ TBrξB

′ ◦ TBrPBr (f)

(48)
= ǫBr℧BrB

′ ◦ TBrΩBr℧Br (f) ◦ TBrξB

= ℧Br (f) ◦ ǫBr℧BrB ◦ TBrξB
(66)
= ℧Br [f ◦ ǫBrB]

Since ℧Br is faithful, we obtain ǫBrB
′ ◦ TBrPBr (f) = f ◦ ǫBrB so that ǫBrB is natural in B. Thus

(66) implies that (61) holds.
Let us check that

(
TBr, PBr

)
is an adjunction with unit ηBr and counit ǫBr. We compute

ξB ◦ PBrǫBrB ◦ ηBrPBrB
(48)
= ΩBr℧BrǫBrB ◦ ξTBrPBrB ◦ ηBrPBrB

(60)
= ΩBr℧BrǫBrB ◦ ηBrPBrB

(61)
= ΩBrǫBr℧BrB ◦ ΩBrTBrξB ◦ ηBrPBrB

= ΩBrǫBr℧BrB ◦ ηBrΩBr℧BrB ◦ ξB = ξB

Since ξB is a monomorphism, we get PBrǫBrB ◦ ηBrPBrB = IdPBrB. We have

℧Br

[
ǫBrTBr ◦ TBrηBr

] (61)
= ǫBr℧BrTBr ◦ TBrξTBr ◦ TBrηBr

(60)
= ǫBrTBr ◦ TBrηBr = IdTBr = ℧Br

[
IdTBr

]
.
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Since ℧Br is faithful, we get ǫBrTBr ◦ TBrηBr = IdTBr
. �

Proposition 3.6. Let M and M′ be preadditive monoidal categories with equalizers. Assume that
the tensor functors are additive and preserve equalizers in both categories. Let (F, φ0, φ2) : M →
M′ be a monoidal functor which preserves equalizers. Then the following diagram commutes, where
BrBialgF and BrF are the functors of Proposition 2.5.

(67) BrBialgM
BrBialgF //

PBr ��

BrBialgM′

P ′
Br��

BrM
BrF // BrM′

Moreover we have

(68) ξ′ (BrBialgF ) = (BrF ) ξ.

Proof. By Lemma 3.3, for any A := (A,mA, uA,∆A, εA, cA) ∈ BrBialgM we have that PBrA =(
P (A) , cP (A)

)
where P (A) is the equalizer

P (A)
ξA // A

∆A //

(A⊗uA)r−1
A

+(uA⊗A)l−1
A

// A⊗A

and cP (A) is defined by (46). We have

(P ′
Br ◦ BrBialgF ) (A) = P ′

Br ((BrBialgF ) (A))

=
(
P ′ ((BrBialgF ) (A)) , cP ′((BrBialgF )(A))

)

where
(
P ′ ((BrBialgF ) (A)) , ξ′ (BrBialgF ) (A)

)

=
(
P ′ ((FA,mFA, uFA,∆FA, εFA, cFA)) , ξ

′ (FA,mFA, uFA,∆FA, εFA, cFA)
)

= EquM′

(
∆FA, (FA⊗ uFA) r

−1
FA + (uFA ⊗ FA) l−1

FA

)

= EquM′

(
φ2 (A,A)∆FA, φ2 (A,A) (FA⊗ uFA) r

−1
FA + φ2 (A,A) (uFA ⊗ FA) l−1

FA

)

= EquM′

(
F∆A, φ2 (A,A) (FA⊗ FuA) (FA⊗ φ0) r

−1
FA + φ2 (A,A) (FuA ⊗ FA) (φ0 ⊗ FA) l−1

FA

)

= EquM′

(
F∆A, F (A⊗ uA)φ2 (A,1) (FA⊗ φ0) r

−1
FA + F (uA ⊗A)φ2 (1, A) (φ0 ⊗ FA) l−1

FA

)

= EquM′

(
F∆A, F (A⊗ uA)F

(
r−1
A

)
+ F (uA ⊗A)F

(
l−1
A

))

= F
(
EquM

(
∆A, (A⊗ uA) r

−1
A + (uA ⊗A) l−1

A

))

= ((F ◦ P ) (A,mA, uA,∆A, εA, cA) , F ξ (A,mA, uA,∆A, εA, cA))

= (FP (A) , F ξA)

and cP ((BrBialgF )(A)) fulfills
(
ξ′ (BrBialgF ) (A)⊗ ξ′ (BrBialgF ) (A)

)
◦ cP ′((BrBialgF )(A))

(46)
= cFA ◦

(
ξ′ (BrBialgF ) (A)⊗ ξ′ (BrBialgF ) (A)

)

= cFA ◦ (FξA⊗ FξA) = φ−1
2 (A,A) ◦ FcA ◦ φ2 (A,A) ◦ (FξA⊗ FξA)

= φ−1
2 (A,A) ◦ FcA ◦ F (ξA⊗ ξA) ◦ φ2 (P (A) , P (A))

(46)
= φ−1

2 (A,A) ◦ F (ξA⊗ ξA) ◦ FcP (A) ◦ φ2 (P (A) , P (A))

= (FξA⊗ FξA) ◦ φ−1
2 (P (A) , P (A)) ◦ FcP (A) ◦ φ2 (P (A) , P (A))

=
(
ξ′ (BrBialgF ) (A)⊗ ξ′ (BrBialgF ) (A)

)
◦ φ−1

2 (P (A) , P (A)) ◦ FcP (A) ◦ φ2 (P (A) , P (A))

so that
cP ′((BrBialgF )(A)) = φ−1

2 (P (A) , P (A)) ◦ FcP (A) ◦ φ2 (P (A) , P (A)) .

Summing up we get

(P ′
Br ◦ BrBialgF ) (A) =

(
P ′ ((BrBialgF ) (A)) , cP ′((BrBialgF )(A))

)
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=
(
FP (A) , φ−1

2 (P (A) , P (A)) ◦ FcP (A) ◦ φ2 (P (A) , P (A))
)

= (BrF )
(
P (A) , cP (A)

)
= (BrF ◦ PBr) (A) .

We have so proved that (P ′
Br ◦ BrBialgF ) (A) = (BrF ◦ PBr) (A) . Let us check that the two

functors coincide also on morphisms. Let f : A → A′ be a morphism in BrBialgM. In view of
Lemma 3.3, P (f) makes the diagram

P (A)

P (f)

��

ξA // A

f

��

∆A //

(A⊗uA)r−1
A +(uA⊗A)l−1

A

// A⊗A

f⊗f

��
P (A′)

ξA′

// A′
∆A′ //

(A′
⊗uA′)r−1

A′ +(uA′⊗A′)l−1

A′

// A′ ⊗A′

commutative. If we apply F we get the commutative diagram

FP (A)

FP (f)

��

FξA // FA

Ff

��

F∆A //

F (A⊗uA)Fr
−1
A +F (uA⊗A)Fl

−1
A

// F (A⊗A)

F (f⊗f)

��
FP (A′)

FξA′

// FA′
F∆A′ //

F(A′
⊗uA′)Fr

−1

A′ +F(uA′⊗A′)Fl
−1

A′

// F (A′ ⊗A′)

Composing as above with φ2 (A
′, A′) we get the commutative diagram whose rows are equalizers

FP (A)

FP (f)

��

FξA // FA

Ff

��

∆FA //

(FA⊗uFA)r−1
FA

+(uFA⊗FA)l−1
FA

// FA⊗ FA

Ff⊗Ff

��
FP (A′)

FξA′

// FA′
∆FA′ //

(FA′
⊗uFA′)r−1

FA′+(uFA′⊗FA′)l−1

FA′

// FA′ ⊗ FA′

Hence

(P ′
Br ◦ BrBialgF ) (f) = P ′ (F (f)) = F (P (f)) = (F ◦ P ) (f) .

In conclusion, the diagram in the statement commutes. Moreover (68) holds. �

4. Braided Categories

4.1. A braided monoidal category (M,⊗,1, a, l, r, c) is a monoidal category (M,⊗,1) equipped
with a braiding c, that is an isomorphism cU,V : U ⊗ V → V ⊗U , natural in U, V ∈ M, satisfying,
for all U, V,W ∈ M,

aV,W,U ◦ cU,V⊗W ◦ aU,V,W = (V ⊗ cU,W ) ◦ aV,U,W ◦ (cU,V ⊗W ),

a−1
W,U,V ◦ cU⊗V,W ◦ a−1

U,V,W = (cU,W ⊗ V ) ◦ a−1
U,W,V ◦ (U ⊗ cV,W ).

From now on we will omit the associativity and unity constraints unless needed to clarify the
context.

A braided monoidal category is called symmetric if we further have cV,U ◦ cU,V = IdU⊗V for
every U, V ∈ M.

A (symmetric) braided monoidal functor is a monoidal functor F : M → M′ such that

F (cU,V ) ◦ φ2(U, V ) = φ2(V, U) ◦ c′F (U),F (V ).

More details on these topics can be found in [Ka, Chapter XIII].

Remark 4.2. Given a braided monoidal category (M,⊗,1, c) the category AlgM becomes monoidal
where, for every A,B ∈ AlgM the multiplication and unit of A⊗ B are given by

mA⊗B : = (mA ⊗mB) ◦ (A⊗ cB,A ⊗ B) : (A⊗B)⊗ (A⊗B) → A⊗B,

uA⊗B : = (uA ⊗ uB) ◦ l
−1
1

: 1 → A⊗B.
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Moreover the forgetful functor AlgM → M is a strict monoidal functor, cf. [JS, page 60].

Definition 4.3. A bialgebra in a braided monoidal category (M,⊗,1, c) is a coalgebra (B,∆, ε)
in the monoidal category AlgM. Equivalently a bialgebra is a quintuple (A,m, u,∆, ε) where
(A,m, u) is an algebra in M, (A,∆, ε) is a coalgebra in M such that ∆ and ε are morphisms of
algebras where A⊗A is an algebra as in the previous remark. Denote by BialgM the category of
bialgebras in M and their morphisms, defined in the expected way.

Proposition 4.4. Let M be a braided monoidal category. Consider the obvious functors

J : M → BrM, JAlg : AlgM → BrAlgM and JBialg : BialgM → BrBialgM

which act as the identity on morphisms and defined on objects by

JV = (V, cV,V ) ,

JAlg (A,mA, uA) = (A,mA, uA, cA,A) ,

JBialg (B,mB, uB,∆B, εB) = (B,mB, uB,∆B , εB, cB,B) .

Then J, JAlg and JBialg are full, faithful and conservative. Moreover the following diagram
commutes.

(69) BialgM
JBialg //

℧
��

BrBialgM
℧Br��

AlgM
JAlg // BrAlgM

AlgM
JAlg //

Ω ��

BrAlgM
ΩBr��

M
J // BrM

Proof. It is clear that (V, cV,V ) is an object in BrM. Moreover any morphism in M becomes a
morphism in BrM with respect to the braiding of M. Thus the functor J is well-defined. Let us
check that J is full and faithful. For V, V ′ ∈ M,

BrM (JV, JV ′) = BrM ((V, cV,V ) , (V
′, cV ′,V ′)) = M (V, V ′) .

Using the naturality of the braiding in M, one proves that (A,mA, uA, cA,A) is a braided algebra
inM for every algebra (A,mA, uA) inM. Moreover any morphism of algebras becomes a morphism
of braided algebras with respect to the braiding of M. Thus the functor JAlg is well-defined. Let
us check that JAlg is full and faithful. For (A,mA, uA) and (A′,mA′ , uA′) objects in AlgM,

BrAlgM (JAlg (A,mA, uA) , JAlg (A
′,mA′ , uA′))

= BrAlgM ((A,mA, uA, cA,A) , (A
′,mA′ , uA′ , cA′,A′))

= AlgM ((A,mA, uA) , (A
′,mA′ , uA′)) .

By Definition 4.3, a bialgebra in M is a quintuple (B,mB, uB,∆B, εB) where (B,mB, uB) is an
algebra and (B,∆B , εB) a coalgebra in M such that ∆B and εB are morphisms of algebras where
B ⊗B is an algebra via the braiding of M. Using the naturality of the braiding in M, one proves
that (B,mB, uB,∆B, εB, cB,B) is indeed a braided bialgebra in M. Furthermore any morphism of
bialgebras f is indeed a morphism of braided bialgebras. Thus the functor JBialg is well-defined.
Let us check that JBialg is full and faithful. For (B,mB, uB,∆B, εB) and (B′,mB′ , uB′ ,∆B′ , εB′)
objects in BialgM,

BrBialgM (JBialg (B,mB, uB,∆B, εB) , JBialg (B
′,mB′ , uB′ ,∆B′ , εB′))

= BrBialgM ((B,mB, uB,∆B, εB , cB,B) , (B
′,mB′ , uB′ ,∆B′ , εB′ , cB′,B′))

= BialgM ((B,mB, uB,∆B, εB) , (B
′,mB′ , uB′ ,∆B′ , εB′)) .

The commutativity of the diagrams and the fact that J, JAlg and JBialg are conservative are
clear. �
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Proposition 4.5. Take the hypotheses and notations of Proposition 3.1 and assume that M is
braided. Then we have a commutative diagram

(70) AlgM
JAlg //

T ��

BrAlgM
TBr��

M
J // BrM

where J and JAlg are as in Proposition 4.4.

Proof. Set (T,mT , uT ) := TV. We have

(JAlg ◦ T ) (V ) = JAlg (T,mT , uT ) = (T,mT , uT , cT,T ) ,

(TBr ◦ J) (V ) = TBr (V, cV,V ) = (T,mT , uT , cT ) ,

where cT is uniquely determined by (42). Let us check that cT = cT,T . Since M is braided
and αnV : V ⊗n → T is a morphism in M, we have that cT,T ◦ (αmV ⊗ αnV ) = (αnV ⊗ αmV ) ◦
cV ⊗m,V ⊗n . Since the tensor functors preserves denumerable coproducts, cT,T is uniquely deter-
mined by this equality. Thus it will coincide with cT once proved that cV ⊗m,V ⊗n = c

m,n
T for every

m,n ∈ N. In view of Proposition 2.7, it suffices to check that cV ⊗m,V ⊗n fulfills the analogues
of the equalities in that statement (which are fulfilled, by construction, by c

m,n
T ). For objects

X,Y, Z ∈ M,

(cX,Z ⊗ Y ) ◦ (X ⊗ cY,Z) = cX⊗Y,Z , (Y ⊗ cX,Z) ◦ (cX,Y ⊗ Z) = cX,Y⊗Z ,

c1,Z ◦ l−1
Z = r−1

Z , cZ,1 ◦ r−1
Z = l−1

Z

If we take X = V ⊗l, Y = V ⊗m and Z = V ⊗n we get
(
cV ⊗l,V ⊗n ⊗ V ⊗m

)
◦
(
V ⊗l ⊗ cV ⊗m,V ⊗n

)
= cV ⊗l⊗V ⊗m,V ⊗n = cV ⊗(l+m),V ⊗n ,

(
V ⊗m ⊗ cV ⊗l,V ⊗n

)
◦
(
cV ⊗l,V ⊗m ⊗ V ⊗n

)
= cV ⊗l,V ⊗m⊗V ⊗n = cV ⊗l,V ⊗(m+n) ,

c1,V ⊗n ◦ l−1
V ⊗n = r−1

V ⊗n , cV ⊗n,1 ◦ r−1
V ⊗n = l−1

V ⊗n

Hence, cV ⊗m,V ⊗n fulfills equalities of the same form of the ones defining c
m,n
T . Hence, in order

to check that cV ⊗m,V ⊗n = c
m,n
T we have only to prove that it holds for m,n ∈ {0, 1} . But this

is true. Summing up we have proved that cT,T = cT and hence (JAlg ◦ T ) (V ) = (TBr ◦ J) (V ) .
Moreover, for every morphism f in M we have (JAlg ◦ T ) (f) = T (f) = (TBr ◦ J) (f) . Hence
JAlg ◦ T = TBr ◦ J . �

4.6. Let M be a preadditive braided monoidal category with equalizers. Assume that the tensor
functors are additive and preserve equalizers. Let BialgM be the category of bialgebras in M and
Θ : BialgM → M be the forgetful functor. Define the functor

P := H ◦ PBr ◦ JBialg : BialgM → M

For any B := (B,mB, uB,∆B , εB) ∈ BialgM we have

P (B) = (H ◦ PBr ◦ JBialg) (B) = (H ◦ PBr) (JBialg (B))

= H
(
P (JBialg (B)) , cP (JBialg(B))

)
= P (JBialg (B))

= P (B,mB, uB,∆B , εB, cB,B) = P (B,∆B, εB, uB)

The canonical inclusion ξP (B,∆B, εB, uB) : P (B,∆B, εB, uB) → B will be denoted by ξB. Thus
we have the equalizer

P (B)
ξB // B

∆B //

(B⊗uB)r−1
B +(uB⊗B)l−1

B

// B ⊗B
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Proposition 4.7. Let M be a preadditive braided monoidal category with equalizers. Assume that
the tensor functors are additive and preserve equalizers. Then we have a commutative diagram

(71) BialgM
JBialg //

P ��

BrBialgM
PBr��

M
J // BrM

where the horizontal arrows are the functors of Proposition 4.4. Furthermore

(72) ξJBialg = Jξ.

Proof. Let B := (B,mB, uB,∆B, εB) ∈ BialgM. Then

JBialgB = (B,mB, uB,∆B, εB, cB,B) ,

where cB,B is the braiding of B in M. Looking at (4.6) and Lemma (3.3) we have PBrJBialgB =
(PB, cP ) where (ξB⊗ ξB) cP = cB,B (ξB⊗ ξB) and ξB : P (B) → B is the morphism of definition of
the equalizer. Since ξB belongs to M, it is compatible with the braiding so that (ξB⊗ ξB) cP,P =
cB,B (ξB⊗ ξB) . Since the tensor functors preserve equalizers we have that ξB⊗ ξB is a monomor-
phism and hence cP = cP,P . Thus PBrJBialgB = (PB, cP ) = (PB, cP,P ) = JPB. Let f : B → B′ be
a morphism in BialgM. Then PBrJBialgf ∈ BrM (PBrJBialgB, PBrJBialgB

′) = BrM (JPB, JPB′) .
By Proposition 4.4, J is full and faithful so that there is a unique morphism g : PB → PB′ such
that Jg = PBrJBialgf. By definition of P, we have Pf = HPBrJBialgf = HJg = g so that we get
JPf = Jg = PBrJBialgf. This implies that PBr ◦ JBialg = J ◦ P .

Note that ξJBialgB goes from PBrJBialgB to ΩBr℧BrJBialgB. Now the first object is JPB. The
second object is ΩBr℧BrJBialgB = ΩBrJAlg℧B = JΩ℧B. Thus ξJBialgB ∈ BrM (JPB, JΩ℧B) .
Using again that J is full and faithful, we get ξJBialgB = Jα for a unique morphism α. If we
compose both sides of this equality by H we get α = HξJBialgB. By 4.6 and Lemma 3.3, we have
that HξJBialgB = HξB = ξB. Thus α = ξB and hence we get ξJBialg = Jξ. �

4.8. Let M be a preadditive braided monoidal category with equalizers. Assume that the tensor
functors are additive and preserve equalizers. Assume further that M has denumerable coproducts
and that the tensor functors preserve such coproducts. By Remark 1.3, the forgetful functor
Ω : AlgM → M has a left adjoint T : M → AlgM. Let us check that T (V ) becomes an object in
BialgM. Let V ∈ M and consider

(
TBr ◦ J

)
(V ) = TBr (V, cV,V ) .

Denote this braided bialgebra by (A,mA, uA,∆A, εA, cA) . Note that

T (V ) = THJV
(44)
= HAlgTBrJ (V )

(55)
= HAlg℧BrTBrJ (V ) = (A,mA, uA) .

Let us compute the braiding cA. We have

(A,mA, uA, cA) = ℧Br (A,mA, uA,∆A, εA, cA)

= ℧BrTBrJ (V )
(55)
= TBrJ (V )

(70)
= JAlgT (V )

= (A,mA, uA, cA,A)

so that cA = cA,A. Since (A,mA, uA,∆A, εA, cA,A) = (A,mA, uA,∆A, εA, cA) which is a braided

bialgebra, it is clear that (A,mA, uA,∆A, εA) is a bialgebra in M that will be denoted by T (V ) .
By construction we have (

TBr ◦ J
)
(V ) = JBialg

(
T (V )

)
.

Let f : V → W be a morphism in M. Then
(
TBr ◦ J

)
(f) ∈ BrBialgM

(
JBialg

(
T (V )

)
, JBialg

(
T (W )

))
.
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By Proposition 4.4, we have that JBialg is full and faithful so that there is a unique morphism

T (f) ∈ BialgM
(
T (V ) , T (W )

)
such that

(
TBr ◦ J

)
(f) = JBialg

(
T (f)

)
. In this way we have

defined a functor

T : M → BialgM

such that TBr ◦ J = JBialg ◦ T . Thus we get the commutative diagram

(73) BialgM
JBialg // BrBialgM

M

T

OO

J // BrM

TBr

OO

Note that, by construction we have that (52) and (54) hold. We compute

℧T = HAlgJAlg℧T
(69)
= HAlg℧BrJBialgT

(73)
= HAlg℧BrTBrJ

(55)
= HAlgTBrJ

(44)
= THJ = T

so that the following diagram commutes.

(74) BialgM
℧ // AlgM

M
T

ff◆◆◆◆◆◆ T

88rrrrrr

Let us check T is a left adjoint of the functor P : BialgM → M.

Theorem 4.9. Let M be a preadditive braided monoidal category with equalizers. Assume that
the tensor functors are additive and preserve equalizers. Assume further that M has denumer-
able coproducts and that the tensor functors preserve such coproducts. Then we can consider the
morphisms ηBr and ǫBr of Theorem 3.5 and the functor T of (4.8).

1) There are unique natural transformations η : IdM → PT and ǫB : TP → IdBialgM
such that

ηBrJ = Jη,(75)

ǫBrJBialg = JBialgǫ.(76)

2) The pair
(
T , P

)
is an adjunction with unit η and counit ǫ.

3) The unit η and the counit ǫ are uniquely determined by the following equalities

(77) ξT ◦ η = η,

(78) ǫ℧ ◦ Tξ = ℧ǫ,

where η and ǫ denote the unit and counit of the adjunction (T,Ω) respectively.

Proof. 1) Let V ∈ M and B ∈ BialgM. Since PBrTBrJV
(73)
= PBrJBialgTV

(71)
= JPTV , we have

that ηBrJV ∈ BrM
(
JV, PBrTBrJV

)
= BrM

(
JV, JPTV

)
. Since TBrPBrJBialgB

(71)
= TBrJPB

(73)
=

JBialgTPB, we have that

ǫBrJBialgB ∈ BrBialgM
(
TBrPBrJBialgB, JBialgB

)
= BrBialgM

(
JBialgTPB, JBialgB

)
.

Now, by Proposition 4.4, both J and JBialg are full and faithful. Thus there are unique morphisms

ηV : V → PTV and ǫB : TPB → B such that ηBrJV = JηV and ǫBrJBialgB = JBialgǫB. Note that
ηV = HJηV = HηBrJV so that ηV is natural in V. Let us check that ǫB is natural in B. Given a
morphism f : B → B′ we have

JBialg

(
ǫB′ ◦ TPf

)
= JBialgǫB

′ ◦ JBialgTPf
(73)
= ǫBrJBialgB

′ ◦ TBrJPf

(71)
= ǫBrJBialgB

′ ◦ TBrPBrJBialgf

= JBialgf ◦ ǫBrJBialgB
′ = JBialgf ◦ JBialgǫB

′ = JBialg (f ◦ ǫB) .

Since JBialg is faithful, we get ǫB′ ◦ TPf = f ◦ ǫB so that ǫB is natural in B.
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2) We compute

J (Pǫ ◦ ηP )
(71)
= PBrJBialgǫ ◦ JηP

(75),(76)
= PBrǫBrJBialg ◦ ηBrJP

(71)
= PBrǫBrJBialg ◦ ηBrPBrJBialg = PBrJBialg

(71)
= JP.

Since J is faithful, we obtain Pǫ ◦ ηP = P. We also have

JBialg

(
ǫT ◦ Tη

) (73)
= JBialgǫT ◦ TBrJη

(75),(76)
= ǫBrJBialgT ◦ TBrηBrJ

(73)
= ǫBrTBrJ ◦ TBrηBrJ = TBrJ

(73)
= JBialgT .

Since JBialg is faithful, we get ǫT ◦ Tη = T . We have so proved that
(
T , P

)
is an adjunction with

unit η and counit ǫ.
3) We have

ξT ◦ η = HJ
(
ξT ◦ η

)
= H

(
JξT ◦ Jη

) (72),(75)
= H

(
ξJBialgT ◦ ηBrJ

)

(73)
= H

(
ξTBrJ ◦ ηBrJ

) (60)
= HηBrJ

(43)
= ηHJ = η

and

℧ǫ = HAlg℧BrJBialgǫ
(76)
= HAlg℧BrǫBrJBialg

(61)
= HAlg (ǫBr℧Br ◦ TBrξ)JBialg

= HAlgǫBr℧BrJBialg ◦HAlgTBrξJBialg
(43),(44)

= ǫHAlg℧BrJBialg ◦ THξJBialg

(72)
= ǫ℧ ◦ THJξ = ǫ℧ ◦ Tξ.

Since ξT is a monomorphism and ℧ is faithful, we get that η and ǫ are uniquely determined by
(77) and (78) respectively. �

Proposition 4.10. Let M and M′ be braided monoidal categories. Let (F, φ0, φ2) : M → M′ be
a braided monoidal functor. Then F induces a functor BialgF : BialgM → BialgM′ which acts as
F on morphisms and which is defined, on objects, by

BialgF (B,mB, uB,∆B, εB) := (FB,mFB, uFB,∆FB, εFB)

where

mFB : = FmB ◦ φ2 (B,B) : FB ⊗ FB → FB,

uFB : = FuB ◦ φ0 : 1 → FB,

∆FB : = φ−1
2 (B,B) ◦ F∆B : FB → FB ⊗ FB,

εFB : = φ−1
0 ◦ FεB : FB → 1,

and the following diagrams commute.

M
F //

J ��

M′

J′

��
BrM

BrF // BrM′

BialgM
BialgF //

JBialg
��

BialgM′

J′
Bialg��

BrBialgM
BrBialgF // BrBialgM′

BialgM
BialgF //

℧
��

BialgM′

℧
′

��
AlgM

AlgF // AlgM′

1) BialgF is an equivalence (resp. category isomorphism or conservative) whenever F is.
2) If F preserves equalizers, the following diagram commutes

BialgM
BialgF //

P ��

BialgM′

P ′

��
M

F // M′

and

(79) ξ (BialgF ) = Fξ
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Proof. Let us check that the first diagram commutes.

(BrF ◦ J) (M) = BrF (M, cM,M ) =
(
FM,φ−1

2 (M,M) ◦ FcM,M ◦ φ2 (M,M)
)

(∗)
= (FM, cFM,FM ) = (J ′ ◦ F ) (M) ,

where in (*) we used that F is braided. The functors BrF ◦ J and J ′ ◦ F trivially coincide on
morphisms. We have

(BrBialgF ◦ JBialg) (B,mB, uB,∆B, εB)

= BrBialgF (B,mB, uB,∆B, εB , cB,B)

=
(
FB,mFB, uFB,∆FB, εFB, φ

−1
2 (B,B) ◦ FcB,B ◦ φ2 (B,B)

)

(∗)
= (FB,mFB, uFB,∆FB , εFB , cFB,FB)

Now, since

(FB,mFB, uFB,∆FB, εFB, cFB,FB) = (BrBialgF ◦ JBialg) (B,mB, uB,∆B, εB) ∈ BrBialgM′

and cFB,FB is the braiding of FB in M′ we conclude that (FB,mFB, uFB,∆FB , εFB) ∈ BialgM′ .
Moreover for every morphism f : (B,mB, uB,∆B, εB) → (B′,mB′ , uB′ ,∆B′ , εB′) in BialgM, we
have (BrBialgF ◦ JBialg) (f) = (BrBialgF ) (f) = Ff so that Ff is a morphism with domain
(FB,mFB, uFB,∆FB, εFB , cFB,FB) and codomain (FB′,mFB′ , uFB′ ,∆FB′ , εFB′ , cFB′,FB′) . Thus
Ff is a morphism in BialgM′ . Hence BialgF is a well-defined functor. Note also that

(
J ′
Bialg ◦ BialgF

)
(B,mB, uB,∆B , εB) = J ′

Bialg (FB,mFB, uFB,∆FB , εFB)

= (FB,mFB, uFB,∆FB, εFB, cFB,FB)

so that the functors J ′
Bialg ◦ BialgF and BrBialgF ◦ JBialg coincide on objects. They trivially

coincide on morphisms too so that the second diagram commutes. The third diagram commutes
by definition of BialgF and AlgF .

1) Assume that F preserves equalizers. By Proposition 3.6, we have

P ′ (BialgF ) = H ′P ′
BrJ

′
Bialg (BialgF ) = H ′P ′

Br (BrBialgF )JBialg
(67)
= H ′ (BrF )PBrJBialg

(71)
= FHJP = FP.

and

ξ (BialgF ) = ξ′J ′
Bialg (BialgF ) = ξ′ (BrBialgF )JBialg

(68)
= (BrF ) ξJBialg = (BrF ) ξ = Fξ.

2) Assume that F is an equivalence. By Proposition 4.4, JBialg and J ′
Bialg are both full and

faithful. By Proposition 2.5, BrBialgF is a category equivalence. Given X and Y objects in
BialgM we have

BialgM′ ((BialgF )X, (BialgF )Y ) ∼= BrBialgM′

((
J ′
Bialg ◦ BialgF

)
X,

(
J ′
Bialg ◦ BialgF

)
Y
)

= BrBialgM′ ((BrBialgF ◦ JBialg)X, (BrBialgF ◦ JBialg)Y ) ∼= BialgM (X,Y ) .

The composition of these maps is the map assigning (BialgF ) (f) to a morphism f so that
BialgF is full and faithful. In order to prove it is an equivalence, it remains to check that it
is essentially surjective i.e. that each object (B′,mB′ , uB′ ,∆B′ , εB′) ∈ BialgM′ is isomorphic to
(BialgF ) (B,mB, uB,∆B, εB) for some object (B,mB, uB,∆B , εB) in BialgM.

Let (B′,mB′ , uB′ ,∆B′ , εB′) ∈ BialgM′ . Then

(B′,mB′ , uB′ ,∆B′ , εB′ , cB′,B′) = J ′
Bialg (B

′,mB′ , uB′ ,∆B′ , εB′) ∈ BrBialgM′

Since BrBialgF is essentially surjective, there exists (B,mB, uB,∆B, εB, cB) ∈ BrBialgM and an
isomorphism

f : (B′,mB′ , uB′ ,∆B′ , εB′ , cB′,B′) → (BrBialgF ) (B,mB, uB,∆B , εB, cB)

in BrBialgM′ . Since

(BrBialgF ) (B,mB, uB,∆B, εB, cB) =
(
FB,mFB, uFB,∆FB , εFB, φ

−1
2 (B,B) ◦ FcB ◦ φ2 (B,B)

)
,



32 ALESSANDRO ARDIZZONI AND CLAUDIA MENINI

we have
φ−1
2 (B,B) ◦ FcB ◦ φ2 (B,B) ◦ (f ⊗ f) = (f ⊗ f) ◦ cB′,B′ .

Since f is ,in particular, a morphism in M′, by the naturality of the braiding, we get

FcB = φ2 (B,B) ◦ (f ⊗ f) ◦ cB′,B′ ◦
(
f−1 ⊗ f−1

)
◦ φ−1

2 (B,B)

= φ2 (B,B) ◦ c′FB,FB ◦ (f ⊗ f) ◦
(
f−1 ⊗ f−1

)
◦ φ−1

2 (B,B)

= φ2 (B,B) ◦ c′FB,FB ◦ φ−1
2 (B,B) = FcB,B.

Since F is faithful, we obtain cB = cB,B. Thus (B,mB, uB,∆B, εB, cB) ∈ BrBialgM means that
(B,mB, uB,∆B, εB) ∈ BialgM so that

(BrBialgF ) (B,mB, uB,∆B , εB, cB) = (BrBialgF ) (B,mB, uB,∆B, εB, cB,B)

= (BrBialgF )JBialg (B,mB, uB,∆B, εB) =
(
J ′
Bialg ◦ BialgF

)
(B,mB, uB,∆B, εB) .

Thus f ∈ BrBialgM′

(
J ′
Bialg (B

′,mB′ , uB′ ,∆B′ , εB′) ,
(
J ′
Bialg ◦ BialgF

)
(B,mB , uB,∆B, εB)

)
. Since

J ′
Bialg is full, there is a morphism g : (B′,mB′ , uB′ ,∆B′ , εB′) → (BialgF ) (B,mB, uB,∆B, εB) in

such BialgM′ that f = J ′
Bialg (g) . Since J ′

Bialg is full and faithful, we get that g is an isomorphism
too. Therefore BialgF is essentially surjective and hence an equivalence.

Assume that F is a category isomorphism. By Proposition 2.5, BrBialgF is a category iso-
morphism. Indeed the inverse is, by construction BrBialgG where G is the inverse of F . We
have

J ′
Bialg ◦ BialgF ◦ BialgG = BrBialgF ◦ JBialg ◦ BialgG = BrBialgF ◦ BrBialgG ◦ J ′

Bialg = J ′
Bialg

and hence BialgF ◦ BialgG = IdBialgM′ (as J ′
Bialg is faithful and trivially injective on objects).

Similarly BialgG ◦ BialgF = IdBialgM
. Hence BialgF is a category isomorphism.

If F is conservative, then, by Proposition 2.5 and Proposition 4.4, we have that BrBialgF ◦
JBialg is conservative. Hence J ′

Bialg ◦ BialgF is conservative. From this we get that BialgF is
conservative. �
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