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ON PRIMITIVELY GENERATED BRAIDED BIALGEBRAS

ALESSANDRO ARDIZZONI

ABSTRACT. The main aim of this paper is to investigate the structure of primitively generated
braided bialgebras A with respect to the braided vector space P consisting of their primitive
elements. When the Nichols algebra of P is obtained dividing out the tensor algebra T'(P) by
the two-sided ideal generated by its primitive elements of degree at least two, we show that A can
be recovered as a sort of universal enveloping algebra of P. One of the main applications of our
construction is the description, in terms of universal enveloping algebras, of braided bialgebras
whose associated graded coalgebra is a quadratic algebra.
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1. INTRODUCTION

Let K be a fixed field, let H be a pointed Hopf algebra over K (this means that all its simple
subcoalgebras are one dimensional). Denote by G the set of grouplike elements in H. It is well
known that the graded coalgebra grH, associated to the coradical filtration of H, is a Hopf algebra
itself and can be described as a Radford-Majid bosonization by K G of a suitable graded connected
braided bialgebra R, called diagram of H, in the braided monoidal category of Yetter-Drinfeld
modules over K G. This is the starting point of the so called lifting method for the classification of
finite dimensional pointed Hopf algebras, introduced by N. Andruskiewitsch and H.J. Schneider,
see e.g. [ASc]. Accordingly to this method, first one has to describe R by generators and relations,
then to lift the informations obtained to H. It is worth noticing that in the finite dimensional case
there is a conjecture asserting that, in characteristic zero, R is always primitively generated [ESc3,
Conjecture 2.7] (see also [BScA, Conjecture 1.4]).

Therefore, in many cases, for proving certain properties of Hopf algebras, it is enough to do it
in the connected case. The price that one has to pay is to work with Hopf algebras in a braided
category, and not with ordinary Hopf algebras. Actually in our case it is more convenient to work
with braided bialgebras, that were introduced in [TF).

Motivated by these observations, in this paper we will investigate the structure of primitively
generated (whence connected) braided bialgebras. Let A be such a bialgebra. Then A is in
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particular a braided vector space i.e. it is endowed with amap c: A® A - A® A, called braiding,
fulfilling the quantum Yang-Baxter equation (D). It is remarkable that ¢ induces a braiding cp :
P®P — P® P on the space P of primitive elements in A. The braided vector space (P, cp) will be
called the infinitesimal part of the braided bialgebra A. The tensor algebra T' (P) carries a braided
bialgebra structure depending on cp, that will be denoted by T (P,cp), and there is a unique
surjective braided bialgebra map ¢ : T (P,cp) — A that lifts the inclusion P C A. Let E (P, cp)
be the space spanned by the homogeneous primitive elements in T (P, cp) of degree at least two.
Since ¢ preserves primitive elements, we can define the map bp : E (P,cp) — P,b(z) = ¢ (2) and
consider the quotient

T (P, Cp)
((Id = bp) [E (P, cp)])
Now ¢ quotients to a surjective braided bialgebra map @ : U (P, cp,bp) — A. It is worth noticing
that the canonical K-linear map iy : P — U (P, cp,bp) is injective as poiy is the inclusion P C A.
It is also notable that F (P, cp) may contain homogeneous elements of arbitrary degree.

By a famous result due to Heyneman and Radford (see [Md, Theorem 5.3.1]), % is an isomor-
phism if the space of primitive elements in U (P, cp,bp) identifies with P via iy (the converse is
trivial).

We prove that this property holds whenever P belongs to a large class S of braided vector
spaces. It stems from our construction that S can be taken to be the class of braided vector
spaces (V,¢) such that the Nichols algebra B (V, ¢), i.e. the image of the canonical graded braided
bialgebra homomorphism from the tensor algebra T (V] ¢) into the quantum shuffle algebra T¢ (V ¢),
is obtained dividing out T (V,c) by the two-sided ideal generated by E (V,c¢). As mentioned,
although not all braided vector spaces belongs to it, the class S is quite large. Meaningful examples
can be found in [BH]. An application of our construction is that A ~ U (P,cp,bp) whenever A
is a braided bialgebra such that gr (A) is a quadratic algebra with respect to its natural braided
bialgebra structure.

We point out that the structure and properties of U (P,cp,bp) are encoded in the datum
(P, cp,bp) . Indeed this leads to the introduction of what will be called a braided Lie algebra (V, ¢, b)
for any braided vector space (V, ¢) and of the related universal enveloping algebra U (V, ¢,b). When
cis a symmetry, i.e. ¢ = Idy gy, and the characteristic of K is zero, our enveloping algebra reduces
to the one introduced in [Ga)]. In this case, the crucial property, mentioned above, that the space
of primitive elements in U (V, ¢, b) identifies with V' via iy was proved in [KRH, Lemma 6.2] and it
was applied to obtain a Cartier-Kostant-Milnor-Moore type theorem for connected braided Hopf
algebras with involutive braidings [KBH, Theorem 6.1]. Other notions of Lie algebra and enveloping
algebra, extending the ones in [GI] to the non symmetric case, appeared in the literature. Let us
mention some of them.

U(P,cp,bp) :=

e Lie algebras for braided vector spaces (V,c¢) where ¢ is a braiding of Hecke type i.e.
(c+Idygv) (¢ — gldvgy) = 0 for some ¢ € K\ {0} which is called the mark of ¢ [BAE,
Definition 7.1]. See [BRST, Theorem 5.5] for a strong version of Cartier-Kostant-Milnor-
Moore theorem in this setting.

e Lie algebras for braided vector spaces (V, ¢) where ¢ is not of Hecke-type but constructed
by means of braidings of Hecke type [IGid, Definition 1]. There a suitable quadratic algebra
is required to be Koszul.

e Lie algebras for objects in the braided monoidal category of Yetter-Drinfeld modules over a
Hopf algebra with bijective antipode [Ed, Definition 4.1] (here called Pareigis-Lie algebras
- see Definition B3). In the present paper we also stress the relation between our notion
of Lie algebra and the one by Pareigis, which involves partially defined n-ary bracket
multiplications as well.

e Lie algebras defined by considering quantum operations (see KR, Definition 2.2]) as prim-
itive polynomials in the tensor algebra. When the underline braided vector space is an
object in the category of Yetter-Drinfeld modules over some group algebra, to any Lie
algebra of this kind, the author associates a universal enveloping algebra which is not con-
nected (see [KI2]). Note that the universal enveloping algebra we introduce in the present
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paper is connected as the scope here is to investigate the structure of primitively generated
(whence connected) braided bialgebras over K.

Finally, many authors have tried to characterize quantized enveloping algebras U, (g) of Drinfeld
and Jimbo or other quantum groups as bialgebras generated by a finite-dimensional Lie algebra
like object via some kind of enveloping algebra construction (see the introduction of [Maj]). One
idea is to attempt to build this on g itself but with some kind of deformed bracket obeying suitable
new axioms. Alternatively one can consider some subspace of U,(g) endowed with some kind of
‘quantum Lie bracket’ based on the quantum adjoint action. Contributions to these problems can
be found e.g. in [8Ad, CS, DGQ, GM, GY] and in the references therein.

Now, since Uy(g) is not connected but just pointed, we have no hope to describe it directly as
an enveloping algebra of our kind (see [KR3, Section 2] for a different approach). Furthermore,
it is remarkable that, by [[ad, Theorem 7.8], Uy(g) can be viewed as a cocycle deformation of
gr(U,(g)). By the foregoing, gr (U,(g)) is the Radford-Majid bosonization of the diagram @ of
U,(g) by KG, where G denotes the set of grouplike elements in U,(g). One could believe that @ is
an enveloping algebra of our kind as it is a primitively generated connected braided bialgebra. The
point is that @ is much more. It is a Nichols algebra whence defined as a quotient of the tensor
algebra T (P (Q)) by homogeneous relations. Thus no enveloping algebra is required to describe

Methodology. We proceed as follows. Let (V, ¢) be a braided vector space and denote by F (V, ¢)
the space generated by homogeneous primitive elements in T' (V ¢) of degree at least two. A bracket
on (V,c) is a K-linear map b : E (V,¢) — V that commutes with the braiding of T'(V,¢) in the
sense that (M) is satisfied. If b is a bracket on (V,c), then the universal enveloping algebra of
(V,c¢) is defined to be
T(V,0)
((Id =) [E(V,c)])’
Thus U (V,¢,b) carries a unique braided bialgebra structure such that the canonical projection
my : T (V,c) = U(V,¢,b) is a braided bialgebra homomorphism (Theorem BH). We say that
(V,¢,b) is a braided Lie algebra whenever (V,c) is a braided vector space, b : E(V,c) — V is a
bracket on (V,¢) and the canonical K-linear map iy : V- — U (V, ¢, b) is injective (Definition ).
Natural examples of braided Lie algebras arise as follows:
1) If (V,¢) is a braided vector space, then (V,¢,0) is a braided Lie algebra (Proposition E2).
The corresponding universal enveloping algebra is the symmetric algebra S (V,c).
2) If (A, c) is a braided algebra, then (A4,c¢,b) is a braided Lie algebra, where b acts on the
t-th graded component of E (A, c) as the restriction of the iterated multiplication of A
(Proposition E3).
3) If (A, ¢) is a braided bialgebra and P = P (A) is the space of primitive elements of A, then
P forms a braided Lie algebra (P, cp,bp) with structures induced by (4, ¢, b) as in 2), see
Lemma B74. (P, cp,bp) will be called the infinitesimal braided Lie algebra of A.

In Theorem B@ we prove a PBW type theorem, asserting that, when (V, ¢) belongs to the class
S, then a braided Lie algebra (V,¢,b) is of PBW type in the sense of Definition B—I4.

Furthermore, in Corollary B33 we get that iy : V' — U (V, ¢, b) induces an isomorphism between
V and P (U (V,¢,b)).

The main consequence of this property, which really justifies our construction, is Theorem B2
concerning primitively generated braided bialgebras A. If (P,cp) € S, then A is isomorphic to
U (P,cp,bp) as a braided bialgebra, where (P, cp,bp) is the infinitesimal braided Lie algebra of A.
The proof of this fact uses the universal property of the universal enveloping algebra (Theorem E)
to obtain a bialgebra projection of U (P, cp,bp) onto A; this projection comes out to be injective
as P (U (V,¢c,b)) identifies with V' via iy.

The main applications and examples we are interested in are given in the last Sections @, B, @
and B.

Explicitly, in Section B we deal with the class of braided vector spaces (V,c) such that ¢ is a
braiding of Hecke type i.e. it satisfies the equation (¢ + Idygy) (¢ — ¢Idy gy ) = 0 for some regular

U(V,eb) =
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q € K\ {0} (see Definition E) called mark of ¢. In Theorem B3, using results in [ANS, BTS2,
&), we show that the universal enveloping algebra of (V ¢, b) reduces to

T (V,c)
(c(z)—qz—[z], | z€eV V)

Here [-], : V®V — V is given by [2], = b(c(2) — gz) and it is zero if ¢ # 1 and char (K) # 2.

Section @, is devoted to study the class of braided vector spaces (V,¢) such that the Nichols
algebra B (V,c) is a quadratic algebra (see Definition [ZW). In the literature there is plenty of
examples of braided vector spaces of this kind, see Remark 3. The main result of the section is
Theorem A concerning braided bialgebras A such that the graded coalgebra gr (A) associated to
the coradical filtration of A is a quadratic algebra with respect to its natural braided bialgebra
structure. Such an A is proved to be isomorphic as a braided bialgebra to the enveloping algebra of
its infinitesimal braided Lie algebra. The proof relies on the fact that the Nichols algebra associated
to this braided Lie algebra results to be quadratic. Braided Lie algebras with this property will be
further investigated in [[ASTH).

In Section B, we stress the relation between our notions of Lie algebra and universal enveloping
algebra, and those introduced by Pareigis in [Bd]. The main result of the section is Theorem B=a
establishing that a Pareigis-Lie algebra (V] ¢, [—]) is associated to any braided Lie algebra (V,¢,b).
Moreover there is a canonical braided bialgebra projection p : Up (V,¢,[=]) = U (V, ¢, b) where
Up (V,¢,[—]) denotes the universal enveloping algebra of (V| ¢, [—]) (see Definition EH). We prove
this projection to be an isomorphism if condition (ETI) holds.

Note that, if (V,¢) lies in S, then p is an isomorphism if and only if P (Up (V, ¢, [—])) identifies
with V' through the canonical map iy, : V — Up (V, ¢, [—]), see Remark ER.

In Section B, we collect general results on braided vector spaces of diagonal type. In particular,
in Theorem EE, we prove that such a braided vector space is endowed with a bracket only if it
fulfills suitable identities. This result can be used to establish conditions on the bracket. As an
application, we prove that both the infinitesimal part of a quantum linear space and a braided
vector space with braiding of Drinfeld-Jimbo type admit only trivial brackets. We also prove that
the only primitively generated braided bialgebras having one of these braided vector spaces as
infinitesimal part are the corresponding Nichols algebras.

U(V,e,b) =

2. PRELIMINARIES

Throughout this paper K will denote a field. All vector spaces will be defined over K and the
tensor product over K will be denoted by ®.

In this section we define the main notions that we will deal with in the paper.

DEFINITION 2.1. Let V be a vector space over a field K. A K-linear mapc=cy : VeV - VRV
is called a braiding if it satisfies the quantum Yang-Baxter equation

(1) C1C2C1 = C2C1C2

on VRV eV, where we set ¢ := ¢® V and ¢ := V ® ¢. The pair (V,¢) will be called a
braided vector space. A morphism of braided vector spaces (V,cy) and (W, cw ) is a K-linear
map f: V — W such that e (f @ f) = (f ® f)evy.

REMARK 2.2. Note that, for every braided vector space (V,¢) and every k € K, the pair (V, kc) is
a braided vector space too.

A general method for producing braided vector spaces is to take an arbitrary braided category
(M,®,K,a,l,r c), which is a monoidal subcategory of the category of K-vector spaces (here
a,l,r denote the associativity, the left and the right unit constraints respectively). Hence any
object V€ M can be regarded as a braided vector space with respect to ¢ := cy,y;, where
cxy : X ®Y =Y ® X denotes the braiding in M, for all X,Y € M.
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Let N be either the category of comodules over a coquasitriangular Hopf algebra or the category
of Yetter-Drinfeld modules over a Hopf algebra with bijective antipode. Then the forgetful functor
F from N into the category of K-vector spaces is a strict monoidal functor. Hence M = ImF is
an example of a category as above.

DEFINITION 2.3 (Baez, [Bd]). A quadruple (A4, m,u,c) is called a braided algebra if

e (A,m,u) is an associative unital algebra;
e (A, c) is a braided vector space;
e m and u commute with ¢, that is the following conditions hold:

(2) c(m®A)=(Aem)(c® A)(A® c),
(3) c(Aam)=(meA)(ARc) (c® A),
(4) c(lu® A) = A® u, c(A®u) =u® A.

A morphism of braided algebras is, by definition, a morphism of ordinary algebras which, in
addition, is a morphism of braided vector spaces.
A quadruple (C, A, ¢, c) is called a braided coalgebra if
e (C,A,¢) is a coassociative counital coalgebra,

e (C,c¢) is a braided vector space;
e A and € commute with ¢, that is the following relations hold:

(5) (AR C)e=(C®c)(caC)(CA),
(6) (CRA)=(carC)(C®c)(AxC),
(7) (e®Cle=CWRe, (CRe)c=erC.

A morphism of braided coalgebras is, by definition, a morphism of ordinary coalgebras which,
in addition, is a morphism of braided vector spaces.
[[3, Definition 5.1] A sextuple (B, m,u, A, ¢,c) is a called a braided bialgebra if
e (B,m,u,c) is a braided algebra
e (B,A,e,c) is a braided coalgebra
e the following relations hold:

(8) Apm=(m®@m)(B®c® B)(A® A).

Examples of the notions above are algebras, coalgebras and bialgebras in any braided category
M which is a monoidal subcategory of the category of K-vector spaces. The notion of braided
bialgebra admits a graded counterpart which is called graded braided bialgebra. For further results
on this topic the reader is refereed to [B].

EXAMPLE 2.4. Let (V, ¢) be a braided vector space. Consider the tensor algebra T' = T' (V') and let
myp and ur denote its multiplication and unit respectively. This is a graded braided algebra with
n-th graded component T"(V) = V®". The braiding ¢y on T is defined using the the braiding of
Ve

Now T ® T becomes itself an algebra with multiplication mrgr := (mr @ mr)o (T ®cr @ T).
This algebra is denoted by T ®. T. The universal property of the tensor algebra yields two al-
gebra homomorphisms Ap : T'— T ®. T and ep : T — K. It is straightforward to check that
(T, mp,ur, Ar,er,cr) is a graded braided bialgebra.
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DEFINITION 2.5. The graded braided bialgebra described in Example B4 is called the braided
tensor algebra and is denoted by T(V,¢).

Note that A7 really depends on ¢. For instance, one has Ar (2) =21+ 1® 2z + (¢ + Id) (2),
forall ze VaV.

2.6. Recall that a coalgebra C is called connected if the coradical Cy of C (i.e the sum of all simple
subcoalgebras of ') is one dimensional. In this case there is a unique group-like element 1o € C
such that Cyp = K1c. A morphism of connected coalgebras is just a coalgebra homomorphisms
(clearly it preserves the grouplike element).

By definition, a braided coalgebra (C, ¢) is connected if the underlying coalgebra is connected
and, for any € C, c(z @ 1¢) = le @z and ¢(lc @ z) =2 ® 1¢.

REMARK 2.7. Let C = @,,cyC" be a graded braided coalgebra. By [Exd, Proposition 11.1.1], if
(Cn)nen is the coradical filtration, then C,, C @ogmgn C™. Therefore, C is connected if C° is a
one dimensional vector space.

DEFINITIONS 2.8. For a braided vector space (V,¢), set
Ey(Vie):=0, Ei(V,):=0 and E,(Vie):= ()] Ker (Ag”*i) , forn > 2
1<i<n—1

and set E (V,¢) := @, .y En (V, ).

neN

REMARK 2.9. It is easy checked (see e.g. [Bl, Lemma 2.7 and notations in Section 5]) that the
space of primitive elements in T(V,¢) is given by P (T'(V,c)) = V & [®n>2E, (V,¢)]. Moreover
KNK=K&V®[@®n>2E, (V,c)].

In the connected case, the following result follows from [KRE, page 4]: in fact P is a categorical
subspace of B.

LEMMA 2.10. Let (B,c) be a braided bialgebra. Let P = P (B) be the space of primitive elements
of B. Thenc¢(P® B) C BQP,c(B®P)C PeB andc(P®P) C PRP. Letcp: PQP — P®P
be the restriction of ¢ to P ® P. Then (P,cp) is a braided vector space.

Proof. Denote by A the comultiplication of B and by ¢ : P — B the canonical inclusion. Let
a:B—-B®B,a(b)=b® 15+ 1 ®0b. Then we have the equalizer

OHP#>B:Q>>B

A
Consider the following diagram

0 PeB-2% BeB BeB®B

ARB

CP,B \Lc \L(C@)B)(B(X)C)

V' Bwi BRao
0 B®P BB——=B®B®B

B®A

The right square commutes by (B) and
(c®B)(B®c)(a® B)(r®vy)

= (c®B)(B®c)(r®@1pRy+1p@rey)
(coB)(rRy®1lp+lpec(z®y))

= ¢c(z®y)®1p+ (c® B) [1B®Zyi®xl}
= Y yerelp+) yelped

= (B®a) (Zyi@m")

= (Boa)jc(z®@y).



8 ALESSANDRO ARDIZZONI

where ¢(z ®y) := Y y* @ 2. Then, by universal property of equalizers there is a unique map
cpp: P®B — B® P such that ¢(i® B) = (B®1)cpp. In other words ¢(P® B) C B® P.
Similarly one gets that ¢(B ® P) C P ® B. Then

c(PoP)Cc(P®B)Nc(BRP)C[BePINPRB] =P P.
O

DEFINITION 2.11. With same assumptions and notations as in Lemma 10, (P, cp) will be called
the infinitesimal part of B while cp will be called the infinitesimal braiding of B.
3. UNIVERSAL ENVELOPING ALGEBRA OF A BRAIDED VECTOR SPACE

In this section we introduce and investigate the notion of universal enveloping algebra of a
braided vector space endowed with a bracket.

3.1. Let (V,c) be a braided vector space and set T := T'(V, ¢). It is easy checked that
cr (VO @ E, (Vo)) CE,(V,o)@V®  and  cp (B (V,e) @ VE") CVE @ E, (V,¢)
hold for each u € N (see [EH, Remark 3.5]). Hence there exists a unique morphism
Cg,(v,e),veu : By (V,c) ® Ve 5 VO @ B (V,c)
such that
9) (Ve ® j') o cp,vepven = i o (jE @ VE),

where jt : E; (V,c) — V@ denotes the canonical injection. Similarly one gets Cyeu g, (v,e)- Define
now

CE(V,e),Vou = @ cpviepven t E(V,e) @ VI 5 VO @ E(V,¢),
teN

cveu e = @D cven e VI QE (V.e) = E(V,c) @ VO
teN

Let f: (V,ey) — (W,cew) be a morphism of braided vector spaces. The universal property of
the braided tensor algebra yields, in an obvious way, a graded braided bialgebra homomorphism
T(f): (V,ey) = (W, ew). Tt is easy to check that, for all ¢ > 2, T'(f) restricts to a map

E(f) : Ex(V,ev) = Ey(W, ew).
We set E(f) :=D,,cn Lt (f)-

DEFINITION 3.2. A braided bracket or simply a bracket on a braided vector space (V,¢) is a
K-linear map b: E (V,¢) — V such that

(10) C (b X V) = (V & b) CE(V,C),V C (V X b) = (b X V) CV,E(V,C)'

The restriction of b to E; (V,¢) will be denoted by b : E; (V,¢) — V. A morphism of brackets
f: (Viey,by) = (W, ew, bw) is a morphism of braided vector spaces f : (V,cy) — (W, ew ) such
that

(11) fobly =by o Ey(f).

LEMMA 3.3. Let (V,c) be a braided vector space endowed with a bracket b : E(V,c) — V. Then,
for every t € N, the following equalities hold

(12) ' (b V®) = (V' @b) cpv.e ver, G (VEER D) = (b2 V) cyer pve)-

Proof. Set T := T (V,c). We proceed by induction on ¢ > 1. For ¢t = 1 there is nothing to prove
as c}’l = ¢. Assume that the formulas are true for ¢ — 1. Then, by construction of ¢, we have

C1T,t (b® V®t) _ (V®t—1 ® clT,l) (C%ffl ® V) (b® yet-1g V)

= <V®t71 ® C;Jl> (V®t71 Rb® V) (CE(V’C)’V®t—1 ® V)
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= (VO oV ) (VO B epway) (e ves © V)
= (V®t ® b) CE(V,C),V®t

and similarly we get the second equality. |

REMARK 3.4. Note that ([3) is related to [Id, Lemma 1.7, page 304]. Nevertheless, in our case,
the braided vector spaces involved need not to be finite dimensional.

DEFINITION 3.5. If b is a bracket for a braided vector space (V,c), we define the universal
enveloping algebra of (V,¢,b) to be

T(V,0)
(Id=b) [E(V,c)])

U(V,e,b) =

We will denote by iy : V. — U(V,c,b) the restriction to V' of the canonical projection my :
T(V,c) = U (V,¢,b). Note that 0 is always a bracket for (V,¢) so that it makes sense to consider

T(V,c)

S(V,c) ::U(V,C,O):m.

This algebra will be called the symmetric algebra of (V,c¢) and it coincides with the one
introduced in [BH, Section 5]. We will denote by mg : T (V,¢) — S (V, ¢) its canonical projection.

THEOREM 3.6. Let (V,c¢) be a braided vector space endowed with a bracket b : E(V,c¢) — V. Then
U (V,¢,b) has a unique braided bialgebra structure such that the canonical projection w7y : T(V,¢) —
U (V,c,b) is a braided bialgebra homomorphism.

Proof. Set T := T(V,¢) and set I = ((Id —b) [E(V,c)]). Let us check that I is a coideal i.e.
that Ap(I) C I ®@T +T ® I and er (I) = 0. First, for every z € E; (V,c),z € VO y €
Ve s € VO using the compatibility of ¢y and Ar with mr and using (I2) one can prove
that er (z (2 —b(2))y®s) € VO @ I so that

(13) cr(I@VE) TV @I  and  op (VO ®I)CI@ Ve
where the second equality can be obtained similarly. Let z € E; (B). By Remark 29, one has
u=z—-0b(:2)€E (V,e)+V CV & [Bp>2E, (V,c)] =P (T)

sothat Ar (u) =1Qu+u®1 € TRI+1®T. Let x € V¥, Using (B), the last relation and (I3)
we get that A (zu) € T ® I + I ® T. Using (8), the last relation and (I3), for every y € V&< we
obtain A (zuy) e TQI+1®T.

In conclusion A (I) C I ®T + T ® I. Therefore I is coideal and hence U = U (V, ¢, b) carries
a unique coalgebra structure such that the canonical projection myy : T — U is a coalgebra ho-
momorphism. In fact there are unique morphisms Ay : T/I — T/IQT/I and ey : T/I — K
such that Aymy = (my @ my) A and eynmy = e. Using that np is an epimorphism and that T is
a coalgebra one gets that (U, Ay,ep) is a coalgebra too. Let us prove that ¢p factors through a
braiding ¢y of U that makes U a braided bialgebra. We get

(=)
CT(KGI(WU®7TU)):CT(I®T+T®I) - I®T+T®I:KEY(TU®7TU)

so that, since my ® myy is surjective, there exists a unique K-linear map ¢y : U @ U — U ® U such
that ¢y (my ® my) = (my ® my) er. This relation can be used to prove that (U, my, uy, Ay, ev, cu)
is a braided bialgebra with structure induced by 7. Here my : U @ U — U and uy : K — U
denote the multiplication and the unit of U respectively. ]

REMARK 3.7. Since both 7y and 7g are an epimorphisms, then U (V, ¢,b) and S (V, ¢) are connected
coalgebras (cf. [Bd, Corollary 5.3.5]).



10 ALESSANDRO ARDIZZONI

4. BRAIDED LIE ALGEBRAS

DEFINITION 4.1. We say that (V,¢,b) is a braided Lie algebra whenever

e (V,c) is a braided vector space;
e b: E(V,c) = V is a bracket on (V,¢);
e the canonical map iy : V — U (V, ¢, b) is injective i.e. V NKer (my) = Ker (iy) = 0.

Injectivity of iy plays here the role of an implicit Jacobi identity. On the other hand, antisym-
metry of the bracket is encoded in the choice of the domain of b. This becomes clearer when c is
of Hecke type as in Theorem BE33. There it is shown that b can be replaced by the c-antisymmetric
map [—]|, : V®V = V defined by setting [z], = b(c — ¢ldygv) (2), for every z € V@ V.

A first example of braided Lie algebra is given in the following proposition.
PROPOSITION 4.2. Let (V,¢) is a braided vector space. Then (V,¢,0) is a braided Lie algebra.

Proof. We already observed that 0 is always a bracket for (V,¢) whence it remains to prove that

iy is injective. Set A := (Tv%"i)) where (V ® V) is the two sided ideal of T (V,¢) generated by
V®V. Denote by m : T'(V,¢) - A and wg : T (V,¢) — S (V,c) the canonical projections. Since
E(V,e) C(V®V), then w : T(V,¢) — A quotients to an algebra homomorphism 7 : S (V,¢) =
U (V,¢,0) — A such that Tomg = 7. Hence Toiy = Tomgoir = mwoir where ir : V — T (V,¢)
is the canonical injection. Note that as a vector space A ~ K @ V and through this isomorphism,
7 o4 identifies with the canonical injection of V' in K @& V whence iy is injective too. ]

We now give some conditions guaranteeing that a braided Lie algebra has trivial bracket.

PROPOSITION 4.3. Let (V,¢,b) be a braided Lie algebra. Letp : T (V,¢) — B(V,c¢) be the canonical
projection. Suppose the ideal Ker (p) is generated by a subset of Ker(ny). Then b is the trivial
bracket of (V,c) and U(V,¢,b) = B(V,c).

Proof. Since the ideal Ker (p) is generated by a subset of Ker(ny ), there exists a unique alge-
bra homomorphism ¢ : B(V,¢) — U(V,¢,b) such that ¢ o p = 7y. We have igb(E(V,c)) =
mub(E(V,c)) = my(E(V,c)) = ¢p(E(V, c)) = 0. Since iy is injective we get that b (E(V,¢)) = 0 i.e.
b = 0. Now, using surjectivity of p one deduce that ¢ is indeed a braided bialgebra homomorphism.
Moreover ¢ is surjective as my is. Note that ¢, = (QSOp)lV = (7TU)|V = iy which is injective.
Since P (B (V,¢)) 2V, by [Md, Lemma 5.3.3], ¢ is injective whence bijective. O

COROLLARY 4.4. Let (V,¢,b) be a braided Lie algebra. Let p: T (V,c) — B(V,¢) be the canonical
projection. Suppose the ideal Ker (p) is generated by a subset of Ker(b). Then b is the trivial bracket
of (V,¢) and U(V, e,b) = B(V,c).

Proof. Since the ideal Ker (p) is generated by a set W C Ker(b), we have my (W) = myb (W) = 0.
Hence W C Ker(ny). We conclude by applying Proposition E23. O

Next aim is to associate some braided Lie algebras to any braided bialgebra.

PROPOSITION 4.5. Let (A, c) be a braided algebra and denote by m its multiplication. Then (A, c,b)
is a braided Lie algebra, where b(2) :== m!=1(2), for every z € Ey (A, c).

Proof. Let us check that b is a bracket on the braided vector space (A,c). For every z €
Ey(A,c)andz € A,wehave c(b' ® A) (z®@z) =c(m' ™' @A) (z®@z) = (Aom'™) &Grzor) =
(A®b") cp,(a.e),4 (2@ ) so that the left-hand side of (M) is proved. Similarly one proves also
the right-hand side. By the universal property of 7' (4, ¢) (see [ARMS, Theorem 1.17]), Id4 can be
lifted to a unique braided algebra homomorphism ¢ : T (4,¢) — A.

For every z € E; (A, c), we have ¢b(z) = b(z) = m!~!(2) = ¢ (2) so that ¢ quotients to a
morphism @ : U (A, ¢,b) — A. If we denote by iy : P — U (A, ¢,b) the canonical map, we get that
poiy = Ida. In particular iy is injective whence (A, ¢,b) is a braided Lie algebra. O

LEMMA 4.6. Let (V,cy,by) a braided Lie algebra and let h : (W, cew) — (V,ey) be an ingective
morphism of braided vector spaces. If there exists a K-linear map by : E (W, cw) — W such that
hoby =by o E(h), then (W,cw,bw) is a braided Lie algebra too.
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Proof. We have
(hh)ew (bw@W) = cy (h@h)(bw @W)=cy (by @ V) (E(h)®h)

o
DV eby)enwen v (E(h) @h) = (Va@by) (he E(h)) cumen)w
= (h@h) (W®bW)CE(W,cW),W-

Since h is injective, we deduce that cyw (b @ W) = (W ® bw ) cg(w,cw),w 50 that the left-hand
side of (IW) is proved for (W, cy/). Similarly one proves also the right-hand side. If we denote by
ZEV W = U (W, ew, bw) and zg : V= U (V, ey, by) the canonical maps, by the universal property
of the universal enveloping algebra, there is a unique algebra homomorphism U (k) : U (W, ew ) —
U (V,cv,v) such that U (h) o ifY =i} o h. Since both if; and h are injective, we deduce that i}V is
injective too. Therefore (W, ey, by ) is a braided Lie algebra. O

LEMMA 4.7. Let A be a braided bialgebra and let (P, cp) be the infinitesimal part of A. If m is the
multiplication of A, then m*~! (Ey (P,cp)) C P for everyt > 2, so we can define bp : E (P,cp) — P
by bp (2) :=m?~1 (2), for every z € E; (P,cp). Moreover (P,cp,bp) is a braided Lie algebra.

Proof. Set T'= T(P,cp). By Remark B9, we have F; (P,cp) C P(T) for every t > 2. By the
universal property of the braided tensor algebra, the canonical inclusion i : P — A lifts to a braided
bialgebra homomorphism ¢ : T — A. Then m!~! (E; (P,cp)) = ¢ (E; (P,cp)) C ¢ (P(T)) C
P (A) = P, for every t > 2. Let bp be defined as in the statement. Then ¢ 0 bp = bo E (i), where
b is the map of Proposition BA. By the same proposition and Lemma BB we have that (P, cp,bp)
is a braided Lie algebra. O

DEFINITION 4.8. With the same assumptions and notations of Lemma B, (P, cp, bp) will be called
the infinitesimal braided Lie algebra of A.

THEOREM 4.9 (The universal property of the universal enveloping algebra). Let A be a braided
bialgebra and let (P,cp,bp) be its infinitesimal braided Lie algebra. Then, every morphism of
braided brackets f : (V,c,b) — (P,cp,bp) can be lifted to a morphism of braided bialgebras f :
U(V,e,b) — A.

Proof. By the universal property of T'(V,c), f can be lifted to a unique braided bialgebra homo-
morphism f': T (V,¢) — A. We have
() -
f'0(2) = [0 (2) = bpE; (f) (2) = miy ' f¥ (2) = f' (2)
for every z € E; (V,c). Therefore f' quotients to a morphism f : U (V,¢,b) — A. O

4.10. Let (V,¢) be a braided vector space and let b : E (V,¢) — V be a c-bracket. Set T := T (V, ¢)
and U := U (V,¢,b). By construction, the projection 7y : T — U is a morphism of braided
bialgebras. Mimicking [AMS2, 4.11], set T{,,) := @o<i<, V" and

Ur/L =TU (T(n)) .

Then (U},),,cy is both an algebra and a coalgebra filtration on U which will be called the standard
filtration on U. Note that this filtration is not the coradical filtration (Up), oy in general. Still
one has U], = my (T(n)) C my (T,) € U, where T,, and U,, denote the n-th terms of the coradical
filtrations of T and U respectively. Denote by

/!

U,
gI‘/ (U) = @nenN U/n .

n—1

the graded coalgebra associated to the standard filtration (see [Ed, page 228]).
If b =0, then S (V,c) = U (V,¢,0) is a graded bialgebra S (V, ¢) = ®nenS™ (V, ¢) . The standard
filtration on S (V, ¢) is the filtration associated to this grading.

LEMMA 4.11. Let (V,c) be a braided vector space and let b: E(V,¢) — V be a bracket. Consider
the map 01 : V. — U{ /U - v — 7wy (v) + Uj. Then Ker (61) =V N Ker (7y).
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Proof. Set T :=T(V,c). Let € Ker (01) . Then 7y (z) € Uj = my (K) so that there exists k € K
such that 7y (z) = 7wy (k). From this we get k = eymy (k) = epmy (x) = er (x) = 0 where the last
equality holds as V' C P (T'). Thus 7y () = 0 and hence z € V NKer (ny) . The other inclusion is
trivial. ]

PROPOSITION 4.12. Let (V, ¢) be a braided vector space and letb : E (V,c) — V be a bracket. Then,
the following assertions are equivalent.
(i) (V,¢,b) is a braided Lie algebra.
(ii) VNnKer (my) = 0.
(iii) The map 01 of Lemma B—1I1 is injective.

Proof. 1t follows by Definition B and Lemma BT ]

The following result is inspired to [BEMSA, Proposition 4.19].

PROPOSITION 4.13. Let (V, ¢) be a braided vector space and letb: E (V,¢) — V be a bracket. Then
' (U (V,¢,b)) is a graded braided bialgebra and there is a canonical morphism of graded braided
bialgebras 0 : S (V,c) — gr’' (U (V,¢,b)) which is surjective and lifts the map 61 : V. — U{ /U of
Lemma B-11.

Proof. Set T :=T (V,¢), U :=U (V,¢,b), G:=gr’' (U (V,¢, b)), G :=U, /U _; and let p,, : U —
G"™ be the canonical projection, for every n € N. We have ¢y (U, ® Uy) = cy (my @ my) (T(a) ® T(b))
= (my @) er (Tia) ® Tny) € (7o @ 70) (Tn) @ T(ay) = Uy @ U} Hence cy induces a braiding
cg : G®G — G ® G. Now, we have already observed that G carries a coalgebra structure
(G,Ag,eq). Since (U,),, oy is also an algebra filtration on U, the multiplication of U induces, for
every a,b € N, maps m‘é’b :G* @ G* — G and the unit of U induces a map ul K — GO.
There is a unique map mg : G ® G — G such that mg (z‘é ® z%) Z“G+me , for every a,b € N,
where if, : G* — G is the canonical map. Moreover (G, meg,uG = zGuG) is a graded algebra (see
e.g. [BM, Proposition 3.4]). It is straightforward to prove that (G, mg,ug, Ag, e, ce) is indeed
a graded braided bialgebra.

Set P := P(G). Since G is a connected graded coalgebra, it is clear that Im (¢;) C G' C P.
Moreover 0 : (V,¢) — (P,cp) is a morphism of braided vector spaces as, for every u,v € V, we
have

(L ®oh)(uv) = cel(m(v)+Up) @ (mu (v) + Ug)]
= (p1®p1) v (mv (u) @ v (v))
= (m®p1)cy (tv @) (u®w)
= mep) (o) (u®v)=(01®60)c(uev).

For every t > 2 and z € E; (V,c), we have
mg By (01) (2) = mg 107" (2) = pemy 't (2) = pemumy ! (2)
def.
= pmy (2) =7y (2) + Ul_, R (2)+U_, =0
so that thTl o E; (61) = 0. By Theorem B3, there is a canonical morphism of graded braided
bialgebras 6 : S (V,¢) — G lifting 6. By construction 6 lifts the canonical map T (V, ¢) — G which

is surjective as 6; is surjective and G is generated as an K-algebra by G'. Thus  is surjective
too. (|

DEFINITION 4.14. Let (V,¢) be a braided vector space and let b : E(V,¢) — V be a bracket.
Following [BQ, Definition, page 316], we will say that U (V,¢,b) is Poincaré-Birkhoff-Witt
(PBW) type whenever the projection 6 : S (V,¢) — gt/ (U (V,¢,b)) of Proposition EI3 is an
isomorphism (compare with [Hd, page 92] for justifying this terminology).
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5. THE cLAss S
This section mainly concerns the characterization of braided vector spaces in the class S.

5.1. Let (V,c) be a braided vector space and let T = T (V,¢). By the universal property of the
tensor algebra there is a unique algebra homomorphism

L:T(V,e) =T (V,c)

such that I'\y, = Idy, where T (V, c) denotes the quantum shuffle algebra. This is a morphism of
graded braided bialgebras. The bialgebra of type one generated by V over K, also called Nichols
algebra, is by definition

_T(Vio)
~ Ker ()

DEFINITION 5.2. Denote by S the class of those braided vector spaces (V,¢) such that P(S) =
Im(ig), where S := S(V,¢) and ig : V — S denotes the canonical map.

B(V,¢) = Im ()

REMARK 5.3. Let (V,¢) be braided vector space. Then (V,c) € S if and only if k£ (V,¢) <1 in the
sense of [B1, Section 5] (cf. [B1, Lemma 2.7 and Theorem 3.4]). This amounts to say that S(V,c)
is isomorphic to B(V, ¢) as a graded braided bialgebra i.e. that Ker(I') = (E(V, ¢)).

We point out that the class S is so large to enclose both the class of all braided vector spaces
of diagonal type (see Definition B) whose Nichols algebra is a domain of finite Gelfand-Kirillov
dimension and also the class of all two dimensional braided vector spaces of abelian group type
whose symmetric algebra has dimension at most 31. We note that in either one of these classes
there are braided vector spaces (V,¢) whose Nichols algebra is not quadratic and whose braiding

has minimal polynomial of degree greater than two. These and other results on the class S can be
found in [B].

THEOREM 5.4 (PBW type Theorem). Let (V,c) € S and let b: E(V,c) = V be a bracket. Then,
the following assertions are equivalent.

(i) (V,¢,b) is a braided Lie algebra.

(ii) U (V,e,b) is of PBW type.

Proof. Set S := S(V,c). First observe that the canonical map ig : V — S is injective (cf.
Proposition B72).

(1) = (#4) Since (V,¢) € S, we have that P (S) = Im(is). Therefore, since, by Proposition E132,
the map 01 : V. — U{/U} : v — @y (v) + U] is injective and since 6; = 6 o ig, we get that the
restriction of 6 to P (S) is injective. Therefore, by [Md, Lemma 5.3.3], we obtain that  is injective
whence bijective.

(i1) = (i) b1 =0 ois. O

COROLLARY 5.5. Let (V,c,b) be a braided Lie algebra such that (V,c) € S. Then iy : V —
U (V,c,b) induces an isomorphism between V' and P (U (V,¢,b)) .

Proof. Set U := U(V,¢,b). By hypothesis iy is injective so that we just have to prove that
P(U) = Im(iy). Let z € P(U). Since z € U, there is n € N such that z € U/\U/_;. Let
Z:=z+U/_, €U, /U _,. By definition of the bialgebra structure of G := gr’ (U (V,¢,b)) one
has that Z € P(G). By Theorem B4, U is of PBW type so that we have P(G) = 6(P(5)) =
bis (V) = 61 (V) = U{/U}. Thus z € (U,/U.,_,) N (U{/U}). Since z # 0, we get n = 1. Hence
z € U, =U] = ny(Tny) = 7y (K ®V). Therefore, there are k € K and v € V such that
z =my (k) + 7y (v) so that k = eymy (k) = ey (2) —epmu (v) = ey (2) —er (v) = 0 where the last
equality holds as z € P(U) and v € P(T). Then z = 7y (k) + 7y (v) = 7y (v) = iy (v) . We have
so proved that P (U) C Im (i) . The other inclusion is trivial. O

DEFINITION 5.6. A braided bialgebra A is called primitively generated if it is generated as a
K-algebra by its space P(A) of primitive elements.

The following is one of the main results of this section.
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THEOREM 5.7. Let A be a primitively generated braided bialgebra and let (P,cp,bp) be its infin-
itesimal braided Lie algebra. If (P,cp) € S, then A is isomorphic to U (P,cp,bp) as a braided
bialgebra.

Proof. Set U := U (P, cp,bp) . By Theorem B9, the identity map of P can be lifted to a morphism
of braided bialgebras o : U — A. Since P generates A as a K-algebra, this morphism is surjective.
On the other hand, by Corollary B3, iy : P — U induces an isomorphism between P and P (U).
Hence the restriction of a on P (U) is injective. By [Md, Lemma 5.3.3] « is injective. ]

PROPOSITION 5.8. Let B be a primitively generated braided bialgebra. Then the underlying braided
coalgebra is connected.

Proof. Let (P,cp) be the infinitesimal part of B. By the universal property of the braided tensor
algebra T'=T (P, cp) (see [EMST, Theorem 1.17]), there exists a unique braided bialgebra homo-
morphism ¢ : T'— B giving the inclusion when restricted to P. Since B is primitively generated,
the map ¢ is surjective. Since the coalgebra T is connected whence pointed, by [BMd, Corollary
5.3.5] we have Corad (B) = ¢ (Corad (T)) = ¢ (K) = K. O

6. BRAIDINGS OF HECKE TYPE

In this section we investigate primitively generated braided bialgebras with infinitesimal braiding
oh Hecke type.

DEFINITION 6.1. Let (V,¢) be a braided vector space. We say that ¢ is a braiding of Hecke type
with mark ¢ if ¢ is a root in End(V ® V') of the polynomial (X +1)(X — ¢) for some g € K\ {0} .
An element g € K will be called regular if it satisfies one of the following conditions:
e ¢ is not a root of unity;
e ¢ =1 and char(K) = 0.
For further details we refer to [ESe3, Definition 3.3] or [BA, Definition 3.1.1].

THEOREM 6.2. Let A be a primitively generated braided bialgebra and let (P,cp,bp) be its infin-
itesimal braided Lie algebra. If cp is a braiding of Hecke type with regular mark q, then A is
isomorphic to U (P,cp,bp) as a braided bialgebra.

Proof. By Remark B3 and [Bd, Theorem 6.13], we have that (P,cp) € S whence Theorem EZ1
applies. |

Using the results in [BRST, BMSA, B, we will now give a simple description of the universal
enveloping algebra of a braided Lie algebra such that the braiding is of Hecke type with regular
mark. We point out that this description does not depend on the bracket in the non-symmetric
case whenever char (K) # 2.

THEOREM 6.3. Let (V,¢,b) be a braided Lie algebra such that ¢ is of Hecke type with reqular mark
q. Then
T (V,c)
(c(z)—qz—[2], | z€eVRV)
where [z], = b(c(2) — qz), for every z € VQV. Moreover if ¢ # 1 and char (K) # 2, then [—], = 0.

U(V,c,b) =

Proof. We set T := T (V,¢). Let us prove the following equality
(14) Im (¢ — qldygy) = E2 (V,c).
Since (¢ + Idvgy) (¢ — ¢ldvgy) = 0, it is clear that Im (¢ — ¢Idvgy) € Ker (¢ + Idygy) . Let z €
Ker (¢ + Idygy) . Then (¢ — gldvgy) (2) = c(2)—gz = — (1 + q) 2 = — (2),, 2. Since ¢ is regular, we
have (2), # 0, so that z = — (2);1 (c —qldygv) (2) € Im (¢ — ¢Ildygy) . Hence Im (¢ — gldygyv) =
Ker (¢ + Idygy) = Ker (A;1> = FE5(V,c¢). We have so proved (I@). By ([A), we have that

(¢ — qldvgv) (2) lies in the domain of b for every z € V ® V. Hence we can define a map [—],
V®V =V by setting [z], =b(c — ¢ldygv) (2), for every z€ V@ V.
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Let us check that [—], is a c-bracket in the sense of [AMS2, Definition 4.1] i.e. that ¢ ([-], ® V) =
(V®I[-],)cicz and ¢(V ® [—],) = ([-], ® V) c2c1. By (@), b is a bracket on (V,¢) if c(b®@ V) =
(Vab)cgw,e,vandc(V @b) = (b® V) cy g, By (@), the previous formulas rereads as follows

chV)|[(c—qdldygy)@V](2) = (Vb cellc—qdygy)®V](2) and
c(Veb)[Va(c—qgdvgy) () = (0@V)calVe(c—qgddvey) (2),

for every z € V®3. Thus [—], is a c-bracket.

Set Uy (V,¢,[—],) =T (V,e) / (c(z) —qz — [2], | # € V ® V). This is the enveloping algebra as
defined in [BMST, Definition 2.1]. Let us prove that Uy (V. ¢, [—],) =U (V,¢,b).

By definition of [—], and (IA), we have

(c(z) =gz = [z, | ze VaV) = (dvgy —b) [E2 (V,0)]).

Therefore there is a canonical projection v : Uy (V, ¢, [—],) = U (V,¢,b) . Since iy : V = U (V, ¢, b)
is injective and yoiy, = iy, it is clear that the canonical map iy, : V. — Uy (V, ¢, [—],) is injective
too. By [BMS2, Theorem 4.20 and Corollary 4.23], the injectivity of iy, imply that Uy (V, ¢, [-],)
is strictly graded as a coalgebra. Therefore P(Uy (V,¢,[—],)) identifies with V' so that the re-
striction of the bialgebra homomorphism 7 to the space of primitive elements of Uy (V, ¢, [—],) is
injective. By [Md, Lemma 5.3.3] this entails that ~ itself is injective and hence bijective. We have
so proved that Uy (V,¢,[—],) = U (V,¢,b) .

Assume now ¢ # 1 and char (K) # 2. Then, by [EMSN, Theorem 4.3], since ¢ is regular, the
map [—|, is necessarily zero. O

REMARK 6.4. Note that, when ¢ = 1, then regularity of ¢ means char (K) = 0. Moreover (V, ¢, [—],)
becomes a Lie algebra in the sense of [Gml|] and Uy (V, ¢, [—],) is the corresponding enveloping
algebra. In this case [—], is not necessarily trivial in general.

7. QUADRATIC ALGEBRAS

DEFINITION 7.1. Recall that a quadratic algebra [Mad, page 19] is an associative graded K-
algebra A = ®,cnA" such that:

1) A° = K;

2) A is generated as a K-algebra by Al;

3) the ideal of relations among elements of A! is generated by the subspace of all quadratic

relations R(A) C Al @ AL
Equivalently A is a graded K-algebra such that the natural map 7 : T(A!) — A from the tensor

algebra generated by A! is surjective and Ker(7) is generated as a two sided ideal in T'(A!) by
Ker(m) N [Al @ A].

THEOREM 7.2. Let A be a braided bialgebra such that the graded coalgebra grA associated to the
coradical filtration of A is a quadratic algebra with respect to its natural braided bialgebra structure.
Let (P,cp,bp) be the infinitesimal braided Lie algebra of A. Then B (P,cp) is a quadratic algebra
and A is isomorphic to U (P, cp,bp) as a braided bialgebra.

Proof. Since B := grA is quadratic, then A is connected. Therefore B is indeed a braided bialgebra.
Denote by (Ap),,cy the coradical filtration of A. Since B is a quadratic algebra, then B is generated
as a K-algebra by B! = A; /A so that B is strongly N-graded as an algebra. Since, by construction,
it is also strongly N-graded as a coalgebra, we get that B ~ By [B;] ~ B (P, cp) . Hence B (P, cp)
is a quadratic algebra. By [B1, Proposition 6.16] and Remark B3, we have that (P,cp) € S. On
the other hand B is generated as a K-algebra by B! = A; /A, implies that P generates A as a
K-algebra. Therefore, by Theorem B2, A is isomorphic to U (P, cp,bp) as a braided bialgebra. [

REMARK 7.3. Examples of braided vector spaces (V,¢) such that B (V,c) is a quadratic algebra
can be found e.g. in [MS, BQ|. By [ESc3, Proposition 3.4], another example is given by braided
vector spaces of Hecke-type with regular mark.
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We now give and example of braided vector spaces (V,¢) admitting a non-trivial bracket and
such that B(V,c) is a quadratic algebra. For this examples, using results in [Bd, BSH]|, we will
determine all primitively generated braided bialgebras whose infinitesimal part is (V,¢).

EXAMPLE 7.4. Let K be a field of characteristic 0 and let m € K be such that m? # 0, 1 is regular.
Consider the vector space V, appeared in [Gmd, page 325], with basis {eg,e1,e2} and braiding
given by c(e; ®ej) =e; @e; fori =0o0r j =0, c(e; @e;) = m2e; ®e; for i = 1,2, clea ®ey) =
me; Q ey + (m2 — 1) e2 ®e1 and c(e1 ® e3) = mea ® eg. One can check that Ey (V) ¢) is generated
over K by the elements ug,1 := €1 ®eg—eg®er, up,2 := e2®@eg—eg®ez and u; 2 := ea®e; —me; ®es.
Moreover, by [B1, Example 6.18] and Remark B3, we have that (V,c) € S and
B(V,e) = S(V,e) = —LUWse) TV.c) .
(B2 (Vo)) (e1®eg—ep®er,ea®ey—ep® ea,ea ®ep —me; @ es)
Let b : E(V,c) — V be a bracket on (V,¢) such that (V,c,b) is a braided Lie algebra. By [BESH,
Theorem 3.11], we have that

T (Vie)
((Id = b)[E2 (V,e)])
Set b (ugp) = Eogigg ba.p,iei- By (), for all 0 <4 < 2, we have that
(15) c(b@V) (uap ®er) = (V@b)cyory (Uap @er).

Computing (IF) in cases (a,b) = (0,1),(0,2) and (1,2) and using that m? # 0, 1 and regularity of
m?, it is straightforward to get b (ug1) = bo.1,1€1,b (uo,2) = bo1,1€2 and b (ug 2) = 0 whence

U(V,c,b) =

T(V,c)
(e1®eg—eg@er —bo1,1e1,e2 @€y —eg® ez —bpi1€2,62 ®er —mey Qez)

UV, e,b) =

If bo1 1 # 0, via the change of basis e, 1= eg/bo 1,1, €} := e1 and e := e2 we can assume by 11 = 1.
By Theorem B,

T(V,c)

B(V,c) and A=
(e1®eg—eg®@er —ep,ea@eg — ey @ ez — ez, @ ep —me; ® es)

are the only candidate primitively generated braided bialgebras with infinitesimal part (V,¢) (note
that A already appeared in [Gid, page 325]). Let us prove that A has the required property.

One easily checks that A is a braided bialgebra quotient of T (V,¢). Thus, by [Md, Corollary
5.3.5], A is connected as T (V,c) is connected. Let (P,cp,bp) be the infinitesimal braided Lie
algebra of A. Then A has basis {eg®e]* e5?|ng, n1,ne € N} and, using regularity of ¢, one gets (by
the same argument as in the proof of [AScH, Lemma 3.3]) that (P, cp) identifies with (V¢).

8. PAREIGIS-LIE ALGEBRAS

In this section we investigate the relation between our notions of braided Lie algebra and univer-
sal enveloping algebra and the ones introduced by Pareigis in [Pd]. Although these constructions
were performed for braided vector spaces which are in addition objects inside the category of
Yetter-Drinfeld modules, we will not take care of this extra structure.

8.1. Let B,, be the Artin braid group with generators 7,7 € {1,...,n — 1} and relations
TiTi+1Ti = Ti+1TiTi+1 and TiTj :Tj’l'i lf |Z*j| 22

Let v, : B, — S, : 7 — T be the canonical quotient homomorphism from the braid group onto the
symmetric group and set s; := 7; for every i € {1,...,n—1}.

Let 0 € S,,. The length [(0) of ¢ is the smallest number m such that there is a decomposition
0 = 8i,8iy -+ S;,,. Such a decomposition will be called reduced. A permutation ¢ may have several
reduced decompositions, but if ¢ = s;,8;, ---s;,, is one of them, then the element 7;,7;, - - 7;,, is
uniquely determined in B,.

It is well-known that the v,, has a canonical section ¢, : S, — B,,. By definition,

b (0) == T3y Tiy -+ T,
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where 0 = s;,8;, - - - 8;,,, 1S a reduced decomposition of ¢. Note that ¢, is just a map, but
tn(07) = tn(0)in(T),
for any 0,7 € S,, such that l(o7) = l(0) + (7).

Recall that 0 € Sp44 is a (p,g)-shuffle if 0(1) < --- < o(p) and o(p+1) < --- < o(p+¢). The
set of (p, q)-shuffles will be denoted by (p | q) .

8.2. Let (V,c) be a braided vector space. For n € N*| there is a canonical linear representation
pn By — Autg (V®") such that p,(7;) = ¢;, where

¢ = VeI g g yeh—iml)
The induced action will be denoted by
>: B, x V& - yen,

On generators we have 7; > x = ¢; (z) for each z € V®". Note that, since ¢, is not a group
homomorphism, this does not restrict in a natural way to an action of S,, on V®",
Let n > 2 and let ¢ € K\ {0}. Following [Ed, Definition 2.3], we set

Ve () = {z e Ve | (¢ '7}¢) > o = %z, forevery p € By, i€ {1,...,n—1}}.
There is an action »: S,, x V& (¢) — V& (() defined on generators by
(16) sip =t

REMARK 8.3. Let (V,¢) be a braided vector space and set T' := T'(V,¢). By [BMSZ, Corollary
1.22], we have

(17) Af;,:”_i (x) = Z tn(c™) >z, forall 0 <i<nandze Ve

o€(iln—1)
LEMMA 8.4. Let (V,c) be a braided vector space. For every n > 2 consider the map

Iy - VO (Q) » VO (), I (x) = Y owa
occS,
for ¢ € K\{0}. If € is a primitive n-th root of unity then 11} (v) € Ey (V,¢c) for each x € ven ().

Proof. We set T := T (V,¢). Note that, for every y € V& (¢) we have

_ 08 -1 _ o _
o 1>y(=)( i )Ln(()' D>y=¢ U )Ln(()' D>y

as [(c~1) = (o) for every o € S,,. Therefore, if x € VO™ () we get

AP @] Y wehem@= Y Y wle e ()

o€ (iln—i) o€ (i|ln—i) YESn
= Y S Oriearns $ SO
o€(iln—i) YESn o€(i|ln—1i) YESH
n
S SIS E EE (R
o€(iln—i) YESn oe(iln—i) <

where the last equality holds in view of [BMSZ, 1.29]. If ¢ is a primitive n-th root of unity, one
has that (?)g = 0 unless i = 0 or i = n. We have so proved that I} (v) € E, (V,c) for each
x € VO (¢). We point out that the calculations above are inspired by part of the proof of [E3,
Theorem 5.3]. O

DEFINITION 8.5. (cf. [, Definition 4.1]) We will call a Pareigis-Lie algebra any braided vector
space (V,¢) together with a K-linear map

-1 @ verEQ -V,

neN,(eP,
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uniquely defined by its restriction [~]7 : V™ (¢) — V to V®" ({), such that the following identities
hold:

(18) [0 2] = [2]7, for every o € Sp,z € VE((),

(19) >

i=1

—

[—]271 o (V ® [—]?)} ((1,...,4) » x) =0, for every x € V"1 (¢),

n

20) [P0 (Vo) @ =3 {1t (ve e -2 even ) (na ) o o),

i=1
for every x € V¥t (—1,()
where

ventl(_1,.¢) = {x eVRVE ()| (1o s (12> (10y) b)) =2,V € sn} .

Given a Pareigis-Lie algebra (V, ¢, [—]) one can define (see [Ed]) the universal enveloping alge-
bra

TV,
(12 ()~ [ | n €N, € Py z € VEn (Q))

REMARK 8.6. V. K. Kharchenko drew our attention to [KBd, Corollary 7.5] where it is proven
there exist at least (n — 2)! possibilities to define symmetric Pareigis-Lie algebras in the case when
the underline braided vector space is an object in the category of Yetter-Drinfeld modules over an
abelian group algebra.

Up (Ve [=]) =

Next result associates a Pareigis-Lie algebra to any braided Lie algebra.

THEOREM 8.7. Let (V, ¢, b) be a braided Lie algebra. Then (V,c,[—]) is a Pareigis-Lie algebra where
[x]? i= b1} (2) for every x € VE™ ((). Moreover there is a canonical braided bialgebra projection
Up (V,c,[—]) = U (V,¢,b) which is the identity map whenever

(21) Z Im (M) = E,, (V,¢), for everyn € N
¢ePn

1s fulfilled.

Proof. We keep many of the notations used in [Pd] and apply some properties proved therein.
First, observe that, by Lemma B4, 1 (z) lies in the domain of b, for every x € V®" ({) whence
[~]¢ is well defined. For every o € Sp,z € V" ((), we have

(0w 2]l = bII (0> 2) = by, Z Yo (owz)| =b, Z (yo) » x
YESn YESn

= b | S0 v e a| = b0 (2) = [of}
YESR

so that (I¥) holds. In order to obtain ([¥) we adapt the proof of [E&, Theorem 3.4] as follows. For
every z € VOl (() and ¢ € P,,, we have

S {1 (Vo L) () ) =, (i (dves =) { (V& ) (1.0 > x>}> |

1= 1=

Let us focus on the argument of by that we denote by a. Note that a € E5 (V] ¢) and observe that

c(Vel) ) B tnoV)evn.wo (Vo) () = (FEe V) {(n ) > 2}
so that
@) (Vall)@= ([ eV) i n) o2}, forevery € Vo Vo ().
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Note also that V&1 (¢) CV @ VO (¢) (see [E3, Proof of Proposition 3.1]). We get
n+1 n+1

o« = Z(V®[—]g)(<1 ..... i)»m)—Zc(V@[—]Z)((l ..... i) > )

i=1 =1

n+1 n+1
= S (Vo). oea) = > (FEe V) {n+ 1, ) » (1,0 o}
i=1 i=1
- Z(vea[—]g) (..., z)»x)—Z([—]Z@V) ((n+1,....0)»a)
n+1 n+1
= Y (Vb)) ((L....,o)»2) =Y (blIZ@V){(n+1,...,i) b x}
i=1 =1

- (V@ ba) (S5 Coes, {1@0) > (L..i) » a}) +
~ (b @ V) (S1 Spes, (0@ 1) » (04 10,0 » a})

= (Veb,) Z owz| —(b,QV) Z ol
O'ES+1 UES-’L+1

= (V&b (Hg“ (x)) —(ba®V) (HZ“ (w))

Thus
n+1

> {20 (Ve ) Ha e o) =t {(veb,) (127 @) - Gee V) (127 (@)}

i=1

Note that it must be true that H?‘H () e (VRE,(V)N(E,(V)®V).
In order to prove ([9), it suffices to check that

b { (V@) (12 (@) = (bu @ V) (127 (1)) } = 0.
Let F:= (Id —b) [E (V,¢)]. Since a € E5(V,c) and H?'H () e VRE,(V)N(E,(V)®V), we
get that
w o =h Ve (I @) - e V) (127 @)}
— (b~ Idye2) (a) +
F (V& (by — Idyen)) (Hg“ (w)) + ((Idye: —bp) @ V) (H;H (m))
€ F+VRF+F®V

so that w € VN (F) = V NKer (my) which is zero by Definition B Hence () is proved.
Let us check that (E0) is true. We will adapt the proof of [Bd, Theorem 3.5]. We get

3 {Fe (vt -2, @ ver ) (i m) & a)

i=1

= b, <i I (V®i—1 -, ® V®n—z‘) (i1~ -71) > x))

= by, <Z 7 (V" @by (Idye: —¢) @ VE" ) (i1 -+ 71) > x))

i=1
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- ( Zz 1Hn( ®i1®b2®v®n i)((Tzl ) )_|_ )
— I (Ve 1®b ® Venr=—i) (v®i- 1®c®v®" ) ((rj-1-+-m) > x)

- Dict > oes, TP (ver ‘1 ® by @ VO 2).((71—1 ) > x)+
"\ X Yoes, o> (VET @b @ VE) (7710 m) B )
— b Zz IZLpGIm Ln)< (Lp)(p > (V@t 1®b2®V®n 7’) {(Tl 1 ) |>.’B}+
" - Z] 1 ZQOEIH](Ln) C 90)90 > (V®] ! ®by ® vens Z) TjTj—1""" Tl) > I}

) b < Z?:l ngGIm(Ln —i® (V®Lp( )=t 0y b2 & V®n #@)

—~
*
~

{(
){ i1 ﬁ)w}+>

(¢
= X1 Lpetm(n ¢ P (VPO @ by @ VENTED) {(p(jy7ymya o) B )

b Zz 1 ngGIm(L )C—l(@) (V®$(‘)_1 ® b2 ® V®n—¥>(1 ) {(TLF(l ! (]' ® (P)) > {IT} +
o ZJ 1 me (e )C 1@ (V&G(J) L @by @ VEnT Sa(j)) {(Tw(J -1 (1l <p)) > 33}

. (by ® V1) (Z@elm Ln)g Y1) > x) +
n (V®n—1 ® b2> (ZweIm(bn) - (%) (TpTn—1 - 1) (1@ @) > x)

_ ( (b ® VI 1) (S5, 1@ 0) B o)+ )
" - (V®n_1 ® bQ) (Eaesn (TnTn—l e 'Tl) > ((1 ® U) > $))

= b ((be@ V1) (VOIIR) (z) = (VE" T @ bo) cyyen (VRII) (z))
= bn ((bg [ V®n_1) — (V®n_1 ® bg) CV,V®") (V ® HZ}) (LU) s
where in (*) we used that, for every ' € V=1 @ Ey (V,c) @ V&1
o> (V®i*1 by ® V@nﬂ‘) (2') = <V®55(")’1 ®Rby ® V®"*‘Z(")) @) (z'),

where ;) € By,41 is a suitable braid depending on ¢ and that was defined in [Ed, Appendix]; in
(**) we applied [Bd, Proposition 8.1].
On the other hand, we have

2 (Ve ) @

= h(dye: —) (Ve ) @)
= w{(vell)@-c(Vvel-) @}

= h{(Ve ang) (z)—c(V® ang) (z)}

=" b {(V@by) (VOIUE) (x) = (ba @ V) ey, (v,e) (VOIE) ()}
= b2 {(V@bn) - (bn®V) CV,EH(V,C)} (V@HZ’) (I) .

Let w := (V ® H?) (x) . Hence it remains to check that

by (b2 @ VE ™) — (VE" L@ bo) cyyen) (W) = b {(V@b,) — (b, @ V) ey, (vie) | (W)

We have
s . = ( b (b2 @ VETT) = (VE L @ bg) ey yen) (w) + )
b= —by {(V@ba) = (bn @ V) evp, (v} (w)
(bp —1Id) (b2 @ VE"1) — (VE" L @ by) cyyen) (w) +
+(((b2 = Id) @ V=) — (VEL @ (by — Id)) evyen) (w) +
(Id = bo) {(V @ by) — (b @ V) ey (viey } (w) +
—{(V & (b —1d)) = ((bp = 1) @ V) ey g, (vie) } (w)

so that s € VN (F) = V NKer (my) which is zero by Definition ETII. Hence (E0) is proved.
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Thus (V, ¢, [—]) is a Pareigis-Lie algebra. By the universal property of its universal enveloping
algebra (see [[Bd, Section 6]), there is a unique braided bialgebra homomorphism Up (V,¢,[-]) —
U (V, ¢, b) that lifts the map iy : V — U (V, ¢, b) . Assume that (ED) is fulfilled. Then

_ T(V.c) _ T(Vic)
U(V,e,b) = (Id—b){E(V,e)}) ((Id “by) {ECGM Im (HE‘)} Ine N)
_ T(V,c)
((Id ~by) {ng (z)} |neN,¢ePy,ze Von (g))
- (L ~ Up (Vie.[).

(12 ()~ [ | n €N, € Py z € VEn (Q))
O

REMARK 8.8. Note that, by [Md, Lemma 5.3.3], the projection Up (V,¢,[—]) = U (V,¢,b) in The-
orem B70 becomes the identity whenever P (Up (V,¢,[—])) identifies with V' through the canonical
map iy, : V = Up (V,¢,[—]). In view of Corollary B8, the converse is true if (V,c) € S.

Theorem EB72 leads to the following problem.

PROBLEM 8.9. To determine under which conditions (EOI) is true for a given braided vector
space (V,c¢). Note that Im(H?) is a vector subspace of V®" (() so that a necessary condition

is B, (V,0) € Yoen, VO (0):

REMARK 8.10. Assume char (K) # 2 and let (V,c) be a braided vector space. Let us show (E1)
holds for n = 2 i.e. that Im(II%,) = E5 (V,¢). By definition, Es (V,¢) = {z € V®? | ¢(z) = —x}
and
Ve (-1) = {zeV®| (¢ 'rip) >a=ua, for every ¢ € Bo}
= {z2eV®?|fpa=a}={2eV®|P(2) =z}.

For each z € V®?(-1), we have 11>, (z) = Y .5, 0 » & =2 —7 > & = = — c(z). Let
v : By (V,e) — V®2(=1) be defined by 7 (z) = z/2. Then, for every x € Ey(V,c), we have
12,y () = 1 (x — ¢(2)) = x, where the last equality holds as z € E (V,c). Hence Im(II%,) =
E2 (V, C) .

Note that 112, is not injective in general. For, if z € V®2 (—1) we have that 112, (z) € V®2(-1)
so that it makes sense to compute I12 ;112 | (z) = z—c (z)—c (z)+c? (x) = 2112 (z) . Thus injectivity
of 112, implies 112, (z) = 2z i.e. ¢(z) = —x for every z € V®2 (—1) which is not true in general
(for example choose V' to be a two dimensional vector space and ¢ to be the canonical flip map
defined by ¢ (v ® w) = w @ v for every v,w € V).

In view of Theorem B, we can now recover two meaningful examples of Pareigis-Lie algebra.

COROLLARY 8.11. (¢f. [BA, Corollaries 4.2 and 5.4]) Let (A, m,u,c) be a braided algebra. Then
(A, ¢,[-]) is a Pareigis-Lie algebra where [z]} := m" I (z), for every x € V€™ (). Moreover,
if A is a connected braided bialgebra, then the space P (A) of primitive elements of A forms a
Pareigis-Lie algebra too.

Proof. By Proposition EE3 (A4, c,b) is a braided Lie algebra, where b(z) := m!~!(z), for every
z € Ey (A, c). By Lemma 74 also P (A) carries a braided Lie algebra structure which is induced
by that of A. We conclude by applying Theorem E72. O

9. BRAIDED VECTOR SPACES OF DIAGONAL TYPE

In these section, we collect general results on braided vector spaces of diagonal type. In Theorem
B3, we will prove that a braided vector space of diagonal type endowed with a bracket must fulfil
suitable identities. This result can be used to establish conditions on the bracket for a given braided
vector space.
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For all n € N, we will use the following notation
n:={1,...,n}

DEFINITION 9.1. We will say that a braided vector space (V,c¢) is of diagonal type with
basis z1,...,2, and matrix (¢, ;)i jen Whenever x;,...,z, form a basis of V' such that for all
1<i,j<n
(i @a)) = qijr; @@
for some ¢; ; € K. For all m = (mq,...,m;) € n', we set
Tm = Tmy @ Ty @+ Q Ty, € Ver,
Note that {z;, | m € n'} is a basis of the vector space V®'. Furthermore, for all o € S; we set

[ (m) = (ma(l), e ,ma(t)) .
For m,n € n’ we write m ~ n if there exists o € S; such that o (m) = n. The equivalence class of
m will be denoted by
Sim :={oc(m) | o € S:}.
Let P (T) denote the space of primitive elements in the tensor algebra T := T (V,¢). A homo-
geneous quantum operation for 7' (cf. [KLd, Definition 2.2]) is an element u € P (T) N V& of
the form

for some n € n! and uy, € K.

The following result is probably well known (e.g. it seems to be implicitly understood in [KRT]),
but we could not find a precise reference for it.

THEOREM 9.2. Let (V,¢) be a braided vector space of diagonal type. Then the vector space P (T)
of primitive elements in the tensor algebra T := T (V,c) is generated by homogeneous quantum
operations for T'.

Proof. First one has P (T) = @enP (V®') where P (V®') = P (T) N V®. Note that P (V®0) =
P(K) = 0and P(V®) = P(V) = V. It remains to prove that each P (V®*) is generated by
homogeneous quantum operations. Let u € P (V®!). Let x1,...,x, be a basis for V. Then
{Tm | m € n'} is a basis of V¥ so that u can be written in the form u = Zméﬂ‘ U Tm fOT
unique elements uy, € K. Since P (V®") = N,_,_, Ker (AiT’tfi), we get that 0 = AiT’tfi (u) =
> ment U A T (), for all 0 < i < n. Since the action > permutes the terms in the tensor
product Tm = Ty, @ Ty, ® -+ ® Ty, using (LA), it is clear that AL~ (zm) and AL (zn)
are linearly independent unless m ~ n. Therefore, if m',... , m® is a set of equivalence class
representatives for the equivalence relation ~, we get that

0= > umAy " (&m)= > ( > umA;z”(xm)>
ment 1<a<s \meS;m®e

implies 0 = > s me umAé’f*i (xm), forall1 <a <sand 0 <i<n.
Hence uy := )1 cs,ma UmTm € P (V®) forall 1 < a < s. Then u, is a homogeneous quantum
operation for T and u = ), ., - Ua- O

REMARK 9.3. Theorem B3 is not true for non-diagonal braided vector spaces in general. For
example let V' be the braided vector space with basis x1, zo and braiding defined by

c(ry®x1) = =z a1, (29 ® x2) = T2 @ T2,
cxa®@xy) = 1 Q@21+ 21 Q T, c(x1 @@me) = —1 @1 + T2 @ X7

Then x121 + 2122 — 221 is the unique non-zero primitive element in V%2 and it is not a homo-
geneous quantum operation. The braided vector space (V, ¢) has been investigated in [ESH].
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LEMMA 9.4. Let (V,¢) be a braided vector space of diagonal type with basis x1, ..., %, and matriz
(@ij)ijen- Let u = 3 csnUmTm be a homogeneous quantum operation for T(V,c) for some
n=(ny,...,n) €n’ and set d; .= #{j | n; =1} for alli € {1...n}. Then

(23) cyyver (T, Qu) =u® H q 1T and cyery (U®x;) = H ql Lr; ® u.

1<i<n 1<i<n
Proof. Tt follows from the equalities cy v ot (2; @ Tm) = Tm @[ [, <1<, qf’lzi and cyer v (Tm ® ;) =
[1i<i1<p "% @ T which hold for all m € S;n. 0

THEOREM 9.5. Let (V,c) be a braided vector space of diagonal type with basis x1,...,x, and
matriz (¢ j)ijen. Let u = Y7 cs nUmTm be a homogeneous quantum operation for T(V,c) for
somen = (ny,...,n:) € n' and set d; :== #{j | n; =i} for alli € {1...n}. Suppose (V,c) has a
bracket b, and write b(u) =Y, -,,, bix; where by € K, for alli € {1,...,n}. Then

(24) i Qij — H q

1<i<n

0, forall1 <i,j <mn,

0, forall 1 <i,j <mn.

(25) bj @y — T o
1<i<n

Proof. By (I0), for 1 < j <n we have that c(b®@ V) (u® x;) = (V ®@b) cyer v (u® x;). The first

term is c(b®@ V) (u®@x;) = 30 5, bic (v @ x5) = 321 i, bitij7; ® 2. The second term is

(Veb)eyery (u® ) (—) H q L @b (u Z b; H ql]anj@asz
1<i<n 1<i<n  1<Ii<n
Therefore we get ().
Similarly, by (), for 1 < i < n we have that ¢(V®0b) (z; ®u) = (b® V) ey yer (; @ u). The
first term is ¢ (V@ b) (z; @ u) =30 <5<, bje (@i ® x5) = 321 1<), bj¢5,j7; @ 25 The second term is

b V)eyyeor (v, ® (E) H q;i’lb u) @ x; = Z b; H qzaxj®xi.

1<i<n 1<j<n  1<I<n
Therefore we get (E3). O

COROLLARY 9.6. Let (V,c) be a braided vector space of diagonal type with basis x1,...,x, and
matriz (¢ j)ijen. Let u = Y7 s UmTm be a homogeneous quantum operation for T(V,c) for
somen = (ny,...,ny) € n' and set d; := #{j | nj =i}, for alli € {1...n}. Suppose (V,c) has a
bracket b. If b (u) # 0, there is a € n such that the following relations hold:

(26) Qa,j = H qu, forall1 < j <n,

1<i<n
(27) Gia = || @ foralll<i<n

1<i<n
Proof. Let b(u) = > 1 ,<, biz;. From b(u) # 0, we get there is a € n such that b, # 0. The
conclusion follows by Theorem E3. ]
COROLLARY 9.7. Let (V,c) be a braided vector space of diagonal type with basis x1,...,x, and

matriz (¢; j)ijen. Suppose (V,c) has a bracket b which is not the restriction of the canonical
projection T (V,c¢) — V. Then there are a € n and dy,...,d, € N with dy + ---+ d,, > 1 such that

(8) and (€1) hold.

Proof. Since b is not the restriction of the canonical projection T (V,¢) — V, by Theorem H3,
there exists ¢ > 1 and a homogeneous quantum operation u = Sin UmTm for T'(V, ¢) for some
n = (ny,...,n;) € n' such that b(u) # 0. Set d; := #{j |n; =i}, for all i € {1...n}. Then
di 4+ ---+d, =t > 1. The conclusion follows by Corollary Eq. O
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We now give an example of a braided vector space (V, ¢) of diagonal type admitting a non-trivial
bracket. Furthermore we determine all primitively generated braided bialgebras with infinitesimal
part (V,¢).

EXAMPLE 9.8. Let K be a fixed field with char (K) = 0. In [BSH, Theorem 4.5], the following
example of a two dimensional braided vector space (V,¢) is given. (V,¢) is of diagonal type with
basis x1, 2 and matrix (g; ;)i je{1,2}, Where q11 = € K and ¢; ;j = 1 for all (i, ) # (1,1) . Assume
~ is not a root of unity. Then, by [BESH, Theorem 4.7], one has that

T(V,c)

(xow1 — x122)

B(V,c) = = K [21, 2] .
Thus, as an algebra, B (V,¢) is the polynomial ring in 2 variables with coefficients in K. Note that
the endomorphism ¢: V@ V' — V ® V' has minimal polynomial (X — ) (X2 - 1) .

Let then b be a bracket on (V,¢) such that (V,¢,b) is a braided Lie algebra. Since B (V,c¢) is
quadratic as an algebra, by [Bd, Proposition 6.16] and Remark B33, the braided vector space (V; ¢)
is in S. By [BSH, Theorem 3.11]

T(Vic)
(Id =] [E2 (V,)])

where Es5 (V, ¢) is the space of primitive elements in V @ V. Set u := 22 ® 1 — 21 ® x2. It is easy
to check that Es (V,¢) = Ku. Thus

U(V,c,pB)

T(V.c)

(xomy — w12 — b (u))’
If b (u) = 0, then by Corollary B, b is the trivial bracket of (V).

Assume now b(u) # 0. Note that this does not contradict Corollary BB as we can choose
a = 1. Set b(u) = bixy + baxs. Note that u is a homogeneous quantum operation for T'(V, ¢) for
n = (ni,n2) = (1,2). Then d; := #{j|n; =i} = 1 for all ¢ = 1,2. By Theorem O3, we get
0=by (‘Z2,1 —Il<i< qff‘l) =by(1—q11921) = (1 =) ba. Since + is not a root of unity, we get
by = 0 so that b(u) = byzq and by # 0. Via the change of basis (y1,y2) := (z1,22/b1), we can
assume by = 1 obtaining

U (V,e,b) =

T (V,c)

V,c,b) =
U( ¢ ) ($2$1—131$2—331)

In conclusion, by Theorem B2,

T(Vie)
(582151 —X1T2 — 991)

B(V,c) = K [x1, 2] and A=

are the unique candidate primitively generated braided bialgebras with infinitesimal part (V,c). It
remains to prove that A has the required property. If we apply a new change of basis (y1,y2) :=
(z1,72/1 4+ ), we get that that A = T (V,¢) /(1 + ) (y2y1 — y1y2) — y1), which is the seventh
case in [BSH, Table 1]. Thus, by [BSH, Corollary 3.9], the space of primitive elements in this
connected braided bialgebra identify with V' as required.

In the last part of this section we prove that the infinitesimal part of a quantum linear space
and the braided vector spaces with braiding of Drinfeld-Jimbo type admit only trivial brackets.
We will also determine all primitively generated braided bialgebras having one of these braided
vector spaces as infinitesimal part.

EXAMPLE 9.9. Assume K is algebraically closed of characteristic 0. Let (V, ¢) be a braided vector
space of diagonal type with basis 1, ..., 2, and matrix (¢; ;)i jen. Fori,j € n, assume that ¢; ; # 1
are primitive N;th roots of unity (N; > 1) and ¢; ;¢;,; = 1 for i # j.

Set T := T'(V, ¢). By means of the quantum binomial formula (see [ESc3, Lemma 3.6]) one gets
that z; ® x; — ¢ jz; @ x; € E(V,c) for i # j and 2 € B(V,¢). It is known that B (V,¢) is the
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so called quantum linear space
T (V,c)

Ny, Nn. ; e
(xl ; Tn"; TiTj — i jTjTiy 1 > ])

B(V,c) =

and that (V,¢) € S (see [B1, Example 6.4] and Remark BE3). Note that B (V,c¢) has dimension
Nyoooo- N,,.

Let b be a bracket on (V,c). Set b (xg@Nt) = 1<i<n bt,iz;. Note that PN is a homogeneous
quantum operation for T for n = (nq,...,nn,) = (¢,...,t). Then d; := #{j | n; =1} = N0, for
alll € {1,...,n}. By Theorem 3, we get

d ..
0="bi|qi;— H ay | =be (qz',j - qyj) , forall 1 <4,5 <n,
1<i<n
d .o
0= btJ qi; — H qi”l = bt,j (qi,j - qﬁf) , for all 1 < (2%} <n.
1<i<n

Suppose there exists s € {1,..., N;} such that b, ; # 0. Then

Gs,i = qivj, and Gis = qf\f[, forall 1 <i<n.
Then ¢, 5 = thYS‘ = (qt]Ytt)N‘ = 1 a contradiction. Therefore b (x,?Nt) =0forallte{l,. .. N}
For all a # b we set uap = TaTp — Ga,pTpTa and b (Uap) = Y 1 <icp bapii- Note that u,yp is a

homogeneous quantum operation for 7 for n = (ny,ns) = (a,b). Then d; := #{j |n; =1} =
010+ 01p for all I € {1,...,n}. By Theorem B3, we get

d .
0=bapi |~ [[ @] = bawi(ij—dajaw;), forall1<i,j<n,
1<i<n
d .
0="bap; | ¢G5 — H 4 = bap; (G, — Gi,aip), forall 1 <i,j <n.
1<i<n

Suppose there exists s € {1,...,n} such that b, p s # 0. Then
(28) Gsi = qa,iqbis and Gi,s = Gi,alib forall 1 <i<n.

From the first equality, if s € {a, b}, we get q,,; =1 or g5 ; =1 for all 1 < j < n whence ¢,,, =1
or gpp = 1 a contradiction. Thus s ¢ {a,b}. We have

_ G _ 2
1= 4s,a9a,s = Ya,a9b,a9a,a9a,b = qa7a7

1= (23) _ 2
= 4s,b9b,s = qa,bqb,b9b,aqb,b = Qp p-

Since Gq,q # 1 # qb,p, We get ¢q,o = —1 and g, = —1. Hence

(=3) (=3) _ _
4s,s = Qa,sqb,s = Yqa,aqa,bqb,aqb,b = Ga,a9b,b = 1
a contradiction. Therefore b, s =0 for all s € {1,...,n} whence b(u,;) = 0. By Corollary B2, b
is the trivial bracket of (V,¢) and U (V, ¢,b) = B (V, ¢).

We are now able to determine all primitively generated braided bialgebras A with infinitesimal
part (V,c). Let A be such a braided bialgebra. By Theorem B, A is isomorphic to the enveloping
algebra U (P, cp,bp) associated to its infinitesimal braided Lie algebra (P, cp,bp). Since (P,cp) =
(V, ¢), by the foregoing, we must have bp = 0. In conclusion A 2 U (P, cp,bp) = S (P,cp) = B(V, c)
so that B(V, c) is the unique primitively generated braided bialgebra with infinitesimal part (V] ¢).
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DEFINITION 9.10. [BScd, Definition 1.1] Assume charK = 0. Let (V,¢) be a braided vector space
of diagonal type with basis x1,...,z, and matrix (¢; ;)i jen. To such a braiding one associates
a graph as follows. The vertices of the graph are the elements {1,...,n}, and there is an edge
between two vertices ¢ and j if and only if they are distinct and g; jg;; 7 1. Denote by X the set
of connected components of the graph.
The braiding c is called of Cartan type if ¢;; # 1 for all 1 < ¢ < n, and there are integers «; ;
such that
o o;;, =2 for 1 <i<n,
o 0 < —q;; <ord(g;) (which could be infinite), for 1 <14 # j <n,
® il = qf‘l’7 forall 1 <i,j <n.
Since ¢ ; = 0 implies «;; = 0 for all 1 <4 # j <n, then (c; ;) is a generalized Cartan matrix.
A braiding c¢ of Cartan type is called of Drinfeld-Jimbo type (DJ-type for shortness) if, in
addition, there exist positive integers 41, ...,d, such that

] 51'041‘73‘ = (SjOéj@, for all 1 S Z,j S n,
o for all I € X, there exists gf € K not a root of unity, such that ¢; ; = q?iai’j for all
1el,l<j<n.
Note that, since we are in characteristic zero, in view of the latter condition, for 1 < 4,57 < n
one has ¢; j is a root of unity if and only if ¢; ; = 1. In fact if n # 0 is such that ¢i; = 1, then

dia jn

l=gqg';=q/ . Since g7 € K is not a root of unity, we get d;c; jn = 0 so that §;c; ; = 0 whence
dicu,j
gij=qr" =1 N
If ¢ # j are not connected in the graph, then 1 = g¢; jq;; = qf;’ By the foregoing, ¢; # 1

implies «; ; = 0 whence ¢;; = q; G =1,

ExaMPLE 9.11. Let (V,c¢) be a braided vector space with braiding of DJ-type as above. Set
T :=T (V,c) and recall that the braided adjoint representation is the linear map ad. : T — EndT
given by (ad.u) (v) = v ® v — ep (u®w) for all u,v € T. Denote by (ad.u)’ the t-th power of
ad. (uv) in EndT'. By [BScd, Theorem 2.9], one has

T(V,¢)
(<adc$i)1_ai’j (), 1<i#j< n)
For all 1 < a # b < n, set uqp = (adezq)' ™" (23). One has uq; € E(V,c) (see e.g. [KRD,
Theorem 6.1], where u, ; is denoted by W (xy, z,) in formulae (18) and (19), or see [BScd, Lemma

A1]). By [B1, Theorem 6.1], and Remark B3, we have that (V,¢) € S.
Suppose (V,c) has a bracket b and set b(uq,p) = Zlgign babixi. Now, ugp is a homoge-

B(V,c) =

neous quantum operation for n = (nl, . ,ng_%,b) = (a,...,a,b). Then d; :== #{j|n; =1} =
(1 —qp)diq+0ip foralll € {1,..., N;}. By Theorem HA, we get

1—ay .
0=bap: | ¢,j— H qld,lj = bap (Qi,j - qa7_ja ’be,j) , forall 1 <4,5 <n,
1<I<n
1—ay, .
0=bap; | ¢,j— H qul = b, (%‘,j - qi,aa ’bl}i,b) , forall 1 <4,5 <n.
1<I<n

Suppose there exists s € {1,...,n} such that b, s # 0. Then

1—ag 1-aq .
(29) Gsi=Gu; @i and  qa=q, ""qy  foralll1<i<n,
We have
&) 1-a,, 1—aa, l1—ag
QES = (s,s49s,s = qa,sa 'be,SQS,aa 'bq&b = (QS,aQa,s) et 4s,b4b,s

as o\ 17 b asp  asa(l—oap)tase
qs7s Gs,s = Qs,s .
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Since g5 is not a root of unity, we get 2 = a4 (1 — gp) + asp. Suppose s ¢ {a,b}. Then
Qs.q, g b, s p < 080 that as o (1 — aqp) + asp < 0, a contradiction. Hence s € {a, b}.

Ifs=ua, weget 2= c;4(1—up)+asp =0qa(l—aagp)+ aap=2—aqyp so that agp =0
whence

B 1-aq
ab = dsb = Qg 4b,b = qa,bqb,b-

Since qq,5qb,0 = agf;" = 1, we get that ¢, is invertible so that g, = 1, a contradiction. Thus
s =b. We have 2 = a4 (1 —agp) + s p = o (1 — gp) + app = o (1 — agp) + 2 whence
apq =0as a#b= a., <0. Since ap, = 0 implies ap = 0, as in case s = a, we arrive to a
contradiction. In conclusion b (usp) = 0 for all 1 < a # b < n. By Corollary B, b is the trivial
bracket of (V,c¢) and U(V,¢,b) = B(V,c). In view of Theorem B2, B (V,c) is then the unique
primitively generated braided bialgebra A whose infinitesimal part is (V c).
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