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Abstract 

Masonry structures represent one of the most common worldwide structural typologies for 

buildings. To date, many historical towns and villages in Italy are built from aggregates of 

masonry buildings, in which each architectural unit interacts with others forming a complex 

structural system. Local failure mechanisms are particularly important for the assessment of 

the safety level of masonry buildings and, especially, of aggregates: recent seismic events 

have provided evidence that masonry buildings are particularly vulnerable to out-of-plane 

actions, triggering a wide number of local collapse mechanisms. For this reason, this contri-

bution proposes a new fast computational tool for the automated seismic assessment of local 

failure mechanisms in masonry aggregates through limit analysis. The proposed tool is based 

on the NURBS geometric description of the aggregate, which is the common output of many 

free form modelers. This peculiarity makes the tool easily interfaced with CAD design envi-

ronments and requires no advanced computational skills to the user. The historical center of 

Arsita (Italy), a beautiful example of masonry aggregate, which was hit by the 2009 L’Aquila 

earthquake, is analyzed as a case study and the results are used to validate the proposed tool. 
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1 INTRODUCTION 

Masonry constructions are the most widespread structures in the Italian historical centers, 

which are often the result of an uncontrolled urban development based on buildings erected in 

continuity to each other, so resulting in aggregates of constructions. These were generated by 

the progressive transformation of the urban tissue, in which elevation floors were added to 

existing constructions and adding structural units made plan extensions to the existing ones. 

As a result, it is very difficult both to distinct the structurally independent units and to identify 

the global response of the building aggregates. Therefore, seismic vulnerability assessment of 

masonry aggregates in the Italian historical centers represents a specific and very actual prob-

lem [1].  

The main difficulties of this task are related to the low knowledge level of the structures, 

which were in many cases built in absence of anti-seismic design regulations, particularly due 

to the absence of drawings or reports. In addition, even if in most practical cases, and as al-

lowed by the Italian building codes [2,3], the safety assessment would mainly regard a single 

building within an aggregate, the analysis of these complex constructions should require the 

complete modeling of all structural units. The seismic response of masonry building included 

in aggregates is influenced by several aspects, such as the topography and morphology of the 

foundation soil, the plan configuration of the aggregate, the degree of connection between ad-

jacent buildings, building position within the aggregate, homogeneity of structural character-

istics and, finally, masonry textures (which can be strongly irregular in case of aggregates [4]). 

A rigorous approach would require a detailed analysis of the entire aggregate, but because of 

the inherent complexity of the aggregate itself, some approximations need to be introduced. 

Simplified methods based on parametric analyses on large scale have been recently proposed 

[5–7].  

Recent seismic events have provided evidence of the high vulnerability of these structures 

to out-of-plane actions, triggering a wide number of local collapse mechanisms [8–12]. There-

fore, local analyses are particularly important for the assessment of the safety level of histori-

cal masonry buildings [13,14] and, therefore, aggregates. Local failure mechanisms can be 

evaluated in simply way through limit analysis techniques by adopting the assumptions pro-

posed by Heyman for masonry material, i.e. null value of ultimate tensile stress, infinite com-

pressive strength and exclusion of sliding between blocks [15]. However, it is worth 

mentioning the tensile strength is not always exactly null, but quite variable and uncertain. In 

addition, the resistance to compression is at least an order of magnitude greater but finite, as 

well as the shear resistance, especially in absence of meaningful normal compression, may 

result quite low. The adoption of an isotropic no-tension material could result too simplistic 

and suitable homogenization techniques should be preferred [16–19]. 

In this paper, a new fast computational tool for the automated seismic assessment of local 

failure mechanisms in masonry aggregates through NURBS-based limit analysis [20] is pro-

posed. According to this procedure, a given masonry structure can be modeled as a coarse rig-

id block assembly, where dissipation is allowed only along element edges. NURBS (Non-

Rational Uniform B-Spline) [21] are special approximating basis functions widely used in the 

field of 3D modeling for their ability to approximate the geometry of curved elements (i.e. 

arches, vaults or walls with circular holes) in an extremely accurate way. Starting from the 

obtained rigid bodies assembly, an upper bound limit analysis problem with very few optimi-

zation variables can be devised. The main aspects of masonry material are taken into account 

through a homogenization approach based on a Method of Cells-type approach [18]. Due to 

the very limited number of rigid elements used, the quality of the computed failure mecha-

nism depends on the shape and position of the interfaces, where dissipation is allowed. Mesh 
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adjustments are therefore needed: a meta-heuristic algorithm (e.g. genetic algorithm) is thus 

implemented in order to modify the mesh and find the minimum kinematic load multiplier 

(i.e. the collapse multiplier). It should be noted that this is the natural evolution of the previ-

ously published [22] open-source code ArchNURBS. Recent applications of this method can 

be found in the literature [23–30]. 

The historical center of Arsita (Italy), which was hit by the 2009 L’Aquila earthquake [31] 

and subsequently involved in the reconstruction plan performed by ENEA (Italian  National 

Agency for New Technologies, Energy and Sustainable Economic Development) [32,33], is 

analyzed as a case study. In particular, the analysis of the masonry aggregate named “Il Tor-

rione” is presented. 

2 NURBS LIMIT ANALYSIS 

In this section, we present the NURBS-based limit analysis procedure.  

The analysis of the aggregate starts with a NURBS representation of the geometry. The 

main advantage of NURBS is the wide range of geometries that can be represented with accu-

racy through very few elements. Another point is that NURBS entities can be directly inter-

faced with commercial CAD packages, such as Rhinoceros® [34]. NURBS basis functions 

are built on B-splines basis functions, which are piecewise polynomial functions defined by 

“knots” (i.e. points in a parametric domain) 1 2 1{ , ,..., }n p      , where p and n denote the 

polynomial order and the total number of basis functions, respectively. Given a set of 

weights iw   and the i-th B-spline basis function ( ,i pN ), then the NURBS basis function 

,i pR  can be written as follows: 

,
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A NURBS surface of degree p in the u-direction and q in the v-direction is a parametric 

surface in the three-dimensional Euclidean space defined as: 
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where { }ijB  form a bidirectional net of control points. A set of weights 
,{ }i jw and two sepa-

rate knot vectors in both u and v directions must be defined.  

In the numerical simulations presented in this work, geometries are modeled within Rhi-

noceros as NURBS surfaces. This model is imported within a MATLAB® environment, in 

which thickness and offset properties are assigned to each surface, through the IGES (Initial 

Graphics Exchange Specification) standard [35]. At this point, NURBS properties may be 

manipulated to define a NURBS mesh of the masonry mid-surface, in which each element is a 

NURBS surface itself (see Figure 1). 

Starting from the geometrical properties of each element, an upper bound formulation can 

be obtained and implemented through an efficient internal point linear programming algo-

rithm, e.g. using open programming codes as MATLAB, in order to assess the ultimate load 

bearing capacity of a given masonry structure. Given an initial NURBS mesh, each element is 

considered as a rigid body and his kinematics is thus determined by the six generalized veloci-

ty components { , , , , , }i i i i i i

x y z x y zu u u    of his center of mass, expresses in a global reference 

system Oxyz . On the structure, dead loads 
0F  and live loads Γ  are acting. Possible dissipation 

is allowed only along element interfaces. In order to enforce closely compatibility along inter-
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faces and correctly evaluate the possible dissipated power, integrals are numerically evaluated 

on interfaces by means of classic collocation method on several points 
iP  . On each point 

iP , 

a local reference system ( , , )n s t  is defined, where n  is the unit vector normal to the interface, 

s  is the tangential unit vector in the longitudinal direction and t  is the tangential unit vector 

in the transversal direction, as sketched in Figure 2(a). 

In the evaluation of the dissipated power, a rigid plastic behavior has been assigned to ma-

sonry material. In order to reproduce all the main aspects of masonry in aggregate buildings in 

a simple way, such as no-tension material properties with finite values of compressive 

strength, presence of different and irregular masonry textures for each structural units and dis-

integration failure modes, the use of homogenization techniques is recommended [17–19]. 

Therefore, in this work a homogenized three-dimensional failure surface has been adopted, 

which includes, as it can be seen in Figure 2(b-c), a very low value of tensile strength (even-

tually null), a Mohr-Coulomb behavior in shear and a linear cap in compression. 

The obtained linear programming problem is reported in Eq. 3, in which geometric con-

straints (a), compatibility constraints (b), non-negativity of plastic multipliers (c) and normal-

ization of the power dissipated by live loads (d) are included.  
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For all cases in which the collapse mechanism may be complex, such as curved elements 

or walls constrained at the edges in which the failure does not take place by a simple overturn-

ing, the initial mesh has to be modified. In other words, the optimal position of the fracture 

lines needs to be found in order to avoid an excessive overestimation of the load multiplier. In 

these cases, a progressive adaptation of the mesh is performed through a Genetic Algorithm, 

which applies some modifications to the subdivision of NURBS surfaces optimizing, iteration 

after iterations, the kinematic multiplier. 

The reader is referred to [20,24,25] for further details about the NURBS-based upper 

bound limit analysis procedure.  

 (a)  (b)  (c) 

Figure 1. Passage to the initial NURBS surfaces in CAD environment (Rhinoceros®) to the initial mesh of the 

NURBS model in MATLAB®. 
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(a) (b) (c) 

Figure 2. (a) NURBS element and local reference system at the interface and (b-c) assigned failure surface ((b) 

2D section and (c) 3D linearized surface). 

3 NUMERICAL SIMULATIONS: THE CASE OF ARSITA  

Arsita is a town located in the district of Teramo (Abruzzo Region), near the Gran Sasso 

Massif. The small and nice historic center, which includes a total amount of 17 masonry ag-

gregates, presents very inhomogeneous built up with regard to earthquake damages, vulnera-

bility, past interventions, maintenance and marks of past seismic events. Although the 

intensity of L’Aquila 2009 earthquake may be considered moderate, the combination of sev-

eral factors (mainly high potential vulnerability, particular topographic and soil conditions) 

led to a non negligible widespread damage [31]. 

The masonry aggregate named “Il Torrione”, which is the 8th aggregate among the 17 ac-

cording to the classification provided by ENEA [32], has been chosen as meaningful case 

study for the presented work. This aggregate is characterized by an irregular horizontal plane, 

foundations at different levels and three floors (roofing included). Four different structural 

units have been identified. Structural units and a series of horizontal sections are depicted re-

spectively in Figure 3 and Figure 4. According to the documents provided by ENEA [32,33], 

all the several typologies of horizontal floors are characterized by the absence of chains and 

concrete edgings; moreover, roofs do not apply horizontal thrusts on the perimeter walls. The 

floor frame directions, which has been hypothesized by ENEA’s documents, is depicted in 

Figure 4, whereas in Table 1 weight and variable loads associated with each horizontal floor 

are reported. In Table 1 also seismic load combinations provided by [2] are shown.  

The masonry aggregate has been analyzed by means of a procedure of linear kinematic 

analysis provided by the Italian code for existing masonry construction [2,3]: for each rigid 

block included in the model, a horizontal loads configurations, which is proportional to the 

supported weights, is applied in addition to vertical loads. The horizontal multiplier α0, which 

is the horizontal load multiplier associated with the activation of the local failure mechanism, 

is evaluated by means of Principle of Virtual Work.  

The NURBS-based limit analysis has been applied in order to perform the evaluation of the 

horizontal multiplier automatically for each structural unit. Material parameters of masonry 

material, associated with the homogenized failure surfaces depicted in Figure 2(b), are report-

ed in Table 2. An appropriate nomenclature has been assigned to each wall (see Figure 5) in 

order to show the several failure mechanisms in an orderly way. Results obtained are reported 

from Figure 6 to Figure 10. In some cases, different hypotheses have been adopted for the 

quality of connection between orthogonal walls (see for example Figure 8 and Figure 10). Fi-

nally, the results of the analysis on the whole façade on the west side of the building (walls 

C1-D1 according to Figure 5) is presented in Figure 11. In this case, both the hypotheses of 

multi-leaf wall and compact wall between the two structural units have been taken into ac-

count: as result, a lower horizontal multiplier has been found in case of multi-leaf wall. 
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(a) (b) 

Figure 3. Aggregate “Il Torrione” of Arsita: (a) 3D CAD model and (b) subdivision in structural units in plan 

view. 

  
(a) Ground floor (b) Mezzanine over the ground floor 

  

(c) First floor (d) Second floor 

  
(e) Loft floor (f) Roofing floor 

Figure 4. Plane sections and floor frame directions. 
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(a) (b) 

(c) (d) 

Figure 5. Nomenclature adopted for walls of each structural unit: (a) A, (b) B, (c) C and (d) D. 

Structural 

unit 

Floor (thickness 

[cm]) 

Self-weight 

(G)  

[kN/m2] 

Variable 

load (Q)  

[kN/m2] 

Seismic 

combination 

coefficient 

(ψ2j) 

Seismic 

combination 

(G+ψ2j·Q) 

[kN/m2] 

A, B, C 

First (20+5) 3.45 2 0.3 4.05 

Second (24+4) 3.65 2 0.3 4.25 

Loft (18) 3 2 0.3 3.6 

Roofing  1 - 0 1 

First balcony (25) 6 4 0.6 8.4 

Second balcony (17) 4.1 4 0.6 6.5 

D 

First  6 2 0.3 6.6 

Second 4 2 0.3 4.6 

Loft  (18) 3 2 0.3 3.6 

Roofing 1 - 0 1 

First balcony (25) 6 4 0.6 8.4 

Second balcony (17) 4.1 4 0.6 6.5 

Table 1. Floor loads and seismic combinations (according to the Italian building code [2]). 

Property Symbol Value Unit of measure 

Specific weight γ 18 kN/m3 

Ultimate tensile strength  ft 0.01 MPa 

Ultimate compressive strength fc 2.4 MPa 

Cohesion c 0.01 MPa 

Friction angle Φ 37 ° 

Linear cap in compression 
ρ 0.5 - 

Φ2 10 ° 

Table 2. Mechanical properties adopted for masonry. 
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    (a) 
(b) 

0.068 0.087 0.138 0.528 

 (c) 

2.604 0.891 1.081 0.286 

Figure 6. Wall A1, local failure mechanisms and horizontal load multipliers α0: (a) overturning, (b) horizontal 

flexure at the top and (c) vertical flexure. 

 (a)  (b) 

0.069 0.127 0.058 0.123 

    (c)       (d) 

0.097 0.141 0.409 

Figure 7. Walls A2-4, local failure mechanisms and horizontal load multipliers α0: overturning of (a) wall A1, (b) 

wall A2, (c) wall A3 and (d) corner overturning of walls A3-4. 
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 (a)  (b) 

0.184 0.427 

  (c) 

0.069 0.095 0.160 0.873 

Figure 8. (a) Wall B1 and (b-c) Wall C1, local failure mechanisms and horizontal load multipliers α0: overturn-

ing with (b) good and (c) low quality of connection with orthogonal walls. 

 
0.135 0.142 

Figure 9. Walls D2-4, local failure mechanisms and horizontal load multipliers α0. 
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 (a) 

0.063 0.105 0.109 

(b) 

(c) 

0.103 0.141 0.201 0.764 

(d) 

0.849 0.289 2.705 0.728 

Figure 10. Wall D1, local failure mechanisms and horizontal load multipliers α0: overturning with (a) low and (b) 

good quality of connection with orthogonal walls, (c) vertical flexure and (d) horizontal flexure at the top. 

 (a)  (b) 

0.103 0.127 

Figure 11. Walls C1 and D1, local failure mechanisms and horizontal load multipliers α0 with different hypothe-

ses for the boundary wall between units C and D: (a) multi-leaf wall and (b) compact wall. 
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4 CONCLUSIONS  

A new computational tool for the automated seismic assessment of local failure mecha-

nisms in masonry aggregates has been presented. This procedure relies on a NURBS-based 

upper-bound limit analysis and a meta-heuristic algorithm for the optimization of the kinemat-

ic load multiplier. The use of NURBS surfaces, which are very common on commercial CAD 

packages, allows an accurate representation of complex geometries and makes the tool easily 

interfaced with the CAD environment. The main characteristics of masonry material are taken 

into account by means of homogenization techniques. The analysis of the aggregate “Il Tor-

rione” in the historical center of Arsita (Teramo) has been presented as first result about this 

work. A very fast evaluation of the most critical failure mechanisms of the aggregate is pro-

vided. Moreover, the proposed tool allows to take into account different conditions typical of 

masonry aggregates, such as low or good quality of connections between walls and presence 

of multi-leaf walls. 
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