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Abstract. In this paper, we investigate the solution of the nonlinear junction Riemann
problem for the one dimensional shallow water equations in a simple star network of three
rectangular channels, by considering possible bottom discontinuities between the chan-
nels and possible differences in the channels width. In the literature, the solution of the
Riemann problem at the junction is investigated for the symmetric case without bottom
steps and channels width variations. Here, the solution is extended to a more general
case, such that neither equality of the channels width nor symmetric flow have assumed
in the downstream channels. All the analysis are performed under sub-critical flow con-
ditions. The results are summarized in a Theorem, and series of numerical examples are
considered to support our findings.
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1. Introduction

Nowadays, mathematical models for network flows constituted by partial differential
equations (PDEs) are well defined (e.g. well posedness, existence, and uniqueness)
[1]. Many applications benefit from this property. Typical examples are free surface
flow in irrigation systems or natural rivers, traffic flow, and blood flow [2—4]. In
particular, open channel flow in networks is of great interest from the environmental-
hydraulic perspective. The simplest form of channels network is a star network. It
consists of three rectangular channels joined at a junction node. Providing realistic
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conditions at the junction node is therefore a crucial point to characterize the water
flow in such system.

The one dimensional shallow water equations (SWE) are well established for sim-
ulation of open channel flow in both sub-critical and super-critical flow [5]. However,
using SWE in open channels network is not a trivial target because the junction
node is a singular point for the SWE [6]. Therefore implementing one dimensional
simulation in such networks requires internal boundary conditions, which are defined
as functions dependent on the solution, to connect the channels at each junction
node.

In the last decade, the use of the one dimensional SWE for the simulations of
open channels network has been presented in several works, see for examples [7—12].
Avoiding the ill-possedness of the used mathematical model, six unknowns (three
water depths and three water discharges) must computed at the junction node, pro-
viding the internal boundary conditions, and therefore the mathematical model is
well possed. Hence, six relationships have to be defined, forming a nonlinear system
that is numerically solved at each time step to provide the inner boundary con-
ditions. In the case of sub-critical flow [9,11,12], three relationships are obtained
by using the characteristics curves [13-15], the fourth relationship is obtained by
assuming the mass continuity at the junction node [6], the two remaining relation-
ships are obtainable by one of the following junction models; Equality model [16],
Gurram model [17], Hsu model [18], and Shabayek model [19]. Equality model is
derived by using equality of specific energy at the junction and it is simplified to
equality of flow depths by neglecting the velocity head at the junction node [16].
Gurram model is derived by applying momentum conservation principle and take
into account the junction angle. Hsu model is similarly derived as Gurram model
but with energy and momentum correction factors. Shabayek model is a general
nonlinear model based on the theory that involves most of the physical phenom-
ena at the junction. In the case of super-critical flow [11,12], four relationships are
obtained by using the characteristics curves [13-15], the fifth relationship is ob-
tained by assuming mass continuity at the junction [6], the remaining relationship
is obtained by the Rice super-critical junction model [20] or a non-linear dynamical
equation with momentum conservation [21-23]. However, these junction model are
used by Engineers without mathematical evidences that guarantee the existence
and uniqueness of the generated solutions.

Indeed, using further mathematical analysis, a recent approach for computing the
internal boundary conditions is defined on a proper extension of the Riemann prob-
lem. This approach is based on the theoretical background provided in [24] and is
numerically verified by Briani et al. [1]. The Riemann solution of SWE in one dimen-
sion is thoroughly investigated in [25-27] with or without bottom discontinuties. A
well posed Cauchy problem for P-system at the junction is established in [28] and
then in [29] is extended to define the Riemann problem for 2x2 conservation laws at
the junction. Goudiaby et al. [24] provides the mathematical tools for establishing
a unique solution of the nonlinear junction Riemann problem of 1-D SWE in a star-
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like network of three channels. Mass conservation and equality of energy levels at
the junction are assumed. The flow is assumed to be symmetric in the downstream
channels and sub-critical along the network.

Here, our analysis consideres the results by Goudiaby et al. [24] and by im-
plementing the nonlinear junction Riemann Problem of 1-D SWE, we face a more
general case. In particular, no assumptions of symmetry or equal channels width
are considered and bottom discontinuities between the channels at the junction are
taken into account. The conservation of mass and the total head equality at the
junction are used as a consequance of the steady state solution of the SWE, more
details about the total head physical meaning can be found in [30]. The flow in the
three channels are assumed to be sub-critical. The Riemann solution is geometri-
cally presented by finding the intersection points of certain curves in phase space.
These curves are Hugoniot loci [32], Integral curves [32], and junction curves. The
junction curves are defined by using mass conservation and total head equality,
whilst the physical domains of the non-dimensional SWE variables are of great
help. Several situations where no solution to the Riemann problem can be found,
are investigated.

The rest of paper is organized as follow: In Section 2, a brief discussion of
the shallow water equations is presented. The solution structure of the junction
Riemann problem is shown in Section 3. In Section 4, some examples to support
the findings of the previous section are presented. Lastly, in Section 5 we conclude
with some discussions on the results.

2. The shallow water equations and its standard Riemann problem
2.1. The shallow water equations

The one dimensional shallow water equations, also known as Saint Venant equations,
are defined as a mathematical model to describe open channel flow by considering
the vertical depth small with respect to the horizontal length scale. SWE are a
particular case of Navier- Stokes equations, obtained by integrating the mass and
momentum equations over the depth. The SWE can be written in a conservative
form as:

oU  OF

—_— 4+ — = i L 2.1

ot * ox S, {0, L}, (2.1)
with

h hu 0
{hu} ’ hu? + % ’ [Qh(so - Sf)] 7 22

where v and h are the flow velocity and flow depth, respectively. L is the channel
length; g is the gravity acceleration; S, = —g—; is the bed slope and z is the bottom

elevation; Sy is the friction slope. Since the Riemann solution is asociated to the
frictionless cases [25], then the friction slope can be neglected and therefore it is



4 M. ELSHOBAKI, A. Valiani, and V. Caleffi

assumed here to be equal to zero. A non-zero bottom elevation is considered.
Equation (2.1) can be cast in a quasi-linear form. Then we have

ov ov

N + A(v)a—x =0, in[0, L], (2.3)
with
h 0 10
v= hu|, AW)= |c?—u®hugh|. (2.4)
z 0 0 0

The matrix A has three real distinct eigenvalues A\; with j = 1,2, 3.
M) =u—c, Iw)=u+t+c, A3(v)=0, (2.5)

where ¢ = /gh is the wave celerity. A very important parameter for the shallow
water equations is the Froude number Fr = . The flow is sub-critical if Fr <1,
critical if Fr = 1, and super-critical if Fr > 1. The critical curves are defined as
follow

Cti={g=h\gh}, C :={q=—h\/gh}, (2.6)

respectively; g = hu is the specific discharge. On the critical curves the left and the

p— L1 - po—

Flow direction
—

b1

Fig. 1. Star-Network of three rectangular channels.

right eigenvalues (i.e., Ay and \g, respectively) coincide with the third eigenvalue
As. In this condition the SWE lose their hyperbolicity and therefore system (2.3)
is not a strictly- hyperbolic system [27]. On the other hand, under sub-critical flow
conditions the system is always strictly hyperbolic and the theory of hyperbolic
systems can be used. In the natural open channels networks, the Fr number is
generally small therefore, considering only Fr numbers smaller than 1 does not
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limit the practical utility of this analysis. Thus, for simplicity we restrict ourselves
to sub-critical flow conditions for the rest of the paper.

2.2. Standard Riemann problem

Assuming a constant bottom elevation, the system (2.3) can be used to define the
standard Riemann problem for a single channel. We consider the following initial
piecewise constant states

v if <0
v(0,x) = 2.7
(0,2) {UT if >0 27)

where v; and v, are the left and right initial condition, respectively. In the sub-
critical conditions, the solution consists of two unperturbed states and an interme-
diate state separated by a left wave and a right wave [27]. The intermediate state
is connected to the left unperturbed state through a shock or a rarefaction, and
is connected to the right unperturbed state through a shock or rarefaction. There-
fore, the intermediate state are defined by using the Rankine Hugoniot loci and
Riemann integral curves as it is shown in the next subsection.

2.3. Left and right wave curves

The Hugoniot loci and integral curves are combined to define the left wave curve
(1-curve) and the right wave curve ( 7,- curve). First, we introduce the functions

05 and [, as:

Rl(ho;vl), ifho < hl,
ho;v1) = qo = Ri(ho,v1) USi(ho,v;) = 2.8
Aulhoiw) = g o, 1) U Silho, o) {Sl(ho;vl); ithy > hy, (28)
and
Rr(hoavr)y ifho < hr»
r ho;vr = {o = Rr hoavr US’!‘ hoavr = 2.9
Orlhosen) = o = oy fhorvr) U 5e o, ) {Sr(ho,vr), ithy > by O
Where the left and the right shock waves are
ho(ho + h
Sulhoion) = a0 = i+ (ho — ) [ L =[Sl FIOY oy s, 2a0)
h; 2hy
Sy(ho;vr) = go = ¢r + (ho — hy) ;]TT + %}fhr) ,forh, > h,, (2.11)

and the left and the right rarefaction waves are

Ri(ho;v1) = qo = hy (}qll + 24/ gh; — 2\/gho) , forh, < hy, (2.12)
!
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Ry (ho;vy) = qo = ho (Z —2\/gh, + 2\/gho) ,forhy < hy. (2.13)

Then, the 13- curve is

o
Ti(hojvy) = Bu(h 'Ul):| , (2.14)
and the 7,- curve is
[ A
Tr(ho;vy) = ° . 2.15
( ) _ﬁr(ho;vr)] (2.15)

In the next propositions, the extrema of the previous functions are computed to lo-
cate the maximum and the minimum of the curve 7;(h,;v;) and the curve 7,.(hy;v,.).

Proposition 2.1. Considering the sub-critical flow conditions, the only part of the
curve 7i(ho;vy) that can intersect with the positive critical curve CT is the rarefac-
tion portion. That intersection, denoted by v'™, is characterized by the mazimum

of B; and is given by
pm =L (4 2 oh i (2.16)
°© T g\3n 3V '

qlom = 6l(hlom; V) = hlom ghbm. (2.17)

Moreover, 1i(ho;v) is given by a concave function that is increasing in the interval
10, Al and decreasing in the interval [h'™, +oo|. Therefore, the increasing part of
the function varies from

lim Bi(he;v) =0 to  Bi(hi™;v) = hl™y/ghlm, (2.18)
ho—0t
and the decreasing part varies from

Bi(hg™s 1) = hg™\[ghlm to Tim  Bi(he;v) = —oc. (2.19)

he—+o00
Proof. The general idea is summarized as follow: First, assuming that the shock
portion is intersected with the critical curve C*. Then, one can show that this
assumption violates the sub-critical flow conditions. Indeed, the proof follows by
contradiction, see [24]. O

Proposition 2.2. Considering the sub-critical flow conditions, the only part of
the curve 7.(ho;vy) that can intersect with the critical curve C~ is the rarefaction
portion. That intersection, denotes by v)™, is characterized by the minimum of B,
and is given by

2
1 qr 2
S — - Vahy ), 2.2
¢ 9< 3hy 3 VY ) (2.20
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" = =Br (bl v) = hDT N/ ght™. (2.21)
Moreover, 7,.(ho;v,) is given by a convex function that is decreasing in the interval

10, R2™] and increasing in the interval [h™, +ool. Therefore, the decreasing part of
the function varies from

hlim+ Br(ho;vr) =0 to Br(h)™v.) = —h1"\/ght™, (2.22)
o—0
and the increasing part varies from
Br (R v,) = —ho™A/ght™ toh liH—& Br(ho; vy) = +o0. (2.23)
o—r+o00
Proof. Look at the proof of Proposition 2.1. O

We can also prove that the states (h,,q,) such that h, < hi™ and h, < h"™
violate the sub-critical flow conditions. Therefore, Proposition 2.1 and proposi-
tion 2.2 assure that 7;(hy;v;) and 7,.(hy;v,) intersect only at one point which
is the intermediate state v, in the solution of the standard Riemann problem
(2.3) and (2.7). Furthermore, the components (h.,q.) of the intermediate state
Ve = T(hse;v1) N 7 (hy;ve) are computed by solving the following nonlinear func-
tion:

B(hy;v) = Bi(hy;vy) — Br(hy,v,) = 0. (2.24)

Example 2.1. We present the standard Riemann solution of (2.3) and ( 2.7) with
initial data:

hy 1 h 0.5
vu=|q| =10, v.=]¢g|=1]0]. (2.25)
2 0 Zy 0

Figure 2 represents the Riemann solution of Example 2.1. In the regions above the

curve CT and below the curve C'~, the sub-critical flow conditions are not satisfied.
Note that these regions are the same in all next figures of Section 3 and Section
4. The dot lines represent the left and right rarefaction (R;(ho;v;) and Ry (ho;v.)).
The solid lines represent the left shock and right shock (S;(ho;v;) and Sy (ho;vr)).
The intermediate state v, in the Riemann solution is the intersection between the
curves 7; and 7,. The intermediate state is connected to the left initial state v;
through a rarefaction (dot line) and to the right initial state v, through a shock
(solid line). The state v!™ is the maximum value of the left- curve 7; and corresponds
to the intersection between the left-curve 7; and the critical curve C*. Similarly, the
state v]"™ is the minimum of the right curve 7, and corresponds to the intersection
between the right curve 7, and the critical curve C~. For more clarification, Figure
3 shows the evolution of the Riemann solution plotted at ¢ = 0.2[s]. It is clear that
the solution consists of two waves, the first is a rarefaction and the second is a
shock, and the intermediate state.



8 M. ELSHOBAKI, A. Valiani, and V. Caleffi

Flow discharge q

Water height h

Fig. 2. The solution of the standard Riemann problem in a single channel.

1.5 1
= o
= “EJ, 0.5
Ry ©
E E
5 S
2
© 2
o
= 2 0

Fig. 3. Water height and flow discharge profiles in the standard Riemann solution at ¢t = 0.2[s],
are shown in solid lines. The initial data are shown in dot lines.

3. Nonlinear junction Riemann problem

In this Section, we newly provide the solution structure of the junction Riemann
problem in the presence of bottom discontinuities and for non-symmetric down-
stream channels with possible different channels width. By considering the star
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network reported in Fig.1, the shallow water equations are defined as:

avl +A1(U1)%Ul =0, z <uy,
0”2 + As(v2) 22 =0, = > ay, (3.1)
81}3 —I—Ad(vd)%— =0, x>z,

where 7 is the junction point and A(v) is defined in (2.4). The junction Riemann
problem is given and governed by the initial data:

v1(0,2) =vy, =z < xJ,

UQ(OVI) = V2r, T > Zj, (32)

v2(0,2) = vsp, T > TJ.
Considering the Riemann problem (3.1-3.2), the Riemann solution consists of six
states denote by vy, Vo, U3y, U1k, V2s, and vs,. From vy, to vy, the relationship
(2.10) or (2.12) holds. From vg, to vs, and from vs, to vs., the relationship (2.11)
or (2.13) holds. The states v1, vas, and v, are connected to each other by the mass

conservation and the total head balance relationships. The following conditions are
obtained

r 1—7r
Q1x = W2Q2x + W3GQ3+;  Q2x = o q1sx, 43« = G, atwy, (33)
2

ws
qis R

hix + aghT. = Zy+ hoy + il atxy, (3.4)
qis B

his + S92, = 73+ h3y + Thg*, atzy, (3.5)

where 0 < r = = w2y QQ* < 1 is the discharge ratio. 0 < wy = g—f and 0 < w3 = Z—i

are the ratio between the second channel width and the first channel width, and

the third channel width and the first channel width, respectively. Zs = 29 — 21
and Z3 = z3 — z; are the bottom discontinuities between the first and the second
channels, and between the first and the third channels, respectively. The conditions
at the junction (z; = 0) are the conservation of mass and the total head balances.
For a more detailed discussion about the physical meaning of the total head concept
and its relation to the flow depth ratio, we refer to [30,31].

Moreover, the correct left wave connecting vy, to vy; is

q1x = Bu(his;vn), (3.6)

where (1 is given by (2.8), and the correct right waves connecting ve, to ve, and
V34 tO V3, are

@2x = Bor(hax; var), (3.7)

and

g3« = ﬂBr(hB*; 7)37”)7 (38)
where [, and B3, are given by (2.9), respectively.
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3.1. Existence and uniqueness of the solution of the nonlinear
junction Riemann problem

In this subsection, we show that the solution of the junction Riemann problem (3.1-
3.2) exists under certain hypothesis and is unique under sub-critical flow conditions.
Moreover, we demonstrate also the conditions for which the solution does not exist.
Hence, we look to find (hi, hox, R3«, @14, G2, 3+ ) that satisfy (3.3-3.8), while system
(3.6-3.8) consists of eight possible combination. These possible combinations are:

(1) If h1s < hyy, hox < hop, and hs. < hg, i.e., left and right waves are rarefaction,
then (v1., Vo, v3.) satisfies (3.3-3.5) such that vi. € Ryj, vox € Rap, and v, €
Rs,.

(2) If hix > hiy, hox > hop, and hs. > hg, i.e., left and right waves are shock, then
(V1x, Vax, V3. ) satisfies (3.3-3.5) such that vi. € S1;, vox € Sap, and vs, € S,

(3) If h1x < hiy, hos > hop, and hz. > hg, i.e., left rarefaction wave and right shock
waves, then (1., Vax, U3«) satisfies (3.3-3.5) such that vi. € Ry, vox € So,, and
V34 € S3y.

(4) If h1x > hqy, hos < hop, and hg. < hg, i.e., left shock wave and right rarefaction
waves, then (v1x, Va«, U3«) satisfies (3.3-3.5) such that vi. € Sy, vax € Rar, and
V3« € Ray.

(5) If hix > hayy hox > hap, and hg. < hs, ie., left shock wave, first right shock
wave, and second right rarefaction wave, then (v1.,va., v3.) satisfies (3.3-3.5)
such that vy, € Sy, vox € S, and v3, € Rg,.

(6) If hyx > hiy, how < hap, and hs, > ha, i.e., left shock wave, first right rarefaction
wave, and second right shock wave, then (v1., V2., v3.) satisfies (3.3-3.5) such
that vi, € S, vox € Ra,, and vz, € Sz,

(7) If hix < hiy, hos > ho,, and hgs. < hg, i.e., left rarefaction wave, first right shock
wave, and second right rarefaction wave, then (v, vo.,v3.) satisfies (3.3-3.5)
such that vy, € Ry, va2s € Sor, and vz, € R3,..

(8) If hix < hiy, how < hop, and hg, > hs, ie., left rarefaction wave, first right
rarefaction wave, and second right shock wave, then (vy,, va., vs34) satisfies (3.3-
35) such that vy, € Ryj, v+ € Ro,, and vz, € S3;..

3.1.1. Mass-energy conservation at the junction.

For any left sub-critical state vy, the states vs, and vs, are computed by solving
the junction conditions (3.3-3.5). The states vo, and vs, are sub-critical states with
hox > 0 and hs. > 0. Substituting the mass equation (3.3) in the total head balances
(3.4-3.5), the junction conditions give the following algebraic equations:

2
q1+
hg* + G/Qh%* +co = O7 ag = —]7,1* + Z2 — 7292%*, Co = (

T 2q2
— ] 22 >0 3.9
) o @)

Qa, Cs as * B 9 C: . .
3% 3 3% 3 ) 3 1 3 2 h21 3 2 -



Nonlinear Junction Riemann Solution 11

The specific energy of each cross section (AB, CD, EF) at the channels junction
can be written as follows:

2

2 2 2
q]_* T ql* 1_T q1x
Ero=hiy+ —Y Fo =hyy + | — . B3, = hy, .
b = e gz B 1+<w> 2gh3. 1+<w3>zgh§*
(3.

11)

The corresponding critical flow depths can be written as:

2 2 2 1— 2 2
h(:l =y qﬁv hc2 =1 <T> qj’ hc3 =\ < r) qj’ (3-12)
\/ g \l w2 g w3 g

respectively, being:
2 2
3 1_pr\3
hCQ = <T> h017 hc3 = < T) hcl~ (313)
w2 w3

Using the critical depth h.; as the reference depth, the critical specific energy in
each cross section at the junction can be written as:

2 2
3 3/ r\3 3/1—r\3
Eq==ha, Eo==—] ha, FEsz=-= he 3.14

L= gl 2 2<w2) ! 3 2( wg) ! ( )

The critical depth h.; and the critical specific energy E.; are used to dimension-

less all the depths and all the specific energies in the three channels. The non-
dimensional depths are:

hl* h2* h?,*
= s = 5 3 = . 3.15
n hcl 2 hcl G hcl ( )
and the non-dimensional specific energies are:
El* EQ* E3*
1 E01 ) 2 Ecl 3 3 Ecl ( )

So that the fundamental relations between the non-dimensional specific energy and
the non-dimensional depth at each channel are [31]:

2 2
2 11 2 1/r 1 2 1/1—r 1
AP T S S (A S R (i T
1 37714—377% 2 3772+3<w2> 2 3 3773+3< s ) 2 ( )

The relationships (3.17) are plotted in Fig. 4, for a set of parameters r = 0.7,
wo = 0.2, and w3 = 0.8. In the following, the influence on the solution of r and
w into the solutions is highlighted. The variables n and I' are investigated in the
following domains:

Wi

<
N———
Wi

1—r
< g < 00, < ) <3 < 00, (3.18)

1< < oo, (
w3

w2

1< Ty < oo, <T>
wo

Since the study is limited to sub-critical flows, both the choking of the flow and the
critical transition are excluded from the present analysis. In other word, the specific

w(ro
W

17
<T, < oo, ( ’") <T5 < oo (3.19)
w3
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energy in any cross section in the channel is larger than the critical value, that is
necessary to cross over the junction. Using (3.15-3.17), then equations (3.9-3.10)

_Fl‘vmi
|— Tousmy
| Tywsp|

5 7125 7)3

K

45 5
Fig. 4. Energy vs depth
are written in the following non-dimensional form
5 ) 3 1\’
Ny +oan; + p2 =0, ag = —§F1 + A&y, o = s\ ) (3.20)
w2
3 1/1—r\?
s+ asns +pz =0, ag = —§F1 + A&z, uz = 5 ( ) ) (3.21)
w3
Where A& = hZ—"’l and Aé3 = Zsl are the non-dimensional bottom discontinuities.

q- (3.20) and Eq. (3.21) are based on the use of the following third degree poly-
nomlal.

Pin)=m"+an’ +pu; n=(pms) a=(az,a3), p=(usps).  (3.22)
Considering the proper domains of r and w, then p is always positive. For the
forward facing step bottom the maximum permitted height of step is simply equal
to the difference between the upstream specific energy and the critical downstream
specific energy [30], that is:

2 r\i 2 1-7\3
3A§2<F1—(> ) 3A53<1—‘1—< 5 ) . (3.23)

(09))] 3

It is worth nothing that (3.23) and the restriction to sub-critical conditions imply
a < 0, while ¢ > 0 comes from the constrains on r.
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Using Cardano’s method [33], the roots of Eq. (3.22) are shown to be dependent on
the following discriminants:

4
4 3
Ag = U3 EO(?) + M3 |- (325)

A > 0 implies complex roots; A = 0 implies multiple roots; A < 0 implies real
roots.

Taking into account the definitions of o and p in (3.20-3.21) and of sub-critical
conditions, the following relations hold:

4 1 2 5170\ 1 1/ 7r\?
*O‘S)JFMZ:*i <F13A52> +2() 2F§+<> <0, (3.26)

27 (0% 2 w2

4 1 2 Por1=r\ 1, 1 /1-r\?

— o ——-(m-:2a = = 34 2
27043+N3 2( 1-3 €3> +2< o ) 5 3+2( o ) <0 (3.27)

in the physical domain of 'y, 'y, and T's in (3.19).

Considering 1 > 0 and Equations (3.26-3.27), then A < 0 and therefore the poly-
nomial (3.22) has three real roots. Equation (3.23) is equivalent to Ay < 0 and
Ag < 0, therefore the restriction on the discriminants is related to the step height
compared with the specific energy values.

For a given set (I'1, A&, A&3), the admissible range of w% and of 1w;3’" can be

obtained:
2 3 1— 2 3
(;) < (n - 3A52> , < wg’") < (rl - 3A53> L (32m)

The discharge ratio r and the width ratio w, as defined in equation (3.3), have to

ol

satisfy conditions (3.28) for a certain set of 7; and A. Conditions (3.28) can be
read as the maximum degree of the channels width contraction that is compatible
with the flow across the junction.

Considering the following expressions:

2 2
27 T 1 273 1—1r 1
- 1—-—=—142—) =, -1——=-1+4+2 —, (3.29
2wy (w) ] 2wy <w> g 429

and using the physical domains defined in Eq. (3.19), it is :

27 27
—1<—1——a<1, 0<6=arccos [ 1 — %) < (3.30)
2u3 213
Taking into account that A < 0 and the inequalities in Eq. (3.30), then using
Cardano’s method and trigonometry properties, the polynomial (3.22) has three

real roots. The first root is

M = <;I‘1 — ;Ag) [1 — 2cos <§>} . (3.31)
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From (3.19) and (3.30), n(!) is shown to be real and negative and therefore is
excluded. The second root is

2/3
From (3.19) and (3.30), 7(® is shown to be positive and less than (WLQ) for the

2/3
second channel and less than (1;3’“) for the third channel. The root () is the

super-critical solution and therefore is excluded from the next analysis. The third

n®) = (;rl - ;Ag) {1 ~2cos (2”; 9)] . (3.33)

From (3.19) and (3.30), 7® is shown to be real and positive. It is greater than
2/3 2/3
(w%) for the second channel and greater than (%) for the third channel.

root is

The root 1 is the sub-critical solution. The following Proposition summarize the
previous results in terms of dimensional variables with Y = n®h, and n®) =

(n2,m3)

Proposition 3.1. For a given left state vy, that satisfies sub-critical flow condition,
there are only two right states va, and vs,. that satisfy the junction conditions (3.3-
3.5). The right states are

Y(G/Q, 02) 2 + 9
Voy = (UJLQ) Q1% s Y(GQ’CQ) = —% |:1 — 2COS (71-32):| ) (334)
22
and
Y(al’n 03) 2 + 0
a )
Vg = (%) ¢+ | ; Y(as,c3) = —33 [1 — 2cos ( 7T 3 3)} ) (3.35)
23
with
q r 2 q2 2762
=y + 2y — s _ (" L - _1— 3.36
ag 1 + 2 29]7,%*7 2 <w2) 2g s U2 arccos < 20/:5 > 9 ( )
and
2 2
G714 L—r dix 72703
=—h * Z3 — ) = ’ 03 = |\ 1=
as 1o+ Zs 2 cs ( o > 29" arccos ( 203 (3.37)

r and w satisfy (3.28) and (3.3).
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3.1.2. Junction curves.

Using Sec. 2.3 and Sec. 3.1.1: Let v1, € T1;(h10;v11), V20 € Tor(h2o; Vo), and v, €
T3 (h3o; v3,-). For any value of hi,, we have (hap,goy) and (hss, gss) the physically
admissible states satisfying sub-critical flow conditions that connect to vy, by the
junction conditions. Where, the states (hoy, go) and (hss, g3,) satisfy

hoy = Y(az(hio), c2(h10)), qo» = o%ﬁu(hlo;vu)’ (3.38)

(1—-7)

has =Y (az(hio), c3(h10)), g3 = Bui(hio; v1r), (3.39)
where Y'(.,.) is given by (3.34-3.35) and

2 (hio,v r 2 (hio;v
a2(h10) = _hlo + Z2 - Bll(zglhg U), CQ(hlo) = <> ﬁll( 219 1l)7 (340)
lo

B2 (hio; v11) (1=7)\ B%(hio;v11)
hio) = —hyy + Zg — ANV oy (341
az(hio) 10+ 243 2gh%o c2(hio) s 29 ( )
B1i(h1o,v1;) is defined by (2.8). Therefore, the junction curves denoted by
J1(h1o;v1;) and Jo(hi1o;v1;) can be defined as follow

h h
Ji(hio;v11) = [ QD} . Ja(hiosvn) = [ SD] . (3.42)
q2> q3>

Note that the intermediate states in the solution of the junction Riemann prob-
lem are computed by the intersections of J; with 7, and J; with 73, and their
corresponding states on 7y;. The next Propositions describe the extrema of the
functions Y (ag(hie, c2(h1,)) and Y (as(h1o, c3(h1o))-

Proposition 3.2. The functions Y (a(h1,), c(h1o)) are defined in (3.34) and (3.35).
They have their minimums at the mazimum hi™ which is given in Proposition 2.1,
such that

{ d:(az(hlol);@(hlo)) |hla:hl{§ =0, (3.43)

d Y(az(’cll}%l,cz(hlo)) |h10:hl{§” > 0. .

{ d:/(ag(hlo);c3(h1°)) |hla:hll7on =0, (3.44)
d Y(as(’;;t%l,cs(hlo)) |h10:hl{§” > 0. .

Moreover, the functions Y (a(hi,,c(h1,)) are decreasing in |0, hi™] and increasing
in [h{™, oo[. The decreasing part of the functions varies from

lo»
hm Y(ag(hlo), Cg(hlo)) = *hllo — ZQ to }/110 5 (345)
h10—>0+ 2
: 9 lm lm
lim Y(ag(hlo), Cg(hlo)) = *hlo - Zg to Y20 . (346)
h10*>0+ 2
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while, the increasing part from

Y™ to lim Y(as(hio),ca(hio)) = 400, (3.47)
h10*>0+
}/ngn to lim Y(ag(hlo), C3(h10)) = 400, (348)
h10—>0+
with
(BT 7, 05 + 2
Y :( ; —3) [1—2cos( 3 )} (3.49)
m (P Z 03 + 27
YJ:(% —;)[1—2cos<33 )} (3.50)
such that

r\° Rtm °
1
0 = arccos <—1 +2 <w2> <M) ) ) (3.51)

1—r\? Rim ’
— lo
03 = arccos <—1 +2 ( o ) (hlfj} ny 53) ) . (3.52)

Proposition 3.3. The junction curves Ji(hio,v1;) and Ja(hie;v1) consist of two
branches connected by the minimum states, are denoted by v and vi™, respectively.
These states correspond to vi™ by the junction conditions, with

hlm — Ylm qlm —_ L) qlm
2> lo » 2> wa lo»
3.53
hlm _ Ylm m _ (1—r ilm ( )
3> = Y205 A3 = | 55 ) Qo>

where Y™ and Yi™ are given by Proposition 3.2. ¢™ is given by Proposition 2.1.
For any state (hays,qos) on the junction curve Jy(hio;vi) and (has,qss) on the
Junction curve Ja(hi,;v1;), we have

hos > Yim,
R (3.54)
hay > Yo
Furthermore, the following relations hold
dhae <0, G2 >0, if 0.<hy < b7, (3.55)
dhae <0, 9= >0, if 0.<hyp <hl7,
dhap d -
dh?o = 0’ d;ﬁi = O’ Zf h’lo = hll:?’ (356)
G= =0, Gl =0, if hio= Ry,
= >0, g <0, if BT < hy, < +00, (3.57)
$hae >0, 4= <0, if W7 < hyp < o0
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Proposition 3.3 shows that each junction curve has two branches. One branch
corresponds to non sub-critical states which satisfies (3.55) and (3.56), and are
denoted by Ji4(h1o;v1;) and Jox(hie;v11), respectively. This branch is excluded
from the analysis for violating sub-critical flow conditions. The second branch of
the junction curves, are denoted by J1_(h1,;v1;) and Jo— (h1,; ve;), satisfy (3.56) and
(3.57), and corresponds to sub-critical flow conditions. The intermediate states in
the solution of the junction Riemann problem are obtained by the intersection of the
junction branches J;_ and Jy_, and the right curves 7o, (h1,; vo,) and 73,-(h10; v3r),
respectively.

Moreover, by considering Propositions 2.1, 2.2, 3.1, 3.2, and 3.3 the solution of the
junction Riemann problem is summarized in the following Theorem:

Theorem 3.4. The Riemann Problem defined in (3.1-3.5) has a unique solution if
and only if

{qé's > Bar (5 v2r), (358)

Q:l),ﬁl > BSr(hE{g; U3T‘)a
where (5™, gb™ ) and (hY%, 4™ ) are given in Proposition 3.3, and B2, and Bs,. are

given by (2.9), and condition (3.23) is satisfied. Then, the intermediate states in
the junction Riemann solution are given by

hl* th
Ve = | qie | = |Bulhissvn) |, (3.59)
21 21
hos Y (az(hip), ca(hip))
Vor = | Gox | = | B2r(Y(a2(h1s), c2(his)); var) | (3.60)
Z2 z2
h3. Y (a3(hip), c3(his))
V3 = | @3e | = | Bsr (Y P (az(hip), c3(h1s));var) | (3.61)
23 23

where hy, is the solution of
B(his;v) = Bor (Y(az(hip), c2(his))ivar) + Bar (Y (az(his), c3(his)); var)

r 1—r
- ( + ) Bui(his;v1), his > AT, (3.62)

) w3

with YT is given by Eq. (2.16).

Proof. The proof of Theorem 3.4 is summarized as follow: the only valid junction
branches that gives sub-critical states are J;_ and Jo_ under the conditions (3.58)
and (3.23). This means that the state ¢b™ and ¢4 are located above the right curves
Tor and T3, respectively. Thus, from Proposition 2.1 and Proposition 3.3 it follows
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that J;_ and J,_ intersect at a single point with 75, and 73,, respectively. This

intersection gives the intermediate states vo, and v, of the Riemann solution. The
intermediate states satisfy the following relationships:

how =Y (az(his), ca(his));  Por(hosivay) = ((;) Bri(his;vn), (3.63)

1—r

hisw = Y (as(h1s), €5 (h1s): ﬁgrmg*;vgr):( )ﬁu(hw;vu)- (3.64)

Then, for hy, > hY" and combining equation (3.63) and equation (3.64), we get
Bar (Y (az(hiy), ca(hip)); var) + Bar (Y(az(his), c3(his)); v3r)

r 1—r
- < + ) Bii(his;v1) =0, hiy > W™, (3.65)
w2 w3

Therefore, the value of hy, is obtained by finding the root of the following function
B(hip;v) = Bar (Y(az(his), c2(his)); var) + B3r (Y(az(his), ca(hip)); var)

1—
- (T + T) Bui(hissvu), has > BT (3.66)

w2 w3

Moreover, the intermediate state v1, in the Riemann solution is

his hip
Vs = | qus | = |Bulhasion) | (3.67)
Z1 z1

On the other side, the curves J,_, Jo_ and 7o, 73, intersect only if vé’g is above
the curve 79, and vf{lf above the curve 73,.. Therefore, if Ul27>n € 7o, and v;l{b" € T3,
the intermediate states are given by (vi™, vi™) and (0™, v4™), are not valid states
because Proposition 2.1 shows that v{™ is a critical state. Then, condition (3.58)
holds and condition (3.23) must be satisfied, to avoid complex roots. Indeed, the
proof of the theorem is completed. D

4. Numerical examples

In this section some examples of the solutions of the nonlinear junction Riemann
problem are presented. The solutions are plotted in two phases. The first phase is the
h—q phase plane. The second phase is the h—x and g—xz phase planes at a fixed time.
Both symmetric case (i.e., the two downstream channels are symmetric) without
bottom discontinuities, and the non-symmetric case with bottom discontinuities
and different channels width, are presented. The behavior of the different solutions
is investigated. To supply r, the nonlinear system (3.3-3.8) is numerically solved by
using a hybrid method for nonlinear equations [34]. This implies that r is computable
if the system (3.3-3.8) admits a numerical solution and therefore the computed
value of r is considered. For the case in which the system (3.3-3.8) does not admit
a numerical solution, r is chosen for a purpose of declaration.
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Example 4.1. We consider the following initial Riemann data

1.1 1.2 1.2
vy = (1.2, wvor =103, w3 = |03 (4.1)
0 0 0

for the symmetric case of the downstream flow (i.e., by = by = b3 and r = 0.5) by
the symmetry of the downstream flow.
Figure 5 shows that the solution in the three channels consists of three intermediate

T (s vr) = 7ir (B )

Flow discharge q

25

Water height h

Fig. 5. The solution of the junction Riemann problem in symmetric case and without bottom
discontinuities.

states. The intermediate states are vi, v2« , and v3,. The states vo, and vz, are
coincident due to the symmetry of the downstream flow. The intermediate states
Vg« = V34 are obtained by the intersection of the junction curve J_ (dash line), and
the right wave curves 7o, and 73, (dot-solid line). The state vy, is the corresponding
state, and belongs to the left wave curve 71;. Then, the solution is completed by a
left shock (solid line) that connects the states v1; and vy, in the first channel. The
states vg,. = vz, are connected to the states vo. = vs. through a shock (solid line)
for the second and the third channels. Indeed, condition (3.58) is satisfied. Figure 6
shows the evolution of water height and flow discharges profiles in the three channels
at t = 0.2[s]. The junction Riemann solution is represented by solid lines and the
dash lines represent the initial data profile. The intermediate states in the Riemann
solution satisfy the mass-energy conservation at the junction. The solution consists
of a shock occurring in the first channel for z < 0, a shock occurring in the second
channel for > 0, and a shock occurring in the third channel for > 0.



20 M. ELSHOBAKI, A. Valiani, and V. Caleffi
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Fig. 6. Water height and flow discharge evolution of junction Riemann solution in symmetric case
and without bottom discontinuities at ¢t = 0.2[s].

In the next examples, we demonstrate the effect of the backward bottom dis-
continuities on the Riemann solution.

Example 4.2. We consider the following initial data with small backward bottom
discontinuities z1 > (22, 23) and the computed r = 0.76. The widths by = 1, by = 0.9,
and b3 = 0.5 are considered.

1.1 1.2 1.3
v = 1.2 5 Vor = 0.3 5 V3y = 0.3] . (42)
0.1 0 0

The junction Riemann solution is shown in Fig. 7 for small backward bottom
discontinuities. The junction curves are shown by dash lines that intersect with the
wave curves (dot-solid lines) and therefore the intermediate states in the Riemann
solution are obtained. The intermediate states vy, v24, and vs, are connected to the
initial states vy, ve,, and vs, though a left shock (solid-line) for the first channel, a
right shock (solid-line) for the second channel, and a right shock (solid-line) for the
third channel, respectively. The Riemann solution exists and therefore (3.67) and
(3.23) are satisfied. In Fig. 8, the evolution of water height and flow discharge at
time ¢ = 0.2 [s] are plotted. The Riemann solution is shown by the solid lines and
the initial data are in dash lines. The solution consists of a shock occurring in the
first channel for z < 0, a shock occurring in the second channel for z > 0, and a
shock occurring in the third channel for x > 0. Mass and energy are conserved by
the intermediate states while  and w satisfy condition (3.23).

Example 4.3. Consider the following initial data with large backward bottom
discontinuities with r = 0.75. The widths b; = 1, b = 0.9, and b3 = 0.5 are
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Flow discharge q

Water height h

Fig. 7. The solution of the junction Riemann problem with small backward bottom discontinuities
(e.g., z1 = 0.1, z2 = z3 = 0) and with the computed r = 0.76.
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Fig. 8. Water height and flow discharge evolution for junction Riemann solution in non symmetric
case and with small backward bottom discontinuities at ¢ = 0.2[s].

considered.
1.1 1.2 1.3
v = 1.2 5 Vor — 0.3 5 V3pr = 0.3 (43)
0.8 0.0 0.0

Figure 9 shows that the Riemann solution does not exist while condition (3.67) is
violated and there is not an intersection between the junction curves and the right
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Fig. 9. The solution of the junction Riemann problem with large backward bottom discontinuous
(e.g., z1 = 0.8, z2 = z3 =0) and r = 0.75.

wave curves. Here, the backward bottom step minimize the existence of the Rie-
mann solution. This might be due to energy dissipation and considering an energy
correction may extend the existence field of the solution.

In the next examples, we demonstrate the effect of the forward bottom discon-
tinuities on the Riemann solution.

Example 4.4. We consider the following initial data with small forward bottom
discontinuities (z2,23) > 21 with the computed r = 0.75. The widths b; = 1,
by = 0.9, and b3 = 0.5 are considered.

1.1 1.2 1.3
V1 — 1.2 s Vor — 0.3 5 V3pr = 0.3]. (44)
0.0 0.1 0.1

Figure 10 shows that the Riemann solution exists under small forward bottom dis-
continuities. The solution consists of a shock that connects the left initial state to
the first intermediate state in the first channel. The right initial state is connected to
the second intermediate state by a shock in the second channel. For the third chan-
nel, a rarefaction connects the second right initial state and the third intermediate
state. The three intermediate states are connected by the junction relationships.
r and w satisfy condition (3.23). Conditions (3.67) and (3.23) are satisfied. The
evolution of the solution at ¢ = 0.2 [s] is shown in Fig. 11.
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Flow discharge q

25

Water height h

Fig. 10. The solution of the junction Riemann problem with small forward bottom discontinuities
(e.g., z1 = 0.0, z2 = z3 = 0.1) and the computed r = 0.75.
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Fig. 11. Water height and flow discharge evolution for junction Riemann solution in non symmetric
with small forward bottom discontinuities (e.g., z1 = 0.0, z2 = z3 = 0.1) at t = 0.2[s].

Example 4.5. Consider the following initial data with large forward bottom dis-
continuities with » = 0.75. The widths by = 1, bo = 0.9, and b3 = 0.5 are considered.

1.1 1.2 1.3
v = 1.2 5 Vor = 0.3 5 V3p = 0.3]. (45)
0.0 0.4 0.4
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Under a large forward bottom discontinuities: Figure 12 shows that condition (3.67)

Ay =0.0071899
Ay =0.00018994

~
T

Flow discharge q

25
Water height h

Fig. 12. The solution of the junction Riemann problem with large forward bottom discontinuities
(e.g., z1 = 0.0, 22 = 23 = 0.4) and r = 0.75.

and condition (3.23) are not satisfied and therefore there is not a solution. These
examples are illustrated the direct effect of condition (3.67) and condition (3.23) on
the existence of the Riemann solution.

5. Summary and conclusion

In this work, we have studied the existence and uniqueness of the solution of the
nonlinear Riemann problem in three rectangular channels network without assum-
ing special hypothesis except the sub-critical flow condition. The analysis is made
challenging by the presence of bottom discontinuities and width variations between
the channels forming the junction. Working on the conservation of the mass and
total head at the junction, we have given the existence domain of the solution in
terms of relationships between the amplitude of the bottom discontinuities, the ra-
tio of the channels widths, and the discharge allocation. Working on the relations
between quantities across the rarefaction and shock waves we have completed the
existence analysis. The physical meaning of each relationship is clearly stated and
analyzed in this work.

The overall result can open the door to the application of the nonlinear junction
Riemann solution in practical simulation of open channels networks allowing the
definition of physically sound internal boundaries between channels. Justifying the
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use of this Riemann solution in the internal boundaries definition thought the com-

parison with alternative strategies and the validation against experimental are the

topics of future work.
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