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A B S T R A C T

The strategy to simulate the crack shear stress transfer in a fixed smeared crack model for concrete is crucial to correctly
predict the deformational and cracking behavior of RC elements that exhibit shear failure. This work presents a shear
softening law able to correctly simulate the shear stiffness degradation and stress transfer during the crack opening. In
cracked concrete, the element of the matrix corresponding to the fracture mode II is represented here by a dia-
gram, describing the shear behavior of the ith crack. The predictive performance is evaluated simulating RC beams fail-
ing in shear strengthened using the Embedded Through-Section Technique. According to this technique holes are opened
through the cross section, with the desired inclination, and steel or FRP bars are introduced into these holes and bonded to
the concrete substrate with adhesive materials. The parameters influencing the shear softening law are analyzed through
a parametric study, furthermore a simple rule to estimate these parameters is provided and its predictive performance is
assessed. The presented approach represents a valid alternative to the shear retention function.
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1. Introduction

The evaluation of the predictive performance through the finite el-
ement method (FEM) of reinforced concrete (RC) elements failing in
shear requires a material nonlinear constitutive model able to simulate
the progressive shear stiffness degradation following concrete crack-
ing. It has been demonstrated that, for a smeared crack approach that
adopts the concept of fixed cracks or multidirectional fixed cracks
[1,2], an appropriate simulation of the shear stress transfer is an essen-
tial requisite to accurately predict the load-deflection response up to
ultimate load as well as the failure mode [3,4].

A widely used strategy to numerically simulate the shear stiffness
degradation in fixed and multi-directional fixed smeared crack models
consists in the introduction of a reduced shear modulus in the crack
constitutive matrix after crack initiation, through the adoption of a
shear retention parameter or function. In the past, a constant value
was adopted for the shear retention factor, even though the uncer-
tainty on the value to be adopted [5–7], as well as the incapacity of
this approach in simulating the degradation of shear resisting mech-
anisms with the increase of the crack opening, leading to overesti-
mations of the load carrying capacity and inconsistent crack pattern
predictions; in an attempt of overcoming these deficiencies, later the
shear retention parameter was assumed decreasing with the increase
of the tensile strain normal to the crack plane [8–12]. This model
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takes into account that friction resisting mechanisms, like aggregate
interlock between the two surfaces of a crack, decrease with the in-
crease of the crack opening. In spite of the better predictions ensured
by this type of approach, the predictive performance in terms of load
carrying and deflection capacity, as well as in respect the crack pat-
tern, are still not good enough in structures failing in shear. In fact,
in these conditions this approach overestimates the stiffness and the
load carrying capacity when compared to the experimental results,
and no clear shear failure is captured numerically. As a result of a
large number of tests on the shear stress transfer across plain and re-
inforced concrete, analytical models able to describe this mechanical
phenomenon in terms of local crack stress versus crack sliding re-
lationship have been developed [13–18]. In general these semi-em-
pirical models take into account several factors such as the maxi-
mum aggregate size, the strain normal to the crack plane, dilatancy
effects and concrete compressive strength, and good agreement with
experimental results was pointed out. The mentioned models were im-
plemented in computational programs based on the FEM, by adopt-
ing a smeared crack approach for simulating the cracking process,
where a characteristic length bridge the concept of crack width to the
crack normal strain, as well as the crack sliding to the crack shear
strain [3,18–23]. The definition of this characteristic length is still an
open research topic. Vecchio [20], Dabbagh and Foster [19] and Pi-
mentel et al. [22] proposed the crack spacing to bridge crack width
and crack sliding with the corresponding crack normal and crack shear
strain, but as demonstrated by Jahanmohammadi and Soltani [24],
this approach is only applicable in concrete structures reinforced with
smeared reinforcement, where relatively large number of smeared
cracks is expected to be formed, and models of enough accuracy for
predicting the crack spacing are available. For beams failing in shear,
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characterized by deficient shear reinforcement, where relatively small
number of shear dominant cracks are formed, these approaches are
not recommended. Furthermore, the results from the simulations with
these approaches are dependent of the mesh refinement due to the in-
dependence of the softening diagrams on a length representing the
cracking dimension into the area/volume of the finite element.

In the attempt of capturing more accurately the behavior of RC el-
ements failing in shear, Rots and de Borst [25] proposed a diagram for
modeling the crack shear stress versus crack shear strain of
a bilinear nature, with a softening branch defined based on the crack
shear strength and mode II fracture energy. For bridging the crack
sliding with the crack shear strain these authors proposed the crack
band width adopted for bridging the crack width with the crack normal
strain. This approach was later extended to shell type structures and
those simulated by solid finite elements by Ventura-Gouveia [26] by
adopting a multi-directional fixed smeared crack model. However, no
recommendations were proposed to determine the parameters defining
the , which is a serious concern on the use of this approach,
mainly when exploring new shear reinforcement and shear strengthen-
ing techniques. This paper aims to contribute for a better physical in-
terpretation of the parameters defining the , the influence they
have on the behavior of beams shear strengthened according to a new
technique, and propose a methodology for estimating the values of the
model parameters.

In this regards, the constitutive model is briefly described in this
work, and a deep investigation of the parameters influencing the pro-
posed model is carried out simulating experimental tests on RC beams
shear strengthened according to the Embedded Through-Section
(ETS) technique. This recent technique consists of opening holes
throughout the height of the element’s element cross section, with
the desired inclinations; then steel or FRP bars are introduced into
these holes and bonded to the concrete substrate with adhesive mate-
rials. Its effectiveness in upgrading shear resistance of reinforced con-
crete structures, has already been assessed and compared with other
FRP-based strengthening techniques [27–31]. The experimental pro-
gram is composed of RC-T cross section beams strengthened by using
steel bars, and is characterized by different internal shear reinforce-
ment, percentage and inclination of the strengthening ETS bars.

2. Numerical model

In a previous work a total crack shear stress-shear strain approach
with the aim to numerically reproduce the decrease of shear stress
transfers with the increase of the crack sliding and crack opening was
implemented for a better simulation of the strengthened beams fail-
ing in shear and in flexural/shear [32]. In concrete structures failing in
bending, and those failing in tension-shear (where crack width propa-
gation is much more dominant than crack sliding), this strategy leads
to simulations with reasonable accuracy. The most important aspect
introduced in the model presented here is the treatment of the con-
crete fracture mode II by using a softening diagram to simulate the
crack shear stress vs. crack shear strain [25]. The presented
model is capable of great accuracy in simulating the RC beams failing
in shear [33,34]. This enhancement of the constitutive model allows
an approximate measurement of the maximum carrying capacity, de-
formational response, and crack pattern of RC beams failing in shear.

In the following sections, a brief description of the formulation of
the multi-directional fixed smeared crack model is presented and the
crack shear stress vs. crack shear strain softening diagram described.
The model is implemented in FEMIX, a FEM-based computer pro-
gram [35].

2.1. Multi-directional fixed smeared crack model

At the domain of an integration point (IP) of a plane stress finite
element and for the case of cracked concrete, the constitutive law is
defined by the following equation:

being and the vectors of the incremental stress and incremen-
tal strain components. In Eq. (1), is the cracked concrete consti-
tutive matrix, obtained by the following equation [12]:

where is the constitutive matrix for concrete between cracks, as-
sumed with a linear elastic behavior, is the matrix that transforms
the stress components from the coordinate system of the finite element
to the local crack coordinate system, and is the crack constitutive
matrix:

where and are the constitutive softening/hardening modu-
lus corresponding to crack opening mode I (tensile) and crack sliding
mode II (shear), respectively. The behavior of non-completely closed
cracks formed in an IP is governed by the following relationship:

being and , respectively, the local vector of the incremen-
tal crack stress components and the local vector of the correspondent
incremental crack strain components in the coordinate system of the
crack.

A simple Rankine criterion is used to detect crack initiation. When
the maximum principal tensile stress exceeds the tensile strength at
an IP of a finite element, the material contained in its influence vol-
ume changes from an uncracked to a cracked state. The crack propaga-
tion is mainly controlled by the shape of the tensile-softening diagram
represented in Fig. 1 and the material fracture energy (Mode I). The
trilinear diagram is defined by the normalized stress, , and strain,

, parameters that represent the transitions points between the linear
segments of this diagram. The ultimate crack strain, , is defined

as a function of the parameters and , fracture energy, , tensile
strength, , and crack band width, , as follows [12,36];

The fracture Mode II modulus, , as was originally proposed by
[10], is obtained from:

(1)

(2)

(3)

(4)

(5)
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Fig. 1. Trilinear stress-strain diagram to simulate the fracture mode I crack propagation

.

where is the shear retention factor/function and the concrete
elastic shear modulus. For defining the parameter Rots [10] recom-
mended the adoption of a constant value or the following function:

where and are, respectively, the actual and the ultimate crack
normal strain, while can be 1–3 in order to simulate different de-
crease level of with the increase of [12].

Although, the description of the model is made using the formation
of one crack in an IP, the multi-directional fixed smeared crack model
implemented in the FEMIX computer program is capable of simulat-
ing the formation of multi-cracks in each IP [12,26].

2.2. Shear-softening diagram

The use of softening diagrams to reproduce the fracture mode I
process is common in smeared and discrete crack models, but the
use of softening diagrams to model the shear stress transfer across
the crack is less usual. As described in the previous section, to sim-
ulate the fracture mode II process a shear retention factor is often
used [10]. According to this approach, the shear stress transfer be-
tween the crack planes decreases with the increase of the normal crack
strain (see Eq. (7)). In most structures, this strategy leads to simula-
tions with enough accuracy. Exceptions can occur in structures that
fail by the formation of a critical shear crack, where the adoption of
a softening crack shear stress vs. crack shear strain relationship was
originally demonstrated by Rots and de Borst [25] as capable of sim-
ulating more accurately the behavior of this type of structures. The
crack shear softening diagram proposed by these authors is repre-
sented in Fig. 2, and its applicability was latter later extended to shell
type structures and those simulated by solid finite elements by Ven-
tura-Gouveia [26]. In this section a softening diagram to simulate the
crack shear stress strain behavior is described. The crack shear dia

Fig. 2. Diagram to simulate the relationship between the crack shear stress and crack
shear strain component – shear softening law - and possible shear crack
statuses.

gram, as previously introduced by [10,25] is represented in Fig. 2. The
shear softening diagram starts at the origin because, according to the
crack initiation criterion, when a crack initiates the crack shear stress
is null. As a consequence of the rotation of the directions of princi-
pal stresses, shear stresses can develop across the surfaces of the crack
[25]. The crack shear stress increases linearly until the crack shear
strength is reached (first branch of the shear crack diagram), followed
by a decrease in the shear residual strength (softening branch). The di-
agram represented in Fig. 2 is defined by the following expressions.
Here the positive part of the diagram is explained while the negative
part behaves in an equal way.

The shear fracture modulus, is defined by Eq. (6), being
replaced by , with the shear retention factor, assuming a con-
stant value in the range ]0, 1[. Eq. (7) for defining is only used as
an alternative to the shear softening approach adopted in the present
model. The peak crack shear strain, is obtained by the following
equation:

being, , the crack shear strength acquired from the input data.
The ultimate crack shear strain, is obtained by Eq. (9) and de-

pends on the crack shear strength, , on the shear fracture energy
(mode II fracture energy), and on the crack bandwidth, as fol-
lows:

(6)

(7)

(8)

(9)

(10)
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It is assumed in the present approach that the crack bandwidth,
used to assure that the results are independent of the mesh refinement,
can also be used to define the dissipated energy in the mode II frac-
ture process. This strategy was already proposed by Rots and de Borst
[25], and later also adopted by An et al. [18], where the same crack
band width, related to a characteristic of the finite element, is taken
for adjusting the softening modulus for both fracture modes (I and II).
This strategy assumes that fracture energy mode I and II are properties
of the material, being dissipated during the fracture process, where the
capacity of the smeared cracks to transfer normal and shear stresses
is automatically adjusted according to the mesh refinement adopted.
Specific research on this topic is, however, recommended to be exe-
cuted, but this is out-of-the-scope of the present work.

As a consequence of the formation of new cracks in the vicinity of
existing ones, the existent cracks can close or reopen. The model must
take into account this change of crack status. Indeed it does consider
this with regard to the opening mode I and a similar approach is used
for the crack shear component [12]. So, five shear crack statuses are
proposed and their meaning is schematically represented in Fig. 2. De-
tailed information on how the model treats the crack statuses for both
fracture modes is available in Ventura-Gouveia [26].

As shown in Fig. 2 the evaluation of the fracture mode II soften-
ing modulus of Eq. (3), depends on the branches defining the di-
agram. The crack mode II modulus of the first linear branch of the di-
agram is defined by Eq. (6), the second linear softening branch is de-
fined by

and the crack shear modulus of the unloading and reloading branches
is obtained from

being and the maximum crack shear strain already attained
and the corresponding crack shear stress determined from the soften-
ing linear branch. Both components are stored to define the unload-
ing/reloading branch (see Fig. 2).In free-sliding status, the
crack mode II stiffness modulus, is null. To avoid numer-
ical instabilities in the calculation of the stiffness matrix, when the
crack shear status is “free-sliding” a residual crack shear stress value
is assumed for this phase of sliding. A free-sliding status is also as-
signed to the shear crack status when .

The crack shear stress vs. shear strain diagram represented in Fig.
2 was adopted in the simulations performed in the present work,
but other more sophisticated diagrams were also implemented in the
FEMIX computer program, and their corresponding formulations can
be found elsewhere [26]. The accuracy of the model was already
demonstrated for NSM CFRP shear strengthened beams [34].

3. Predictive performance of the numerical model

3.1. Experimental program

The predictive performance of the presented model is assessed us-
ing the experimental tests carried out by Breveglieri et al. [30,31] on
T-cross section reinforced concrete (RC) beams shear strengthened ac-
cording to the Embedded Through-Section (ETS) technique. The ex-
perimental program is composed by fifteen T cross section beams di-
vided in three Series (Series 0S, 2S, 4S). Fig. 3 presents the geome-
try and the reinforcement details of the tested series. The reinforce-
ment system was designed, using a high percentage of longitudinal re-
inforcement ( = 2.79%) in order to force the occurrence of a shear
failure mode for all the beams of the experimental program. To local-
ize shear failure in one of the beam’s shear spans, a three-point load
configuration was selected, with a different length of the beam’s shear
spans. The monitored beam span ( = 0.9 m) is 2.5 times the effec-
tive depth of the beam’s cross section ( = 2.5). The maximum
shear force applied in the L1 beam’s span is calculated as
. Fig. 4 shows the different shear reinforcement systems applied in
the beam’s span of the tested beams; 0S-Series does not have con-
ventional steel stirrups; 2S-Series has steel stirrups ϕ6@300 mm, cor-
responding to a shear reinforcement ratio = 0.10% and 4S-Series
has steel stirrups ϕ6@180 mm, corresponding to a shear reinforce-
ment ratio = 0.17%.

3.1.1. Strengthening geometry and material characterization
Table 1 indicates the designation adopted for each beam and the

strengthening configurations, namely, the number of applied ETS
bars, inclination, spacing, shear strengthening ratio , as well as
the percentage of steel stirrups and total shear reinforcement

. Each series has a reference beam without any strengthen-
ing system, and four beams with different ETS strengthening config-
urations, as an example the four strengthening configurations (beams
0S-S300-90, 2S-S300-45, 4S-S180-90 and 4S-S180-45) are repre-
sented in Fig. 4. The investigated parameters were the shear strength-
ening ratio and the inclination (90°, 45°) of the ETS bars,
as well as the influence of the percentage of existing steel stirrups.
The diameter of the ETS steel bars was 10 mm. The ETS strengthen-
ing ratio varied between 0.15% (ETS vertical bars spaced at 300 mm)
and 0.34% (ETS bars at 45° and spaced at 180 mm). The average
compressive strength was equal to 29.7 and 32.3 MPa, for 0S-

Fig. 3. Tested beams: geometry, steel reinforcements applied in all beams. Beam 4S-S300-45 is presented: stirrups spaced at 180 mm and inclined ETS bars spaced at 300 mm (all
dimensions in mm).

(11)

(12)
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Fig. 4. Tested strengthening arrangement: (a) 0S-S300-90, vertical ETS spaced at 300 mm; (b) 2S-S300-45, inclined ETS spaced at 300 mm, (c) 4S-S180-90, vertical ETS spaced at
180 mm, (d) 4S-S180-45, inclined ETS spaced at 180 mm.

Series and 2S-Series and for 4S-Series, respectively. The maximum
aggregate size was 16 mm. For the internal reinforcement high bond
steel bars of 6, 10, 8, 12, and 24 mm diameter were used of a rep-
resentative average yield stress and tensile strength of 550 MPa (

= 275%) and 645 MPa, respectively. The adopted ETS steel bars
were of the same class of the bars used for the flexural reinforcement

and steel stirrups applied in the beams. Sikadur 32 N epoxy based ad-
hesive of average tensile strength and an elasticity modulus, 20.7 MPa
and 3.27 GPa, respectively, was used to bond the ETS steel bars to the
concrete substrate The strain variations in steel stirrups and ETS bars,
were monitored using electrical strain gauges (SGs).
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Table 1
ETS shear strengthening configurations of the tested beams.

Number of bars Angle [β] ETS bar spacing [sfw] ETS Reinforcing ratio [ρfw] 0S-Ref 2S-Ref 4S-Ref

nETS [°] [mm] [%]a (ρsw = 0.0%)b ρsw + ρfw [%] (ρsw = 0.10%)b ρsw + ρfw [%] (ρsw = 0.17%)b ρsw + ρfw [%]

3 90 300 0.15 0S-S300-90 0.15 2S-S300-90 0.25 4S-S300-90 0.32
3 45 300 0.21 0S-S300-45 0.21 2S-S300-45 0.31 4S-S300-45 0.38
5 90 180 0.24 0S-S180-90 0.24 2S-S180-90 0.34 4S-S180-90 0.41
5 45 180 0.34 0S-S180-45 0.34 2S-S180-45 0.44 4S-S180-45 0.51

a The ETS percentage was obtained from where is the area of the ETS bar cross section.
b The percentage of the vertical steel stirrups was obtained from where is the cross sectional area of the arms of a steel stirrup, and ssw

is the spacing of the stirrups.

3.1.2. Main experimental results
The load ( )-deflection ( ) diagram for the tested series is pre-

sented Fig. 5. The main results of the experimental tests are pre-
sented in Table 2, where is the maximum load attained by the
beams and is the displacement in the loaded section at .
The strengthening efficiency of the ETS technique can be evaluated
by considering the ratio, where is the maximum
load of the reference beam, and is the increase
of maximum load provided by each ETS arrangement. All the tested
beams presented significant increment of load carrying capacity with
the exception of 4S-S300-90 for the reason explained in [31,37]. The
deflection capacity was also improved by the ETS strengthening.

All the tested beams showed similar behavior up to the forma-
tion of the first diagonal crack, that formed at an approximate load
of 113 kN ( = 0.98 mm), 100 kN ( = 0.91 mm) and 135 kN (

= 1.37 mm) in case of the reference beams 0S-Ref, 2S-Ref and
4S-Ref, respectively. The ETS steel bars offered resistance to crack
opening and sliding, bridging the shear cracks, enhancing concrete’s
contribution to the shear resistance due to the aggregate interlock
effect. The latter led to a higher load carrying capacity after shear
crack initiation, and higher stiffness retention in comparison to the
unstrengthened beams. All the beams exhibited a shear failure mode,
since a quite high flexural reinforcement was adopted in order to avoid
flexural failure mode.

0S-Series, characterized by the absence of stirrups in the strength-
ened shear span ( = 0.0%), presented the highest strengthening ef-
ficiency amongst the tested series, with an increase of load carry-
ing capacity that ranged from 40% to 136%. For the ETS vertical
bars, the beams with the lowest percentage of ETS bars, = 0.15%
(0S-S300-90), and with the highest = 0.24% (0S-S180-90) pre-
sented an increase of load carrying capacity of 39.5% and 64.6%,
respectively. The highest increase of load carrying capacity was ob-
tained in the beams with ETS bars inclined at 45°. In fact for the
beams 0S-

S300-45 ( = 0.24%) and 0S-S180-45 ( = 0.34) the load carrying
capacity increased 123.4% and 136.3%, respectively. 2S-Series (Fig.
3) was shear reinforced with 2-arms ϕ6 mm steel stirrups @300 mm
( = 0.10%). For the ETS vertical bars, the beams with the low-
est percentage of ETS bars, = 0.15% (2S-S300-90), and with the
highest percentage, = 0.24% (2S-S180-90), presented an increase
of load carrying capacity of 30.4% and 68.1% respectively. As for
the 0S-Series, in the 2S-Series the highest strengthening effectiveness
was obtained in beams with ETS bars inclined at 45°. The beams
2S-S300-45 ( = 0.21%) and 2S-S180-45 ( = 0.34%) presented
an increase in the load carrying capacity of 68.2% and 108.5%, re-
spectively. 4S-series was shear reinforced with 2-arms ϕ6 mm ex-
isting steel stirrups @180 mm ( = 0.17%). For the ETS vertical
bars, the beams with the lowest percentage of ETS bars, 4S-S300-90
( = 0.15%), and 4S-S180-90 ( = 0.24%), presented the lowest
increase of load carrying capacity of 4.8% and 16.8%, respectively,
demonstrating the influence of the percentage of existing steel rein-
forcement ratio. In the beams with ETS bar inclined at 45°, a sig-
nificative increase of load carrying capacity was obtained; beams
4S-S300-45 ( = 0.21%) and 4S-S180-45 ( = 0.34%) presented
an increase of load carrying capacity of 56.1% and 60.1%, respec-
tively.

The ETS shear strengthening systems failed by the debond at the
bar/adhesive interface; however due to the ETS bars’ higher confine-
ment provided by the surrounding concrete, the bond performance was
able to mobilize the yield stress of the steel bars. Steel yielding in ETS
bars, as well as in stirrups, was also observed in the highest percent-
age of strengthening. During this type of crack’s opening and sliding
process, the vertical and inclined ETS bars that cross them underwent
axial and transversal forces, causing the ETS bars to scratch the sur-
rounding epoxy adhesive.

The recorded strain values [30,31] showed that high strains have
been generally recorded in inclined ETS, and in vertical bars crossed
by the critical shear crack at half of the beam’s height (Beam
0S-S180-90), thus demonstrating the importance of the available bond

Fig. 5. Force vs deflection at the loaded section for (a) 0S-Series, (b) 2S-Series, (c) 4S-Series.
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Table 2
Experimental results of 0S-Series, 2S-Series and 4S-Series.

[kN] [mm] [%]

0S-Ref 156.1 4.66 –
0S-S300-90 217.8 4.37 39.5
0S-S300-45 348.6 123.4
0S-S180-90 256.8 4.31 64.6
0S-S180-45 368.8 6.56 136.3
2S-Ref 242.1 4.70 –
2S-S300-90 315.7 5.32 30.4
2S-S300-45 407.1 7.03 68.2
2S-S180-90 406.8 8.27 68.1
2S-S180-45 504.7 8.37 108.5
4S-Ref 353.8 7.35 –
4S-S300-90 370.9 7.43 4.8
4S-S300-45 552.4 12.03 56.1
4S-S180-90 413.2 6.32 16.8
4S-S180-45 566.4 11.01 60.1

Table 3
Values of the parameters of the concrete constitutive model used to simulate the tested
beams.

Poisson’s ratio (νc) 0.15
Initial Young’s modulus (Ec) 30.7 N/mm2

Compressive strength (fc) 29.7 N/mm2

Trilinear tension-softening diagram = 1.9 N/mm2,
= 0.07 N/mm

= 0.004, = 0.3, = 0.05,
= 0.2

Parameter defining the mode I fracture energy
available to the new crack [11]

p2 = 2

Crack bandwidth (lb) Square root of the area of Gauss
integration point

Threshold angle αth = 30°
Maximum number of cracks per integration point
[11]

2

Ultimate crack shear sliding MAXIMUM_CRACKWIDTH

length in the evaluation of the ETS bar contribution as already demon-
strated for EBR and NSM techniques [38–41]. Steel stirrups showed
similar results in terms of strain variation equal to the ETS bars, more-
over, the attainment of yield strain was facilitated by the full anchor-
age at the top and bottom longitudinal reinforcement. Stirrups rupture
in a small number of specimen (2S-S300-45, 4S-S180-90) was ob-
served.

As already demonstrated in beams strengthened with the ETS
[28,29], EBR and NSM techniques [42–45], the effectiveness of the
ETS strengthening system decreases with the increase of the shear
reinforcement ratio of existing steel stirrups. It has been shown in
Breveglieri et al. [30,31] that the shear strengthening efficacy rises
with the increase of and the most effective configuration is
obtained by adopting inclined ETS bars. The higher shear effective

ness showed by the ETS inclined bars can be justified by the orienta-
tion of the diagonal cracks that tends to be almost orthogonal to the
ETS bars. Furthermore, for vertical ETS bars, the total resisting bond
length of the ETS system is lower than the one for the inclined bars.

3.2. Finite element mesh, integration schemes and materials’
constitutive law

In order to model the concrete part of the RC beams, all the numer-
ical simulations used 8-noded serendipity plane stress (PSTE) finite
elements, averaging a size of 25 × 25 mm. The longitudinal steel bars,
stirrups and the ETS strengthening bars were modeled with 3-nodes
embedded cable (EC) type elements (one degree of freedom per each
node) that were assumed to be perfectly bonded to the surrounding
concrete. A Gauss-Legendre integration scheme was adopted for both
PSTE and EC elements, of 2 × 2 integration points (IP) in case of
PSTE, and 2 IP for ECs. Two sets of smeared cracks were allowed
to be formed at each integration point, according to a threshold an-
gle of 30° for crack opening criterion [46]. A modified version of the
Newton-Raphson method was adopted, i.e. the stiffness matrix of the
structure in the iterations of a load increment is the one evaluated in
the first iteration, . The loading process was controlled by the
arch length technique [47] by imposing an increment of vertical dis-
placement in point P (Fig. 6) that varied between 0.1 and 0.3 mm,
and an energy convergence criteria of 1.0‰ was adopted. An exam-
ple of a finite element mesh used for the simulation of 4S-S180-45
beam is represented in Fig. 6. The values that define the concrete
constitutive model discussed in Section 2 are indicated in Table 1.
Since in RC beams failing in shear traction, the volume of concrete
experiencing nonlinear deformation in compression is relatively small
[34,48,49], the behavior of concrete in compression was assumed lin-
ear-elastic. The trilinear tension-softening diagram represented in Fig.
1 was adopted to simulate the concrete fracture mode I process. The
value of the concrete tensile strength and fracture energy were ob-
tained according to the Model Code recommendations [50].

For modeling the crack shear behavior, the diagram rep-
resented in Fig. 2 was used, and its defining parameters’ influence on
the beams’ response was investigated; this type of beams’ load carry-
ing and deflection capacity, as well as its crack pattern, are quite de-
pendent on the values adopted for this crack shear softening diagram.

For assessing the values for the of the concrete model of
the tested beams , an inverse analysis was executed by fit-

ting as much as possible, not only the load-versus-deflection and the
load-versus-strain relationships registered experimentally, but also the
crack pattern observed in the beams’ failure stage. This inverse analy-
sis generated interval of values obtained for , and

Fig. 6. Finite element mesh for beam 4S-S180-45 (dimensions are in mm).
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that assured simulations of acceptable accuracy considering the
results of the deflection response and crack pattern. These values are
indicated in Table 4 along with the values that best fit (in bold) the be-
havior of the tested beams. The can be assumed equal to 1.0 MPa,
which corresponds to . This value is in agreement with those
obtained by inverse analysis in previous studies [33,34,51,52], since
they have ranged between and (average =

). The values obtained for the crack shear strength are quite
close to the one obtained by Baghi and Barros [53] where specific re-
search was conducted to derive the parameters of the crack shear soft-
ening diagram by performing Iosipescu shear tests and inverse analy-
sis.

The almost independence of the results on the mesh refinement
when using this type of model was already investigated by Edalat Be-
hbahani et al. [54], mainly when a relatively refined mesh is used.

For modeling the behavior of the longitudinal steel bars, stirrups
and ETS bars, both in tension and in compression, a trilinear
stress-strain diagram was adopted (Fig. 7) [12]. This diagram is de-
fined by the points PT1 = ( ), PT2 = ( ) and PT3 = (
), and a parameter p that defines the shape of the last branch of
the diagram (Fig. 7). Unloading and reloading linear branches with
slope are assumed in the present approach. The values for
defining this diagram were obtained from tensile tests, and the result-
ing values are indicated in Table 5.

The perfect bond assumption between reinforcement and concrete
is common in literature [19,20,49,52], and as also demonstrated in this
work can be accepted for an ultimate state design level, in contrast to
a serviceability limit state analysis or crack width evaluation, where a
proper bond modeling is of fundamental importance. In terms of struc-
tural design, the parameters affecting the bond properties of the re-
inforcement as: stiffness and surface properties of the reinforcement,
snubbing effect, group effect, thickness of the concrete cover, load-
ing conditions and strain rate, are difficult to model with accuracy, es-
pecially for the stirrups. It was observed by Chen et al. [48] that by
changing the bond modeling conditions, the crack pattern can undergo
substantial change, affecting the strains in both steel and strengthening
as well as the maximum load carrying capacity; this evidenced the dif-
ficulty of choosing a proper bond-slip model. Even though the adop-
tion of an accurate bond model can improve the numerical analysis
and reduce the mesh dependency, Jendele and Cervenka [55] noticed
that if an adequate mesh size is adopted, the bond model has mainly
a minor effect on the tension stiffening. In the presented simulation,
the adoption of a user customizable trilinear tensile softening-diagram
(Fig. 1) allows to consider in part the tension stiffening effect due to
the longitudinal reinforcement. Moreover, the perfect bond assump-
tion can be here supported by narrow flexural cracks observed during
the experimental tests, which means neglectable slip in longitudinal
bars up to maximum load.

3.3. Simulation and discussion

The load-deflection relationships obtained experimentally and nu-
merically are compared in Fig. 8. The simulations were ended where
no convergence was not possible to attain. However, the crack pat-
tern installed in the last converged loading step was also used to con-
firm that this loading stage corresponds to the eminence of failure. In
fact at this load stage the crack pattern included a critical shear fail-
ure crack composed by crack with status of “completely open”, which
means that it is no longer possible to transfer any type of stresses.

Table 4
Values , , used in the performed numerical simulation. The values that

reproduced with the highest accuracy the experimental response are highlighted in
bold character, the minimum and maximum values of the parameters used in the simu-
lations are also indicated.

[–] [MPa] [N/mm]

0S-Ref 0.175 1.00 0.07
Min 0.150 0.85 0.07
Max 0.22 1.00 0.1
0S-S300-90 0.15 1.00 0.08
Min 0.141 0.85 0.07
Max 0.150 1 0.14
0S-S180-90 0.144 1.00 0.1
Min 0.1 1.00 0.1
Max 0.150 1.1 0.2
0S-S300-45 0.10 1.00 0.50
Min 0.03 0.85 0.14
Max 0.15 1 1.3
0S-S180-45 0.10 1.00 0.2
Min 0.064 1 0.1
Max 0.15 1 0.768
2-Ref 0.15 1.00 0.08
Min 0.05 0.85 0.08
Max 0.15 1.00 0.15
2S-S300-90 0.12 1.00 0.12
Min 0.10 1 0.12
Max 0.15 1 0.182
2S-S180-90 0.1 1.00 0.18
Min 0.10 1 0.14
Max 0.15 1.25 0.45
2S-S300-45 0.075 1.00 0.6
Min 0.03 0.85 0.14
Max 0.15 1.00 1.3
2S-S180-45 0.017 1.00 1.00
Min 0.017 1 0.89
Max 0.2 1.25 1.75
4S-Ref 0.1 1.00 0.22
Min 0.05 1.00 0.1
Max 0.15 1.25 0.25
4S-S300-90 0.09 1.00 0.14
Min 0.09 1.00 0.14
Max 1.15 1.0 0.213
4S-S180-90 0.075 1.00 0.45
Min 0.075 1.00 0.14
Max 0.15 1.50 0.50
4S-S300-45 0.02 1.00 0.9
Min 0.01 0.85 0.51
Max 0.07 1.75 2.0
4S-S180-45 0.030 1.00 1.5
Min 0.012 1 0.3
Max 0.200 3 2.5

The numerical curves (red1 color and including circle markers) were
obtained by using for the diagram the values (in bold) indi-
cated in Table 4. This figure also indicates each beam’s shadow re-
gion, which corresponds to the analysis where the minimum and the
maximum values for the parameters were used (see Table 4).
Fig. 8 shows that the numerical model is able to capture with good ac-
curacy the load-deflection response of the beams. However, for some
beams strengthened with vertical ETS bars, even the best simulations
(using the bold values in Table 4) have predicted an ultimate load
higher than the load measured experimentally, this may indicate that
these strengthening arrangements require some further improvements
in the diagram.

Above a deflection of about 1.4 mm, the 4S-S300-90 beam exhib-
ited an abnormal decrease of stiffness during the experimental test,

1 For interpretation of color in ‘Figs. 8, 17, and 18’, the reader is referred to the
web version of this article.
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Fig. 7. Uniaxial constitutive model for the internal reinforcement and ETS bars.

when the 4S-Ref reference beam is taken for comparison purposes;
therefore the model wasn’t able to match the beam’s behavior in this
loading stage with the same accuracy.

In Fig. 9 the crack patterns obtained from the numerical simula-
tions are superimposed with the crack patterns observed experimen-
tally at peak load (only macro-cracks are indicated). The experimen-
tal crack patterns were captured using a close range photogrammet-
ric technique. The localizations and inclinations of the shear failure
crack and secondary cracks are captured with good accuracy. Fur-
thermore, the shear failure mode registered experimentally in all the
tested beams was successfully predicted, as can be seen by observ-
ing the localization and profile of the “fully open crack status” [12]
(i.e. those unable to transfer any type of crack stress component).
The model was able to simulate the relevant aspects of the crack for-
mation and propagation during the loading process. In fact, the first
cracks of a flexural nature were formed by crossing almost orthogo-
nally the flexural reinforcement; however, due to the tension stiffen-
ing effect the width of these cracks remained relatively small. Dur-
ing the loading process of the beams, some of these cracks propagated
towards the flange’s lower surface, which averaged an inclination of
45°; meanwhile a diffuse pattern of shear cracks of very small incli-
nation formed and propagated just above the longitudinal reinforce-
ment due to its high dowel resistance [30]. The model was also able
to register the formation of a higher number of shear cracks occurring
with the increase of the reinforcing ratio of steel stirrups. In fact it is
recognized that the strains measured depends significantly on the rel-
ative distance of the strain gauges (SG) from the cracks crossing the
reinforcements where the SG are installed. Furthermore, when using
smeared crack approaches, the cracks are distributed over the region
representative of the integration point where cracks are formed, there-
fore as larger is the finite mesh size as smaller is the possibility of

capturing accurately the strains values recorded experimentally. Fi-
nally, assuming a perfect bond, as taken in the present simulations,
a certain deviation from the strains predicted numerically and regis-
tered experimentally is being intrinsically accepted, and this deviation
has tendency to increase with the loading process of the beam due to
damage on the bond conditions occurred experimentally, and not sim-
ulated directly in the adopted approach. Taking these constraints, the
deviations registered in Fig. 10 seem acceptable, and similar devia-
tions have been reported by other authors when the circumstances of
the analysis are identical [48]. By taking the results of the 4S-S180-45
beam, as representative, Fig. 10 evidences that the model can also pre-
dict the strain evolution in the ETS bars and steel stirrups with ac-
ceptable accuracy, since the local character of the strain measurements
should be taken into account.

Based on the obtained results it seems also acceptable to assume
perfect bond between strengthening material and surrounding con-
crete. This is especially the case if a careful evaluation of the crack
width is not of paramount relevance. In fact, when steel shear rein-
forcements are crossed by a shear crack, due to their excellent bond
conditions to the surrounding concrete, a gradient of strain in these re-
inforcements occurs in the cracked section, and the yield stress value
is attained using a relatively small sliding and debonding length. How-
ever, the numerical simulations of RC beams shear strengthened with
FRP-systems evidence the relevance of modeling the debond between
FRPs and surrounding medium, due to the lower bond performance of
FRP systems to the concrete substrate [56–59]. This relevance is as-
sured by using a tau-slip constitutive model with interface finite ele-
ments, and is especially relevant when using the Externally Bonded
Reinforcement (EBR) technique [23,48,60–64]. When Near-Surface
Mounted (NSM) technique is used, due to the higher ratio between
contact surface and cross section area of the currently used FRP lam-
inates, as well as to the surrounding concrete’s conferral of confine-
ment on the laminates that are installed in the grooves located on
the beam’s concrete cover, good predictive simulations were also ob-
tained assuming perfect bond for these FRP systems [34,65]. In the
case of ETS strengthening in a similar way to the NSM FRP system
the loss of bond can be ascribed in part to the concrete tensile behav-
ior, resulting in a mixed behavior: concrete fracture and debonding
[37,66,67]. In these cases, the bond-slip modeling of real scale ele-
ments is of lesser importance on global the structural behavior.

4. Parametric study

4.1. Influence of the parameters of the shear softening diagram

The numerical simulations presented in the previous section have
indicated that the force-deflection and the crack pattern are suscep-
tible to the values adopted for the parameters that define the crack
shear softening diagram, namely, , and (Fig. 2). In order to

Table 5
Values of the parameters of the steel constitutive model [11].

Steel bar diameter (mm) PT1 PT2 PT3

[–] [MPa] [–] [MPa] [–] [MPa]

6 2.870 × 10−3 573.94 2.870 × 10−3 573.94 6.925 × 10−2 666.67 1
8 2.530 × 10−3 505.35 2.759 × 10−2 505.35 1.280 × 10−1 594.11 1
10 2.747 × 10−3 549.35 2.750 × 10−2 549.35 1.125 × 10−1 641.83 1
12 2.637 × 10−3 527.30 2.830 × 10−2 527.30 1.000 × 10−2 616.48 1
24 2.989 × 10−3 597.88 2.989 × 10−3 597.88 6.000 × 10−2 708.07 1
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Fig. 8. Comparison between experimental and numerical - load vs. deflection - relationship at the loaded section.
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Fig. 9. Comparison between the experimental and numerical crack patterns. In the figure experimental macro-cracks are reported in dark-blue and secondary cracks in light-blue
while “fully open” numerical cracks are reported in pink. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 10. Comparison between numerical and experimental strain measurement for beam
4S-S180-45.

have a better understanding of these parameters’ influence on the
model’s predictive behavior, a parametric study was executed by con-
sidering a beam with 3 stirrups (ϕ6 mm) spaced at 225 mm: 3S-Beam.
This reinforcement arrangement can be representative of real

beams deficiently reinforced in shear. The experimental load-deflec-
tion relationship of the tested beams 2S-Ref (ϕ6 mm spaced at
300 mm) and 4S-Ref (ϕ6 mm spaced at 180 mm) are compared in
Figs. 11–14. The 3S-Beam simulation is depicted using a
small-dashed red curve in Figs. 11–14, and is characterized by ,
and equal to 0.15, 1.0 (MPa) and 0.08 (N/mm), respectively. As
expected the 3S-Beam load deflection numerical curve lies in between
the 2S-Ref and 4S-Ref experimental curves. For each selected para-
meter a set of values is considered, while maintaining constant all the
values adopted for the remaining parameters of the multi-directional
fixed smeared crack.

4.1.1. Influence of -fracture energy mode II
Fig. 11 compares the load vs. deflection at loaded section ob-

tained for three different values of the fracture energy mode II (
): 0.01, 0.08 and 1.5 N/mm (all the remaining parameters were main-
tained the same). This figure also compares the crack patterns ob-
tained in the simulations corresponding to the assumed values of
. As expected, decreasing the , the beam’s stiffness also dimin-
ished since more cracks enter in the shear softening stage at smaller
deflection. By decreasing the , the beam’s load carrying capacity
undergoes a slight decrease. The use of a low value of gives a
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Fig. 11. Influence of : (a) relationship between the force and the deflection at the loaded section and (b–d) crack pattern corresponding to the assumed at 6 mm.

Fig. 12. Influence of : (a) relationship between the force and the deflection at the loaded section, (b) representation of the crack shear stress-shear strain diagram for the adopted

, (c–d) crack pattern corresponding to the assumed . a The simulation was stopped due to convergence problems – crack pattern evaluated at the last point of convergence.

higher inclination of the critical shear crack which develops in prox-
imity of the load section (as shown in Fig. 11b), as well as a ten-
dency to form cracks localized just above the longitudinal reinforce-
ment (Fig. 11c and d). Fig. 11d evidences that when using the highest
value of the critical shear crack tends to have a smaller inclina-
tion.

4.1.2. Influence of crack shear strength,
Fig. 12 compares the load vs. deflection at loaded section ob-

tained for three different values of the crack shear strength = 0.5,
1.0 and 3.0 MPa (all the remaining parameters were maintained the

same). The force-deflection response’s stiffness just after the critical
shear cracks’ formation increases with the growth of the , since
the cracks’ entrance into the shear softening stage is postponed; how-
ever, after the cracks have entered into this stage, the stiffness degra-
dation increases with the growth of due to the more abrupt shear
stress decay. In this analysis, since the is maintained constant,
the softening response for this diagram becomes more brittle as the

rises, due to the decrease of the ultimate crack shear strain,
(Fig. 12b). The seems to have no major influence on the maxi-
mum load carrying capacity on this type of beams. The analysis cor-
responding to = 0.5 and 1.0 MPa shows approximately the same
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Fig. 13. Influence of : (a) relationship between the force and the deflection at the loaded section, (b) representation of the crack shear stress-shear strain diagram for the adopted ,
(c–d) crack pattern corresponding to the assumed at 6 mm.

Fig. 14. (a) Comparison between the proposed crack shear softening law and the shear retention function (p1 = 3); crack patterns at 6 mm obtained using the (b) crack shear softening
law (c) shear retention factor.

maximum load carrying capacity, while the analysis corresponding to
the = 3 MPa was interrupted due to difficulties in the convergence
procedure. For this latter simulation a significant stiffness reduction
is expected as the shear cracks enter in the softening phase. From the
crack patterns it is possible to observe that for the larger (3 MPa) a
smaller number of well-defined shear failure cracks (completely open)
were formed when compared to the crack pattern of the smaller
(0.5 MPa), Fig. 12c and d. Furthermore, it was observed that for the

= 0.5 MPa the shear failure crack has the tendency of propagating
just above the longitudinal reinforcement.

4.1.3. Influence of the parameter
Fig. 13 compares the load vs. deflection at loaded section obtained

for three different values of the shear retention parameter that influ

ences the inclination of the first branch of the diagram:
= 0.015, 0.15 and 0.6 (all the remaining parameters were maintained
the same). The inclination of this first branch, , is defined by the
value adopted for the parameter according to Eq. (6), by obtaining
the peak crack shear strain, , from Eq. (9). Fig. 13b shows that
the gradient of crack shear stress in this first branch decreases with
(smaller inclination of this branch). As a consequence, the stiffness of
the force-deflection just after the formation of the critical shear crack
also decreases with . However, since the peak crack shear strain,

, increases as decreases (Fig. 2), the entrance of the cracks in
their softening stage is postponed, resulting in a larger stiffness of the
force-deflection response for smaller values in the final stage of the
beams’ response. Similar crack patterns for = 0.015 and = 0.6 are
presented in Fig. 13c and d.
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4.2. Comparison between the shear retention function and the shear
softening law approach

Fig. 14 compares the relationship between the force and the de-
flection at loaded section for the 3S-Beam when using the shear re-
tention function, , (Eq. (7) with p1 = 3) and adopting the di-
agram. Even using relatively large values for p1 parameter, previous
works [32,53] demonstrate this approach provides unsafe predictions
in structures failing in shear-tension. Up to a deflection of about 1 mm
(which corresponds to the formation of the shear failure crack) the re-
sponses are similar, because up to this stage, the curves are governed
by concrete’s tensile behavior. Above this deflection limit the two ap-
proaches start to diverge significantly. The shear-retention factor ap-
proach, implemented in an incremental model, is not able to simulate
the stiffness degradation induced by the shear deformation, i.e. it is not
capable of simulating a decrease of the crack shear stress transfer
with the increase of the crack shear , and a much higher load car-
rying capacity than the one predicted when using the diagram
is obtained. The shear-retention factor approach has also incorrectly
predicted a flexural failure mode.

5. Analytical evaluation of the - factor and shear fracture
energy

5.1. - factor and shear fracture energy as a function of the
total shear reinforcement stiffness and concrete compressive strength

In order to simulate the tested beams, different values of the pa-
rameters and were used. Observation highlights that these pa-
rameters play a relevant role on the beams’ deformational behavior,
affecting their final response. The parametric study demonstrates that
the also influences the numerical response, even though this value
was assumed to be constant ( = 1.0 MPa). Future works by the
authors are going to be dedicated to shed light on this line of in-
quiry. The use of different and parameters for each beam can
be explained and justified by considering the fact that the adopted
concrete constitutive model, which describes the behavior of plain
concrete and the reinforcement modeled as embedded cable (EC),
can exclude some minor concrete contribution to shear strength. It
is known that effects, such as aggregate interlock and dowel action
which are influenced by the percentage of transverse steel reinforce-
ment, occur along a shear diagonal crack (Fig. 15) [68]. The pres-
ence of a high percentage of reinforcement provides additional con-
finement, generating an opposing force to the crack opening, which is
followed by an enhancement of the aggregate interlock effect in the

Fig. 15. Graphical representation of the shear crack plane comprehensive of the different effect and forces acting on it, bidimensional crack stress components, displacements and
local coordinate system of the crack and 8-noded finite plane stress element (PSTE) with 3-noded embedded cables (EC).
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shear cracks crossed by the reinforcement [69]. An et al. [18] high-
lighted that the shear fracture energy mode II also in plain concrete
cannot be considered a material property, unlike the tensile fracture
energy mode I, but it highly depends on the crack opening or confine-
ment. This means that the steel reinforcement crossing the crack influ-
ences the crack shear stress behavior due to the external confinement it
exerts. In fact, by increasing the beam’s stiffness and load carry-
ing capacity also increase, which indirectly simulates the favorable ef-
fect of the shear reinforcements on the aggregate interlock and dowel
action. In the light of these considerations, the shear fracture energy
mode II, was not assumed as material property, but it was empirically
correlated to the beams mechanical and geometrical’s parameters as
described hereafter.

The dowel action increases as the spacing between the stirrups de-
creases, but the embedded cable model cannot account this effect, nor
for the crack sliding resisting contribution provided by the ETS bars
crossing the cracks. In the attempt of considering the possible contri-
bution of the steel reinforcement crossing the crack, Kolmar [70] pro-
posed a shear retention function that takes into account the percentage
of steel reinforcement crossing the shear plane, more recently [19,21]
also introduced in the shear-slip modeling the contribution of both ag-
gregate interlock and dowel action.

The values of and obtained by inverse analysis in Section

3.3 are plotted versus the in Fig. 16.

depicts the total stiffness of the shear

reinforcement divided by the which represents the influence of
the concrete compressive strength [71]. By means of a statistical lin-
ear regression analysis (LR), two equations were determined for each
investigated parameter ( and ). Due to a significant experimen-
tal difference between 90° and 45° ETS installed bars, different equa-
tions were adopted for vertical (90°) and inclined (45°) strengthening.
The regression lines corresponding to Eqs. (13)–(16) are reported in
Fig. 13. For Eqs. (15) and (16) the constant term (Y-intercept) was
set equal to = 0.07 N/mm, the value of shear fracture energy cor-
responding to the beam without any shear reinforcement (0S-Ref).
The inclined and vertical ETS bars are indicated with continuous
and dotted lines, respectively. Fig. 16a presents the regression corre-
sponding to the parameter, ; the diagram shows that this parameter

decreases with the increase of . Simi

lar inclinations were obtained for vertical and inclined ETS bars; nev-
ertheless, higher values of β were provided for vertical (90°) ETS
bars. Fig. 16b presents the regression corresponding to the parame-
ter, , and shows that it increases with the increment of

, which as previously explained, can

be justified by the favorable effect provided by the steel reinforcement
on the aggregate interlock, dowel action and crack sliding. Higher val-
ues of and higher slope of the linear regression were obtained for
inclined (45°) ETS bars. The coefficient of determination R2 shows a
dispersion of data in the range of 0.46 and 0.94.

5.2. Assessment of the predictive performance

With the aim to assess the predictive performance of the proposed
equations for estimating the value of the parameters and , the
numerical response of two groups of beams was evaluated using the
values calculated by Eqs. (13)–(16). The first group is represented
by the tested beams used to calibrate the constitutive model whereas
the second group is represented by the ETS shear strengthened beams
tested by Barros and Dalfré [29]. In the authors’ opinion, as a result

Fig. 16. - factor (a) and shear fracture energy (b) as a function of the total shear reinforcement stiffness and concrete compressive strength. LR stands for linear regression.

(13)

(14)

(15)

(16)
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of the high dispersion of data observed in the linear regressions (LR),
it is reasonable to simulate the same beams used to fit the parameters

and , in order to evaluate how the relative high dispersion could
affect the results; moreover the parameters have been calibrated inde-
pendently of each other.

For the first group of beams Table 6 reports the values calculated
by Eqs. (13)–(16); they are compared to the values derived from pa

Table 6
Comparison between the calibrated values and values calculated by Eqs. (13)–(16).

[–]
[–] Eqs. (13) and

(14)
[N/

mm]
[N/mm] Eqs. (15)

and (16)

0S-Ref 0.175 0.176 0.07 0.070
0S-
S300-90

0.15 0.141 0.08 0.135

0S-
S180-90

0.144 0.118 0.1 0.178

0S-
S300-45

0.175 0.103 0.50 0.489

0S-
S180-45

0.1 0.064 0.20 0.768

2-Ref 0.15 0.151 0.08 0.117
2S-
S300-90

0.12 0.116 0.12 0.182

2S-
S180-90

0.1 0.093 0.18 0.225

2S-
S300-45

0.075 0.073 0.6 0.702

2S-
S180-45

0.017 0.034 1.00 0.981

4S-Ref 0.1 0.134 0.22 0.148
4S-
S300-90

0.09 0.100 0.14 0.213

4S-
S180-90

0.075 0.077 0.45 0.256

4S-
S300-45

0.02 0.053 0.9 0.844

4S-
S180-45

0.030 0.014 1.5 1.124

rameters’ calibration and presented in Section 3.3. The obtained
load-deflection relationship and crack patterns of selected beams are
presented in Figs. 17 and 18, respectively; further results can be found
in [72]. The red color curves, including circle full markers, were ob-
tained by using the calibrated values (bold character in Table 4), while
the blue color curves, including square empty markers, were obtained
by using the parameter values calculated by Eqs. (13)–(16). It is possi-
ble to notice that, in most of the cases, these latter curves are very sim-
ilar to the load-deflection responses obtained experimentally. Some
of these simulations overestimate (for example beam 0S-S180-45 or
2S-S180-90) or underestimate (for example beam 2S-S300-45) the
beams’ load carrying capacity, mainly when an appreciable difference
between the values and in Table 6 is found. Nevertheless, as
can be seen in general, even in the presence of significant difference,
satisfactory results are obtained. In some of the numerical simulations
an underestimation of the maximum load carrying capacity can be at-
tributed to numerical instabilities (e.g. 4S-S180-45). The crack pat-
terns reported in Fig. 18 indicate a good agreement between numerical
and experimental results. This first group of simulations highlights the
potentiality to increase the values of and decrease the value of

with the increment of the total stiffness of the shear reinforcement
.

The second group of beams [29] consisted of rectangular beams of
different rectangular cross sections and a constant ratio of 3.44.
A-Series (150 × 300 mm2) and B-Series (300 × 300 mm2) are charac-
terized by a of 2.5 and 1.88% respectively. The internal percent-
age of transverse internal steel reinforcement varied in the range of
0.0% and 0.17%, and the percentage of strengthening ETS bars, verti-
cal or inclined (45°), varied in the range of 0.6% and 25%. The con-
crete compressive strength ranged between 28.8 MPa and 30.8 MPa.
More details about this experimental program can be found in Bar-
ros and Dalfrè [29]. The adopted modeling strategy is equal to the
one described in Section 3.2. The main values that define the concrete
constitutive model are indicated in Table 7; they were obtained, to

Fig. 17. Numerical load versus deflection at loaded section using the , values calculated by Eqs. (13)–(16) (blue color curves, including square empty markers – linear re-
gression (LR); comparison with experimentally calibrated values (red color, including circle markers). (For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)
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Fig. 18. Crack-patterns obtained using the and values calculated by Eqs. (13)–(16).

Table 7
Main values of the parameters of the concrete constitutive model used to simulate the
beams tested by Dalfré and Barros [17].

Poisson’s ratio (νc) 0.15
Initial Young’s modulus (Ec) 31.1 N/mm2

Compressive strength (fc) 30.7 N/mm2

Trilinear tension-softening diagram = 1.9 N/mm2, = 0.08 N/mm
= 0.01, = 0.5, = 0.7, = 0.2

Note: if not specified the model’s parameters are equal to the ones specified in Table 3.

gether with the values defining the steel and ETS bars constitutive
model, from a previous set of numerical simulation (only small
changes to the trilinear stress-strain diagram were made) [33].The
simulations of eight beams which exhibited a clear shear failure are
represented here. Table 8 indicates the designation adopted for the
beams in Barros and Dalfré [29], percentage of steel stirrups (
), the shear strengthening ratio , as well as the values of and

calculated by Eqs. (13)–(16) for the crack shear softening dia-
gram. The was assumed equal to 1.38 MPa, which corresponds to

, this value was previously adopted in [33]. The ob-
tained load-deflection relationship are presented in Fig. 19. The blue
color curves, including square empty markers are obtained by using
the values calculated by Eqs. (13)–(16); the figure also shows the ex-
perimental crack pattern and the position of stirrups and ETS bars. In

Table 8
Percentage of internal stirrups , ETS strengthening and and val-
ues calculated by Eqs. (13)–(16) for the beams tested by Dalfré and Barros [17].

[%] [%]
[–] Eqs. (13) and

(14)
[N/mm] Eqs. (15)

and (16)

A.1-Referencea – – 0.176 0.070
A.2-S300.90a 0.13 – 0.145 0.129
A.3-E300.90a – 0.17 0.136 0.146
A.4-E300.45b – 0.25 0.087 0.603
B.1-Referencea – – 0.176 0.070
B.2-S300.90a 0.06 – 0.162 0.097
B.3-E300.90a – 0.11 0.149 0.121
B.4-E300.45b – 0.16 0.112 0.423

a Compressive strength fcm = 30.78 MPa.
b Compressive strength fcm = 28.81 MPa.

terms of the load-deflection response, good predictive performance is
shown in Fig. 19 where the maximum load carrying capacity is esti-
mated with sufficient accuracy. A comparison of this group of beams’
deflectional behavior and the predicted load carrying capacity shows
that the values obtained from the linear regression provide more than
reasonable results when utilized to characterize the shear softening
law.

In general the results affirm that the presented equations (Eqs.
(13)–(16)) can be considered a suitable tool to obtain a first estimation
of the parameters and ; however for similar geometry of ETS
strengthened RC beams, higher number of test should be performed
to confirm a general validity. Since all the simulated beams are char-
acterized by similar concrete compressive strength, it is impossible to
evaluate the impact of the term on the provided equations, fur-
ther investigations on the influence of the concrete compressive are
needed.

6. Conclusion

The analysis capability of a multi-directional fixed smeared crack
model FE program (FEMIX) to estimate the behavior of RC beams
shear strengthened using steel ETS bars was assessed. In order to sim-
ulate the stiffness degradation of the shear modulus after crack initi-
ation, a shear softening law was adopted as al-
ternative to the shear retention function. The parameters, , ,
characterizing the crack shear stress – crack shear strain diagram were
identified by calibrating the experimental results, since to the authors’
knowledge, there are no experimental tests dedicated to the assess-
ment of these parameters. For each tested beam a different shear soft-
ening diagram was identified, nevertheless was assumed equal to
1.0 MPa for all the beams, in the attempt to reduce the number of vari-
ables.

The performed numerical simulations have reproduced with high
accuracy the deformational behavior of the experimental tests, as well
as the crack pattern and strains in stirrups and ETS bars. In general, a
fairly good prediction of the load carrying capacity was found. It was
also demonstrated that, due to the good bond performance between
ETS bars and concrete during the experimental tests, the assumption
of perfect bond between materials is acceptable and valid results can
be obtained. The numerical simulation evidenced that exhibits
the tendency to increase with the percentage of transverse reinforce-
ment, which can be justified by the positive impact on aggregate in-
terlock provided by the steel bars crossing the cracks; this is the op-
posite of the - factor, which exhibits the tendency to decrease with
the percentage of transverse reinforcement. The performed paramet-
ric study highlighted that the values defining the shear softening law
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Fig. 19. Experimental [17] and numerical load versus the deflection at loaded section. , values calculated by Eqs. (13)–(16).
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mainly influenced the deformational response and the crack pattern at
failure; in general, less influence was observed in the prediction of the
maximum load carrying capacity.

It is possible to conclude that one of the key aspects of the
diagram is the characterization of its softening branch; the numeri-
cal simulations evidenced the importance of the point where the ele-
ment enters in the softening phase, as well as its ultimate crack shear
strain. It was shown that, by using the linear regression model to es-
timate the values of , based on the numerical simulation of
the tested beams, it is possible to estimate the structural response in
terms of load-deflection with satisfactory results. The present work
has shown the potential of evaluating with sufficient accuracy the ,

as a function of the total transverse reinforcement stiffness and
the concrete compressive strength. Nevertheless, more investigation is
needed to provide a general rule for the estimation of the dia-
gram for RC un-strengthened and strengthened elements.

It was observed that, by adopting a shear retention function, the
level of stiffness degradation registered in the tested beam was not
correctly simulated, and a much higher ultimate load was estimated.
Very good predictions are, however, capable of being assured if a
proper is adopted. It can be concluded that - by adopting the
shear softening law in the multidirectional fixed smeared crack model,
available in the FEMIX computer program - the numerical analysis
was able, with higher accuracy, to predict the behavior of structures
failing in shear while the numerical capability also improved.
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