ON INDECOMPOSABLE IDEALS OVER SOME ALGEBRAS
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ABSTRACT. In this paper we investigate a family of algebras endowed with a
suitable non-degenerate bilinear form that can be used to define two different
notions of dual for a given right ideal. We apply our results to the classification
of the right ideals and their duals in the cyclic group algebra, in the Taft algebra
and in another example of Hopf algebra arising as bosonization.
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INTRODUCTION

Fix a base field k. Recall that a linear code of length n > 2 is a vector sub-
space of k™. A linear code C' is called cyclic whenever (cg,c1,- - ,¢p—1) € C im-
plies (¢p—1,co,¢1,"+* ,cn—2) € C. By considering the cyclic group algebra k (z) :=
k[X]/(X™—1), where we set z := X 4+ (X™ — 1), then the assignments

(0.1) k(z)>co+ecix+---Fcp 12"t < (co, ¢, ,0n 1) €K

yield a bijective correspondence between ideals in k (x) and cyclic codes of length
n. Moreover, if g is the generator polynomial for a cyclic code, then the dual code
corresponds, via the map , to the orthogonal of the ideal (g) with respect to
the usual scalar product defined by <1‘i, ﬂcj> = 0;,5-

Key words and phrases. Cyclic codes, monomial bilinear forms, indecomposable ideals, orthog-
onals, Hopf algebras.
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Since k (z) is the group algebra over the cyclic group of order n, i.e. (z) :=
{1, T,... ,:c"’l}, it is in particular a Hopf algebra. This constitutes a link between
the study of the ideals in Hopf algebras and Coding Theory. It is then natural to
look at a right ideal in a Hopf algebra as a sort of “Hopf code”. Following this idea,
a characterization of all projective indecomposable ideals in the Taft algebra was
given in [CGLJ.

The particular description of dual codes in the Hopf algebra k (x) places the
notion of orthogonal with respect to a suitable non-degenerate bilinear form as the
proper counterpart of the concept of dual code.

We will show that both the cyclic group algebra and the Taft algebra come out
to be endowed with a non-degenerate bilinear form that we will call monomial and
that can be used to compute explicitly the indecomposable right ideals and their
orthogonals.

More generally in this paper we investigate a family of algebras endowed with
a monomial non-degenerate bilinear form: this form can be used to define two
different notions of dual for a given right ideal. As an application, we recover the
classification of the right ideals and their duals in the cyclic group and Taft algebras
and provide the same classification for another example of Hopf algebra arising as
a bosonization in [CDMM].

The paper is organized as follows.

In Section [1| we introduce and characterize the concept of monomial bilinear
form on a finite-dimensional vector space V. This type of form is the main tool in
our paper. In Lemma [8] we study the behaviour of orthogonals of subspaces of V'
spanned by a subset of the basis, with respect to a monomial bilinear form.

In Section [2[ we introduce the k-algebra k (w, N) presented by generators and
relations. It can also be introduced as a quotient of an Ore extension with zero
derivation. In Theorem [12|we provide an irredundant set of representatives of inde-
composable right ideals in k (w, N). We also give an explicit description of all inde-
composable right ideals therein. This is of interest from the Coding Theory point
of view because isomorphic ideals needs not to give rise to equivalent codes. Then
we attach to k (w, N) a particular bilinear form which we prove to be monomial in
Lemma In Theorem we describe explicitly the orthogonals, with respect to
this form, of the representatives of indecomposable right ideals mentioned above.

In Section [3| we turn our attention to Hopf algebras. A peculiar result in Hopf
theory is the Structure Theorem for Hopf Modules. Given a finite-dimensional Hopf
algebra H, the structure theorem yields a right H-linear isomorphism ¢ : H — H*.
Surprisingly, ¢ comes out to generalize the map giving the correspondence
mentioned above for cyclic codes; thus ¢ looks like a natural tool to generalize cyclic
codes to Hopf algebras. In general ¢ yields a bijective correspondence between right
ideals in H and right H-submodules of H* (which play the role of generalized cyclic
codes). We attach to ¢ a specific non-degenerate bilinear form and use it to define
two different notions of dual for a given right ideal: both comes out to be right
ideals as well. We investigate this form in the case when H or its antipode S
satisfy some properties, such as H being cosemisimple in Lemma

In Section [4 we collect and investigate the main examples and applications of
our results.

First we recover the cyclic group algebra as a trivial case of k (w, N) taking
w=1Id and N = 1 in Subsection {1l
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Then, in Subsection [£:2] we apply our machinery to the Taft algebra. This is
achieved regarding the Taft algebra as an algebra of the form k (w, N) in Lemma
and showing in Lemma [26] that the non-degenerate bilinear form attached to ¢ is
one of the canonical monomial forms we investigated on k (w, N). As a consequence
we recover all indecomposable right ideals for the Taft algebra in Theorem [28] and
the corresponding orthogonals in Theorem 29]

Finally in Subsection [.3] we consider a 24-dimensional Hopf algebra arising as
a bosonization described in [CDMM]. Following the lines of the previous examples,
we show in Lemma [30| that also this algebra is of the form k (w, V) and in Lemma
that the non-degenerate bilinear form attached to ¢ is one of the canonical
monomial forms we investigated on k (w, N). Also in this case we obtain a complete
description of indecomposable right ideals in Theorem [34] and their orthogonals in
This classification is new at the best of our knowledge.

1. BILINEAR FORMS

In this section we deal with general results concerning vector spaces.

Let V' be a finite-dimensional vector space and let (—,—) : V. x V — k be
a bilinear form on V. The form is non-degenerate if and only if the linear map
¢ : V. — V* defined by setting ¢ (v) = (v, —) for every v € V, is an isomorphism.

If (—, —) is non-degenerate there is a unique linear map v : V' — V such that

(1.1) (x,y) = (y,v(x)), for all z,y € V,

The map ~ is necessarily injective whence invertible as V' is finite-dimensional. We
call it the Nakayama isomorphism (if V' is an algebra and the form is associative,
ie. (zy,z) = (z,yz) for all z,y,z € V, then v becomes an algebra automorphism
known as the Nakayama automorphism).

Given a linear subspace W of V, we define the left and right orthogonals of W
as the vector subspaces

Whe ={z eV |(z,y) =0,Yy c W},
Whe={zecV|(y,z)=0,Vyc W}.

We will simply write Wtwhen W+t = WLr, In particular this happens if, for
every x,y € V, one has (z,y) =0 < (y,x) = 0.

Lemma 1. [Jal Section 6.1] Assume (—, —) is non-degenerate and let U and W be
subspaces of V.. Then

if U CW then Wit C U+r and Wir C Ulr;

(U+ W) =Urr AWte and (U + W)'E = ULs nWts;
UNW)™ =U+r 4+ Whe and (UNW)" = U+r + Whs;
dimWHe = dimy V — dim W = dim W=

Wirle — W = wielr,

Lemma 2. Let v :V — V be a k-linear isomorphism such that (1.1)) holds true.
Then WHr = ~ (WJ‘L) for every subspace W of V.

Proof. Let x € V. Then v (z) € W= if and only if (y, 7 (z)) = 0, for every y € W.
By (1.1)) this is equivalent to (x,y) = 0, for every y € W ie. 2 € W+, Thus
v (z) € W= if and only if x € WL, Since 7 is invertible we conclude. O
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As usual let us denote by S,, the group of permutations of the set {1,...,n} for
every n > 1.

Definition 3. Given a k-vector space V with basis B = {vy,...,v,}, a right
monomial transformation of V. with respect to B (see e.g. [Wol page 12]) is a
k-linear map T := T' (o, k;) : V — V such that T (v;) = kjv,(;) where o € S, and
k; € k\ {0} for every i € {1,...,n}.

Lemma 4. The following are equivalent for a basis B = {v1,...,v,} of V.

(1) There is 0 € S,, and non-zero elements d; € k such that, for every i,j €
{1,...,n}, one has (vi,v;) = dido(i),;-

(2) There is 0 € S,, and non-zero elements d; € k such that ¢ (v;) = div;(i),
where v} is the dual basis element defined by v} (v;) = 0; ;.

(3) The matriz of (—, —) relative to B is of form D-P where D is a non-singular
diagonal matrix and P is a permutation matriz.

(4) The k-linear map T : k" — k" : e; v+ >0 (vi,v;)e; (i.e. the linear
map attached to the matriz of (—,—) relative to B) is a right monomial
transformation of k™ with respect to the canonical basis {e1,...,e,}.

Proof. (1) < (2). This equivalence follows from the equalities ¢ (v;) (v;) = (v, v;)

*

and (divﬂ(i)) (vj) = dibg(i) ;-

(1) & (3). Take D = diag (dy, ..., d,) and let P be the matrix whose (4, j)-entry
is given by d,(;) ;. Then the (4, j)-entry of D - P is exactly didy(;),;-

(1) & (4). By definition T is a right monomial transformation if and only if

there is a permutation ¢ of {1,...,n} and non-zero elements d; € k such that
T (ei) = dieg(s).- 0

Definition 5. We say that the bilinear form (—, —) is monomial (with respect to )
if one of the equivalent conditions of Lemma[4 holds. Note that a monomial bilinear
form is necessarily non-degenerate since ¢ (v;) = divy ;) for every i € {1,...,n}.

Remark 6. Let V be a vector space with basis B = {v1,...,v,}. The following are
equivalent for 7 € S,, and non-zero elements ¢; € k.
(1) For every ¢,j € {1,...,n}, one has (v;,v;) =¢; <vj,v7(i)>.
(2) One has that holds true where v := T (7,¢;) : V — V is the linear
map defined by v; — c¢;v,(;). Note that v is necessarily invertible.

Remark 7. Let B = {v1,...,v,} be a basis of V' and let W be a subspace of V.
Assume there is a right monomial transformation v = T' (7, ¢;) such that holds
true. By [Wol, Proposition 6.1], we have that v is an isometry of V' with respect to
the basis B. By Lemma [2[ we also have W+r = v (WLL). Then W7 and Wt
are equivalent codes in the sense of [Wol page 565].

In the following result we describe the connection between the left and right
orthogonals in case of vector subspaces spanned by suitable basis elements.

Lemma 8. Let B={vy,...,v,} be a basis of V and let Wg := Spany {v; | i € B}
for some B C {1,...,n}.

1) Assume there is a right monomial transformation v = T (T, ¢;) such that
holds true. Then Wg" = WTJELB) where 7 (B) := {v,;) | i € B}.

2) If (—,—) is monomial with respect to B, then there is o € S,, such that the

hypothesis of 1) holds for T := 0.
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Proof. 1) From the assumption one gets (v;, v) = ¢; (v, v,(;)) for every v € V. Since
¢; # 0 we deduce that (v;,v) = 0 if and only if <v, vT(i)> =0. Now v € WéR if and
only if (v;,v) = 0 for every 7 € B if and only if, by the foregoing, <v, vT(i)> =0 for
every i € B if and only v € W=

(B)
2) By Lemma there exists a permutation o of {1,...,n} and (v;, v;) = dids(),;
for some non-zero d; € k. Then we can take ¢; := =%~ and compute

do (i)
(vj, Civo2(s)) = Cidj00(5),02(i) = Cidi00(i),j = Cilo(i)0u(i); = diba(i),j = (vi, ;) .
|

Remark 9. In the case of the Taft algebra A we will provide a particular (—, —)
which satisfies the conditions in Lemma |8 but not {x,y) = 0 < (y,x) = 0 for every
x,y € A, cf. [Ja, Theorem 6.2].

The proof of the following result is straightforward. We keep it for the reader’s
sake.

Proposition 10. Let A be an algebra. Let V' be a vector space endowed with a
non-degenerate bilinear form (—,—) and let v be the isomorphism given in ,
Let W be a subspace of V.
1) If V has a left A-module structure, then V has (necessarily unique) right
A-module structures < and < defined for every x,y € V,c € A, respectively, by
(r ey =(r,cy)  and  (z,y 4c)=(cz,y).

Moreover {c € A|v(cx) =cy(z),Vx eV} = {c€eA|ly<dc=y 4, VyeV}.
In particular v is left A-linear if and only if <=<.

2) If V has a right A-module structure, then V has (necessarily unique) left
A-module structures > and » defined for every x,y € V,c € A, respectively, by

(¢ z,y) = (x,yc) and (x,cw y) = (xe,y) .

Moreover {c€ A|vy(zc)=v(x)c,Ve eV} = {c€A|c>y=cryVyeV}.
In particular v is right A-linear if and only if >=m.
For c € A, we have

(Vae) "=V <4¢)™ =Amy (¢):={veV|ew=0},
(c> V)R = (cw V) = Amny, (¢) :=={v €V |ve=0}.
Let a,b € A be such that ab=1. Then

W) =Wt ga and (W <a)™® =pWtr
(W <o) =Wt and  GW)'""=W'r «qa
(Wa)™" =b> Wt and (b> W)™ =Wtrg
(b» W) "r =Whta  and  (Wa) " =bw Wir

Proof. We just prove the assertions involving <, the other ones being similar. Since
¢ :V — V*is an isomorphism and V* is a right A-module we can endow V with a
unique right A-module structure such that ¢ is right A-linear. The right A-linearity
of ¢ is equivalent to (x < ¢,y) = (x, cy), for every z,y € V,c € A.

We compute
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(z,y €c) = (cx,y) = (y,7 (cz));
(,y <c)=(y<c,v(x) = (y,cy(2)).

Thenvy (cx) = ¢y (z) for every x € V if and only if y € ¢ =y < ¢ for every y € V.
From (z <1 ¢,y) = (z,cy) it is clear that (V <1 ¢)™" = Annyy (c).
Then
(x < a,by) = (x,aby) = (z,y)

so that 2 € Wr if and only if z < a € (bW)"*. Thus (bW)"* = Wir g a.
Similarly (W < a)™" = bW~ O

2. INDECOMPOSABLE IDEALS IN k (w, N)

Let us consider the main example of algebra we will deal with. Let N > 2 be an
integer, let S be a finite set of cardinality at least N and let w be a permutation
on S.

Consider the k-algebra A =k (w, N) generated by {es,x | s € S} with relations,
for every s,t € S,

(2.1) eset = Og €, 14 = Zes, 2V =0, EsT = Tey(s)-
sesS

It is clear that A has basis
B:={z"es |0<n<N-1seS}={ex" |0<n<N-1,t €S},

where the last equality follows by the relation esx = we,(y), for all s € S.
Let R=k [x | 2N = O] be the subalgebra of A generated by z.
Set also H :=kles | s € S].
Following the lines of [CGL], for s € S,t =0,...,N — 1 we set Ny := esz'R.

Remark 11. The algebra A given above can be constructed as follows. Let H =
k% = Map (S,k) be the algebra of functions on the set S. Define e, : S — k by
setting es (t) := ds4. Then {es | s € S} is a basis of H and for every s, € S, one
has

€s€t = 5s,t6t7 1A = § €s.

ses

Define the map ¢ : H — H by setting ¢ (es) := e,,-1(5). It is easy to check that
© is an algebra map. Consider the Ore extension H [X, ¢] with zero derivation i.e.
H [X] as an abelian group with multiplication induced by Xe; = ¢ (es) X. Then
A =k (w, N) is the quotient of H [X, ¢] modulo the two-sided ideal <XN> generated
by X%, with notation z := X + <XN> and by identifying e, with its class modulo
(X).

Denote by L (Mpg) the set of right R-submodules of a given right R-module M.
Let Li,, (Mg) denote the set of right R-submodules which are indecomposable. The
first assertion of the following result was already proved for Taft algebras in [CGLL
Section 2], see also [CVZ, Theorem 2.5].
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Theorem 12. Consider the algebra A = k(w, N) and let R be the subalgebra of
A generated by x. Then the Ns.’s form an irredundant set of representatives of
»Cin (AA) and

Lin(Aa)={(1+rz)Nsy|reR,s€S0<t<N-—1}.
Proof. We have already observed that A has basis
B:={z"e; | 0<n<N-1seS}={ez" | 0<n<N-1teS}.

Let us show that A is a serial ring. Since 14 = ZSGS es and the eg’s are
orthogonal idempotents, we have that A = @, g esA. Thus each direct summand
esA of A is projective too. By (12.1), we deduce esA = e, R and hence L (esA4) =
L (esRr). The map

gs: R—esR:r—egr
is an isomorphism of right R-modules so that it induces a bijection
L(RR) = L(esRRr) : I+ gs(I) =esl.
Since L (Rr) ={2'R |0 <t < N} we get

L(esAn) =L(esRp) ={ea’R|0<t <N} ={N,; |0<t < N—-1}U{0}.
Since N+ € Ny, for t > w, we deduce that £ (esA4) is totally ordered. Thus e;A
is uniserial for every s € S and hence A is a right serial ring. Similarly one proves
it is a left serial ring. Thus it is a serial ring as claimed.

Note that, since uniserial implies indecomposable, we get that

Lin(esAa) = L(esAa)\ {0} ={Ns+ |0<t <N —1}.

Let M € Li, (Aa). Apply [Fal Theorem 3.29] to P = A4. Then there is a
decomposition A4 = P; ®--- @ P, into uniserial projective modules such that M =
(MNP)®---®(MnNP). Since M is indecomposable, we get M = MNP, for some
w. Hence M C P,. Since each P; is uniserial, it is in particular indecomposable.

Note that End4 (esA) & e;Aeg esRes. Since R =k [az | 2V = O] is a local
ring, we have that e R is a local right R-module so that, by [Fal, Theorem 1.11], we
get that ez Res is a local ring.

By Krull-Schmidt-Remak-Azumaya Theorem (cf. [Fa, Theorem 2.12]), the two
decompositions @ses esA=A =P & - @ P are necessarily isomorphic so that
P, = esA for some s € S. Let f,, : esA — P, this isomorphism of right A-modules.

We have fy, (e5) = fu (eses) = fu(es)es € Aes = Res so that we can write
fw (€s) = ues for some u € R. We can assume that u has the form v = (1 + ra) z*
for some w so that f, (es) = (14 rz)z'es. Thus

Py = fu (esA) = fu(es) A= (1 +rx)a'esA = (1 +rx)x'esR
= (1+7r2) ey—r(T" R=(1+712) Ny—t(5) -
Via f,, we have that P, =2 e,A =e,R = N,o. Thus
N = dimy (Ns o) = dimg (P,,)
= dimy ((1 4 r@) Ny-t(5)) = dimg (Nyy-1(5),)) = N — ¢

so that ¢ = 0 and hence P, = (14 rz)Nso and f, (es) = (1 +rz)es. Hence
fuw (@) = (1 4+ rzx)a for every a € e A.
The isomorphism f,, induces a bijection

Ein (esAA) ‘>£in ((Pw)A) L= fw (I) = (1+7”£B)I.
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Since M is indecomposable and M C P, then M € Li, ((Py)4) so that its comes
out to be isomorphic to an element of L, (esAa) = {Nst|s€ S,0<t <N —1}.
This proves that the N, ’s form an irredundant set of representatives of Li, (A4) .
Moreover M = (1 4 rz) N, for some s € 5,0 <t < N —1.
We have so proved that Li,, (Aa) C{(1+rz) Nyt |r € R,s€S,0<t<N—1}.
For the other inclusion, since (1 4 rz) Ns; & Ny, and Ny, € Lin (esA4), we get
that (1 + rz) N, is indecomposable. O

In the rest of this section we fix a permutation p on S, a permutation v on
{0,1,...,N — 1} and define a bilinear form (—,—) : A x A — k by setting, for
5,6t €5,0<mn<N-—-1,

(2.2) (esx™, erx™) := d(s’m)éu(s),tdy(m),n
where d(, ) € k'\ {0} for all s, m.

Lemma 13. The form (—, —) is monomial with respect to the basis
B={esz™|s€S,0<m<N-—1}.
Moreover the Nakayama isomorphism v is given by

d(s,m
v (esmm) _ (s,m) 6#2(5)37”2("0

= Vs, m.
d(u(s),v(m))

PTOOf. Set U(s,m) ‘= esxm. Then <U(s,m)av(t,n)> = d(s,m)(;a((s,m)),(t,n) where o is
the permutation defined by o :=pu x v: (s,m) — (u(s),v (m)).

Thus, by definition, the form (—, —) is monomial with respect to B. By Lemma
there is a right monomial transformation v =T (7', c(s7m)) (which is necessarily
the Nakayama isomorphism) such that holds true for 7 := 02 = u? x v? and

dism) — dis,m)

Cls,m) = .
G ey Bty my)

m d S,Mm 1/2 m
Thus ¥ (V(s,m)) = C(s,m)Vr((s,m)) and hence v (e;2™) = me“2(s)x m) 0O

Apply Proposition |10]to V = A and (—, —) as above. Then A has a unique right
A-module structure <1 defined by (x < ¢,y) = (x,cy), for every z,y,c € A and a
unique right A-modules structure « defined by (z,y < ¢) = {cz,y).

Moreover, if a € A is a unit, for every subspace W of A one has

(W) =Whr ga! and (W)™ " = Wtr qa™t.

In view of Theorem [I2] we know that
Lin(Aa)={(14+rz)Ns, |r€eR,s€ S,0<t<N-1}

so that we can compute the orthogonals of all indecomposable right ideals as
(2.3) (L+rz)Noy) s = NP < (L +ra)”!
(2.4) (L+7rz) Nyy) ™™ = NP < (L +rz) 7"
It remains to compute N, sLan and N, jn%
Theorem 14. Let s € S and m be an integer such that 0 < m < N — 1. We have

1 1
NG = N0 = D Moo
t#u(s)
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Assume v (m) := N —1—m for all m. Then

Nep =Ny, and  Ni=N§® Ny),n-m-

Proof. Note that N, := esR has basis B = {e;2™ |0 < m < N — 1} which is a
subset of the basis B = {e;a™ | s € 5,0 <m < N —1}. In view of Lemma [13] this
basis satisfies the conditions of Lemma [8| for 7 = p? x 2, so that

7 (B) = {eua” ™ [0 <m < N =1} = {e,aa" [0<n < N -1}

and hence N::é‘ = Wé‘R = W:EIB) = N:;L(S),O.
By definition, we have

<es$m7 etxn> = d(S,m)5M(8)7t6V(m)7’l’L

so if t # u(s) then Nyg C st(j? and hence @#M(S) Nio C NSJ"(?. Now, counting
dimensions we get

dimg [ @ Neo | =| D N|=N(S|-1)=N|S|-N
t#u(s) t#£pu(s)
= N|S| — dimg Ny o = dimy N,

which implies the equality whence NSJ"é?' = @#H(s) Nio-

Assume v (m) := N —1—m for all m (note that v? = Id). Since Ny, := es2™R
has basis B = {esx! | m <t < N — 1}, we get

7(B) = {eﬂz(s)m’ﬁ(t) |m<t<N-— 1} = {e#z(s)xt |m<t<N-— 1}

and hence Nj:,ﬁ = szfzs) m-

We now compute N, j‘ffL

If t = p(s) then if n > v(m) +1 = N —m we get (e;x",esz™) = 0, so
Nyys),N—m © Nz Since Ni & = @,,,(5) Nro we have that N & + Ny v—m =
Ni& ® Ny (s),N—m and hence

N3 3§ @ Nygs)N-m © Nk
Now, counting dimensions we get
dimy (st5¥ @ Nﬂ(s)’N,m) = (N|S|=N)+m=NI|S| - N+m
= N|S| — dimy Ny, = dimy N2

which implies the equality whence IV j}}l =N, Slé‘ ® Ny(s),N—m as desired. [

3. IDEALS AND THEIR ORTHOGONALS FOR HOPF ALGEBRAS

From now on, H will always be a finite-dimensional Hopf algebra with
antipode S.

Consider H* as a right Hopf module with action «— defined by (f «— h) (I) :=
f (S (h)). Then, by [Swl, Corollary 5.1.6 and Theorem 5.1.3], we have that S is
invertible, the space [,(H*) of left integrals in H* is one-dimensional (recall that
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A € H* belongs to [,(H*) if and only if > hiA(h2) = 1gA(h) for all h € H) and
the map

/(H*)@H%H*:f@hw(fﬁh)
l

is bijective. Since [,(H*) is one-dimensional, we can choose a non-zero integral
A € H* and the map
¢:H—H":h— (A~ h)
is invertible, see [DNR] page 306]. The map ¢ is right H-linear:
d(hh)y=X X~ (hh')y =X~ h) K =¢(h) — I.

Note that the structure of right H-module on H* is not the canonical one < given
by (f < h) (1) = f (ih).

Through ¢ one has a bijective correspondence between right ideals in H and
right H-submodules of H*.

Remark 15. Set t := ¢! (¢) € H. By [DNR], Section 7.4], we have that ¢ is a right
integral in H (i.e. th = te (h) for every h € H) and A (t) = 1. Moreover

ot (f) = Ztlf(tg), for every f € H*.

Note that given any right integral ¢ in H such that A(#') = 1 then S(¢') is a
left integral (JRal, Exercise 10.5.1, page 305]) and AS (¢') = A (¢') (by the left-right
handed version of [Ral, Exercise 10.5.3, page 311]) so that ¢ (t') (y) = A (yS (t')) =
AMe()SE)) =eA(SE)) =ey)A({') = e(y) and hence ¢ (t') = ¢. As a
consequence ¢ = ¢~ ! () = ¢.

We now are going to apply the results of Section[]in the case V' is a Hopf algebra
H. In the setting of Section |3] for every z,y € H, we set

(3.1) (,y) = ¢ (2) (y) = (A — ) (y) = AMyS (z)].

Note that, since ¢ is an isomorphism and H is finite-dimensional, the bilinear
form (—, —) is non-degenerate.

For x,y,h € H, we have
(3.2) (zh,y) = AyS (zh)] = A[yS (h) S (x)] = (z,yS (h))

and

)
(3.3) S lrnyyze =D AS(@)]ze = > piA[2S (@) =D i (2,y2)
where in (x) we used [DNR) Lemma 5.1.4].

The Frobenius bilinear form b : H x H — k is defined by setting b (x,y) :=
(p0S™1) (y) (z) = A(zy) for every z,y € H. This bilinear form is non-degenerate
because ¢ o S™! is invertible. Consider the associated Nakayama automorphism
n: H — H (we know that it is an algebra map because H is an algebra and the
form is associative). Note that 7 is uniquely determined by the equality b (z,y) =

b(y,n(z)) ie. A(zy) = A (yn (x)) for every z,y € H.

Lemma 16. In the setting of Proposition [I0, take V the underlying algebra of H
with left and right reqular actions. Then, for every h,x € H, we have

hi>z=zS""(h) and hwz=2xS(h),
x<9h=S8""(nh)x and r4«h=n""(S(h)z.
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Moreover Ann g (h) = (7771 (S (h)))LL

H.
Proof. By definition of >, » and , we have
(ho>a,y) = (x,yh) = (@S (h),y) and  (y,h»x) = (yh,x) = (y, 25 (h)).

Since the form is non-degenerate, we get h > z = zS~! (h) and h » = = xS (h).
For every x,y,h € H,

and Anny, (h) = (S(h))"" for every h €

( Qhy) = (z,hy) = A (hyS (z)) = A (yS (z = (87t (n(n) z,y)
(y,x «h) = (hy,x) = X (xS (y) S (h)) = /\( (S (h)) 28 (y)) = <y n~t (S (h))x)
)

so that we obtain z << h = S~ ((h))x and x <« h =171 (S (h)) z.
By Proposition we have

(17 (S (h))™" = (H «h)™ = Ann g (h)

(S(h))** = (h» H)** = Anny, (h).

Lemma 17. If I is a right ideal of H, then I*® and I*t are right ideals.

Proof. Given z € I*Lt, y € I and h € H, we get (zh,y) = (x,yS (h)) = 0, as
yS (h) € I, and hence xh € I+£, so I'L is a right ideal.

Let now 2 € I*®, y € T and h € H. Since H is finite-dimensional, S is surjective
so there exists an h’ € H such that h = S (h'); we get (y,xzh) = (y,xS (W) =
(yh',x) = 0 since yh' € I and hence zh € I*%, so I** is a right ideal. O

Remark 18. Let H be a Hopf algebra with basis B = {v1,...,v,}. Let v: H - H
be a k-linear isomorphism such that (1.1) holds true. Then AS(z) = (z,1) =
(1,7 (z)) = Ay (x) so that

(3.4) AS = Ay.

Lemma 19. Let H be a Hopf algebra with basis B = {vy,...,v,}.

(1) Assume there is a right monomial transformation v such that . holds
true as in Remark@ Then v =~ (1) S2.

(2) Assume H is cosemisimple. If, for every i € {1,...,n}, S?(v;) = civ;,
then for every i,j € {1,...,n}, (vz,vj> = ¢; (vj,v;). Moreover the map
~v:=T(d,¢) of Remark@ is exactly S2.

Proof. (1). We compute, for every x,y € H

oy @) & (2,0) B2 (1,48 (0)) B s (

A () (y,7 (1) 8% (@)

)
Since (—, —) is a non-degenerate we then get v (z) =~ (1) S? (z) for every x € H.
(2). Note that, in our setting, (z,y) = A[yS (x)] for some non zero integral A.
Since H is cosemisimple, it has a total integral A. Since fz ) is one-dimensional,
there is k € k such that A = kKA. Thus, from AS = A, we obtain \S = kAS = kA =
A. Since S is invertible and S? (v;) € kv;, there is a non-zero element ¢; € k such
that S2 (v;) = ¢;v;. Hence, for every z,y € H, we have

C; <Uj, Ui> = Ci)\ [UZS (’Uj)} = /\ [SQ (’Ul) S (’Uj)]

T



12 ALESSANDRO ARDIZZONI AND FABIO STUMBO

= AS[0;5 (vi)] = A ;S (vi)] = (vi, vj) -
By definition v (v;) = ¢;v; = S2 (v;). O
As a consequence we recover the following well-known result.

Corollary 20. Let H be a finite-dimensional Hopf algebra.
(1) If (=, =) : H® H — k is symmetric, then H is involutory (i.e. S* =1dy).
(2) Assume H is cosemisimple. If H is involutory, then (—,—) : H® H — k
1§ symmeltric.

Remark 21. Let H be a finite-dimensional involutory Hopf algebra (e.g. H is either
commutative or cocommutative, see [DNR], Corollary 4.2.8]). Then H is semisimple
and H cosemisimple if and only if chark { dimg H, see [LR, Corollary 2.6].

Lemma 22. Let H be a finite-dimensional Hopf algebra with basis B = {v1,...,v,}
and let I be a right ideal of H. Then S™!(Anng (I)) C I+, where S~ denotes
the composition inverse of the antipode.

Assume there is a right monomial transformation ~ such that holds true.
If I'*x s a two-sided ideal, then equality holds.

Proof. Let x € Anng (I) := {h € H|yh=0,Vy € I}. Then, for every y € I, we
have (S7! (z),y) (1,yx) = 0 so that S™1 (x) € I+E.

Let us prove the last part of the statement. Let x € I*+%. Then for every z € H,
we have

(L.1) _ (13.2) _ “Y(2)zerte
(yS (x),2) = (v 1(2),y5(x)>!<7 Lz)ay) " PR,
Since (—,—) is a non-degenerate, we get that yS(z) = 0 and hence S(z) €
Anng (I). Thus S (I*+%) C Anng (I). Applying S~ on both sides we obtain
I+t € S~ (Anngy (1)). O

4. Examples and applications

In the present section, for every n > 2 and a,b € Z, we use the notation

5=r = 1, ifa=,b
ab 1 0, otherwise

4.1. Cyclic group algebra . The aim of this section is to show how our treat-
ment specializes to classical cyclic codes in case of the cyclic group algebra H :=
k[X]/ (X"~ 1) =k(z | 2" = 1) where z := X + (X" — 1).[]

Consider A € H* defined on generators by A (xz) i=0;0 for 0 <i <n—1, see
[DNR], Example 5.2.9-2)]. Now ¢ = Z;ZOI x® is both a left and right integral (see
[Swl, Examples 1)]), and A (¢) = 1 so that, by Remark [15]

n—1

o7 (f) :Ztlf(tg) :Zacif (xi), for every f € H™.

=0

INote that here we use the notation z for the generator because it is standard in Code Theory.
Later on, dealing with Taft algebras, we will use the notation g for the same element reminding
it is a group-like element.
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In this specific case we can express ¢ explicitly as follows:
¢:H—H :co+crz+-+cpz2" ' — Zciq’)(xi)

where ¢ (z') € H* is defined by ¢ (z) (z7) = A (277%) = &;;,Vj € {0,...,n— 1}
so that ¢ (z°),...,¢ (z"!) is the dual basis of 1,...,z" !,

Consider the isomorphism «: H* — k™ : f — (fo, f1, -, fn—1) Where f; :=
f (z’) It permits to regard the elements of H* as code words, although it strictly
depends on the chosen basis for H. In view of [Abl 2.2, page 70], « is an algebra
map, where H* carries the convolution product. The right H-module structure of
H* given by ~— induces, via «, a right H-module structure on k™. We want to give
this structure explicitly. To this aim, for every f € H* and 0 < ¢ < n — 1, let
fi == f (z). In other words  (f) = (fo, f1,-** , fn—1). We compute

Jno1 i1 =0,
fi,]_ 1f1§z§n—1

(f—a)=(f~2) () =f("")= {

so that a (f ~— x) = (fn—1, fo, f1, -+, fu—2) . Therefore the unique right H-module
structure on k™ which makes o a morphism of right H-modules is given by

(41) (anfla o afn—l) &= (fn—laanfl? to afn—Z) .
Thus we recover the right H-linear bijection (0.1]) as
aog:k(x) k" :co+crxt+ -+ cn 12" (cosCry oy Cnlt).

This map gives a bijective correspondence between right ideals of H and right
H-submodules of k™, with respect to the action «— . By formula , these sub-
modules are exactly the cyclic codes of length n.

Note also that

(4.2) (z',27) = A [27S (2")] = A (277") = 6,
so that (—,—) : H® H — k is symmetric, {1,z,2%, ...,2"7'} is an orthonormal
basis and through , it corresponds to the scalar product on k™. Since the
bilinear form is symmetric the left and the right orthogonal coincide.

Let g € k be a primitive n-th root of unity.

Note that k (x) identifies with the group algebra kG over the cyclic group G :=

(z) with z of order n, as above. The existence of a primitive n-th root of unity
implies char (k) 1 n so that, for every ¢t € Z, we can consider

n—1
R 1 ti, .0
e 1= — q'z.
n -
=0

It is well-known that the e;’s form a complete set of orthogonal idempotents in kG.
This fact is the main tool used in [CGL].

As a consequence k (z) can be regarded as the algebra k (w, N) where w = Id
and N = 1 with basis {e; |0 <t <n —1}.

For 0 < s,t <n —1, we have

15 w15 5\ @ 1w N
(ene) = <n St - S gt ) B N et o ez
=0 j=0 i=0

In particular the form (—,—) is as in (2.2), where p(t) := [-t],, v (0) := 0 and
d(s,0) = =. Here [t],, denotes the remainder modulo n of ¢. As a consequence (—, —)
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is monomial with respect to B = {es | 0 < s <n — 1}. Since the form is symmetric,
we get that the Nakayama isomorphism -~ is the identity. Note also that, since k (z)
is commutative, also the Nakayama automorphism 7 is the identity.

Some direct consequences are then the following.

By Lemma |16/ and since S~! = S, we have z <h = S (h)z = = < h.

By Theorem we have Li, (Aa) = {Ns0=esk|0<s<n-—1}

By Theorem we have NSL’0 = @##(5) Nio =@z, Nio-

Remark 23. Consider a cyclic code I and its dual I+. We want to show that
I+ is, indeed, the classical orthogonal code. Consider the generator polynomial
g(X)=go+ X+ +gs1X*" + X* for the code I so that I = (g(x)). Note
that d := diml = n — s as a k-basis for I is given by ‘g (2),0 <i<n—s—1. Let
h(X):=ho+mX+ -+ hg 1 X+ X4
be the unique monic polynomial such that g (X)h(X) = X™ — 1, i.e. the parity-
check polynomial. Remark that h(0) = hg # 0 and g(z)h(xz) = 0. By Lemma
we have

(S(h(2)))™" = Anng, (h()) = (9 (2)) = I.
Since Lp=1p we get I+ = (S(h(z)))"" = (S(h(z))). Now define
H(X) =ho ' XX e k[X].
We have degg'(X) = d = degh(X) and g*(z) = hy'a?S(h(x)) € I+ thus
‘E]g:c(;z)cicif:de Since dim (g*(z)) = n — degg*(X) = d
It = (S(h(2))) = (97 (x))

so It is the classical dual code.

Q

4.2. Taft algebra . Let us consider the main example investigated in [CGL]. Let
N > 2 be an integer and let ¢ € k be a primitive N-th root of unity. Consider the
Taft algebra
A:k<g,x gV =1,2N = 0,92 = q:r:g>.
It is a Hopf algebra in a unique way such that
Alg)=g®yg and Alx)=g®@r+r®l

Note that A has basis {2"¢% | 0 <n,a < N — 1}. From the structure above it fol-
lows that S (g) =g ' and S (z) = —¢g 'x = —¢ tag L.

Let R=k [a: | 2V = 0] be the subalgebra of A generated by x.

Set G := (g) the group of group-like elements in A and set H := kG. For the
reader’s sake we include in the following lemmas the proofs of main facts that will

be used later on.

Lemma 24. The following equalities hold for every m € N,t,a € 7Z,

(4.3) ex™ = x™erpm, g%er = 9" = q ey

m Zmlmtl) gy m —m,.m
(4.4) S(er) = e_y, SE™)=(-1)"q 2z az™mg™ ™, S2 (™) = ¢ ™.
A basis of A is given by {x™es |0 < s,m < N —1}.
As a consequence A =k (w, N) as in Section |9 where the permutation w of the
indezes of the es’s is defined by w (s) :== s+ 1 modulo N.




ON INDECOMPOSABLE IDEALS OVER SOME ALGEBRAS 15

Proof. We compute, for every m € N, t,a € Z,

N-1
1
etxm _ N Z qtz im Z q(t-i-m)zxmgz — ™ Citms
=0 =0
1 N—-1 1 N-1
_ = ti ita - —ta t(i+a) jita _ —ta
€tg = q g q q g =4q €t,
N =0 N =0
1 N-1 1 N—-1
S (er) = N ¢y = N g = ey,
a=0 a=0

)
§2 (@) = (S (-g7'))" = (=8 (@) S (¢97"))" = (97" 2g)" =g~ "™
Since e;g* = g%e;, we get the thesis. These equations guarantee that the set
{z™es |0 < s,m < N — 1} is a basis of A. O

Lemma 25. We have [, (A*) = kX where
A(z™g") = O, N—10, 1 for allm € N,a € Z,

1
ﬁqsémw_l for allm e N, s € Z.

Proof. One checks that fl (H*) = kA where A (2™g%) = 6, N—10a1 for 0 < m,a <
N — 1. From this expression for A one easily deduces the general one for m € N, a €
Z. From it we get

N— 1 Nl
A(z™es) —A( Z >:N2q5i)\(m
i=0

=0

(4.5) A(zMeg) =

1 = 1
= — Siém _10;1 = —=q¢°0m. N—1.
Ngq ,N—-104,1 Nq JN—-1
O

We now compute explicitly our bilinear form in two slightly different basis, the
first one needed in the proof of Theorem

Lemma 26. We have

7(7L+2t)(n+1) _

<€t.’L‘n,€5(Em> = (—1)nq 65+t 1§m+n,N71;

v (o= 2b)(v+1) _
(-1)"q 5a+b 00utov,N—1-

In particular the form (—,—) is as in (2.2), where p(t) == [1 —t]y, v(n) =
N —1-n and dsm) = % (—1)mq7(m+2;)(m+l). Here [t] denotes the remain-
der modulo N of t. As a consequence (—,—) is monomial with respect to B =
{esz™ |0 <s,m < N —1}. Moreover the Nakayama isomorphism v is given by

v (h) = hg, for every h € A.

2=zl

(x%ep, x"eq) =

Proof. We compute
esz™S (erx™) = esz™S (™) S (er)

—n(n+1) _
=ex" (—=1)"q7 2 2"g "e_y
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—n(n+1) _
— (71)n qiz 65$m+ng ne_t
—n(n+1)
_ (_1)nq 5 tn Smer”e,t
n —nntl)
= (_]-) q 2 nmm+nes+m+n67t
n 7n<n+1) —tn man
=(-1)"¢ 6s+t+m+n 0" ey
Thus we have
(erx™, esz™) = Aesax™S (epz™)]
n m—tn = m—+n
=(-1) 2 Osttrmrn,o) (2™ ey)
n ooty 1 g
= (_1) q 2 N 65+t+m+n 06m+n,N—1
1 n —(n+2{)(n+1) _
= N(_l) q 5s+t+N 105m+n7N—1
1 n —(20)(nt1)
_ —(nt2h)(ntl) o=
- N (=D"q s+t, 10m+n,N—1-
Moreover
1 v —(v+26— 2u)(u+1) _
(xVep, x"eq) = (ep—px’, €q_yx") = N(—l) q 8 b1 Outo. N1
1 v (D) o
= N (_1) q 5a+b 00utv,N—1-

By the foregoing, it is clear that (—, —) is as in where p (t) ;== [1 —t],, and
vin):=N—-1-n.
Thus, by Lemma the form (—,—) is monomial with respect to the basis
B={esa™|0<s,m< N —1}. Moreover, v is given by
m d(s»m) v2(m)

v (esx™) = ——"——e,2()T

Vs, m.
diu(syw(m)

d(s,m)
d(u(s).v(m))
—(m+2s)(m+1)

2

Since p? = Id = v? we obtain v (esz™) = esz™. We compute

d(s,m) % (_1)771 q
—1—m —(N—1—m+42—2s)(N—1—m-+1
Ay wm) & ()N . =

—(m42s)(m+1)+(N—m+1—25)(N—m)
2

I
~
|
L
S—
i
L

N—-—2m—2s—2Nm—2Ns+N?2

=(-1)" g 2 =(-)"g
_ (_1)N—l (_1)N—1 q—(7n+8) — q—(m-i-s).

w,(m+s)

where we note that zV — 1 = Hivzgl (z —¢') implies —1 = (—1)NqN(1Y;1> and
N(N41)
2

hence ¢~ = (=)™, Thus v (esz™) = ¢~ (" T9)e ™ = ¢ Me,gz™ = egz™y
and hence v (h) = hg for every h € H. O

Lemma 27. In the setting of Proposition take V' the Taft algebra A with left
regqular action. Then <=< and, for every x € H,r € R, we have x < r = S (r) .

Proof. By Lemma/|26} we have that the Nakayama isomorphism - is given by v (h) =
hg, for every h € A. Thus v is left A-linear. By Proposition[I0] we have that <=«
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By (3.4]), we have that

n n n @3 n z5) 1
AS (2"er) = Ay (z"er) = A (a"erg) = q A (2"er) E3_ Nan’Nfl'

We compute
A(zvesz™) = A (es—yz"z™)
=A (es_u:cm+“)

1
Nqs+m6m+u,N71

1
= q_uﬁqs+m+u6m+u,N71

=q "\ (esx
= (esxmq_“ac“)

A (esxm52 (x“))

m+u)

which implies A (rh) = X (hS? (r)) for every r € R,h € A. As a consequence, if
is the Nakayama automorphism, we get 1 (r) = S? (r) for every r € R. By Lemma

ehavex<1r=5_1(77(7“))$25(7")95~ =

We are now ready to compute the indecomposable ideals and their orthogonals.
Denote by £ (Mg) the set of right R-submodules of a given right R-module Mg.
Let Li, (MRg) denote the set of right R-submodules which are indecomposable.

Theorem 28. Consider the Taft Hopf algebra
A:]k(g,x | gV =1,2N =0,9z :qa:g>

and let R be the subalgebra of A generated by x. As in [CGLI, for s,t =0,...,N—1
set Nyt := esJ" = esx'R. Then the Ny ’s form an irredundant set of representatives
of Lin (Aa) and

Lin(Aa)={(1+rz)Nsy|r € R,0<s,t<N—1}.

Proof. By Lemma [24] A is of the form k (w, N) as in Section[2] Thus the statement
follows by Theorem [12] O

Theorem 29. Let a = a(x) € R be an invertible element (we can assume a (0) =
1), s, m integers such that 0 < s,m < N — 1; then we have

1 1 1
NS,O = @ Nt,O’ Ns,m = NS,O ©® Nl—S,N—m and
tZn1—s

(aNs’m)J‘ =5 (a_l) Nim.

Proof. By Lemmaand (12.3)),(2.4]), we have that (aN&m)LL =5 (a™') Nk and
(aN&m)LR = S (a™') Nj-E for every s,m. Note that yu(s) = 1 — s modulo N (so
that u? = Id) and v (m) = N — 1 —m in our case. Thus by Theorem we get
NiE = NiE for every s,m (hence we can use the notation L) and the equalities
in the present statement holds. [
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4.3. Another example. Consider the commutative Hopf algebra H = IA)n of
[CDMM, Section 4] for n = 6, where D,, denotes the dihedral group of order 2n
(note that in [CDMM] it is denoted by Ds,,). Assume that k contains ¢ a primitive
6-th root of 1 and observe that in this case H = (kD,,)" = k" so that H is both
semisimple and cosemisimple. Recall that H is given by the generators a,b and
relations a? = 1 = b% and ab = ba. The element a is group-like while

Ab)=bReb+b t®eh, (b)) =1, S (b) = egb™ +e1b,

where

(1+a) and 61:%(1—61).

[

DN | =

We also set
5

fi= é;gﬂbz and e = eifj.
Since the subalgebra k (b) of H generated by b is a group algebra (note it is not
a subbialgebra since is not group-like), as in Subsection , we get that the f;’s
form a complete set of orthogonal idempotents in k (b). As a consequence, since H
is commutative, the e; ;’s form a complete set of orthogonal idempotents in H. It
is clear that {e; ; |0 <¢<1,0<j <5} is a generating set whence a basis for H
over k.

In this section, consider as A the Hopf algebra R#H in [CDMM, Theorem 4.1],
where R := R, (H,g,x) where g := b® (note that g is group-like) and x : H — k
is defined by x (a) = 1 and x (b) = —1. Note that ¢ = x (¢) = x (b)® = —1 so that
N=o0(g) =2

Following [CDMM, Section 2|, we get that A is given by the generators x,a,b
such that H is a Hopf subalgebra of A and with the further relations 2% = 0, hx =
Y x (h1) he for every h € H. Taking h = a,b we get ax = za and bx = —xb
respectively. Moreover

A)=gRr+zl=0Per+ze]1, e(z) =0, S () = —gz = xg.
By the foregoing {z"e; ; | 0 <m,i < 1,0 < j <5} is a basis for A over k.
Lemma 30. The following equality holds for every m e Nyi,j € Z
(4.6) e ;x™ =™ j13m, eijg" =gmei; = (1" e,

(4.7) e ja" =a"e; ; = (-1)"™ €, ei b =b"e;; =(™Me;
S(€ij) = (eof—j +eifj)ei = e; 1yt
S(a™) =az"g™,
S? (2™) = (=)™ 2™,
As a consequence A =k (w, N) as in Section @ where the permutation w of the

indexes of the e;;’s is defined by w((i,7)) := (i,[j + 3]g) where [t]; denotes the
remainder modulo 6 of t.

Proof. Since e; ; := e; f; the equalities involving a, b follows analogously to (4.3).
We compute
i s i
amo_ jipi,.m _ m — ji (_1\iMm i om (G+3m)ipi __ ,.m g,
fa™ =2 T =a 6;<ﬂ< )™ =a 6;0 b =™ fsam

=0
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and hence

m m m m m
ei " = e f;x" = e fiyam = 27 fj13m = 7€ j13m-
Moreover

5

m m 1 j1114+3m
€ij9 = eifjb3 = Cig ZC] b e

i=0
' 13 ' _ ,
_ Cig]meig ;CJ(1+3m)bz+3m — C*BJmeiJ = (—1)Jm € j-
We have
1L S R i i
S(F) =G ¢S 0) = 5 2 ¢ (eob ™" +erb)
i=0 1=0
134 1
= o > erg > I =eof-j+erf)
i=0 =0

so that S (e; ;) = (eof-j + e1fj) e = €; (_1yi+1;. Note that gz = b’z = —ab® = qug
so that the subalgebra of A generated by g and x is a Taft algebra. As a consequence

S (z™) is as in ie.
S@@m)=(-1)"q

—m(m+1) —m(m+1)
—m(m+1) -

2 = (<1)" (-1)

xmgm

= ()T g =g
as 0 <m < 1. We also have
S%(@™) =S (amg™) =S (9") S (a™) = g "amg™ = (=1)" 2™
where the last equality holds since 0 < m < 1 again. O
Lemma 31. We have that [, (A*) = kX where
A(z™a’V) = 6m16:0055 for allm € N, i, j € Z,

—1)
)\((Emei,j) — %6771’1 foT’ all m € N7i7j €.

Proof. We compute

= (tzm: (T)_l (x ® 1)m—t (b3 ® m)t> (ai ® ai) (bj ® eobj + b= ® elbj)

(mm—taibiit-‘rj ® ajtaieobj) + Z (T) (xm_taib3t_j ® wtaielbj)
~1

-1 t=0

m) (xm—taibi?ot—‘rj ® xteobj) + (_1)1 Z (T) (xm—taibiit—j ® a:telbj)
1

-1 t=0
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Let us check that A as in the statement is a left integral in A*. For 0 < m,i <1
and 0 < j < 5, we have

3 (@aib), A (@ ab),) = 3 <T)1xmtaib3t+j)\ (ateob)

t=0

+ (1) Z (T) 2™t b TIN (zhe )
~1

m—1 1
X 6j

1;7 _ . . .
= §i,06m’1x’” laléj’g = 6i,05m,16j,3 =A ({L‘malbj) .

Hence A is a left integral in A*. We have observed that [, (A*) is one-dimensional
so that [, (A*) = kA . We compute

1 5
A(x™e ;) = A(z™eif;) ZZ

Cth m sbt)
s=0 t=0
1 5 j
—1Y
— 3 C s, 0008n = e, = S
s=0 t=0 12
([l
Lemma 32. We have
-1 j(m+1)
<xmei7lj>$neu7v> = %67136; Nazy! 6m+n 1
m n (_1)j(m+1) 2 $=¢
<ei,j$ ,eu,vm > = T(Su Z(SU( 1)1+1 (Sern’l.
In particular the form (—,—) is as z'n where
(_1)](m+1)

1 ((i,5)) = (z [(—1)”1]'—3}6)7 v(m)i=1-—m and dgzm = —r

As a consequence the form (—,—) is monomial with respect to the basis B =
{e; ;2| 0<s,m <N —1}. Moreover the Nakayama isomorphism 7y is given by
v (k) = hg, for every h € A.

Proof. We compute
ey S (e ;) = 2 ey S (€i5) S (™)

n m
= z"eyve; (_1yi+1;5 (™)
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n m _m
=T euﬂ)ei)(_l)’i{»ljz g

=2 {=6 n m _—m
u,i %, (— 1)i+1j73 EyunT g

= 6;5; 1yt 2" ey vr3mg
_ (v+3m)m =5 ¢=¢ m+n
=(-1) 51“ v, (— 1),+1jx Cu,v+3m
Thus we have
(x™eij, x"euw) = A(a"eu S (e ;)

= ( )(v+3m)m 5uz vf(; 1)77+1j)‘ (zm+neu,v+3m)

(_1)v+3m

12
(_1)v(m+1)

= T‘Suiév_ yi+1j 5m+n 1

(71)](m+1)

= T ui(sv_( 1)i+1; 6m+n1

- (—1)(FdmIm 5=25=6 N

U, v( 1z+1

We also have

<ei,jxm7 eu,vxn> = <xmei,j+3m7 $neu,v+3n>
(_1)(j+3m)(m+1)

=~ 7 =255 ) )
12 w3 Y y43n,(— 1)L (j+3m) O N1
(_1)j(m+1) =5 o=
= dwiftan iy am Ome
-1 j(m+1) o
= gtgi?é:ﬁ Vil 6m+n,1
12 st u43n,(—1)"Tj—3m
(71)j(m+1) =5 =
- 12 w0y (—1yerj—gOmetn,1e
By the foregoing it is clear that as in where p ((4,7)) := (i, [(fl)iﬂj — 3} ),
6
_1)j(m+1

v(m):=1-=mand d jm) = 5
Thus, by Lemma [13] the form (—,—) is monomial with respect to the basis
B ={e;jz™ | 0<s,m<N —1}. Moreover the Nakayama isomorphism ~ is given

by 7 (e; ja™) = % 12(i,5) T v(m) for all 4,§,m. Since p? = Id = 12, we
obtain v (e; ;2™) = ﬁe’jx . We compute
d(ijm) i (—1y/ Ao i+
©J,m = . = = —1 m

d(u((i,j)),l/(m)) (_1)(<71)z+i;73)(17m+1) 12 ( )

Thus
d(i J,m) jt+m m
v (eiga™) = o= ja = (-1 e ga™ = (-1)T e g2 = eqja™g
(((4,4)),v(m))

and hence 7 (h) = hg for every h € H. O

Lemma 33. In the setting of Proposition[I0, take V the algebra A as above with left
reqular action. Then <=< and, for every x € H,r € R, we have x < r = S (r) .
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Proof. By Lemma we have that the map « is given by v (h) = hg for every
h € H. Thus 7 is left A-linear. By Proposition [10] we have <=« . O

By (3.4) we have
AS (2Mes ) = Ay (@™esy) = A (2™ es,19)

We compute

u,.m u+m (71))&
Azt zMes ) = A (m es,t) = T&H—m’l

(_1)t+3u
(=1)* T(;“*m»l =(-1)"A (xu+m€s,t+3u)

=(=1D)"X(a™z"es 113u) = A(@™es (—1)" ) = A (xmeS,tS2 (x“))

which implies A (rh) = A (hS? (r)) for every r € R,h € A. As a consequence, we
get © < r =S5 (r)x as in the proof of Lemma
We are now able to compute the indecomposable ideals and their orthogonals.

Theorem 34. Consider the Hopf algebra
A:k<a,b,x |a? =1=1%2%=0,ab = ba,ax = za,br = fxb>

and let R be the subalgebra of A generated by x. For 0 < m,s < 1,0 <t <5 set
N tm = estx™R. Then the Ns s form an irredundant set of representatives of
L(A4) and

Lin(Aa) ={(1+rz)Nstm |7 € R,0<m,s<1,0<t<5}.

Proof. By Lemma [24] A is of the form k (w, N) as in Section 2} Thus the statement
follows by Theorem O

Theorem 35. Let a = a(z) € R be an invertible element (we can assume a (0) =
1), s,t,m integers such that 0 < m,s < 1,0 <t <5; then we have

1
Nio= [P M-sjo| e B Nol,
J J#e(—1)° 143

1 oAl
Niim = Noio® Ny (C1ys+1443,2-mo

(a]\[s,t,m)L =S (a_l) Ns%t,m'
Proof. By Lemma [33] and ({2.3)),(2.4), we have that (aNS,tm)LL =35 (a‘l) NSJ,‘tfm
and (aNg )" = S (a=Y) N, for every s,t,m. We know that yu((4,5)) :=

(i, {(_1)i+1j - 3}6) = (i, [(—Sl);itl] + 3} 6) (so that y? =1Id) and v (m) :=1—m

in our case. Thus by Theorem we get N, Sft’fm =N, itfm for every s,t, m (hence we

can use the notation 1) and the equalities in the present statement holds as (%, j) #
p((s,t) = (87 {(-USH t+ 3] ) means either i =1 — s or j ¢ (—1)54—1 t+3. O
6
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