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Abstract We observed reduction of multiple Coulomb
scattering of 855 MeV electrons within a Si crystalline plate
w.r.t. an amorphous plate with the same mass thickness. The
reduction owed to complete or partial suppression of the
coherent part of multiple scattering in a crystal vs crystal
orientation with the beam. Experimental data were collected
at Mainz Mikrotron and critically compared to theoretical
predictions and Monte Carlo simulations. Our results high-
lighted maximal 7% reduction of the r.m.s. scattering angle at
certain beam alignment with the [100] crystal axes. However,
partial reduction was recorded over a wide range of alignment
of the electron beam with the crystal up to 15◦. This evidence
may be relevant to refine the modelling of multiple scattering
in crystals for currently used software, which is interesting
for detectors in nuclear, medical, high energy physics.

1 Introduction

Interaction of a charged particle traversing an amorphous
medium occurs through repeated interactions with atoms, i.e.
the so-called multiple Coulomb scattering [1–3]. This effect
is essential for describing any physical experiment connected
with the passage of charged particles through matter.

A large variety of detectors, in particular semiconductor
detectors, electromagnetic calorimeters, etc. require simula-
tions of multiple scattering using special well-verified soft-
ware like GEANT 4 [4], FLUKA [5] and other codes for
event reconstruction. Although the materials which the detec-
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tors are frequently made of have a crystalline structure, they
are usually treated with a multiple scattering model for an
amorphous media. Since a crystal is a solid material whose
constituents, such as atoms, molecules or ions, are arranged
in a periodical structure forming a lattice, the interaction of
particles with a crystal may be different w.r.t. an amorphous
medium.

Indeed, particle interaction with atoms of a crystal may
occur through two routes: either with individual atoms as
for an amorphous medium (incoherent scattering) or with an
ordered ensemble of atoms in a crystal as a whole such as
atomic strings or planes (coherent scattering). In the latter
case, the interaction potentials of individual atoms have to
be replaced with the collective potential of atomic strings or
planes. Coherent interaction is observed when some condi-
tions for alignment of the particle momentum with the crystal
are met, while incoherent interaction is inherently isotropic.

Indeed this is well known in the Diffraction Theory.
Diffraction occurs when the particle energy is sufficiently
low, and therefore the De Broglie wavelength, λ, is compa-
rable with the lattice spacing dat . Diffraction is usually inter-
preted in terms of interference patterns in the elastic scatter-
ing cross section (coherent interaction), describing the inter-
action between radiation and the crystal lattice as a whole, i.e.
scattering on different atoms cannot be considered indepen-
dently [6]. For instance, diffraction of relatively low energy
(10 eV–100 keV) electrons [7] interacting with crystalline
solids proved to be a powerful tool to investigate the crys-
talline structure of matter.
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At higher energies, λ becomes much shorter than dat and
one expects that coherent effects disappear. Nevertheless, at
sufficiently high-energy, even if λ � dat , the typical length
of scattering region increases with the energy, being longer
than dat . Indeed, the length of the scattering region increases
with the particle energy, E , embracing more and more atoms
along a lattice direction. As for diffraction, the scattering by
different atoms is also not independent in this case, and one
has to consider the scattering of the particle by the crystal as
a whole (coherent scattering). Naturally, coherent interaction
adds up with incoherent scattering by individual atoms.

The first who understood the importance of the lattice
structure in the interaction of high-energy particles with
crystals were Ferretti and Ter-Mikaelyan, who exploited
the Laue theory of diffraction to describe the interfer-
ence effect of bremsstrahlung in crystals, so-called coherent
bremsstrahlung (CB). CB is worldwide exploited at accel-
erator facilities [8–10], typically used in hadronic physics
[11,12]. This phenomenon occurs even when the electron
and positron incidence angles w.r.t. crystal planes and axes
are small (less than 1◦). At very small incidence angle, i.e.
lower than the critical one introduced by Lindhard [13], a
charged particle can be captured in the axial/planar potential
well, i.e. Channeling occurs [14–16]. For particles moving
in a crystal under channeling regime, the multiple scattering
encounted is significantly different than if the particle would
traverse an amorphous medium with the same density.

As described above, the scattering between the charged
particle and crystal can be divided into coherent and inco-
herent parts. One may expect that in the case of absence of
coherent scattering, the total multiple scattering is decreased
with respect to an amorphous matter.

In this paper we introduce the effect of complete coher-
ent scattering suppression (CSS) at certain crystal orienta-
tions, which we calculate under proper approximation. We
report direct observation of CSS effect, determine the neces-
sary conditions for its manifestation and model it via Monte
Carlo simulations. Moreover, we provide an evidence of par-
tial CSS occuring at much broader incidence angle than the
critical angle for channeling.

2 Basics of multiple scattering in a crystal

As for any situation when coherent and incoherent effects
compete, the well known treatment borrowed from X-ray
diffraction can be called forward and adapted to our circum-
stances. We adopted the work that Ter-Mikaelyan carried
on for the case of bremsstrahlung [9] to the case of mul-
tiple scattering of charged particles in crystals. We intro-
duced a theoretical calculation to explain CSS following a
typical approach for X-ray diffraction [6], being applicable
also for classical particle scattering by atomic strings and

planes [17,18]. The particle–crystal interaction potential is
described as the sum of individual particle–atom interaction
potentials U (r) = ∑

j V (|r− rj|), r being the particle posi-
tion and rj j-th atom location in the lattice. The latter differs
from the equilibrium atomic position rj0 due to thermal vibra-
tions, rj = rj0 + uj, uj being the uncorrelated displacement
from the lattice nodes, characterized by the r.m.s. amplitude
< u2j >.

As a high-energy particle impinges on a crystal axis or
plane at large enough angle, its wave function resembles a
plane wave. Therefore, the Born approximation is tradition-
ally applied to treat its interaction with the crystal by using
the differential scattering cross-section (h̄ = c = 1):

dσ

dΩ
=

∣
∣
∣
∣
∣
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where q = p−p′ is the momentum transferred to the crystal
lattice, N is the number of scattering centers in a crystal and
dσat the cross-section of scattering on a single atom. Here-
inafter we will use the Coulomb screened (Yukawa) atomic
potential [2,4], to calculate this cross-section. By assum-
ing that atoms vibrate independently across their equilibrium
positions, the total differential cross section (1) can be split
into two parts [6,9]
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is the “coherent” term of the differential cross section [6,9]
with the same form as the Laue–Bragg formula. This term
represents the scattering process without any energy transfer
to the crystal lattice, the probability of which is given by
the Debye–Waller factor D = exp(−q2u2

1), where u1 is the
one-dimensional amplitude of thermal oscillations u2

1 =<

u2j > /3. In turn, the “incoherent” term of the scattering
cross section

dσinc

dΩ
= N (1 − D)

dσat

dΩ
= dσam

dΩ
− dσ1

dΩ
(4)

is proportional to the probability 1−D, that an energy transfer
occurs, and can be naturally separated into two contributions

dσam

dΩ
= N

dσat

dΩ
and

dσ1

dΩ
= ND

dσat

dΩ
, (5)

where dσam/dΩ represents the scattering in an amorphous
media, dσ1/dΩ the difference between amorphous and crys-
tal cases in differential cross-section of incoherent scattering
unaccompanied by the atom vibration state change.
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Fig. 1 Coordinate system to describe particle incidence on both the
〈100〉 atomic string and the (110) plane in a Si crystal

As the atom positions rj0 are uncorrelated as in an amor-
phous medium, the cross section (3) exactly compensates for
dσ1/dΩ (5), making the total particle scattering cross sec-
tion (2) both equal to dσam/dΩ (5) and independent of D.
However, dσcoh/dΩ (3) does not necessarily compensate for
dσ1/dΩ (5) in crystals. Indeed, at certain particle incidence
direction, dσcoh/dΩ can be practically nullified, manifesting
thus the coherent scattering suppression (CSS) effect:

dσ
dσcoh=0−−−−−→ dσam − dσ1. (6)

In the case of a Si crystal oriented as in Fig. 1, the con-
ditions in Eq. (6) for observation of the CSS effect, are nat-
urally about the angles of incidence w.r.t. 〈100〉 axis, i.e.

θ =
√

θ2
x + θ2

y ≈ θy and (110) Si plane, i.e. θx . They should

be chosen in the regions, respectively

10θ
pl
ch dax

πu1
≈ 18 mrad < θy <

πu1

dat
≈ 43 mrad, (7)

where dat is the interatomic distance in the 〈100〉 axis, and

10θ
pl
ch ≈ 2 mrad < θx <

πu1

dax
θy ≈ 4.3 mrad, (8)

where dax is the interaxial distance for the (110) plane, θ pl
ch for

planar channeling critical angle. The left hand sides of both
Eqs. (7) and (8) assure the necessary precision of straight
line approximation [19]. Maximal CSS effect is attained at
θy = 34.9 mrad (2◦) w.r.t. 〈100〉 Si axis and θx = 3 mrad
w.r.t. (110) Si plane. More information about this choice as
well as about Born approximation theory on CSS effect is
considered in appendix A.

It is important to underline that the Born approximation
was applied only to obtain the conditions (7, 8). Though at the
experimental conditions considered in this paper it may be
invalid [17,20–22], it gives realistic estimates of the angular
range of the maximal CSS effect, as will be confirmed by both
experimental and simulation results in the next paragraph.

Fig. 2 The difference of the angular distributions of deflected beam
by a silicon crystal, aligned at θx = 3 mrad, θy = 34.9 mrad (2◦) and
amorphous membranes for experiment (solid), simulations (dashed) and
Molière model (dot dashed). The distributions themselves are placed in
insert. The curve width represents the errors

3 Experimental results

Direct observation of CSS effect was carried out at the MAinz
MIkrotron (MAMI) by scattering of 855 MeV electrons on
either crystal or amorphous Si plate l ∼ 30 µm thick along
the beam. The experimental setup is described in [23]. The
crystalline plate was fabricated via anisotropic wet etching
procedures [24], while the amorphous plate was produced by
sputtering deposition of silicon onto a dedicated substrate,
followed by anisotropic wet-chemical erosion to arrive at a
thin amorphous plate surrounded by a bulky Si frame for
mechanical stability [25]. Thickness was 34.2 ± 0.2 µm for
the crystal plate and 32.76 ± 0.09 µm for the amorphous
one. Following the method [26] with a high resolution X-
ray diffractometer, we verified their structure and measured
that the two plates differ in mass thickness by 0.4% only.
The angular distributions of horizontal scattering angles ϑx

for both kinds of plates as well as the difference of these
distributions are illustrated in Fig. 2.

We used Molière theory [2,3] to calculate the distribution
of horizontal scattering angles ϑx

p(ϑx ) = 1
π

∞∫
−∞

∑∞
j=0

(
ϑs
ϑc

)2 j
f ( j)

(√
ϑ2
x +ϑ2

y

2ϑ2
s

)

dϑy,

ϑc = α[Z(Z + 1)z4πnat l]1/2/pv,

(9)

where p and v are the particle momentum and velocity
respectively, α the fine structure constant, nat the atomic den-
sity, Z the atomic number, z the particle charge in e units,
the functions f ( j) are introduced in [2,3].

ϑs is the only free parameter of Molière theory, which is of
the order of the r.m.s. of distribution p(ϑx ). Indeed, at lowest
order ( j = 0), ϑs is exactly the r.m.s. of the distribution. For
comparison with the experimental results, p(ϑx ) was convo-
luted with the angular distribution of the beam characterized
by 27 µrad divergence. In Table 1 ϑs is reported for 3 dif-
ferent cases: by fitting of experimental data with Eq. (9), by
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Table 1 Molière theory parameters for silicon crystal (θx = 3 mrad,
θy = 34.9 mrad (2◦)) and amorphous plates, calculated by (9, 10) and
by fitting both experimental and simulation data

ϑ (µrad) Experiment Simulation Molière theory

ϑcr
s 183.4 ± 2.0 181.5 ± 0.6 178.6 ± 0.6

ϑam
s 196.5 ± 2.0 197.3 ± 0.3 195.6 ± 0.3

ϑcr
min 17.3 ± 0.8 18.0 ± 0.4 19.25

ϑam
min 12.5 ± 0.7 12.30 ± 0.13 12.83

fitting in the same way of the distributions obtained by Monte
Carlo simulations described below and by a full theoretical
estimation also described below. The difference between ϑs

for the crystalline and amorphous cases are reported for all
these 3 cases in Fig. 2 and showing a firm observation of the
CSS.

According to Molière theory [2,3], the theoretical value
ϑs is defined as a function of an effective minimal scatter-
ing angle ϑam

min = h̄/Rp, evaluated through the Coulomb
screened (Yukawa) atomic potential, where R = aT F (1.13+
3.76(αZz/β)2)−1/2 is the atom screening radius, chosen
according to [2,3], aT F = 0.8853aB Z−1/3 the Thomas–
Fermi screening radius, aB the Bohr radius. The CSS effect in
crystals can be similarly described by introducing the effec-
tive minimal scattering angle ϑcr

min , obeying the relation

ln ϑcr
min = ln ϑam

min + 0.5Z

Z + 1

×
[(

1 + u2
1

R2

)

e
u2

1
R2 E1

(
u2

1

R2

)

− 1

]

, (10)

obtained by integration of the cross section (4) following the
Molière theory [2,3] at the condition of complete coherent
scattering suppression dσcoh/dΩ = 0. E1 is the exponen-
tial integral. The last item in (10) is representation of the
dσ1/dΩ contribution in (4), manifesting the difference in
incoherent scattering between the crystalline and amorphous
cases. The ratio Z/(Z + 1) is necessary to exclude from the
CSS effect scattering on atomic electrons, described by “+1”
in the definition of ϑc (see Eq. 9) [3].

According to Eq. (10), the CSS effect can be interpreted
as the increase in the effective minimal scattering angle from
ϑam
min to ϑcr

min . Both of these values as well as the correspond-
ing angles ϑs are summarized in Table 1 and used for calcula-
tion of the theoretical angular distributions (Molière theory)
by Eq. (9) as shown in Fig. 2. The experimental and simulated
values for ϑam

min and ϑcr
min shown in Table 1 were calculated

from the corresponding values ϑs in Table 1.
Both the experiment and the theory demonstrate the extent

of CSS effect although the agreement is not perfect. However,
neither Born approximation nor Molière theory, modified
using Eq. (10), take into consideration the residual coherent

effects, such as the influence of the string potential on inco-
herent scattering and an additional angular spread arising at
both the entrance and exit of a particle in/out of a crystal. All
these effects have been fully taken into consideration by using
the CRYSTAL code [27,28], a program for Monte Carlo sim-
ulations of charged particle trajectories in the potential of a
crystalline medium with simulation of incoherent scattering,
tested in different experiments [29–31]. The results of simu-
lations are shown in Fig. 2 and Table 1.

The CSS effect was also investigated both experimentally
and by simulations over a wide range of particle incidence
directions θy and θx including the values beyond the optimal
angular range of Eqs. (7, 8).

The corresponding angular distributions were used for a
fit of Molière theory to calculate dependence of ϑs on both
θy and θx , as shown in Fig. 3a, b, respectively. The horizontal
lines indicate the ϑs values evaluated for the amorphous case
using Molière theory. The values of θy and θx used in Fig. 3a,
b are shown in Fig. 3c.

Figure 3a demonstrates that although the full CSS effect
is attained within a relatively narrow angular region as in
Eqs. (7, 8), a considerable partial CSS is still observed at
least up to θx ∼ 157 mrad (9◦), θy ∼ 262 mrad (15◦) (see
Fig. 3a). Since the other axes can contribute at such high
angular values, some partial CSS effect can appear at any
crystal alignment.

Figure. 3b reveals that the CSS effect may be hampered
at relatively large incidence angles by the appearance of the
peaks originating from the coherent scattering on high-index
planes, which were observed experimentally as well as pre-
dicted by simulations especially in scan 6b at 6 and 9 mrad
of θx .

Thereby, we conclude that the anisotropy of multiple scat-
tering can be observed at broad angle w.r.t. the crystalline
orientations. Furthermore, at higher energies the CSS effect
is preserved, since neither the right hand side of Eq. (10) nor
the upper angular limits in (7, 8) depend on energy for ultra-
relativistic particles, while the lower limits decrease further
with energy. By the same reason the anisotropy of multi-
ple scattering of ultrarelativistic particles depends neither on
the particle mass nor on its charge sign. However, the effect
appears to be attenuated as the particle charge rises, becom-
ing negligible for high-z ions.

4 Conclusions

In conclusion, the maximal effect of CSS in crystals has
been observed under proper choice of the incidence angle. It
resulted in decrease by about 7% in the multiple scattering
angle in a thin Si crystal target with the same mass thickness
as an amorphous one.
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Fig. 3 Dependence of angle ϑs on the vertical (a) and horizontal (b)
angles of crystal orientation. The lines 1–3 are the results for the amor-
phous target by the Molière model, experiment and simulations, respec-
tively. Curve pairs (4,5), (6,7) represent the results for the crystal target.
Even numbers are for experiment (solid curves), odd numbers are for
CRYSTAL simulations (dashed curves). a (4a, 5a) θx is fixed at 3 mrad;
(6a, 7a) both θx and θy are varied while keeping the ratio θx/θy = 0.6
constant to avoid the intersection with high miller index crystalline

planes. b θy is fixed (4b, 5b) at 34.9 mrad (2◦); (6b, 7b) at 17.5 mrad
(1◦). Blue disks (experiment) and red circles (CRYSTAL simulations)
are the results for crystal alignment for maximal CSS effect θx = 3
mrad, θy = 34.9 mrad highlighted in Fig. 2 and Table 1. The errors are
given by the thickness of the lines for the amorphous target as well as
by the error bars for the crystal. c The values of angles θx and θy , used
in corresponding curves in a , b

Partial CSS does exist and was observed even up to about
15◦ tilt from the crystal axis, owing to its independence on
energy, mass and charge sign. We believe that the angular
dependence of multiple scattering may be useful knowledge
to aid the modeling and design of nuclear physics and high-
energy experiments. For instance, Geant4 [4], currently using
the Molière model of scattering [2,3], may be implemented
with the model developped in this work.
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Appendix A: Theory of multiple scattering in a crystal

In this appendix we apply Born approximation [6,9,18] to
establish the conditions, in particular for crystal alignment,
for coherent scattering suppression in a crystal owing to the
discreteness of momentum transfer, in particular Eqs. (7) and
(8) in the main text. Calculation was done in the case of
<100> axis and (110) plane of a Si crystal.

In order to find the conditions for coherent scattering sup-
pression, one should compare the r.m.s. angle 〈ϑ2

x ′ 〉coh1 of
coherent scattering with the r.m.s. angle 〈ϑ2

1 〉, characteriz-
ing the suppression of incoherent scattering, established by
the cross-sections defined in the paper as dσcoh and dσ1,
respectively. In other words, the difference of the total r.m.s.
scattering angle in amorphous matter and in a crystal is
〈ϑ2

x ′ 〉coh − 〈ϑ2
1 〉. The condition for complete coherent scat-

tering suppression holds

〈ϑ2
x ′ 〉coh/〈ϑ2

1 〉 � 1. (A.1)

〈ϑ2
1 〉 is obtained by integration of the cross-section dσ1 as

follows
〈
ϑ2
x ′

〉

1
= nat l
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ϑ2
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e
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R2 E1

(
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1

R2

)

− 1

]

, (A.2)

1 x ′y′z′ is the Cartesian coordinate system connected with an incident
particle, the momentum −→p of which is parallel to z′.
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see definitions of such quantities in the paper.
Similarly, one can calculate the angle 〈ϑ2

x ′,y′ 〉coh by using
the cross-section dσcoh . With this aim, one can express a
direct summation of the exponents over the 8N 3 atoms of
N 3 elementary cells as
∣
∣
∣
∣
∣
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8N3
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δ
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d

)

,

(A.3)

where dat is lattice spacing and S the structure factor, which
can be written for diamond-type crystal lattice [9,18] as

S =
[
1 + eiπ(n1+n2+n3)/2

]
[1 + cos (π (n1 + n2))

+ cos (π (n2 + n2)) + cos (π (n1 + n3))]. (A.4)

1, 2 and 3 correspond to the Cartesian axes associated with
the canonical base. In addition, one should [6] average the
cross sectiondσcoh/dΩ over an initial beam angular distribu-
tion. For certain cylindrical Gaussian, the following angular
distribution will be used

1

N

dN

d
−→
θ

= 1

2πδ2 e
−

(−→
θ −−→
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)2
/2δ2

, (A.5)

where
−→
θ = (

−→
θ1 ,

−→
θ2 ) are the angles of integration,

−→
θ0 =

(
−→
θ01,

−→
θ02) the mean angles of beam direction w.r.t. the crystal

planes 23 and 13 respectively. Thereby, θ0 is the beam angle
w.r.t. the axis 3. Both angles are hereinafter considered as the
small ones θ � 1, θ0 � 1. δ is the r.m.s. angular divergence.
The actual value of δ can vary in the range of ∼ 20 to 200
µrad through the passage of a ∼ 30 µm Si target. Since the
typical incidence angles well exceed 1 mrad � δ, the beam
angular divergence can be treated as negligible and assumed
to be independent on particle penetration depth.

By substituting dσcoh for dσ1 in (A.2) and by using (A.3),
(A.4), (A.5) one finally obtains
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2πδqn1n2n3

exp
[−(q3n3 + q1n1θ01 + q2n2θ02)

2/2δ2q2
n1n2

]
,

(A.6)

where q2
n1n2

= q2
1n1

+ q2
2n2

and q2
n1n2n3

= q2
n1n2

+ q2
3n3

.
It is important to underline, that Eq. (A.6) is valued for
any type of a crystal lattice as well as for any axes. Then,
the structure factor is set as well as the directions of 1,2,3
are assigned for the particular case under investigation. To

simplify the integration of (A.6) on angles dθ1 dθ2, these
angles were transformed by rotation of the coordinate sys-
tem about axis 3 by angle ϕ, for which cos ϕ = q1n1/qn1n2 ,
sin ϕ = q2n2/qn1n2 , and in which the second component of
q is equal to 0. We also applied the momentum conserva-
tion law q1n1θ01 + q2n2θ02 = qn1n2θ cos ϕ = −q3n3 cos θ

(p′2 = (
−→p + −→q )2 = p2).

Here ϕ is the angle formed by the transferred momentum
projection onto the plane 12 −→q n1n2 and the vector

−→
θ . One

can pass to the same law in the negligible divergence limit
δ → 0, arriving to the condition

q2
n1n2n3

= q2
3n3

(
1 + cos2 ϕ/θ2

)
> q2

3n3
/θ2, (A.7)

which limits the momentum transfer value from below at
qn3 = 0. By rewriting Eq. (A.7) in terms of the Debye–
Waller factor, which presents in (A.6)

D = exp(−u2
1q

2) ≤ exp(−u2
1q

2
3n3

/θ2), (A.8)

we conclude that the discrete nature of the longitudinal
momentum transfer qn3 = 2πn3/dat results in coherent scat-
tering suppression by the Debye–Waller factor at q > h̄/u1.
By assuming that D ≤ 0.01, and substituting the minimal
momentum axial transfer value q31 = 2π/dat , one readily
comes to the first condition for coherent scattering suppres-
sion

θ <
u1q31

2
= πu1

dat
≈ 43 mrad (2.5◦). (A.9)

This condition represents coherent scattering suppression
by individual atoms in the strings, when separate atomic
strings scatter charged particles as a whole. The suppression
range (A.9) is illustrated in Fig. 4a, representing the ratio
〈ϑ2

x ′ 〉coh/〈ϑ2
1 〉.

If the condition (A.9) is fulfilled, one can neglect the com-
ponent q3n3 in (A.6). By assigning the coordinate system
1,2,3 to the system x, y, z, in which z is parallel to 〈100〉 Si
axes as well as the planes (−110) and (110) are formed by xz
and yz planes, respectively, and by using the structure factor
(4A), one can rewrite (6A) as

〈ϑ2
x ′ 〉coh = ∫

ϑ2
x ′

dσcoh
dΩ

dΩ = 1
p2

∫
q2
x ′

dσcoh
dΩ

dΩ

=
(

2αZ
θ0 pv

)2
2π
dat

2π
dax

2π
dpl

nat l

×
∞∑

m=−∞

∞∑
k=−∞

(θ0xqym − θ0yqxk)2 exp
(−q2

mku
2
1

)

(
q2
mk+R−2

)2

× 1√
2πδqmk

exp
[−(qxkθ0x + qymθ0y)

2/2δ2q2
mk

]
,

(A.10)

where q2
mk = q2

xk +q2
ym , dpl = dax = d ′ = dat/2

√
2, qxk =

2πk/dpl and qym = 2πm/dax , k,m = 0,±1,±2, . . .. Here
the structure factor is trivial, i.e. |S|2 = 1. Equation (A.10)
represents the case qz = 0, defined by the condition (A.9).
This equation was used for calculation of the dependence of
the average squared angle 〈ϑ2

x ′ 〉coh/〈ϑ2
1 〉 on θy in the limit

qz = 0.
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Fig. 4 “Axial” and “planar” dependence of the average squared angle
〈ϑ2

x ′ 〉coh/〈ϑ2
1 〉 (calculated with Eqs. (A.6) and (A.2)) of coherent 855

MeV electrons scattering by (110) planes in a 30 µm Si crystal on both
incidence angles, θx and θy respectively. a “Axial” dependence, evalu-
ated at θx = 3 mrad with both qz = 0 and all the qz = 0 contributions
(red solid line), the left dashed blue line is the qz = 0 contribution
(A.10). b “Planar” dependence, evaluated at θy = 34.9 mrad (2◦) with

both qz = 0 and all the qz = 0 contributions (blue solid line), while
the red dashed line was evaluated in the limit of isolated plane (A.13).
c The same dependence on both θx and θy angles. White cross marks
the optimal orientation for coherent scattering suppression θx = 3 mrad
and θy = 34.9 mrad, dashed horizontal and vertical lines represent solid
curves on plots (b, a), respectively

The momentum consevation law can be obtained similarly
by Eq. (A.7) under the limit of negligible divergence δ → 0,
qxn = −qymθy/θx , q2

mk = q2
xk + q2

ym = q2
ymθ2/θ2

x , giving
the condition for the Debye–Waller factor (compare (A.8)):

D = exp(−u2
1q

2) = exp
[
−u2

1(q
2
x + q2

y )
]

≤ exp(−u2
1q

2
y1θ

2/θ2
x ). (A.11)

Assuming again D ≤ 0.01 one arrives to the second condi-
tion for coherent scattering suppression:

10θ
pl
ch ≈ 2 mrad < θx < u1qy1θy/2

= πu1

dax
θy ≈ 0.12θy ≈ 4.3 mrad. (A.12)

This condition represents coherent scattering suppression by
individual strings in the planes, when separate planes scatter
charged particles as a whole. qy1 = 2π/dax = 4

√
2π/dat is

the minimal momentum transfer parallel to the yz or (110)
plane. The numerical estimate (A.12) has been done for the
chosen axial angle θ = 2◦. The suppression range (A.12)
is illustrated in Fig. 4b, representing the ratio 〈ϑ2

x ′ 〉coh/〈ϑ2
1 〉

in dependence on the horizontal angle θx . The peaks in this
dependence originate from the coherent scattering on high-
index planes. On can eliminate their influence by the appli-
cation of the limit isolated plane (dpl → ∞). Following
condition (A.11) one can rewrite Eq. (A.10) as

〈ϑ2
x ′ 〉coh =

(
2αZ

θ0 pv

)2 2π

dat

2π

dax
nat l

θ2
x + θ2

y

θ3
x

×
∞∑

m=−∞
q2
ym

exp
(
−u2

1q
2
ym(θ2

x + θ2
y )/θ

2
x

)

(
q2
ym(θ2

x + θ2
y )/θ

2
x + R−2

)2 . (A.13)

This equation was used to build up the dependence illus-
trated in Fig. 4b in the limit of isolated plane, eliminating the
contribution by high-index planes, but preserving the range
of coherent scattering suppression, defined by the condition
(A.12).

The left hand side condition (A.12), in which θ
pl
ch is the

planar channeling angle, has been implied to assure suffi-
cient precision of Born approximation. It follows, directly
from the estimate of the influence of particle deflection in
the average planar potential on the angle of incoherent elec-
tron scattering by nuclei [19], which cannot be estimated in
Born approximation. The condition (A.12) can be substituted
in (A.9)

10θ
pl
ch dax

πu1
≈ 18 mrad(1◦) < θy ≤ θ <

u1q31

2

= πu1

dat
≈ 43 mrad (2.5◦). (A.14)

Figure 4c illustrates the region of practically complete
suppression 〈ϑ2

x ′ 〉coh < 0.01〈ϑ2
1 〉 (as required by A.1) of the

coherent scattering (central dark triangle) predicted by Eqs.
(A.12) and (A.14). This coordinate point θx = 3 mrad and
θy = 2◦ ≈ 35 mrad, marked by the white cross, corresponds
to the electron incidence direction, which has been selected
as the most appropriate one for the conducted experiment on
the first observation of the coherent scattering suppression
effect, presented in Fig. 2 of the paper.
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