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MAXIMAL RANK OF SPACE CURVES IN THE RANGE A

EDOARDO BALLICO, PHILIPPE ELLIA, CLAUDIO FONTANARI

ABSTRACT. We prove the following statement, which has been conjectured
since 1985: There exists a constant K such that for all natural numbers d, g
with g < Kd3/? there exists an irreducible component of the Hilbert scheme of
P3 whose general element is a smooth, connected curve of degree d and genus
g of mazimal rank.

1. INTRODUCTION

The postulation of algebraic space curves has been the object of wide interest
in the last thirty years (see for instance [I], [2], [24]). In particular, the following
Conjecture was stated in 1985 in [2], p. 2 (see also [3], §6, Problem 4):

Conjecture 1. There exists a constant K such that for all natural numbers d, g
with g < Kd®/? there exists an irreducible component of the Hilbert scheme of P?
whose general element is a smooth, connected curve of degree d and genus g of
mazimal rank.

Here we consider smooth and connected curves X with h*(Zx (m)) = 0, h°(Zx (m—
1)) =0, deg(X) =d, g(X) = g and h'(Ox(m —2)) = 0 (hence of maximal rank by
Castelnuovo-Mumford regularity). Since h'(Zx(m)) = 0 and h'(Ox(m)) = 0, we
have

(1) 1+md—g§<m3+3)

Let d(m, g)max be the maximal integer d such that () is satisfied, i.e. set
d(m, §)max = L(m;rg) +g—1)/m]. Since h°(Zx (m—1)) = 0 and h*(Ox (m—1)) =0,

we have

2) 1+(m—1)d—gz<m;2)

Let d(m, g)min be the minimal integer d such that () is satisfied, i.e. set
d(m, g)min = [("37) +9 —1)/(m —1)].

For every integer s > 0 define the number p,(Cs) := s(s+1)(2s—5)/6+1 (which
is going to to be the genus of the curve Cs to be introduced later in Section[2). For
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all positive integers m > 3 set
gO(m) = pa(CLm/\/Qiojfél) +pa(CLm/mJ75)

_ Um/v20] = 4)(|m/V20] = 3)2m/v20] =13)

6
+(Lm/\/@ —5)(lm/v20] — 4)(2|m/V20] — 15)
6

+ 1.

For any smooth curve X C P3 let Ny denote the normal bundle of X in P3. If
h'(Nx) = 0, then X is a smooth point of the Hilbert scheme of P* and this Hilbert
scheme has the expected dimension h%(Ny) at X.

Our main result is the following:

Theorem 1. For every integer m > 3 and every (d,g) with 17052 < g < ¢(m)
and d(m, g)min < d < d(m, g)max there exists a component of the Hilbert scheme of
curves in P? of genus g and degree d, whose general element X is smooth and satis-

fies h%(Zx(m—1)) =0, h*(Zx(m)) =0, h}(Ox(m—2)) =0, and h* (Nx(—1)) = 0.

As an application of Theorem [I] we prove Conjecture [[I Indeed, if g = 0 we
have just to quote [I7]. Next, if 0 < g < 17052 we may choose K > 0 such that
g > K(g+3)%?. Hence from K(g +3)%? < g < Kd*? we get d > g+ 3 and we
are done by [I]. Finally, if g > 17052 we have the following:

Corollary 1. Let K = % (%)3/2 ande = %—1—4 (%)3/2. If17052 < g < Kd®/?—6ed
then there exists an irreducible component of the Hilbert scheme of P3 whose general

element X 1is a smooth, connected curve of degree d and genus g of maximal rank
and with h*(Nx (1)) = 0.

The constant K in Corollary [l is certainly not optimal, but the exponent d>/2
is sharp among the curves with h'(Nx) = 0 (see [I1], [25, Corollaire 5.18] and [I8]
11.3.6] for the condition h*(Nx(—2)) = 0, [I8 IL1.3.7] and [27] for the condition
h'(Nx(—=1)) =0, and [I8} 11.3.8] for the condition h'(Nx) = 0).

If X is as in Theorem [0 then by Castelnuovo-Mumford regularity we have
h'(Zx(t)) = 0 for all t > m and the homogeneous ideal of X is generated by forms
of degree m and degree m + 1. A smooth curve Y C P3 with h%(Zy (m — 1)) =
0, % < deg(Y) < W and maximal genus among the curves with
hO(Zy (m—1)) = 0 satisfies h*(Oy (m—1)) = 0 ([15, proof of Theorem 3.3 at p. 97]).
In the statement of Theorem [ we claim one shift more, namely, h*(Ox (m—2)) = 0,
in order to apply Castelnuovo-Mumford regularity to X.

We describe here one of the main differences with respect to [1I7, [I, 2]. Fix
integers d, g as in Theorem [0 or Corollary Il Suppose that we have constructed
two irreducible and generically smooth components Wi, W5 of the Hilbert scheme
of smooth space curves of degree d and genus g. Suppose also that we have proved
the existence of Y1 € Wy and Ya € Wy with h?(Zy, (m—1)) = 0, h*(Zy, (m)) = 0 and
h'(Ny,) = h*(Oy,(m —3)) =0, i = 1,2. If Wy = Wa, then by the semicontinuity
theorem for cohomology and Castelnuovo-Mumford regularity a general X € Wy
satisfies h9(Zx(m — 1)) = 0, h'(Zx(t)) = 0 for all t > m and h'(Nx) = 0. In
particular a general element of WW; has maximal rank. But we need to know that
Wy = Ws. If d > g + 3 it was not known at that time that the Hilbert scheme of
smooth space curves of degree d and genus ¢ is irreducible ([6]), but it was obvious
since at least Castelnuovo that its part parametrizing the non-special curves is
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irreducible (modulo the irreducibility of the moduli scheme M, of genus g smooth
curves). When d < g+ 3, the Hilbert scheme of smooth space curves of degree d and
genus g is often reducible, even in ranges with d/g not small ([5l 19} 20, 2T 22 23]).
In [2] when d > (g + 2)/2 we defined a certain irreducible component Z(d, g) of
the Hilbert scheme of smooth space curves of degree d and genus g and (under far
stronger assumptions on d, g) we were able find Y7 and Y with Wy = Wy = Z(d, g).
Several pages of Section [f] are devoted to solve this problem.
We work over an algebraically closed field of characteristic zero.

2. PRELIMINARIES

2.1. The curves C; . For each locally Cohen-Macaulay curve C' C P? the index
of speciality e(C) of C is the maximal integer e such that h'(Oc(e)) # 0.
Fix an integer s > 0. Let C;, C P? be any curve fitting in an exact sequence

(3) 0— Ops(—s—1) = (s+1)Ops(—5) = Zc, — 0

Each Cj is arithmetically Cohen-Macaulay and in particular h°(O¢,) = 1. By
taking the Hilbert function in @) we get deg(Cs) = s(s +1)/2, pa(Cs) = s(s +
1)(2s —5)/6 + 1 and e(Cs) = s — 3. Hence h'(Zc,(s — 1)) = 0,4 = 0,1,2. By
taking d := deg(Cy) we get po(Cs) =1+d(s—1) — (5*3'2) = Ga(d,s). The set of all
curves fitting in (@) is an irreducible variety and its general member is smooth and
connected. Among them there are the stick-figures called K, in [12], [I3] and [4].
We have h!(N¢,(—2)) = 0 for all Cs ([I0, Lemme 1], see also [9]). Unless otherwise
stated we only use smooth Cj.

For any ¢,k let Cy = C; U Cs be the union of a smooth C; and a smooth
('} with the only restriction that they are disjoint. By definition each Ci is
smooth. Let dyy := deg(Cri) = t(t +1)/2+ k(k +1)/2 and g1 := h'(O¢, ) =
24+t(t+1)(2t—5)/6+k(k+1)(2k—5)/6 for t > k > 0. If t > k > 0 then we have

t+k+2)

(4) (t+k—1Dde+2—grr = ( 3

Since each connected component A of Cy satisfies hi(Na(—2)) =0, i = 0,1, we
have h‘(N¢, , (=2)) = 0,4 =0, 1.

Lemma 1. We have h'(Zg,  (t+k—1))=0,i=0,1,2.

Proof. Since Cy N Cy = 0, we have Torbpg (Zc,,Ic,) = 0 and Z¢, ® I, = Ic, .-
Therefore tensoring @) with s := ¢ by Z¢, (t + k — 1) we get

(5) 0—>tIck(k—2)—> (t-l—l)Ick(k—l) —>Ict’k(t-‘rk—1) —0

We have h?(Z¢, (k — 2)) = h*(O¢, (k — 2)) and the latter integer is zero, because
e(Cx) =k —3 < k—2. We have h'(Z¢, (k — 1)) = 0, because Cj, is arithmetically
Cohen-Macaulay. We have h°(Z¢, (k — 1)) = 0, by the case s = k of [@). Hence
Wi(Ze,, (t+k—1))=0,i=0,1,2. O

Remark 1. In this paper we only need k € {t — 1,¢}.

Remark 2. We have ¢(C 1) = max{e(C}),e(Cy) = max{t — 3,k — 3} <t +c—4.
Recall that d; , = deg(Cyx). If s :=t+k, then ds_11 = (s> —s+2)/2>dy . If s
is even then d; . > s(s+2)/4 = dg 5. If sis odd, then dy p, > (s+1)*/4 = dspr a1
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Remark 3. Let X be a general smooth curve of genus g and degree d > g+ 3 such
that h'(Ox (1)) = 0; if either ¢ > 26 (|25, p. 67, inequality Dp(g) < g + 3]) or
g<25andd>g+14 (25 p. 67]), then h!(Nx(—2)) = 0.

2.2. Smoothing. We are going to apply standard smoothing techniques (see for

instance [16] and [26]).

Lemma 2. Fizx AU B with A = C; and B = C}. Let X be a nodal curve with
X =AUBUY,Y a smooth curve of degree d > 2 and genus ¢', #(ANY) =1,
H(BNY) =1, h'Y(Oy(1)) =0 and h*(Ny(=2)) =0. Then h*(Nx(=1)) =0 and X
1s smoothable.

Proof. Set C':= AU B. Write {p1} = ANY and {p2} = BNY. We have an exact
sequence

(6) 0 — Nx(=1) = Nx(=1)lc & Nx(=1)ly = Nx(=1)|p, po} = 0

Since Nx(—1)|¢ is obtained from N (—1) by making two positive elementary trans-
formations and h*(Ng(—1)) = 0, we have h'(Nx(—1)|c) = 0. Since Nx(—2)]y is
obtained from Ny (—2) by making two positive elementary transformations and
h'(Ny(—2)) = 0, we have h'(Nx(—2)]y) = 0. Let H C P3 be a general plane
containing {p1,p2}. Since Y is not a line, Y N H is a zero-dimensional scheme.
Since h!(Nx(—2)|y) = 0, the restriction map

HY(Y,Nx(~1)|y) = H*(Y N H,Nx(=1)|zny)

is surjective. Since {p1,p2} € YNH, the restriction map H*(YNH, Nx(—1)|gny) —
HO({p1.p2}, Nx(—1)|(p, po}) is surjective. Hence the restriction map

HO(Y, Nx (=1)ly) = H({p1,p2}, Nx (= Dlp, p2})

is surjective. From (@) we get h'(Nx(—1)) = 0.
Since h!'(Nx(—1)) = 0, X is smoothable ([I2, Corollary 1.2]). O

Call U(t, k,d',g’) the set of all curves X = AU BUY appearing in Lemma
For all integer y > 0 and = > y + 3 the Hilbert scheme of smooth space curves
of degree x and genus y is irreducible ([6l [7]). By Lemma [ there is a unique
irreducible component W (t, k,d’,g') of the Hilbert scheme of P3 containing the
curve X of Lemmal A general C € W(t, k,d,g’) is smooth and h'(Nc(—1)) = 0.
We have deg(C) = d' + deg(Cy) + deg(C) =d' +t(t+1)/2+ k(k+1)/2 and genus
9(C) = '+ PalCh) + pa(Ch) = o' — 2+ (t + 1)(2t — 5)/6 + k(k + 1)(2k — 5)/6.

3. ASSERTION M (s,t, k), k€ {t—1,t}

For any ¢ > 27, set ¢(2t + 1,¢,t) =t + 3, d(2t + 1,¢,t) = 0, c(2t,t,t — 1) =t + 2
and d(2t,t,t —1)=t—1. Set g(t+ k+1,t,k) := c(t + k+ 1,t, k) — 3. Note that if
ke {t—1,t} we have
(7) tt+ 1) +k(k+ 1) +dt+k+1,tk) =t +k)(E+k+4—ct+k+1,tk)

Now fix an integer s >t +k+ 3 with s —¢t —k —1 =0 (mod 2) and define the
integers c(s,t, k), g(s,t,k) and d(s,t, k) by the relations g(s,t, k) = ¢(s,t,k) — 3 —
3(s—t—k—1)/2 and

() s(dusrels,t )43 -gu=glost D)+l k) = () 0 < dlsvt ) < 52
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Note that (8) holds even if s = ¢+ k + 1. From (&) for the integers s + 2 and s
and the equality g(s + 2,t, k) — g(s,t, k) = c(s 4+ 2,t,k) — c(s,t, k) — 3 we get

2dy g+ 2¢(s, t, k) + (s + 1)(c(s + 2,8, k) — (s, t, k) +
(9) d(s+2,t,k) —d(s,t,k) +3 = (s + 3)?

Remark 4. We have ¢(2t + 1,t,t) =t + 3, d(2t + 1,t,t) =0, ¢(2t,t,t — 1) =t + 2,
A2ttt —1) =t — 1, (2t + 26,6 — 1) = 2t + 6, d(2t + 2,4t — 1) = 2t — 3,
(2t +3,t,8) =2t + 7, d(2t + 3,t,t) = 2t — 1.

Remark 5. We explain here the main reason for the assumption ¢t > 27 made in
this section. Fix an integer s > ¢+ k + 1 with s = ¢+ &k + 1 (mod 2). We work
with a curve X = Cy, U A with A a general smooth curve of degree c¢(s,t, k) and
genus g(s,t, k) and we need h'(Nx(—2)) = 0, i.e. we need h*(Na(—2)) = 0. If
s =t+k+1, then A has genus 0. The normal bundle of a general smooth rational
curve A C P3 of degree c(t + k + 1,t,k) > 3 is balanced, i.e. it is the direct sum of
two line bundles of degree 2¢(s,t, k) — 1 (|8]), hence h'(N4(—2)) = 0. Now assume
s > t+ k+ 3. By Lemma Bl below we have g(s,t, k) > g(t + k + 1,t,k). We have
g(2t+1,t,t) =t > 27 and g(2t,t,t —1) =t —1 > 26. Since g(s,t, k) > 26, Remark
gives h'(N4(—2)) = 0.

Lemma 3. For each s > t+k+ 1 with s =t+ k — 1 (mod 2) we have 2(c(s +
2,t, k) —c(s,t,k)) > s+ 4.

Proof. Since gix + g(s,t,k) < gres+1y/21,(s+1)/2)> @) for s,t,k and (@) for ¢ =
[(s+1)/2] and k' = [(s 4+ 1)/2] imply dy 1 > c(s,t, k) + di . Remark [ gives
c(s+2,t',k) =K +3. Since 0 < d(s+2,t,k) < sand 0 < d(s,t,k) <s—2, @)
and the difference between () for s’ := s+ 2 and (@) for ¢', k" imply (s +2,¢, k) —
c(s,t, k) > —1+c(s+2,t',kK)=|(s+1)/2] +2. O

Let @ := P! x P'. The elements of |Og(0,1)| are the fibers of the projection
7y 1 Q — PL, so that each D € |Og(1,0)| contains exactly one point of each fiber
of 2.

Assertion M(s,t,k), ke {t—1,t}, s>t+k+1,s=t+k+1 (mod 2):
Set e = 1if 0 < d(s,t, k) < e(s+ 2,t, k) — c(s,t,k) —3 and e = 2 if d(s,t, k) >
c(s+2,t, k) — c(s,t, k) — 3. There is a 6-tuple (X, Q, D1, D2, S1,52) such that
(a) @ is a smooth quadric surface, X = C; ;UY, Y is a smooth curve of degree
c(s,t, k) and genus g(s,t, k) and @ intersects transversally X, with no line
of @ containing > 2 points of X N Q;
(b) D1, D are different elements of |Og(1,0)|, each of them containing one
point of Y NQ, S; C D;\D;NY,1<4<2 and #(51) + #(S2) = d(s,t, k);
7T2(S2) Q 7T2(S1); SQ == @ and 7T2(Sl) Q 7T2(Y n (Q \ (Dl U DQ))) if e = 1,
8(S2) = d(s,t, k) — c(s + 2,1, k) + c(s,t, k) + 3 and m2(S2) C m(Y N (Q \
(D1 U D)) if ¢ =2
(C) hi(IXU51U52 (S)) = O, 1= O, 1.

Remark 6. Fix lines L, R C P3 such that LN R =0 and 0 € P>\ (LU R). Let
¢ : P3\{o} — P? denote the linear projection from 0. We have §(¢(L)N¢(R)) = 1, i.e.
there is a unique line D(L, R, 0) C P3 such that o € D(L, R, 0), D(L,R,0) N L # ()
and D(L, R,0) N R # 0. We have §(D(L, R,0) N L) = §(D(L, R,0) N R) = 1. The
function (L, R, 0) — D(L, R, o) is regular.
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Lemma 4. For allt > 27 and k € {t — 1,t} assertion M(t + k + 1,t,k) is true.

Proof. Fix C}}, intersecting @ at 2d, ;, general points ([25]).

(a) Assume k =t. We have ¢(2t + 1,t,t) =t + 3 and d(2t + 1,¢,t) = 0 and so
we take e = 1 with S; = Sy = ). Take any A € |Og(2,¢+ 1)| with ANCy = 0.
We have Resq(Ci U A) = Cy; and thus b (Zres, (¢, ua)(2t —1)) = 0,7 =0,1. We
have 7 (Q, Ton(cnay (2t + 1,2t +1)) = hi(Q, o, ,no(2t — 1,£)) = 0,7 = 0,1, by @)
and the generality of Cy, N Q. Hence h'(Z¢, ,ua(2t+1)) =0, =0,1.

We deform A to a curve Y of degree ¢ + 3 and genus ¢ with Y N Cyy = 0,
Y intersecting transversally () and with no line of @ containing > 2 points of
QN (CrUY). By the semicontinuity theorem for cohomology ([I4} II1.8.8]), for a
general Y we have h'(Z¢, ,uy (2t+1)) =0,i=0,1. Set X := C; ,UY, S1 = S; =0
and take as D; and D any two different elements of |Og(1,0)|, each of them
containing one point of Y N Q.

(b) Assume k =t —1. We have ¢(2t,t,t —1) =t+2, d(2t,t,t —1) =t —1 and
(2t +2,t,t —1) —c(2t,t,t — 1) = t + 4 (Remark Hl). Hence e = 1. However, in the
proof of M (t+k +1,t, k) we will exchange the two rulings (as we will do below for
the general proof that M(s,t,k) = M(s + 2,t,k)), so that D1, Dy € |Og(0,1)].
Take lines Ly, Ly € |Og(1,0)| such that Ly # Ly and Cy—q N (L1 U Ly) = 0, and
t different lines R; € |0g(0,1)], 1 < j < t, none of them containing a point of
Cii—1 N Q. Fix Dy,Dy € |Og(0,1)| containing no point of Cy;—1 N Q and with
Dy, # Rj for all h,j. Set up, := L1 N Dy, h=1,2. Fix E; C Dy with §(E1) =t —1
and F1 N (L1 U Ly) = 0. We have h'(Q,Zg, (2t — 2,t)) = 0. Since Cyx, N Q is a
general subset of @ with cardinality 2d;x, we have h'(Q,Zon(cnayue, (2t,2t)) =
Q. i, .nq)uE, (2t —2,t)) = 0,i = 0,1, by [@). The residual sequence of Q gives
Wi(Ze, coave, (28) = 0, =0,1.

Take an ordering {o1,...,0,—1} of Ey and let M; the only element of |Og(1,0)|
with 0; € M;. Set w; := R; N M;, 1 <i <t—1. We fix a deformation {Lp(\)}rea,
h = 1,2, of L, with the following properties: A is a connected and affine smooth
curve, 0 € A, Lp(o) = Ly, up € Lp(N) for all A\, Li(A) N La(A) = 0 for all A
and Lj(\) is transversal to @ for all A # o. For each ¢ with 1 < i < ¢t -1
there is a unique line R;(\) containing w; and intersecting both L;(\) and La())
(Remark [6]). There is a deformation {R:(\)}rea of Ry with R:(0) = R:, R:()\)
intersecting both L;(\) and Lo()\). Taking instead of A a smaller neighborhood
of o we may assume R;(A) N R;(\) = 0 for all ¢ # j and all X so that A(\) :=
Li(\) U Ly(A) U Ry(A\) U---U Ry(\) is a connected nodal curve of degree ¢t + 2
and arithmetic genus ¢ — 1. By semicontinuity (restricting if necessary A to a
neighborhood of 0) we have hi(IkaUA(A)UEl (2t)) =0,7=0,1, for all A € A. Fix
Ao € A\ {o}. Let {Bs}sea be a smoothing of A(N\g) fixing u; and ug, i.e. take a
smooth and connected affine curve A and a € A with B, = A(\), Bs a smooth
curve of degree t + 2 and genus ¢ — 1 and {uy,us} C Bs for all . Restricting if
necessary A we may assume that Bs is transversal to ) and disjoint from Cf , U Ey
for all 6 € A and (by semicontinuity) that h*(Z¢, ,ussur, (2t)) = 0, i = 0,1.
Since A()g) is transversal to @), we may (up to a finite covering of A) find ¢ — 1
sections 1, ..., s;—1 of the family {Bs N Q}sea of 2t + 4 ordered points of ) with
si(a) =w;, i =1,...,t — 1. Let M;(d), 6 € A, be the only element of |Og(1,0)]
with w; € M;(6). Set 0;(d) := Ly N M;(0) and E1(0) := {01(d),...,0,—1(0)}. By
semicontinuity for a general § € A\ {a} we have h'(Z¢, ,up,uE, (5)(2t)) = 0. We
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fix such a ¢ and set X := Cp U Bs, S1 := E1(d), S2 := 0. For M (2t,t,t — 1) we
use the lines Dy, Dy and M;(6),1 <j<t—1. O

Lemma 5. For each integer s > t+k+1 such that s =t+k+1 (mod 2) we have
2¢(s,t, k) > s+4 and 2¢(s,t,k) > s+ 6 is s >t + k + 3.

Proof. The case s = t + k + 1 is true by Remark [4 The general case follows by
induction s — 2 = s by Lemma Bl O

Lemma 6. Assumet > 27 and k € {t — 1,t}. Fiz an integer s >t +k + 1 such
that s=t+k+1 (mod 2). If M(s,t, k) is true, then M (s + 2,t, k) is true.

Proof. Let e € {1,2} be the integer arising in M (s,t, k) and f € {1,2} the corre-
sponding integer for M (s+ 2,t, k). Take (X, Q, D1, D2, S1, S2) satisfying M (s, t, k)
with X = C,; UY and Dy, Dy € |Og(1,0)|. The 6-tuple (X', Q, D}, D5, S1,S5)
will be a solution after exchanging the two rulings of @, i.e. we will take D}, D} €
|Og(0,1)| and we use 7 instead of 7. In each step with d(s,t, k) # 0 we obtain
X'’ smoothing a curve W union of X, x := Uses,us, x(0), e + 1 elements |Og(1,0)|
and ¢(s + 2,t,k) — c(s,t, k) — e — 1 elements of |Og(0,1)|. See step (c) for the
easier case d(s,t,k) = 0 (here to get W we add to X a line Dy € |Og(1,0)| and
c(s+2,t,. k) —c(s,t, k) — 1 elements of |Og(0,1)]).

(a) Assume e = 2 and set z := d(s,t, k) +3 — c(s + 2,t,k) + c(s,t, k). Since
d(s,t, k) < s — 2, Lemma B gives d(s,t, k) < 2(c(s + 2,t, k) — c(s,t, k) — 3), ie.
z <c(s+2,t k) —c(s, t, k) — 3. By assumption there is E C Y N (Q \ (D1 U Dy))
such that §(E) = z and m(E) = ma(S2) C m2(S1). Take a line Dy € |Og(1,0)]
different from Dl,DQ, with DoNE = @, Dy N Ct)k; N Q = () and DoNnY N Q # @,
we use that 2¢(s,t, k) > 3 + z (Lemma [B)). Take distinct lines L; € |Og(0,1)],
1 <i<ce(s+2,tk)—c(s,t,k)— 3, such that L; N Y # 0 if and only if i < 2,
X2t N=S Ly — BLN(Cren@) = 0 for all . Set J := (DyU Dy U
Dy) U (2t =els bk =3 1y We fix f general lines R; € [Og(0,1)],1<i < f,
and A; C R;, 1 <i < f, with the conditions Y7, #(4;) = b(s + 2, ¢, k), w1 (Af) C
m (A1) and 7T1(Af) CmlYy n(@ \ J)) Set x := UOGS1U52X(O)7 A= A U Ay
and W := X UJUyx. W is a flat degeneration of a disjoint union of C;j and
a smooth curve of degree c(s + 2,t,k) and genus g(s + 2,t,k), but to obtain a
deformation compatible with the data A, As, see steps (al) and (a2). We have
Resq(W U A) = X U S U Sy and 50 A (Zresywuay(s)) = 0, = 0,1. We have
hl(Q,I(WﬁQ)UA(S + 2,5+ 2)) = hl(Q,I(Xﬁ(Q\J)UA(S —1,s+5+ C(S, t, k) — C(S +
2,t,k))). We have (X N (Q\ J))UA) =h%Q,0q(s —1,s+5+c(s,t,k) — c(s +
2,t,k)). We have h'(Q,Za(s — 1,5 + 5 + c(s,t,k) — c(s + 2,t,k))) = 0, because
s+54c(s, t,k)—c(s+2,t,k) >0, f <2and (A1) < s; this is a key reason for our
definition of M (s + 2,t,k). Therefore to prove that h*(Q,Zxn\sual(s — 1,5 +
5+c(s,t,k)—c(s+2,t, k) =0,i=0,1, it is sufficient to prove that we may take
as X N(Q\ J) a general subset of @ with its prescribed cardinality. By Remark
we have h!(Nx(—2)) = 0. Since h*(Nx(—2)) = 0, we may deform X keeping fixed
E so that the other points are general in Q.

(al) We have just proved that h*(Zyua(s+2)) = 0,i = 0,1. If d(s+2,t,k) = 0,
then M(s 4+ 2,t,k) is proved for e = 2. Now assume d(s + 2,¢,k) > 0. To prove
M(s + 2,t,k) when e = 2 we need to deform W to a smooth X' = C;; UY’
intersecting transversally @ and (perhaps moving A) to obtain condition (b) of
M(s+2,t,k). Set P, :=Y ND;,i=0,1,2. Let {D;(\)}rea be a deformation of D;
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with A a smooth and connected affine curve, o € A, D;(0) = D;, D;(\), A € A\ {o},
a line of P? transversal to Q and containing P,. Fix i € {1,...,z}. By Remark
for each A € A there is a unique line L;(A) C P? such that Do N L; € L;(\),
L;(A) N Dy(A) # 0 and L;(X\) N Da(N) # 0; restricting if necessary A we may
assume that all L;(\), A # o, are transversal to (). Fix an integer i with z < ¢ <
c(s +2,t, k) — c(s,t, k) — 3 and fix a general m; € L;. By Remark [0 there is a
unique line L;(\) such that m; € L;(\), L;(A) N D1(A\) # 0 and L;(A\) N Da(\) # 0;
restricting if necessary A we may assume that all L;(\), A # o, are transversal
to Q. Restricting if necessary A to a smaller neighborhood of 0 in A we may
assume that L;(X) N L;(A) = 0 for all ¢ # j, that Cy, N L;(\) = 0 for all ¢ and
all \, that L;(A\) N Dy # 0 if and only if 7 < z. Fix a general A\ € A and set
J(A) = Do(A) U Dy(A) U Da(N) U (UG 2R =el= bR =8 1 (X)), Let x(A) be the
union of all x(¢q) with either ¢ € Dy(A\) N L;(N\), 1 <i<e(s+2,t,k)—c(s, t,k)—3
or ¢ € Da(A)NLi(N), 1 <i <z Set W(A) := X UJA)Ux(N). W(A) is the
disjoint union of C% j and of a degeneration of a flat family of smooth and connected
curves of degree ¢(s + 2,t,k) and genus g(s + 2,¢,k). As in the first part of step
(a), restricting if necessary A, by semicontinuity we get h'(Zy (njua(s + 2)) = 0,
i=0,1.

(a2) To prove M (s+2,t, k) we need to prove that there is a set like A (call it A”)
satisfying both h'(Zy (njuas (s+2)) = 0,4 = 0,1, and condition (b) of M(s+2,t, k).
First of all, instead of P;, 0 < i < 2, we take a family {P;(\)}rea of points of Y with
P;(0) = P, and P;(\) e Y\YNQ for all A € A\ {o}. Assume for the moment f = 2.
We modify the definition of D;(\), because we impose that P;(\) € D;()) (instead
of P, € D;), but we also impose that Di(A\) N Ry # 0 and Da(A) N Re # 0 (this is
possible by Remark[dl). Then we construct L;(A) as above. With this new definition
Ry and Ry are secant lines of W(A) \ (Cyp, UY) , Y C W(A), m1(Az) C m1(4y)
and m(Ay) Cm(QN Y\ J(A)NY)); call mq,...,mg, v = §(Ay), the points of
Y N Q whose image is m1(Ay). We fix A € A\ {o}. Let {Bs}sea be a smoothing
of W(A) with A an affine and connected smooth curve, a € A, and B, = W()).
Set A(a) := A. Since Y is transversal to @, up to a finite covering of A we may
find = + 2 sections $1, ..., S, 21, 22 of the total space of {Bs}sca with s;(a) = m;,
zl(a) =R N Dl()\), ZQ(CL) = Ra N DQ()\), 51(5) € Bs NQ, 21(5) € Bs N Q and
z2(0) € Bs N Q for all A. Let Ry (0), h = 1,2, be the only element of |Og(0,1)]
containing z(d). For each 6 € A\ {a} and i € {1,...,2} let M;(9) € |Og(1,0)| be
the only line of this ruling of @ containing s;(d). Set A1(8) := UZ_; (R1(8) N M;(0))
and A5(0) = U?i51+2’t’k)7x(R2(5) N M;(0)). Set X5 := C, ;U Bs. By construction
(X5,Q, R1, Ra, A1(0), A2(0)) satisfies condition (b) of M (s+2,t, k), exchanging the
two rulings of ). By semicontinuity we have hi(IBéuA((;)(s +2))=0,7=0,1, for
a general § € A.

Now assume f = 1. In this case we only impose that D;(\) meets Ry; we have
7T1(A1) C 7T1(Q n (Y \ J(/\) N Y)) and x = ﬂ(Al) = b(S + 2,t,]€).

(b) Assume e =1 and d(s,t, k) > 0, i.e. assume 0 < d(s,t,k) < c(s+2,t,k)—
c(s,t, k) — 3. We set Sy := 0 and ignore Dy. We fix 0 € S;. Take a line Dy # D,
meeting Y N Q and c(s + 2,t, k) — c(s, t, k) — 2 distinct lines L; € |Og(0,1)|, with
Lin(Cepn@Q)=0foralli, LN (Y NQ) # 0 if and only if 1 < < d(s,t,k)—1 and
S1\{0} = DiN(L1U- - -ULg(aypy-1)- Set J := (DoUD;)U(JSU 2R Teleth=2 1y
and x := Uyes, x(0). Note that x(X UJUx) — x(X) =c(s,t, k) —c(s+2,t, k) + 3.
To modify step (a2) we impose that Dy () N Ry # 0 and Dy(\) N Ry # (.
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(c) Assume d(s,t,k) = 0. Hence S; = Sy = (0. Take a line Dy € |Og(1,0)]
different from D1, Dy and with DoNY NQ # 0. Take c(s+2,t, k) —c(s,t, k) —1 lines
L; €]0g(0,1)], 1 <i<e(s+2,t,k)—c(s, t, k) — 1, such that L; N (Crpy N Q) =10
forall i and L, N (Y NQ) # 0 if and only if 1 < i < e(s+2,t, k) — c(s,t, k) — 3.
Set J := Do U (2R melm b=ty y' .= Yy UJ and W := X UJ. Note
that x(W) — x(X) = ¢(s,t, k) — c¢(s + 2,t,k) + 3. The union Y’ is a connected
nodal curve, which is a flat degeneration of a family of smooth curves of degree
c(s +2,t, k) and genus g(s + 2,¢, k) not intersecting Cy . As in step (a) we get
R (Zw (s +2)) = 0 and h®(Zyw (s + 2)) = d(s + 2,t, k). If d(s + 2,t,k) = 0, then
we are done, because A = () and so condition (b) of M (s + 2,t,k) is trivially true.
Now assume d(s + 2,¢,k) > 0.

First assume f = 2. As in step (a) we prove M (s + 2,t, k) interchanging the
rulings of @ and set x := ¢(s+4,t, k) —c(s+2,t, k)—3. We fix general lines Ry, Ry €
|OQ(O, 1)| and take Al C R; such that 7T1(A2) - 7T1(A1) n 7T1(Q n (Y \ JN Y)) Set
A := A; U Ay. For a general X we have hi(Zyyua(s +2)) = 0, i = 0,1. Set
q := Do NY. By Remark [ there is a family {Dg(\)}rea of lines of P3 and
o € A with Dg(o) = Dy, 8(Do(A)NY) =1 for all A, Do(A) NY ¢ Q if X # 0,
Do(A) N Ry # 0 and Dy(\) N Ry # 0. Up to a finite covering of A we may also
find families {L;(N)}rea, 1 <i<e(s+2,t,k) —c(s,t, k) — 1. Set J(A) = Do(A) :=
Do U (el =elstm=1 1 (\)). We do the smoothing of ¥ U.J(A) as in step (a2).

Finally, if f =1 we only need Dy(\) N Ry # () for all \. O

4. WITH A CONSTANT GENUS g

We fix an integer ¢ > 27 and take k € {t —1,t}. We fix an integer g > g +g(t+
k+5,t,k). Let y be the maximal integer > t+k+5 such that y = t+k—1 (mod 2)
and g¢ x+9(y, t, k) < g (y exists, because lim,_ 4o g(t+k+142u,t, k) = +00). By
the definition of y we have y > t+k+5and y =t+k—1 (mod 2). For all integers
x > y+2with z =y (mod 2) define the integers a(z,t, k,y) and b(x,t, k,y) by the
relation

(10) xdt,k+3_g+xa(x7tak7y)+b(xat7kay): (I_?')—3)5 OSb(I,t,k,y) S.I—l

If x > y+4, by taking the difference between equation ([0 and the same equation
for the integer z’ := = — 2 we get
2y, + 2a(z, .k, y) + (2 +2)(a(z + 2,4k, y) = a(z, 4k, y))
(11) +b(w 42,1, kyy) = bt K, y) = (2 + 3)°
Lemma 7. For each x > y + 2 with x = y (mod 2) we have 2(a(x + 2,t,k,y) —
a(xz,t,k)) >z +5.

Proof. Assume by contradiction 2(a(x + 2,t,k,y) — a(z, t, k)) < x + 4. Recall that
for all u > v > 0 we have

2
(12) (u+v—1)du7v+2—guw:(u+;}+ )
First assume z odd, i.e. k = t. Since gz11)/2,(a41)/2 > 9, ([2) and [I0) give
d(z41)/2,(z41)/2 = Atk +a(z,t, k,y). Since b(x+2,t,k,y) < x+1and b(x,t,k,y) >0
D) gives

(x+1)(x+3)/2+ (@ +2)(z+4)/2+x+1> (z+3)%
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which is false. Now assume x even, i.e. k =t — 1. Since g42)/2,2/2 > 9, ([2)
and () gives d(z42)/2,2/2 = dir + a(x,t,k,y). Since b(x + 2,t,k,y) < x+ 1 and
b, t, k,y) > 0 (L) gives

(x+2)%/2+ (@ +2)(z+4)/2+2+1> (v +3)%,
which is false. (I

Lemma 8. We have 2(a(y + 2,t,k,y) — c(y,t,k)) >y + 5.

Proof. Define the integers w, z by the relations
+5
(13 (D) +3- g gtk 4z = (VF0) 05 ey

Since g > g1k + 9(y,t, k), we have w < a(y + 2,1, k). Hence it is sufficient to prove
that 2(w —c(y,t, k)) > y+5. Taking the difference between ([I3]) and the case s =y
of @) we get
2y + 2c(y, 1. K) + (y + 2)(w — c(y, 1. k) + 2 — d(y, 1. k) = (y + 3)”
Then we continue as in the proof of Lemma [l with y + 2 instead of x + 2. O
>

The next lemma follows at once by induction on x, the inequality 2¢(y, t, k)
y + 6 and Lemmas [7] and [

Lemma 9. We have 2a(xz,t,k,y) > x + 6 for all integers © > y + 2 with x = y
(mod 2).

Lemma 10. For each x > y + 2 with x = y (mod 2) we have a(x,t,k,y) >
g — gik+3.
Proof. First assume =y + 2. We have

(y+2)(de + c(y+2,6,k) +3 = grp — gy + 2,1, k) +d(y +2,t,k) =

(y+2)(de +aly+2,t,k,y) +bly+2,t,k,y)+3—g
hence

(W+2)(c(y+2,t.k) —aly+2,t,k,y) +d(y +2,t, k) — by + 2,t, k,y)

(14)  =gly+2,t,k) —9—guk

By the definition of y the right hand side of (I4) is negative. Since c(y + 2,t, k)
9y +2,t,k)+3,b(y+2,t,ky) <y+1,dy+2,tk) >0, we have c(y + 2,1, k, y)
9= 9tk

Now assume x > y + 4. By Lemma [1 we have a(x,t,k,y) > a(y + 2,t, k, y).

>
2

O

By Lemmal[I0l there is a non-special curve of degree a(x, t, k, y) and genus g —g; .
We need this observation in the next statement.

Assertion N(z,t,k,y), x >y, z =y (mod 2): Set e = 1if 0 < b(x,t,k,y) <
a(x+2,t,k,y)—a(s, t,k,y)—land e = 2if b(x, t, k,y) > a(x+2,t, k,y)—a(x,t, k, y).
There is a 6-tuple (X, Q, D1, D2, S1,S2) such that

(a) @ is a smooth quadric surface, X = C;, UY, Y is a smooth non-special
curve of degree a(z,t, k,y) and genus g — g, and @ intersects transversally
X, with no line of @ containing > 2 points of X N Q;
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(b) D1,Ds are different elements of |Og(1,0)|, each of them containing one
point of YNQ, S; € D;\D;NY, 1 <4 <2 and #(S1)+#(S2) = b(z, t, k,y);
FQ(SQ) - 7T2(Sl) and 7T2(Se) C 7T2(Y n (Q \ (Dl @] Dz))), So=0if e = 1,
8(S2) = b(z + 2, t, k,y) —a(z + 2,6, k,y) + alx, t,k,y) + 2 if e = 2;

(C) hi(IXU»SlLJSQ (.’I])) = O, = O, 1.

Lemma 11. If N(x,t, k,y) is true, then N(x + 2,t, k,y) is true.

Proof. We outline the modifications of the proof of Lemma [6l needed to get Lemma
I Let e € {1,2} (resp. f € {1,2}) be the integer arising in N(x,t,k,y) (resp.
N(z + 2,t,k,y)). Take (X,Q, Dy, D, 5S1,52) satisfying N(z,t, k,y). Set w :=
alx +2,t, k,y) — a(z, t, k,y).

(a) Assume e = 2. Set z := b(x+2,t,k,y)+2—w. Since b(x+2,t,k,y) < x+1,
Lemmal7 gives z < w—2. Let L; € |Og(0,1)], 1 <1i < w—2, be the lines such that
Sy = DiN(L1U- ULy ) and Sy = DoN(LyU- - -UL.). Set J := D1UD,U(UYS? L)
and x := Uyes,0us,x(0). Condition (b) gives #(L; NY) =1 for all i. Condition (a)
gives C,p NJ = (. Hence W := X U J U x is a smoothable curve of degree
a(z +2,t,k,y) with b1 (Ow) = g.

(b) Assume e = 1, i.e. assume d(z +2,t,k,y) < w— 1. Let L; € |[Og(0,1)],
1 <@ < b(w,t,k,y), be the lines such that Sy = Dy N (Ly U+ U Lyz4.5,)). Take
general lines L; € |Oq(0,1)], b(x,t,k,y) < j <w—1. Set J := D1 U (U;“U:_ll L;)
and x := Uyes, x(0). Condition (a) gives Cy, NJ = 0. Hence W := X UJUy is a
smoothable curve of degree a(z + 2,t,k,y) with h'(Ow) = g. O

Lemma 12. N(y + 2,t,k,y) is true.

Proof. Use the proof of LemmalGland Lemma [l starting with (X, @, D1, D2, S1,.S2)
satisfying M (y, t, k) and quoting Lemma [§ instead of Lemma [7l O

5. PROVING CONJECTURE [I]

In order to prove Theorem [[] and Corollary[ first of all we notice that from the
previous section we could deduce with a small effort the following two facts, but
that (as explained at the end of the introduction) they would not prove Theorem
@ and Corollary [

For each integer d such that g — 3 < d < d(m, g)max there exists a smooth and
connected curve X7 C P3 such that deg(X;) = d, g(X) = g, h'(Ox, (m —2)) =0,
hY(Zx,(m)) =0 and h'(Nyx, (—1)) = 0.

For each integer d > d(m, g)min there exists a smooth and connected curve
X5 C P3 such that deg(X2) = d, g(X) = g, h*(Ox,(m—2)) =0, h°(Zx,(m—1)) =0
and h'(Nx,(—1)) = 0.

Now fix an integer d such that d(m, g)min < d < d(m, g)max. To prove Theorem/I]
for the pair (d, g) it is sufficient to prove that we may find X, X2 as above and with
the additional condition that X; and X9 are in the same irreducible component,
T, of Hilb(P3). If we prove this statement, then by the semicontinuity theorem for
cohomology ([I4, 111.8.8]) we get h'(Zx(m)) = 0 and h°(Zx(m — 1)) = 0, hence
we would conclude the proof for the pair (d,g). To get X; and X5 in the same
irreducible component of Hilb(P?) we need to rewrite the proofs of the previous
section with a few improvements. But first we need to distinguish between the
case in which d is very near to d(m, ¢)min and the case in which d is very near to
d(m, g)max- In the first case (say d(m, g)min < d < d') we will modify the proof
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of the existence of X with h%(Zx,(m — 1)) = 0 to get (for the same curve Xs)
also h'(Zx,(m)) = 0. If d is very near to d(m, g)max (say d”’ < d < d(m, g)max)
we will modify the proof of the existence of the curve X; to get a curve X; with
hY(Zx,(m)) = 0 and h°(Zx,(m — 1)) = 0. We use that N(x,t,k,y) are true for
x=m—5m—4,m—3,m— 2 (Lemma [I3)).

Set € := 0 if m is odd and € := 1 if m is even.

5.0.1. Near d(m, g)min. In this range the most difficult part is the proof of the
existence of Xo. It is the construction of Xo which says in which W (¢, k/,d',b’) we
will try to find X;. Recall that to get a curve Xy with h%(Zx,(m—1)) = 0 we started
with a curve Cy ¢— with h*(Z¢, ,_ (2t —1 —€)) = 0, where t is the maximal integer
t > 0 such that such that g; 1+ ¢g(2t+5—¢€,t,t—¢€) < g. Set k := t—e. Recall that
an element W of U (t, k, a4, b) has degree d and h'(Ow ) = g if and only if b = g—gy .
and ag = d — d; . The component W (t', k', d', ') is the component W (¢, k, aq, b),
where b = g — g1, and ag = d — dy . The curve T satisfying N(m — 1,4, k,y)
has h'(Or) = g, 3 connected components, h®(Zr(m — 1)) = b(m — 1,t,k,y) and
hY(Zr(m — 1)) = 0, hence d > a(m — 1,t,k,y) + di . The minimum integer
d(m, g)min 1s a(m —1,t,k,y) + ds . + 1, unless b(m — 1,¢, k,y) € {m—2,m— 1} (in
the latter case we have d(m, ¢)min = a(m — 1,t,k,y) + di + 2).

(a) We make the construction of Sectiondfor the integer m’ :=m—1=t+k—1
(mod 2) and the integer g (note that the numerology for g in Theorem [ is such
that we may do the construction of Section @ for m’ := m — 1 and the integer
g). We get an integer y < m' —4 =m —5 with y =t+k—1 = 0 (mod 2).
Then for all integers x > y + 2 with =y (mod 2) we proved N(z,t,k,y). Hence
N(m —5,t,k,y) and N(m — 3,¢,k,y) are true (Lemma [I3]). Since d > d(m, ¢)min,
we have d > a(m — 1,t,k,y) + d; x, hence we want to add in a smooth quadric @ a
certain union of d —a(m —3,t, k,y) — dy i, lines. We write C; U}, for a general (but
fixed in this construction) Cy 1, because we need to distinguish the two connected
components of Cy i, even when k = ¢.

(al) Assume d = d(m,g)min = a(m — L t,k,y) +dix + 1. Set z := d —
alm—=3,t,k,y) —dix =1+a(m—1,t,k,y) —alm—3,t,k,y). We need to modify
N(m —3,t,k,y) in the following way.

Assertion N'(m—3,t,k,y), m—3 =y (mod 2): Set e = 1if b(m—3,t,k,y) <
z—3and e =2if b(m —3,t,k,y) > z— 2. There is a 6-tuple (X, Q, D1, D2, 51, S2)
such that

(a) @ is a smooth quadric surface, X = C; U C} UY, Y is a smooth curve of
degree a(m — 3,t, k,y) and genus g — g, and @ intersects transversally X,
with no line of @) containing > 2 points of X N Q;

(b) D1, Dy are different elements of |Og(1,0)|, D1 N Cy # 0, Do N Cy # 0,
S; CD;\D;N(CrUCy), 1 <i<2 and §(S1) + £(52) = b(m — 3,t,k,y);
m(52) C m(S51), m2(Se) C m(Y N (Q\ (D1 U D2))); S2 =0 if e =1,
#(S2) = b(m — 3,t,k,y) — 2+ 3 if e = 2;

(C) hi(IXUS’lUSQ (m — 3)) = 0, = O, 1.

As in the proof of Lemma [B] and Lemma [l we get (X, Q, D1, D2, 51,52), X =
Cy U C}, UY satisfying N'(m — 3,t,k,y); in the proof of Lemma [0 we take R,
containing a point of C; N @ instead of a point of Y N Q and Ry containing a point
of C}, N Q instead of a point of Y N Q.
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(al.l) Assume b(m —3,t,k,y) = 0. Take Dy € |Og(1,0)| containing one point
of YNQ, L1 € |0Og(0,1)| containing a point of Cy, Ly € |Og(0, 1)| containing a point
of Cj. and general L; € |Og(0,1)], 3 <i < z—1. Set J := Dy U (Uf;ll L;). Since
X N(Q\J) is a general subset of @ with cardinality 2d, , +2a(m —3,t, k,y) — 3, we
have h°(Q, Zgn(xu.sy(m—1)) = h%(Q,Zxn(q\s)(m—2,m—2z)) = 0 (use [I0) for z =
m—3, that z = 1+a(m—1,t, k,y)—a(m—3,t,k,y) and that b(m—1,¢,k,y) < m—2).
Since Resg(X UY) = X and h°(Zx(m — 3)) = 0, we have h°(Zxys(m — 1)) = 0.
The union X U J is a nodal and connected smoothable curve of degree d and
arithmetic genus g and Y U J is a connected smoothable curve of degree d — d; ;,
and arithmetic genus g — g¢ , — 2 > 26. We may smooth Y U.J in a family of curves,
all of them containing the two points (C, UC},)NJ. Call E a general element of this
smoothing. Since Aut(P?) is 2-transitive, we may see E as a general non-special
space curve of its degree and its genus > 26. By construction and Lemma[2 we have
C;UC, UE € U(t,k,aq,b) and h' (thuc,;uE(—l)) = 0. By semicontinuity there
is a smooth Xy € W(t, k,aq,b) with h%(Zx,(m — 1)) = 0 and h*(Nx,(—1)) = 0.

(al.2) Assume 0 < b(m — 3,t,k,y) < z — 3. Hence Sy = ). We take D; and
call L; € |0g(0,1)], 1 < i < b(m — 3,t,k,y), the elements of |Og(0,1)| such that
S1 = D1 N (L1 U---U Lyn_3,4,ky)); note that each line L; contains a point of
Y N Q. Take any Ly(m—3.tky)+1 € |Oq(0,1)] with C} N Lym—3,¢k,)+1 7# 0, any
Lym—3,t,ky)+2 € [0q(0,1)] with Y N Ly(m—3.¢ k.y)+2 Z O, Lim—3,t,ky)+2 7 Li for
i <b(m —3,t,k,y) and (if b(m — 3,¢,k,y) < z — 3) take general L; € |Og(0,1)],
bm —3,t,k,y)+3<j<z-1. Set J:= Dy U (Uf;ll L;), x := Uoes, x(0) and
W =X UJUy. We have Resq(W) = X U S; and thus h°(Zres, (w)(m — 3)) = 0.
Since W N Q is the union of J and 2d; , + 2a(m — 3,t, k,y) — b(m — 3,¢,k,y) — 3
general points of @ and b(m —1,¢,k,y) < m —1, [ gives h°(Q,Zwno(m —1)) =
Q,Zxng\y(m —2,m — z)) = 0. Thus h®(Zw (m — 1)) = 0. We first deform
W to the union F of C; UC, UD; UY U (Uf;bl(mfg,t,k,y)ﬂ L;) and b(m — 3,t,k,y)
disjoint lines My, ..., My(m—3,k,y), each of them containing one point of Y. The
union F is a nodal and connected curve. Write F' = Cy U C}, U G. We have
H(GNC) =4GNC}) =1. Let G’ be a general smoothing of G fixing the 2 points
of (CLUCL)NG. CLUCLUG' € U(t, k,aq,b). By Lemmal[2 and semicontinuity there
is a smooth Xy € W(t, k,aq,b) with h%(Zx,(m — 1)) = 0 and h*(Nx,(—1)) = 0.

(al.3) Assume b(m — 3,t¢,k,y) > z — 2. Since z = a(m — 1,¢,k,y) — a(m —
3,t,k,y)+1and b(m —3,t,k)) < m—4, Lemma[d gives 2(z — 3) > b(m — 3,t, k,y).
Let L; € |0g(0,1)|, 1 <4 < z— 3, be the lines such that S, = D; N (JZ) L)
and Sz := D> N (U;~, Li). Take L._5 € |Og(0,1)| containing one point of ¥ N Q
and different from the other lines L;, 1 < z — 3. Set J := Dy U Dy U (U;:f L;),
X = Upes, x(0) and W := X U J U x. We have Resg(W) = X U S; U S, and thus
h(Zres, (wy (m—3)) = 0. Since WNQ is the union of J and 2dy x+2a(m, t, k, y)—w—
3 general points of @ and b(m —1,¢,k,y) < m—1 [ gives h*(Q,Zwno(m—1)) =
hQ,Zxng\y(m —2,m — z)) = 0. Thus h®(Zw (m — 1)) = 0. We first deform
W to the union F of Ct UC;, UD; UDy UY U (Uf;jﬂ L;) and w disjoint lines
M, ..., M,, each of them containing one point of Y. The union F' is a nodal and
connected curve. Write F' = C; UC; UG. We have {(GNC;) = 4(GNC)) =1
Let G’ be a general smoothing of G fixing the 2 points of (Cy U C}) N G. We have
C,UC,LUG" € U(t,k,aq,b). By Lemma [2] and semicontinuity there is a smooth
Xo € W(t,k,aq,b) with h°(Zx,(m — 1)) = 0 and h'(Nx,(—1)) =0.
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(al.4) Assume d(m, §)min = a(m — 1,1, k,y) + di,, + 2. We are in the set-up
of step (al.3) with the integer 2z’ := a(m — 1,t,k,y) — a(m — 3, ¢, k,y) + 2 instead
of the integer z := a(m — 1,t,k,y) — a(m — 3,t,k,y) + 1.

(a2) Assume d > d(m, g)min and set w := d—d(m, g)min. By step (al) there is
anodal curve E = C, UC, UF € U(t, k,aq —w,b) with §(C, N F) = §(C;, N F) =1,
CyN D), =0, F and h°(Zg(m — 1)) = 0. Take a general union G of F and w
lines, each of them meeting F' at exactly one point and quasi-transversally. By
construction E' := C; UC}, UG isnodal and C;NG =C: N F, C;, NG =C| NF.
Since h°(Zg(m—1)) = 0 and E' D E, we have h®(Zg:(m—1)) = 0. We may smooth
G keeping fixed the points C;NF and C}NF, because Aut(P?) is 2-transitive. Hence
there is a non-special smooth curve G” of degree d — d; ), and genus g — g 5, with
CiNnG" =CyNF, C,NG" = C;, NF and which is a general member of a family
with F’ as its special member and with C; U C}, UG” nodal. By semicontinuity we
have hO(ICtuC;CUG” (m—1)) =0. We have C; UC, UG" € U(t, k,aq,b).

(b) Set a:=t(t —2)if k =t and o := t? — 3t + 1 if k = ¢t — 1. Fix a plane
H, a smooth conic D C H and general Cy ;. We have DNC,; =0 and Cyp, N H
is a general subset of H with cardinality dy . Hence h°(H,Zync, ,up)(t +k)) =
W(H,Ic, ,nu(t+k—1)) = ("5 —dy = a and ' (H, Zync, wup) (t + k) = 0.
Then we continue the construction from the critical value ¢ + k to the critical value
t 4+ k + 2, then to the critical value ¢ 4+ k + 4, and so on up to the critical value
m — 2; in each step, say to arrive at the critical value z from a curve A’ and a set
S" with h!(Zarus (z —2)) = 0 and h®(Zarus/(x —2)) = a and 0 < 4(S') <2 —3
(and so §(5") = (I‘gl) — (z — 2)deg(A’) — 3+ g — a ; we have bijectivity inside @
and get a curve A” and a set S with h'(Zarysr(2)) = 0 and h®(Zarysy (7)) < a.
In the last step we also need to connect the connected components of the curve and
get an element B € U(t, k,a’,b) for some a; we need to check that at each step
the numerical conditions are satisfied. Call (X, @, D1, D, S1,52) the curve we get
for Ops(m — 2) and either e = 1 or e = 2. Set S := S; U Sy and o := §(S5). We
have 0 < o/ < m — 3. Since S is a union of connected components of X U S, the
restriction map H°(Oxyus(m —2)) — HY(Ox(m — 2)) is surjective and its kernel
has dimension #(S). Since h'(Zxyus(m — 2)) = 0, we have h'(Zx(m —2)) = 0
and h°(Zx(m —2) = a+a < a+m — 3. We cover in this way the integers
d such that (m+3) +g—1—dm > a+m — 3. Hence we cover all d such that

3
d(m, §)max —d > 1+ [a/m]. If t < m/4 we have a/m < m/4.

5.0.2. Near d(m, g)max. In this range the most difficult part is the existence of X3
with h'(Zx, (m)) = 0 and it is this part which dictates the component W (¢, k", a’,b")
in which we will find both X; and X5. We stress that the integers ¢, k introduced
in this subsection are not the same as in the previous one and hence also y may be
different.

(a) In this step we prove the existence of X;. We start with the maximal
integer k such that g1 +9(2k+6 —€¢,k+1—¢€k) <gandsett:=k+1—e
We use N(z,t,k,y). In particular we have N(m—4,t,k,y) and N(m—2,t,k,y). Set
aq := d—d;  and b := g—g; 1. In this step we prove the existence of A € U(¢, k, a4, b)
with h!(Z4(m)) = 0, hence by semicontinuity the existence of X1 € W (t,t—1, aq,b)
with h'(Zx,(m)) = 0. Set z := d — a(m — 2,t,k,y) — d . We write C; U C}, for
a general (but fixed in this construction) Cyj, because we need to distinguish the
two connected components, even when k = ¢t. Recall that we have ().
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(al) Assume d = d(m,¢)max- Let T be any curve satisfying N(m,t, k,y).
We have deg(T) = dix + a(m,t, k,y), h*(Or) = g, h*(Or(m)) = 0, T has 3
connected components, h*(Zr(m)) = 0 and h°(Zr(m)) = b(m,t, k,y). By (@) we
have d = a(m, t,k,y) + dy if b(m,t,k,y) <m—3and d = a(m,t,k,y) +d +1if
m—2 < b(m,t, k,y) <m—1. Hence a(m,t,k,y)—a(m—2,t,k) < z < a(m,t, k,y)—
a(m —2,t,k,y) + 1. Call n the difference between the right hand side and the left
hand side of ().

Assertion N”(m —2,t,k,y), m =y (mod 2): Set e =1 if b(m — 2,¢,k,y) <
z—3and e =2if b(z,t,k,y) > z—2. There is a 6-tuple (X, Q, D1, Dy, S1,52) such
that

(a) @ is a smooth quadric surface, X = Ct UC}, UY, Y is a smooth curve of
degree a(m —2,t, k,y) and genus g — g¢ 1 and @ intersects transversally X,
with no line of @) containing > 2 points of X N Q;

(b) D1, Dy are different elements of |Og(1,0)|, D1 N Cy # 0, Do N Cy, # 0,
Si € Di\D;n(CruCy), 1 <i <2, and §(51) + £(S2) = b(z,t, k,y);
7T2(S2) - 7T2(S1) and 7T2(S8) C 7T2(Y n (Q \ (Dl U DQ))), Sy = 0 if e = 1,
8(S2) =b(m —2,t,k,y) —z+2if e = 2;

(C) hZ(IXUSIUSQ (:E)) = 0, 1= 0, 1.

As in the proof of Lemma [6] and Lemma [l we get (X, Q, D1, D2, 51,52), X =
Cy U C, UY satisfying N"(m — 2,¢,k,y); in the proof of Lemma [ we take R,
containing a point of C; N @ instead of a point of Y N Q and Ry containing a point
of C}. N @ instead of a point of Y N Q.

(al.l) Assume b(m — 2,t,k,y) = 0. Take z — 1 distinct lines L; € |Og(0,1)],
1 <i<z-1,suchthat L; N C; = 0 for all 4, L; N C}, # 0 if and only if i = 1
and L; Y # 0 if and only if s = 2. Set J := D; U (U2, Li). Since X N(Q\ J)
is a general subset of @ with cardinality 2d;, + 2a(m — 3,t,k,y) — 3, we have
R Q, Zon(xuy(m)) = hH(Q, Ixn\s)(m—1,m+1—2)) = 0 (use the generality of
X N(Q\ J) and the difference between () and the case x := m — 2 of ([IQ)), which
gives an upper bound for §(X N (Q \ J)); we get an equality if and only if n = 0,
ie. b(m,t,k,y) =m —2and d = a(m,t,k,y) +dix +1). Since Resg(X UJ) =X
and h*(Zx(m — 2)) = 0, we have h'(Zxyy(m)) = 0. The union X U J is a nodal
and connected smoothable curve of degree d and arithmetic genus g and Y U J is a
smooth and connected curve of degree d—d; j, and arithmetic genus g— g, —2 > 26.
We may smooth Y U J in a family of curves, all of them containing the two points
(CtUCy)NJ. Call E a general element of this smoothing. Since Aut(P?) is 2-
transitive, we may see E as a general non-special space curve of its degree and its
genus > 26. By construction and Lemma [2] we have C; UC, UE € U(t, k, aq,b) and
h'(Ne¢,uc;up(=1)) = 0. By semicontinuity there is a smooth X1 € W(t,k, a4, b)
with h'(Zx,(m)) = 0 and h'(Nx, (—1)) = 0.

(al.2) Assume 0 < b(m — 2,t,k,y) < z — 3. Hence So = ). We take D; and
call L; € |0g(0,1)], 1 < i < b(m — 2,t,k,y), the elements of |Og(0,1)| such that
S1 = DiN (L1 U---U Lyn_24ky)); note that each line L; contains a point of
Y N Q. Take any Lym—2.4ky)+1 € |Oq(0,1)] with C) N Ly(m—2,4k,)+1 7# 0, any
Lytm—2.,k,y)+2 € [0q(0,1)] with Y N Lym—2.tky)+2 7 05 Lym—2,t,k,y)+2 7 Li for
i < b(m—2,t,k,y) and (if b(m — 2,¢,k,y) < z — 3) take general L; € |Og(0,1)],
b(m —2,t,k,y) +3 < j < z—1. Set J := Dy U (UZ, Li), X := Upes, x(0) and
W =X UJUy. We have Resq(W) = X US; and thus k' (Zres,, (w)(m — 2)) = 0.
Since n > 0, () and the case x = m — 2 of [[d)) give 2d, + 2a(m,t,k,y) — b(m —
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2,t,k,y)—3=m(m+3—2)—n < h%(Q,0q(m—2,m+2—2z)). Since WNQ is the
union of J and 2d; i, +2a(m, t, k,y) —b(m—2,t, k,y)— 3 general points of @, we have
hY(Q,Zwng(m)) = ht (Q, IZxn\sy(m —=1,m+1—z)) =0. Thus hY (Zw (m)) = 0.
We first deform W to the union F of C; UC, UD;UY U (Uf;;(m_s)t7k7y)+l L;) and
b(m — 3,t,k,y) disjoint lines My, ..., Mym—34k.y), €ach of them containing one
point of Y. The union F is a nodal and connected curve. Write F = C, U C}, UG.
We have §(GNCy) = 4(GNC},) = 1. Let G’ be a general smoothing of G fixing the 2
points of (CtUC},)NG. CUCLUG" € U(t, k,aq,b). By Lemmal[2 and semicontinuity
there is a smooth Xo € W (t, k,aq,b) with h'(Zx,(m)) =0 and h'(Nx, (1)) = 0.

(al.3) Assume b(m — 2,t,k,y) > z — 2. Since z > a(m, t,k,y) — a(m — 2,t, k)
and b(m —2,t, k,y) < m—3, the case z = m — 2 of Lemma [l gives 2(z — 3) > b(m —
2,t,k,y). Set w :=b(m—2,t,k)—z+3. Let L; € |Og(0,1)|,1 < i < z—3, be the line
such that Sy = Dy (2] Li) and Sy := Do (U, Li). Let L,_5 € |Og(0,1)] be a
line with L,_o # L; for any ¢ # z—2 and L,_oNY # (. Note that L;NY # () if and
only if either j <w or j =2z—2. Set J:= D;UDyU (Uf:_f L;), x = Uses,us, X (0)
and W := X U J U x and continue as in the last step.

(a2) Assume d < d(m, g)max We have n > m(d(m, g)max — d) > m and in
particular n > m > b(m — 2,t,k,y) + 2. To prove the existence of X; in this
component we only need that z > 3, i.e. that d > a,—2,¢ k,y +di 1 + 3, which is true
because 1+(m—1)d—g > (m;2) and (m—1)(a(m—2,t,k,y)+de ) +3—g = (") -
alm —2,t, k) —dyx +b(m — 2,t,k,y) > 3m. Take (X,Q, D1, D2, S1,S2) satisfying
N(m —2,t,k,y) with X = C, UC}, UY and throw away D1, Do, S1 and S. Fix
D € |0¢(1,0)| containing one point of Y NQ and z—1 distinct lines L; € |Og(0,1)]
with L; NY = 0 for all ¢, L, N Cy # (0 if and only if ¢ = 1 and L; N C}, # 0 if and
only if i = 2. Set J:= DU (Uf;ll L;) and W := X U J. As in the previous steps
it is sufficient to prove that h'(Zw (m)) = 0. We have Resq(W) = X and thus
W (Zresq (w) (m —2)) = 0. Hence it is sufficient to prove that 2'(Q, Zwnq(m)) = 0.
We have h'(Q,Zoaw (m)) = h'(Q,Zxn\s)(m — 1,m + 1 — z)). Since X N Q is
general in @, it is sufficient to prove that §(X N (Q\ J)) < m(m+ 2 — z). We have
H(XN(@Q\J)) =2de i +2a(m — 2,t,k,y) — 3. By the definition of 7 and (I0) for
x = m—2 we have 2d; ;+2a(m—2,t, k,y)—3 = m(m+2—2)+b(m—2,t, k,y)+2—n <
m(m+ 2 — z).

(b) In this part we get the existence of A € Ul(t,k,aq,b) with h°(Za(m —
1)) = 0, deg(A) = d and p,(A) = g, hence by semicontinuity the existence of
X, € W(t, k,aq,b) with h®(Zx,(m — 1)) = 0. We have h*(Z¢,, (t + k — 1)) = 0,
t =0,1and m —1 = t¢t+ k (mod 2). Fix a plane H. Let ¢ be the maximal
integer such that (Hk;ﬂ*c) < d;,. Let E C H be a general linear projection
of a general smooth and rational degree ¢ curve E/ C P2. The curve E is nodal
and it has (¢ — 1)(c — 2)/2 singular points. Set x := Upeging(r)X(r). The union
E U y is the flat limit of a family of degree ¢ smooth rational curves in P3 ([14}
Fig. 11 at p. 260]. Hence to prove that a general union of some Cy j and a smooth
rational curve of degree c¢ is contained in no surface of degree ¢ 4 k it is sufficient
to prove that hO(Ict,kuEuX(t + k) = 0 for a general Ct . Thus it is sufficient to
prove that hO(Ict,kUE(t + k)) = 0 for a general Cy . For a general C; we have
CixNE = 0 and Cy, N H is a general subset of H with cardinality d; ;. By
definition ¢ is the minimal positive integer such that h°(H,Z¢, ,nu(t+k—c)) = 0.

Set B = hO(OCt,kuEux(t +k))— (t+§+3). Since (Hk;%c) — (HI;*l) =t+k+1—c,
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we have § < (¢ —1)(¢—2)/2+t+ k + 1 — ¢. Then we continue from the critical
value ¢ 4 k to the critical value ¢t + k + 2 and so on.

At the end we obtain some B € U(t, k,aq,b) with h®(Zg(m — 1)) = 0 if 1 +
d(m—1)—g > ("]?) + B. In particular it is sufficient to assume d > d(m, g)min +
[B/(m — 1)]. We have ¢ ~ /2t, because deg(Cy ) ~ t* and (t+l§+2) ~ 2t2
Hence B ~ (¢ — 1)(c — 2)/2 ~ 2. Since t < m/4, it is sufficient to have roughly
d > d(m, g)min + m/4.

Lemma 13. Fiz t and k € {t — 1,t} such that y = t +k — 1 (mod 2) and let
gk +9gt+k+5tk) <g<-14gt1p41+9t+k+7t+1,k+1). Then we
have y < /20t — 1. In particular, if t > |m/+/20] — 5 then y < m — 6.

Proof. We have g1 k41— gtk = 2t2 —2if k =t and Gt+1,kt1 — Gtk = 202 -2t —1if
k =t—1. By definition of y, we have y > k+t+5and g > g1 +9(y,t, k) = g1 +
c(y,t, k) —c(t+ k41,6 k) —3(y—t—k—1)/2=3= g+ ST D 2 (14 ke 1420+
3)/2—3(y—t—k—1)/2—3 = gox+1/8(t+k-+y+9)(y—t—k—1)—3(y—t—k—1)/2—3.
On the other hand, we have ¢ < —1 + g1 441 + 9t +E+ 7,0+ 1,k + 1)
—1+ gry1h41 +3(t+k+ 7). Hence we get 1/8(t+k+y+9)(y—t—k—1)
Gt+1k41— Gtk +3(y—t—k—1)/24+3—-1+43(t+k+7) and in particular (y+1)?2
2012

OINIAIA

Proof of Theorem[: We fix the integer g and we perform the above construction
in both the odd and the even case, by taking either £k =t or k =t — 1. We have
hY(O(Cy(t — 1) = 0, hence we get h'(O(Cx(t — 1) = 0 by a repeated application
of Mayer-Vietoris and semicontinuity. For every ¢t > 27 such that g > g¢13 543 >
ger +9(t+k+5,t k) we get an integer y =t + k — 1 such that the statement of
Theorem [ holds for every m > y 4+ 6 with m = y (mod 2). By Lemma [I3] the
condition m > y + 6 is satisfied for every t > Lm/\/%J — 5, hence we obtain our
statement for every g with 2¢g3o = 17052 < g < ¢(m). O

Proof of Corollary [l Let m be the minimal non-negative integer such that

3
(15) md—l—l—gg(m; )
The minimality of m gives
2
(16) (m—l)d+1—g>(m; ),

in particular d > W < %2. From (I5) and (I6) we get d < ("}?). Since

g< Kd3/? — 6ed, we have

< 2 i i m+2 v — bed
9 = 3\10 2
2 (1\? [ (m+2)2\*?
< Z(__ A _
= 3 (10> < 2 > Ged
9 1 3/2
< 3 (%> (m+ 2)3 —em? < w(m)
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(notice that the coefficients of m? are controlled by our choice of K and the coeffi-
cients of m? are controlled by our choice of €). Since g < p(m), Theorem [I] covers
all degrees dy in the interval d(m, ¢)min < do < d(M, §)max. In order to check that
d is in this interval, just notice that d > d(m, g)min by [[8) and d < d(m, ¢)max by

@).
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