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A SHARP TRILINEAR INEQUALITY RELATED TO
FOURIER RESTRICTION ON THE CIRCLE

EMANUEL CARNEIRO, DAMIANO FOSCHI, DIOGO OLIVEIRA E SILVA AND CHRISTOPH THIELE

ABSTRACT. In this paper we prove a sharp trilinear inequality which is motivated by a program to obtain
the sharp form of the L2 — L% Tomas-Stein adjoint restriction inequality on the circle. Our method uses
intricate estimates for integrals of sixfold products of Bessel functions developed in a companion paper [24].
We also establish that constants are local extremizers of the Tomas-Stein adjoint restriction inequality as

well as of another inequality appearing in the program.

1. INTRODUCTION

Let (S', o) denote the unit circle in the plane equipped with its arc length measure. We are interested in

the sharp version of the endpoint Tomas-Stein adjoint restriction inequality [32, [3T] on the circle:

Il follze®2y < Copt I fllL2(s1), (1.1)

where the Fourier transform of the measure fo is given by
f;(x) = [ flwe ™¥do,, (z€R?),
St
and C,p¢ denotes the optimal constant,

Copt = sup O(f); @(f):= ||f‘7||L6(R2)||f||Z21(sl)-
0#£feL2(Sh)

The existence of global extremizers of ® was recently established by Shao [30]. Our first result establishes

that the constant function 1 is a local extremizer of ®.
Theorem 1. There exists 6 > 0 such that, whenever || f — 1|21y < 6, we have ®(f) < O(1).

It is known that the constant function 1 is a critical point of ®. Indeed, by rotational symmetry, f = 1
satisfies the generalized Euler-Lagrange equation f = )\(|]75|4f;)v |s1 that characterizes critical points, see
[9, Proposition 2.1] for details. We give the proof of Theorem [[in Section [l

Our second and main result concerns a trilinear form related to Fourier restriction. To motivate this

trilinear form, we start by using Plancherel’s identity and writing

7ol omey = 2m)2) fo * fo * foll2ame
= (2m)2(fo) * (fo) * (fo) * (fo0) * (fs0) * (f.0)(0)

= @n? [ T ) ) (o ) ) 5 (1.2
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where f,(w) = f(—w) and
dY; = 0(w1 + we + w3 + wa + ws + we) Aoy, dow, doy, doy, dow, dow,.

Here 6 stands for the two dimensional Dirac measure. Note that the measure dY¥z is supported on the four

dimensional manifold I' C (S!)® determined by
w1+ wo +ws +wy + ws +wg =0. (13)

We define the trilinear form:
T(h1, hg, h3) = / hi(w1)ha(ws2)ha(ws) (Jws + ws + we|” — 1) dS. (1.4)
(s1)e
The main result of this paper is the following monotonicity estimate, obtained in Section [B] via a spectral
decomposition and a careful analysis of integrals involving Bessel functions. By antipodally symmetric

function we mean a function h on S' with h(w) = h(-w).

Theorem 2. Let h € L*(S') be a nonnegative and antipodally symmetric function. Let ¢ = 5= [, h(w) doy,
be the mean value of h. Then

T(h,h,h) < T(c,c,c),
with equality if and only if h is constant.

This bound for the trilinear form 7T is the penultimate step in a six-step program that we propose to obtain
the sharp form of the Tomas-Stein adjoint restriction inequality (IT]) and characterize its global extremizers.
A similar program was used in [15] to obtain the sharp endpoint L? — L* Tomas-Stein adjoint restriction
inequality on the sphere S?, and subsequently in [7] to obtain the sharp non-endpoint L? — L* estimate on
the sphere S for 3 < d < 6. In this paper we complete all the steps of this program in the case of S, except

for Step 4 which remains unresolved and that we pose as a conjecture.

We briefly describe each of these steps, which result in a proof of the conditional Theorem [B below.

1.0.1. Step 1. Reduction to nonnegative functions. Since |fo x fo x fo| <|flo = |f|o *|f]o holds pointwise,
it follows that
Hfa * fox fUHLQ(Rz) < H'fla * |f|U * |f|0HL2(R2)' (15)

Here equality holds if and only if there is a measurable complex-valued function h on the closed ball B(3) C R?

of radius 3 centered at the origin such that

f(w1) f(w2) flws) = h(wi + w2 + ws) | f(w1) f(we) f(ws)|

for o3—a.e. (w1,ws2,ws) € (S')3. This can be seen as in the proof of [7, Lemma 8]. Compare also with
[10, [15].

1.0.2. Step 2. Reduction to antipodally symmetric functions. Define the nonnegative, antipodally symmetric

rearrangement f of a function f € L*(S') by

_ ISP
o=y
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If f is in L?(S'), then so is its antipodal rearrangement, with || fl|z2(s1) = ||| z2(s1)- A simple application
of the arithmetic/geometric mean inequality as in [I5, Corollary 3.3] shows that

o fw1) f(w2) fws) fx(wa) fi (ws) fi(we ) dXz < /(Sl)6 Je(wi) fy(w2) fy(ws) f1(wa) fy (ws ) fy(ws) dEg.  (1.6)
Here equality holds if and only if f = f, = fy (0—a.e. in S'). This follows as in the proof of [7, Lemma 9].

From inequalities (LH) and (LG it follows that
Copt = sup O(f).
0AfEL?(SY), £20, f=F+

We may hence assume that our candidate f € L?(S') to being an extremizer of (L) is also a nonnegative,

antipodally symmetric function.

1.0.3. Step 3. Geometric considerations. Suppose that we naively try to follow the method used in [I4] and
apply the Cauchy-Schwarz inequality directly to the last integral in (I2) (or in (L6])). We would obtain

1Fol%e ey < (27)? / @) P () 21 (ws)]? 45
(S1)6

=(27T)2/( : (@) If w2) Plf (ws) [P0 % 0 % o (wn + wa + ws) dow, dow, dow,.
S1)3

If the 3-fold convolution product ¢ * o * 0 were a constant function inside its support, then the last integral
would reduce to a constant multiple of || f ||6L2(Sl)’ and we would immediately obtain the estimate (LIJ).
Unfortunately, the quantity oxo*o(x) diverges logarithmically as « approaches the unit circle; the singularity
of o0 % 0 x 0 will be described in Section This singularity can be neutralized if in the integral (LGl we
insert an appropriate weight which vanishes when the sum of three unit vectors is again a unit vector. This

is made possible thanks to the geometrical identity illustrated in the next lemma.

Lemma 3. If (w1,ws,ws,ws,ws,wg) € T, then
> (Jwi + wj + wil* — 1) =16, (1.7)
(5)
where the sum above runs over all the (

{1,2,3,4,5,6}.

6

3) = 20 different choices of unordered distinct indices 1,5,k €

For the proof, one squares (L3) and expands (7)) to arrive at the desired conclusion.

Using this identity, we can write
I leey = g D | ften) len) ) Sen) o) en) (o + el = 1) 4
(3)

= (27)2§ / Fwr) fwa) f(ws) fwa) f(ws) f (we) (Jws + ws + ws|* — 1) dZg,
4 (s1)6

since by symmetry all 20 integrals in the first line of the last display have the same numerical value.

1.0.4. Step 4. Reduction to a trilinear problem. At this point in the program [I5], a similar weight as
(|o.)4 + ws + wgl? — 1) has been introduced, albeit nonnegative. The program there continues with an
application of the Cauchy-Schwarz inequality. Since our weight is partially negative, we cannot simply apply

the Cauchy-Schwarz inequality. Nevertheless, we pose this inequality as a conjecture:
3



Conjecture 4. Let f € L3(S') be nonnegative and antipodally symmetric. Then:

Fw1) fw2) fws) f(wa) f(ws) fwe) (lws + ws + we|? — 1) dSg

(st)s
< f(w1)2f(w2)2f(o.)3)2(|w4 + w5 + w6|2 — 1) dXs. (1.8)
(sH)e
Numerical simulations suggest that this inequality holds. One reason to believe so is that the negative
portion of the weight is small, and via antipodal symmetry the values of the functions on this negative portion
have a strong correlation with the values of the functions on the positive part. However, the antipodal

symmetry does not preserve the support of d¥g5, which makes it difficult to exploit this correlation.

If on the right-hand side of (L8] we replace w4 + ws + wg by w1 + wa + w3 and integrate out wy, ws and
we, we obtain an additional weight given by the 3-fold convolution product o * o % o(|wy + wa + w3|). As we
have already observed, this convolution has a logarithmic singularity at |wy +ws +w3| = 1, which disappears

when multiplied by the weight |w; + wa + w3|? — 1, in analogy to the program of [15].

1.0.5. Step 5. Spectral analysis of a cubic form. The right-hand side of (L) invokes the trilinear form T
of our main Theorem Thus, using (L8]) and Theorem [ yields for nonnegative, antipodally symmetric

functions f:

_ 5 5 [1£118 ek
1ol Somey < (2m)2 2 T(f2, f2, %) < (2m)? 2 =280 a1, 1) = D6, 00 (19)
i 1 TG, N

This proves the first part of Theorem [B] below.

1.0.6. Step 6. Characterizing the complex-valued extremizers. If f € L?(S!) is a complex-valued extremizer

of (L9), by Theorem 21 we must have | f|y = v 1, where v > 0 is a constant. By the discussion in Step 2 above

we must have |f| = v 1. By the discussion in Step 1 above there is a measurable function h : B(3) — C such
that

flwr) flws) f(ws) =7 h(wy + ws + ws)

for o3—a.e. (w1, wq,ws) € (S')3. We now invoke |7, Theorem 4] (which is originally inspired in the work of
Charalambides [8]) to conclude that there exist ¢ € C\ {0} and v € C? such that

fw)=ce”™

for o—a.e. w € S'. Since |f]| is constant, we must have ®(v) = 0 and |c| = . This completes the proof of

the following theorem.
Theorem 5. Assume the validity of Conjecture[fl Then
Copt = (2) 71/2(|5| Lo(z2).
Moreover, all complex-valued extremizers of (L)) are given by
flw)=ce*,
where ¢ € C\ {0} and £ € R

The endpoint problem for the sphere S? discussed in [15] is simpler than the above in Steps 4 and 5. In

Step 4, one faces the convolution of the surface measure of the sphere with itself, which has a singularity
4



at the origin, and one can choose a nonnegative weight vanishing at the origin, so that the corresponding
Step 4 follows from a plain application of the Cauchy-Schwarz inequality. In Step 5, the analogue spectral
analysis is over a bilinear rather than trilinear form. One uses the Funk-Hecke formula and properties of the
Gegenbauer polynomials to show that a certain bilinear term has a sign. This is considerably simpler than
the proof of Theorem

As evidence towards Conjecture ] we prove the following local result in Section [6l Define

V(f) = /(31)6 (f(w1) f(w2) f(ws) — f(w4)f(w5)f(w6))2 (Jws + w5 + we|* — 1) dE. (1.10)

Observe that ¥(1) is identically zero and that Conjecture Ml is equivalent to the fact that ¥(f) > 0 for
f € L%(S') nonnegative and antipodally symmetric.

Theorem 6. There exists & > 0 such that, whenever f is real-valued and | f — 1|21y < 6, we have
(/) = 0,

Note that this result holds for all real-valued functions, without assumption of nonnegativity nor antipodal

symmetry.

The study of sharp Fourier restriction inequalities for the sphere S is quite recent, with the aforementioned
works [7, 10 15, B0] and the additional [IT]. The literature on sharp Fourier restriction inequalities related
to the paraboloid and cone is extensive and we highlight the works [T}, [4] [6] (14}, 19} 2T} [26]. Other interesting
works on sharp Strichartz-type estimates and on the existence of extremizers for other Fourier restriction
estimates include [2, 3] (5, [12] 3] [16] (18, 20, 23| 25, 27, 28, 29].

2. CONVOLUTIONS OF UNIT CIRCLE MEASURES

We start by recalling a particular case of [7, Lemma 5].

Lemma 7. The convolution o * o is supported on the disk of radius 2 centered at the origin, and for |x| < 2

we have:

4
oOx0(T) = —F————.
@ |z[\/4 = [z

Lemma [7 can be combined together with an additional convolution to yield

ox(oc*0)(r) = / 4doy, ,
s, |r— w4 — |z —w|?

where S, = {w € S! : |z — w| < 2}. The last integrand can be written as a function which depends only on

the radius 7 := |x| and on the cosine u := £ - w. We have that do,, = (1 — u?)~"/2du and, by applying this

|]

change of variables in the integration, we obtain the following formula.

Lemma 8. The convolution o x o x o is supported on the disk of radius 3 centered at the origin, and for

|z| <3 we have:

4 [ d
O'*O’*O’({E):—/ - 5 (2.1)
T JA(r) /1—u2\/(15:)2+1—U\/W+1+U

where r = |z| and A(r) := —1 + max{0, (3 +r)(r —1)/(2r)}.
5



The integral (Z1]) diverges for » = 1. Suppose € := |r — 1| > 0. The contribution coming from integration
over the intervals (A(r), A(r) +¢) and (1 — &%, 1) remains bounded as ¢ — 0, while the contribution coming
from the integration over [A(r) +¢,1 — 2] grows like |loge|. We obtain, as |z| — 1,

ox0x0(x)

c <C,

log‘|x| - 1”

for some absolute constants ¢, C' > 0.

3. BESSEL FUNCTIONS

The main technical part of this paper uses the Bessel functions J,, and estimates for integrals of sixfold
products of Bessel functions that are proved in the companion paper [24]. Here we introduce the basic
definitions and present the estimates from [24] in a convenient form for our purposes. We identify R? ~ C,

and write a vector € R? as a point in the complex plane = = |z|e?*8(®), For every n € Z, define

en(z) =" = |z|"emars@),

Bessel functions can be defined via the Fourier transform of the circular harmonics.

Definition 9. Let n € Z and = € R%2. Then the Bessel function of order n, denoted J,, is defined by
end(z) = 2m(=0)"Jn(|2]) 2| " en(x). (3.1)
Bessel functions come into play via the following calculation. We have
(2m)? /(Sl)6 fr(wi) fa(w2) f3(ws) fa(wa) f5 (ws) fo (we) dEz = - F10 20 f30 fao f50 foo dx. (32)

Assume that the six functions f;, 1 < j < 6, are spherical harmonics on S', that is f;(w) = e, (w) = w™ .
Restricted to circles about the origin, the integrand on the right-hand side of (8.2) is a spherical harmonic
of index n := ny + ne + ng + ng + ns + ng. So unless n = 0, the last display vanishes. If n = 0, then
the integrand is constant on circles about the origin, and integrating in polar coordinates yields for the last
display
oo
= (27T)7/0 Ty (1) Ty (7) g (1) Ty (1) T (7) T (1) 7 A =2 (270) " Iy g g s i g -

For more general functions on S' we write

fiw) =Y fi(n)ea(w) (3.3)
nez
and obtain for ([B.2):
(2m)" > fi(n1) fa(n2) f3(ns) fa(na) f5(n5) f6(116) Iny ina nsnans .- (3.4)
ni+nz+nz+ns+ns+ng=0
Thus we will be interested in a good understanding of the quantities Iy, n,ns.n4,ns,me- NOte that the
parity J, = J_,, for even n and J,, = —J_,, for odd n allows us to restrict attention to these integrals for

nonnegative indices. In particular, the following sequences (defined for n € Z) will come into play:

Qy, 1= /000 J2(r) Jé(r) rdr, (3.5)
6



Qp, = /OOO J2(r) JE(r) JE (r) rdr, (3.6)

as well as the linear combination
B = / JZ(T) Jg(r) (3J12(7°) — Jg(r)) rdr. (3.7)
0

Table [I shows some of these values, accurate to 5 x 1077. Computing the values of o, and &, with
Mathematica required some care which is described in the companion paper [24, Section 8]. The values of
By, were obtained by subtracting the values on the first column from three times the values on the second

column.

0.3368280 | 0.0673656 | -0.1347312
0.0673656 | 0.0423752 | 0.0597600
0.0369428 | 0.0138533 | 0.0046171
0.0249883 | 0.0088143 | 0.0014546
0.0188523 | 0.0064847 | 0.0006018
0.0151231 | 0.0051433 | 0.0003068
0.0126216 | 0.0042662 | 0.0001770
0.0108283 | 0.0036466 | 0.0001115
0.0094804 | 0.0031850 | 0.0000746
0.0084305 | 0.0028276 | 0.0000523
0.0075896 | 0.0025426 | 0.0000382

TABLE 1

590000 U W - O3

The companion paper [24] gives precise estimates for these sequences summarized in the following theorem.

Theorem 10. (c¢f. [24, Theorem 1]) For n > 7 we have

3 3 1
— < .
M T 32m2(n = Un(n + 1)‘ = 50001
~ 1 3 1
Oy — — < .
dm2n 3272(n— 1)n(n+1) 500n*

We deduce the following estimate for the sequence 3,,. Define
3
82

Corollary 11. Forn > 2 even and 1 = 0.03, we have

(3.8)

Co =

Co ‘ Co
Bn— —=| <e1—.
"3 n3

Proof. For n < 10 this follows by direct checking with the values given in Table [l the tightest case being

n = 2. For n > 12 one takes a linear combination of the estimates of the previous theorem to obtain

Bn_

Co < 1
(n—1Dn(n+1)| — 125n*
The triangle inequality then yields

Co Co 1 1 1 Co Co
n— — | < < |l —=+——)—= <0.025 —.
p n3l — n3(n?-1) + 125n4 — (143 + 1500c0> n3 n3

This proves the corollary. 0



Note that the linear combination in the corollary is such that the terms of order n~! in the asymptotics

of o, and &, cancel.

We will also need estimates for

Vnym = /000 In (1) I (1) Tnpm (1) Jg(r) rdr, (3.9)
Yn,m = /000 T (1) T (7) T (7) T2 (1) Jo(r) 7 dr, (3.10)

and
Onm 1= /0 Jn(1) T (1) Jnsm (r) (3J3(r) — J5 (r)) Jo(r) v dr. (3.11)

The values on the first two columns of Table 2] were again computed with Mathematica and have precision
5x 1078,

Tn,m Tn,m 5n,m
0.00090754 | 0.00061039 | 0.00092363
0.00019186 | 0.00012012 | 0.00016850
0.00006958 | 0.00004264 | 0.00005834
0.00002195 | 0.00001272 | 0.00001621
0.00000498 | 0.00000281 | 0.00000345
0.00000160 | 0.00000089 | 0.00000107
0.00000064 | 0.00000035 | 0.00000041

TABLE 2

,_.
S50 o e o NS
N NN AN

The companion paper [24] proves the following result.

Theorem 12. (c¢f. [24, Theorem 1]) For n > 6 even we have
(i)

15 1
T2 Gantn(n + 1)(n + 2) ’ = 5000t
_ 9 1
T2 Gantn(n + 1)(n + 2) ’ = 5000t
(i)
1557 3
AT 02420 (n + 1) (n + 2)(n + 3)(n + 4) ‘ = 20000t
_ 855 3
Tt T 1024720 (n + 1)(n + 2)(n + 3)(n + 4) ‘ = 2000n"

For n and m even with n > m > 6 we have

(iii)
sl + Bl < 50
Traml s maml = 500004

Again we obtain a simple corollary for d,, ,, where we recall the constant ¢y from (B.8]).

Corollary 13. (i) For n > 2 even and e = 0.11 we have

co
2n3/2(n + 2)3/2°
8

[0n,2] < (14 ¢2)



(ii) Forn >4 even and 3 = 1.3 we have

5 2100 < Co
" S+ Dn+ 2)(n+3)(n+4)| = P8t
(iii) For n and m even with n > m > 6 and again 3 = 1.3 we have
Co
5nm < o A"
[Onm| < v353

Proof. We begin with inequality (i). For n = 2,4, 6 this is verified directly with Table[2 Again the tightest
case is n = 2. For n > 8, from Theorem [I2] we have
o 1 co 10\ */? 1
0,2 < + 7 < + (= ;
n(n+ 1)(n+2)  125n% — 2032(n+2)32 ' \8 )  100073/2(n + 2)3/2
which is less than the desired quantity. Inequalities (ii) and (iii) follow from Theorem [I2 via the estimate
3 3
— <13 —.
500 — 6472
This completes the proof of the corollary. O

4. PROOF OF THEOREM [I} CONSTANTS ARE LOCAL EXTREMIZERS OF THE EXTENSION INEQUALITY

In this section we follow the outline of [10, Section 16] to prove Theorem [l Note that
(i) ®(f) = ®(\f) for all A > 0;

(i) @(f) < (|f]) < (| f]);
(i) [[1fls = Ulrzen < M1 = zeey < 1F = Llzzesy-

We may therefore restrict attention to functions of the form
f=1+ey,

where 0 < e < 0,9 L 1, |lgllz2s1) = 1, with g real-valued and antipodally symmetric. A straightforward

calculation gives the Taylor expansion
®(f)° = @(1)° + (2m¢)?|1]|3° (1590« gox ok o 0 x0(0) — 3o x o x oo x o a(0) |1]57 ||g]13) + O(e?), (4.1)

where O(g?) denotes a quantity whose absolute value is majorized by Ce3, uniformly for g satisfying

llgllz2(s1y < 1. Note that we do not have a term in € since
goxoxoxoxoxa(0)=0
due to the discussion after (8:2) and the fact that g L 1, i.e. g(0) = 0. From ([@.I]) it suffices to show that

5 sup gokxgoxoxoxaxo(0) <oxoxoxoxaxa(0)|1]53%gl3
llgll2=1
Using (34) together with the fact that g is real with mean zero and antipodally symmetric, and therefore
can only have even nonzero Fourier coefficients, this reduces t

5 ) [gn)fan< Y 1) ao, (4.2)

ne(27) % ne(27) %

IThroughout this paper, we let (2Z)% := 27\ {0} and Z* := Z\ {0}. Similarly for (2N)*, where N := {0,1,2,...}.
9



where we have used the fact that ||g|\%2(sl) =21 oz |g(n)|?. Estimate [@2]) will follow from 5a;, < ag
for all n € (2Z)*. This in turn follows from Theorem [I0] and Table 4 In particular, for n > 10 we conclude

from Theorem [I0 that 5 . )

< < —.
= g2y + 32m2(n — 1)n(n + 1) + 500n4 — 50
This completes the proof of Theorem [I1

REMARK: By using Theorem [I[0, we appeal to the companion paper [24]. However, this particular conse-
quence ([£2) is a very simple case of the analysis in [24], and for self containment we sketch a proof of the
bound 5ay, < g for all n € (2Z)*. One first reduces the estimate to an estimate for integrals over bounded

domains, that is to

100 100
7/ Jg(r) Jél (r)yrdr < / Jg (r)rdr, (4.3)
0 0

by establishing bounds for the tails, that is

oo oo 100
25 / J2(r) Jg (r) rdr, 200 / JE(r)yrdr < / JE(r)yrdr.
100 100 0

To see these tail bounds, one estimates the left-hand sides using the well known bounds
2\ /2 T
Jo(r) — (;) cos (r - Z>

[ u(r)] < 712

< p3/2

and

for all n > 0. A sharper form of the latter inequality can be found in [22], while the former is reviewed in
[24]. The right-hand sides are then evaluated numerically. Here, we assume to have a sufficiently accurate
evaluation of Bessel functions at hand such as, for example, provided by the Mathematica package. Moreover,
Riemann sums with step size 1000~ will give sufficient accuracy. To see the estimate (@3] for the integrals
over bounded domains, in case n < 200 one simply evaluates likewise numerically. To see the estimate for

n > 200, one estimates the left-hand side using |Jo| < 1 and the well-known estimate

n

Jn(r) < "

— 27nl
for alln > 0 and r > 0, reviewed in [24]. This completes the outline of the proof that 5o, < ag for n € (2Z)*.
As a final remark, note that a more refined analysis would allow to reduce the numerical component of the

proof.

5. PROOF OoF THEOREM [2} THE SHARP TRILINEAR INEQUALITY

We shall prove Theorem [2] for i being a nonnegative and antipodally symmetric trigonometric polyno-
mial. The result for a general h € L'(S') nonnegative and antipodally symmetric follows by a standard
approximation argument, for example by convolving with the Féjer kernel, since the map h — T'(h, h,h) is
continuous on L'(S'). To pass the case of equality to the limit in the approximation argument, we observe

from the proof below that each nonzero even Fourier coefficient of h has a strictly negative contribution.

Let h be a nonnegative and antipodally symmetric trigonometric polynomial. Write

h=c+y,

2Howovor, it can be shown using integration by parts that 5a1 = ap.
10



with g L 1 and ¢ = 5~ [, h(w)do,. By the assumptions on h, we have that h(=n) = E(n) for every n € Z,
and that h( ) # 0 only if n € 2Z. The analogous statements hold for g, and moreover g(0) = 0. By linearity

and symmetry, one can immediately check that

T(h,h,h) =T(c,c,c)+3T(c,c,g) + 3T (c,9,9) +T(g,9,9)-
The strategy to prove Theorem [2] will be to analyze each of these summands separately. It turns out that
the linear term is zero, the bilinear term is nonpositive, and the trilinear term can be controlled in absolute
value by the bilinear term. Once we establish these facts, which are the subject of the remainder of this

section, the result follows.

5.1. Linear term. Let Rypw denote the rotation of w by the angle # counterclockwise around the origin.
Denote Rpg(w) = g(Rgw). Then it is immediate from the definition that T'(Rg f1, Ro f2, Rof3) = T'(f1, f2, f3)
for any functions fi, fa, f3 in L?(S'). For the linear term of our expansion this means that

T(c,e, f) =T(e,c, Rof).

Hence f — T(c,c, f) is a rotation invariant linear functional on L?(S'), and therefore it is a multiple of the

averaging operator. Since g has mean zero, we obtain T'(c, ¢, g) = 0.

5.2. Bilinear term. We expand
lws +ws +we|* =1 =2 (14w w5+ ws - we + we * Wa). (5.1)

Thus the integral (L4)) defining T'(c, g, g) splits into a sum of four terms, the last three of which are identical

by symmetry considerations. We first consider

I:= / g(w2)g(ws)dXz.
(s1)°
It follows by calculations as the ones leading to (4] that
I=goxgoxo*oxoxo(0)

N
E E €n0 emooooodr
Rz

ne(2Z)* me(2Z)*
—en Y |§<n>|2/ 6o 55555 du
ne(2Z)* R2

=(@2r)° Y [g0n)f an,

ne(27) %

where the sequence {a,} was defined in (B).

We now focus on the second integral,
I = / 9(w2)g(ws)(wa - ws) dXg.
(st)s

Observe that, using the algebra of complex numbers, we can write

1
wy - ws = cos(arg(wy) — arg(ws)) = N(waws) = 3 (w4w_5 + w_4w5) =

11

(61 (W4)6_1 (W5) +e_q (W4)€1 (W5)) .

N =



By symmetry we obtain
II = / g(w2)g(ws) e1(wg)e—1(ws) dEs.
(st)s

By a similar calculation as for the first integral we obtain

11 = (2#)_2/ 5 e e TE 55 dx
RQ

S OY dmim) / Eweane 0oadr 63

ne(2Z)* me(2Z)*
—@2m)° Y lgn)f an,
ne(2z)x
where the sequence {a,,} was defined in (3:6). Finally we obtain
T(c,9,9) = 2¢(I +31T) = =2¢(2m)° Y [§(n)|* By,
ne(2Z)x

with {8,} as defined in (B7). Since the numbers f3,, are positive by Corollary [[T] this establishes that the

bilinear term T'(c, g, ¢) is nonpositive.

5.3. Trilinear term. Identity (&) allows us to again express T'(g, g, g) as a sum of four integrals, the last
three of which are identical by symmetry considerations. We start by computing the first one similarly to

the previous calculations:

:/ g(w1)g(we)g(ws) dXs = (2#)72/ gogogoooodr
(s1)6 R2

> Y X dwamiat) [ aramarsess

ne(2Z)* me(2Z)* ke(2Z)*

D g(n + m)yn,m.

ne(2Z)* me(2Z)*

with {vn,m} as defined in B.3). For the second integral we obtain similarly
1T = / 1 Fg(wl)g(w2)9(w3)(w4 -ws) d¥g
(i)

Y > 3§ g(n+m) Yn,m,

ne(2Z)% me(2Z) %

with {¥,,m} as defined in BI0). Summarizing, we obtain

T(g,9,9) = 2(I +31I) = D g(n+m) 8nm,

ne(2Z)* me(2Z)*

with {d,.m} as defined in (BII)).

5.4. Bilinear controls trilinear. We want to show that the trilinear term we just computed is controlled
in absolute value by the bilinear term —3T(c, g, g). Since h > 0, the constant ¢ is given by (recall that we
are using the normalization ([B.3]) for the Fourier series)

_ Ipl

2L = R(0) = [[A] .

12



o~

Observe that g(n) = h(n) for n # 0. Our task can thus be reformulated as the following statement:
> b+ m)nm| <3l D [h(n)Bn.
n,m,n+me(22)* ne(2Z)*

Letting k = —m—n, we further simplify the problem by using the symmetries of the planar lattice ((2Z) X)3 N

{n+m+ k = 0}. We have two possibilities: (i) two numbers positive and one negative or (ii) two numbers

negative and one positive. Since E(n) = ?L(—n) for every n € Z, the two cases are actually the same, and
so we work with case (i) only. In this case, we consider the instances where k is negative. By the triangle

inequality, it suffices to show that

ST b))+ m)onm| < [Bllee Y [B(1)]?Ba- (5.4)
n,me(2N)x ne(2N) X
Recall that ¢y = 3/872 and define
¢y 1
8 nn+1)(n+2)(n+3)(n+4)

h,a =

and

571,4 = 671,4 —Mn,4.
For n € {6,8,...} and m € {6,...,n}, define

5n,m = 5n,m .

We break the left-hand side of (54) into 6 sums. The first two are the terms for which min(n,m) = 2,
sorted into those for which n < m and those for which n > m. The next two are the terms for which
min(n, m) = 4, in which we have isolated the main contribution 7, 4. The last two sums are the terms with

min(n, m) > 4 with the residual contribution gn,m-

(LHS) < | 3 h(mh(2)h(n +2)5u2| + | S Rn)R()h(n+ 2)8,2

ne2N: ne2N:
2<n 2<n

~

+1 3 R h@hn + Dnea) +| Y R)RAR(n + 0
n46<2N: n4€<2N:

+ Z h ﬁ ﬁn—l—m)gmm—i— Z h ﬁ ﬁn—i—m)énm

n,me2N: n,me2N:
4§m§n 4§m<n

=51+ 5+ 53+ Ss+ 55 + Se.

5.4.1. Analysis of S1. We treat these terms in a special way so as to not have to estimate h(2) by ||h« as
in S5 and Sg. Using Corollary [[3] and the Cauchy-Schwarz inequality, we proceed as follows:

s [h(n)| [h(n +2)|

S1 < h(2)[(1 +€2) 5 W32 (n 1 2)3/2

ne(2N)*

13



<0+ 3 M) 3 )

ne(2N) nc2N:

Let |?L( 2)| ==z and Y R _ 6 We seek to maximize

ne(2N)* ~ n3
2 1/2
2(s-Z )| .
(st

This maximum occurs when z2 = 45. We also note that

S < éC(3), (5.5)

where ((s) = Y07 —S is the Riemann zeta-function. At the point of maximum we then have that

n=1
2 1/2
[gﬂ (S - %)] = 257 < 42(3) ¢SY? < (0.55) ¢SV,

Hence
S1 < (1 + 52) Co (0275) cS.

Using Corollary [T we then arrive at

Sy < [M} ¢ Y Rm)E B (5.6)

1—
( 51) ne(2N)*

5.4.2. Analysis of So. We follow the same outline as above, and now we obtain a slight improvement due to

the restricted summation indices. In fact,

~ 0 (h(n)| [h(n+2)|
S2 < h(2)I(1 +e Z n3/2 (n+2)3/2

nc2N:
2<n
i ¢ 5~ b))
<h@)I1+e)5 Y 5
nc2N:
4<n
Again we let |E( 2)|==zand ) . (2) % %LJP = 5. We now seek to maximize

22
—z|(S——].
Gy
The maximum occurs when x = 1/85/3. Using (G.1)), at the point of maximum we have that

3:<S—%2>\/?2§_2;/; S < (0.422)c S.

Using Corollary [[1] this leads to
1+e9)(0.211 ~
So < [%] c E |h(n)|? Bn. (5.7)

1—
( 51) ne(2N)*

14



5.4.3. Analysis of S3. First notice that

S 2100 Z [h(n)| |h(n + 4)] n3/2(n 4 4)3/2
2o T (o A2 n(nt D(n+ 2)(n+3)(n +4)’
4<n
Note that the function
IB/Q(I+4)3/2
T

z(x+1)(x+2)(x+3)(x+4)
is decreasing on [4,00). Therefore

~

=i 2leo 4\/_ | (n)] |h(n—|—4)|
S3 < |h(4
3 < M =5~ 556 %7 2 n3/2 (n+4)3/2°
n€2N:
4<n
Using the Cauchy-Schwarz inequality, we then obtain that
1/2 1/2
5oy V2e0 [h(n)|? [f(n)]?
Sh@ip | 2 = | | 2 T
ne2N: ne2N:
4<n 6<n
Now let |h(4)| = z and ZnegN Iﬁ( )‘ =T. We want to maximize

o\ 11/2
2 (p_ 2 .
:H[x< -

This maximum occurs when 22 = 327. Note also that
2

T<2(C3) -1, (5.8)

At the point of maximum, we then have that

[:&’ (T —~ I—Q)] v = 4T < 47% T2,

64
Hence
3
S3 < ¢p C(lg cT < ¢ (0045) T
and from Corollary [Tl we arrive at
0.045 ~
S3 ( ) c |h(n)|? Bn. (5.9)
(1 o El) n€2N:
4<n

S, <|[h ()|\/—Co Z |h(”)| '

- 20 n3
nEc2N:
6<n
Again we let |E( 4)] = x and ZnegN ‘h( )l =T. We now seek to maximize

(E2
sa(T-=

15



The maximum occurs when x = 1/647/3. Using (5.8)), at the point of maximum we have that

R

Hence /3
2 8 2./C((3) -1
Sy <copoe —= = T 0.035)cT
4_0020\/33 75 eT <o )e

and from Corollary [Tl we arrive at

0.035 ~

Sy < ( ) > () Ba. (5.10)
(I-e)

5.4.5. Analysis of S5. From Corollary[ITland Corollary[I3] for every positive even integers m and n satisfying

4 <m < n, we have that

3/2,.3/2

|0m.m | co nm 73
—_ — < . 5.11
1/251/2 = 73 gt (I—e1)co ~ 8(1—e1)n (5:11)

Using (B.11)), it follows that

> > > [6,m |
Ss < hlloe > [n(n)| BY? [h(m)| B} VY]
n,me2N: Bn m
4<m<n

Z me2N: |/};(m)| ﬁ71n/2

< gaoalhle 2 w5y [ —=m=
( n€2N: "
4<n
o [ Zpe IRem)1 817
< teg ol 2o IS | =15
e M 2 CER

4<n
This last term can be estimated using the Cauchy-Schwarz inequality yielding

1/2

. ¥ pean: [h(m)| 81
S < eyl | 2 mors || X | =S . 6a2)

ne2N: n€2N:
4<n 4<n

We now recall a sharp version of Hardy’s inequality for sequences.

Lemma 14. (Hardy’s inequality, cf. [I7, p. 239]) Given any sequence {a,} of nonnegative real numbers, we

e’} 2 [e7e]
ay+az2+...+a
S (mrt) sy
n=

n=1

have

Using Hardy’s inequality in (5.12)), with a;_1 = |h(2])| 51/2 for 2 < j < %, yields

||h||oo > () B (5.13)

( ne2N:
4<n

5.4.6. Analysis of Se. For Sg we have (at least) the same bound ([BI3]) as for Ss. This is sufficient for our

purposes.
16



5.4.7. Conclusion. Putting together the estimates (5.6), (5.7), (5.9), (5.10) and (513) (twice), and recalling

c= ||ﬁ||oo, we conclude that

0.08+ (1 + 0.486) + 27 ~ ~
S14+ S+ 534+ 854+ 55+ S < |: ( 62)( ) 4 :| ||h||oo Z |h(n)|2[3n
(1 _>€1) ne2N:
2<n

The values of e1 = 0.03, e2 = 0.11 and 3 = 1.3 provided by Corollaries [[T] and [[3] guarantee that
0.08 + (1 + £2)(0.486) + 2

{ (1—e1)
This establishes (&4 and concludes the proof of Theorem

] <0974 < 1.

6. PROOF OF THEOREM A LOCAL ESTIMATE OF CAUCHY-SCHWARZ TYPE

It is sufficient to show that there exists a universal 9 > 0 such that for all g € L?(S'), with ¢ L 1 and
llgllz2sty = 1, we have W(1 +¢eg) > 0 for 0 < e < g¢. In order to simplify notation, let us write g; := g(w;).
Note that

U(1+4eg) = 52/( 1)6(91 +92+935— 91— 95— g6)° (|Jwa + ws + wg|> — 1) dEg + O(?),
S

where the constant implicit in the big O notation is uniform for g satisfying [|g||2(s1) < 1. Let us investigate

the second order term

S = /( 1)6(91 +92+ 93— 92— 95— 96)° (lwa + ws +we|* — 1) dSs
s
:6/ g (|w4+w5+w6|2—1) dE@‘f—l?/ 9192 (|o.)4+o.;5 +w6|2—1) dXg
(s1)s (s1)e

— 18/ g194 (|w4 + ws + w6|2 — 1) d>z
(st)s

(6.1)
= 12/ grdYg — 12/ 9192 d¥g + 36/ g7 (wy - ws)dSs
(CON (s1)® (sh)e
+ 36/ 9192 (wa - ws) dEg — 72/ 9194 (w1 - ws) dE
(CN (st)s
=:12A—-12B + 36C + 36D — 72FE.
By (5.2)) we have (note that we are not assuming here that g is even)
B=(2n)> Y [gn)* (~1)" an, (6.2)
nezx
and similarly to (52) we obtain
A=g’cxoxoxoxox0(0) = (21)°a gAQ(O) = (27)° Z |9(n)|? ao. (6.3)
nezx
By (&3) it follows that
D=—(2m)° Y [g(n)]* (~1)" an, (6.4)
nezx
and similarly to (B3] we obtain
C = (2@*2/ 205 E0 e 1660 dr = —(2r)°G g2(0) = —(21)° Y [G(n)[? . (6.5)
R2
nezx
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Finally, expanding the identity
/ 9194 |ws + ws|* AT =/ 9194 w1 + w2 + w3 + we|? dSg,
(sh)s (sh)s

and using the symmetries to simplify, we arrive at
B 3D

E:_E_T' (6.6)

Combining (6.10), (62), 6.3), (64), [63) and (6.6) we obtain
S =12(A+2B+3C+12D) =12(27)° > [§(n)| cn,

nezx
where
en =09 +2(—1)"ay, — 3ap — 12(—1)"ap,.
We must verify that ¢, > n > 0 for all n € Z*, with n universal. Since ¢, = c_,, we can restrict our
attention to n > 0. The casesn = 1,2,...,6 can be verified by direct computation using the values on Table
[l For n > 7, we use Theorem [I0 to get

3 21
— <
on| < g * 3272(n — )n(n + 1) + 500n*

|60, < 0.012

and hence
cn > (0 — 3dp) — 2|60, — | > 0.134 — 0.024 > 0.

This completes the proof of Theorem

We note that Theorem 2] and Theorem [f] provide an alternative proof of Theorem [
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