ON THE LIPSCHITZ CHARACTER OF
ORTHOTROPIC p—HARMONIC FUNCTIONS

P. BOUSQUET, L. BRASCO, C. LEONE, AND A. VERDE

ABSTRACT. We prove that local weak solutions of the orthotropic p—harmonic equation are locally
Lipschitz, for every p > 2 and in every dimension. More generally, the result holds true for more
degenerate equations with orthotropic structure, with right-hand sides in suitable Sobolev spaces.
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1. INTRODUCTION

1.1. The problem. In this paper, we pursue the study of the regularity of local minimizers of
degenerate functionals with orthotropic structure, that we already considered in [1, 2, 3] and [4].
More precisely, for p > 2, we consider local minimizers of the functional

N
1
(1.1) Fo(u, ) = Z ; /Q |ug, [P dz, Ve, ue W),
=1
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and more generally of the functional
N
!/ 1 P 4 /
5(U,Q):Z}; (lug;| = )b de+ | fudz, Q' €9, ueW-P(Q).
i=1 04 04

Here, Q C RY is an open set, N > 2, and d1,...,dy are nonnegative numbers.
A local minimizer u of the functional §¢ defined in (1.1) is a local weak solution of the orthotropic
p— Laplace equation

Mz

1:1
For p = 2 this is just the Laplace equation, which is uniformly elliptic. For p > 2 this looks quite

similar to the usual p—Laplace equation

Z VulP? ug, ), =0,

=1

whose local weak solutions are local minimizers of the functional

(1.3) J(u, Q) = 11) |VulP dz, Ve uew, ’p(Q’)
Q/

However, as explained in [1] and [2], equation (1.2) is much more degenerate. Consequently, as

for the regularity of Vu (i.e. boundedness and continuity), the two equations are dramatically

different.

In order to understand this discrepancy between the p—Laplacian and its orthotropic version,
let us observe that the map & — [P occuring in the definition (1.3) of J degenerates only at the
origin, in the sense that its Hessian is positive definite on R\ {0}. On the contrary, the definition
of the orthotropic functional §p in (1.1) is related to the map & — Zf\il |€i|P, which degenerates on
an unbounded set, namely the N hyperplanes orthogonal to the coordinate axes of RY.

The situation is even worse when

(1.4) max{d; : i=1,...,N} >0,

for the lack of ellipticity of the degenerate p—orthotropic functional arises on the larger set

N

JteeRY :jal < 41},

i=1
As a matter of fact, the regularity theory for these very degenerate functionals is far less understood
than the corresponding theory for the standard case (1.3) and its variants.

Under suitable integrability conditions on the function f, we can use the classical theory for
functionals with p—growth and ensure that the local minimizers of §s are locally bounded and
Holder continuous, see for example [11, Theorems 7.5 & 7.6]. This theory also assures that the
gradients of local minimizers lie in L (£2) for some r > p, see [11, Theorem 6.7].

We also point out that for f € L{¥ (), local minimizers of §s are contained in VV&)(? (Q), for
every ¢ < 400 (see [3, Main Theorem)).
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1.2. Main result. In this paper, we establish the optimal regularity expected for the minimizers
of §5, namely the Lipschitz reqularity'. More precisely, we establish the following result.

Theorem 1.1. Letp > 2, f € Wi:(Q) for some h > N/2 and let U € Wﬁ)f(Q) be a local minimizer
of the functional Fs. Then U is locally Lipschitz in §2.

Moreover, in the case 61 = --- = dn = 0, we have the following local scaling invariant estimate:
for every ball Bag, € €2, it holds

1
D
(1.5) IVU| oo (B, ) < C (7[ \VU|de> +C | R} (7[
BRO Bpg,

for some C = C(N,p,h) > 1.

1
1 —
B | Pt

IVf!hdx> ,

0

Remark 1.2 (Comparison with previous results). This result unifies and substantially extends the
results on the orthotropic functional §s contained in [2], where it has been established that the
local minimizers of §s are locally Lipschitz, provided that:

ep>2 N=2and f € Wli’f/(Q), see [2, Theorem Al;

e p>4, N>2and f € W,°(Q), see [2, Theorem B].
The second result was based on the so-called Bernstein’s technique, see for example [12, Proposition
2.19]. This technique had already been exploited in the pioneering paper [17] by Uralt’seva and
Urdaletova, for a class of functionals which contains the orthotropic functional §o defined in (1.1),
but not its more degenerate version §s. Namely, the result of [17] does not cover the case when
condition (1.4) is in force.

Still for the case §; = --- = dy = 0, an entirely different approach relying on viscosity methods
has been developped in [6]. To our knowledge, both methods are limited to (at least) bounded lower
order terms f.

On the contrary, [2, Theorem A] can be considered as the true ancestor to Theorem 1.1 above.
Indeed, they both follow the Moser’s iteration technique, originally introduced in [16] to establish
regularity for uniformly elliptic problems. However, going beyond the two-dimensional setting
requires new ideas, that we will explain in Subsection 1.3 below.

In contrast to the partial results of [2, Theorems A & B|, the proof of Theorem 1.1 does not
depend on the dimension and does not need any additional restriction on p, apart from p > 2.

It allows unbounded lower order terms, even if the condition f € Wﬁmh(Q) for some h > N/2 is

certainly not sharp. On this point, it is useful to observe that by Sobolev’s embedding we have?
Wwhh e L
1Observe that when f =0, any Lipschitz function « with |Vu| < min{d; : ¢ = 1,..., N} is a local minimizer of

Fs. Thus in general Lipschitz continuity is the best regularity one can hope for.
2We recall that

any ¢ < 4oo, ifh=N,

Nh/(N—h), ifh<N,
h =
400, if h > N.
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with h* larger than N and as close to N as desired, provided h is close to N/2. This means that,
in terms of summability, our assumption on f amounts to f € L{ () for some ¢ > N. This is
exactly the sharp expected condition on f for the local minimizers to be locally Lipschitz, at least
if one nurtures the (optimistic) hope that the regularity for the orthotropic p—Laplacian agrees
with that for the standard p—Laplacian®.

Our strategy to prove Theorem 1.1 relies on energy methods and integral estimates, and more
precisely on ad hoc Caccioppoli-type inequalities. This only requires growth assumptions on the
Lagrangian and its derivatives and can be adapted to a large class of functionals. For instance, we
briefly explain in Appendix A how to adapt our poof to the case of nonlinear lower order terms,

i.e. when fu is replaced by a term of the form G(z,u).

Remark 1.3. We collect in this remark some interesting open issues:

(1) one word about the assumption p > 2: as explained in [1] and [2], when 01 =--- =dy =0
the subquadratic case 1 < p < 2 is simpler in a sense. In this case, the desired Lipschitz
regularity can be inferred from [8, Theorem 2.2] (see also [9, Theorem 2.7]). However, the
more degenerate case (1.4) is open;

(2) in [1, Main Theorem]|, local minimizers were proven to be C, in the two-dimensional case,
for 1 < p < oo and when 6; = --- = dy = 0. We also refer to the very recent paper [14],
where a modulus of continuity for the gradient of local mimizers is exhibited. We do not
know whether such a result still holds in higher dimensions;

(3) in [4, Theorem 1.4], local Lipschitz regularity is established in the two-dimensional case for
an orthotropic functional, with anisotropic growth conditions; that is, for the functional

2

1 ,
Z; /(|uxi|—51-)1_7}d:U—I—/fud:L‘7 with 2 < p; < po.
i=1""

For such a functional, Lipschitz regularity is open in higher dimensions, even for the case

01 =---=0n =0, i.e. for the functional
21
— Di
=1

We point out that in this case, Lipschitz regularity in every dimension has been obtained
in [17, Theorem 1] for bounded local minimizers, under the additional restrictions

p1 =>4 and PN < 2p1.

Though these restrictions are not optimal, we recall that regularity can not be expected
when py and p; are too far part, due to the well-known counterexamples of Giaquinta [11]

and Marcellini [15].
3In the case of the standard p—Laplacian, the sharp assumption to have Lipschitz regularity is f € ij;l, the latter
being a Lorentz space. This sharp condition has been first detected by Duzaar and Mingione in [7, Theorem 1.2],
see also [13, Corollary 1.6] for a more general and refined result. This sharp result is obtained by using potential
estimates techniques. We recall that L] . C LfZ‘Cl for every ¢ > N and under this slightly stronger assumption on f,
Lipschitz regularity for the p—Laplacian can be proved by more standard techniques based on Moser’s iteration, see
for example [5].
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1.3. Technical novelties of the proof. Our main result is obtained by considering a regularized
problem having a unique smooth solution converging to our local minimizer, and proving a local
Lipschitz estimate independent of the regularization parameter.

At first sight, the strategy to prove such an estimate may seem quite standard:

a) differentiate equation (1.2);

b) obtain Caccioppoli-type inequalities for convex powers of the components u,, of the gradi-
ent;

c) derive an iterative scheme of reverse Holder’s inequalities;

d) iterate and obtain the desired local L* estimate on Vu.
However, steps b) and c¢) are quite involved, due to the degeneracy of our equation. This makes
their concrete realization fairly intricate. Thus in order to smoothly introduce the reader to the
proof, we prefer to spend some words.
We point out that our proof is not just a mere adaption of techniques used for the p—Laplace
equation. Moreover, it does not even rely on the ideas developed in [2] for the two-dimensional
case. In a nutshell, we need new ideas to deal with our functional in full generality.

In order to obtain “good” Caccioppoli-type inequalities for the gradient, we exploit an idea intro-
duced in nuce in [1]. This consists in differentiating (1.2) in the direction z; and then testing the
resulting equation with a test function of the form?*

U [t 27 [ty [P
with 1 < s < m. This leads to an estimate of the type (see Proposition 4.1)

N

Z € |u:ri|p_2 Ug;a; |U:ch|28 ? |uwk|2m de < C Z/|uxz|p ? (|uxj|28+2m + |u xk|2s+2m) dzx

(16) =

+Z/|Um|p_2 Ugix, |u13’4s_2 |uzk‘2m_28d$'
=1

Then the idea is the following: let us suppose that we are interested in improving the summability
of the component ug, . Ideally, we would like to take s =1 in (1.6), since in this case the left-hand
side boils down to

2 2 2 2 2 2
Z/’umzp xzx] x;:ndx>/‘u$k’p a:kxj x;:n dx
N 2
()
Tj

dx.
If we now sum over j = 1,..., N, this would give a control on the W12 norms of convex powers of
Ug, . But there is a drawback here: indeed, this W12 norm is estimated still in terms of the Hessian

4This test function is not really admissible, since it is not compactly supported. Actually, to make it admissible
we have to multiply it by a cut-off function. However, this gives unessential modifications, we prefer to avoid it in
order to neatly present the idea of the proof.
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of u, which is contained in the right-hand side of (1.6). Observe that (1.6) has the following form
N
(1.7) I(s—1,m) < C Z/ g, [P72 (g, |52 o+ fug, |25T2™) do + Z(25 — 1,m — s),

where

N
-2 2 2
Ts.m) = 3 [ a2, P [P o
i=1
This suggests to perform a finite iteration of (1.7) for s = s; and m = m; such that

{231—51 i 'i”l_l and m; — S; = Myt1, fori=0,...,%.
—

The number £ is chosen so that we stop the iteration when we reach my, = 0. The above conditions
imply that for every ¢ = 0,..., ¢, we have

m; + s; =mg + sp = 2",
In this way, after a finite number of steps (comparable to ), the coupling between u,, and the

Hessian of u contained in the term Z will disappear from the right-hand side. In other words, we
will end up with an estimate of the type

£, P—2 041 (41
/‘V‘ka|2+ dr < C Z /|Ux2’p 2 (\ z]|2 + |tg, |2 )

(1.8) W=
l_
+Z/m¢2;%g2m@

Observe that we still have the Hessian of w in the right-hand side (this is the second term), but this
time it is harmless. It is sufficient to use the standard Caccioppoli inequality (3.3) for the gradient,

which reads
£ Z+1
Z/my2wi?”w<2/ww22

and the last term is already contained in the right-hand side of (1.8). All in all, by applying Sobolev
inequality in the left-hand side of (1.8), we get the following type of self-improving information

p—2
2
In this way, we obtain an iterative scheme of reverse Holder’s inequalities. This is Step 1 in

the proof of Proposition 5.1 below. Thus, apparently, we safely landed in step c¢) of the strategy
described above.

Vu € L?7(Bg) = Vu e L*7(B,), where we set 7 = + 2¢.

We now want to pass to step d) and iterate infinitely many times the previous information. The
goal would be to define the diverging sequence of exponents 7, by

p—2 2

2¢) 0>1
5 ="

Ye =
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and conclude by iterating
(1.9) Vu € L*7(Bg) — Vu € L*(B,).

Once again, there is a drawback. Indeed, observe that by definition

*

5 e 7& Ye+1-

One may think that this is not a big issue: indeed, it would be sufficient to have

*

- Ve

(1.10) Ye+1 < 5

then an application of Holder’s inequality in (1.9) would lead us to
Vu € L*7(Bg) — Vu € L*7+1(B,),

and we could enchain all the estimates. However, since the ratio 2*/2 tends to 1 as the dimension
N goes to oo, it is easy to see that (1.10) cannot be true in general. More precisely, such a condition
holds only up to dimension N = 4.

The idea is then to go back to (1.9) and use interpolation in Lebesgue spaces in order to construct
a Moser’s scheme “without holes”. In a nutshell, we control the term

/ V> de,
Bgr

/ V|71 dx and / |Vu|? 7 da,
Br Br

and use an iteration over shrinking radii in order to absorb the last term, see Step 2 of the proof
of Proposition 5.1. Once this is done, we end up with the updated self-improving information

with

Vu € L*7-1(Bgr) =— Vue L>(B,).
What we gain is that now 2* vy > 2+, > 2,_1, thus by using Holder’s inequality we obtain
Vu € L?71(Bgr) = Vue L*7(B,).

The information comes with a precise iterative estimate and a good control on the relevant con-
stants. We can thus launch the Moser’s iteration procedure and obtain the desired L™ estimate,
see Step 3 of the proof of Proposition 5.1.

There is still a small detail that needs some care: the first exponent of the iteration is

29 =p+2,

which means that on Vu we obtain a L>® — LP*2 local estimate. Finally, in order to obtain the
desired L>° — LP estimate, one can simply use an interpolation argument (this is Step 4 of the
proof of Proposition 5.1).
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1.4. Plan of the paper. In Section 2, we define the approximation scheme and settle all the
needed machinery. We have dedicated Section 3 to the new Caccioppoli inequalities which mix
together the derivatives of the gradient with respect to 2 orthogonal directions. In Section 4, we
exploit these Caccioppoli inequalities to establish integrability estimates on power functions of the
gradient. In the subsequent section, we rely on these estimates to construct a Moser’s iteration
scheme which finally leads to the uniform a priori estimate of Proposition 5.1.

For ease of readability, both in Sections 4 and 5, we first consider the case f = 0 and § = 0,
in order to emphasize the main ideas and novelties of our approach. We explain subsequently in
Subsections 4.2 and 5.2 respectively the technicalities to cover the general case f € Wlloch(Q) and
max{d; : i=1,...,N} > 0.

Finally, in Appendix A, we generalize Theorem 1.1 to nonlinear lower order terms.

Acknowledgments. The paper has been partially written during a visit of P. B. & L. B. to Napoli
and of C. L. to Ferrara. Both visits have been funded by the Gruppo Nazionale per 1’Analisi
Matematica, la Probabilita e le loro Applicazioni (GNAMPA) through the project “Regolarita per
operatori degeneri con crescite generali”. A further visit of P. B. to Ferrara in April 2017 has been
the occasion to finalize the work. Hosting institutions are gratefully acknowledged.

The last three authors are members of the Gruppo Nazionale per 1’Analisi Matematica, la Pro-
babilita e le loro Applicazioni (GNAMPA) of the Istituto Nazionale di Alta Matematica (INdAM).

2. PRELIMINARIES

We will use the same approximation scheme as in [2, Section 2]. We introduce the notation
1 .
gi(t):g(\t]—di)ﬂ, teR,i=1,...,N,
where 0 < d1,...,dN are given real numbers and we also set

(2.1) d=14+max{d : i=1,...,N}.

We are interested in local minimizers of the following variational integral
N
! Lp
Ts(u; Q) = E / gi(ug,) dr + fudz, u € W0 (€2),
i=1 7Y &

where Q' € Q and f € VVlich (Q) for some h > N/2. The latter implies that
FeLl(Q) cLV.(Q) cLF ().

loc loc loc

The last inclusion is a consequence of the fact that p > 2 and N > 2. The condition f € Lﬁ;c is
exactly the one required in [2, Section 2] to justify the approximation scheme that we now describe.
€

We set

o 1 p €2
(2.2) 9ie(t) = gi(t) + 57 = 5(|t| —o) 5t teR
Remark 2.1. For p = 2 and §; > 0, we have g; € CHL(R)NC>®(R\ {8;, —d;}), but g; is not C2. In
this case, like in [3, Section 2] one would need to replace g; by a regularized version, in particular
for the C? regularity result of Lemma 2.2 below. In order not to overburden the presentation, we
prefer to avoid to explicitely write down this regularization and keep on using the same symbol g;.
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From now on, we fix U a local minimizer of §5. We also fix a ball
B € suchthat 2B e as well.

Here A B denotes the ball having the same center as B, scaled by a factor A > 0.

For every 0 < e < 1 and every x € B, we set U.(z) = U * o.(x), where g. is a smooth convolution
kernel, supported in a ball of radius € centered at the origin.

Finally, we define

N
5ociB) =Y [ gictun)do+ [ foude
i=1 B B

where f. = f % p.. The following preliminary result is standard, see [2, Lemma 2.5 and Lemma
2.8].

Lemma 2.2 (Basic energy estimate). There exists eg > 0 such that for every 0 < e < gy < 1, the
problem

(2.3) min {Ss(v; B) :v—-U;€ Wol’p(B)} ,

admits a unique solution u.. Moreover, there exists a constant C = C(N,p) > 0 such that the
following uniform estimate holds

/\Vug\pd:ch[/ \VU]pdm—i-]BﬁV/ \fIP da + (g0 + (6 — 1)P)|B] | .
B 2B 2B

Finally, u. € C*(B).
We also rely on the following stability result, which is slightly more precise than [2, Lemma 2.9].

Lemma 2.3 (Convergence to a minimizer). With the same notation as before, there exists a se-
quence {etreny C (0,e9) converging to 0, such that

klggo l|te), — ullLo(By = 0,

where u 1s a solution of
min {&;(U;B) cv—=Ue€ Wol’p(B)} .

We also have

(2.4) Uy, — Uz, | <26, fora.e.xeB, i=1,...,N.
In the case § =1, i.e. when §1 =---=3dy =0, then uw=U and we have the stronger convergence
(25) hm Hugk — UHWl’P(B) = O

k—00

Proof. The first part is proven in [2, Lemma 2.9], while (2.4) is proven in [2, Lemma 2.3]. For the
case § = 1, we observe that u = U follows from the strict convexity of the functional, together with
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the local minimality of U. In order to prove (2.5), we observe that

N
1
Uey )z, | da — / Ug, [P dx
()] ;p Vsl

3
< |$5,ek(uak§B) _35(U; B)| + Ek / |Vu5k|2dx
B

'/fakuskdx /fde

We now use that {uak}keN strongly converges in LP(B), is bounded in W'?(B) and that {f, }ren
strongly converges in L (B) to f. By further using that (see the proof of [2, Lemma 2.9])

lim [§5.e, (ue,; B) — 8s(U; B)| = 0,
k—o0

we finally get

(2.6) klggoz/|u5k il dx— /|sz] dx, i=1,...,N.

Observe that by Clarkson’s inequality for p > 2, we obtain

N N N N
(u ) it U i P (u ) i U i i 1
I et (SR i LRSSt N 1 O I [T M TSy Y
i=1 Lr(B) =1 LP(B) i=1 i=1
By using this and (2.6), we eventually get (2.5). O

Remark 2.4. Observe that the functional §s is not strictly convex when § > 1. Thus property
(2.4) is useful in order to transfer a Lipschitz estimate for the minimizer u selected in the limit, to
the chosen one U.

Finally, we will repeatedly use the following classical result, see [11, Lemma 6.1] for a proof.

Lemma 2.5. Let 0 <r < R and let Z(t) : [r, R] — [0,00) be a bounded function. Assume that for
r<t<s<R we have

A B
Z0< pm Y oo

with A,B,C >0, ag > 5y >0 and 0 <9 < 1. Then we have

200 (3w yog) [ * wmm +<)

where \ is any number such that

+C+92Z(s),

1
Jao < X< 1.

3. CACCIOPPOLI-TYPE INEQUALITIES

The solution wu. of the regularized problem (2.3) satisfies the Euler-Lagrange equation

N
(3.1) Z/gg,s((l%)wi) Pa; dr + /fgcpdx =0, e W()LP(B)-
=1
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From now on, in order to simplify the notation, we will systematically forget the subscript € on u,
and f. and simply write u and f respectively.

We now insert a test function of the form ¢ = 1, € I/VO1 P(B) in (3.1), compactly supported in
B. Then an integration by parts yields

(3.2) Z/gw Ug,) Uz 2; Vs da:+/f$].¢da::(),

for j =1,..., N. This is the equation solved by uy,.
We refer to [2, Lemma 3.2] for a proof of the following Caccioppoli inequality:

Lemma 3.1. Let ® : R — R" be a C! convex function. Then there exists a constant C = C(p) > 0
such that for every function n € C3°(B) and every j =1,..., N, we have

2
n? da

<oz/gzgum B (g, ) 2 dz+c/|ij||¢>’<uxj>||<1><uxj>|n2dx.

We need a more elaborate Caccioppoli-type inequality for the gradient, which is reminiscent of
[1, Proposition 3.1].

Proposition 3.2 (Weird Caccioppoli inequality). Let ®,¥ : [0,+00) — [0,+00) be two non-
decreasing continuous functions. We further assume that ¥ is convex and C. Let n € C$°(B) and
0<0<2, then for every k,j=1,..., N,

3 / gl () U2, B(u2,) (w2, ) 1 da
=1
N
<cy / gl () 2, B2 ) W2, ) [Vif? da
=1
(3.4) N .
£ (3 stuad w0 P 0 )
=1
N 2 .
x (Z / g0 (1) i [ W (2, )2 9|Vn|2dx> Lant| +oa
=1
where

e A O ATEN

)= / [ty | B2, W (2, ) 7 di
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Proof. By a standard approximation argument, one can assume that ® is C! as well. We take in
(3.2)

This gives
N
=1
=-92 Z/gz (Ua;) Ugy; U @(uij) ‘I’(U;%k) NNz, dx
(3.5)

= Z N e AL VAR

_/ij g, B(u2) W2, ) n? dw =2 Ay + Az + As.

We now proceed to estimating the three terms A,. We have
A< Z / 1 112) 020, B2 W, ) o

+2 Z [ ltus i ot vt o

and the integral containing the Hessian of u can be absorbed in the left-hand side of (3.5). Using
also that 2u33], o’ (ufc]) > 0, this yields

N
S ol 000 VG, o

N | —

<2 Z/gw e, D2, W2, ) 2, o+ Ay + A

We now estimate Ay, which is the most delicate term: writing ¥'(u2, ) = ¥'(u3,)
using Cauchy-Schwarz inequality, we get

2

Az <2 (Z/gza Uz,) ,1;1‘1;] uij @(uij)g \I/'(uik)e n? d:c)
2
<Z /gz £ uﬂ?z xlxk ’U/ik \P/(uik)279 772 dm) .
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We observe that

n? d,

Z/gifs(“wz)“ixk uik \II/( ik)Q ’ 2dx_ Z/glﬁ ka))xz

where G is the convex nonnegative C! function defined by

Glt) = /0 V()4 dr.

Thus by Caccioppoli inequality (3.3) with zj, in place of z; and

we get

N

Z/gza(u%)uilrk ui‘k \I//(u k: 2 2 < CZ/QZE uﬂfz urk)Q ?79261 dx

=1
e / ™

Guz,) G uz,)| 7 d.

By Jensen’s inequality

]
2

1—
’“\1:’(7)d7> < gy | W(w2, )13

2

0 < Gltiay) < Jtiay|” (/ '
0

Together with the fact that G'(ug, ) = 2u,, \P’(uik)l_g, this implies

[ SIS

3 / gl (g )2, 2, (2, )2 2<OZ / gl (utz,) iy [ D (a2, )20 2, dr

(%)
1-3

€ [ U s 7 002 ) W) | o
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which in turn yields by (3.6) and (3.7),

N
1
5 Z/gza uzz xlx] @(uij) \Ij(uik) 772 dzx
N
<2 Y [ g, 02 W, ) o, ds
=1
N 2
£ (3 [ setuc it i o0 P
=1

N 2
x (Z /gz/s(umi) |u$k’20 \II(UQk)Z “n; dx)
=1

1-8
: n? dx)

Here, we have also used the inequality (4 4+ B)'/2 < AlY/2 4 B1/2,
Finally,

NI

+ As.

([ Wl a7 o2, w2,

&goﬂmwww@ﬂm@ﬁm

This completes the proof.

4. LOCAL ENERGY ESTIMATES FOR THE REGULARIZED PROBLEM

In order to emphasize the main ideas of the proof, we have divided this section in two parts.
In the first one, we explain how (3.4) leads to higher integrability estimates for the gradient when
f=0and § = 1. This allows to ignore a certain amount of technicalities. In the second part, we
then detail the modifications of the proof to obtain the corresponding estimates in the general case.

4.1. The homogeneous case. In this subsection, we assume that f = 0 and 6 = 1. Then the two
terms &1 (f) and E(f) in (3.4) vanish. Also observe that in this case from (2.2) we have

giet) = (p =D [t~ +e.
Let us single out a particular case of Proposition 3.2 by taking
(4.1) o(t) =51 and U(t) =1t", for t > 0,

with 1 < s <m.
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Proposition 4.1 (Staircase to the full Caccioppoli). Let p > 2 and let n € C3°(B), then for every
k,j=1,....Nand1 <s<m

(4.2)
N
3 / G () U2, [ty 252 iy |2 2 i < C Z / gl (g, g, 2572 (V2 d
=1
N
fom+1) Y / gl (utz, ) gy [25F2 [V
=1

+Z / Gt 02, ot 4572 11 |22 2 d

Proof. We use (3.4) with the choices (4.1) above and

M=35 0,1 ifm>1,
m—1
0 =
1 if m=1.
This gives
N
Z /ggta(u%) u?:ia:j |u33j|28_2 |u$k|2m 772 d.%'
i=1

<C

E

/ 00 (1) g, 12 iy [ [Vi[? dix
=1

+C ( ’ Z/gza ul"z a:zxj‘ $J|48_2‘u$k|2m_28772dx>

2
(Z / 9 (tg,) [z, |22 rwdx) .

1
2
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We use Young’s inequality in the form Cvab < C?b/4 + a for the product in the right-hand side
to get

Z/gzs uxz :czxj ‘ $]|2572 ‘ukam 772 dzx
<c Z [ ol P P [

+Cm’ Z / 0 () [ty |72 |2 d

+Z / Gt 02, ot 4572 11y |22 2 di

In the first term of the right-hand side, we use Young’s inequality with the exponents

2m+2s 2m+2s
2s ' 2m
We also observe for the second term that m? < m. This gives the desired estimate. ([

Proposition 4.2 (Caccioppoli for power functions of the gradient). We fix an exponent
g=2%—1, for a given £y € N\ {0}.
Let n € C§°(B), then for every k =1,...,N we have

/‘V <‘ka|q+%uxk)) ndx < Cq° Z /gls Uz, ) ]uxj\2q+2\V7]|2d:c
(4.3) W=l

eTs Z / 01z, ey 2972 | V]2 de,

for some C = C(N,p) > 0.
Proof. We define the two finite families of indices {sy} and {my} such that
sp =2, me=q+1-—2° te{0,...,0)}.
Observe that
1< sp<my, 0e{0,...,0 — 1},
sp+mp=q+1, 0eH{0,...,4},
4sp—2=28p11 — 2, 2my — 280 =2myp41,
and

14
50:17 mo =g, Sﬁo:207 mfozo'
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In terms of these families, inequality (4.2) implies for every ¢ € {0,...,¢y — 1}

Z / 01 () 02, [ty 2502 [ [P0 1

<c Z [ ltwn 2 VP a

=

T+ 1) Y / g0 (1t iy [0+ [V

=1

JrZ/gw uxl z1z3| x]|25z+1—2 ’uxk|2mg+1 772 dz,

for some C > 0 universal. By starting from ¢ = 0 and iterating the previous estimate up to
{ =10y —1, we then get

Z/gm Uay) Uz, U [P I d < C'g? Z/gw Ug,) |t |2 972 [V dac

+0q Z / 0 (10, sy 94 [V de

+Z/g7,€ um mzm] |uﬂﬁ]|2q772 d$7

for a universal constant C' > 0. For the last term, we apply the Caccioppoli inequality (3.3) with

|t]a+1
= ) te Ru
q+1
thus we get
N
> / 9ie(uz,) U3, [0, | O d < O ? Z / 9i=(uz,) |z, [*7+2 |V |? d
i=1

+Oq Z / g1, |ty 2472 | ]2 de

Q+ g+ 12 Z/g” Ua,) U, | 2172 [V da;
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that is,

N

3 / G () 12, 1y P s < C Z / gl () g, 2772 [Vi[? d

(4.4) =1

+Cq* Z/gzs Uz,) |u1'k|2q+2 Vn|? da,

possibly for a different universal constant C' > 0.
We now observe that g;’_(us,) = ((p — 1) ug, P72 + 6) and thus

Z/gza Uz, ) ?cixj |ua:k’2q772 dr > /|uxk’p2 U, ’ufck‘QqUZ dx

2 ’ g+252
= 2
s ) [ (el 7 )
When we sum over j =1,..., N, we get

2 2 p—2 2
Z/g” ) s [t [ do 2 <2q+p> /’V <‘u”|q+ ’ u”)‘ 7 da.

1,j=1

2
0 dx.

This proves the desired inequality. [l

4.2. The non-homogeneous case. In the general case where f # 0 and/or 6 > 1, we can prove
the following analogue of (4.2), in a similar way:

Z/gzs u% q:la:j | 11’28_2 |u$k’2m 772 dx

N
Z/gza ul"z aczac]| $]|4S_2 |u33k|2m_2s772 dz
(4.5) i=1

C(m+1) Z / gl (az,) (Jaa, 25427 4 g, P572) (912 d

+Cm2 /‘Vf’ (‘uzk‘Zs-i-Qm—l_'_‘uzj‘Qs-i-Qm—l) 772d1'.

We then deduce the following analogue of Proposition 4.2:
Proposition 4.3. We fiz an exponent

g=2%—1, for a given £y € N\ {0}.
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Let n € C§°(Q), then for every k =1,..., N we have

N
ya
19 (sl = 50 fu ) ndw<0q52 / gleCuua) | o P72 4D g, 27 | [V da
j=1
N

+Cqs/\vfl [t I D g, [P7F) op? d
j=1

for some C = C(N,p) > 0.

Proof. Using the same notation and the same strategy as in the proof of (4.3), except that we start
from (4.5) instead of (4.2), we get the following analogue of (4.4):

Z/gzs :L"lx |u$k’2qn2 dx

<o Z / g0 (ttz,) ([t P72 + gy [2742) V2 d

Lo / V1] (g 2T+ [, P77) o dt,

‘We now observe that

2
Z [ et 0 2 (1) [ ] = 80 s P00

Noting that

—2

‘( | — )Ij

C ¢ (Juzy| = 615" Juz, [

we have

(k] = 8003 I ) |

2

2
g 292 | — 02 [( ),

IN

a:ka:]

We deduce therefrom

2q 2 £ 2
Z/gmuxl i P dn > G [ | (Gl =0 Eun )|
J
thus when we sum over j =1,..., N, we get
C 2 2
Z /gl\E Usg,) iixj |t |29 0? d > o /’V <(|uxk\ —5k)42r|uxk’q)’ n? dz.
,j=1

This proves the desired inequality (4.6). O
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5. PROOF OF THEOREM 1.1

Proof. The core of the proof of Theorem 1.1 is the uniform Lipschitz estimate of Proposition 5.1
below. Its proof, which is postponed for ease of readability, uses the integrability estimates of
Section 4. Once we have this uniform estimate, we can reproduce the proof of [2, Theorem A] and
prove that VU € L>(Y), for every Q' € Q.

We now detail how to obtain the scaling invariant local estimate (1.5) in the case 1 = --- = oy =
0. We take 0 < 79 < Rp <1 and a ball Byr, € €2. We then consider the sequence of miminizers
{ue, }ken of (2.3) obtained in Lemma 2.3, with B a ball slightly larger than Bp, so that 2 B € ().
By using the uniform Lipschitz estimate (5.3) below, taking the limit as k goes to co and using the
strong convergence of Lemma 2.3, we obtain

C [oZ (o
G v LIV ) (19013, 1)

Without loss of generality, we can assume that ||[VU|| s Br,) > 0. Hence, by Young’s inequality,

VUL (B,,) <

C g g
(5.1) ||VU\|L00<BTO><*TO)( IV, ) + IV, )

~ (Ro -

possibly for a different C' = C(N,p,h) > 0. We now observe that for every A > 0, AU is still a
solution of the orthotropic p—Laplace equation, with the right hand side f replaced by AP~ f. We
can use (5.1) for AU and get

C oz g o g
)\HVU||L00(BTO) < m ( 4 A\202(p-1) vaHihQBR | 4+ \2on HvU||iplBR ))
Dividing by A, we obtain
C 20’2 p— 1) 1 20’2 201—1 201
VUl ) < (s (5 IV Iy + 22 VU )

We take

1
A= ,

VUl Le(Bry) + HVflth (Bry)
and observe that if HVfHLh(BRO) > 0, then

, , i
)\2 2 (p—1) 1vaHihQBR < Y=
(19415t

while the inequality is obvious when ||V f1|pn Bry) = 0. Similarly,

1
)\20171 VU 201 S —— 5,1
VU85, < IVUI 5 v

VA1 5 = IV it

Ul s = IVU o5,

It thus follows that

C

1
(52) 90ty < rrgsr (197 Wity + 190 15 )
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We now make this estimate dimensionally correct. Given Ry > 0, we consider a ball Bar, € €.
Then the rescaled function

Ur,(z) = U(Ro z), for z € Ry' Q,

is a solution of the orthotropic p—Laplace equation, with right-hand side fg,(z) := R} f(Roz). We
can use for it the estimate (5.2) with radii 1 and 1/2. By scaling back, we thus obtain

_ h(p+1)—N
Ro ||VUHLOO(BRO/2) < C (RO ||VU”LP BR )—|—R0 h(p—1) vaHLh BR )

for some constant C' = C'(N,p,h) > 1. Dividing by Ry, we get

% 2 __ N h(pl—n
IVU | o0 (B, ) < € ][ \VUPdz| +CRE "7V / IVf|"dx .
Br, Br,

This concludes the proof. O

Proposition 5.1 (Uniform Lipschitz estimate). Let p > 2, h > N/2 and 0 < € < gy. For every
B,, C Br, @ B with 0 <19 < Ry <1, we have

1+ IV LN s
R) o
(5.3) IVt 2o 5, sc( o > (IVuel T sy + 1)

where C' = C(N,p,h,0) > 1 and o; = o;(N,p,h) >0, fori=1,2.

5.1. Proof of Proposition 5.1: the homogeneous case. In this subsection, we assume that
f=0and 6 =1.

For simplicity, we assume throughout the proof that N > 3, so in this case the Sobolev exponent
2* is finite. The case N = 2 can be treated with minor modifications and is left to the reader.
For ease of readability, we divide the proof into four steps.

Step 1: a first iterative scheme. We add on both sides of inequality (4.3) the term

/ V0 11z, [+

We thus obtain

/‘V((!uwk\ﬁpf ka) 77)‘ de < C¢° Z /glE Uz, ]umj]2q+2\V7]|2dx

1,5=1
NeTs Z / G112, gy 2472 | V]2 de

e / V]2 [, 277 da.
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An application of Sobolev inequality leads to

2

* 2*
(/ |tz 7 (2a+p) n? dx) <Cq Z/gm Uy, ) \uxj|2q+2]Vn\2dx

Jl

+oq Z / g () s, P4 [V de

+C/|V77|2|uxk]2q+pdm.

We now sum over kK =1,..., N and use that by Minkowski inequality,

2 N
* 2*
</|u 2% (2g+p) 172 dl‘) _ Z}|‘uxk|2q+pn2HL% > $k|2q+pn2 )
k=1 L=
This implies
X 2
T o
N S [ ) P12 Vo o
i,k=1

N
+0/|vn|2 S fug, P77 d.
k=1

We now introduce the function

Ulr) = max g, ()]

We use that
N

U2IHP < Z |umk’2q+p < NUY?atp,
k=1
and also that g (ug,) [ug, [*4T? < CUPTTP 4 U9 for every 1 < i,k < N. This yields

2
3

</u2§(2q+p> n2*>2 < Cq5/u2q+p|vny2dx+Cq5e/u2q+2|vn|2d:c

for a possibly different C' = C(N,p) > 1. By using that ¢2972 < 1 +U?9*P, we obtain (for € < 1)

2
(5.5) </Z/l 7 (2atp) 2" da:) ’ <C¢ /Vn|2 <U2q+p + 1) dx.

We fix two concentric balls B, C Br € B and 0 < r < R < 1. Let us assume for simplicity that all
the balls are centered at the origin. Then for every pair of radius r < t < s < R we take in (5.5)
a standard cut-off function

C
(5.6) ne 080(35)7 n=1lonB;, 0<n<l, anHLOO < pa—t
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This yields

2 5

2 (2q+p) Y q / 2¢+p | 1
(5.7) ( U d:c> <Ot (w277 4 1) da.

s

We define the sequence of exponents
v=p+2-2 jEN,
and take in (5.7) ¢ = 2971 — 1. This gives

2 .
* bxa 57
5.8 2y, : 2 %
(5.8) (/Btuz adx) §C<S_t)2/ (L{Hrl)dx,

K

for a possibly different constant C' = C(N,p) > 1.
Step 2: filling the gaps. We now observe that

*

V-1 << G Y for every j € N\ {0}.

By interpolation in Lebesgue spaces, we obtain

TV (177]')2

/ U dx < < Uri-1 dx) o </ Z/I%W dx) -
B By By

where 0 < 7; < 1 is given by

2*
Ti=—2 !

2 A

7]—1
We now rely on (5.8) to get
i 1-;
/ U da < (/ Ui da:) E ( / (v +1) >
By Bs S — t

lfrj

JlerZn) ()™

The sequence (7;);>1 is decreasing, which implies

12* -2 )
T > nlg]gom =g 1L for every j € N'\ {0}.

Hence,
1—7; < 1_1235‘

Tj T
Using that s < R <1 and C > 1, this implies that

1—7;

(55 " <)

( (u%' + 1) da:) o

23
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By Young’s inequality,

2]

/Lﬂjd <(1 )/ (@ +1) do+ (cQE’j >ﬁ </ U-td >”‘1
T —Tj T+ T “tdx
B B " I, ! (s —t) B

2578 Wzil
S(l—l) / UW dx'f‘Cm </B U'ijl dl‘) +‘BR‘
s R

By applying Lemma 2.5 with

Z(t):/uwdx, a0=28  and 9=1-1,
By

we finally obtain

g
(5.9) / Uide <C (25j5 (R— 7“)_25 </ Uri-1 dl’) Vj—1 n 1) ’
™ Br
for some C = C(N,p) > 1.

Step 3: Moser’s iteration. We now want to iterate the previous estimate on a sequence of
shrinking balls. We fix two radii 0 < r < R < 1, then we consider the sequence

R—1r )
Rj:T—i-F, ]GN\{O},

and we apply (5.9) with R;j;1 < R; instead of » < R. Thus we get

(5.10) /B

where the constant C' > 1 depends on N and p only.
We introduce the notation

v

Yi—1
U1 dx +1

Uide < C | 2798 (R —r)72P (/
B

Bj+1 B

Y= [ Ui da,
Br,

thus (5.10) rewrites as

. = , .,
Vi1 < C (2”5(1%—7")‘251/]“ +1> <2028 (R—r) 20 (Y +1)7% 1.

Here, we have used again that & <1, so that the term multiplying Y} is larger than 1. By iterating
the previous estimate starting from j = 1 and using some standard manipulations, we obtain

Vo1 < (€277 (R - r)”)ji;(n_j)”lﬁj i +1] ",

possibly for a different constant C' = C'(N, p) > 1. We now take the power 1/, on both sides:

o N nmi 1 > L L
Vi < (078 (R=p)728)2 7 [y 1] = (0972 (R—1)20)57 [y 1],
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We observe that ~; ~ 2712 as j goes to co. This implies the convergence of the series above and
we thus get
=]

Tnt1 ,
2]l o< (5,) = lim (/ U dx) <C(R-r)" (/ up+2dx+1> :

for some C' = C(N,p) > 1 and ' = /(IN,p) > 0. We also used that y9 = p + 2. By recalling the
definition of U, we finally obtain

1

Rn41

_1
2

(5.11) [Vul|peo(p,) < C (R~ ry = (/ |VulPT2 de + 1) "
B

R

Step 4: L*° — LP estimate We fix two concentric balls B,, C Br, € B with Ry < 1. Then for
every rog <t < s < Ry from (5.11) we have

1
C P2 C
- p+2 =

where we also used the subadditivity of 7 — 71/(P*2) We now observe that

1 1
C p+2 C
o (o)™ < S () 'V“'pdx> IVl

2
< —|V
5 IVl
pt2

(<sf;>g/)p (f, o)

We can apply again Lemma 2.5, this time with the choices

pt2 P 2
T p + 2 B, P
This yields
[Vl (s, < C ! [ wupar)
Ul[Loo(Bry) = 2 ul” dx —_
o (Ro —r0)" % \/Ba, (Ro —r0)”
for every Ry < 1. This readily implies the desired estimate (5.3) in the homogeneous case. (]

5.2. Proof of Proposition 5.1: the non-homogeneous case. We follow step by step the proof
of the homogeneous case and we only indicate the main changes, which essentially occur in Step
1 and Step 2.

Step 1: a first iterative scheme. This times, we add on both sides of inequality (4.6) the term

/‘VUP (‘uzk‘ - 51@)1—21- ’uxk‘2qu'
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Then the left-hand side is greater, up to a constant, than

J 17 (el = 60 fuy 7).

The latter in turn, by Sobolev inequality is greater, up to a constant, than

2 p oo o =
(=80 a1 )

By summing over k£ = 1,..., N and using Minkowski inequality, we obtain the analogue of (5.4),
namely

2
*

N 2* 2
(/ ‘ Z(W%‘ - 616){;— |u$k’2q‘ ’ 772 da:)
k=1

N
Y [ o) o P12 (9
i k=1

+Cq Z/\Vfl |t |27 0 de

+c/\vn| Z tay| = 8)7 [ty |29 d.

We now introduce the function

U(z) =

1
o5 iy (0]
where the parameter 0 is defined in (2.1). We use that

N p
>l = 00y 27 > (260 = O [20UP > (2070 (u = 5) 20,
k=1 +

and also that for every 1 <i < N,
() = (p = 1) (|ue,| — 052 +e < CP2UP? t e

This yields

2
oF

1 P o
/<u-2> UZ Oy da g0q5/u2q“’|Vn|2dx+cq5s/u2q+2|Vn|2d:c
+

V)
o[

+Cq° /\Vf|u2q+1 n* dx

for a possibly different C' = C(N,p,d) > 1.
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With the concentric balls B, € B, C Bs C Bp and the function n as defined in (5.6), an
application of Holder’s inequality leads to

2
2* 2%
Fl 5

1 p . 5
/ (u-) U ide| <C 2 2/ u2q+pdx+cq25/ U2 dy
B, 2), (s —1t) . (s—1) X

(5.12)

1

, n
+ Cq5 va”Lh(BR) (/B U(2q+1)h d.’L') .

From now on, we assume that

_ / *
(5.13) qzmax{p 2h 2]9_1}'

S 1) 2W
This in particular implies that

2¢+2<2q+p<(2¢+2) 1,
then by using Hélder’s inequality and taking into account that s < 1, we get

1 %p 5 (22i;§7h’
/ <u - > U 1dg <c1 ( UEat) da:) !
B, 2)4 — (s—1)?2 \Ug,

q° SN
+C 1) € </ YRat2)h d:p)

__2q+1

/ ( YR/

+C @ [V flrnsn (/ 1(2a+2) dx) rers
Bs

Thanks to the relation on the exponents, this gives (recall that ¢ < 1 and s < 1)

2

oF

2*
1\Nz? .. Cq
- 1q < (1 )
[ (u=3) wni) < T (119 ey
2q+p/
X (/ U(2q+2)h,d:c+1> e .
We now estimate

/ u(2q+2) h' dx :/ u(2q+2) h' dax +/ u(2q+2) ' dax
s B,n{U>1} Bsn{U<1}

< / UGN 4o 4 C.
-~ JBan{u>1}

(5.14)

Observe that on the set {¢/ > 1}, we have U <2 (U —1/2), . Hence,

2
5P *
(5.15) / UCHDN qp < C <u - ;) C eI T g o
Bs +

s
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where the exponent (2q + 2) k' — (2*p)/2 is positive, thanks to the choice (5.13) of q. We deduce
from (5.14) that

2
2% 2%

1\z? . Cq°
_ = q <
/Bt <u 2) widr) < (1+ ||Vf\|Lh(BR))
2q+p
(2q+2) b/

2*
. )
x /<u-1>2 UCTHDN =50 gy 4 ,
s 2 +

for a constant C = C(N,p,h,d) > 1. We now take ¢ = 2/t! — 1 for j > jo — 1, where jo € N is
chosen so as to ensure condition (5.13). Then we define the sequence of positive exponents

(5.16)

%= Qq+2N = Sp=2"0 = Tp, 20,
and
Y=2q=2"2" 1), =
In order to simplify the notation, we also introduce the absolutely continuous measure

*

2
1\ 27
dup:= (Z/I—) dx.
2/

From (5.16), we get

)
w“‘?*
5

i+

2 . 2

5 ¥ (2% , 2

Vi d < — (1 Vi d 1 J
()" < 5 (119 ) (f, 0 1)

We now observe that h > N/2 implies ' < 2*/2. By recalling that p > 2, we thus have
2h' < (2*p)/2, which in turn implies

w“‘i
B

A 2% L
5.17 -2 > > 1, > Jo.
(5.17) Y 7> Jjo
It follows that
Y+ o P _ i
v+ o P

Hence, we obtain

_ 5 C 957 , 5
(5.18) </B Ui d,u> < = t)2 (1 + vaHLh(BR)> (/BS U dp + 1) .

Step 2: filling the gaps. Since

Yi-1 <5 <A for every j > jo + 1,
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we obtain by interpolation in Lebesgue spaces,

T Y (A=7;5);

/ U dp < </ Uvi-1 d#) Yi-1 (/ Ui d,u> Aj ,
By By By

where 0 < 7; < 1 is given by

~;
(5.19) T = .

We now rely on (5.18) to get

37

/ U dy < </ Ui du) Y-t
Bt Bt
2%

o2 & W dp+ 1
| (e GEmu e 19mw) ([ wrdn)

*
2 V4 (1*Tj) 75

25j 2795 75 ) Vj—1
= 1 Yi—1
<C ot IV ””(BR”) (/B“ d“)

1—7;
X < U dp + 1> .
Bs

1—7;

(5.20)

7j

We claim that
2% — 21/
(5.21) Tj > T = T o for every j > jo + 1.
We already know by (5.17) that (7;/7;) > 2*/(2h'). Moreover, relying on the fact that (2* p)/2 <
270 b/ (this follows from the definition of jg), we also have
2< <4 o+,
Vi-1

By recalling the definition (5.19) of 7;, we get
By 1
n=<<”,77>, where ((x,y) = ————.
Vi Vi-1 ry—1
Observe that on [2*/(2h), +00) x [2,4], the function x — ((z,y) is increasing, while y — ((z,y) is

decreasing. Thus we get
2*
;> — .4
T] - C <2 h/a > 9

which is exactly claim (5.21). We deduce from (5.21) and (5.17) that

279, 74 T
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In particular, we have

*
2% v (1=75)

257 25,7 257 p
<c Wu + \IVfIILh(BR>)> < <C W(l + \|Vf||Lh(BR))> ,

since the quantity inside the parenthesis is larger than 1 (here, we use again that s < 1). In view

of (5.20), this implies
/ UV duy < Cﬁ(l + V£ ) ’ / UYi-1 d Vjil '
By "= (s —1)? L*Br) By a

1—7;
X </ U du + 1> .
By Young’s inequality,

/ Wi dp < (1—7) (/ L{'dequl)
Bt B
R0

o2 i ’ ui-rdp)
e (O IV e ((f v a
<(-1) [ wau

2578 5 | w;il
0 U IV ) ([ wmran) ™ 1
R

where C' = C(N,p, h,d) > 1 as usual. By applying again Lemma 2.5, this times with the choices

Z(t):/ U dpu, ag =20, and 9=1-r7,
By

we finally obtain
)

2578 Yi—1
22 Yidp < C 0 (1 b Vi1 :
a2 [ w0 s 0 IV ) ([ w0 )P e

Step 3: Moser’s iteration. Estimate (5.22) is the analogue of (5.9), except that the Lebesgue
measure dx is now replaced by the measure dyu, and the index j is assumed to be larger than some
jo + 1, instead of 7 > 0 as in (5.9). Following the same iteration argument and starting from
7 =Jo+ 1, we are led to

L+ V£ # .
(5‘23) HUHLOO(Br,du) <C < H f”L’ (BR)> </ U Vio du—}—l) Yio :
R - T Br

for some C = C(N,p,h,8) > 1, §' = B/(N,p,h) > 0.
Step 4: L — LP estimate. We now want to replace the norm Lo (Bpg,du) of Y in the right-hand
side of (5.23) by its norm LP(Bg,dz). Let ¢ := 2/1+! — 1 where

Yo

jri=min{j = jo: j+1>log (1+22)}.
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Then ~;, < 2% ¢ and thus, by using that

UMio < 227010 2701 whenever U > %,
we have
2%q;
=
(524) ||u||L7j0 (Bgr,du) = CHUHLQJQ‘H Bgr,du)”
We rely on (5.14) with ¢ = ¢1 to get forevery 0 < r <t <s< R
C
9 2q1+
(5.25) 1 ) < (o a2 (119 i) (52 g, +1)

for some new constant C' = C'(N,p, h,d) > 1.
Since j1 > jo, we have p < (2q1 +2)h' < 2*/2(2q1 + p), and thus, by interpolation in Lebesgue
spaces

(5.26) el ey < WA, A

where 6 € (0,1) is determined as usual by scale invariance. As in the proof of (5.15), we have
2q1
24q1+p

HUHL2*‘11+%}1’(B CHUHLQiql Bs d,LL) +C
Inserting this last estimate into (5.26), we obtain
2q1+ 2410 1-6) (2q1+p) 1-0) (2q1+
12wy < CIUIEER G o I+ C A G 547,

up to changing the constant C' = C(N,p, h,d) > 1. In view of (5.25), this gives

C
2
0 ) < =gz (1 190 o)

2q1 0 0) (2q1+ 1-0) (2
X (A28 g WA 7 ) 97 1)

By Young’s inequality, we get

1

1173 < 0 |33 F1-0) (L 0+ I ) Il E0)
L2791(By, dp) L?"91(Bs, dp) (s —1)2 (Br) LP(Br)

R)

C (1-0) (2q1+p)
F o (VT len) (S +1).

By Lemma 2.5, this implies

1
2 1 =0 +p)
1032 01 5, a0 < C (M<1+ HVerh(BRO))) (a2t +1)

after some standard manipulations. Coming back to (5.23) and taking into account (5.24), we

obtain ,
L+ IV Fllzisay 7
0
4] 51y, < © ( e (14172 5+ 1)
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where C' = C(N,p,h,d) > 1 and 0; = 0;(N,p,h) > 0, for i = 1,2. By definition of U, we have
IVu| <26 VNU < VN |Vul.

Since [[U||L (B, dy) T 1 = UL~ (B,,), it follows that

1+ HVfHLh(BRO) & -
[Vl (,,) < ( i— (170l 50y 1)

possibly for a different constant C' = C (N, p, h,d) > 1. This completes the proof. O

APPENDIX A. LIPSCHITZ REGULARITY WITH A NONLINEAR LOWER ORDER TERM

In this section, we consider the functional
N
Gs(u, Q) = Z/ [gz(uwl) + G(m,u)] dz, Ve ue VV&?(Q’)
=17

The lower order term f u of the functional §s is thus replaced by a more general term G(z,u). We
assume that G is a Carathéodory function and that for almost every « € ), the map

& G(x,§) is C' and convex.

We denote f(z,§) := Ge(x,§) and we assume that f € I/Vli):(ﬂ x R), for some h > N/2. Finally,
we assume that G(z,€) satisfies the inequality

(A1) |G (2,6)] < b(@) |ul” + a(x)

where 1 < p < v < p* and a,b are two non-negative functions belonging respectively to L (£2)
and L{ (Q) with s > N/p and o > p*/(p* — 7).

Under assumption (A.1), all the local minimizers of &s are locally bounded, see [11, Theorem
7.5] and moreover, for every such minimizer u, for every B,, € Bg, € (2,

lull (B, < M,
where M depends on ||uHW1,p(BR0),r0,R0, 16/ Lo (Ro)> and ||a||LS(BRO)'
Then we have:

Theorem A.1. Letp > 2 and let U € VV&’?(Q) be a local minimizer of the functional &s. Then U
1s locally Lipschitz in €.

Proof. We only explain the main differences with respect to the proof of Theorem 1.1. Since G
is convex with respect to the second variable, the functional & is still convex. This implies that
Lemma 2.3 remains true with the same proof. We then introduce the approximation of G:

Gl §) = [ Gl =1 = Q) pelo) 7(0) dy e

where p. is the same regularization kernel as before, while p; is a regularization kernel on R.
Given a local minimizer U € VVéf (©2) and a ball B C 2 B € (, there exists a unique C? solution
ue to the regularized problem

min {055(1);3) cv—Uz € Wol’p(B)} ,
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where

N
&.(v; B) :Z/Bgi,g(vxi)dx—k/BGE(x,v) dx
i=1

and U, = U * p.. Moreover, by [11, Remark 7.6] we have u. € L*°(B), with a bound on the L
norm uniform in € > 0. In order to simplify the notation, we simply write as usual v and f instead
of u. and f.. The Euler equation is now

N
Z/gé,a(uzi)%i dfv+/f(w,U)stx=0, p € WyP(B).
=1

When we differentiate the Euler equation with respect to some direction x;, we obtain

N
Z/gzs(uxl)uazlx] Q;Z)zz d$—|—/ (fx](mvu) + ff(x,u) u:tj) Ydr =0, (NS W()Lp(B)'
=1

We can then repeat the proof of Proposition 5.1 with this additional term f¢(x, u)uxj which leads
to the following analogue of (5.12):

o 1
1\z? o ¢ 2 7 2q+2
/ (u-) urds| <L _ [ wrrragio Lo [ y2etan
B, 2], (s —1)* /g, (s—1) Bs

1
B

+C ¢ | Vafllpn ( /B Yy dm)

1
, n
+C ¢ | felln (/B YRarh dw) :

Using again Holder’s inequality for the first three terms, we obtain inequality (5.14) where ||V f]|
now represents the full gradient of f with respect to both z and £. The rest of the proof is the
same and leads to a uniform Lipschitz estimate, as desired. O

(1]
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