




Riassunto

L’argomento affrontato in questa tesi riguarda lo sviluppo di un modello a pa-
rametri concentrati in grado di simulare il comportamento vibratorio di pompe
a palette a cilindrata variabile. Si tratta di un modello piano a tre gradi di
libertà, deputato allo studio della dinamica delle parti in rotazione. Tale mo-
dello considera l’azione delle forze di pressione variabili sul rotore, le reazioni
dei cuscinetti idrodinamici, l’attrito dovuto alle azioni viscose ed alle forze di
contatto, le proprietà del rotore in termini di rigidezza e smorzamento, le va-
riazioni della geometria della pompa in funzione delle condizioni di esercizio ed
infine, tutte le azioni d’inerzia. In particolare, il calcolo delle forze e delle coppie
di pressione è svolto grazie alla valutazione preliminare del campo di pressione
mediante un modello basato su un approccio euleriano che considera 26 volumi
di controllo.

Il modello in questione può quindi determinare il campo di pressione agente
all’interno della pompa e calcolare le accelerazioni a cui è sottoposto il rotore,
le forze di reazione dei cuscinetti fluido-dinamici e la coppia motrice assorbita
dalla pompa in condizioni operative.

Dopo la descrizione del modello dal punto di vista teorico, vengono presentati
la campagna sperimentale ed il metodo di validazione. A tal pro si è sviluppata
un’originale metodologia, che consiste nel comparare le accelerazioni del corpo
pompa calcolate servendosi del modello con le medesime accelerazioni misurate
in condizioni di esercizio.

Infine alcuni significativi risultati vengono riportati quale esempio di appli-
cazione.

Il principale contributo originale di questa tesi consiste nello sviluppo di un mo-
dello dinamico non lineare di pompe a palette a cilindrata variabile che include
simultaneamente i più rilevanti fenomeni dinamici presenti nel funzionamento
della pompa e la valutazione delle loro interazioni. Questa peculiarità può essere
importante al fine di investigare l’influenza di modifiche progettuali sul compor-
tamento del sistema meccanico in questione e, in questo senso, il modello svilup-
pato può essere considerato un valido strumento di prototipazione, in grado di
identificare l’origine di effetti dinamici indesiderati.
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Abstract

This PhD thesis presents a lumped parameter model able to simulate the vi-
brational behavior of a wide range of variable displacement vane pumps. The
vibration analysis of the rotating parts is carried out through a planar model
with three degrees of freedom. It takes into account the variability of the pres-
sure loads acting on the rotor shaft, the hydrodynamic journal bearing reactions,
the friction due to viscous actions and contact forces, the rotor shaft stiffness
and damping, the variation of the pump geometry with respect to working con-
dition and all the inertia actions. In particular, the computation of pressure
forces and torques is allowed by the preliminary evaluation of the variable pres-
sure field acting inside the pump, obtained through a model based on an Euler’s
approach with 26 control volumes.

Thus, the present model makes it possible to define the pressure field acting
inside the pump, and calculate the rotor shaft accelerations, as well as the journal
bearing reaction forces and the motor drive torque absorbed by the pump in
working condition.

The test campaign and the validation method are then described: an original
assessment technique based on the comparison of pump casing accelerations is
proposed.

Finally, some important simulation results are reported as an example of appli-
cation.

The main original contribution of this work concerns the development of a non-
linear model of variable displacement vane pumps including all the important
dynamic effects in the same model, with the aim at taking into account their
iterations. This can be important in order to foresee the influence of work-
ing conditions and design modifications on the pump vibrational behavior. In
this sense the developed lumped parameter model could be a very useful tool in
prototype design, in order to identify the origin of unwanted dynamic effects.
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Preface

Nowadays, increasing attention is addressed to vibro-acoustic problems in me-
chanical systems to improve their performances in terms of precision, reliability
and comfort. In this frame the research activity I carried out during my PhD
has dealt with the development of methodologies and applicative tools integrat-
ing vibro-acoustic modeling and experimental analysis with the aim to optimize
the vibro-acoustic behavior of mechanical systems and to understand the com-
plex phenomena related to their operational conditions. In more detail, my
activity focused on the study of advanced modeling, simulation and experimen-
tal assessment techniques for the characterization of complex machinery and
physical systems. The two main topics I studied in the last three years are the
nearfield structure-borne sound holography applied to shell shape elements and
the lumped parameter modeling of variable displacement vane pumps. This last
topic will be widely discussed in the present work.

When dealing with complex mechanical systems, such as variable displacement
vane pumps, an accurate prediction of the system dynamical behavior is capi-
tally important in a proper vibro-acoustical optimization. The first target is the
simulation of the pressure field acting inside the pump. As a matter of fact the
pressure fields is the main actor in determining the time variable loads acting
on the pump casing. In this sight a zero-dymensional model, based on an Eu-
ler’s approach has been developed allowing to compute the pressure evolution
by solving a system of flow rate continuity equations. The results have been
validated by comparison with experimental pressure evolutions. Furthermore,
the forces exciting the rotor shaft have been calculated and used as input data
for a kineto-elastodynamic model that analyzes the equilibrium between the re-
sulting pressure forces, the journal bearings reactions and the inertial actions.
In this way the variable forces exciting the pump casing in working condition
are fully characterized.

Another important activity deals with the frequency response function of the
pump casing. To do this, an original procedure has been studied to better
simulate the pump behavior in working conditions.

Finally the model outputs in term of time varying forces and the experimental
frequency response functions can be used to estimate the pump casing acceler-
ations that are the main noise cause. Such a global analysis approach can be
rarely found in the literature and involves a large number of modeling techniques
at the same time.

Part of this activity has been reported in the following publication:
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Cavallari, M., Montanari, A., Mucchi, E., and Dalpiaz, G. ”Analysis
of the evolution of the pressure forces in variable displacement vane
pumps using different approaches”. By Meneghetti, U., Maggiore, A.,
Parenti Castelli, V., in Quarta Giornata di studio in onore di Ettore
Funaioli, 16th July 2010, Ed. Asterisco, Bologna (acts in press).

The activity about nearfield structure-borne sound holography have been car-
ried out during a period of six months I spent to the Department of Fluid Me-
chanics and Engineering Acoustics of the Technische Universität Berlin, under
the supervision of Prof. B. A. T. Petersson. This project have been devel-
oped in the frame of the EDSVS program (European Doctorate in Sound and
Vibration Studies) with the aim at defining a new technique suitable to re-
construct the velocity and force fields acting on the surface of a shell shape
element with multiple excitation points (further information can be found at
www.isvr.soton.ac.uk/edsvs/pro08 Marco Cavallari.htm). This novel approach
allows to calculate the excitation forces starting from vibrational velocity mea-
surements of the same structure in the near field. The structure has been
modeled in MATLAB environment and the results have been experimentally
assessed after having characterized the source-receiver coupling thanks to a test
bench suitably designed. The promising results of this activity have been related
in this publication:

Cavallari, M., Bonhoff, H. A., and Petersson B. A. T., 2009, ”Nearfield
structure-borne sound holography”. In NOVEM 2009, 5−8 April 2009,
Oxford.

Moreover, I worked in the diagnostics of mechanical systems by means of ad-
vanced signal processing techniques. In this frame I developed the cyclosta-
tionary modelling and other advanced techniques for the diagnosis of assembly
faults in internal combustion engine cold tests; I studied polyurethane heavy-
duty wheels for industrial applications to detect contamination faults and finally
I worked on signal precessing techniques applied to fault detection in helical
gearboxes.

Delvecchio, S., D’Elia, G., Cavallari, M., and Dalpiaz, G., 2008, ”Use
of the cyclostationary modelling for the diagnosis of assembly faults in
i.c. engine cold tests”. In Proceedings of ISMA2008, 15−17 September
2008, Leuven, Belgium.

Cavallari. M., D’Elia, G., Delvecchio, S., Malagò, M., Mucchi, E.
and Dalpiaz, G., 2009, ”On the use of vibration signal analysis for
industrial quality control”. In acts of Aimeta 2009, 14− 17 September
2009, Ancona, Italy.

Cavallari, M., D’Elia, G., Delvecchio, S., Malagò, M., Mucchi, E. and
Dalpiaz, G., 2010, ”Condition monitoring by means of vibration anal-
ysis techniques: some case studies”. By Meneghetti, U., Maggiore, A.,
Parenti Castelli, V., in Terza Giornata di studio in onore di Ettore Fu-
naioli, 16th July 2009, Ed. Asterisco, Bologna, ISBN 978 − 902128−
8− 8. Available online: http : //amsacta.cib.unibo.it/2771/.

At the end of my PhD experience I wish to thank BERARMA s.r.l (Casalecchio
di Reno, Bologna, Italy) for their active co-operation during the test campaigns
and all the people I have worked with during the last three years, in Italy and in

viii



Germany. Many tanks to my colleagues and friends Gabriele, Gianluca, Simone,
Stefano and Marco: I feel honored to have worked with all of you.

Finally a special tanks to Emiliano and to my supervisor, Prof. Giorgio Dalpiaz
for their help during my studies.

Ferrara, 03/02/2011

Marco Cavallari
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Chapter 1

Introduction

In this introductory section a general overview of the present study will be pro-
vided. Dealing with high pressure variable displacement vane pumps great at-
tention must be payed to all the dynamic phenomena taking place inside such
machinery. For this reason several advanced modeling techniques have been de-
veloped and used. The basic theory, the applications and the results of these
models will be reported in the present work following the scheme underlined
hereafter.

1.1 Variable displacement vane pumps peculiar-

ities

Vane pumps are a particular kind of positive displacement pumps (PD), in
which a unit of fluid is physically transferred from an inlet region to an out-
let region. In the family of PD pumps, vane pumps can be classified as ro-
tary pumps. With respect to alternative pumps, this category will produce
a smoother and more continuous flow, while alternative pumps will lead to a
pulsed flow. Between vane pumps it is possible to distinguish three subfamilies
[1]:

• Single chamber vane pumps: they uses an eccentric circular pressure ring
that allows to obtain for each vane space a single cycle from inlet to outlet
pressure per rotor revolution;

• Double chamber vane pumps: they uses an elliptical pressure ring charac-
terized by a double eccentricity that allows to obtain for each vane space
a double cycle from inlet to outlet pressure per rotor revolution;

• Variable displacement vane pumps: in this kind of vane pumps a circular
pressure ring can vary his eccentricity with respect to the rotor shaft.

The three items previously listed are respectively depicted in Figures 1.1, 1.2,
1.3, where the inlet region is represented in blue, while the outlet region in red.
The pump studied in this thesis is a variable displacement high pressure vane
pump. This kind of PD pump is widely used in machine tools and in hydraulic
systems thanks to its control strategy. In fact the lubricant flow rate can be
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Figure 1.1: Single chambre vane pump.

Figure 1.2: Double chambre vane pump.

simply tuned accordingly to system and efficiency requirements by varying the
relative eccentricity between pressure ring and rotor shaft. In this way the
pump elaborates only the required flow rate allowing to save energy. This main
feature leads to select a variable displacement vane pump for all the applications
in which the plant needs to be kept at working pressure by compensating the
plant losses and only occasionally a flow rate is required to move tools mounted
on the lyne. This is the typical case of a machine tool, i. e. a drill, that usually
stands still, only when the tool start to be used the variable displacement vane
pump starts to elaborate the required flow rate. As a machine tool component,
the pump being studied must provide low vibration and acoustic levels to ensure
high working precision as well as health and comfort of technicians. In this sight,
an optimization process must be performed to reduce vibration levels and noise
emissions. This optimization process is based on advanced modeling techniques
as described hereafter.

1.2 Modeling mechanical systems

Modeling a complex mechanical system is often an hard task, in fact a complete
knowledge of the system is required to avoid mistakes and errors, a coherent for-
mulation of the problem must be done and finally the mathematical formulation
must be implemented in an efficient and smart way. Let us consider separately
all this step resumed in the flow chart of Figure 1.4 [2]. In more detail, the
mechanical system to be studied will be analyzed in Chapter 2, the physical
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Figure 1.3: Variable displacement vane pump.













Figure 1.4: Flow chart of an ideal modeling process.

model and the mathematical formulation will be treated in Chapter 3, the main
aspects of the implementation will be described in Chapter 4, the validation
procedure will be reported in Chapter 5 and finally an example of application
will be summarized in Chapter 6.

1.2.1 Physical model

Usually the physical model represents an equivalent system of the actual me-
chanical system under some hypotheses:

• The distributed characteristics (e.g. density, stiffness, damping, etc) are
replaced with lumped characteristics;

• When possible the system behavior is supposed to be linear;

• The system parameters are not time-varying;

• The uncertainties are neglected.

The physical model built up depends on the kind of analysis that has to be
performed. For example to study the pump PHV 05 a kyneto-elastodynamic
model has been developed. Using such an approach, the properties of the system
in terms of mass, stiffness and dumping are considered as Lumped Parameters,
for this reason it is called LP model.
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1.2.2 Mathematical model

This kind of LP model can be generally represented by means of the second
order system of differential equations (1.1):

[M ]ẍ+ [C]ẋ+ [K]x = F (t) (1.1)

where [M ], [C] and [K] represents the mass, the viscous damping and the stiff-
ness of the system and F (t) is the external force field applied to the system,
while ẍ, ẋ and x are respectively the vectors of accelerations, velocities and
displacements.
In the case of volumetric pumps, the force calculation can be generalized as
stated in equation (1.2), where si is the generic surface in which the pressure pi
is acting.

Fi =

∫
pidsi (1.2)

For this reason a deep characterization of the pressure field is required because
quantity F (t) in equation (1.1) can be determined once the pressure evolution
around the rotor shaft is calculated. The pressure field calculation involves the
solution of a first order differential equation system whose equations can be
written in a general way as follows:

dpi
dϕ

= f(p) (1.3)

Where pi represents the pressure evolution in a generic control volume and p
represents the whole pressure field to be calculated.

1.2.3 Integration

The system of first order differential non linear equations, with non constant
coefficients describing the pressure field is an example of stiff problem. To
solve it, a variable order solver, based on the numerical differentiation formulas
(NDFs) has been used. The algorithm is an explicit Runge-Kutta variable step
formulas for stiff initial values problems (IVPs) [3]. On the other hand, dealing
with the rotor shaft equilibrium system solution, also fixed step solvers can
be used. In this case the solution is easier and faster because the problem is
non-stiff and it is described by few equations.

1.3 Variable displacement vane pump: state of

the art and modeling

When dealing with variable displacement vane pumps, the use of models is suit-
able to investigate and optimize several aspects related to working condition.
In particular, since this kind of pumps often equips machine tools, great im-
portance is given to the optimization of the vibrational behavior to ensure high
working precision as well as comfort of technicians.
The first step in order to simulate the pump dynamic behavior is the develop-
ment of a dynamic model of the rotating parts. A Lumped Parameter (LP )
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model is generally considered for this purpose: this approach consists in con-
sidering all the inertia, the stiffness and the damping properties as lumped. An
example of this method applied to gear pumps can be found in [2, 4–6] that are
taken as starting point in this study. Then, once the loads in terms of pressure
forces and torques are known, it is possible to integrate the equations of motion
obtaining the rotating part accelerations as well as the bearing force reactions.
In the above mentioned works, these bearing reactions are calculated by a non
linear algorithm based on the finite impedance theory [7].
As stated before, the determination of loads in terms of pressure forces and
torques is required for the integration of the equations of motion involved in
the LP model of the rotor shaft equilibrium. These loads are a function of
the pressure field inside the pump that is the first aspect to be studied in a
proper pump modeling process. As a matter of fact, all the variable forces
acting on the pump casing are due to variations in the pressure field. Hence
in the frame of a noise and vibration optimization the reduction of pressure
ripple is crucially important because this phenomenon generates variable forces
and finally body vibrations. An attempt to investigate and minimize the ripple
phenomena has been described by Hattori et al. [8]. This work is based on
the study of the pump by means of an Euler’s approach, as proposed in [9–
13]. Using this modeling technique, the pump fluid domain is divided in several
control volumes; hence, the flow rate continuity equation can be applied to
each control volume. The pressure field and the flow rates that characterize the
pump can be finally obtained by integrating the system of flow rate continuity
equations.
Once the pressure field is determined, it is possible to calculate the main exci-
tation forces that load the pump components. Dealing with this fundamental
calculation, several works have been performed by Fiebig and Heisel [13], Mancò
et al. [14], Gellrich at al. [15] and Novi et al. [16]. In all the above mentioned
works, the force calculation is performed to study wear phenomena taking place
inside the pump and mainly deals with the calculation of contact forces between
the vane head and the pressure ring.
Another important step in modeling a variable displacement vane pumps is
the validation procedure used to assess the pressure evolution basing on the
comparison between calculated pressures and pressures measured in working
condition. Works dealing with this topic have been carried out by Bianchini et
al. [17] and Kunz et al. [18].
The results in terms of pressure loads can be combined with frequency response
functions (FRFs) of the pump casing to calculate the casing accelerations that
are the main sources of noise and vibrations. In this way the operational acceler-
ations of the casing can be obtained and compared with accelerations measured
in working condition to validate the whole procedure. Such an approach has
been used from an acoustical point of view by Dickinson et al. [19]. In a more
similar way the same validation method has been exposed by Mucchi et al. in
[20], in which FRFs simulated by means of a finite element model have been
used instead of experimental FRFs.
In this context, this works aims at developing tools useful to carry out a noise
and vibration optimization by considering all the approaches underlined in the
state of the art outlined above. In more detail, the model developed in this
thesis can be used for the analysis of the dynamic behavior of the rotor shaft.
It is a simple, but non-linear, model taking into account only the transversal
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plane dynamics of the rotor shaft. In addition to the pressure forces and torque,
the dynamic equilibrium of the rotor shaft includes the non-linear reactions of
the hydrodynamic journal bearings, the torsional stiffness and damping of the
driving shaft, as well as the friction effects. This model allows to simulate the
rotor shaft accelerations, the journal eccentricity and the time variable reactions
in the bearings in working condition.
As stated before, the LP model includes the evaluation of pressure forces and
torques. These quantities are functions of the pressure field, for this reason
an algorithm based on an Euler’s approach has been developed as well. This
algorithm studies the pressure field by dividing the pump fluid domain in several
control volumes, hence the flow rate continuity equation can be applied to each
control volume. The results of the pressure calculation can be compared with
experimental pressure evolution to carry out a first validation.
The assessed pressure evolutions can be used as input data for subroutines
devoted to variable pressure forces and torques calculation. These last results are
used by the above mentioned LP model to integrate the rotor shaft equations of
motion to finally calculate the journal bearing reaction forces as well as the rotor
shaft accelerations and the journal bearing eccentricity in working condition.
Moreover, the variable pressure and bearing forces evaluated by means of the
LP model have been combined with frequency response functions of the pump
casing, experimentally estimated. In this way the operational accelerations of
the casing can be obtained and compared with accelerations measured in work-
ing condition to validate the whole procedure.
Finally, once the LP model can be considered validated, a study on the calcu-
lated rotor shaft acceleration can be performed with the aim at studying the
dynamical phenomena related to pump working condition.
All the algorithm useful to carry out the calculations related to the modeling
process outlined in the present section have been developed in MATLAB and
Simulink environments. The experimental data used for comparisons and vali-
dations have been acquired and processed by means of LMS Test.Lab.

1.4 Overview of the thesis

In order to achieve the goals listed above (analysis of the behavior of the system,
evaluation of the dynamic forces, etc.) the model described in the previous
section has been developed and experimentally assessed.
The first step in a proper modeling activity is the full knowledge of the compo-
nent being studied. For this reason a general description of variable displacement
vane pump has been reported in Chapter 2. Hence a complete characterization
of pump PHV 05 produced by BERARMA s.r.l (Casalecchio di Reno, Bologna,
Italy) has been provided from a geometrical and operational point of view.
In this frame great attention has been payed for the components involved in
pump working. The port plate geometry has been fully characterized, hence
the rotor, the vane and the pressure ring main dimensions have been provided.
Furthermore, the clearances between pump components have been determined,
whose geometrical features will influence the communications between the con-
trol volumes used to compute the pressure evolutions. Finally the lubricant
main features have been specified. The model developed in the present work
will use as inputs all these data.
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In Chapter 3 the LP model is presented in depth from a theoretical point of
view. First of all the general features of the model are exposed starting from the
system of equation of motion that governs the rotor shaft equilibrium. Hence the
calculation of all the quantities involved in the system integration is described.
In this frame the procedure for pressure evolution calculation is deeply analyzed.
This procedure is based on an Euler’s approach that allows to determine the
pressure field by integrating a system of flow rate continuity equations, each
one referred to the control volumes used to discretize the whole fluid domain.
Once the pressure evolution has been determined, the variable pressure forces
acting on the rotor can be calculated. Hence, the journal bearing reaction forces
can be determined basing on the finite impedance formulation. The calculation
of torques acting on the rotor shaft has been described as well. Three kind of
load torques have been considered: torques due to the pressure evolution inside
control volumes; torques due to the friction between the vanes and the pressure
ring and torques due to viscous actions. In this sense, the developed lumped
parameter model takes into account the most important phenomena taking place
inside the pump in working conditions, most of them are non linear and time
varying. Finally, for the sake of completeness, a preliminary analysis is reported
to asses the goodness of the assumptions used to develop the model.
In Chapter 4 the main problems related to model implementation in MATLAB
and Simulink are described and the most interesting code pieces are reported as
well. In this frame the integration of the equations of motion characterizing the
rotor shaft equilibrium is carried out in Symulink. The whole model has been
described with reference to the blocks that constitutes itself. In more detail,
the initial conditions choice has been discussed, and the integration strategy as
well as the interface between Symulink and MATLAB are explained by means
of images depicting the blocks architecture. The main aspects related to the
implementation in MATLAB of the subroutines devoted to the pressure evolu-
tion, the pressure forces and the torques calculations are discussed. The most
interesting pieces of code are attached as well.
In Chapter 5 the method used to assess the LP model has been exposed. First of
all the measurements performed during the test campaign have been described.
A suitably modified pump has been used to measure the pressure evolutions
in working condition in all the regions of interest. Tests at different work-
ing pressures have been carried out to evaluate the flow rates and the motor
drive torques in different working conditions. The method used to calculate
the pressure forces from the pressure measurement has been explained, hence,
the original procedure used to measure the frequency response functions of the
pump casing is reported. Finally, the casing accelerations measurements and
processing is briefly explained. The above mentioned experimental data have
been used to assess the model. The validation procedure has been carried out on
several levels, in this way the goodness of intermediate results is checked as well.
In more detail, the calculated pressure evolution has been assessed by using the
experimental pressures. The same validation strategy has been applied to vali-
date the flow rates and the torques. Subsequently, the pressure forces calculated
by means of an ad hoc method applied to experimental and calculated pressures
have been compared and discussed. Hence, the above mentioned forces have
been combined with the frequency response functions to calculate the pump
casing accelerations. This last results is finally assessed by comparison with the
experimental accelerations and the results have been discussed as well.
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Since the model can be considered globally validated, in Chapter 6 an example of
application has been provided. The results in terms of rotor shaft accelerations
are used to establish the events related to unwanted dynamical effects. The
analysis has been carried out in the two main working conditions.
The final considerations about the whole modeling and experimental activity
are finally reported in Chapter 7, devoted to concluding remarks.
Moreover in Appendix A the volume amount and shape of inlet and outlet
control volumes are resumed and in Appendix B the journal bearing reaction
forces are reported.
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General description of a
variable displacement vane
pump

The hydraulic pump universe includes a wide choice of volumetric pumps. In
this frame it is possible to classify pumps by using several criteria, such as the
pressure range in which they work, the way used to obtain the desired displace-
ment, the possibility to vary the displacement. This chapter will focus on the
high pressure variable displacement vane pump family, in particular a pump of
the series PHV by BERARMA oleodinamica will be fully described. An analysis
of the working condition will be provided as well to fully understand the present
work.

2.1 Vane pump basic description

A lot of different classifications can be done when dealing with hydraulic pumps
[21]. A first classification is based on the working principle and it is shown in
Figure 2.1: the dynamic pumps give energy to the flow by imparting a velocity
amount able to transfer the flow rate from the inlet to the outlet, while pumps
based on positive displacement traps a fluid volume and physically move it from
the inlet to the outlet. Vane pumps belong to the latter category: they are
composed by a cast iron body in which a one piece rotor shaft, a pressure ring
and two port plates are located. The pressure ring is eccentric with respect
to the shaft axis and in this way the volume isolated between two consecutive
vanes varies from a maximum value, in correspondence with the inlet port, to
a minimum value, in correspondence with the outlet port. Vane pumps with a
double pressure chamber can be realized using an elliptical pressure ring and
can transport fluid from inlet to outlet two times per revolution. Vane pumps
with circular pressure ring have only one pressure chamber and are widely used.
Both this kind of vane pumps can not vary their actual displacement in working
condition.
Variable displacement van pumps can supply to this task by varying the relative
eccentricity between rotor and pressure ring (stator): they can elaborate a full
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Figure 2.1: Vane pumps sorting.

(a) (b)

Figure 2.2: The two extreme working conditions: full flow (a) and zero flow (b).

flow rate (see Figure 2.2(a)) till the desired pressure level is reached, or they
can work in a zero flow condition (see Figure 2.2(b)), just to keep the desired
pressure by compensating the hydraulic losses. While the full flow condition
is characterized by the maximum eccentricity between rotor and stator, in the
zero flow condition there is almost no eccentricity.
The variable displacement vane pump main elements are depicted in Figure
2.3 [22]. The control piston (6) moves the pressure ring changing the pump
actual displacement, the bias piston (7) reports the pressure ring in the zero
eccentricity condition when the desired pressure level is reached, the balancing
screw (5) is used to compensate the main component of the resulting pressure
force. The control piston force can be regulated by a tuning screw (8). This
mechanical control system can be substituted by an equivalent hydraulic system,
called pressure device compensator, depicted in Figure 2.4 [23], in which the
control piston (2) and the bias piston (3) act on the pressure ring (1) with a
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Figure 2.3: Variable displacement vane pump main components: casing (1), one piece
rotor shaft (2), vane (3), pressure ring (stator) (4), balancing screw (5),
control piston (6), bias piston (7), tuning screws (8, 9).

force regulated by the lubricant pressure in the inlet and outlet ducts. In fact,
the bias piston is always loaded by the outlet pressure. In the start up phase
the control piston is loaded by the outlet pressure as well and his resulting
force is bigger than the bias piston one, so it can move the pressure ring to
his maximum eccentricity (see Figure 2.4(a)) till the desired pressure level is
reached. The compensator spring (5), if compressed, allows the communication
between the inlet chamber and the control piston (see Figure 2.4(b)). In this
last configuration, the bias piston force is bigger then control piston force and
the pressure ring is moved again to zero flow condition: the desired pressure
level can now be maintained by using a small power amount.
The characteristic curve of a variable displacement vane pump depicted in Figure
2.5 shows that the maximum eccentricity, corresponding to full flow condition,
is maintained till the cutoff pressure is reached [24]. The small slope of the first
part of the curve is due to hydraulic losses. Once the cutoff pressure is reached,
the eccentricity (and the flow rate) and the slope of the second part of the curve
are determined by the spring stiffness. This procedure can be reversed when
the working pressure decreases under the cutoff value. Finally, it can be noticed
from Figure 2.5 that the cutoff pressure and the dead head pressure have almost
the same value.
When dealing with vane pumps, one of the most important features is the actual
displacement : the lubricant volume transferred from inlet to outlet during a
revolution of the rotor shaft. It is a function of the volume that each vane space
traps after the end of inlet ducts and before the beginning of the outlet ducts.
It can be calculated as stated in equation (2.1).

D = Av(ϕ
∗)NWr (2.1)

Where, the quantity Av(ϕ∗) represents the frontal surface of the trapped vane
space at the angular position ϕ∗, N is the number of vanes and Wr is the rotor
width in axial direction. The volume of the trapped vane space depends on
design parameters such as external rotor diameter, rotor width in axial direction,
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(a)

(b)

Figure 2.4: The pressure device compensator in full flow condition (a) and in zero flow
condition (b).
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Figure 2.5: Variable displacement vane pump characteristic curve.

Figure 2.6: Angular coordinate at the beginning of the trapped volume

inner pressure ring diameter, and on the eccentricity between rotor and pressure
ring. The procedure to calculate D consists in determining the evolution of
the vane space surface during a revolution (Av), then it is easy to evaluate
the quantity Av(ϕ∗). The angular coordinate ϕ∗ is determined as the angular
coordinate in which the first vane with respect to the angular velocity ω (i.e.
V11 in Figure 2.6) passes the inlet duct.
When the design of distributors is unknown, a less accurate estimation of ac-
tual displacement can be obtained by considering the trapped vane space as a
rectangular surface in correspondence of the maximum eccentricity (emax).

D = 2πrmemaxWr (2.2)

In equation (2.2) rm represents the mean radius between the eternal rotor radius
and the radius of the inner race of pressure ring, while Wr represents the rotor
width along the axial direction. In this way the displacement is overestimated.
The actual displacement depends also on the trapped volume sealing, useful
to avoid hydraulic losses inside the pump. The sealing is guarantee by the
centrifugal force and by an amount of lubricant at outlet pressure in the vane
housing (corresponding to rotor holes). The force acting between the stator
inner race and the vane head must be controlled to avoid excessive wear and the
contact surface must be designed as well. For this reason a lot of solutions have
been proposed, in Figure 2.7 two widely used vane designs are depicted [25].
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(a) (b)

Figure 2.7: Two typical designs for the vane-stator coupling: an old solution (a) and a
new solution to minimize wear due to the contact between the vane head
and the stator (b).

2.2 BERARMA PHV 05 pump

2.2.1 Overview

The pump under study is made by BERARMA oleodinamica (Casalecchio di
Reno, Bologna, Italy) and belongs to the PHV family. The model being studied
is the PHV 05 [26]: it is an high pressure variable displacement vane pump
that take advantage of a double inlet/outlet port plate system in which each
port is packed on the pressure ring by using a system based on hydrostatic
compensation. Such a pump uses a pressure device compensator (described in
section2.1) to vary his actual displacement. The main component shown in
Figure 2.3 can now be identified on the PHV 05 pump (see Figure 2.8, 2.9 and
2.10).

To fully describe the pump PHV 05, the flow rate characteristic curve and the
drainage flow rate range are provided in Figure 2.11 and 2.12.

2.2.2 PHV 05 design parameters

Before describing the mathematical formulation of the model (see next chapter),
it is useful to define the geometry of the vane pump and the reference frame
used. The displacement of the rotor in axial direction has been neglected as well
as the pressure variation in axial direction. Therefore the geometry taken into
account is a plane geometry, orthogonal to the shaft axis direction. Nevertheless,
to avoid misunderstanding it is important to impose a 3-dimensional coordinate
system (see Figure 2.8 and 2.9): the z axis identifies the shaft direction, while
the xy plane defines a rotor shaft cross section. The angular coordinate ϕ
start to be computed in correspondence of the −y axis, with positive verse in
the angular velocity direction. The main design data are listed in table 2.1
[26]. The port plate design is crucially important in determining a proper pump
behavior. Figure 2.13 and 2.14 depict the meaning of the most important design
parameters and Table 2.2 resumes their values.

As stated in section 2.1, in this kind of pumps the actual displacement as well
as the outlet flow rate can be defined with respect to rotor and pressure ring
geometry, respectively depicted in Figure 2.15 and 2.16, whose main geometrical
features are defined in 2.3.
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Figure 2.8: Pump PHV 05 main components.

Table 2.1: Pump PHV 05 main design features.

Actual displacement (ISO 3662) 16 cm3/rev
Max working pressure allowed 250 bar
Max drainage pressure allowed 1 bar
Inlet pressure (pin) 0.8÷ 1.5 bar
Rotational velocity 1350÷ 1500 rpm

Finally, to fully define the main components, the vane geometry has to be
characterized (see Figure 2.17 and Table 2.4).
To complete the geometry description, also the geometrical clearances have to
be taken into account. This aspect is capitally important when dealing with
high pressure pumps because the flow rates taking place inside the clearances
are not negligible in a proper model construction. Table 2.5 resumes the main
clearances values.
The pump PHV 05 has been tested using the lubricant Shel Tellus ST46 whose
main features are reported in Table 2.6
For the sake of completeness in Appendix A, the distribution ducts are charac-
terized in terms of shape and volumes.

2.3 Working condition description

This kind of pump is widely used for applications in machine tools tanks to the
possibility to regulate the flow rate accordingly to the system requests. In this
way it is possible to minimize hydraulic losses by elaborating only the strictly
necessary flow rate. Such a machine typically needs to be kept at working
pressure also when there is no request of torque and motion. In this case the
variable displacement vane pump works in zero flow condition (see Figure 2.2(b))
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Figure 2.9: Pump PHV 05 cross section.

Table 2.2: Pump PHV 05 port plate design data.

hc Carving depth 3.5 mm
θc Carving splay 60 deg
bc Carving base width 0.2 mm
ri Internal ducts radius 18.7 mm
re External ducts radius 25.8 mm
rp Duct end radius 1.75 mm
ϕseo External outlet start angle 28 deg
ϕeeo External outlet end angle 168 deg
ϕsei External inlet start angle 203 deg
ϕeei External inlet end angle 353 deg
ϕsio Internal outlet start angle 343 deg
ϕeio Internal outlet end angle 194 deg
ϕsii Internal inlet start angle 225 deg
ϕeio Internal inlet end angle 330.5 deg

just to compensate the circuit hydraulic losses. When the torque and motion
are needed to accomplish the work, the compensator device automatically moves
the pressure ring generating the displacement needed to supply the request, till
the full flow condition (see Figure 2.2(a)). Of course the pump can work also
in intermediate conditions when the pressure ring eccentricity value is less than
the biggest allowed. Nevertheless, Figure 2.5 shows that intermediate working
conditions are negligible because of the fast passage from the cutoff pressure to
the dead head pressure. For this reason the tests have been carried out mainly
in full flow or zero flow condition.

To study the working condition behavior, a test bench has been used (see Fig-
ure 2.18). The experimental rig allows to measure the pressure inside a vane
space and inside a hole for a complete shaft rotation by means of piezoelectric
transducers directly placed on the one piece rotor shaft. To do this, a suitably
designed rotor shaft is used (see Figure 2.19) in which two meatus connect a
vane space and a hole to the end of the shaft, where two pressure transducers
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Table 2.3: Pump PHV 05 pressure ring and rotor geometry features.

Wr Rotor width 20 mm
rr Rotor radius 27.5 mm
rhr Hole radius 18.3 mm
rsr Rotor side radius 25.5 mm
Wsr Rotor side width 4.5 mm
Ws Pressure ring width 20 mm
rse Pressure ring external radius 86.5 mm
rsi Pressure ring inner radius 30 mm

Table 2.4: Pump PHV 05 vane geometry features.

hv Vane heigh 8.8 mm
Wv Vane width 20 mm
tvh Vane head thickness 0.2 mm
tvb Vane base thickness 2.2 mm
ηvh Vane head slope 30 deg

are placed. The pump cover must be modified as well to allow the rotor shaft
passage and finally, two measure chamber are isolated by using O-ring gaskets.
The pressure signals and the trigger are acquired and processed by a LMS Scadas
SC305 Front-end controlled by software LMS Test-Lab. The pressure sensors
being used are piezoelectric transducers Kistler, model 6207, the proximity sen-
sor used as trigger is a Balluff BES 516324S4C finally, a charge amplifier Kistler
5006 and an oscilloscope Fluke 96 B Series II, with a sampling frequency of 60
MHz have been used to perform an on-line control of the measurement proce-
dure. The torque signal can be acquired as well by a torque transmitter Stiger
Mohilo 0160 DM, with a full scale of 500 Nm.
With this set up the measure of the pressure inside a hole and a vane space
can be obtained. The results are shown in Figures 2.20 and 2.21, in which the
passage from the inlet to the outlet region can be immediately distinguished and
the ripple phenomena for the high pressure region are underlined as well. The
reference system used to plot the pressure evolution in Figure 2.20 is depicted
in Figure 2.9: the angular coordinate reference starts from −y direction.
For the sake of completeness also the test bench power train is depicted in Figure
2.18. All these aspects will be deeply analyzed in section 5.2.

17



Chapter 2

Table 2.5: Pump PHV 05 main clearances values.

hf Clearance on the vane flank 0.0173 mm
hd Clearance between rotor and distributor 0.023 mm
hg Clearance between a vane ad a rotor groove 0.0162 mm

Table 2.6: Lubricant Shel Tellus ST 46 main features.

Lubricant viscosity (µ) 11÷ 68 cSt
Max lubricant viscosity during start-up 400 cSt
Working condition temperature (temp) +15÷+60◦C
Max lubricant contamination allowed 20/18/15

Figure 2.10: Pump PHV 05 blow up.
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Figure 2.11: Pump PHV 05 characteristic curve.

Figure 2.12: Pump PHV 05 drainage flow rate rage.
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Figure 2.13: Port plate design.

Figure 2.14: Port plate section.
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Figure 2.15: The rotor design.

Figure 2.16: Pressure ring cross section.
.
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Figure 2.17: The vane design.

.

Figure 2.18: The test bench apparatus.

.

Figure 2.19: The modified rotor shaft used for the tests.
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Figure 2.20: The pressure measured in a vane space (solid line) and in a hole (dash-
dot line) for a complete shaft rotation in the full flow rate condition
corresponding to the cutoff pressure.
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Figure 2.21: The pressure measured in a vane space (solid line) and in a hole (dash-
dot line) for a complete shaft rotation in the zero flow rate condition,
corresponding to the dead head pressure.
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Model description

The need to increase the knowledge on the dynamic behavior of a mechanical
system leads to the formulation of reliable physical models, from which mathe-
matical models can be obtained. After this step the model can be validated by
comparing its results with empirical observations and finally the validated model
can be used to perform simulations and make predictions.

3.1 General description of the model

The model takes into account only the transversal plane dynamics of the rotor
shaft: it is a planar model with 3 degrees of freedom as presented in Figure
3.1. The inertia properties of the rotor shaft is considered to be lumped in the
rotor portion carrying the vanes (indicated with ”r” in Figure 3.1). Therefore
the degrees of freedom are the displacement along the x and y direction and the
angular displacement ϕ of the rotor portion.

Figure 3.1: Model for the dynamic analysis of the rotor shaft.

The known model input is the coordinate ϕ0, representing the angular displace-
ment of the rotor shaft section in which the shaft is joined to the electrical
motor drive through a key (see Figure 3.1, shaft portion 1). This section, as
well as the motor, is assumed to rotate at constant speed ϕ̇0. Coordinate ϕ0 is
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connected to coordinate ϕ by a torsional spring-damper element that represents
the torsional stiffness and the damping of shaft portions 1 and 2 depicted in
Figure 3.1. The shaft torsional stiffness is indicated as KT and the proportional
damping coefficient as CT . The motor drive torque Mm is transmitted through
this spring-damper element. Section 3.5.4 will illustrate the evaluation of KT

and CT and the expression of Mm [2].
The inertia properties lumped in portion ”r” are the whole rotor shaft mass
m and the equivalent moment of inertia J , whose evaluation takes into account
that the shaft portions between coordinates ϕ0 and ϕ (where the lumped inertia
is located) is modeled as a torsional spring:

J =
1

3
(J1 + J2) + Jr + J3 (3.1)

where J1, J2, Jr and J3 are the moments of inertia of the shaft portions respec-
tively indicated with ”1”, ”2”, ”r” and ”3” in Figure 3.1.
The forces and the torques applied to the rotor are pressure forces Frotor,x and
Frotor,y (section 3.4.1), journal bearing reactions Fb,x and Fb,y (section 3.4.2),
pressure torqueMp (section 3.5.1), torque due to friction between vane head and
pressure ring Mvh (section 3.5.2), torque due to viscous actions Mvd (section
3.5.3) and the already mentioned motor drive torque Mm (section 3.5.4).
Thus, with respect to reference system depicted in Figure 3.1, the equations of
motion for the model can be written as stated in equation system (3.2):






2Fb,x + Frotor,x = mẍ

2Fb,y + Frotor,y = mÿ

Mm +Mp +Mvh +Mvd = Jϕ̈

(3.2)

In order to reduce the integration time, the average static position of journal
axes into bearings are previously estimated and used as initial condition for
displacements along x and y coordinates (see section 3.6).The variable pressure
forces evolution has been estimated in the above mentioned static equilibrium
position and finally it has been verified that this approach gives good results.
The non linear differential equations of motion are numerically integrated in
Simulink environment as described in section 4.1 [27].

3.2 Pressure distribution

Several researches have been done in LP models for vane pumps in order to
obtain the pressure evolution around the shaft. The lumped parameter approach
used in this work is based on [12, 13]. Even if these models were already based on
an Euler’s approach in which the pressure evolution during a rotation is studied
by dividing the pump in several control volumes corresponding to vane spaces,
they were not able to estimate the pressure ripple. Subsequent works have been
done improving this first approach by increasing the number of control volumes
to appreciate the pressure ripple in a vane space [9–11, 14]. In these last models
also the distribution ducts are treated as control volumes. The present work is
based on the latter approach but implements also the pressure calculation in the
holes, i.e. the spaces included between the bottom of the vane, the rotor grooves
and the port plates. The pressure in these domains is very important not only
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to define the dynamical behavior of the rotor, but also to calculate the reaction
forces between the vanes and the pressure ring. Obviously this new calculation
involves more control volumes at the same time with respect to models devoted
only to the vane space characterization.
It has to be observed that the fluid inertia effects inside control volumes have
been neglected as well as all the excitations and flow rate fluctuations coming
from the hydraulic circuit to which the pump is connected.
The first step in developing a proper algorithm for the pressure evolution cal-
culation is the assumption of proper coordinate systems, as shown in Figure 2.9
and in Figure 3.2. Then, the pump system must be divided in several control
volumes. The present model is based on 26 control volumes: control volumes
from V1 to V11 correspond to the vane spaces; control volumes from V12 to V22

correspond to the holes control volumes, control volumes V23 and V25 are the
control volumes of the outlet ducts and control volumes V24 and V26 are the inlet
control volumes (see Figure 3.2 and 3.3). The number of control volumes in-
volved in the pressure calculation remains constant during the whole integration
period but the flow rate exchanged by control volumes can vary with respect to
angular coordinate ϕ.

Figure 3.2: The main pump components, the inlet control volumes (V24, V26) and
outlet control volume (V23, V25).

Applying to the open thermodynamic system consisting in control volume Vi

the first thermodynamic principle, the continuity equation and the steady-state
fluid equation, under the hypothesis of adiabatic and isoentropic transformation,
the following equation is thus obtained [28, 29]:

dpi
dt

=
Boil

Vi

(
∆Qi −

dVi

dt

)
(3.3)

Using this relation it is possible to determine the pressure variation of the fluid
(characterized by Bulk modulus Boil) contained into the control volume Vi,

27



Chapter 3

Figure 3.3: The control volumes on a xy plane.

caused by mass gain of ∆Qi and by the volume variation dVi

dt . Considering that

dt = dϕ
ω , the continuiti equation (3.3) can be expressed in terms of rotor shaft

rotational angle ϕ:

dpi
dϕ

=
Boil

Viω

(
∆Qi −

dVi

dϕ
ω

)
(3.4)

In order to solve equation (3.4), the calculus of the terms on the right side of
equation, i.e. the volume and its variation and the incoming and exiting flow
rates, has to be performed for each control volume. As mentioned before, the
geometry is ϕvp periodic, where ϕvp = 360/N is the angular vane pitch. Since
the all the phenomena involved in the pump rotation shows this periodicity,
to improve the computational efficiency, the integration is done in the angular
domain, from ϕ = 0 to ϕ = ϕvp, then the pressure evolution around the shaft
is obtained by adding the pressure field of each control volume consecutively.
Finally, for determining the term ∆Qi of equation (3.4), it is necessary to un-
derstand how each volume communicates with each other or with the inlet or
the outlet control volumes through the pump clearances or through inlet and
outlet ducts.

3.2.1 Flow rates involved in continuity equations

Before writing the equations for each control volume, all the flow rates involved
in defining term ∆Qi of equation (3.4) must be specified.

Laminar flow rates for vane spaces

The laminar flow rates (see Figure 3.4) take place from a vane space to the
adjacent vane spaces, on the vanes flank (Qvf ), from a vane space to the holes
(Qvh) and in the meatus between pressure ring and rotor (drainage flow rate
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Qvs). Since the vane is supposed to be always in contact with the inner race
of the pressure ring, the flow rate in correspondence of the vane head is not
taken into account. All these flow rates can be calculated as suggested by
equation (3.5), in which bi(ϕ), hi(ϕ) and li(ϕ) are respectively the meatus width,
thickness and length (see Figure 3.5). Hence, quantity µ represents the lubricant
dynamic viscosity, pi is the pressure in the control volume and pj is the pressure
in the control volume interested by the exchange:

Qlam,i =
bi(ϕ)hi(ϕ)3

12µli(ϕ)

(
pj(ϕ) − pi(ϕ)

)
(3.5)

For the sake of brevity, with the term Qlam,i it will be intended the sum of all
the laminar contributions depicted before, referred to control volume i. It can
be calculated after the geometry is fully described with respect to the angle ϕ.

Figure 3.4: The laminar flow rates for a vane space and for a hole on a xy plane.

Figure 3.5: A general scheme of a laminar flow.

Turbulent flow rates for vane spaces

The turbulent flow rates take place from the vane space control volume to the
distribution ducts (Qvt in Figure 3.6). It can be calculated using equation (3.6)
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Figure 3.6: The turbulent flow rate for a vane space and for a hole.

Figure 3.7: A general scheme of a turbulent flow.
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(a) (b)

Figure 3.8: The tangential velocities involved in drag flow calculation.

in which k represents the flow coefficient, Ai(ϕ) is the exchange area between
the control volume i and the control volume j (see section 3.3 for the calculation
method), ρ is the lubricant density, pi is the pressure in the control volume and
pj is the pressure in the control volume interested by the exchange.

Qturb,i = kAi(ϕ)

√
2|pj(ϕ)− pi(ϕ)|

ρ
sign

(
pj(ϕ) − pi(ϕ)

)
(3.6)

Drag flow rate for vane spaces

Angular velocity ω generates a tangential velocity u on the vane flanks. This ve-
locity causes a flow rate independent to pressure field. First of all, to determine
the drag flow rate Qdrag, the tangential velocities have to be analyzed on a xy
plane and on a cylindrical section as depicted respectively in Figures 3.8(a) and
3.8(b). It can be noticed from Figure 3.8(a) that tangential velocities vary from
umin to umax, the velocities in correspondence of the rotor and the pressure
ring.

umin = ωrr (3.7)

umax = ωL(ϕ) (3.8)

In equation (3.8), quantity L(ϕ) represents the distance between the rotor center
and the pressure ring inner race taking into account shaft eccentricity and shaft
displacement (the calculation will be explained in section 3.3).
The drag flow rate takes place in a meatus characterized by a thickness hf on
the vane flanks, side by side (see Figure 3.8(b)). On a cylindrical section the
tangential velocity varies from 0 in correspondence to port plate distributors to
u, in correspondence to vane flanks, where u can be calculated as follows:

u = ω
L(ϕ) + ωrr

2
(3.9)
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Finally, the average velocity inside the meatus can be calculated as shown in
equation (3.10).

um = ω
L(ϕ) + rr

4
(3.10)

Considering a contribution of a single vane, the drag flow rate in a generic
angular position ϕ can be calculated as follows:

Qdrag = 2um

(
L(ϕ)− rr

)
(3.11)

Therefore, the net drag flow rate for a vane space i at the angular coordinate ϕ
can be calculated taking into account the drag flow on the first vane and of the
second vane (at the coordinate ϕ− ϕvp) as stated in equation (3.12) [30].

Qdrag,i = Qdrag(ϕ) −Qdrag(ϕ− ϕvp) = ω

(
L(ϕ)2 − L(ϕ− ϕvp)2

)

4
(3.12)

Laminar flow rates for holes control volumes

As shown in Figure 3.4, the holes control volumes are interested by three kind
of laminar flow rates:

• Qvh: The laminar flows in the meatus between vanes and rotor grooves;

• Qvd: The laminar flow taking place between rotor and port plates;

• Qhd: The drainage flow taking place between rotor and port plates;

As all the other drainage flow rate, Qhd connects a control volume with a region
at atmospheric pressure.

Turbulent flow rates for holes control volumes

Figure 3.6 depicts the only turbulent flow rate involving holes control volumes,
Qht, taking place between holes and inner duct distributions.

Inlet turbulent flow rates

The inlet control volume in communication with inlet pressure (usually atmo-
spheric pressure) is V24. In this case equation (3.6) can be rewritten as follows:

Qinlet = kinAinlet(ϕ)

√
2|pin − p24(ϕ)|

ρ
sign

(
pin − p24(ϕ)

)
(3.13)

In equation (3.13) the quantity kin is the flow coefficient (typically 0.65) and
Ainlet represents the inlet duct interface area.
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Outlet turbulent flow rates

The outlet control volume in communication with outlet pressure is V23. Usually
it communicates with atmospheric pressure by means of the plant, whose pres-
ence is taken into account by the flow coefficient koutlet (see equation (3.14)).
Hence, the outlet flow rate Qoutlet (see Figure 3.2) has been expressed as follows:

Qoutlet = koutletAoutlet

√
2|pout − p23(ϕ)|

ρ
sign

(
patm − pi(ϕ)

)
(3.14)

Where quantity pout represents the atmospheric pressure, and the flow coefficient
koutlet takes into account the plant losses and resistance. By using equation
(3.14) it is possible to estimate the flow coefficient koutlet, in fact, assuming
an outlet flow rate Qexp experimentally assessed during the test campaign, a
pressure in the outlet volume equal to poutlet, koutlet can be determined as
follows:

koutlet =
Qexp

Aoutlet

√
ρ

2|patm − poutlet|
(3.15)

Internal turbulent flow rates

As shown in Figure 3.9, the internal distribution (V25 and V26) and external
distribution (V23 and V24) communicate by several ducts in which a turbulent
flow rate it is supposed to take place because their diameter (dd = 3.5 mm) is
almost equal to their length. These flow rates can be computed as stated in
equation (3.6) and they will be denoted by the symbol Qtd,i.

Figure 3.9: Ducts between external and internal distribution.

It is now clear that quantity∆Qi depends on the pressure field so, for the control
volume i, the equation (3.4) can be written as follows:

dpi
ϕ

= fi
(
p(ϕ)

)
(3.16)

In equation (3.16), symbol p(ϕ) represents the whole pressure field. To de-
termine this quantity, the equation system (3.17) constituted by 26 non linear
differential equation must be solved.
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dp1(ϕ)
dϕ = f1(p1, ..., p26)

...

dp26(ϕ)
dϕ = f26(p1, ..., p26)

(3.17)

3.2.2 Flow rate equations

In this section the flow rate continuity equations will be derived for each control
volume to fully define equation system (3.17). The equations are written taking
into account all the possible configurations for the control volumes communica-
tions over a vane pitch ϕvp.

Flow rate balance equation for a generic vane space

With reference to equation (3.4), the term∆Qi must be expanded to understand
the meaning of each flow rate contribution. Figure 3.4 and 3.6 depicts the various
contributions whose algebraic sum constitutes the term ∆Qi. Finally, equation
(3.4) can be rewritten as follows:

dpi
dϕ

=
Boil

Viω

(
Qdrag,i +Qvs,i +Qvd,i+Qvh,i +Qvf,i +Qvt,i −

dVi

dϕ
ω

)
(3.18)

All the terms of equation (3.18) have been described in previous section. More
in detail the subscript i denotes the control volume (i = 1...N , where N is the
vane number), the terms Qvs,i, Qvd,i, Qvh,i, Qvf,i refers to laminar flow rates
and can be calculated as stated in equations (3.19 - 3.22).

Qvs,i = 2
bs,i(ϕ)hs,i(ϕ)3

12µls,i(ϕ)

(
pdrain(ϕ)− pi(ϕ)

)
(3.19)

In equation (3.20) pdrain represents the drainage pressure (usually atmospheric
pressure) and the subscripts s, i denote the clearance between pressure ring and
port plates with reference to control volume i.

Qvd,i(ϕ) = 2
br,i(ϕ)hr,i(ϕ)3

12µlr,i(ϕ)

(
pdrain(ϕ) − pi(ϕ)

)
(3.20)

In equation (3.20) the subscripts r, i denote the clearance between rotor and
port plates with reference to control volume i.

Qvf,i = 2
bf,i+1(ϕ)hf,i+1(ϕ)3

12µlf,i+1(ϕ)

(
pi+1(ϕ)− pi(ϕ)

)
+

2
bf,i−1(ϕ)hf,i−1(ϕ)3

12µlf,i−1(ϕ)

(
pi−1(ϕ)− pi(ϕ)

)
(3.21)

In equation (3.21) the subscripts f denote the clearance between vane flank and
port plates, the subscript i indicates the control volume for which the flow rate
balance equation is written, while the subscripts i+1 and i−1 refer respectively
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to control volume immediately after and before control volume i with respect
to the verse of angular velocity ω.

Qvh,i =
bh,i(ϕ)hh,i(ϕ)3

12µlh,i(ϕ)

(
pi+N (ϕ)− pi(ϕ)

)
+

bh,i−1(ϕ)hh,i−1(ϕ)3

12µlh,i−1(ϕ)

(
pi+N−1(ϕ) − pi(ϕ)

)
(3.22)

In equation (3.22) the subscripts h denote the clearance between vane and rotor
grooves, the subscript i indicates the control volume for which the flow rate
balance equation is written, the subscript i+N and i+N − 1 individuate the
hole control volume under the vane i and i − 1 respectively (N represents the
number of vanes, see Figure 3.3 to understand how the control volumes have
been numbered).
The term Qvt,i represents the turbulent flow rate exchanged by control volume i
with the outlet and inlet distribution ducts. Inlet distribution duct corresponds
to control volume V24, while outlet distribution duct corresponds to control
volume V23 (see Figure 3.2). During the integration period (from ϕ = 0 to
ϕ = ϕvp) a control volume can communicate with both inlet and outlet or can
remain isolated for a certain angular interval. All these facts are automatically
taken into account by the factor A23,i and A24,i of equation (3.26). In fact these
quantities represent respectively the passage area between the control volume i
and the outlet or inlet control volumes and they become zero when there is no
communications between control volumes involved in the flow exchange.

Qvt,i = kA23,i(ϕ)

√
2|p23(ϕ) − pi(ϕ)|

ρ
sign

(
p23(ϕ)− pi(ϕ)

)
+

kA24,i(ϕ)

√
2|p24(ϕ)− pi(ϕ)|

ρ
sign

(
p24(ϕ)− pi(ϕ)

)
(3.23)

Flow rate balance equation for a generic hole control volume

With reference to equation (3.4), the term∆Qi must be expanded to understand
the meaning of each flow rate contribution. Figure 3.4 and 3.6 depicts the various
contributions whose algebraic sum constitutes the term ∆Qi. Equation (3.4)
can be rewritten as follows:

dpi
dϕ

=
Boil

Viω

(
Qhd,i +Qvh,i +Qht,i −

dVi

dϕ
ω

)
(3.24)

All the terms of equation (3.24) have been described in previous sections. More
in detail the subscript i denotes the control volume (i = N + 1...2N , where N
is the vane number), the term Qhd,i refers to laminar flow rates and can be
calculated as stated in equation (3.25).

Qhd,i(ϕ) = 2
bhr,i(ϕ)hhr,i(ϕ)3

12µlhr,i(ϕ)

(
pdrain(ϕ)− pi(ϕ)

)
(3.25)

Where the subscripts hr, i denote the clearance between rotor and port plates
with reference to control volume i, starting from a hole. The term Qvh,i cal-
culation has been described in equation (3.22). For a hole control volume this
flow rate can be calculated by using the same method.
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The term Qht,i represents the turbulent flow rate exchanged by control volume
i with the outlet and inlet internal distribution ducts. Inlet distribution duct
corresponds to control volume 26, while outlet distribution duct corresponds
to control volume 25 (see Figure 3.2). During the integration period (from
ϕ = 0 to ϕ = ϕvp) a hole control volume can communicate with both inlet
and outlet or can remain isolated for a certain angular interval. All these facts
are automatically taken into account by the factor A25,i and A26,i of equation
(3.26). In fact these quantities represent respectively the passage area between
the control volume i and the outlet or inlet control volumes and they becomes
zero when there is no communications between control volumes involved in the
flow exchange.

Qht,i = kA25,i(ϕ)

√
2|p25(ϕ) − pi(ϕ)|

ρ
sign

(
p25(ϕ)− pi(ϕ)

)
+

kA26,i(ϕ)

√
2|p26(ϕ)− pi(ϕ)|

ρ
sign

(
p26(ϕ) − pi(ϕ)

)
(3.26)

Flow rate balance equation for external outlet control volume

To understand which volumes communicate with the external inlet distribution
duct (control volume 23) all the possible configurations during integration period
must be investigated. After all the volumes in communication with control
volume V23 have been considered, the following equation can be obtained:

dp23
dϕ

=
Boil

Viω

(

Qtd,23 +Qoutlet −
N∑

i=1

Qvt,i

)

(3.27)

In equation (3.27), the term Qtd,23 represents the turbulent flow rate taking
place inside four ducts between external and internal distribution (see Figure
3.9). It can be calculated as follows:

Qtd,23 = 4kAduct

√
2|p25 − p23(ϕ)|

ρ
sign

(
p25(ϕ)− p23(ϕ)

)
(3.28)

In equation(3.28), Aduct represents the area of ducts between the external distri-
bution volume (control volume V23) and the internal distribution volume (con-
trol volume 25).

Flow rate balance equation for external inlet control volume

The observations useful to understand the flow rate balance equation for outlet
control volume are still valid, only subscript indexes must be changed to take
into account the changing in communications between control volumes. The
flow rate balance equation for control volume V24 is reported below:

dp24
dϕ

=
Boil

Viω

(

Qtd,24 +Qinlet −
N∑

i=1

Qvt,i

)

(3.29)
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Where the term Qtd,24 can be calculated as suggested by equation (3.30).

Qtd,24 = 4kAduct

√
2|p26 − p24(ϕ)|

ρ
sign

(
p26(ϕ)− p24(ϕ)

)
(3.30)

Flow rate balance equation for internal outlet control volume

The internal outlet control volume corresponds to control volume V25. Its flow
rate balance equation con be summarized as follows:

dp25
dϕ

=
Boil

Viω

(

−Qtd,23 −
N∑

i=1

Qht,i

)

(3.31)

Flow rate balance equation for internal outlet control volume

The internal outlet control volume corresponds to control volume 26. Its flow
rate balance equation con be summarized as follows:

dp26
dϕ

=
Boil

Viω

(

−Qtd,24 −
N∑

i=1

Qht,i

)

(3.32)

3.2.3 System integration

Each row of equation system (3.17) is now fully described. It is a first order
system of non-linear differential equations with non-constant coefficients that
has to be solved using the iterative procedure depicted in Figure 3.30. The first
trial pressure p0 has to be provided as input data and the initial condition can
be written in the following form:






p1(ϕ = 0) = pin

...

p26(ϕ = 0) = pin

(3.33)

Basing on p0, the pressure force around the rotor (F 0) can be calculated to
define the shaft displacement and the first trial journal bearing static equilibrium
position (SEP 0) whose theoretic description is reported in section 3.6. Shaft
displacement and SEP 0 can be used to define the eccentricity between rotor
and pressure ring in working condition as follows:

etot = ef + ei + eSEP (3.34)

Quantity etot in Figure 3.12 represents the total eccentricity between the rotor
center and the pressure ring, ef is the contribution due to shaft displacement
under the pressure force load, while ei is the eccentricity imposed to the pressure
ring and the eccentricity due to journal bearing clearance esep will be further
explained in next sections.
The volume evolution V (ϕ) and the rate of volume variation dv

dϕ can be calcu-
lated once etot and the geometry are determined. At this point, the full system
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can be written by using auxiliary quantities whose calculation will be described
in section 3.3. After the integration, the pressure field for each control volume is
obtained from ϕ = 0 to ϕ = ϕvp. Then, the pressure evolution around the shaft
is obtained by adding the pressure fields of the first N control volumes consec-
utively. The same procedure can be adopted to obtain the pressure evolution
for a generic hole control volume by using the pressure fields of calculated for
control volumes from VN+1 to V2N . In this way the pressure evolution can be
obtained by integrating on a vane pitch only, and not on a whole shaft evolution.
Finally a new pressure force F 1 and a new static equilibrium position SEP 1

can be calculated. The iteration will proceed till the results of two successive
iterations will match under a small tolerance in term of force F and SEP .

3.3 Auxiliary quantities for pressure distribu-

tion calculation

In section 3.2 several quantities have been defined with the aim at solving the
pressure evolution problem. Some of these can be directly calculated by knowing
geometrical data, i.e. the laminar flow rates taking place in the clearances
meatus. To define other quantities the implementation of proper subroutines is
required. This is the case of shaft displacement f , of L(ϕ) in equation (3.11) of
the volume Vi(ϕ) in equation (3.4) of the rate of volume variation dVi

dϕ , of the
passage areas Ai(ϕ) used to compute turbulent flow rates (see equation (3.6)).
Finally, in Appendix A, the distribution ducts corresponding to control volumes
V23, V24, V25, V26, are characterized in terms of shape and volumes.

3.3.1 Shaft displacement

Figure 3.10: Geometry considered for the shaft displacement calculation.

The shaft displacement f is important in defining a component of eccentricity
between rotor and pressure ring called ef (see equation (3.34). Considering that
the rotor diameter is bigger than shaft diameter, the analysis can be focused
only on the shaft pieces from the journal bearing middle axis to rotor flanks.
The shaft load condition can be reduced to the scheme depicted in Figure 3.11.
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This approach considers the rotor infinitely rigid with respect to shaft diam-
eter. Several approaches have been used to determine in the most accurate
way the rotor shaft stiffness. First of all the shaft bending stiffness has been
calculated using equation (3.35), then the shear stiffness has been determined
using equation (3.36). Hence an equivalent stiffness is calculated considering as
series spring the shear and the bending stiffness. Finally the stiffness has been
calculated also by means of a finite elements analysis (KFEM = 1.80 ·109 N/m).

KF =
6EI

l3
= 1, 37 · 109N/m (3.35)

KT =
2πGr2s
lβ

= 2.74 · 109N/m (3.36)

l = hp +
Wb

2
(3.37)

I =
π(2rs)4

64
(3.38)

K =
1

1
KF

+ 1
KT

= 9.16 · 108N/m (3.39)

In equation (3.35), E is the Joung modulus, l is the considered shaft length,
and I is the polar moment of inertia relative to the shaft (see equations (3.37),
in which Wb represents the journal bearing axial width, and (3.38)). In equa-
tion (3.36), G is the shear modulus, β is the shear factor, equal to 10

9 . After
having compared the results in terms of pressure evolution obtained by using
approaches listed before, the analytical formulation resumed in equations (3.35),
(3.36), (3.39) has been used inside the model for the shaft displacement calcu-
lation as proposed by equation (3.40),

f =
Frotor

K
(3.40)

in which Frotor is the pressure force due to the pressure distribution around the
rotor.





 

 


Figure 3.11: Geometry scheme for the shaft displacement calculation.
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3.3.2 Distance between rotor center and pressure ring

Figure 3.12: Geometrical scheme used to compute distance between rotor center and
pressure ring inner race.

The distance between rotor center and pressure ring inner race (L(ϕ)) is very
important in determining the volume of a vane space and other important quan-
tities involved in the integration of equation system (3.17). The quantity etot
in Figure 3.12 represents the total eccentricity between the rotor center and
the pressure ring. It can be computed as suggested by equation (3.34). The
component ei can be imposed by a system of bias and control piston along the
−x and −y directions. After having determined the value of etot, L(ϕ) can be
calculated applying the law of cosine to OGB triangle:

r2si = e2tot + L(ϕ)2 − 2L(ϕ)etotcos(ϕ − ϕetot) (3.41)

Solving the quadratic expression with respect to L(ϕ) it is possible to obtain the
relation between the angular coordinate and the distance between rotor center
and pressure ring inner race as follows:

L(ϕ) = etotcos(ϕ− ϕetot) +
√
r2si − e2totsin2(ϕ − ϕetot) (3.42)

3.3.3 Volume evolution for a vane space

The volume included between two consecutive vanes can be calculated by adding
three different contributions, Vm, Vh and Vs, whose physical meaning is depicted
in Figure 3.13. Vm represents the main volume included between two vane, Vh

is the volume included between the upper part of the vane and the pressure ring
and finally Vs is the volume delimited by lateral distributors, rotor sides and
the main volume Vm. While Vm changes its value during a shaft revolution, the
value of Vh and Vs remains constant.
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Figure 3.13: The volume of a vane space.

Determination of Vm

It is possible to obtain Vm by considering several contributions as stated in
equation (3.43).

Vm(ϕ) = Vm,1 − Vm,2 − Vm,3 (3.43)

The term Vm,1 represents the volume contribution due to projection of the sur-
face delimited by segments OA and OB and by the arc AB along the rotor shaft
axial direction, the term Vm,2 represents the contribution due to the volume oc-
cupied by the vane and the term Vm,3 represents the rotor volume.

Vm,1(ϕ) = Wr

ϕ∫

ϕ−ϕvp

L(ϕ)2

2
dϕ (3.44)

Vm,2(ϕ) = Wr
tvb
2

(
L(ϕ)2 − L(ϕ− ϕvp)

2 − 2rr
)

(3.45)

Vm,3(ϕ) = Wr
r2rϕvp

2
(3.46)

Using equations (3.44), (3.45), (3.46), equation (3.43) can be revritten as follows:

Vm(ϕ) = Wr





ϕ∫

ϕ−ϕvp

L(ϕ)2

2
dϕ−

tvb
2

(
L(ϕ)2 + L(ϕ− ϕvp)

2 − 2rr
)
−

r2rϕvp

2





(3.47)
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Determination of Vh

The volume Vh remains constant during the shaft revolution. It can be calcu-
lated as a prism with a triangular base an high Wr. With reference to Figure
3.13, the expression for Vh is the following:

Vh =
Wr(tvb − tvh)2 tan(ηvh)

2
(3.48)

Determination of Vs

The volume Vs (see Figure 3.13) remains constant during the shaft revolution,
it is symmetrically distributed on the two rotor sides and it can be calculated
as follows:

Vs = Wsr(rr − rsr)(rrϕvp − tvb) (3.49)

Where Wsr represents the rotor sides width (see Figure 2.15). To conclude, it
is possible to express Vv as stated in equation (3.50).

Vv(ϕ) =

Wr

( ϕ∫

ϕ−ϕvp

L(ϕ)2

2
dϕ−

tvb
2
(L(ϕ)2 + L(ϕ− ϕvp)

2 − 2rr)−
r2rϕvp

2
−

−
Wr(tvb − tvh)2 tan(ηvh)

2

)

−

−Wsr(rr − rsr)(rrϕvp − tvb)

(3.50)

3.3.4 Volume evolution for a hole control volume

The volume trapped under a vane, in a rotor grove can be calculated by ana-
lyzing the hole geometry on a xy plane (see Figure 3.14). The distance between
the vane bottom and the rotor groove (hrg) can be calculated as follows:

hrg(ϕ) = L(ϕ)− hv − rrg (3.51)

where rrg represents the fillet radius at the end of each rotor groove (see FIgure
3.14). The volume of a hole can now be easily determined as proposed in
equation (3.52).

Vh(ϕ) = Wr

(
πrfrg2

2
+ hrg(ϕ)tvb

)
(3.52)

3.3.5 Rate of volume variation

The rate of volume variation dVi

dϕ can be calculated by discretizing the volume
evolution with respect to angular coordinate by step ∆ϕ. To do this, equation
(3.53) can be applied.

dVi(ϕ)

dϕ
=

V (ϕ+∆ϕ)− V (ϕ)

∆ϕ
(3.53)
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Figure 3.14: The hole geometry on a xy plane.

3.3.6 Passage area evolution for a vane space

The term Ai(ϕ) involved in equation (3.6) represents the passage area between a
vane space and distribution duct. This calculation must be done by a subroutine
suitably studied to compute the passage area of a vane space in function of port
plate design features (see Figure 2.13). To do this the linearized geometry
depicted in Figure 3.15 can be studied.

Figure 3.15: Angular region for passage area calculation.
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Figure 3.16: The angular coordinate for passage area calculation.

During the area calculation procedure, the zero coordinate is in correspondence
of the −y direction and ϕ1 corresponds to ϕseo in Figure 2.13, while ϕ4 corre-
sponds to the beginning of the inlet/outlet constant section. With reference to
Figure 3.15, from ϕ1 to ϕ2 the passage area has been considered on a yz plane,
in correspondence of a carving transversal section while, onece ϕ2 is passed by
the vane, the passage area is considered on a xy plane. In Figure 3.16, the con-
vention used to compute the passage area is explained: φ represents the current
angular coordinate on the ϕ axis, the control volume we want to determine the
passage area is Vi and it is included between the vane i and the vane i− 1. In
agreement with this convention, the passage area for the control volume Vi starts
to increase when all the vane i passes the carving corner (φ > ϕ1 +ϕtvb/2). On
the other side, the closure is anticipated of the same angular quantity ϕtvb/2.
The vane angular extension ϕtvb can be calculated by using equation (3.54).
The vane i and i− 1 are separated by the angular pitch ϕvp.

ϕtvb =
tvb

2 (L(ϕ)− hv)
"

tvb
L(ϕ)max + L(ϕ)min − 2hv

(3.54)

Several angular regions are taken into account in the subroutine but, for the sake
of brevity, only the area calculation in the carving region, on a yz plane and
the area calculation in two representative regions of the xy plane are reported
hereafter.

Area calculation in the region ϕ1 + ϕtvb/2 < φ ! ϕ2 + ϕtvb/2

In the region 0 < φ ! ϕ1 + ϕtvb/2 the exchange area between a control volume
and distribution ducts is zero. Once ϕ1 is totally passed by the vane i, the fluid
can communicate with the outlet by a duct corresponding to a carving section
on a yz plane (see Figure 3.17)
The carving slope on a xz plane can be calculated as follows:

ηc = tan−1

(
hc2 − hc1

lc

)
(3.55)

Then, one needs to set a coordinate to guide the calculation with respect to
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Figure 3.17: Passage area in the carving region.

current angular coordinate φ:

xc(φ) = rc
(
φ− ϕ1 −

ϕtvb

2

)
(3.56)

Where rc represents the radius on which the current carving is lying. The
carving depth hc and carving width Wc can now be computed as a function of
xc:

hc(φ) = hc1 + xc tan ηc (3.57)

Wc(φ) = bc + 2hc tan

(
θc
2

)
(3.58)

The effective passage area on a yz plane can be considered as a trapeze and
finally it can be calculated as follows:

Ai(φ) = Ayz(φ) = hc +
bc +Wc

2
(3.59)

Area calculation in the region ϕ2 + ϕtvb/2 < φ ! ϕ4 + ϕtvb/2

In this angular region the passage area can be obtained by adding to the carving
contribution on a yz plane (see previous paragraph, Ayz) the distribution duct
area on a xy plane (A′′

xy). To calculate this further contribution, some new
quantities have to be introduced and a new coordinate x′ has to be used. The
angle β represents the angular distance between the x axis and the line passing
on the center of the eyelet circular edge and the intersection between the same
edge with the vane back profile.

x′(φ) = re(φ− ϕ2 − ϕtvb/2) (3.60)

β = cos−1

(
1−

x′

rp

)
(3.61)
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The expression for the calculation of area A′′

xy in Figure 3.18 can now be ob-
tained. In equation (3.62), the first contribution represents the area of a circular
sector included in an angle 2β, while the term to subtract is the area of the tri-
angle ABC. Finally, the effective passage area can be obtained as stated in
equation (3.65).

A′′

xy(φ) = r2p(β − sinβ cosβ) (3.62)

Ai(φ) = Ayz(φ) +A′′

xy(φ) (3.63)

Figure 3.18: Passage area at the beginning of distribution ducts.

Area calculation in the region ϕ4 + ϕtvb/2 < φ ! ϕ2 + ϕtvb/2

With reference to Figure 3.19, the passage area for the black region can be
calculated by means of equation (3.65). The area A′′′

xy can be easily computed
after having introduced a new coordinate x′′ as stated below:

x′′(φ) = re(φ− ϕ4 − ϕtvb/2) (3.64)

Ai(φ) = Ai(ϕ = ϕ4) + 2x′′rp (3.65)

By using the method underlined in the last paragraphs it is possible to calculate
the passage area Ai(ϕ) between a generic vane space control volume i and inlet
or outlet ducts. For the sake of brevity only the procedure for the beginning
of a duct has been reported since this region is the most complicated to model.
The same method can be applied when a vane space control volume is exiting
from inlet/outlet duct. The result for the passage area of the PHV05 pump
is depicted in Figure 3.20. It has been validated as well by comparison with
measurements on a CAD model.

46



Model description

Figure 3.19: Passage area at the beginning of duct constant area region.
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Figure 3.20: Passage area between the vane space V1 and port plate ducts for a com-
plete shaft rotation.
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3.3.7 Passage area evolution for a hole control volume

In this section several angular regions will be defined with reference to figure
3.21:

• Carving region: from ϕ1 to ϕ2, from ϕ3 to ϕ4 and from ϕ5 to ϕ6 the
passage area can be represented on a yz plane as Ai(φ3) in Figure 3.22;

• Full groove region: from ϕ2 to ϕ3 and from ϕ6 to ϕ6 the passage area
can be represented on the xy plane as depicted for Ai(φ1) and Ai(φ2) in
Figure 3.22.

Figure 3.21: Angular regions for the inner distribution.

Inner passage area in the carving region

In this regions the passage area can be calculated as described in the previous
section, devoted to the description of the procedure used to calculate the passage
area for a vane space. First of all the carving radial coordinate has to be defined
in a slightly different way, because in this case the carving is located in the inner
part of the groove. For a generic carving, the carving radius ric can be calculated
as follows:

ric = ri − rp +
WCmax

2
(3.66)

Where WCmax represents the carving width in correspondence of ϕ2 (see Figure
3.21). It is now possible to define a linearized coordinate useful to compute the
area on the yz plane:

xic(φ) = ric(φ− ϕ1) (3.67)

The carving depth and the carving width can be calculated as described in the
following equations (see equation (3.57):

hic(φ) = hic1 + xic tan ηi (3.68)

Wic(φ) = bic + 2hic tan

(
θ

2

)
(3.69)

It is now easy to compute the passage area as described in equation (3.70):

Ai(φ) =
(bic +Wic)hic

2
(3.70)
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Figure 3.22: The inner exchange area.

Inner passage area in the full groove region

In this region the passage area between the bottom part of the rotor groove and
the distribution groove is a function of pressure ring eccentricity (see figure 3.22).
In general on can observe that for some angular coordinates the intersection
between the two regions is upper bounded by the distribution grooves width
(see Ai(φ1)) and in some other angular coordinates the passage are on the xy
plane coincides with the area between the bottom of the vane and the bottom
of the rotor groove (see Ai(φ2)).
First of all the distance between the bottom of the vane and the bottom of the
rotor groove has to be determined (hrg) as stated in equation (3.51) (see Figure
3.14).
The area in the ”full groove” region can be calculated using the following equa-
tion:

Ai(φ) =
πrfrg2

2
+ hrgtvb (3.71)

It has to be observed that equation (3.71) can be used only when the relation
ri + rp " rrg + hrg is verified (the case of Ai(φ1) in Figure 3.22), otherwise
(the case of Ai(φ2) in Figure 3.22) Ai(φ) must be calculated using the following
equation:

Ai(φ) = πr
2
frg + (ri + rp − rrg)tvb (3.72)

The results obtained for the exchange area between a hole control volume and
port plate ducts are depicted in Figure 3.23. It has been validated by comparison
with measurements on a CAD model. The present result refers to the maximum
eccentricity condition.
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Figure 3.23: Passage area between the hole corresponding to control volume V12 and
port plate ducts for a complete shaft rotation.

3.4 Force estimation

In the present section the procedures used to determine the forces acting on the
rotor shaft will be described. In more detail, quantities Frotor,x, Frotor,y, Fb,x,
Fb,y involved in equation system (3.2) will be fully characterized.

3.4.1 Force acting on the rotor

The pressure distribution inside the vane spaces and inside the holes are used to
determine the force acting on the rotor shaft, on a xy plane, under the following
approximations and hypothesis:

• The difference between Wr and Ws is neglected (Wr " Ws = Wp);

• In the meatus between the vanes and the rotor grooves, the pressure dif-
ference between the two sides of each vane is neglected;

• The viscous actions in the meatus between vanes and rotor grooves are
neglected;

• Direct contact with coulombian friction takes place between vane heads
and pressure ring inner race;

• The acceleration of the vane center of mass is approximated to the only
centrifugal component.

The force acting on the rotor shaft can be decomposed in two components:

• Frotor,x along x direction;

• Frotor,y along y direction.
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Both the components are variable with respect to the angular coordinate ϕ with
angular period ϕvp.
The forces acting on the on the rotor shaft can be calculated taking into account
four main contributions (see equation (3.73)):

• Fsr,i(ϕ) is the contribution due to the pressure evolution inside control
volume Vi, corresponding to a generic vane space (see equation (3.74));

• Fhr,i(ϕ) is the contribution due to the pressure evolution inside control
volume Vi+N , corresponding to a generic hole (see equation (3.75));

• Fvr,i(ϕ) is the contribution due to the action of the pressure filed on the
vanes along tangential direction (see equation (3.76));

• Ffv,i(ϕ) is the contribution due to friction between vane head and pressure
ring inner race (see equation (3.77)).

Frotor(ϕ) =
N∑

i=1

(Fsr,i(ϕ) + Fhr,i(ϕ) + Fvr,i(ϕ) + Ffv,i(ϕ)) (3.73)

Figure 3.24: Generic geometry used to compute the forces on the rotor shaft.

In the following equations the summation terms of equation (3.73) are described.
The meaning of the geometrical features involved in the calculations has been
explained in section 2.2.2, while the meaning of unit vectors ni, ni+N and ti+N

is depicted in Figure 3.24.

Fsr,i(ϕ) = −2rrWpni

ϕvp
2∫

0

pi(ϕ)cosθdθ =

= −2pi(ϕ)rrWpsin
(ϕvp

2

)
ni (3.74)

Fhr,i(ϕ) = −tvbWp

(
pi+N (ϕ)−

pi(ϕ) + pi+1(ϕ)

2

)
ni+N (3.75)

Fvr,i(ϕ) = Wp (Li(ϕ) − rr) (pi(ϕ)− pi+1(ϕ)) ti+N (3.76)
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Ffv,i(ϕ) = −µfFvh,i(ϕ)ti+N (3.77)

In equation (3.77), quantity Fvh,i represents the magnitude of contact force be-
tween the vane head and the pressure ring, while µf is friction coefficient between
vane head and pressure ring (assumed equal to 0.05). The magnitude of this
force contribution can be calculated considering the vane equilibrium in radial
direction (see Figure 3.25(d)) as stated byequation (3.78), in which Fhole,i(ϕ)
represents the force acting on the vane bottom, Fcv,i(ϕ) is the centrifugal force
and Fhead,i(ϕ) is the force acting on the vane head.

Fvh,i(ϕ) = Fhole,i(ϕ) + Fcv,i(ϕ) − Fhead,i(ϕ) (3.78)

Fhole,i(ϕ) = tvbWppi+N (ϕ) (3.79)

Fcv,i(ϕ) = mvω
2

(
Li(ϕ)−

hv

2

)
(3.80)

Fhead,i(ϕ) = Wppi(ϕ) (tvb − tvh) (3.81)

3.4.2 Journal bearing reaction forces

In equation system (3.2), terms Fb,x and Fb,y can be determined after having
analyzed the bearing behavior. The main concepts with an extensive analysis
can be found in [7]. All the models that simulate the bearing behavior starts
from Reynolds’ equation with some simplifications [31]. Commonly, two main
simplifications are used: short and long bearing approximation which yeld to
simple forms of Reynolds’ equation. The short bearing theory can be applied to
bearings with a L/d < 0.5, where L and d are respectively the bearing length
and diameter, and provides good values for the bearing reaction direction but
predicts an erroneous large magnitude. On the other hand, the long bearing
theory (L/d > 1) provides good values for magnitudes but inaccurate values for
reactions direction. The solution for short and long bearing can be combined
together obtaining an approximate with extended validity range for general finite
length bearings with both large and small eccentricity ratios. The vectorial
composition of the results obtained with the short and long bearing theories
called finite impedance formulation has been proposed by Chields et al. in 1977
[7]. The reaction forces of equation system (3.2) have been calculated using this
theory as in [2, 32]. In the following, the reaction force Fb will be obtained for
the journal bearing in Figure 3.26. In particular, the bearing reaction forces
can be defined as a function of the impedance value W in order to provide
a relationship between the bearing reaction and the position and velocity of
the shaft. The bearing reaction forces Fb can be obtained in a reference frame
XbYb with origin in the centre of the journal bearing as depicted in Figure 3.26
applying the following equations:






Fb,x = −2vsµWb

(
Rb

Cr

)3
Wx

Fb,y = −2vsµWb

(
Rb

Cr

)3
Wy

(3.82)

In order to calculate the squeeze velocity vs some steps have to be explained.
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(a) (b)

(c) (d)

Figure 3.25: The force components taken into account in the calculation of the dorce
actiong on the rotor shaft: force due to the pressure evolution in a vane
space (a), force due to the pressure evolution in a hole (b), force due to
the action of the pressure field on a vane, forces acting on a vane in radial
direction.
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Figure 3.26: Journal bearing scheme, P is the journal center, O is the bearing center.
µε and µΓ are the unit vector along and normal the eccentricity ẽ.

Figure 3.27: Kinematic variables in the journal bearing impedance method.

The velocity of the journal centre relative to the reference frame XbYb is:

v =
d (Crε)

dt

∣∣∣∣
Xb,Yb

(3.83)

Where the notation
∣∣
Xb,Yb

means that the temporal derivative is performed for

each component of the vector Crε. Be vs the rate of change of the vector Crε
with respect to a coordinate system that has an angular velocity of ωK, where
K is the unit vector normal to the Xb axis and out of the XbYb plane:

vs = v − ωK×Crε = uεvsε + uΓvsΓ = uεCr ε̇+ uΓCrε
(
Γ̇− ω

)
(3.84)

Where vsε and vsΓ are the components of vs along the axis uε and uΓ re-
spectively. Hence the terms Cr ε̇ and CrεΓ̇ of equation (3.84) are the velocity
components of the journal center with respect to a coordinate system that is
rotating at an angular velocity of ωK relative to the reference frame XbYb. The
journal center of motion for this kind of rotating coordinate system would al-
ways appear to be in a state of pure squeeze velocity vector [33]. Hence the
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vector vs can be denoted here as the journal pure squeeze velocity vector. Such
a velocity vector is defined in the XbYb reference system by:

vs = vs,Xb
I+ vs,Yb

J = (ẋp + ypω) I+ (ẏp + xpω)J (3.85)

Where I and J are the unit vector along the Xb and Yb axis. The velocity
magnitude can be calculated using equation (3.85), therfore:

|vs| =

√
Cr ε̇+ Crε

(
Γ̇− ω

)
(3.86)

Quantity ε̇ and Γ̇ are the derivatives of ε and Γ respectively:

ε̇ =
xpẋp + ypẏp

Cr

√
x2
p + y2p

x2
p + y2p (3.87)

Γ̇ =
xpẋp − ypẏp
x2
p + y2p

(3.88)

The impedance magnitude in the XbYb reference frame is:

Wx = W cos (ζ + α̃− ψ) (3.89)

Wy = W sin (ζ + α̃− ψ) (3.90)

The angle ζ is the attitude angle of vs relative to I. It can be evaluated using
equation (3.91) (see Figure 3.27):

ζ = tan−1 vs,Yb

vs,Xb

= tan−1
Cr

(
Γ̇− ω

)

Crω
(3.91)

While the angle α̃, attitude angle of ε relative to vs can be calculated using
equation (3.92).

α̃ = tan−1 vs,Yb

vs,Xb

= tan−1
Cr

(
Γ̇− ω

)

Crω
(3.92)

The angle ψ can be obtained solving a transcendental equation, but the following
approximate equations can be used as well.

ψ ∼=

(

1−
ã√

1− b̃2

)



sin−1 b̃−
π

2

b̃∣∣∣̃b2
∣∣∣
+ tan−1 4(1 + 2.12B)

√
1− b̃2

3b̃(1 + 3.6B)



+

+α̃− sin− 1
(
b̃
)

(3.93)

with:

B =
(
1− ε2

)( Lb

2db

)
(3.94)
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ã = ε cos α̃ (3.95)

b̃ = ε sin α̃ (3.96)

The magnitude of the impedance previously reported in equations (3.89) and
(3.90) is:

W =
1

0.15
√
Ẽ2 + G̃2 (1− ã′)3/2

(3.97)

In wich:





Ẽ = 1 + 2.12Q̃

G̃ =
3b′(1+3.6Q̃)

4(1−ζ)

Q̃ = (1− a′)
(

Lb

db

)−2

a′ = ε cosψ

b′ = ε sinψ

(3.98)

Finally the generic journal bearing reaction force can be written in a synthetic
form as follows:

Fb = f (xp, yp, ẋp, ẏp, ) (3.99)

3.5 Torque estimation

3.5.1 Torque due to pressure distribution

The pressure field inside the pump generates not only variable forces but also a
variable torque acting on the rotor shaft. While forces act on the pump body
generating vibrations, the variable torque action reflects in variation of angular
velocity ω (see section 3.1). The pressure distribution generates a pressure
torque acting on the rotor shaft called Mp(ϕ) (see equation system (3.2)).
In more detail, the pressure torque is related to the pressure difference acting
on consecutive vanes. Following the scheme used to calculate the pressure field,
the vane i is surrounded at his right by the vane space control volume i+1 and
at his left by the vane space control volume i (see Figure 3.16). In this frame
the pressure difference seen by vane i can be written as follows:

∆pi(ϕ) = pi(ϕ)− pi+1(ϕ) (3.100)

Using this convention it will be possible to get positive value for Mp when it is in
concordance with rotational velocity ω. In a general way Mp,i can be calculated
as proposed in equation (3.101).

Mp,i(ϕ) = Wr

Li(ϕ)∫

rr

r∆pidr (3.101)

Integrating equation (3.101) it is possible to obtain the following expression:

Mp,i(ϕ) =
Wr (pi(ϕ)− pi+1(ϕ))

(
Li(ϕ)2 − r2r

)

2
(3.102)
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Finally, the total amount of pressure torque can be obtained summing the con-
tributions of each vane:

Mp(ϕ) =
N∑

i=1

Mp,i(ϕ) (3.103)

3.5.2 Friction torque

The contact force between vanes head and pressure ring generates a friction
torque called Mvh(ϕ) (see equation system (3.2)). In section 3.4.1 the coupling
between each vane i and pressure ring has been described in terms of force
Fvh,i (see equation (3.78) and Figure 3.25(d)). By using the above mentioned
formulation it is now easy to calculate the total amount of friction torque due
to contact force Fvh,i(ϕ) acting between each vane and the pressure ring inner
race as follows.

Mvh(ϕ) = −
N∑

i=1

µfLi(ϕ)Fvh,i(ϕ) (3.104)

In equation (3.104) µf represents the friction coefficients between vane head and
pressure ring inner race. It is assumed equal to 0.05.

3.5.3 Torque due to viscous actions

The torque due to viscous actions is mainly related to journal bearings behavior
(Mb) and to coupling between rotor shaft and port plates (Mv).

Mvd = Mv +Mb (3.105)

Viscous torque between rotor flanks and port plates

The viscous torque generated by lubricant tangential action between rotor flanks
and port plates can be calculated as follows:

Mv = −2

rsr∫

rs

rµ
∂vp
∂z

∣∣∣∣
z=hd

2πrdr (3.106)

In equation (3.106) the term ∂vp
∂z

∣∣∣
z=hd

= rω
hd

represents the tangential velocity

gradient in correspondence of port plates. The distance between between rotor
flanks and port plates is equal to the clearance between these two components
(hd). After the integration, the viscous torque can be directly calculated as
stated in equation (3.108).

Mv = −
µπω

(
r4sr − r4s

)

hd
(3.107)
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Figure 3.28: The coupling between rotor flanks and port plates.

Journal bearings viscous torque

Viscous actions generates a constant torque Mvd (see equation system (3.2)) in
correspondence of journal bearings and of the coupling between rotor flanks and
port plates. The journal bearings viscous torque can be calculated by applying
the Raimondi and Boyd theory [34–36]. In general the journal bering viscous
torque can be calculated as follows:

Mb = −2F rotorfbrs (3.108)

Where F rotor represents the mean journal bearing load and fb is the journal
bearing friction coefficient. This last quantity can be calculated as reported in
equation (3.109).

fb = f∗

b
Cr

2rs
(3.109)

In wich Cr represents the journal bearing radial clearance and f∗

b can be calcu-
lated by diagrams in function of Sommerfeld number.

3.5.4 Motor drive torque

The term Mm in equation system (3.2) represents the motor torque and can be
calculated as reported in equation (3.110),

Mm(ϕ) = KT (ϕ0 − ϕ) + CT (ϕ̇0 − ϕ̇) (3.110)

in which, quantities KT and CT are respectively the shaft torsional stiffness
and dumping, ϕ̇0 represents the constant angular speed ω and ϕ0 is the angu-
lar position (ϕ0 = ωt, where t represents the time integration variable). The
torsional stiffness can be calculated considering the rotor shaft as two series
spring elements of lengths l1 and l2 and diameters d1 and d2 respectively (see
Figure 3.29). It has to be noticed that only half a length of the key is taken
into account because in working condition only this part is involved in torque
transmission.

KT,j =
πGd4j
32lj

(3.111)
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The stiffness of the jth element con be calculated as proposed in equation
(3.111), in which G represents the shear modulus [37], while equivalent tor-
sional stiffness of the rotor shaft can be calculated as follows:

KT =
1

∑2
j=1

1
KT,j

(3.112)

Finally, the proportional damping can be calculated multiplying the stiffness
KT by the proportional damping factor γT

CT = γTKT (3.113)

The teeth joint between the pump and the drive motor can be considered in-
finitely rigid with respect to rotor shaft. For this reason the teeth joint stiffness
is not taken into account while calculating the equivalent stiffness by equation
(3.112) and the joint angular velocity in working condition can be considered as
constant and equal to ω.

Figure 3.29: The rotor shaft.

3.6 The static equilibrium position

With the aim at reducing the integration time, the rotor shaft axis average
position inside the journal bearings is estimated before the integration of the
dynamic model described by equations of motion (see equation system (3.2)).
When the rotor shaft center is in the stationary position, the shaft centre velocity
vanishes and the problem is to solve a non linear equation system giving the
shaft center position. In this sight the forces acting on the rotor assume the
mean value on a revolution. When the integration begins, an arbitrary shaft
location is defined (x0, y0), then the bearing reaction is calculated and finally the
shaft center position (xk, yk) can be calculated solving the non linear equation
system (3.114). The equation system (3.2) can be further simplified as follows
since ẍ = 0 and ÿ = 0.

{
2Fb,x (xk, yk, 0, 0,ω) + F rotor,x (x0, y0) = 0

2Fb,y (xk, yk, 0, 0,ω) + F rotor,y (x0, y0) = 0
(3.114)

Obviously the new center position (xk, yk) will be different from the initial
position (x0, y0) and the pressure force evolution for the new position must be
recalculated repeating the same procedure described above until the difference
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between two consecutive positions is less then a threshold value. An additional
control has been included to take into account the mean force variation between
two consecutive iterations. In working condition, the rotor shaft center will
describe an orbit around the stationary equilibrium position.
Since the rotor shaft position and the pressure field are mutually dependent, to
perform the calculation depicted in the present chapter the iterative procedure
depicted in Figure 3.30 has been used. Thus, the variable pressure force on the
rotor can be approximately estimated from the stationary equilibrium position
before starting the numerical integration, obtaining an important reduction of
the integration time. The goodness of this approach has been verified as well.
It is well known that during pump working, the rotor shaft position is not fixed
in the stationary center location, but the rotor shaft covers an orbit around this
position as shown in Figure 3.31. The validation procedure will be described in
the next chapter.











































Figure 3.30: Pressure and force calculation loop.

3.7 Preliminary analysis

With the aim of demonstrate the consistence of the model scheme chosen to
evaluate the rotor shaft dynamical behavior, two preliminary analysis have been
done using ANSYS workbench [38]. The first is a finite element structural
analysis useful to verify the shaft rotation in correspondence of the journal
bearings. The rotor shaft has been loaded as depicted in Figure 3.32, in which
the force F rotor is the average value of the force acting on the rotor in working
condition. Three constraints condition have been investigated:
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Figure 3.31: The SEP position with respect to journal bearing radial clearance (a)
and the shaft orbit around the SEP (b).

• Condition 1: Two constraints in correspondence of the journal bearings
middle axis (see Figure 3.32a);

• Condition 2: Two constraints with length equal to Wb/2, centered on the
journal bearings middle axis (see Figure 3.32b);

• Condition 3: Two constraints as extended as the journal bearings (see
Figure 3.32c).

The deflection angle in correspondence of each constraint has been calculated
for each constraint condition as resumed in Table 3.1. As expected, the first
constraint condition leads to the biggest angular deflection. It has to be veri-
fied if the displacement due to the deflection is compatible with the SEP value
described in Figure 3.31 and with the journal bearing clearance as reported in
equation (3.115), in which quantity Cr represents the journal bearing radial
clearance, quantity SEP (see section 3.6) refers to journal bearing static equi-
librium position and δs is the shaft displacement in correspondence of journal
bearing edge (see Figure 3.33). It can be noticed that in working condition the
clearance between the rotor axis and the bearing is reduced to 2 ·10−3 mm. This
clearance value is comparable with the material roughness value and this fact
justifies the scratches clearly visible on used journals. Nevertheless, the more the
journal bearing meatus decreases, the more the reaction force increase, for this
reason a further finite element dynamical analysis has been performed choosing
a different constraint condition. The goal of this new analysis is to verify if the
natural frequencies of the rotor shaft in working condition are in the range of
excitation forces that varies with a frequency equal to ωN

2π and relative first two
harmonics. The rotor shaft has been now constrained by three cylindrical con-
straints in correspondence of the journal bearings axis and in correspondence
of the shaft terminal. The constraints in correspondence of journal bearing axis
have axial extension equal to Wb/2 (see Figure 3.34). In this way rotations
around the rotor axis and translations in the rotor axis directions are allowed.
The simulation parameters are resumed is Table 3.2 and the meshed geometry
is depicted in Figure 3.35. The first two flexural modes are depicted in Figures
3.36 and 3.37. The first flexural mode is at the frequency of 13838 Hz and it
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is characterized by more relevant displacement in correspondence of the rotor
region, between the two journal bearings, while the second mode is at the fre-
quency of 16641 Hz and it is characterized by more relevant displacement in
the shaft region included between the journal bearing and the terminal. Both
the modes are not excited by the forces acting on the rotor shaft in working
condition. For this reason the dynamical model scheme resumed in section 3.1
con be considered suitable for the analysis target.

Cb = C − SEP − δs = 2 · 10−3mm (3.115)

Table 3.1: Deflection angle in correspondence of constraints.

Constraint condition α [deg]
Condition 1 0.006 deg
Condition 2 0.005 deg
Condition 3 0.005 deg

Table 3.2: Finite element dynamic simulation parameters.

Young modulus 2.1 · 1011 Pa
Poisson ratio 0.3
Material density 7850 kg/m3

Yield strength 2.5 · 108 Pa
Ultimate tensile strength 4.6 · 108 Pa
Element kind Tetrahedral
Number of elements 120922
Number of nodes 72690
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Figure 3.32: The constraint condition 1 (a), the constraint condition 2 (b) and the
constraint condition 3 (c).
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Figure 3.33: The rotor shaft deflection and the journal bearing in constraint condition
1.

Figure 3.34: The cylindrical constraints used for the finite element dynamical analysis.
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Figure 3.35: The meshed geometry used for the finite element dynamical analysis.

Figure 3.36: The first flexural mode (13838 Hz).
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Figure 3.37: The second flexural mode (16486 Hz).
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Model implementation in
MATLAB and Simulink

In the present chapter the most important aspects related to the model imple-
mentation will be reported following the scheme previously used in Chapter 3.
First of all a general description of the LP model will be provided, hence the
implementation in Simulink and MATLAB environments will be described.

4.1 Integration of the equations of motion

The system of equation of motion reported in (3.2) has been integrated in
Simulink environment. First of all, the system has to be rewritten in the fol-
lowing form:






ẍ = 2Fb,x

m + Frotor,x

m

ÿ = 2Fb,y

m + Frotor,y

m

ϕ̈ = Mm

J + Mp

J + Mvh

J + Mvd

J

(4.1)

The right arguments of equation system (4.1) have been fully characterized in
sections 3.4 and 3.5 from a theoretic point of view. Terms Fb,x, Frotor,x, Fb,y ,
Frotor,y, Mp, Mvh, Mvd can be calculated by means of MATLAB subroutines
described in the next section and then evaluated in the Simulink flowchart by
using the embedded block MATLAB Fcn. This block passes the input val-
ues obtained during the Simulink calculations to a MATLAB function for the
evaluation and finally imports the results in the Simulink flowchart.
The motor drive torque Mm (see section 3.5.4) is directly calculated inside a
Simulink block described in next sections.
Before launching the Simulink equilibrium model it is necessary to launch the
MATLAB function full model.m (see section 4.2) and save all the variables in
the current workspace. This preliminary operation makes it possible to compute
all the pressure forces and torques in the stationary equilibrium position (SEP )
following the loop depicted in Figure 3.30.
The rotor shaft equilibrium problem involves the integration of equations of
motion along three degrees of freedom: x, y and ϕ. First of all it has to be
noticed that degrees of freedom x and y are coupled while degree of freedom
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ϕ can be integrated separately. The whole integration operation is performed
by the Simulink model called rotor equilibrium look up.mdl (see Figure 4.1).
Since a second order problem has to be solved, two integrations are needed as
depicted in Figure 4.2, and for each one a set of initial condition in terms of
displacement and velocities must be provided. In more detail, the displacements
and velocities at t = 0 has been set as reported in Table 4.1.
The simulation main parameters have been set by means of the Simulink dialog
box as depicted in Figure 4.3. A variable step solver suitably developed for stiff
problems has been used (ode15s) and the simulation has been performed for
several shaft rotations to reach the equilibrium of the integration process (see
the Stop time parameter in the dialog box). In more detail, the integration total
period used during calculations corresponds to 10 complete shaft rotations. As
a matter of fact the first iterations are necessary to reach the equilibrium an for
this reasons their results must been discarded.

Figure 4.1: Simulink flow chart of the rotor shaft equilibrium problem. The model file
is called rotor equilibrium look up.mdl.

Velocities and displacements obtained after each integration step are the input
data for the blocks devoted to journal bearing reaction forces Fb,x and Fb,y and
motor drive torque Mm (respectively green and yellow block in Figure 4.1).
The journal bearing resulting reaction has been calculated by implementing the
Childs’ theory exposed in section 3.4.2 in a MATLAB subroutines that uses
as input data velocities and displacements along x and y coordinate as well as
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Figure 4.2: Detail of rotor equilibrium look up.mdl: the integrators.

Figure 4.3: Integration parameters in the Simulink dialog box.

Table 4.1: Initial conditions in terms of displacements and velocities for the integration
of the rotor shaft equilibrium problem.

Degree of freedom Displacement i. c. Velocity i. c.
x SEPx 0
y SEPy 0
ϕ 0 ω
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rotational velocity ω, lubricant characteristics in terms of dynamic viscosity and
journal bearings geometrical features Rb, Wb and Cr.
The motor drive torque can be calculated by using the yellow blocks in which the
formulation of equation (3.110) in section 3.5.4 is simply implemented. In Figure
4.4 the implementation of the term (ϕ0 − ϕ) is depicted. It can be noticed that
the a time input is necessary to compute the term ϕ0 = ωt. Since the integration
takes place in the time domain corresponding to the angular domain from ϕ = 0
to ϕ = ϕvp, a periodic time have been used. The periodic time calculation is
performed by the blue block of Figure 4.1 whose inner structure is depicted
in Figure 4.5. The time generated by the clock block first of all is divided by
the period T , equivalent to a vane pitch (see equation (4.2)), consequently it
is multiplied for the same quantity. In this way the periodic time depicted in
Figure 4.6 is obtained. It can be noticed that the periodic time varies from 0
to 3.6 · 10−3 that is the time necessary to complete a rotation from ϕ = 0 to
ϕ = ϕvp at 1500 rpm, i.e. the typical pump rotational speed.

T =
2π

ωN
(4.2)

Figure 4.4: Detail of rotor equilibrium look up.mdl: a passage for the motor drive
torque calculation.

Figure 4.5: Detail of rotor equilibrium look up.mdl: the periodic time calculation.

The purple blocks of Figure 4.1 are devoted to introduce in the Simulink flowchart
quantities Frotor,x, Frotor,y, Mp, Mvh, Mvd, previously saved in the work space
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Figure 4.6: The periodic time calculated by the block of Figure 4.5.

after having launched the function full model.m. By means of Lookup blocks
a linear interpolation of input values using the specified table is obtained. Ex-
trapolation is performed outside the table boundaries. This tool is necessary
since the variable step integrators may need values in correspondence of points
in which previous integrations performed by full model.m did not take place.
Finally, each block gives as output a three row vector in which the first column
is related to the x component, the second to the y component and the third to
the ϕ component. Hence, the output vectors of each block are summed by the
orange block of Figure 4.1 to finally compose equation system (4.1).

4.2 Pressure and force field calculation

The LP model described in the previous section requires input data in terms
of forces and torques (see right arguments of equation system (4.1)). All these
quantities are provided by subroutines developed in MATLAB environment.
All the relations derived in sections 3.2 and 3.3 have been implemented in MAT-
LAB [3, 39]. The loop depicted in Figure 3.30 is solved by a function called
full model.m that includes all the MATLAB functions described in the present
section. All the geometry data useful for the calculations (see Chapter 2) are
listed in a script called data.m in the form of structure arrays. In this way
one need to modify only data.m if different geometry features have to be evalu-
ated. Inside full model.m the other main functions are complete look up.m, pres-
sure field.m and rotor dyn force.m. The first provide values for all the auxiliary
quantities underlined in section 3.3 while the second implements the integration
of the flow rate balance equation system.

4.2.1 The function containing data: data.m

As it can be seen in Figures 4.7 - 4.11, the geometry data and operational
parameters are saved in the MATLAB workspace as structure array (when pos-
sible). In this way a less number of variables is saved and debugging operations
are make easier.
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Figure 4.7: The input data for the models (p. 1).
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Figure 4.8: The input data for the models (p. 2).
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Figure 4.9: The input data for the models (p. 3).
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Figure 4.10: The input data for the models (p. 4).
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Figure 4.11: The input data for the models (p. 5).

4.2.2 The function complete look up.m

This script uses as input the script data.m and computes all the quantities
involved in the integration of equation system (3.17). It includes several sub-
routines:

• pressure first trial.m: it uses as input the script data.m and gives as out-
put the first trial pressure p0;

• shaft displacement.m: it uses the pressure evolution p (p0 at the first trial)
and data.m as input. It gives as output the x and y components of shaft
displacement ef,x and ef,y (see section 3.3.1);

• real eccentricity.m: it uses as input ef,x, ef,y, SEPx and SEPy (see section
3.6) and gives as output the total eccentricity between rotor and stator
components etot,x and etot,y (see equation 3.34);

• volume.m: it uses data.m, etot,x and etot,y as inputs and gives as output
the distance between the rotor center and the pressure ring inner race
L(ϕ) (see section 3.3.2), the volume Vi (see section 3.3.3) , and the rate
of volume variation dVi

dϕ (see section 3.3.5);

• look up area.m: uses L(ϕ) and the script data.m as inputs and gives as
output the passage area values Ai(ϕ) for vane spaces (see section 3.3.6)
and for holes control volume (see section 3.3.7);

• inner volume.m: uses as input L(ϕ) and the script data.m and gives as
output the volume Vi and the rate of volume variation dVi

dϕ for holes control

volumes (see sections 3.3.4 and 3.3.5);

• look up everithingelse.m: uses as input L(ϕ) and the script data.m and
gives as output the clearances meatus dimensions hi, bi and li.

All these quantities will be used to define coefficients of equation system (3.17)
reported in the previous chapter.

4.2.3 The function pressure field.m

This function uses as input L(ϕ), Vi,
dVi

dϕ , Ai, hi, bi, li whose physical meaning
has been described in previous sections and in the list of symbols. It integrates
equation system (3.17) and gives as output the pressure evolution in vane space
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control volumes and in holes control volumes. It allows also to save in the
workspace the values of the flow rate described in section 3.2. The system of 26
first order non linear ODE with non constant coefficients is solved by using the
ODE15s MATLAB routine that requires the entire system has to be written in
a dedicated function, called system 26.m.

system 26.m syntax

The function must be saved in the following way:

function DP = system 26(fi, P )

DP is a column vector corresponding to pressure first derivative with respect
to angular coordinate ϕ, fi represents the angular coordinate ϕ and P is
the pressure field to be calculated. Inside the function, the subroutine sys-
tem coefficients computes for each integration step the system coefficients used
to wright the system. To better understand this last statement, a piece of the
function is reported in Figures 4.12 and 4.13.

4.2.4 The function rotor dyn force.m

This function uses as input the pressure field calculated inside vane spaces and
holes to compute the forces acting on the rotor shaft in x and y direction. This
forces are important in defining the effective eccentricity because they influence
the shaft displacement. They can be calculated as depicted in section 3.4.1.On
the other side, the forces acting on the rotor are also fundamental in calculating
the rotor dynamic equilibrium (see section 3.1).
The code of function rotor dyn force.m is reported as an example in Figures
4.14 and 4.15.

4.2.5 The script full model.m

This script includes all the calculation useful to obtain the pressure and force
fields inside the pump. Starting from a first trial initial condition, it allows to
obtain the pressure and force distributions after several iterations. At the end
of the calculation, the values of the flow rates between the control volumes are
available as well. In general from 4 to 6 iterations are needed. The iteration
control is based on three conditions:

• The SEP value (see section 3.6) of two consecutive iterations must match
under a certain tolerance (eps 1 on the MATLAB script);

• The average value of the force on the rotor of two consecutive iterations
must match under a certain tolerance (eps 2 on the MATLAB script);

• The number of the current iteration is lower with respect to the maximum
number of iteration allowed.

Figure 4.16 can be used to better understand the script’s structure.
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Figure 4.12: The script system 26.m syntax (p. 1).
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Figure 4.13: The script system 26.m syntax (p. 2).
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Figure 4.14: The script rotor dyn force.m syntax (p. 1).
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Figure 4.15: The script rotor dyn force.m syntax (p. 2).
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Figure 4.16: The full model.m syntax.
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Experimental validation

In this section the results of experimental measurements in terms of pressure
evolutions and case accelerations will be described. The frequency response func-
tions experimental determination procedure will be reported as well, hence the
lumped parameter model outputs will be compared to experimental measurements
in the frame of a validation process. Finally, each result will be analyzed and
discussed.

5.1 Method

In the present chapter the results of the LP model will be validated by compar-
ison with experimental data. Since the model simultaneously considers several
phenomena involved in the pump working, a wide set of assessments is required.
In more detail the method underlined hereafter has been applied.

• The results in terms of pressure evolution in a vane space and in a hole have
been compared with pressure evolutions measured in working conditions
(see section 5.3.1).

• The flow rates measured in working conditions have been compared with
the flow rates calculated by the model (see section 5.3.2).

• The torques measured in working conditions have been compared with the
torques calculated by the LP model (see section 5.3.3).

• The forces acting on the rotor shaft and on the pressure ring can be calcu-
lated using algorithms based on the theory exposed in sections 3.4.1 and
5.2.4. Hence a comparison between forces calculated basing on simulated
and experimental pressure fields has been done (see sections 5.3.4 and
5.3.5).

• The pump casing accelerations measured in working conditions have been
compared with calculated accelerations. To do this a set of frequency
response functions (FRFs) has been combined with the forces calculated
by means of the LP model (see section 5.3.6).

In the next sections a description of the experimental tests will be provided and
finally the model assessment procedure will be presented and discussed.
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5.2 Experimental tests

Several tests have been performed in order to determine the pressure evolution
inside the pump, the flow rates in working conditions, the vibration and the
frequency response functions of the pump casing. The experimental apparatus
and the procedures used during the test campaign will be described in the
present section.

5.2.1 Pressure evolution measurements

The pressure evolution in woking condition has been measured by using the
test bench described in section 2.3, Figure 2.18. The pressure field has been
investigated both for a vane space and for a hole control volume thanks to an
ad hoc designed rotor shaft, depicted in Figures 2.19. The pump used to perform
pressure measurements in working conditions shows also some other differences
with respect to regular pumps. For example in Figure 5.1 a brass device suitably
designed to hold the pressure transducers can be immediately noticed on the
pump on the right. Furthermore, the pump cover must be drilled to allow the
passage of the modified rotor shaft. Finally the pump modified to carrie out the
pressure measurements can be mounted on the test bench as depicted in Figure
5.2: two measured chambers are obtained in the brass measuring device thanks
to O-ring gaskets and the pressure evolution can be acquired by means of two
piezoelectric pressure transducers Kistler, model 6207. In this way the pressure
evolution for a vane space and for a hole are measured separately during the
same run. The acquisitions have been synchronized thanks to a trigger signal
provided by a proximity sensor Balluff BES516324s4c directly placed on the
test bench motor drive shaft. All the working pressure range has been covered,
from 20, up to 250 bar. For the sake of brevity, only pressure evolutions at the
highest working pressure will be reported since this results better depict several
important aspects. Some general observations about pressure evolutions can be
finally done. It is possible to notice from Figure 5.3 that the pressure starts to
increase when the communication between inlet ducts and a vane space or a hole
is interrupted (i.e. at 22.5 deg for the pressure evolution in a vane space). Hence,
a peak is clearly visible in the vane space pressure evolution in full flow condition
(see Figure 5.3) once the outlet distribution groove, whose geometry has been
described in Figure 2.14, is completely passed at about 40 deg; then the pressure
evolution starts to decrease at the beginning of the inlet groove (200 deg) to
finally reach the inlet pressure value when the inlet duct fully communicates
with the vane space or the hole (220 deg for the vane space pressure evolution,
230 deg for the hole pressure evolution). Finally, both in Figure 5.3 and 5.4,
the ripple phenomena is clearly noticeable in the high pressure region. These
experimental measurements will be used hereafter to validate the LP model
results in terms of pressure evolution.

5.2.2 Flow rate measurements

The main flow rate to be studied and used to assess the model results are the
drainage and the outlet flow rate. Both can be measured by a test bench suitably
designed (see Figure 2.18). The experimental set-up allows to carrie out tests
varying the working pressure from 20 up to 250 bar in a loop. The outlet flow
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Figure 5.1: The pump PHV 05 on the test bench in normal configuration (on the left)
in with the modified cover and measurements devices (on the right).

Figure 5.2: The pump PHV 05 modified to perform experimental measurements in
working condition.
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Figure 5.3: Pressure evolution in the full flow condition in a vane space (solid line)
and in a hole control volume (dash-dot line).

85



Chapter 5

ϕ [deg]

p
[b
ar
]

0 50 100 150 200 250 300 350
0

50

100

150

200

250

Figure 5.4: Pressure evolution in the zero flow condition in a vane space (solid line)
and in a hole control volume (dash-dot line).

rate can be varied by means of a proportional flow rate valve Vickers Eaton,
model KBFDG4V and the flow rate amount can be measured by a flow rate
transducer VSE model VS-4GP0-12V.

In Figure 5.5 the drainage flow rate (blue line) and the outlet flow rate are
reported. Analyzing the flow rates trends it is clear that the pump works in the
full flow condition from 20 to 240 bar (the cutoff pressure on the characteristic
curve in Figure 2.5). Then, the pump reaches is maximum working pressure,
the so called dead head pressure, and quickly passes to the zero flow condition.
The more the working pressure increases, the more outlet flow rate decreases.
On the other side, the drainage flow rate increases: in full flow condition the
drainage flow rate is just noticeable, while in zero flow condition it reaches his
maximum value.

Figure 5.5: The drainage flow rate (blue line) and the outlet flow rate (red line).
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5.2.3 Torque measurements

Using the torsiometer inserted in the test bench (a Staiger Mohilo model 0160,
with a full scale of 500 Nm, see Figure 2.18) it is possible to measure the torque
absorbed by the pump during the test described in the previous section. In Fig-
ure 5.6 the outlet flow rate trend is reported in blue, while the red line represents
the torque measured by the torsiometer. This plot reveals the main advantage
of variable displacement vane pumps with respect to fixed displacement vane
pumps. In fact this kind of pumps requires less power in the zero flow condition
(the main working condition) allowing to save energy. This fact is capitally
important, considering that variable displacement vane pumps usually equip
machine tools in which only occasionally the full flow rate regime is required.
In section 3.5 this aspect is mathematically demonstrated in equation 3.102. In
fact the term Li(ϕ)2 − r2r assumes the highest values in the full flow condition
because quantity Li(ϕ), representing the distance between the rotor axis and
the pressure ring inner race is in direct ratio to the eccentricity between rotor
shaft and pressure ring (etot). As depicted in Figure 3.32, the maximum eccen-
tricity values can be reached in the full flow condition and finally it is possible
to state that the torque absorbed by the pump in working conditions is in direct
ratio with the square of the total eccentricity.

Figure 5.6: Motor torque variation (red line) from the full flow condition to the zero
flow condition (see blue line).

5.2.4 Pressure force evolution calculation

The pressure force can be calculated once the pressure evolution is measured.
It is not possible to directly measure the force on the rotor shaft and on the
pressure ring inner race in working condition, nevertheless the forces acting on
the rotor shaft can be calculated as suggested in section 3.4.1.
A procedure useful to calculate the pressure forces acting on the pressure ring
has been defined as well. The pressure pressure distributions inside the vane
spaces and inside the holes are used to determine the force acting on the pressure
ring, on a xy plane. This force, called Fstator, can be decomposed in two
components (see Figure 5.7):

• Fstator,x along x direction, it loads the balancing screw;
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• Fstator,y along y direction, it loads the control piston.

Both the components are variable with respect to the angular coordinate ϕ with
period ϕvp. In more detail, the pressure force acting on the pressure ring can be
obtained by using equation (5.1), in which N represents the number of vanes.
The term Frotor(ϕ) in equation (5.1) has been already calculated in section
3.4.1 while terms Fcv,i(ϕ) and Fco,i(ϕ) represents the centrifugal forces relative
to each vane and to the lubricant trapped in each control volume i (see Figure
5.8). Terms Fcv,i(ϕ) and Fco,i(ϕ) can be expressed as proposed in equations
(5.2) and (5.3), where the position of center of mass relative to control volume
Vi has been approximated, ρ represents the lubricant density, ni and ni+N

represent the unit vector depicted in Figure 3.24.

Fstator(ϕ) = −Frotor(ϕ) +
N∑

i=1

(Fcv,i(ϕ) + Fco,i(ϕ)) (5.1)

Fcv,i(ϕ) = mvω
2

(
Li(ϕ)−

hv

2

)
ni+N (5.2)

Fco,i(ϕ) = ρω
2Vi(ϕ)

Li−i(ϕ) + Li(ϕ) + 2rr
4

ni (5.3)

Figure 5.7: Radial pressure forces acting on the pump casing.

The pressure forces study is capitally important not only in properly design-
ing the pressure ring and the rotor shaft, but also in characterizing the pump
vibrational behavior. The force on the pressure ring will be used to study the
vibrational behavior of the pump body, in fact this variable force loads the body
in correspondence of the bias piston and the control piston (see Figure 2.9). The
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Figure 5.8: Forces acting on the pressure ring due to centrifugal actions relative to
lubricant (Fco,i) and vane (Fcv,i).

force on the rotor shaft concours in determining the real eccentricity in working
condition because of its influences on the shaft displacement (see section 3.3.1).
Finally, the resulting action of forces on the rotor shaft concours in determin-
ing the journal bearings reaction force, whose actions load the pump casing in
correspondence of the two journal bearings.
The pressure force evolutions acting on the pressure ring and on the rotor shaft
can be calculated by means of the procedures described above and in section
3.4.1.
Figures from 5.9 to 5.12 give evidence to the main periodicity who characterize
the pump behavior. In fact in each force plot a number of peaks equal to the
number of vanes (N = 11) can be noticed. Going further, the force component
along x coordinate is always bigger than the force component along the y co-
ordinate but the amplitude variation of the y component is bigger with respect
to the amplitude variation of the x component. The forces on rotor shaft have
opposite direction with respect to forces on pressure ring, the modulus of forces
on pressure ring is slightly bigger compared to the modulus of forces on rotor
shaft because the first take into account also the vane contact forces (see section
3.4). Finally, the forces acting on the rotor shaft will be used together with the
journal bearings reactions and the experimental frequency response functions to
calculate the accelerations of the casing surface. In this light it is important to
understand which frequencies are excited by the pressure forces to distinguish
the casing acceleration components due to such forces from the components due
to other excitation forms. For this reason the force spectrum of Figure 5.13,
concerning the total pressure force acting on the pressure ring, is provided as an
example. It is possible to notice that such a force mainly excite the frequency
components of 275 and 550 Hz, corresponding to 11th and 22th orders of rotation
then, higher frequencies are slightly excited.
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Figure 5.9: Force acting on the pressure ring in the full flow condition: x component
(solid line), y component (dash-dot line), total force (dashed line).
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Figure 5.10: Force acting on the pressure ring in the zero flow condition: x component
(solid line), y component (dash-dot line), total force (dashed line).
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Figure 5.11: Force acting on the rotor in the full flow condition: x component (solid
line), y component (dash-dot line), total force (dashed line).
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Figure 5.12: Force acting on the rotor in the zero flow condition: x component (solid
line), y component (dash-dot line), total force (dashed line).
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Figure 5.13: Spectrum of the total force acting on the pressure ring in full flow condi-
tion.

5.2.5 Case frequency response functions

The case frequency response functions have been experimentally determined to
evaluate the presence of resonances in the frequency range excited by the time
varying pressure forces and they are used as well to calculate the pump casing
accelerations using as input data the excitation forces calculated by the models
described in the previous chapter. The procedure used in order to compute the
frequency response functions (FRFs) is the conventional procedure in which
both the excitation and response are measured simultaneously to obtain the
so called Inertance, i.e. the FRF between acceleration and force. Five PCB
piezoelectric accelerometers are mounted inside the pump in order to measure
the response in terms of accelerations. This accelerometers are placed in cor-
respondence of the points in which the pump casing is supposed to be excited
by time varying pressure forces (see Figure 5.14 and 5.15). Moreover, a PCB
hammer has been used to excite the pump casing in 5 excitation points, both
in x and y direction, as depicted in Figures 5.16. The response points (where
the accelerometers are mounted, i.e. points A, B, C, D) have been maintained
fixed during the test, while the excitation moves from one measurement point to
another, in order to obtain the FRF among all the considered points [40]. The
signals where acquired using SCADAS III SC 305 front-end and Lms Test.Lab
[41]. A sampling frequency of 25600 Hz was used with a frequency resolution
of 0.78 Hz. Furthermore, the FRFs are calculated by using the H1 estimator
available in LMS Test.Lab. This choice aims at reducing the effects of noise in
the output measurements due to ambient random excitations [42].

The frequency range, which is effectively excited by the hammer, is controlled
by the stiffness of the contacting surfaces and the mass of the impactor head: it
is well known that there is a system resonance at a frequency given by (contact
stiffness/impactor mass)1/2 above which it is difficult to deliver energy into
the test structure. Figure 5.17 shows the frequency content of all the hammer
blows. It can be noticed that pulses are essentially flat up to 6 kHz, and then
the decreased strength makes pulses relatively ineffective at exciting vibrations
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in the frequency range above 6 kHz.
FRF measurements have been performed with the pump filled with lubricant
at the pressure of 20 bar. To do this without perturbing measurements with
the noise generated by another pump used to keep in pressure the pump under
test, an original procedure has been studied. First of all the pump under test
is completely filled with lubricant by using an external pump, then the external
pump is disconnected by means of the load valve depicted in Figure 5.16. It
is now possible to reach the desired pressure acting on the load piston. To
do this, a complete sealing of the pump is obtained thanks to a sealing device
directly placed on the rotor shaft hole by which the accelerometers whires can
pass outside the pump (see Figure 5.18). Finally, the manometer can be used
as a control during all the test operations.
A list of the transducers and instrumentation used during the test campaign is
provided in Table 5.1.

Table 5.1: Instrumentation used during the FRF measurements.

Model Features
2 PCB accelerometers 353B18 Freq. range 1÷ 10000 Hz
2 PCB accelerometers 353B15 Freq. range 1÷ 10000 Hz
1 PCB Hammer 086D05

Figure 5.14: Measurement points on the pressure ring, direction −y (A); on the pres-
sure ring, direction −x (B); on the journal bearing cover side (C) and on
the journal bearing, motor side (D).

5.2.6 Case vibration measurements

The pump casing accelerations have been measured with the aim at comparing
accelerations measured in working conditions with accelerations calculated by
means of the product between experimental FRFs and forces calculated by

93



Chapter 5

(a) (b)

Figure 5.15: Detail of accelerometers mounted on the journal bearing, motor side,
point D (a) on the pressure ring, −y direction, point A and −x direction,
point B (b).

Figure 5.16: Excitation points on the pump casing.

Figure 5.17: Power spectrum density (PSD) of all the hammer blows.
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Figure 5.18: The sealing on the rotor shaft hole used to realize the passage of the
accelerometers cables.
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Figure 5.19: Frequency response function obtained exciting the pump casing in point
1 and measuring the acceleration in point A.
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the models described in previous sections. For this reason accelerations are
measured in the same points used to excite the pump casing by the hammer
during FRFs measurements (see Figure 5.16). In more detail, accelerations are
measured in correspondence of 5 points, as depicted in Figure 5.20, along the
directions specified in Table 5.2. In order to observe the vibration signal in one
revolution of the rotor shaft, the time domain averaging is combined with the
order tracking. Concerning the experimental data, the time domain is resampled
in the angular domain in order to obtain the Time Synchronous Average (TSA)
with respect to a rotor revolution. The angular domain signals are calculated by
an off-line interpolation post-processing: a tachometer signal giving 1 pulse/rev
is used as a revolution reference. Since the tachometer signals gives only 1
pulse/rev, the TSA operation will compensate the changes in the rotor angular
velocity variation over a complete revolution but will not compensate variations
with a period lower than a complete revolution. In this sense the the averaged
re-sampled signal is independent of the rotor shaft speed variations.
The acceleration signals have been acquired for 40 s to perform a large num-
ber of averages. Finally, the signals have been resampled coherently with the
FRFs since the experimental casing accelerations have to be compared with
the accelerations calculated combining experimental FRFs with the pressure
forces calculated by the models. The acquisition and resampling parameters
as well as the correspondence between the parameters in the time and angular
domain are resumed in Table 5.3. Applying the time synchronous average op-
eration, the acceleration signal over a revolution is obtained. As an example
the TSA of the accelerometer placed in point 3 of Figure 5.20 is depicted in
Figure 5.21. Furthermore, the frequency spectrum of the TSA is depicted in
Figure 5.22. These results are obtained testing the pump at 250 bar, in the full
flow condition. Figure 5.21 puts in evidence the main pattern related to pump
working: as a matter of fact 11 spikes are clearly noticeable as the pump under
test has 11 vanes. One may expect a frequency spectrum with the 11th rotation
order, equivalent to 275 Hz, characterized by a bigger amplitude with respect
to its harmonics. Nevertheless, the main periodicity depicted by the frequency
spectrum of Figure 5.22 is related to 550 Hz, equivalent to the 22th rotation
order.

Table 5.2: Acceleration measurements in working conditions.

Accelerometer type Direction
Point 1 PCB model 5353B21 direction +y
Point 2 PCB model 353B15 direction −x
Point 3 PCB model 353B18 direction −x
Point 4 PCB model 353B18 direction +x
Point 5 PCB model 353B15 direction +x
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Table 5.3: Order tracking parameters.

Fixed time sampling freqency 51200 Hz
Rotational velocity 1500 rpm
Order tracking sampling frequency 26600 Hz
Points per revolution 1024 points
Angular resolution 0.3516 deg
Order resolution 1 order
Frequency resolution 25 Hz
Number of averages 700

Figure 5.20: The accelerometers placed on the pump casing.

time [s]

ac
ce
le
ra
ti
on

[m
/s

2
]

0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04
-800

-600

-400

-200

0

200

400

600

Figure 5.21: Time synchronous average of the acceleration signal acquired in corre-
spondence of point 3 (see Figure 5.20).
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Figure 5.22: Frequency spectrum of the time synchronous average signal depicted in
Figure 5.21.

5.3 Comparing numerical and experimental re-

sults

5.3.1 Pressure evolutions

The pressure evolution calculated by the LP model has been validated by com-
parison with the pressure evolution measured in working conditions (see section
5.2.1, Figures 5.9, 5.10, 5.11, 5.12).
Figures 5.23, 5.24, 5.25, 5.26 depict the comparison between measured pressures
and LP model results in terms of pressure evolution for a complete shaft rotation
in a vane control volume and in a hole control volume, in the full flow condition
and in the zero flow condition as well. Quantity p∗ represents the normalized
pressure (see equation (5.4), pout is the constant working pressure in the outlet
chamber).

p∗ =
p

pout
(5.4)

The pressure evolution are compared and validated with respect to measured
data by using Percentage of Good points index (PGP ) [43]. Such an index as-
sumes higher values when the curves tend to coincide. In practice, a tolerance
range δ has to be defined a priori (in this case δ is equal to 3%). Consequently,
when a good resemblance between the measured and simulated data is obtained,
a large part of the points of the latter will lie inside the tolerance area and the
PGP will assume values tending to 100%. Table 5.4 resumes the PGP for the
pressure evolution in a vane space and in a hole, for the full flow and zero flow
condition. The simulated pressure shows a good concordance with the measured
pressure and the PGP index gives evidence to this fact. Figures from 5.23 to
5.26 show that the simulated pressure evolutions capture the ripple phenomena.
However a few mismatches between the experimental and the simulated quan-
tities can be noticed, as the peak amplitude in a vane space at the beginning of
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Table 5.4: PGP values for the pressure evolutions in a vane space and in a hole control
volume, for the full flow and zero flow condition (δ = 3%).

Full flow, vane space control volume 71%
Full flow, hole control volume 74%
Zero flow, vane space control volume 71%
Zero flow, hole control volume 75%

the high pressure zone in full flow condition and the instant when the pressure
increases and decreases.
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Figure 5.23: Comparison between pressure measured in working conditions (dash-dot
line) and pressure calculated by the lumped parameter model (solid line)
in the full flow condition for a vane space.
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Figure 5.24: Comparison between pressure measured in working conditions (dash-dot
line) and pressure calculated by the lumped parameter model (solid line)
in the full flow condition for a hole control volume.
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Figure 5.25: Comparison between pressure measured in working conditions (dash-dot
line) and pressure calculated by the lumped parameter model (solid line)
in the zero flow condition for a vane space.
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Figure 5.26: Comparison between pressure measured in working conditions (dash-dot
line) and pressure calculated by the lumped parameter model (solid line)
in the zero flow condition for a hole control volume.
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5.3.2 Flow rates

During the integration of the flow rate continuity equation system, all the flow
rates inside the pump can be calculated. The most interesting study can be done
on the outlet and drainage flow rates. In particular, the flow rate calculated
by the lumper parameter model can be compared with the flow rate directly
measured on the test bench (see Figure 5.5). Table 5.5 resumes the flow rate
measured in working condition. It has to be noticed that experimental tests
showed great variations in terms of outlet and drainage flow rate depending
on the tested pump. In fact these two features are widely influenced by the
clearances inside the pump and even small variations in the geometric tolerances
can involve great variations in drainage and outlet flow rates. For this reason
Figure 5.5 and Table 5.5 resume the mean features in terms of pressures and
flow rates obtained during the test campaign.

Table 5.5: Drainage and outlet flow rate values.

Flow rate Pressure [bar] Working condition Value [l/min]
Outlet flow rate 240 Full flow 23.2
Drainage flow rate 240 Full flow 1.5÷ 2.75
Outlet flow rate 250 Zero flow 0.5
Drainage flow rate 250 Zero flow 4.4
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Figure 5.27: Outlet flow rate evolution in the full flow condition.

Figures 5.27, 5.28, 5.29, 5.30 resume the LP model results in term of flow rate
and allows to appreciate the ripple phenomena once again. It can be noticed
that the outlet flow rate in full flow condition computed by the LP model
(see Figure 5.27) gives a correct estimation of the experimental value listed in
Table 5.5. Same considerations can be done for the outlet flow rate in zero
flow condition depicted in Figure 5.29. From the point of view of drainage flow
rates, it can be noticed that the model overestimates the drainage flow rate in
full flow condition (see Figure 5.28), while underestimate the drainage flow rate
in zero flow condition. Finally, the calculated flow rates are negative because of
the convention used in developing the model that gives negative values to flow
rates coming out from the pump.
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Figure 5.28: Drainage flow rate evolution in the full flow condition.
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Figure 5.29: Outlet flow rate evolution in the zero flow condition.
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Figure 5.30: Drainage flow rate evolution in the zero flow condition.
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5.3.3 Motor drive torque

Figure 5.6 in section 5.2.3 depicts the motor drive torque variation with respect
to flow rate variation. Table 5.6 resumes the torque values in full flow and zero
flow condition. Comparing values of Table 5.6 with the torque trends depicted
in Figures 5.31 and 5.32 it is possible to notice a good resemblance. In fact the
mean value of calculated motor drive torque in full flow condition is 76.5 Nm,
while calculated motor drive torque in zero flow condition is 21.5 Nm. Finally,
as it can be seen, the model slightly underestimates the motor drive torque in
zero flow condition, nevertheless it must be considered that the torsiometer full
scale is 500 Nm, so the small values to be measured are probably affected by
observational errors.

Table 5.6: Motor drive torque in full flow and zero flow condition.

Working condition Pressure [bar] Torque value [Nm]
Full flow 240 76
Zero flow 250 28
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Figure 5.31: The motor drive torque evolution on a vane pitch in the full flow condi-
tion.

5.3.4 Forces on the pressure ring

As stated before, the study of forces acting inside the pump is capitally impor-
tant in defining the pump vibrational behavior. In more detail, forces acting on
the pressure ring Fstator,x and Fstatory can be used as input data to calculate
accelerations of the case surface by using the experimental frequency response
functions (FRFs) described in section 5.2.5. In this sight forces calculation
and validation is an important step in a proper optimization from a vibrational
point of view.
Since the forces evolution is periodic, the comparison between the forces acting
in working conditions and the forces calculated by the LP model will be done
only from ϕ = 0 to ϕ = ϕvp.
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Figure 5.32: The motor drive torque evolution on a vane pitch in the zero flow condi-
tion.

Some general observations about forces acting on pressure ring have been already
done in section 5.2.4. In the present section the force evolutions calculated from
measured data are compared with force evolutions calculated from pressures
obtained by the LP model.

The comparison between Figures 5.33 and 5.35 with Figures 5.34 and 5.36 shows
that, nevertheless the force in y direction has lower mean value than in x di-
rection, the most relevant variation is related to y direction. In particular, in
the full flow condition, the LP model force exhibits a sudden variation of 8 kN
(12 in the zero flow condition) at about 12 deg, while the corresponding sudden
variation in x direction is about 4 kN, both in full flow and in zero flow condi-
tion. This is important in the sight of a noise and vibration optimization, since
dynamic effects are mainly related to the amount and rate of force variation.
It is finally possible to identify the events related to such sudden variations in
Figures 5.33, 5.34 ,5.35 and 5.36. In Figures from 5.23 to 5.26 the pressure evo-
lution for holes and vane spaces, both in full flow and zero flow condition, are
depicted: the x axis has been divided into 11 parts, each one corresponding to
a vane pitch. It is possible to notice that a strong variation in the pressure field
occurs for vane spaces in the first part of the 7th vane pitch (see the angular
interval from 196.4 to 229.1 deg). Furthermore, pressure evolution simulated by
the LP model shows more sudden changes with respect to the one calculated
from experimental pressure evolutions, especially around 12 deg, corresponding
to the angular region previously identified. At this angular coordinate the vane
space control volume V7 and the hole control volume V19 start to communicate
at the same time with inlet control volumes V24 and V26 (see Figure 5.37). This
fact involves the pressure drops depicted in Figures from 5.23 to 5.26, in corre-
spondence of the 7th vane pitch and finally the force sudden variation discussed
above.
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Figure 5.33: Comparison between the forces acting on the pressure ring in working
condition (solid line) and the forces calculated by the LP model (dash-
dot line) in full flow condition, x direction.
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Figure 5.34: Comparison between the forces acting on the pressure ring in working
condition (solid line) and the forces calculated by the LP model (dash-
dot line) in full flow condition, y direction.
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Figure 5.35: Comparison between the forces acting on the pressure ring in working
condition (solid line) and the forces calculated by the LP model (dash-
dot line) in zero flow condition, x direction.
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Figure 5.36: Comparison between the forces acting on the pressure ring in working
condition (solid line) and the forces calculated by the LP model (dash-
dot line) in zero flow condition, y direction.
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Figure 5.37: Position corresponding to 12 deg after the initial position.

5.3.5 Forces on the rotor shaft

As stated before, the study of forces acting inside the pump is capitally impor-
tant in defining the pump vibrational behavior. In more detail, forces acting on
the rotor shaft cause bearing reactions Fb,x and Fb,y who load the pump casing.
These components can be used as input data to calculate accelerations of the
case surface by using the experimental frequency response functions (FRFs)
described in section 5.2.5. In this sight forces calculation and validation is an
important step in a proper optimization from a vibrational point of view.

Since the forces evolution is periodic, the comparison between the forces acting
in working condition and the forces calculated by the LP model will be done
only from ϕ = 0 to ϕ = ϕvp.

Some general observations about forces acting on rotor shaft have been already
done in section 3.4.1. In the present section the force evolutions calculated from
measured data are compared with force evolutions calculated from pressures
obtained by the LP model. First of all it has to be noticed that forces acting on
rotor shaft have opposite direction with respect to forces acting on pressure ring
as a consequence of the absolute reference frame used during calculations (see
Figure 2.8). With respect to forces acting on the pressure ring, force acting on
rotor shaft do not take into account the vane contact force component since the
vanes can slide inside the rotor. As stated before, the main force variation is re-
lated to y component, while the bigger force amount is related to x component.
In general a good resemblance can be noticed between forces along the y coordi-
nate, both in full low and in zero flow condition. On the contrary, the calculated
forces along x coordinate lay on the same range of forces obtained by measured
pressures, their minimum values is in correspondence of the minimum values
of forces obtained by measured pressures, but their trend did not follow the
trend of experimental forces. This is a consequence of the differences between
calculated pressures and experimental pressure described in section 5.3.1.
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Figure 5.38: Comparison between the forces acting on the rotor shaft in working con-
dition (solid line) and the forces calculated by the LP model (dash-dot
line) in full flow condition, x direction.
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Figure 5.39: Comparison between the forces acting on the rotor shaft in working con-
dition (solid line) and the forces calculated by the LP model (dash-dot
line) in full flow condition, y direction.
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Figure 5.40: Comparison between the forces acting on the rotor shaft in working con-
dition (solid line) and the forces calculated by the LP model (dash-dot
line) in zero flow condition, x direction.
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Figure 5.41: Comparison between the forces acting on the rotor shaft in working con-
dition (solid line) and the forces calculated by the LP model (dash-dot
line) in zero flow condition, y direction.
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5.3.6 Pump casing accelerations

In this section the experimental accelerations measured during the test campaign
on the pump casing surface, in correspondence of points 1, 2, 3, 4 depicted in
Figure 5.20, will be compared with the accelerations calculated by means of
the combination of model results and experimental FRFs. With reference to
Figures 5.14 and 5.16, the following FRFs will be used to calculate the pump
casing accelerations:

• HA−y,1−y: FRF with input in point 1, direction −y and output in point
A, direction −y;

• HB−x,1−y: FRF with input in point 1, direction −y and output in point
B, direction −x;

• HC,1−y: FRF with input in point 1, direction −y and output in point C
in the direction of the journal bearing reaction force;

• HD,1−y: FRF with input in point 1, direction −y and output in point D
in the direction of the journal bearing reaction force;

• HA−y,2+x: FRF with input in point 2, direction +x and output in point
A, direction −y;

• HB−x,2+x: FRF with input in point 2, direction +x and output in point
B, direction −x;

• HC,2+x: FRF with input in point 2, direction +x and output in point C
in the direction of the journal bearing reaction force;

• HD,2+x: FRF with input in point 2, direction +x and output in point D
in the direction of the journal bearing reaction force;

• HA−y,3+x: FRF with input in point 3, direction +x and output in point
A, direction −y;

• HB−x,3+x: FRF with input in point 3, direction +x and output in point
B, direction −x;

• HC,3+x: FRF with input in point 3, direction +x and output in point C
in the direction of the journal bearing reaction force;

• HD,3+x: FRF with input in point 3, direction +x and output in point D
in the direction of the journal bearing reaction force;

• HA−y,4−x: FRF with input in point 4, direction −x and output in point
A, direction −y;

• HB−x,4−x: FRF with input in point 4, direction −x and output in point
B, direction −x;

• HC,4−x: FRF with input in point 4, direction −x and output in point C
in the direction of the journal bearing reaction force;

• HD,4−x: FRF with input in point 4, direction −x and output in point D
in the direction of the journal bearing reaction force;
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Then, each FRF will be multiplied by the dynamic forces calculated by means
of the LP model to obtain case accelerations. The dynamic forces that will be
multiplied with the above mentioned FRFs are the forces exciting the pump
casing and they consist in the bearing reactions in correspondence of points C
and D of Figure 5.14 and in the components of the force acting on the pressure
ring Fstator,y and Fstator,x, in correspondence of points A and B. In order to
obtain the casing accelerations as a function of frequency, the following equations
have been used.

a1,y =

HA−y,1−yFstator,y +HB−x,1−yFstator,x +HC,1−yFb +HD,1−yFb (5.5)

a2,−x =

HA−y,2+xFstator,y +HB−x,2+xFstator,x +HC,2+xFb +HD,2+xFb (5.6)

a3,−x =

HA−y,3+xFstator,y +HB−x,3+xFstator,x +HC,3+xFb +HD,3+xFb (5.7)

a4,+x =

HA−y,4−xFstator,y +HB−x,4−xFstator,x +HC,4−xFb +HD,4−xFb (5.8)

In the equations above, Fstator,x, Fstator,y and Fb represents respectively the
spectra of forces action on the pressure ring along x direction, along y direction
and in correspondence of journal bearings.
Since the reactions Fb,x and Fb,y, calculated by the LP model as suggested in
equation system (3.2) take into account the contributions of both the journal
bearings, the total reaction acting on each journal bearing has to be calculated
as stated in equation (5.9). This equation is based on the assumption of the
symmetry condition of constraints generated by the journal bearing located on
the pump cover and the journal bearing located in the pump casing.

Fb =
√
F 2
b,x + F 2

b,y (5.9)

The comparison between experimental and calculated accelerations have been
done up to 2000 Hz. The main reason of this choice can be find in Figure 5.13,
in fact the pressure forces calculated by the LP model excite the frequencies
corresponding to the 11th order of rotation and its harmonics, up to 2000 Hz.
At higher frequencies, the comparison between calculated and measured acceler-
ation does not make sense because experimental accelerations are influenced by
other phenomena involved in pump working but not taken into account by the
LP model, such as lubricant turbulences and impulsive impacts. Furthermore,
the experimental accelerations measured in correspondence of points 1 in +y di-
rection and in point 2 in −y direction are affected by a big amount of noise. This
fact is due to the position of point 1 and 2, that are placed on the pump cover.
Such a component is fixed to the pump casing by means of 4 screws and for
this reason a big noise amount can be found in the relative accelerometers (see
black square markers in Figures 5.42 and 5.43, points 1 and 2). The presence of
noise makes difficult to compare the calculated accelerations with experimental
data. Considering points 3 and 4, a good resemblance between measured and
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calculated accelerations is obtained, with the exception of values relative to the
frequency of 275 Hz. In fact the calculated accelerations usually overestimates
the amplitude of this component. The main reasons of this difference are the
following:

• The LP model does not take into account damping phenomena related to
the presence of lubricant at high pressure inside the pump.

• The model does not consider the fluid inertia effects inside control volumes.

• The experimental FRFs have been measured using a suitably modified
pump in which the rotor shaft has been removed. Then the pump has
been filled with lubricant at the pressure of 20 bar. In this configuration
the inertial properties of the pump used for tests can be quite different
with the respect to regular pumps properties. Nevertheless, this method
is the only suitable to measure FRFs between the casing surface and the
excitation points inside the pump.

• The presence of the control piston (see Figure 2.9) has been modeled as
a rigid contact. As a matter of fact the control piston is moved by the
lubricant action and so the relative damping phenomena are ignored by
the LP model.

• Only the direct paths connecting points A, B, C, D with measurement
points 1, 2, 3, 4 have been taken into account.

Using the acceleration spectra depicted in Figures 5.42 and 5.43 it is possible to
reconstruct the signal in the time domain. Figures 5.44(a) and 5.44(b) depicts
the comparison between the calculated accelerations (red line) and the measured
accelerations (black line), for the point 3, respectively in the full flow and zero
flow condition. The calculated accelerations and the measured accelerations are
compared by using the Root Mean Square statistical parameter (RMS) [44]. A
low percent error is obtained, both for the full flow condition and the zero flow
condition (see Table 5.7). In general, the main periodicities and amplitudes are
matched, and a correspondence can be found between the peak positions of the
calculated accelerations and the experimental data. In this sense the results of
the LP model in terms of variable forces can be considered globally validated,
under the clarifications listed above.

Table 5.7: Comparison between the RMS statistical parameter applied to measured
and calculated accelerations signals.

Working RMS of RMS of % Error
condition experimental acceleration calculated acceleration
Full flow 190.1 m/s2 204.8 m/s2 7.8%
Zero flow 92.1 m/s2 100.9 m/s2 9.6%
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Figure 5.42: Pump casing accelerations in correspondence of points 1, 2, 3, 4 of Figure
5.20, full flow condition. The black square markers represent experimen-
tal accelerations, while the red circular markers represent the calculated
accelerations.
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Figure 5.43: Pump casing accelerations in correspondence of points 1, 2, 3, 4 of Figure
5.20, zero flow condition. The black square markers represent experimen-
tal accelerations, while the red circular markers represent the calculated
accelerations.
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Figure 5.44: Comparison between the experimental and the calculated acceleration
relative to point 3, in full flow condition (a) and in zero flow condition
(b).
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Results and applications

In the present chapter a general procedure to detect the main dynamical events
taking place inside the pump in working conditions will be provided. Such a
method uses the LP model results in terms of rotor shaft accelerations as an
indicator of dynamical events. These results can be considered reliable since in
the previous chapter a global validation procedure has been carried out.

6.1 Dynamical events identification

Once the model has been validated following the procedure underlined in the
previous chapter, it can be used to investigate the causes of unwanted dynamical
phenomena.
As an example of application, the assessed LP model will be used in this section
in order to evaluate dynamical effects related to the rotor shaft accelerations.
The peaks clearly noticeable in the acceleration evolutions will be discussed
and linked to dynamical phenomena taking place inside the pump in working
condition. Such an event identification procedure can be a powerful tool for the
designer since he can address his study to the critical events underlined by the
accelerations peaks with the aim at improving the pump vibrational behavior.

6.1.1 Full flow condition

Figure 6.1 depicts the acceleration evolution over one pitch, along x direction
and y direction. The accelerations are plotted in function of the percentage of
vane pitch %ϕvp, since these accelerations are ϕvp periodic.
Five peaks are clearly noticeable, both in the acceleration along x and y direc-
tion. The events related to each peak are listed in Table 6.1. The 5 configu-
rations relative to angular positions identified in Table 6.1 are reported in the
following figures to better understand how the connections between the consid-
ered control volumes change over a vane pitch ϕvp in function of the angular
coordinate ϕ.
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Figure 6.1: Rotor shaft accelerations in full flow condition, along x direction (a) and
y direction (b).

Table 6.1: Main dynamical phenomena and time when they take place in percentage
of the vane pitch.

%ϕvp ϕ [deg] Event
5% 1.7 V7 is completely trapped
35% 11.5 V2 is at the beginning of the outlet eyelet

V12 is at the beginning of the outlet eyelet
67% 22.2 V7 is at the beginning of the inlet eyelet
74% 24.5 V1 is completely trapped
95% 31.4 V1 is at the beginning of the outlet carving
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Figure 6.2: Control volumes configuration in the angular position corresponding to
ϕ = 1.7 deg.

Figure 6.3: Control volumes configuration in the angular position corresponding to
ϕ = 11.5 deg.
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Figure 6.4: Control volumes configuration in the angular position corresponding to
ϕ = 22.2 deg.

Figure 6.5: Control volumes configuration in the angular position corresponding to
ϕ = 24.5 deg.
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Figure 6.6: Control volumes configuration in the angular position corresponding to
ϕ = 31.4 deg.

6.1.2 Zero flow condition

Figure 6.7 depicts the acceleration evolution over one pitch, along x direction
and y direction. The accelerations are plotted in function of the percentage of
vane pitch %ϕvp, since these accelerations are ϕvp periodic.
A more regular trend is depicted in zero flow condition with respect to full flow
condition. As a matter of fact, the acceleration evolution over a vane pitch
is characterized by smaller amplitude variations and by a single peak clearly
noticeable in correspondence of the 74% of the vane pitch (see Figure 6.5). This
fact can be explained taking into account the configuration in which the pump
works in zero flow condition. The total eccentricity value is around 0 and for
this reason the dynamical events related to shaft rotation are reduced to the one
occurring at the angular coordinate ϕ = 24.5 deg. In this position the control
volume V1 is completely trapped. This angular coordinate corresponds to the
position when the pressure increases from inlet to outlet pressure depicted in
Figure 5.4.
Observing that the event underlined in the present analysis affects also the full
flow condition behavior and furthermore, the typical working condition for this
kind of pumps is the zero flow condition, the event taking place at 74% of the
vane pitch is the first to be analyzed and improved.
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Figure 6.7: Rotor shaft accelerations in zero flow condition, along x direction (a) and
y direction (b).
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Concluding remarks

This PhD thesis addresses the development of a Lumped Parameter model for
the dynamic analysis of high pressure variable displacement vane pumps for ma-
chine tools applications whose description has been provided in Chapter 2. The
developed model aims at obtaining the rotor shaft accelerations. To reach this
target the rotor shaft equations of motion must be integrated. These equations
can can be written once the pressure field acting inside the pump is determined.
This calculation allows to estimate the loads acting on the rotor shaft in terms
of forces and torques and finally to write the system of equation of motion.
In Chapter 3 the LP model has been described from a theoretical point of view.
In particular, section 3.1 deals with the LP model general formulation. This
model takes into account the variability of the pressure evolution and forces
acting on the rotor, the hydrodynamic journal bearing behavior, the friction
due to viscous actions and contact forces, the rotor shaft stiffness and damping,
the variations of the pump geometry with respect to working condition and all
the inertia actions. It allows to calculate the rotor shaft accelerations, as well
as the journal bearing reaction forces and the motor drive torque absorbed by
the pump in working condition.
The LP model requires as input data the loads in terms of forces and torques.
These quantities can be calculated once the pressure evolution is determined.
A wide description of the procedure used to calculate the pressure field has
been provided in section 3.2: the considered geometry and the assumptions on
which the model is based are fully described. Hence, in section 3.4 the force
calculation has been discussed. Two type of forces act on the rotor shaft; the
two procedures useful to compute the pressure forces and the journal bearing
reactions are developed. The first is based on the integration of the pressure evo-
lution around the rotor, the latter uses the finite impedance theory to compute
the journal bearing reaction forces. The load torques determination has been
described in section 3.5. Three torque components have been distinguished: a
load torque due to the pressure evolution inside the pump; a load torque due
to the friction between the vane and the pressure ring and a load torque due to
viscous actions. Finally, the journal bearing static equilibrium position has been
defined in section 3.6. This position will be used as initial condition to start
the integration iterative procedure with the aim at reducing the computational
time.
In Chapter 4 the main problems related to model implementation in MATLAB
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and Simulink are described and the most interesting code pieces are reported as
well. In this frame the integration of the equation of motion characterizing the
rotor shaft equilibrium is carried out in Symulink. The whole model has been
described with reference to the blocks that constitutes itself. In more detail,
the initial condition choice has been discussed, and the integration strategy as
well as the interface between Symulink and MATLAB are explained by means
of images depicting the block architecture. The main aspects related to the
implementation in MATLAB of the subroutines devoted to the calculation of
the pressure evolution and the pressure forces and the torques are discussed.
The most interesting pieces of code are attached as well.
In Chapter 5 the method used to assess the LP model has been exposed. First of
all the measurements performed during the test campaign have been described.
A suitably modified pump has been used to measure the pressure evolutions
in working conditions in all the regions of interest. Tests at different work-
ing pressures have been carried out to evaluate the flow rates and the motor
drive torques in different working conditions. The method used to calculate
the pressure forces from the pressure measurement has been explained, hence,
the original procedure used to measure the frequency response functions of the
pump casing is reported. Finally, the casing accelerations measurements and
processing is briefly explained. The above mentioned experimental data have
been used to assess the model and they are reported in sections 5.2.1, 5.2.2, 3.5,
5.2.5, 5.2.6.
This data have been used to assess the model by a validation procedure on
several levels, in this way the goodness of intermediate results is checked as
well. In more detail, the calculated pressure evolution has been assessed by
using the experimental pressures. The same validation strategy has been applied
to validate the flow rates and the torques. Subsequently, the pressure forces
calculated by means of an ad hoc method applied to experimental and calculated
pressures have been compared and discussed. Hence, the above mentioned forces
have been combined with the frequency response functions to calculate the pump
casing accelerations. This last results is finally assessed by comparison with the
experimental accelerations and the results have been discussed as well.
In particular, Section 5.3.1 reports the validation of the pressure evolution ob-
tained by the model, in the full flow rate as well as in the zero flow rate. The
results have been compared with the pressures measured in working conditions
and evaluated in terms of accuracy by means of the Percentage of Good Points
index (PGP ): the model showed an average accuracy of 73.3%. By analyzing
the comparison between calculated and measured pressure evolutions it is pos-
sible to notice that the main discrepancy between the two pressure evolutions
is related to the region where the pressure decreases from the outlet to the inlet
pressure.
The results in terms of flow rate have been discussed in section 5.3.2. It can
be noticed that the outlet flow rate in full flow condition computed by the LP
model gives a correct estimation of the experimental value. Same considerations
can be done for the outlet flow rate in zero flow condition. From the point of
view of drainage flow rates, it can be noticed that the model overestimates the
drainage flow rate in full flow condition, while underestimate the drainage flow
rate in zero flow condition. In more detail, the outlet flow rate measured in full
flow condition is 23.2 l/min, while the model predicts an outlet flow rate varying
from 23.2 and 22.8 l/min. The drainage flow rate measured in full flow condition
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varies from 1.5 to 2.7 l/min, while the model predicts drainage flow rate varying
from 2.9 to 3.3 l/min. For the sake of brevity the flow rate comparison in the
zero flow condition will be omitted in the present concluding remarks.
After having analyzed the results of pressure evolutions and flow rate calcula-
tions, the results in term of torques have been studied and validated in section
5.3.3. Variable displacement vane pumps with respect to fixed displacement
vane pumps have the main advantage to self regulate their actual displacement
accordingly to system requests. This fact allows to save energy when the pump
is working in the zero flow condition. For this reason the motor drive torque
has been compared both in full flow and in zero flow condition. The measured
torque in full flow condition amounts to 76 Nm, while the motor drive torque
predicted by the LP model varies from 73 to 79 Nm. In zero flow condition the
model slightly overestimates the motor drive torque value since the torque mea-
sured in working condition amounts to 28 Nm, while the torque predicted by
the LP model varies from 19 to 24 Nm. This last comparison can be considered
satisfactory as well, but it must be taken into account that the torsiometer full
scale is 500 Nm, so the small values to be measured are probably affected by
observational errors.
Section 5.3.4 deals with the validation of results in terms of forces and torque.
The force evolutions calculated by the model matches the main periodicity of
the force evolutions calculated by experimental data. Nevertheless it has to be
noticed that the LP model overestimates the force variation along the y direction
and gives a force evolution in x direction characterize by a sudden variation
not recognizable in the force evolution calculated from measured pressure data.
This fact has been widely discussed in section 5.3.4. In this sight the LP model
requires adjustments devoting at reducing the differences between simulated
and measured quantity, however results in terms of forces can be considered
promising and they can be used as input data for a further dynamical analysis
described hereafter.
With the aim at assessing the LP model, a comparison in the frequency and
time domain between the accelerations measured in working condition and the
accelerations calculated combining the experimental FRFs with the calculated
forces has been carried out in section 5.3.6. The procedure to calculate the pump
casing accelerations is fully described from a theoretic point of view, hence the
comparison of acceleration spectra has been done in the frequency range from
0 to 2000 Hz, since the forces calculated by the LP model does not excite the
pump casing at higher frequencies. Furthermore, it has been observed that only
accelerometers directly placed on the pump casing gives reliable measurements,
in fact the spectra of the accelerations signals measured by the accelerometers
on the pump cover are largely affected by noise in the considered frequency
range. Considering the points on the pump casing, a good resemblance between
measured and calculated accelerations spectra is obtained, with the exception of
values relative to the frequency of 275 Hz. In fact the calculated accelerations
usually overestimates the amplitude of this frequency component. The main
reasons of these differences are related to the following lacks of LP model:
the damping phenomena related to the presence of lubricant at high pressure
inside the pump are not considered, the effects of lubricant inertia inside control
volumes have been neglected, the accelerations of the pump casing are probably
influenced by other paths not taken into account by the present work and the
control piston is modeled as a rigid contact neglecting the relative damping
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phenomena.
Hence, the signal has been reconstructed in the time domain and the Root
Mean Square (RMS) of measured accelerations and calculated accelerations
are compared both in full flow and in zero flow condition, obtaining respectively
a percent error of 7.8% and 9.6%. It can be noted that this validation procedure
can be considered as a global validation of the LP model.
Finally, as reported in Chapter 6, the assessed model can be used to relate
the pump dynamic effects to the phenomena taking place in working condition.
As an example in section 6.1 an event identification procedure is carried out.
The pump has been studied both in full flow and in zero flow condition and
the most critical event affecting the pump dynamical behavior was found to
occur at the 74% of the vane pitch. In this angular position a vane space is
completely trapped and a fast passage from inlet to outlet pressure can be find
in the pressure evolution. This procedure can be a powerful tool for the designer
who can address his study to the critical events underlined by the analysis to
suitably modify the pump geometry in order to attenuate the dynamic effects.
The main original contribution of this work concerns the application of a non-
linear model to a variable displacement vane pump implementing formulations
about the pressure evolution and variable forces acting on the rotor, the hydro-
dynamic journal bearing behavior, the friction due to viscous action and contact
forces, the rotor shaft stiffness and damping, the variations of the pump geome-
try with respect to working condition and all the inertia actions. In particular,
it is original to include all these important dynamic effects in the same model,
with the aim at taking into account their iterations. This can be important in
order to foresee the influence of working conditions and design modification on
the pump vibrational behavior. In this sense the developed LP model could
be a very useful tool in prototype design, in order to identified the origin of
unwanted dynamic effects.
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Inlet and outlet control
volumes

In the present appendix the volumes of outlet and inlet ducts are provided. In
more detail, the outlet duct corresponds to control volume V23 and the inlet
duct corresponds to control volume V24. Their values are resumed in Table A.1.
The values of control volumes relative to inner distribution (V25 and V26) are
provided as well.

Figure A.1: The outlet control volume shape (V23).

Table A.1: Volume amount of inlet and outlet ducts.

Control volume Volume [m3]
Outlet control volume V23 2.46 · 10−5

Inlet control volume V24 4.46 · 10−5

Outlet control volume V25 7.37 · 10−7

Inlet control volume V26 3.68 · 10−7
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Figure A.2: The inlet control volume shape (V24).

Figure A.3: The inner outlet control volume shape (V25).
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Inlet and outlet control volumes

Figure A.4: The inner inlet control volume shape (V26).
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Appendix B

Journal bearing reaction
forces

The journal bearing reaction force is obtained as a result of the LP model,
as explained in section 3.1. It has been supposed that journal bearing total
reaction acts in correspondence of the SEP position calculated in section 3.6.
As a remind, the accelerometers depicted in Figure 5.14, positions C and D are
placed in the same positions underlined by the SEP calculation.
The journal bearing reactions in the full flow and zero flow condition are respec-
tively depicted in Figures B.1 and B.2. These results will be used, together with
the forces acting on the pressure ring (Fstator,x and Fstator,y) and the FRFs
experimentally measured in working condition, to calculate the acceleration of
the pump casing surface.
It has been supposed that the total reaction force acting in points C and D can
be calculated using equation (5.9).
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Figure B.1: Journal bearing reaction force in the full flow condition.
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Figure B.2: Journal bearing reaction force in the zero flow condition.
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