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Preface

“Look deep into nature, and then you will understand

everything better.”

Albert Einstein

Rome, outside the main station, a huge flock of birds flies around, shaping in ever-
changing geometrical figures. Philippine, some meters below the sea level, a shoal
of fishes creates a massive rotating body, scaring any potential predator. People
can only stare whit amazed eyes at these natural phenomena and at their incred-
ible level of organization, as if a superior intelligence steers them. The beauty of

Figure 1: On the left, a school of fishes shows a typical milling behavior on the right,
murmuration in Rome.

these phenomena may justify a detailed study, but the main motivation arises from
observing that the property of a group of agents to create ordered patterns is non-
trivial. Aristoteles outlined this concept in his famous quote “the whole is greater
then the sums of the parts”, and this idea has evolved across ages till the modern
definition of self-organized system, namely a system that exhibits a spontaneous or-
der out of a multiplicity of simple interactions. Its first formalization was proposed
by the cybernetician W. R. Ashby in [13, 14] and is deeply interconnected with the

vii
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idea of emergence behavior, as “the arising of novel and coherent structures, patterns
and properties during the process of self-organization [. . . ] ”, [63].
Many natural systems show emerging properties, such as cells, swarming dynam-

ics, galaxy formations, chemical compounds, organisms or crystals; but we can also
identify self-organized systems in human artifacts, for example in market economies,
crowd dynamics, vehicular traffics, opinion formations, wealth distributions, net-
works, cybernetics or artificial intelligences.
The scientific community has been therefore attracted by the study of self-

organized systems, in various areas such as biology [105, 45], physics [158, 103],
mathematics [47, 75, 66, 23, 24], engineer [91, 15], computer science [35, 150] ,
economics and sociology [130, 154], thus designing a fruitful and multidisciplinary
research field.

Figure 2: On the left, computer animation of a swarm from the movie The Croods,
on the right fleet of robots from the open source project swarmrobot.org.

This research field has been exponentially growing in the last decades, since mas-
sive computing techniques allowed more powerful analysis of self-organized systems
and for the development of several applications. At the end of 80s, Boids simulations
by C. Reynolds1, [150], shaded light on the usage of a simple swarming model, then
extensively developed in computer graphics for movies and video games, [76, 163].
New perspectives arose with the concept of swarming intelligence, [35], the main idea
was to use the self-organization property of swarming system to perform complex
tasks, for example in optimization, [116], or in engineer with swarm robotics, where
an ensemble of small size robots performs particular actions, improving efficiency
and cost saving, [26, 126]. Other, civil engineers are interested in crowds models to
test the load of structures and to plan evacuation strategy in buildings [69, 165]. In
aerospace engineering, synchronization systems for flight formations of several space-
craft missions (DARWIN, CloudSat, CanX), based on flocking models [40, 148, 136].

1http://www.red3d.com/cwr/boids/
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The large interest in self-organized system led also to the development of novel
techniques, models and theorems in mathematics. From a mathematical point of
view, a description of self-organized models is provided by complex system theory,
where the overall dynamic is depicted by a nonlinear ODEs system. In the following
we will refer to these models as microscopic description level.
Microscopic models describing the evolution of a population of agents are usually

called individual based models or interacting multi-agent systems. The different
levels of dimensionality and complexity these models present are related to the
behavior under investigation.

In terms of socio-economic dynamics, such as consensus formation or wealth
exchange, we study the evolution of a single property, e.g. the agent income or
opinion, whereas in terms of animal, bacteria or crowd behaviors, we most likely look
to the variation of velocity and position of the agents, which usually corresponds
to a second order ODEs system. The aim of this thesis will mainly focus on these
two types of dynamics, but related models with higher dimensionality and order can
be included, as modeling the behavior of market customers or social-network users
potentially requires the evolution of more than two single properties.

In general microscopic models for interacting agents have the same structure
of many classical problems in computational physics which require the evaluation
of all pairwise long range interactions in a large ensembles of particles. The N -
body problem of gravitation (or electrostatics) is a classical example. Such problem
involves the evaluation of summations of the type

SN
i “

N
ÿ

j“1

wjKpxi, xjq, @ i.

A direct evaluation of such sums at N target points clearly involve a OpN2q cost,
therefore study of microscopic model for a large system of individuals implies a
considerable effort in numerical simulations, as microscopic models based on real
data may take into account very large numbers of interacting individuals, [67, 158].

A step towards the reduction of computational complexity of the microscopic
model is represented by the idea of the application of more general level of de-
scriptions, which has been extensively developed in the kinetic research research
(see [138, 75, 53, 72, 73, 100]) and it implies that the derivation of mesoscopic and
macroscopic models presents a first approximation of the original dynamic.

The basic idea of kinetic equation lies on a different level of phenomena descrip-
tion: instead of focusing on the evolution of single particles, it analyzes the density
of particles as in the classical Boltzmann gas dynamic. The interest of kinetic equa-
tion arises in several disciplines, in astrophysics for galactic dynamics, in molecular
biology for chemotaxis, in plasma physics [77], medical physics for radiotherapy [110]
and animal swarming [53].
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A rigorous derivation of a kinetic model from the microscopic particle system
constitutes a mathematical issue, also in the case of the Boltzmann equation the
rigorous limit holds just for a short time, but not global result it is known yet, [122].

For interacting multiagent systems in swarming and flocking different approaches
have been used, like BBGKY hierarchy [100], or mean field limit [47], or the binary
interaction approximation, [155, 149]. Certainly by passing from a microscopic
description based on phase-space particles pxiptq, viptqq to a mesoscopic level where
the object of study is a particle distribution function fpx, v, tq redefines the model
in a new one.

Specifically kinetic equations for interacting agent system are described typically
by Vlasov-type equations or Fokker–Planck equations, in presence of noise effects.
Such context usually involve high dimensional and nonlinear terms opening several
directions on the numerical approach to use, [86, 98, 6].

The aim of this thesis is to design new perspectives in kinetic modeling of self-
organized systems, with particular attention to the development of numerical meth-
ods and extensions to control dynamics. Each chapter is self consistent, with its
own introduction, results and conclusion, each one referring to a research article,
already published or under revision process in peer-review journals.

Chapter 1 reports the research made in [7], jointly with Lorenzo Pareschi, where
inspired by the techniques introduced in [34] for plasma physics, we develop a direct
simulation Monte Carlo methods based on a binary collision dynamic described by
the corresponding kinetic equation. The theoretical ground of the algorithms is rep-
resented by the stochastic approximation through the Boltzmann-Povzner formula
of the mean-field dynamic for a general swarming models, [53], which reads

Btf ` v ¨∇xf “ ´∇v ¨ pξrf sfq.

The method developed permits to approximate the microscopic dynamic of N par-
ticles at a cost directly proportional to the number of sample particles, Ns, involved
in the computation, thus avoiding the quadratic computational cost. Furthermore,
in contrast with classical methods for Boltzmann equation [34], the nature of the
approximating equations is such that the resulting Monte Carlo algorithms are fully
meshless, due to the long-range interactions of classical swarming models.

In order to make a step further in the direction of more realistic swarming models,
several features have been taken into account, for example roosting forces, topological
interactions, limited perception and more refined dynamics [51, 19, 138, 53]. Several
numerical results show the efficiency of the algorithms proposed.

Classical multiagent interacting models for sociological or biological phenomena
are based on the so called three zone model, which enlightens three main interaction
rules: attraction, repulsion and consensus. Just by these simple interaction dynamics
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complex behaviors emerge and from the analytical point of view interesting questions
arise in terms of model solution stability [28, 80].

Figure 3: Milling and flocking patterns arising in swarming models with attrac-
tion/repulsion dynamics.

Chapter 2 reports the joint work [2], with José A. Carrillo, Daniel Balagué, James
Von Brecht, where we address our interest to the linear stability of particular solu-
tions of second order individual based models for biological swarming, called flock
ring and mill ring solutions.
The individuals interact via a nonlocal interaction potential that is repulsive in the
short range and attractive in the long range, which in general reads

9xi “ vi

9vi “ Spxi, viq `
1

N

ÿ

j‰i

∇W pxj ´ xiq,

for particular choices of function Sp¨, ¨q and we relate the instability of the flock rings
with the instability of the ring solution of the first order model, of the form

9xi “
1

N

ÿ

j‰i

∇W pxj ´ xiq.

We observe that repulsive-attractive interactions lead to clustering and fattening
instabilities for flock rings that prove analogous to similar instabilities that occur for
ring solutions of the first order model. Finally, we numerically explore mill patterns
arising from these interactions by varying the asymptotic speed of the system. The
results of this chapter have been extended in [55], for the case of non linear stability
of flock ring solutions.

Chapter 3 develops a framework for the description of a group of large number
of agents, influenced by a small number of external individuals. The result refers
to [6], a joint research with Lorenzo Pareschi, where we start from the microscopic
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dynamic, deriving two other different levels of description: the mesoscopic (or ki-
netic) level through a mean-field limit and the macroscopic level through a suitable
hydrodynamic approximation. In both cases the resulting dynamic appears as cou-
pled system of PDEs and ODEs, similar settings has been studied in [81] for opinion
formation and for pedestrian dynamic in [66].

Figure 4: On the left a shoal of fishes reacting to shark attacks, on the right sheep-
dogs regrouping the herd.

In a biological context, this corresponds to the behavior of a flock of birds or a
school of fish attacked by one or more predators, or the movement of a herd of sheep
guided by a sheepdog. From the modeling viewpoint this involves a microscopic dy-
namic described by classical flocking models interacting with a set of few individuals
characterized in way similar to what was done in [59]. Moreover, we endow the clas-
sical dynamic of interaction both with a metric as well as a topological interaction
rule, [19].

From a general view point the idea presented in Chapter 3 can be interpreted as
a first effort to control a self-organized system through the presence of an external
dynamic. A natural improvement of this approach implies the use of optimal control
theory to steer the system to purse a desired state. Such problems have been studied
initially in engineer and computer science communities, in particular for applications
in robotics [91, 128, 137]. Most recently mathematics have focused their attention
to these problems from different point of views: at the level of microscopic [37], for
mean-field models [48, 88, 87, 27] and in conservation laws models in [60].

In a joint research with M. Herty and L. Pareschi, in [5], we worked on feedback
control of such processes, which can be used to study the exterior influence of the
system dynamics. We report the results of this approach in Chapter 4, where an
optimal control problem for a large system of interacting agents is considered using
a kinetic perspective. As a prototype model we analyze a microscopic model of
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opinion formation under constraints, which reads as follows

9wi “
1

N

N
ÿ

j“1

P pwj, wiqpwj ´ wiq ` u,

u “ argmin

ż T

0

˜

1

N

N
ÿ

j“1

pwj ´ wdq2 `
ν

2
u2

¸

dt,

where w P I “ r´1, 1s, for some choice of P p¨, ¨q and wd. The aim of the chapter is
to give a kinetic description of this optimal control problem, therefore a Boltzmann-
type equation based on a model predictive control formulation is introduced and
discussed. The main difference respect to classical swarming models is introduced
by the bounds of w, which must be preserved by, the Boltzmann equation. In par-
ticular, the receding horizon strategy permits to embed the minimization of suitable
cost functional into binary particle interactions, where a noise component is added.
The corresponding Fokker-Planck asymptotic limit is derived and reads and explicit
expressions of stationary solutions are given.
The last part of Chapter 4 extends the methodology used to the non-homogeneous
case, whereas optimal control problem is solved for mean-field flocking models. Op-
timal control problems for refined flocking models have been recently investigated in
a similar setting at kinetic level in, [88, 49], introducing the concept of sparse control
and for microscopic model [37], where the idea is to control the swarm through the
action of a population of leaders. Here we derive a corresponding kinetic approxi-
mation of the control problem, through the mean-field limit. Extensions to a kinetic
description of optimal control problem through leaders are under investigation.

In Chapter 5 we are also interested in optimal control problems for kinetic equa-
tions and report a recent result obtained [3], together with M. Herty, C. Jörres, L.
Pareschi. Many applications, from aerospace and mechanical engineering to the life
sciences, involve a systems of differential equations of the form

y1ptq “ fpyptq, tq ` 1

ε
gpyptq, tq,

in particular the development of numerical methods for time discretization of opti-
mal control problems involving differential equations has been an intensive field of
research [101, 107].
More precisely, we consider the development of implicit-explicit (IMEX) time in-
tegration schemes for optimal control problems of boundary problems governed by
the Goldstein–Taylor model. In the diffusive scaling this model is a hyperbolic ap-
proximation to the heat equation. We investigated the relation of time integration
schemes and the formal Chapman-Enskog type limiting procedure. For the class
of stiffly accurate implicit-explicit Runge-Kutta methods (IMEX) the discrete opti-
mality system also provides a stable numerical method for optimal control problems
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governed by the heat equation. The methodology presented opens new perspec-
tives to extend the same techniques for radiative transfer equation, which gives a
description of radiotherapy process in biomedical applications [110, 4].



CHAPTER 1

Binary interaction algorithms for flocking and

swarming dynamics

1.1 Introduction

The study of mathematical models describing collective behavior and synchronized
motion of animals, like bird flocks, fish schools and insect swarms, has attracted a
lot of attention in recent years [1, 50, 66, 54, 141, 67, 80, 138, 158, 47]. In biolog-
ical systems such behaviors are observed in every level of the food chain, from the
swarm intelligence of the zoo plankton, to bird flocking and fish schools, to mammals
moving in formation [84, 113, 142]. Beside biology, emerging collective behaviors
play a relevant role in several applications involving the dynamics of a large number
of individuals/particles which range from computer science [150], physics [98] and
engineering [124] to social sciences and economy [46]. We refer to [141] for a recent
review of some of the mathematical topics and the applications involved.

Naturally occurring synchronized motion has inspired several directions of re-
search within the control community. A well-known application is related to for-
mation flying missions and missions involving the coordinated control of several au-
tonomous vehicles [120]. There are several current projects which are dealing with
the formation flying and coordinated control of satellites, like the DARWIN project
of the European Space Agency (ESA) with the goal of launching a space-based
telescope aiding in the search for possible life-supporting planets, or the PRISMA
project led by the Swedish Space Corporation (SSC) which will be the first real
formation flying space mission launched [70].

In this manuscript we will focus on general models which are capable to reproduce
flocking, swarming and other collective behaviors. Most of the classical models
describing these phenomena are based on the simple definition of three interacting
zones, the so called three-zones model [10, 114].

Let us briefly summarize the three-zones assumptions. We define three regions

1
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around each individual: a short-range repulsion zone, an intermediate velocity align-
ment zone and a long-range attraction zone (see Figure 1.1). Each interaction be-
tween individuals is evaluated accordingly to the relative position in the model.

Alignment zone
Repulsion zone

Attraction zone

Figure 1.1: Sketch of the three-zone model.

• Repulsion zone: when individuals are too close each other they tend to move
away from that area.

• Alignment zone: individuals try to identify the possible direction of the group
and to align with it.

• Attraction zone: when individuals are too far from the group they want to get
closer.

Typically different interaction models are taken in the different zones [1, 80] or the
modelling is focused on a specific zone, like the alignment/consensus dynamic [67,
138]. Of course the particular shape and size of the zones depends on the specific
application considered. For example recent studied on birds flocks suggest that each
bird modifies its position, relative to few individuals directly surrounding it, no
matter how close or how far away those individuals are [19]. It is not clear however
if this applies also to other kind of animals.

Studying this kind of dynamics for large system of individuals implies a con-
siderable effort in numerical simulations, microscopic models based on real data
my take into account very large numbers of interacting individuals (from several
hundred thousands up to millions). Computationally the problems have the same
structure of many classical problems in computational physics which require the
evaluation of all pairwise long range interactions in a large ensembles of particles.
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The N -body problem of gravitation (or electrostatics) is a classical example. Such
problems involve the evaluation of summations of the type

SN
i “

N
ÿ

j“1

wjKpxi, xjq, @ i. (1.1)

A direct evaluation of such sums at N target points clearly requires OpN2q opera-
tions and algorithms which reduce the cost to OpNαq with 1 ď α ă 2, OpN logNq
etc. are referred to as fast summation methods. For uniform grid data the most
famous of these is certainly the Fast Fourier Transform (FFT). In the case of gen-
eral data most fast summation methods are approximate methods based on an-
alytical considerations, like the Fast Multipole method [98], Wavelets Transform
methods [30] and, more recently, dimension reduction using Compressive Sampling
techniques [46], or based on some Monte Carlo strategies at different levels [43].
Extensions of the above mentioned approaches to kinetic equations are discussed for
example in [140, 125, 9, 86, 143].

From a mathematical modeling point of view, these problem have been developed
extensively in the kinetic research community (see [72, 100, 54]) where the derivation
of kinetic and an hydrodynamic equations represent a first step towards the reduction
of the computational complexity. Of course, passing from a microscopic description
based on phase-space particles pxiptq, viptqq to a mesoscopic level where the object
of study is a particle distribution function fpx, v, tq redefines the model in a new
one where new methods of solution are required.

In this paper we are going to follow this research path in two main directions: first
we review the derivation of the different kinetic approximations from the original mi-
croscopic models and then we introduce and analyze several stochastic Monte Carlo
methods to approximate the kinetic equations. Monte Carlo methods are the most
well-known approach for the numerical solution of the Boltzmann equation of rar-
efied gases in the short-range interactions, and many efficient algorithms have been
presented [32, 16, 43, 143]. On the other hand the literature on efficient Monte Carlo
strategies for long-range interactions, and thus Landau-Fokker-Plank equations, is
much less developed but of great interest in the field of plasma physics [34, 77].

Here, inspired by the techniques introduced in [34, 77] for plasma, we develop di-
rect simulation Monte Carlo methods based on a binary collision dynamic described
by the corresponding kinetic equation. The methods permit to approximate the mi-
croscopic dynamic at a cost directly proportional to the number of sample particles
involved in the computation, thus avoiding the quadratic computational cost. The
limiting behavior characterizing the mean-field interaction process of the particles
system is recovered under a suitable asymptotic scaling of the binary collision pro-
cess. In such a limit we show that the Monte Carlo methods here developed are in
very good agreement with the direct evaluation of the original microscopic model
but with a considerable gain of computational efficiency.
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The rest of the manuscript is organized as follows. In the first section we present
some of the classical microscopic models for flocking and swarming. Generalization
of the notion of visual cone [54] are also discussed. Since the interaction is non
local, the derivation of the limiting mean-field kinetic equation is made through a
Povzner-Boltzmann kinetic equation [149] in the anologous situation of the so-called
grazing collision limit [53]. To solve the resulting Boltzmann-like mesoscopic partial
differential equation we introduce different stochastic binary interaction algorithms
and compare their computational efficiency and accuracy with a direct evaluation
of the microscopic models and a stochastic approximation of the mean-field kinetic
model. We show that the new approach permits to reduce the overall cost from
OpN2q to OpNq operations. In particular we show that the choice ε “ ∆t, where
ε is the small scaling parameter leading to the mean field kinetic model, originates
binary interaction algorithms consistent with the limiting behavior of the particle
system. Furthermore, in contrast with classical methods [34, 77], the nature of the
approximating equations is such that the resulting Monte Carlo algorithms are fully
mesh less. In the last section of the paper we report several simulations in two and
three space dimensions of different microscopic models solved by the binary Monte
Carlo method in the above scaling.

1.2 Microscopic models

In this section we review some well-known microscopic models of flocking and swarm-
ing (see [67, 80, 138] and the references therein). We are interested in the study of
a dynamical system composed of N individuals with the following general structure

$

’

’

’

&

’

’

’

%

9xi “ vi, i “ 1, . . . , N,

9vi “ Spviq `
1

N

N
ÿ

j“1

rHpxi, xjqpvj ´ viq ` Apxi, xjq `Rpxi, xjqsψαpxi, xj, viq

(1.2)
where pxi, viq lives in R

2d, d ě 1, Spviq describes a self-propelling term, Hpxi, xjq
the alignment process, Apxi, xjq the attraction dynamic and the term Rpxi, xjq the
short-range repulsion. In (2.1) the multiplicative factor ψαpxi, xj, viq P r0, 1s takes
into account the effects of space perception as a function of some vector of parameters
α.

1.2.1 Cucker and Smale model

Cucker and Smale model is a pure alignment model, no repulsion or attraction or
other effects are taken in account, see [67, 68] and [53]. The classical model reads
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as follow
$

’

’

’

&

’

’

’

%

9xi “ vi

9vi “
1

N

N
ÿ

j“1

Hp|xj ´ xi|qpvj ´ viq
i “ 1, . . . , N, (1.3)

where Hp|xj ´ xi|q is a function that measures the strength of the interaction be-
tween individuals i and j , and depends on the mutual distance, under the assump-
tion that closer individuals have more influence than the far distance ones.

A typical choice of function H is the following

Hprq “ K

pς2 ` r2qγ , (1.4)

where K, ς ą 0 are positive parameters and γ ě 0. Under this assumptions it can
be shown that well-posedness holds for the initial value problem of (1.3) and the
solution is mass and momentum preserving, with compact support for position and
velocity, see for more details [47, 99].

Moreover in [67, 53] it was established that the parameter γ discriminate the
behavior of the solution, in the following way

Theorem 1.2.1 Let Γptq “ 1

2

ř

i‰j |xiptq ´ xjptq|2 and Λptq “ 1

2
|viptq ´ vjptq|2. If

γ ď 1

2
then

(i) exist a positive costant B0 such that: Γptq ď B0 for all t P R.

(ii) Λptq converge towards zero as tÑ 8.

(iii) The vector xi ´ xj tends to a limit vector x̂ij, for all i, j “ 1, . . . , N .

In other words, the velocity support collapses exponentially to a single point
and the flock holds the same disposition. From this theorem we recover the notion
of unconditional flocking in the regime γ ď 1

2
. If γ ą 1

2
in general unconditional

flocking doesn’t follow, but under some conditions on initial data flocking condition
is reached, see [54].

Note that standard Cucker-Smale model prescribes perfectly symmetric interac-
tions and takes in account only the alignment dynamic. As a result total momentum
is preserved by the dynamics. The introduction of a limited space perception (like a
visual cone) breaks symmetry and momentum conservation. This choice corresponds
to take a function for the strength of the interaction of the type

Hαpxi, xj, viq “ Hp|xi ´ xj|qψαpxi, xj, viq, (1.5)

where the parameter vector α is related, for example, to the width of the visual
cone.



6

1.2.2 D’Orsogna-Bertozzi et al. model

The microscopic model introduced by D’Orsogna, Bertozzi et al. [80] considers a
self-propelling, attraction and repulsion dynamic and reads

$

’

’

&

’

’

%

9xi “ vi

9vi “ pa´ b|vi|2qvi ´
1

N

ÿ

j‰1

∇xi
Up|xj ´ xi|q

i “ 1, . . . , N, (1.6)

where a, b are nonnegative parameters, U : Rd ÝÑ R is a given potential modeling
the short-range repulsion and long-range attraction, and N is the number of indi-
viduals. Function U gives us the attraction-repulsion dynamic typically described
by a Morse potential

Uprq “ ´CAe
´r{lA ` CRe

´r{lR , (1.7)

where CA, CR, lA, lR are positive constants measuring the strengths and the char-
acteristic lengths of the attraction and repulsion. In (1.6) the term pa ´ b|vi|2qvi
characterizes self-propulsion and friction. Asymptotically this term give us a de-
sired velocity, in fact for large times the velocity of every single particle tends to
a

a{b.
The most interesting case in biological applications occurs when the constants

in the Morse potential satisfy the following inequalities C :“ CR{CA ą 1 and l :“
lR{lA ă 1, which correspond to the long range attraction and short range repulsion.
Moreover the choice of the parameters fixes the evolution of the N particles system
towards a particular equilibrium. The following distinction holds: if Cld ą 1 then
crystalline patterns are observed and for Cld ă 1 the motion of particles converges
to a circular motion of constant speed, where d ě 2 is the space dimension. In [80]
a further study of the parameters can be found.

1.2.3 Motsch-Tadmor model

In a recent work [138] the authors propose a modification of the classical Cucker-
Smale model as follows

$

’

’

’

&

’

’

’

%

9xi “ vi

9vi “
1

N

N
ÿ

j“1

hpxi, xjqpvj ´ viq,
i “ 1, . . . , N, (1.8)

where h is defined by

hpxi, xjq “
Hp|xi ´ xj|q

H̄pxiq
, H̄pxiq “

1

N

N
ÿ

k“1

Hp|xi ´ xk|q.
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The model differs from the classical one, since the influence between two particles
Hp|xj ´ xi|q is weighted by the average influence on the single individual i. In this
way the function hpxi, xjq loses in general any kind of symmetry property of the
original Cucker-Smale dynamic.

We emphasize, however, that in our general setting this model is included in
the Cucker-Smale alignment dynamic of type (1.5) with a particular choice for the
function defining the space perception of the form

ψαpxi, xj, viq “
1

H̄pxiq
. (1.9)

This can be interpreted as a higher perception level of zones where the individuals
have a higher concentration and a lower interest in zones where individuals are more
scattered.

1.2.4 Perception cone, topological interactions and roosting

force

For interacting animals like birds, fishes, insects the visual perception of the single
individual plays a fundamental role [65, 83, 84]. In [54] the authors introduce in the
dynamic a further rule: the visual cone. A visual cone identifies the area in which
interaction is possible and blind area where can not be interaction. Mathematically
speaking the visual cone depends on an angle, θ, that give us the visual width.
Together with position and velocity the visual area can be described as follows

Σpxi, vi, θq “
"

y P Rd :
pxi ´ yq ¨ vi
|pxi ´ yq| |vi|

ě cospθ{2q
*

. (1.10)

As already discussed the introduction of a visual cone breaks the typical symmetry
of the interaction (see Figure 1.2).

The drawback of this choice is that a single individual that has no one in his visual
cone, never changes his direction. For real situations this assumption is clearly too
strong, since many other stimuli are received by the surrounding. We cannot ignore
other perceptions like hearing, smell and visual memory. For example fishes use
their visual perception mostly on large/medium distance whereas on medium/short
distance they rely on their lateral line. These observations lead naturally to improve
the idea of a visual cone by introducing a perception cone as follows: we assign two
different weights measuring the strength/probability of the interaction. A weight p1
in the case of strong perception and p2 in case of weak perception, with 0 ď p2 ď
p1 ď 1. Note that taking p1 “ 1 and p2 “ 0 we have the standard visual cone. For
example, in the simulation section we consider a perception cone ψα, α “ pθ, p1, p2q,
with the following form

ψαpxi, xj, viq “ p2 ` pp1 ´ p2q1Σpxi,vi,θqpxjq, (1.11)
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Figure 1.2: One of the possible configurations in the interaction with a perception
cone. Individual j is perceived by individual i but not vice versa.

where 1Σpxi,vi,θqp¨q is the indicator function of the set Σpxi, vi, θq defined according
to (1.10).

Related efforts to improve the dynamic consider also different ingredients like
topological interactions where individuals interact only with the closest individuals
and with a limited number of them, see [19, 66]. Another variant concerns the
introduction of a term describing a roosting force [51, 1]. In fact, flocking phenomena
tends to stay localized in a particular area, this force acts orthogonal to the single
velocity, giving each particle a tendency towards the origin.

1.3 Kinetic equations

For a realistic numerical simulation of a flock the number of interacting individuals
can be rather large, thus we need to solve a very large system of ODEs, which can
constitute a serious difficulty. An alternative way to tackle this problem is to con-
sider a nonnegative distribution function fpx, v, tq describing the number density of
individuals at time t ě 0 in position x P R

d with velocity v P R
d. The evolution of

fpx, v, tq is characterized by a kinetic equation which takes into account the motion
of individuals due to their own velocity and the velocity changes due to the inter-
actions with other individuals. Following [54] we consider here binary interaction
Boltzmann-type and mean-field kinetic approximation of the microscopic dynamics.
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1.3.1 Boltzman-Povzner kinetic approximations

In agreement with (1.3) and (1.5), we consider a microscopic binary interaction
between two individuals with positions and velocities px, vq and py, wq according to

$

&

%

v˚ “ p1´ ηpHαp|x´ y| , vqqv ` ηHαp|x´ y| , vqw,

w˚ “ ηHαp|x´ y| , wqv ` p1´ ηpHαp|x´ y| , wqqw,
(1.12)

where v˚, w˚ are the post-interaction velocities and η a parameter that measures
the strength of the interaction. Analogous binary interactions can be introduced for
other swarming and flocking dynamics like D’Orsogna-Bertozzi [54].

We describe the interaction of the sistem with following integro-differential equa-
tion of Boltzmann type

pBtf`v ¨∇xfqpx, v, tq “
1

ε
Qpf, fqpx, v, tq,

Qpf, fq “
ż

R2d

ˆ

1

J
fpx, v˚, tqfpy, w˚, tq ´ fpx, v, tqfpy, w, tq

˙

dwdy,

(1.13)

where pv˚, w˚q are the pre-interacting velocity that generate the couple pv, wq accord-
ing to (1.12), J is the Jacobian of the transformation of pv, wq to pv˚, w˚q. Without
visual limitation the Jacobian reads J “ p1´ 2ηHp|x´ y|qqd. Note that, at variance
with classical Boltzmann equation the interaction is non local as in Povzner kinetic
model [149].

Let us introduce the time scaling

tÑ t{ε, η “ λε, (1.14)

where λ is a constant and ε a small parameter. The scaling corresponds to assume
that the parameter η characterizing the strength of the microscopic interactions is
small, thus the frequency of interactions has to increase otherwise the collisional
integral will vanish. This corresponds to large scale interaction frequencies and
small interaction strengths, in agreement with a classical mean-field limit and simi-
larly to the so-called grazing collision limit of the Boltzmann equation for granular
gases [134].

1.3.2 Derivation of the mean-field kinetic model

First of all let us remark that the dynamic (1.12) doesn’t preserve the momentum,
as consequence of the velocity dependent function Hα we have

v˚ ` w˚ “ v ` w ´ ηpHαp|x´ y| , wq ´Hαp|x´ y| , vqqpw ´ vq. (1.15)
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Moreover under the assumptions |Hαpr, vq| ď 1 and η ď 1{2 , it is easy to prove
that the support of velocity is limited by initial condition

v˚ “ p1´ ηHαp|x´ y| , vqqv ` ηHαp|x´ y| , vqw ď maxt|v|, |w|u. (1.16)

Considering now the weak formulation of (1.13) the Jacobian term disappears
and we get the rescaled equation

B
Bt

ż

R2d

φpx, vqfpx, v, tqdvdx`
ż

R2d

pv ¨∇φpx, vqqfpx, v, tqdvdx “
(1.17)

1

ε

ż

R4d

pφpx, v˚q ´ φpx, vqqfpx, v, tqfpy, w, tqdvdxdwdy,

for t ą 0 and for all φ P C8
0
pR2dq, such that

lim
tÑ0

ż

R2d

φpx, vqfpx, v, tqdvdx “
ż

R2d

φpx, vqf0px, vqdvdx, (1.18)

where f0px, vq is the starting density.
For small values of ε we have v˚ « v thus we can consider the Taylor expansion

of φpx, v˚q around v up to the second order we obtain the following formulation to
the collisional integral

1

ε

ż

R4d

pφpx, v˚q ´ φpx, vqqfpx, v, tqfpy, w, tqdvdxdwdy “

“ λ

ż

R4d

p∇vφpx, vq ¨ pw ´ vqqHαpx, y, vqfpx, v, tqfpy, w, tqdvdxdwdy
loooooooooooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooooooooooon

:“I1pf,fq

` λ2ε
ż

R4d

«

d
ÿ

i,j“1

B2φpx, ṽq
Bv2i

pwj ´ vjq2
ff

pHαpx, y, vqq2fpx, v, tqfpy, w, tqdvdxdwdy
loooooooooooooooooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooooooooooooooooon

:“I2pf,fq

(1.19)

for some ṽ “ τv`p1´τqv˚, 0 ď τ ď 1. In the limit εÑ 0 the term I2pf, fq vanishes
since the second momentum of the solution is not increasing and Hαpx, y, vq ď 1

hence [53]

|I2pf, fq| ď 2}φpx, vq}C2

0

ż

R2d

|v|2f0px, vqdxdv. (1.20)

Thus in the limit the second-order term can be neglected and I1pf, fq constitutes
an approximation of the collisional integral Qpf, fq, in the strong divergence form

I1pf, fq “ ´∇v ¨
ż

R2d

pw ´ vqHαpx, y, vqfpy, w, tqfpx, v, tqdwdy, (1.21)
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or equivalently in convolution form [53]

I1pf, fq “ ∇v ¨ tfpx, v, tqrpHαpx, y, vq∇vepvqq ˚ f spx, v, tqu , (1.22)

where epvq “ |v|2{2 and ˚ is the px, vq-convolution. As observed in [53], the operator
I1pf, fq preserves the dissipation proprieties of original Boltzmann operator.

Finally we get the mean-field kinetic equation

Btf ` v ¨∇xf “ ´λ∇v ¨ pξpfqfq (1.23)

ξpfq “
ż

R2d

Hαpx, y, vqpw ´ vqfpy, w, tqdwdy.

As noted in [1], the continuos kinetic model (1.23) and the microscopic one (1.3)-
(1.5) are really the same when we take the discrete N -particle distribution

fpx, v, tq “ 1

N

N
ÿ

i“1

δpx´ xiptqqδpv ´ viptqq,

where δp¨q denotes the Dirac-delta function.

Remark 1.3.1

• Kinetic formulation for the D’Orsogna Bertozzi et al. with perception cone
can be derived in the same way and yields the mean-field model

Btf`v ¨∇xf`∇v ¨pSpvqfq “ ´λ∇v ¨
ˆ

fpx, v, tq
ż

R2d

Zαpx, y, vqfpy, w, tqdydw
˙

,

(1.24)
where Zαpx, y, vq “ pApx, yq ` Rpx, yqqψαpx, y, vq represents the attraction re-
pulsion term.

• In [164] the authors observed that a certain degree of randomness helps the
coherence in the collective swarm behavior. Following [54], if we add in (1.3)
a nonlinear noise term depending on function Hα and perform essentially the
same derivation of the above paragraph we obtain the kinetic equation

Btf ` v ¨∇xf “ ´λ∇v ¨ pξpfqfq ` σ∆vrpHα ˚ ρqf s, (1.25)

where ρ “ ρpx, tq represent the mass of the system and σ ě 0 the strength of
the noise. If Hαpx, y, vq ” Hpx, yq, the right hand side can be written as a
Fokker-Plank operator

∇v ¨ pσpH ˚ ρq∇vf ´ λξpfqfq,

and thus a global Maxwellian function is a steady state solution for the equa-
tion (1.25).
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1.3.3 Alternative formulations

In this section we present some alternative formulations of the Boltzmann equation
describing the binary interaction dynamics for alignment. All the formulations share
the property that in the mean-field limit originate the same kinetic model (1.23).

The Boltzmann equation (1.13) has much in common with a classical Boltzmann
equation for Maxwell molecules, in the sense that the collision frequency is indepen-
dent of the velocity and position of individuals. An alternative Boltzmann-like
kinetic approximation is obtained with the interaction operator

Qpf, fq “
ż

R2d

Hαpx, y, vq
ˆ

1

J
fpx, v˚qfpy, w˚q ´ fpx, vqfpy, wq

˙

dwdy, (1.26)

where now
$

&

%

v˚ “ p1´ ηqv ` ηw,

w˚ “ ηv ` p1´ ηqw.
(1.27)

From the modeling viewpoint here the function Hα is interpreted as the frequency
of interactions instead of the strength of the same interactions.

Clearly the two formulations (1.13) and (1.26) are not equivalent in general. It
is easy to verify that formally we obtain the same mean-field limit (1.23). Note
however that now the second order term in the expansion (1.19) is slightly different
and reads

I2pf, fq :“
ż

R4d

«

d
ÿ

i,j“1

B2φpx, ṽq
Bv2i

pwj ´ vjq2
ff

Hαpx, y, vqfpx, v, tqfpy, w, tqdvdxdwdy.

Since Hα ą pHαq2, in practice we may expect a slower convergence to the mean-field
dynamic for small values of ε.

Let us finally introduce some stochastic effect in the visual cone perception by
defining

Hαpxi, xj, viq “ ζHpxi, xjq,
where ζ is a random variable distributed accordingly to some bαpζ, xi, xj, viq ě 0 s.t.

ż

bαpζ, xi, xj, viq dζ “ 1, @ xi, xj, vi. (1.28)

Then the collision term in the form (1.13) becomes

Qpf, fq “
ż

R2d`1

bαpζ, x, y, vq
ˆ

1

J
fpx, v˚qfpy, w˚q ´ fpx, vqfpy, wq

˙

dwdydζ,

(1.29)
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whereas in the space dependent interaction frequency form (1.26) reads

Qpf, fq “
ż

R2d`1

Bαpζ, x, y, vq
ˆ

1

J
fpx, v˚qfpy, w˚q ´ fpx, vqfpy, wq

˙

dwdydζ,

(1.30)
where Bαpζ, x, y, vq “ bαpζ, x, y, vqHpx, yq. Again it can be shown that thanks to
(1.28) the limit asymptotic behavior εÑ 0 is unchanged. We omit the details.

We conclude the section reporting an example of distribution for the random
variable ζ which corresponds to the stochastic analogue of (1.11)

ζ “

$

’

’

&

’

’

%

1 with probability p1, for y P Σpx, v, θq,
0 with probability 1´ p1, for y P Σpx, v, θq,
1 with probability p2, for y P Rd å Σpx, v, θq,
0 with probability 1´ p2, for y P Rd å Σpx, v, θq.

1.4 Monte Carlo methods

Following [34, 77] we introduce different numerical approaches for the above kinetic
equations based on Monte Carlo methods. The main idea is to approximate the
dynamic by solving the Boltzmann-like models for small value of ε. We will also
develop some direct Monte Carlo techniques for the limiting kinetic equation (1.23).
For the sake of simplicity we describe the algorithms in the case of the collision
operator (1.13), extensions to the other possible formulations presented in Section
3 are also discussed along the section. As we will see, thanks to the structure of the
equations, the resulting algorithms are fully meshless.

1.4.1 Asymptotic binary interaction algorithms

As in most Monte Carlo methods for kinetic equations, see [143], the starting point
is a splitting method based on evaluating in two different steps the transport and
collisional part of the scaled Boltzmann-Povzner equation

Bf
Bt “ ´v ¨∇xf (T)

Bf
Bt “

1

ε
Qεpf, fq (C)

where we used the notation Qεpf, fq to denote the scaled Boltzmann operator (1.13).
We emphasize that the solution to the collision step for small values of ε has very
little in common with the classical fluid-limit of the Boltzmann equation. Here in
fact the whole collision process depends on space and on the small scaling parameter
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ε. In particular, in the small ε limit the solution is expected to converge towards
the solution of the mean-field model (1.23).

By decomposing the collisional operator in equation (C) in its gain and loss parts
we can rewrite the collision step as

Bf
Bt “

1

ε

“

Q`ε pf, fq ´ ρf
‰

, (1.31)

where ρ ą 0 represent the total mass andQ`ε the gain part of the collisional operator.
Without loss of generality in the sequel we assume that

ρ “
ż

R2d

fpx, v, tqdxdv “ 1.

In order to solve the trasport step we use the exact free flow of the sample particles
pxiptq, viptqq in a time interval ∆t

xipt`∆tq “ xiptq ` viptq∆t, (1.32)

and thus describe the different schemes used for the interaction process in the form
(1.31).

A Nanbu-like asymptotic method

Let us now consider a time interval r0, T s discretized in ntot intervals of size ∆t. We
denote by fn the approximation of fpx, v, n∆tq.

Thus the forward Euler scheme writes

fn`1 “
ˆ

1´ ∆t

ε

˙

fn ` ∆t

ε
Q`ε pfn, fnq, (1.33)

where since fn is a probability density, thanks to mass conservation, also Q`ε pfn, fnq
is a probability density. Under the restriction ∆t ď ε then also fn`1 is a probability
density, since it is a convex combination of probability densities.

From a Monte Carlo point of view equation (1.33) can be interpreted as follows:
an individual with velocity v at position x will not interact with other individuals
with probability 1 ´ ∆t{ε and it will interact with others with probability ∆t{ε
according to the interaction law stated by Q`ε pfn, fnq. Since we aim at small values
of ε the natural choice as in [34] is to take ∆t “ ε. The major difference compare
to standard Nanbu algorithm here is the way particles are sampled from Q`ε pfn, fnq
which does not require the introduction of a space grid. A simple algorithm for the
solution of (1.33) in a time interval r0, T s, T “ ntot∆t, ∆t “ ε is sketched in the
sequel.
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Algorithm 1.4.1 (Asymptotic Nanbu I)

1. Given N samples px0k, v0kq, with k “ 1, . . . , N from the initial distribution
f0px, vq;

2. for n “ 0 to ntot ´ 1

for i “ 1 to N ;

(a) select an index j uniformly among all possible individuals pxnk , vnk q
except i;

(b) evaluate Hαp|xni ´ xnj |, vni q;
(c) compute the velocity change v˚i using the first relation in (1.12) with

η “ ε;

(d) set pxn`1i , vn`1i q “ pxni , v˚i q.
end for

end for

Next we show how the method extends to the case of collision operator of the type
(1.26). In this case an acceptance-rejection strategy is used to select interacting
individuals since the forward Euler scheme reads

fn`1 “
ˆ

1´ ∆t

ε

˙

fn ` ∆t

ε
P`ε pfn, fnq, (1.34)

where P`ε pfn, fnq “ Qεpf, fq ` f ě 0 is again a probability density.

Now using the fact that Hα ď 1 we can adapt the classical acceptance-rejection
technique [143] to get the following method for (1.34) with ∆t “ ε

Algorithm 1.4.2 (Asymptotic Nanbu II)

In Algorithm 1.4.1 make the following change

(c) if Hαp|xni ´ xnj |, vni q ą ξ, ξ uniform in r0, 1s then compute the velocity
change v˚i using the first relation in (1.27) with η “ ε;

(d) set pxn`1i , vn`1i q “ pxni , v˚i q if the individual has changed its velocity, oth-
erwise set pxn`1i , vn`1i q “ pxni , vni q.
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Note that in this version two individuals interact always with the same strength
in the velocity change but with a different probability related to their distance. As
a result the total number of interactions depend on the distribution of individuals
and on average is equal to H̄αN ă N where

H̄α “
1

N2

N
ÿ

i,j“1

Hαpxi, xj, viq.

Thus the method computes less interactions then the one described in Algorithm
1.4.1. In fact, in regions where individuals are scattered very few interactions will
be effectively computed by the method. The efficiency of the method can be further
improved if one is able to find an easy invertible function 1 ě Wαpxi, xj, viq ě
Hαpxi, xj, viq or is capable to compute directly the inverse of Hαpxi, xj, viq. We refer
to [143] for further details on these sampling techniques.
A symmetric version of the previous algorithms which preserves at a microscopic

level other interaction invariants, like momentum in standard Cucker-Smale model,
is obtained as follows

Algorithm 1.4.3 (Asymptotic symmetric Nanbu)

1. Given N samples px0k, v0kq, with k “ 1, . . . , N from the initial distribution
f0px, vq;

2. for n “ 0 to ntot ´ 1

(a) set Nc “ IroundpN{2q;
(b) select Nc random pairs pi, jq uniformly without repetition among all pos-

sible pairs of individuals at time level n.

(c) evaluate Hαp|xni ´ xnj |, vni q and Hαp|xni ´ xnj |, vnj q;
(d) For Algorithm 1.4.1: compute the velocity changes v˚i , v

˚
j for each pair

pi, jq using relations (1.12) with η “ ε;

(d) For Algorithm 1.4.2:

i. if Hαp|xni ´xnj |, vni q ą ξi ξi uniform in r0, 1s then compute the velocity
change v˚i for each pair pi, jq using the first relation in (1.27) with
η “ ε;

ii. if Hαp|xni ´xnj |, vnj q ą ξj ξj uniform in r0, 1s then compute the velocity
change v˚j for each pair pi, jq using the second relation in (1.27) with
η “ ε;

(e) set pxn`1i , vn`1i q “ pxni , v˚i q, pxn`1j , vn`1j q “ pxnj , v˚j q for all the individuals
that changed their velocity,
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(f) pxn`1h , vn`1h q “ pxnh, vnhq for all the remaining individuals.

end for

The function Iroundp¨q denotes the integer stochastic rounding defined as

Iroundpxq “
#

rxs ` 1, ξ ă x´ rxs,
rxs, elsewhere

where ξ is a uniform r0, 1s random number and r¨s is the integer part.

A Bird-like asymptotic method

The most popular Monte Carlo approach to solve the collision step in Boltzmann-like
equations is due to Bird [32]. The major differences are that the method simulate the
time continuous equation and that individuals are allowed to interact more then once
in a single time step. As a result the method achieves a higher time accuracy [143].

Here we describe the algorithm for the collision operator described by (1.13). The
method is based on the observation that the interaction time is a random variable
exponentially distributed. Thus for N individuals one introduces a local random
time counter given by

∆tcpξq “ ´
lnpξqε
N

, (1.35)

with ξ a random variable uniformly distributed in r0, 1s.
A simpler version of the method is based on a constant time counter ∆tc corre-

sponding to the average time between interactions. In fact, in a time interval r0, T s
we have

∆tc “
T

Nc

“ ε

N
, (1.36)

since Nc “ NT {ε is the number of average interactions in the time interval. Of
course taking time averages the two formulations (1.35) and (1.36) are equivalent.

From the above considerations, using the symmetric formulation and the time
counter ∆tc “ 2ε{N , we obtain the following method in a time interval r0, T s,
T “ Ntot∆tc

Algorithm 1.4.4 (Asymptotic Bird I)

1. Given N samples pxk, vkq, with k “ 1, . . . , N from the initial distribution
f0px, vq

2. for n “ 0 to Ntot ´ 1
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(a) select a random pair pi, jq uniformly among all possible pairs;
(b) evaluate Hαp|xi ´ xj|, viq and Hαp|xi ´ xj|, vjq;
(c) compute the velocity changes v˚i , v

˚
j using relations (1.12) with η “ ε;

(d) set vi “ v˚i and vj “ v˚j ;

end for

Note that in the above formulation the method has much in common with Algorithm
1.4.3 except for the fact that multiple interactions are allowed during the dynamic
(no need to tag particles with respect to time level) and that the local time stepping
is related to the number of individuals. As a result in the limit of large numbers of
individuals the method converges towards the time continuous Boltzmann equation
(1.13) and not to its time discrete counterpart (1.33), as it happens for Nanbu
formulation. Since in Algorithm 1.4.3 we have ntot “ Ntot{Nc, the computational
cost of the methods is the same.

Similarly Bird’s approach can be extended to collision operator in the form (1.26)
by introducing the following changes

Algorithm 1.4.5 (Asymptotic Bird II)

In Algorithm 1.4.4 make the following change

(c) ∗ if Hαp|xni ´xnj |, vni q ą ξi ξi uniform in r0, 1s then compute the velocity
change v˚i using the first relation in (1.27) with η “ ε;

∗ if Hαp|xni ´xnj |, vnj q ą ξj ξj uniform in r0, 1s then compute the velocity
change v˚j using the second relation in (1.27) with η “ ε;

Finally we sketch the algorithm to implement the stochastic perception cone
present in (1.29) and (1.30), that can be easily introduced in all the previous algo-
rithms.

Algorithm 1.4.6 (Interaction with stochastic perception cone)

• if xj P Σpxi, vi, θq

– with probability p1 perform the interaction between i and j and compute
v˚i

else
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– with probability p2 perform the interaction between i and j and compute
v˚i

• if xi P Σpxj, vj, θq

– with probability p1 perform the interaction between i and j and compute
v˚j

else

– with probability p2 perform the interaction between i and j and compute
v˚j

Note that this reduces further the total number of interactions in the algorithms
just described. In contrast, for the deterministic case we simply change the relative
interaction strengths using respectively η “ p1ε and η “ p2ε in the binary interaction
rules.

1.4.2 Mean-field interaction algorithms

Let us finally tackle directly the limiting mean field equation. The interaction step
now corresponds to solve

Btf “ ´∇v ¨
ˆ

f

ż

R2d

Hαpx, y, vqpv ´ wqfpy, w, tqdwdy
˙

.

As already observed, in a particle setting this corresponds to compute the original
OpN2q dynamic. We can reduce the computational cost using a Monte Carlo eval-
uation of the summation term as described in the following simple algorithm.

Algorithm 1.4.7 (Mean Field Monte Carlo)

1. Given N samples v0k, with k “ 1, . . . , N computed from the initial distribution
f0px, vq and M ď N ;

2. for n “ 0 to ntot ´ 1

(a) for i “ 1 to N

(b) sampleM particles j1, . . . , jM uniformly without repetition among all par-
ticles;
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(c) compute

H̄n
αpxiq “

1

M

M
ÿ

k“1

Hαpxi, xjk , vni q, v̄ni “
1

M

M
ÿ

k“1

Hαpxni , xnjk , vni q
H̄n

αpxiq
vjk ,

(d) compute the velocity change

vn`1i “ vni p1´∆tH̄n
αpxiqq `∆tH̄n

αpxiqv̄ni .
end for

end for

The overall cost of the above simple algorithm is OpMNq, clearly for M “ N

we obtain the explicit Euler scheme for the original N particle system. In this
formulation the method is closely related to asymptotic Nanbu’s Algorithm 1.4.1.
It is easy to verify that taking M “ 1 leads exactly to the same numerical method.
On the other hand forM ą 1 the above algorithm can be interpreted as an averaged
asymptotic Nanbu method over M runs since we can rewrite point pdq as

vn`1i “ 1

M

M
ÿ

k“1

“`

1´∆tHαpxni , xnjk , v
n
i q
˘

vni `∆tHαpxni , xnjk , v
n
i qvnjk

‰

, i “ 1, . . . , N.

The only difference is that averaging the result of Algorithm 1.4.1 does not guarantee
the absence of repetitions in the choice of the indexes j1, . . . , jM . Thus the choice
∆t “ ε in Algorithm 1.4.1 originates a numerical method consistent with the limiting
mean-field kinetic equation. Following this description we can construct other Monte
Carlo methods for the mean field limit taking suitable averaged versions of the
corresponding algorithms for the Boltzmann models. Here we omit for brevity the
details.

Remark 1.4.1

• In Algorithm 1.4.7 the size of ∆t can be taken larger then the corresponding
∆t “ ε in Algorithm 1.4.1. However, as we just discussed, since large values
of ∆t in the mean-field algorithm are essentially equivalent to large values of ε
in the Boltzmann algorithms we don’t expect any computational advantage by
choosing larger values of ∆t in Algorithm 1.4.7.

• We remark that changing the time discretization method from Explicit Euler
in (1.33) and (1.34) to other methods, like semi-implicit methods or method
designed for the fluid-limit, permits to avoid the stability restriction ∆t ď ε.
Even this approach however does not lead to any computational improvement
since a strong deterioration in the accuracy of the solution is observed when
∆t ą ε. Here we don’t explore further this direction.
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1.5 Numerical Tests

In this section we first compare accuracy and computational cost of some of the
different methods and then illustrate their performance on different two-dimensional
and three-dimensional numerical examples. We use the following notations: ANMC

(Algorithm 1.4.3), ABMC (Algorithm 1.4.4), and MFMCM (Algorithm 1.4.7 for a
given M).
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Figure 1.3: Relative errors in the L2 norm at T “ 1 for the different methods as a
function of ∆t “ ε. On the left the error is computed with N “ 1000 particles, on
the right the same test is performed with N “ 50000 particles.

1.5.1 Accuracy considerations

Here we compare the accuracy of the different algorithms studied for a simple space
homogeneous situation. In fact, since the algorithms differ only in the binary in-
teraction dynamic the homogeneous step is the natural setting for comparing the
various approaches in term of accuracy.

We consider the standard Cucker-Smale dynamic. Since we do not have any space
dependence we assume Hp|xi ´ xj|q ” 1 for each i, j. Thus there is no difference
in this test case between formulations (1.13) and (1.26) and the relative simulation
schemes.

We take N “ 50000 individuals and at the initial time the velocity is distributed
as the sum of two gaussian

f0pvq “
1?
2πσv

¨

˚

˝
e
´pv ` v0q

2

2σ2
v ` e

´pv ´ v0q
2

2σ2
v

˛

‹

‚
,
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Figure 1.4: Convergence to the exact solution (continuous line) of the velocity pro-
files calculated with ANMC (left) and ABMC (right) algorithms. From the top to
bottom, ∆t “ ε with ε “ 1, 0.1, 0.01.

with v0 “ 0.7, σv “
?
0.2.

The results obtained for ANMC and ABMC with ε “ 1, 0.1, 0.01 at time T “ 1

are reported in Figure 1.4. The reference solution is computed using the microscopic
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Figure 1.5: MFMCM algorithms compared with ANMC method, at different time
steps. From the top ∆t “ 1, ∆t “ 0.1 and ∆t “ 0.01. On the left column M “ 5

on the left M “ 50.

model which in this simple situation can be solved exactly and gives

viptq “ vip0qe´t ` p1´ e´tqv̄, v̄ “ 1

N

n
ÿ

j“1

vjp0q.

As expected convergence towards the exact solution is observed for both methods.
In particular for ε “ 0.01 the results are in good agreement with the direct solution
of the microscopic model.

Next in Figure 1.5 we compare the behavior of the MFMCM method with
ANMC for the same values of the time step. A considerable difference is observed
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for large values of ∆t and both methods are poorly accurate. On the other hand for
smaller values of ∆t they both converge towards the reference solution.

Finally in Figure 1.3 we report the L2-norm of the error for ANMC, ABMC and
MFMCM for various M as a function of ∆t “ ε. We compare the convergence of
the schemes with different number of particles N “ 1000 and N “ 50000. Note that
in both cases the convergence rate of the schemes is rather close and for ε “ ∆t ă t˚,
the statistical error dominates the time error so that we observe a saturation effect,
where t˚ « 0.1 for N “ 1000 and t˚ « 0.01 for N “ 50000.

1.5.2 Computational considerations and 1D simulations

Next we want to compare the computational cost of the different binary interac-
tion methods for solving the kinetic equation (1.23), when compared to the direct
numerical solution of the original system (2.1).

We consider the same one-dimensional test problem as in [54] for the Cucker-
Smale dynamic. The initial distribution is given by

f0px, vq “
1

2πσxσv
e

´x2
2σ2

x

¨

˚

˝
e

´pv ` v0q2
2σ2

v ` e
´pv ´ v0q2

2σ2
v

˛

‹

‚
,

for v0 “ 2.5, σv “
?
0.1 and σx “

?
2.

The computational time for the different methods at T “ 1 using ε “ 0.01

and different number of individuals is reported in Table 1.1. Simulations have been
performed on a Intel Core I7 dual-core machine using Matlab. The OpNq cost of
ANMC and ABMC is evident. The same results are also reported in Figure 1.6
which shows the linear growth of the various Monte Carlo algorithms.

N 103 104 105 106

ANMC 0.02 s 0.23 s 2.82 s 3.83ˆ 101 s
ABMC 0.02 s 0.21 s 2.20 s 3.14ˆ 101 s
MFMC50 0.05 s 0.41 s 4.26 s 4.44ˆ 101 s
MFMC500 0.14 s 1.58 s 1.33ˆ 101 s 3.14ˆ 102 s
MFMC5000 5.00 s 5.20ˆ 101 s 1.71ˆ 103 s 4.49ˆ 104 s

Table 1.1: Computational times for the different methods with various values of N .
The final time is T “ 1 and the scaling factor ε “ ∆t is fixed at 10´2.

Finally we report the phase-space plots of the previous 1D problem obtained
using the perception cone (1.11). Clearly the parameter θ has no meaning in the
one-dimensional case, so that the perception limitation concerns only the capability
to detect other individuals on the left and on the right over the line. We compare
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Figure 1.6: Comparison of the computational times for the different methods. For
each method the time step is equal to ∆t “ 0.01.

the evolution in the phase space of two different cases: the classical Cucker-Smale
model (non visual limitation p1 “ p2 “ 1) and the weighted visual cone with p1 “ 1

and p2 “ 0.5. The results are reported in Figure 1.7.
The simulations have been computed using ABMC with ∆t “ ε “ 0.01. The

number N of individuals is N “ 50000, with γ “ 0.05, that is unconditional flock
condition. The phase space representation is obtained using a space-velocity grid of
100ˆ150 cells over the box r´15, 15sˆr´10, 10s. The results are in good agreement
with the one presented in [54]. Note how perception limitations reduce the flocking
tendency of the group of individuals by creating two different flocks moving towards
left and right respectively.

1.5.3 2D Simulations

Cucker-Smale dynamics A generalization of the previous test in two-dimension
is obtained by considering a group ofN individuals with position px, yq P R2, initially
distributed as

f0px, y, vx, vyq “ g0px, yqh0pvx, vyq,
where

g0px, yq “
1

2πσ2
expt´px2`y2q{2σ2u, hprq “ 1

2πν2

¨

˚

˝
e

´pr ` v0q2
2ν2 ` e

´pr ´ v0q2
2ν2

˛

‹

‚
,

with r “ |pvx, vyq|, v0 “ 10, σ “
?
2 and ν “

?
0.1. In the following simulations we

use N “ 100000 particles and the limited perception cone defined by (1.11).
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Figure 1.7: 1D Cucker-Smale flocking in the phase space. On the left without
perception limitations, on the right with a perception bound characterized by p1 “ 1

and p2 “ 0.5.

We compare the evolution of the space density for different choices of the percep-
tion parameters and at different times. In the test case considered the parameters
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Figure 1.8: 2D Cucker-Smale flocking. On the left without perception limitations,
on the right with perception cone with θ “ 4{3π, p1 “ 1 and p2 “ 0.04.

for the perception cone are θ “ 4{3π, p1 “ 1 and p2 “ 0.04.

To reconstruct the probability density function in the space we use a 100ˆ 100

grid on r´20, 20sˆr´20, 20s. In each figure we also add the velocity flux to illustrate
the flock direction. We report the results computed with ABMC method and ∆t “
ε “ 0.01, similar results are obtained with the other stochastic binary algorithms.
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Figure 1.9: 2D Cucker-Smale dynamics. Spatial density of two flock that merge
together.

At T “ 30 the final flocking structure is reached. It is remarkable that in absence
of perception limitations we obtain a perfect circular ring moving at constant speed.

In contrast when we introduce limitations the flocking behavior is less evident
and the groups splits in two flocks moving in opposite directions. Finally we can
also modify the previous example to create more complex patterns, but with the
same basic structure.

The initial distribution now is given by

g0px, y, vx, vyq “ f0px`m, y, vx, vyq ` f0px´m, y, vx, vyq,

where f0 is defined as before, and m “ 7. We report the results obtained in absence
of perception cone. The final flocking state is reached at t « 30 (see Figure 1.9).

D’Orsogna, Bertozzi model et al. dynamic Next we want to simulate the
D’Orsogna Bertozzi model et al. model with the aim to reproduce the typical mill
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Figure 1.10: 2D Mill in D’Orsogna-Bertozzi et al. model at various times. Pa-
rameters in the attraction-repulsion potential are such that C “ CR{CA “ 30,
l “ lR{lA “ 0.3, α “ 0.7, β “ 0.05. Final configuration is reached after t “ 20.

dynamics as in [50, 51, 1] but using the Boltzmann kinetic approximation.

Mills and double mills are typical emergence phenomena in school of fishes and
flock of birds which travel in a compact circular motion, for example, in order to
protect themselves from predator attacks. At first we work in the twodimensional
space taking into account N “ 100000 individuals. According to the interaction
described in (1.6), we consider the long-range attraction and short-range repulsion.

In Figure 1.10 the initial data is uniformly distributed on a twodimensional torus,
with a circular motion. The evolution shows how the attraction and repulsion forces
stretch the mill reaching after t “ 20 a condition of equilibrium in a stable circular
motion as a single mill.
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In Figure 1.11, we instead consider the following initial data

f0px, y, vx, vyq “
1

4π2σ2
e
´x

2 ` y2
2σ2

¨

˚

˝
e
´pvx ` v0q

2

2 ` e
´pvx ´ v0q

2

2

˛

‹

‚
,

where σ “
?
2 and v0 “ 0.5. Thus density in space is a normal distribution centered

in zero and velocity distribution has two main directions left and right. The evolution
computed with ABMC and ∆t “ ε shows that equilibrium is reached after t “ 30

in a stable double mill formation.

1.5.4 3D simulations

Finally we present some three dimensional simulations for the models taking into
account the different effects of the thee zone dynamic. All the simulations have been
performed with ABMC and ∆t “ ε “ 0.01.

Bertozzi-D’Orsogna et al. model In Figure 1.12 we consider the tridimensional
extension of the previous simulation for the Bertozzi-D’Orsogna model et al. Initial
data is uniformly distributed in space on a 3D-torus, and initial velocity is described
by a circular motion in the px, yq components in z direction initial velocity has no
influence.

We present the evolution of the swarm mass density and the vectorial field. The
equilibrium reached after t “ 80 is a ball-shaped flock with mass concentrated on
the border and empty zones in the middle, that is the typical configuration observed
for a mill of a fish school.

Simulation is made taking in account N=200000 particles, and reconstructing
the probability density function in the space we use a 3D grid with ∆xˆ∆yˆ∆z “
100ˆ 100ˆ 100.

Roosting Force Accordingly to the work [51] we introduce in the D’Orsogna-
Bertozzi model a roosting force term. The term expresses essentially the tendency
of a flock or a school of fishes to stay around a certain zone. Such zones usually are
of food interest or where birds settle their nests. Different approaches can be used
to model this biological behavior, see for example [113, 19].

Mathematically speaking such term can be described by the introduction of a
force term of the type

Froost “ ´
“

vKi ¨∇φpxiq
‰

vKi . (1.37)

Such force gives the individuals a tendency to move towards the origin, for a suitable
function φ. Here φ, called roosting potential is a function φ : Rd ÝÑ R. In the
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Figure 1.11: 2D Double Mill in D’Orsogna-Bertozzi et al. model at various times.
Parameters in the attraction-repulsion potential are such that C “ CR{CA “ 1.6,
l “ lR{lA “ 0.025, α “ 0.7, β “ 0.05. Final configuration is reached after t “ 30.

simulation we take

φpxq “ d

4

ˆ |x|
Rroost

˙4

,
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where Rroost gives the roosting area radius, and b is a constant weight. Other choice
of this roost term are of course possible, we refer the interested reader to [51].

Figure 1.12: Evolution of the 3D mill in D’Orsogna-Bertozzi et al. model at different
times.

Starting from the following initial data

f0px, y, z, vx, vy, vzq “
1

2πσ3
exp

"

1

2σ2

“

px´ x0q2 ` py ´ y0q2 ` pz ´ z0q2
‰

*

¨

¨ 1?
2πν2

exp

"

1

2ν2

“

v2x ` v2y
‰

*

,

with px0, y0, z0q “ p´10, 10, 5q, after a certain time the simulation shows a flock in
stable equilibrium as an orbital motion around the roosting zone.

The simulation takes in account the following parameters C “ CR{CA “ 30,
l “ lR{lA “ 3{5, α “ 0.7, β “ 0.05 and the term of roosting force with parameters
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Figure 1.13: Trajectory of the center of mass in the roosting dynamic.

Rroost “ 10 and d “ 1{10. For a long time simulation the center of mass describe
the trajectory depicted in Figure 1.5.4. Some configurations of the flock at different
times obtained using N “ 200000 individuals are reported in Figure 1.14.

1.6 Conclusions

Mathematical modeling of collective behavior involves the interaction of several indi-
viduals (of the order of millions) which may be computationally highly demanding.
Here we focus on models for flocking and swarming where the particle interactions
implies an OpN2q cost for N interacting objects. Using a probabilistic description
based on a Boltzmann equation we show how it is possible to evaluate the interaction
dynamic in only OpNq computations. In particular we derive different approxima-
tion methods depending on a small parameter ε.

The building block of the method is given by classical binary collision simula-
tions techniques for rarefied gas dynamic. Beside the presence of a further scaling
parameter the resulting algorithms are fully meshless and can be applied to several
different microscopic flocking/swarming models. Applications of the present ideas
to other interacting particle systems and comparison with fast multipole methods
are under study and will be presented elsewhere.
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Figure 1.14: Evolution of the flock in 3D space, subject to a roosting force. The red
arrow denotes the flock direction sampled from the initial population of N “ 200000

individuals, the green circle represents the roosting area. We also add the density
distribution of the whole flock projected over the plane px, yq.



CHAPTER 2

Stability analysis of flocking and mill rings for 2nd

order models in swarming

2.1 Introduction

Individual-based models (IBMs) appear in biology, mathematics, physics, and en-
gineering. They describe the motion of a collection of N individual entities, so the
system is defined on a microscopic scale. IBMs are good models for some applica-
tions when the number of particles is reasonable. Nonetheless, when the number
of particles is large it is more reasonable to use a continuum model. Some contin-
uum models, like those described in [58, 50], are derived as a mean-field particle
limit and lead to a mesoscopic, kinetic description of the problem. At this level,
one looks at the probability density of finding particles at a certain position and
velocity at a given time. Several related models have been proposed to describe the
flocking of birds [45, 147, 19, 129], the formation of ant trails [82], the schooling of
fish [104, 33, 21], swarms of bacteria [117], etc.

Each of these models include rules or mechanisms that describe the behavior of
the individuals in the system. Such mechanisms can help to describe the influence
of each individual on the others as a function of their relative position and velocity.
The classical three zone model [10, 114] provides a well-known example. A three
zone model describes the behavior of an individual in the following way: If two
individuals are too close then they will prefer to have their own space (repulsion);
When one individual is too far from the group it will prefer to socialize and therefore
re-associate with the group (attraction); Finally, in the group, each individual tries
to mimic the behavior of the other individuals (orientation). Other related models
just consider rules for orientation, like the Vicsek model [158, 74]. In this case, there
is a mechanism of self-propulsion in which each individual moves with constant speed
and adopts the average direction among their local neighbors.

We focus our study on the analysis of two particular examples of IBMs. The

35
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first one is a self-propelled interacting particle model that was introduced in [127]
and extensively studied in [80, 58]:

$

’

’

&

’

’

%

9xj “ vj

9vj “ Sp|vj|qvj `
1

N

N
ÿ

l“1
l‰j

∇W pxl ´ xjq , j “ 1, . . . , N , (2.1)

where W represents the social repulsive-attractive interaction potential assumed to
be radial W pxq “ kp|x|q. In our analysis we will consider the same self-propulsion/
friction term used in [80, 58],

Sp|vj|q “ α ´ β|vj|2, α, β ą 0.

Note that such a term gives a preferred asymptotic speed for the particles equal to
a

α{β. In these references, the authors study (2.1) with interaction potential given
by the so-called Morse potential

kprq :“ CAe
´r{lA ´ CRe

´r{lR ,

with CA, CR denoting the attractive and repulsive strengths and lA, lR their respec-
tive length scales. The works [80, 58] find and describe several asymptotic behaviors
for this system in 2D. They observed that flocking patterns and milling patterns can
consist of particles distributed on a ring. They also observed that these patterns can
occur when particles form into clusters instead of rings. In [47], a well-posedness
theory is developed for (2.1) that proves the mean-field limit under smoothness as-
sumptions on the potential. The authors show convergence of the particle model
toward a measure solution of the corresponding kinetic equation.

We perform an analysis on the stability of flock rings and mill rings as asymptotic
solutions for (2.1). A flock ring refers to a collection of individuals that lie equally
distributed on a ring that translates with constant velocity, whereas a mill ring refers
to a collection of individuals that lie equally distributed on a ring that rotates with
constant angular velocity. The ring solution was recently studied in [119, 29] where
the authors do a careful general linear stability analysis of the rings for the first
order model

9Xj “
N
ÿ

l“1
l‰j

∇W pXl ´Xjq , j “ 1, . . . , N. (2.2)

The analysis of (2.2) in [119, 29] is also used to study the the stability of mill rings
in (2.1), whose existence was first demonstrated in [80]. Related pattern formation
in the associated first order model has been studied in [161, 118].



Stability for 2nd order models in swarming 37

Another second order model that we are going to study is

$

’

’

&

’

’

%

9xj “ vj

9vj “
1

N

N
ÿ

l“1

Hpxj ´ xlqpvl ´ vjq `
1

N

N
ÿ

l“1
l‰j

∇W pxl ´ xjq , j “ 1, . . . , N (2.3)

with xj, vj P R
2 where the velocity vj is described by the Cucker-Smale alignment

term, which quantifies the degree to which individuals align their velocities as a
function of their relative positions. We perform our analysis in full generality for
the parameter functions of the model H and W , but we will emphasize the results
in some relevant cases. For instance, we consider the case of power law repulsive-
attractive potentials [119, 18]

kprq “ ra

a
´ rb

b
, a ą b ą 0. (2.4)

For the Cucker-Smale alignment [67, 68, 100, 99, 53], a relevant case is Hpxq “ gp|x|q
with

gprq “ 1

p1` r2qγ , γ ą 0.

Note that flock solutions in the second order models (2.1) and (2.3) correspond to
equilibria of the first order model (2.2). The main result of this work shows that flock
solutions in the second order models (2.1) and (2.3) are spectrally stable if and only
if the corresponding equilibrium is spectrally stable in the first order model (2.2).
In other words, the linearized equations for (2.1) and (2.3) have an eigenvalue with
positive real part if and only if the linearization for (2.2) has a positive eigenvalue.
We therefore demonstrate a spectral equivalence between these three models.

To study the stability of the system of ODEs (2.1), we analyze the eigenvalues
of the linearization of (2.1) at the equilibrium point in the comoving frame in its
full generality. Unlike the first-order model (2.2), the zero solution to the linearized
system associated to a flock solution of (2.1) is always unstable. This instability
results from the fact that translational invariance implies the existence not only of
an eigenvector with zero eigenvalue, but also an additional generalized eigenvector
associated to the same zero eigenvalue of the linearized system (see Remark 2.3.1
for full details). We therefore identify all cases in which the linearized system has
eigenvalues with zero real part as well as their corresponding generalized eigenspaces.
This gives a complete characterization of stability at the linear level and of insta-
bility at the nonlinear level. This is shown in our main result that characterizes
all eigenvalues with positive real part in the linearization of (2.1) in terms of the
positive eigenvalues associated to the linearization of (2.2). The linearized analysis
of the first order system (2.2) was already solved for the case of flock rings in [29] by
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using Fourier mode perturbations. Therefore, we can conclude with a full analysis
of the instability of flock rings. However, an analysis of the stability of the family of
flock solutions at the non-linear level is beyond the scope of this work. This analysis
requires deep stability concepts from dynamical systems theory for invariant mani-
folds, and is under way in [56]. Finally, in the analysis of the linearization of (2.3)
in the comoving frame, we use a similar strategy to [29] since the linearization using
Fourier modes perturbations nicely decouples into a set of 4ˆ 4 ODE systems.

In addition to flock rings, other spatial shapes are possible as asymptotic solu-
tions. When the flock ring is unstable we observe annular flocks, i.e. where the
individuals’ positions in the flock form an annulus, and we refer to this phenomenon
as a fattening instability. We observe clustering instabilities as well, which occur
when the individuals’ positions in the flock highly concentrate in a small number of
locations (usually lines or points). These patterns can be explained based on Theo-
rem 2.3.1 due to the results in [17]. Moreover, these instabilities occur in the same
way for both the first order and second order models, which provides a numerical
demonstration of their spectral equivalence for flock rings.

Finally, we complement the analysis of the stability of asymptotic solutions for
(2.1) by numerically studying mill rings. We extend the results of [29] to an explo-
ration of mill configurations that appear with repulsive-attractive potentials. We
numerically investigate the formation of fat mills, i.e. a group of individuals that
fill an annular region while milling due to the repulsive force, and the formation of
clusters by varying the asymptotic speed of the system. This instability induced by
varying the asymptotic speed is quite interesting as it shows the rich pattern-forming
structure for this model. In addition, we show some switching behaviors between
flock and mill solutions that can occur as well.

The structure of the paper is as follows. In Section 2.2, we introduce the def-
initions of our main objects of study, the flock and mill rings. In Section 2.3, we
do a linear stability analysis on the flock rings for models (2.1) and (2.3). We also
explore the fattening and clustering instabilities. Finally, in Section 2.4 we analyze
the instability with respect to the asymptotic speed for mill rings.

2.2 Ring Solutions

We begin by introducing the particular solutions of the particle model (2.1) and its
continuum counterpart (see Figure 2.1) that we wish to study.

Definition 2.2.1 We call a flock ring, the solution of (2.1) such that txjuNj“1 are
equally distributed on a circle with a certain radius, R and tvjuNj“1 “ u0, with |u0| “
a

α{β.
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Definition 2.2.2 We call a mill ring, the solution of (2.1) such that txjuNj“1 are
equally distributed on a circle with a certain radius, R and tvjuNj“1 “ u0j“

b

α
β

xKj
|xj |

with xKj the orthogonal vector x
K
j “ pxj,2,´xj,1q.

By abuse of notation, we will write |u0| for
ˇ

ˇu0j
ˇ

ˇ since
ˇ

ˇu0j
ˇ

ˇ “
a

α{β for all j “
1, . . . , N . Moreover, we will make use of notation |u0| for both flock and mill rings
indistinctly.

Figure 2.1: Flock and mill ring solutions.

2.2.1 Radius of Flock and Mill Ring Solutions

Throughout the paper we will identify eiθ ” pcos θ, sin θq and use x to identify either
a two-dimensional vector or the corresponding complex number indistinctly when
referring to ring solutions. In the case of mill rings, we are looking for a solution of
the form

xjptq “ R

ˆ

cos

ˆ

2π

N
j ` ωt

˙

, sin

ˆ

2π

N
j ` ωt

˙˙

“ Rei
2πj
N eiωt (2.5)

The case of a flock ring in the comoving frame is equivalent to looking for a solution
of the form (2.5) with ω “ 0. Plugging (2.5) into (2.1), for radial potentials W pxq “
kp|x|q we require that

N
ÿ

l“1
l‰j

k1p|xj ´ xl|q
xj ´ xl
|xj ´ xl|

“ 0. (2.6)

In the case of mill rings, we have

vjptq “ 9xjptq “ Rωieiθjeiωt, θj “
2πj

N
,
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and thus R2ω2 “ α
β
. Moreover, by taking the derivative we find

9vj “ ´ω2xj “ ´ω2
1

N

N
ÿ

l“1
l‰j

pxl ´ xjq “ 0.

Plugging this into (2.1), we get

N
ÿ

l“1
l‰j

„

k1p|xl ´ xj|q
xl ´ xj
|xl ´ xj|

´ ω2pxl ´ xjq


“
N
ÿ

l“1
l‰j

k̃1p|xl ´ xj|q
xl ´ xj
|xl ´ xj|

“ 0,

with k̃prq “ kprq ´ ω2 r2

2
. Thus in order to find the radius for flock and mill rings,

we need to solve equation (2.6) with potential W pxq “ k̃p|x|q, and ω “ 0 or ω ą 0

respectively. This expression implies that the spatial shape has to balance attraction
versus repulsion, as well as centrifugal forces in the case of mills. Now, a direct
computation yields

|xj ´ xl| “ 2R sin

ˆpl ´ jqπ
N

˙

for all times. One can easily compute that

xl ´ xj “ 2R sin
´pπ

N

¯

¨

˝

´ sin
`

pπ

N

˘

cos
`

pπ

N

˘

cos
`

pπ

N

˘

sin
`

pπ

N

˘

˛

‚

¨

˝

cos pθjq

sin pθjq

˛

‚, p “ l ´ j,

and
N
ÿ

l“1
l‰j

pxj ´ xlq
k̃1p|xj ´ xl|q
|xj ´ xl|

“

“
N´j
ÿ

p“1´j
p‰0

¨

˝

´ sin
`

pπ

N

˘

cos pθjq ` cos
`

pπ

N

˘

sin pθjq

cos
`

pπ

N

˘

cos pθjq ` sin
`

pπ

N

˘

sin pθjq

˛

‚k̃1
´

2R sin
´pπ

N

¯¯

“

¨

˝

cos pθjq sin pθjq

´ sin pθjq cos pθjq

˛

‚

N´j
ÿ

p“1´j
p‰0

¨

˝

´ sin
`

pπ

N

˘

cos
`

pπ

N

˘

˛

‚k̃1
´

2R sin
´pπ

N

¯¯

.

Since the last sum is invariant by rotations, without loss of generality we fix j “ N

and, by using periodicity, deduce that

N´j
ÿ

p“1´j
p‰0

¨

˝

´ sin
`

pπ

N

˘

cos
`

pπ

N

˘

˛

‚k̃1
´

2R sin
´pπ

N

¯¯

“
N´1
ÿ

p“1

¨

˝

sin
`

pπ

N

˘

cos
`

pπ

N

˘

˛

‚k̃1
´

2R sin
´pπ

N

¯¯

.
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The sum of the cosine terms, evaluated on the uniform grid in r0, πs, vanishes, which
leaves

N´1
ÿ

p“1

¨

˝

sin
`

pπ

N

˘

cos
`

pπ

N

˘

˛

‚k̃1
´

2R sin
´pπ

N

¯¯

“

¨

˚

˚

˚

˝

N´1
ÿ

p“1

sin
´pπ

N

¯

k̃1
´

2R sin
´pπ

N

¯¯

0

˛

‹

‹

‹

‚

. (2.7)

As a conclusion, the radius of a flock or mill ring solution is characterized by

N´1
ÿ

p“1

sin
´pπ

N

¯

k̃1
´

2R sin
´pπ

N

¯¯

“ 0.

For general potentials there can be more than one radius R for a flock or mill
solution. In the case of the power law potentials (2.4), we will argue below that
there is only one solution. Condition (2.7) reads

p2Rqa´1 1

N

N´1
ÿ

p“0

sina
´pπ

N

¯

´ p2Rqb´1 1

N

N´1
ÿ

p“0

sinb
´pπ

N

¯

´ 2Rω2
1

N

N´1
ÿ

p“0

sin2
´pπ

N

¯

“ 0.

(2.8)
To prove uniqueness, we notice that the function fprq “ C1r

a ´ C2r
b ´ C3 with

a ą b ą 0 and C1 ą C2 ą 0, C3 ą 0, has only one zero. Computing the first
derivative and looking for critical points, we obtain r1 “ 0 and ra´b

2
“ C2b

C1a
. Taking

the second derivative and evaluating at r2, one obtains f
2pr2q “ rb´2

2
C2bpa´ bq ą 0,

so r2 is a local minimum. For 0 ă r ă r2, one has f 1prq ă 0 whereas for all
r P pr2,`8q, one has f 1prq ą 0. We may therefore conclude that fprq has a unique
zero. Notice that the solution to (2.8) depends on the number of particles, so we
will use the notation R “ RpNq to indicate this dependency.

2.2.2 Radius of the Flock and Mill Ring Solutions as N Ñ 8
In this subsection we characterize the radius of flock and mill rings for continuum
models arising as N Ñ 8 for the power-law case. We introduce the function

ψαpsq “
1

π

ż π

0

p1´ s cos θqp1` s2 ´ 2s cos θqα´2

2 dθ,

already analyzed in [18]. A change of variables in the previous function shows that

ψαp1q “
2α´1

π
B

ˆ

α ` 1

2
,
1

2

˙

, (2.9)
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where Bp¨, ¨q stands for the Beta function defined as

Bpx, yq “ 2

ż π{2

0

pcos tq2x´1psin tq2y´1 dt,

with x, y ą 0.

Lemma 2.2.1 If N Ñ 8 then RpNq Ñ Rabp|u0|q where Rabp|u0|q is the solution of
the following equation:

ψap1qRa´1 ´ ψbp1qRb´1 ´ ω2R “ 0.

Proof 2.2.1 Let us start by studying the term 2a´1 1

N

řN´1
p“0 sin

appπ
N
q. Multiplying

and dividing by π we obtain the following equality

lim
NÑ8

2a´1
1

π

˜

π

N

N´1
ÿ

p“0

sina
´pπ

N

¯

¸

“ 2a´1
1

π

ż π

0

sinapxq dx “ 2a
1

π

ż π{2

0

sinapxq dx.

(2.10)
Now, we use the expression for the Beta function described above with x “ 1

2
, y “

a`1
2
, and using that Bpx, yq “ Bpy, xq in (2.10) together with (2.9) to obtain

lim
NÑ8

2a´1
1

π

˜

π

N

N´1
ÿ

p“0

sina
´pπ

N

¯

¸

“ 2a´1
1

π
B

ˆ

a` 1

2
,
1

2

˙

“ ψap1q.

The same reasoning works by changing a for b in the second term in (2.8). For the
third term we use the fact that we can compute the exact sum

2

N

N´1
ÿ

p“0

sin2
´pπ

N

¯

“ 1.

Remark 2.2.1 In the case of flock rings ω “ 0, their radius is determined by the
radius of the aggregation ring found in [18]

RpNq Ñ Rab “
1

2

˜

Bp b`1
2
, 1
2
q

Bpa`1
2
, 1
2
q

¸ 1

a´b

as N Ñ 8.

Remark 2.2.2 Let W pxq “ kp|x|q be a general interaction potential. Call Qprq “
´k1prq{r. Then the radius of the ring is determined by

ż π
2

0

Qp2R sinpθqq sin2pθq dθ “ 0,

as shown in [29].
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Remark 2.2.3 The corresponding continuum model to the particle system (2.1), as
proven in [47], is given by the kinetic equation

Bf
Bt ` v ¨∇xf ` divvrpα ´ β|v|2qvfqs ´ divvrp∇xW ˚ ρqf s “ 0, (2.11)

where

ρpt, xq “
ż

R2

fpt, x, vq dv.

Here, f represents the probability of finding individuals at a time t at the point px, vq
and ρ is the spatial density of individuals. It was shown in [50] that singular solutions
of the type

fpt, x, vq “ ρpt, xqδ pv ´ u0q , fpt, x, vq “ ρpt, xqδ
ˆ

v ´
c

α

β

xK

x

˙

,

with ρpt, xq the uniform distribution on a ring, are weak solutions of the kinetic
model (2.11), called the flock and mill ring continuous solutions respectively.

2.3 Linear Stability Analysis for Flock Solutions

We will now focus on the stability analysis of flock rings in full generality. Later
on, we will leverage these results together with the careful stability analysis of ring
solutions of the aggregation equation, performed in [29], to study their stability in
terms of the parameters pa, b, u0q of the model for the particular case of power-law
potentials.

2.3.1 Stability of Flock Solutions to (2.1)

In order to address stability of flock solutions to (2.1), we must first perform a
change of variables to the comoving frame

#

yjptq “ xjptq ´ u0t
zjptq “ vjptq ´ u0

j “ 1, . . . , N, (2.12)

where u0 is the asymptotic velocity of a fixed flock ring. Under this change of
variables, the system therefore (2.1) reads

$

’

’

’

&

’

’

’

%

d

dt
yj “ vj ´ u0 “ zj

d

dt
zj “ pα ´ β|zj ` u0|2q

looooooooomooooooooon

S0pzjq

pzj ` u0q `
1

N

N
ÿ

l“1
l‰j

k1p|yl ´ yj|q
yl ´ yj
|yl ´ yj|

, j “ 1, . . . , N.
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A flock ring can then be characterized as a stationary solution of this system that
takes the form

`

y0j , z
0
j

˘

“
`

Reiθj , 0
˘

, where θj “ 2πj

N
for j “ 1, . . . , N . This stationary

solution satisfies

S0pz0j q “ 0,

N
ÿ

l“1
l‰j

k1p|y0j ´ y0l |q
py0l ´ y0j q
|y0l ´ y0j |

“ 0.

We may now proceed to linearize this equation around a flock solution. We consider
arbitrarily perturbed solutions of the form yj “ y0j ` hjptq for hj P R2 with |hj| ! 1,
which to leading order yields

h2j “ ´2βu0uT0 h1j `
1

N

N
ÿ

l“1
l‰j

Mpy0i , y0j qphl ´ hjq

where M is the matrix defined as follows

Mpy0i , y0j q “
k1p|y0jl|q
|y0jl|

˜

Id´
y0jl

|y0jl|
py0jlqT
|y0jl|

¸

` k2p|y0jl|q
y0jl

|y0jl|
py0jlqT
|y0jl|

,

and y0jl :“ y0j ´ y0l . Note that the final term on the right hand side coincides with
the linearization of the first order model (2.2) around the equilibrium ty0j uNj“1 that
defines the flock. If we put h :“ ph1, . . . , hNqT P R2N and h1 :“ ph1

1
, . . . , h1NqT P R2N

then we may write the preceeding linear system in compact form as

d

dt

ˆ

h

h1

˙

“

¨

˝

0 Id

M ´2βU

˛

‚

ˆ

h

h1

˙

.

An arbitrary perturbation for general flocks therefore leads to a Jacobian matrix of
the form

L :“

¨

˝

0 Id

M ´2βU

˛

‚,

where the partition into 2Nˆ2N sub-blocks reflects the distinction between position
and velocity contributions to the Jacobian: The symmetric matrixM is the 2Nˆ2N
Hessian that results from linearizing the first order system (2.2) about a given flock
configuration, whereas U denotes a block-diagonal matrix with N blocks of the 2ˆ2
matrix u0u

T
0
along the diagonal. By rotational invariance we can reduce to the case

u0 “ e1 “ p1, 0q, so that the block matrix U acts on x “ px1, . . . , xNqT P R
2N ,

xi P R2, according to the relation

pUxqi “
ˆ

xxi, e1y
0

˙

.
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We now turn to the task of characterizing the eigenvalues of L in terms of the
eigenvalues of M. In other words, we aim to characterize the stability of a flock in
terms of the stability of its spatial shape as a solution to the first order model. To
fix the notation, we write the eigenvalue problem for the flock as

λ

ˆ

x

v

˙

“
ˆ

0 Id

M ´2βU

˙ˆ

x

v

˙

“ L

ˆ

x

v

˙

, (2.13)

where the matrix M determines the stability of the flocking configuration as a so-
lution of the first order model. For any given eigenvector px,vq P C2N ˆC

2N of the
full system (2.13), we always assume the normalization x˚x “ 1. Substituting the
first equation λx “ v into the second equation yields the equivalent statement

λ2x` 2βλUx´Mx “ 0. (2.14)

Let |x|2 denote the semi-norm on C
2N defined according to

|x|2
2
:“

N
ÿ

i“1

|xxi, e1y|2,

and let EN – C
N denote the subspace

EN :“
 

x P C2N : |x|2 “ 0
(

“ kerpUq.

Premultiplying by x˚, the fact that x˚Ux “ |x|2
2
, the normalization on x and the

quadratic formula combine to imply the key identity

λ “ ´β|x|2
2
˘
b

β2|x|4
2
` x˚Mx. (2.15)

As M is symmetric, we may write its 2N real eigenvalues and corresponding
normalized (x˚x “ 1) eigenvectors as

µ2N ď µ2N´1 ď ¨ ¨ ¨ ď µ2 ď µ1 Mxi “ µixi.

The notation aLpλq, aMpµq will denote the algebraic multiplicities of λ, µ as eigen-
values of their respective matrices. The bulk of the analysis lies in characterizing
the eigenvalues λ of the full system (2.13) that have ℜpλq “ 0.

Lemma 2.3.1 Let λ denote an eigenvalue of (2.13). Then ℜpλq “ 0 and ℑpλq ‰ 0

if and only if λ “ ˘i?´µl for some l with µl ă 0 and xl P EN . The eigenspace
consists only of eigenvectors.
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Proof 2.3.1 If xl P EN then (2.14) reads λ2xl “Mxl, or equivalently λ
2 “ µl. To

have ℑpλq ‰ 0 then requires µl ă 0. Conversely, if px, λxq denotes an eigenvector
with ℜpλq “ 0 and ℑpλq ‰ 0, the formula (2.15) implies that necessarily x P EN ,
and therefore Mx “ λ2x. Thus λ2 “ µl for some µl ă 0.
To show the last statement, suppose a generalized eigenvector existed that is not

an eigenvector. Then there exists an eigenvector px, λxq with x P EN so that the
system of equations

ˆ

´λId Id

M ´2βU ´ λId

˙ˆ

u

w

˙

“
ˆ

x

λx

˙

(2.16)

has a non-trivial solution. Substituting the first equation w “ λu`x into the second
equation, then pre-multiplying by x˚ demonstrates

Mu´ 2βUw “ 2λx` λ2u
x˚Mu “ 2λ` λ2x˚u.

The last line follows as x˚x “ 1 and x P EN “ kerpUq. The symmetry of M and
the fact that Mx “ λ2x combine to show x˚Mu “ λ2x˚u. Thus λ “ 0, leading to a
contradiction.

Lemma 2.3.2 Let β ą 0. Then λ “ 0 is an eigenvalue of (2.13) and px,0q is a
corresponding eigenvector if and only if Mx “ 0. If x P EN then px,0q generates a
single generalized eigenvector, whereas if x R EN then px,0q generates no generalized
eigenvectors.

Proof 2.3.2 The first statement follows trivially from (2.14). To see the second
statement, consider the system of equations (2.16) with λ “ 0. This reduces to the
equations w “ x and

Mu “ 2βUx,

which by premultiplying by x˚ as before and using the fact thatMx “ 0 necessitates
x P EN as β ą 0. If indeed x P EN then any u P kerpMq suffices. Without loss
of generality, take u “ x itself. If px,0q generates a second generalized eigenvector
then the system of equations

ˆ

0 Id

M ´2βU

˙ˆ

u

w

˙

“
ˆ

x

x

˙

has a non-trivial solution. As then w “ x and x P EN this reads Mu “ x. Premul-
tiplying one last time by x, the facts that Mx “ 0 and x˚x “ 1 combine to produce
the contradiction 0 “ 1.
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This lemma yields, as a corollary, the algebraic multiplicity aLp0q of zero as an
eigenvalue of the second order system.

Corollary 2.3.1 Let β ą 0. Then

aLp0q “ dimpkerpMq X ENq ` dimpkerpMqq.

Let aM,Kp0q :“ dimpkerpMq X ENq, so that aLp0q “ aM,Kp0q ` aMp0q. Note that
neither quantity depends on β, and the conclusion holds whenever β is positive.
Thus, if β P p0,8q it follows that aLp0q is constant. Moreover, Lemma 2.3.1 holds
uniformly in β as well. Let i1 ă i2 ă ¨ ¨ ¨ ă il ď 2N denote those (possibly non-
existent) indices where µij ă 0 has an eigenvector xij P EN . The two lemmas then
combine to show:

Corollary 2.3.2 Let β ą 0. Then

detpL´ λIdq “ λaM,Kp0q`aMp0qΠl
j“1pλ2 ´ µijqpβpλq.

The roots of the polynomial pβpλq all have non-zero real part.

This corollary, along with the formula (2.15), suffice to establish the desired
result:

Theorem 2.3.1 (Spectral Equivalence) The linearized second order system around
the flock ring solution (2.1) has an eigenvalue with positive real part if and only if
the linearized first order system around the ring solution has a positive eigenvalue.

Proof 2.3.3 Suppose first that µ1 ď 0. Then x˚Mx ď 0 for any x, whence all
eigenvalues λ of L have non-positive real part due to (2.15). Conversely, suppose
µ1 ą 0 and let A denote the set

A :“
"

β P r0,8q : max
λPσpLq

ℜpλq ą 0

*

.

Note that 0 P A due to (2.15). Indeed, then px1,
?
µ1x1q defines an eigenvector with

eigenvalue λ “ ?µ1 ą 0. By continuous dependence of the eigenvalues of L on β, it
follows that A is relatively open. To show that it is also relatively closed, let βl P A
and βl Ñ β0 P p0,8q. Up to extraction of subsequences, it follows that there exists a
corresponding sequence λl of eigenvalues with ℜpλlq ą 0 converging to some λ0 with
ℜpλ0q ě 0. Moreover, by continuous dependence of the coefficients of pβpλq on β,
the roots of pβl

pλq converge to roots of pβ0
pλq. Thus pβ0

pλ0q “ 0. As no such root
can have zero real part by corollary 2.3.2, ℜpλ0q ą 0 and β0 P A. As A ‰ H it
follows that A “ r0,8q as desired.
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Remark 2.3.1 As an artifact of translation invariance in the first order model,
the vector defined by e2 :“ p0, 1, . . . , 0, 1qT P R

2N always defines an eigenvector of
M with eigenvalue zero. Due to the fact that e2 P EN , Lemma 2.3.2 implies that
pe2, e2q furnishes a generalized eigenvector with eigenvalue zero. Thus the linear
system (2.13) that results from linearization of (2.1) about a flock always has an
unstable zero solution. This type of instability does not occur for the first order
model and is therefore unique to the second order case.

We may now specify this result to the particular case of flock rings. Theorem
2.3.1 implies that spectral stability of a flock ring is equivalent to spectral stability
of a ring solution yj “ Reiθj , θj “ 2πij

N
to the first order model (2.2). Moreover, the

analysis in [29] shows that the stability analysis of ring solutions to (2.2) reduces to
a study of the decoupled set of 2ˆ 2 eigenvalue problems

λ

ˆ

ξ`
ξ´

˙

“
ˆ

I1pmq I2pmq
I2pmq I1p´mq

˙

loooooooooomoooooooooon

M

ˆ

ξ`
ξ´

˙

1 ď m ď N. (2.17)

Here the matrix entries I1pmq and I2pmq are defined by

I1pmq :“ 4

N{2
ÿ

p“1

G1

´πp

N

¯

sin2
ˆpm` 1qπp

N

˙

(2.18)

I2pmq :“ 4

N{2
ÿ

p“1

G2

´πp

N

¯ ”

sin2
´πp

N

¯

´ sin2
´mπp

N

¯ı

, (2.19)

and for power-law potentials kprq “ ra{a´ rb{b the functions Gipφq are given by

G1pφq :“
1

2N

“

´ap2R| sinφ|qa´2 ` bp2R| sinφ|qb´2
‰

,

G2pφq :“
1

2N

“

´pa´ 2qp2R| sinφ|qa´2 ` pb´ 2qp2R| sinφ|qb´2
‰

.

This result follows by considering m-mode perturbations to the ring equilibrium, i.e.
perturbations of the form Reiθjp1` hjq for

hj “ ξ`e
imθj ` ξ´e´imθj ,

so that a study of stability decouples into a study of individual Fourier modes. We
may therefore conclude the following corollary.

Corollary 2.3.3 A flock ring to (2.1) is spectrally stable if and only if the ring
solution to the first order model (2.2) is spectrally stable with respect to all m-mode
perturbations.
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2.3.2 Numerical Tests

In this section we perform some numerical computations to show stability regions
for the flock ring. Moreover, we enrich the previous analysis by showing that the
same type of instabilities occur in both the second order model and the first order
model. Specifically, when parameters are chosen outside the stability regions either
clustering or fattening instabilities occur simultaneously in both models, as one can
formally argue due to their spectral equivalence proved in Corollary 2.3.3.

Due to Theorem 2.3.1 and Corollary 2.3.3 we are reduced to a study of the trace
and determinant of the matrix M in (2.17) to characterize flock stability. Note that
for fixed values of N and m the determinant of M is a function of the parameters a
and b, so that we may write

Dpa, bq :“ detpMq “ I1pmqI1p´mq ´ pI2pmqq2,
T pa, bq :“tracepMq “ I1pmq ` I1p´mq.
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N =1000

 

 

Stable

Unstable

a

a−1

Figure 2.2: Stability areas for flock ring solutions for N “ 1000. Markers p˚q
indicate the explored parameters in Table 2.1 .

Remark 2.3.2 Using the results of [29, Theorem 3.1] one is able to estimate the

asymptotic value of the determinant of M . In our case, using W pxq “ |x|a

a
´ |x|b

b
one

obtains that
detpMq „ Cm´b`1 as mÑ 8,

where C ą 0 and b P p1, 2q Y p4, 6q Y p8, 10q Y ¨ ¨ ¨ . In these cases detpMq ą 0

and tracepMq ă 0. Moreover, this result shows that there is no spectral gap since
detpMq Ñ 0 as mÑ 8.
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In Figure 2.2, we compute the stability area as a function of a and b forN “ 1000.
To do so, we compute the intersection of all stability areas for m ě 2. It can be
observed from our tests that the stability area shrinks when the number of particles
increases. Moreover, it is observed that in the limit when N Ñ 8, the lower
boundary of the stability region converges to the dashed line. The red dashed line
is the curve b “ a

a´1
that corresponds to the m “ `8 mode. This curve is the

separatrix of the ins/stability regions for the continuous delta ring of the first order
continuum model, studied in [119, 18].

Cluster Formation

The formation of clusters occurs when the repulsion strength is small. In other
words, this phenomenon depends on how singular the potential is at the origin. We
show the bifurcation diagram for the phase transition between equally distributed
flocks and flocks that exhibit cluster formation. Figure 2.3 is obtained by first using

1.4 1.5 1.6 1.7 1.8 1.9 2 2.1 2.2
0

0.1

0.2

0.3

0.4

0.5

b

‖
µ

N
‖
r
e
l

a =5

Figure 2.3: Bifurcation diagram for cluster formation at Tf “ 500, with N “ 1000

particles, a “ 5, |u0| “ 2.5.

N “ 1000 particles equally distributed on the stable circle with all their velocities
aligned. We let them evolve until Tf “ 500. We fix the parameters |u0| “ 2.5, a “ 5

and vary b along the axis. The vertical axis represents the increment of the following
norm

}µN}rel “
}µN ´ µN

0
}2

}µN
0
}2

with increasing b, where µN
0
is the uniform distribution of N particles along the

stable ring and µN the distribution at time Tf . We therefore measure the relative
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distance of a computed flock from the flock ring. Simulations are performed with
MATLAB and the evolution of the system of ODEs is solved with the ode45 routine
with adaptive time step. Table 2.1 illustrates different final states depending on
a, b. The parameters choice depicts some of the patterns observed for the first order
model in [17].

Table 2.1: Long time simulations with N “ 1000 particles. The location of param-
eter values are marked in Figure 2.2.

a “ 3, b “ 2.5 a “ 5, b “ 4.1 a “ 7, b “ 1.5

Fattening Formation

We show the transition diagram between a flock on a ring and a flock on an annulus.
In this case, the fattening phenomenon occurs when the parameters of the potential
cross the lower boundary of the stability region. We numerically characterize this
behavior in a similar way as done in the previous subsection.
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η
N
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r
e
l

a =5

Figure 2.4: Bifurcation diagram for fattening instability at Tf “ 500 with N=1000
particles, a “ 5, |u0| “ 2.5.

Figure 2.4 is obtained by first starting with N “ 1000 particles equally dis-
tributed on the stable ring already in the steady state with all the velocities aligned.
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We then let them evolve until Tf “ 500 as before. We fix the parameters |u0| “ 2.5,
a “ 5 and vary b along the axis. The vertical axis represents the increment of the
relative distance from the mill ring solution with respect to the following norm

}ηN}rel “
}ηN ´ ηN

0
}2

}ηN
0
}2

,

where ηN
0
represents the average distance from the center of mass for N particles in

a flock ring formation, i.e., ηN
0
“ R and ηN is the average distance from the center

of mass at time Tf .

2.3.3 Stability of Flock Solutions to (2.3)

As in Section 2.3.1, we perform a stability analysis of flock solutions for the model
(2.3). If we use the same change of variables as in (2.12), then system (2.3) reads

$

’

’

&

’

’

%

9yj “ vj ´ u0 “ zj

9zj “
1

N

N
ÿ

l“1

Hp|yl ´ yj|qpzl ´ zjq `
1

N

N
ÿ

l“1
l‰j

∇W pyl ´ yjq, j “ 1, . . . , N.

(2.20)
From now on, we will identify vectors in the plane with complex numbers to perform
the linearization of this system for m-mode perturbations of the flock ring. Unlike
in the previous model (2.1), these particular perturbations allow us to conveniently
reduce the linear stability analysis to a decoupled set of 4ˆ4 systems of ODEs as in
[29]. We give a characterization of the flock solution in the complex plane for (2.20)
with py0j , z0j q “ pReiθj , 0q, where θj “ 2πj

N
. We consider then the perturbed solution

ỹjptq “ Reiθjp1` hjptqq,

with hj such that |hj| ! 1 and satisfying

N
ÿ

j“1

hjptq “
N
ÿ

j“1

h1jptq “ 0. (2.21)

Consider the following relations

ỹl ´ ỹj “ Reiθj
`

eφphl ´ hj
˘

,

|ỹl ´ ỹj| » 2R

ˇ

ˇ

ˇ

ˇ

sin

ˆ

φp

2

˙ˇ

ˇ

ˇ

ˇ

` R

4

ˇ

ˇ

ˇ
sin

´

φp

2

¯ˇ

ˇ

ˇ

“`

1´ eiφp
˘ `

hl ´ hj
˘

`
`

1´ e´iφp
˘ `

hl ´ hj
˘‰

,

z̃l ´ z̃j “ Reiθj
`

eφph1l ´ h1j
˘

,
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where φp “ 2πpl ´ jq{N “ 2πp{N . We linearize the Cucker-Smale alignment term
around the solution up to first order, leading to

Hp|ỹl ´ ỹj|q » Hp2R |sin pφp{2q|q`

`H 1p2R |sin pφp{2q|q
R

4

ˇ

ˇ

ˇ
sin

´

φp

2

¯ˇ

ˇ

ˇ

“`

1´ eiφp
˘ `

hl ´ hj
˘

`
`

1´ e´iφp
˘ `

hl ´ hj
˘‰

.

Substituting the linearization in (2.20) and neglecting the second order terms, we
obtain the following characterization of h2j

h2j “
1

N

N
ÿ

l“1

Hp2R| sinφp|q
“

eiφph1l ´ h1j
‰

` 1

N

N
ÿ

l“1
l‰j

“

G1pφp{2qphj ´ eiφphlq `G2pφp{2qphl ´ eiφphjq
‰

. (2.22)

In order to study the behavior of the perturbations hj, we reduce the complexity of
the problem by assuming that hj satisfies the following relation

hj “ ξ`ptqeimθj ` ξ´ptqe´imθj , h1j “ ξ1`ptqeimθj ` ξ1´ptqe´imθj , m P N.

Therefore, we can express hl in terms of hj as

hl “ ξ`ptqeimθjeimφp ` ξ´ptqe´imθje´imφp , m P N.

Inserting the previous expressions in (2.22) and gathering terms in eiθjm and e´iθjm,
we can characterize ξ` and ξ´ as

ξ2` “
1

N

N
ÿ

l“1

Hp2R| sinφp|q
“

eiφppm`1q ´ 1
‰

ξ1` ` I1pmqξ` ` I2pmqξ´,

ξ
2

´ “
1

N

N
ÿ

l“1

Hp2R| sinφp|q
“

eiφppm´1q ´ 1
‰

ξ´ ` I2pmqξ` ` I1p´mqξ´,

where I1 and I2 are defined in (2.18) and (2.19). Through a simple manipulation of
the sum for the linearized Cucker-Smale term, we obtain that the expression

1

N

ÿ

l‰j

Hp2R| sinφp|q
“

eiφppm˘1q ´ 1
‰

“

1

N

ÿ

l‰j

Hp2R| sinφp|q rcospφppm˘ 1qq ´ 1s ` i

N

ÿ

l‰j

Hp2R| sinφp|q sinpφppm˘ 1qq,



54

is real. Actually, Hp2R| sinφp|q and sinpφppm˘ 1qq are respectively symmetric and
antisymmetric with respect to the values of φp, so the imaginary part vanishes.
Recalling the definition of φp, we conclude

J˘pmq “
1

N

N
ÿ

p“1

H

ˆ

2R

ˇ

ˇ

ˇ

ˇ

sin

ˆ

2πp

N

˙ˇ

ˇ

ˇ

ˇ

˙ „

cos

ˆ

2πp

N
pm˘ 1q

˙

´ 1



“´ 4

N

N{2
ÿ

p“1

H

ˆ

2R

ˇ

ˇ

ˇ

ˇ

sin

ˆ

2πp

N

˙ˇ

ˇ

ˇ

ˇ

˙

”

sin2
´πp

N
pm˘ 1q

¯ı

.

Therefore, we reduce the stability analysis to the following system
¨

˝

ξ2`

ξ
2

´

˛

‚“

¨

˝

I1pmq I2pmq

I2pmq I1p´mq

˛

‚

loooooooooomoooooooooon

M

¨

˝

ξ`

ξ´

˛

‚`

¨

˝

J`pmq 0

0 J´pmq

˛

‚

loooooooooomoooooooooon

J

¨

˝

ξ1`

ξ̄1´

˛

‚.

Taking the conjugate in the second equation and relabeling ξ´ with ξ´ as in [29],
the previous system with η˘ “ ξ1˘ is equivalent to

d

dt

¨

˚

˚

˝

ξ`
ξ´
η`
η´

˛

‹

‹

‚

“

¨

˚

˚

˝

0 0 1 0

0 0 0 1

I1pmq I2pmq J`pmq 0

I2pmq I1p´mq 0 J´pmq

˛

‹

‹

‚

¨

˚

˚

˝

ξ`
ξ´
η`
η´

˛

‹

‹

‚

“
ˆ

0 Id

M J

˙

¨

˚

˚

˝

ξ`
ξ´
η`
η´

˛

‹

‹

‚

.

(2.23)
At this point, we will do a stability analysis based on the eigenvalues of the matrix

of the previous system in a similar way as in Section 2.3.1. Since this analysis can
be done in full generality, we consider the linearization, now in vector notation, of
the Cucker-Smale alignment term

´
N
ÿ

l“1

g p|xj ´ xl|q pvj ´ vlq,

where gprq denotes any strictly positive function. The corresponding stability matrix
LCS for the flock reads

LCS “
ˆ

0 Id

M ´G

˙

.

As before, M denotes stability matrix of the first order model. As the alignment
term is linear in the velocity, the matrix G acts on v “ pv1, . . . , vNqT , vj P R

2,

according to the relation

pGvqj “
N
ÿ

l“1

g p|xj ´ xl|q pvj ´ vlq.
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In particular, if we denote ||vj ´ vl||22 :“ pvj ´ vlq˚pvj ´ vlq then this relation implies
that

v˚Gv “ 1

2

N
ÿ

j,l“1

g p|xj ´ xl|q ||vj ´ vl||22.

Consequently, G is positive semi-definite and Gv “ 0 if and only if v is “constant” in
the sense that vj ” w for some fixed w P R2. In other words, kerpGq “ span te1, e2u.
By translation invariance of the first order model, both e1 P kerpMq and e2 P kerpMq
as well.

Note that the eigenvalue problem for LCS is again equivalent to the following
quadratic eigenvalue problem for x P C

2N : λ2x ` λGx ´Mx “ 0. Assuming the
normalization x˚x “ 1, the quadratic formula then implies that

λ “ ´x
˚Gx˘

a

px˚Gxq2 ` 4x˚Mx

2
.

From this relation and the fact that kerpGq Ă kerpMq we conclude that kerpLCSq “
kerpMq, and moreover that ℜpλq “ 0 ô λ “ 0. Furthermore, e1 and e2 generate
a single generalized eigenvector whereas each remaining x P kerpMq generates no
generalized eigenvectors. Indeed, corresponding to each x P kerpMq the system of
equations

ˆ

0 Id

M ´G

˙ˆ

u

w

˙

“
ˆ

x

0

˙

.

has a solution if and only if Gx “ 0 and u P kerpMq. Additionally, if x “ ei then
for any u P kerpMq the system of equations

ˆ

0 Id

M ´G

˙ˆ

ũ

w̃

˙

“
ˆ

u

x

˙

has no solutions. This follows by multiplying the second equation by x˚, then using
the facts that ei P kerpGq Ă kerpMq and the facts that G and M are symmetric. In
other words, if gprq is any strictly positive function then

detpLCS ´ λIdq “ λ2`dimpkerpMqqpgpλq,

for some polynomial pgpλq that has non-zero roots. Since this equation holds for any
strictly positive function gprq, we may follow the proof of Theorem 2.3.1 to conclude
that the second order model has an eigenvalue with positive real part if and only
if the first order system has a positive eigenvalue. Moreover, the vectors pei, eiq for
each i “ 1, 2 furnish generalized eigenvectors with eigenvalue zero, so remark 2.3.1
applies for this model as well. As a summary, we have shown:
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Theorem 2.3.2 (Spectral Equivalence) The linearized second order system (2.3)
around the flock ring solution has an eigenvalue with positive real part if and only if
the linearized first order system around the ring solution has a positive eigenvalue.
Moreover, the flock ring solution is unstable for m-mode perturbations for the second
order model (2.3) if and only if the ring solution is unstable form-mode perturbations
for the first order model (2.2).

The linear stability analysis of the previous system leads to the characterization
of the same stability areas represented in Figure 2.2.

We numerically investigate the behavior of the eigenvalue with the largest real
part, ℜpλ1q, of the linearized system (2.23) against the increasing value of commu-
nication strength γ for gprq of the form

gprq :“ 1

p1` r2qγ .

In Figure 2.5, as the potential gets more repulsive at the origin, we see the change
from stability to instability, and the rate of convergence to equilibrium depending
on γ.
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Figure 2.5: The magnitude of ℜpλ1q is influenced by γ, for different values of b and
fixed a “ 5, N “ 10000.

2.4 Stability for Mill Solutions

This section is meant to complement the results in [29] by analyzing the stability
of mill ring solutions with repulsion and attraction. The authors in [29] performed
a linear stability analysis on second order models for mill ring solutions. However,
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they investigated different behaviors of this class of solutions only for attractive
potentials. The goal of this section is to explore new behaviors that arise when
using repulsive-attractive power law potentials.

2.4.1 Linear Stability Analysis

Let us consider the transformation
#

yjptq “ Optqxjptq
zjptq “ Optqvjptq

, j “ 1, . . . , N

where Optq is the rotation matrix defined as

Optq “ eSt, S “
ˆ

0 ω

´ω 0

˙

, and 9Optq “ SeSt.

By evaluating 9yjptq and 9zjptq explicitly, we get after some straightforward computa-
tions that

$

’

’

&

’

’

%

9yjptq “ Syjptq ` zjptq

9zjptq “ Szjptq ` pα ´ β|zj|2qzjptq `
1

N

N
ÿ

l“1
l‰j

∇W pyl ´ yjq , j “ 1, . . . , N.

A linear stability analysis for mill rings was performed in [29]. Actually, for a fixed
number of particles, we have a mill ring solution given by py0j , z0j q “ pReiθj , 0q,
where θj “ 2πj

N
, and R determined by equation (2.8). With the same notation as in

Section 2.3, the analysis in [29] leads to the linear system
¨

˚

˚

˝

ξ1`
ξ1´
η1`
η1´

˛

‹

‹

‚

“

¨

˚

˚

˝

0 0 1 0

0 0 0 1

´ωiα ` ω2 ` I1pmq ´ωiα ` I2pmq ´α ´ 2ωi α

ωiα ` I2pmq ωiα ` ω2 ` I1p´mq α ´α ` 2ωi

˛

‹

‹

‚

¨

˚

˚

˝

ξ`
ξ´
η`
η´

˛

‹

‹

‚

.

(2.24)
Let us remind that the perturbations are of the form ỹjptq “ Reiθjp1 ` hjptqq, with
hj “ ξ`ptqeimθj ` ξ´ptqe´imθj , m “ 2, 3, . . . , such that |hj| ! 1 and satisfying (2.21),
with pη`, η´q “ pξ1`, ξ1´q. We will make use of (2.24) to study the stability of mill
rings with repulsion.

2.4.2 Numerical Tests

Unlike the case of flock solutions where the asymptotic speed does not play role in
the linear stability, we will show that the asymptotic speed |u0| can be used as a
bifurcation parameter for mills.
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In Table 2.2 we numerically investigate the behavior of the stability region for
a fixed number of particles, N “ 1000, and for increasing values of the asymptotic
speed |u0|. We observe that the stability region shrinks with respect to a and gets
larger with respect to b. Each stability region in Table 2.2 is computed out of the
intersection of the stable areas for the system (2.24) for each perturbation mode
m ě 2. Note that for |u0| “ 0 the stability region coincides with the one for the the
first order model (2.2) and for the flock ring solution presented in Figure 2.2.

Table 2.2: Stability region for N “ 1000 and different values of the asymptotic speed
|u0|. Markers pdq and p˚q correspond to the explored parameters in Table 2.3 and
Table 2.4.
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A similar analysis, as done in Subsection 2.3.2, can be performed to study the
formation of fat mills and clustered mill solutions. We show how both the fattening
and the clustering instability are triggered by tuning the asymptotic speed for a
choice of the interaction potential (a and b).

In the case of flock ring solutions we observe cluster solutions or annulus solutions
when parameters a and b are chosen respectively “below" or “above" the stability
region. In the case of mill solutions, a similar behavior is observed, but this will
depend also on the chosen value of |u0|. As an example, we fix pa, bq “ p5, 0.5q,
marked as pdq in Table 2.2, and we observe the behavioral change of the system for
increasing values of the asymptotic speed.

Table 2.3 exhibits this switching behavior from a fat mill to a cluster pattern
along with the increment of the asymptotic speed. We observe that for small values
of the asymptotic speed fat mill solutions are stable patterns, but when increasing
the value of |u0| the stable solutions form a clustered mill. The first row shows the
evolution of the system until stabilization with asymptotic speed |u0| “ 0.25 towards
an annulus mill. In each of the following rows, we initially start with the previous
stable solution (last picture of the preceeding row) and we increase the value of the
asymptotic speed. In the second row, we increase its value to |u0| “ 0.5 to observe
that the stable solution is formed by clusters. The speed in the third row is switched
to |u0| “ 5 and clusters on lines emerge as a stable configuration. Increasing further
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the speed to |u0| “ 50 in the fourth row, we can observe that clusters on “points”
are the stable configuration.

Table 2.3: N “ 1000 particles, a “ 5, b “ 0.5. The table shows the evolution of a
mill ring for increasing values of the speed |u0|. Each row depicts the behavior of
the system for a fixed speed, until a stable state is reached. The evolution of the
second, third and fourth row is computed starting from the stable pattern of the
previous line.

t “ 0 t “ 20 t “ 200 t “ 2000

|u0| “ 0.25

|u0| “ 0.5

|u0| “ 5

|u0| “ 50

For the sake of completeness, we enrich the analysis by fixing |u0| “ 0.5 and
considering different values of b, in order to cross the stability region. Therefore in
Table 2.4 we show the evolution of a mill ring solution with b taken equal to 0.5, 1.25
and 3.5, respectively. The parameter choices are marked as (˚) in Table 2.2 . The
first line of Table 2.4 shows the convergence to the same stable state as the one in
second line of Table 2.3, but since the system starts to evolve directly from a ring
mill solution the transient behavior is different. Parameters in second line belong to
the stability region, see Table 2.2. Therefore, the stable state becomes a mill ring
solution. Finally, in the third line we increase b and a three point cluster solution is
observed as stable pattern.
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Table 2.4: N “ 1000 particles, a “ 5, |u0| “ 0.5. The table shows the evolution
of a mill ring for increasing values of b, i.e. decreasing repulsion. The evolution of
the second and the third row is computed starting from the stable pattern of the
previous line.

t “ 0 t “ 20 t “ 200 t “ 2000

b “ 0.5

b “ 1.25

b “ 3.5

Mill to Flock and Flock to Mill behavior

We numerically investigate the stability of mill and flock ring solutions for small
values of the asymptotic speed, |u0|, and the parameter b, which corresponds to a
strong repulsion condition. We perform two representative simulations showing that
for a particular choice of the parameters, mill ring solutions can switch to fat flock
solutions and conversely flock mill solutions switch to fat mill patterns.

In Table 2.5 we take N “ 100 particles and we fix a “ 4, b “ 0.0005 and
|u0| “ 0.01. The frames in the first row show the instability of mill ring solutions for
this choice of parameters. The system initially evolves to an almost chaotic state,
then particles start to organize and rotate around the center of mass. This rotation
actually causes the alignment of the agents and the final fat flock configuration
described in the second row.

In Table 2.6 we consider as initial state a flock ring solution. The parameters
of the model are N “ 100, a “ 4, b “ 0.001 and |u0| “ 0.1. The first row of the
table illustrates that the initial configuration is not a stable solution. Therefore, the
symmetry of the flock ring is broken and the system exhibits a chaotic behavior. In
the second row a rotating dynamic emerges out of the disordered state and finally
the system stabilizes to a fat mill solution.

These numerical tests show surprisingly that it is possible to obtain mill con-
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Table 2.5: System with N “ 100 agents, parameters are fixed a “ 4 and b “ 0.0005

and |u0| “ 0.01. The first row shows that the initial mill ring configuration is
unstable. The second row outlines the self organization of the system in a fat flock
configuration.

t =0 t =5.1975 t =23.711 t =41.7636

t =159.1357 t =252.1315 t =289.5723 t =999.5827

Table 2.6: System with N “ 100 agents, parameters a “ 4 and b “ 0.001 and
|u0| “ 0.1. The first row shows the instability of the flock ring solution while the
second exhibits the convergence to a fat mill type solution.

figurations out of perturbations of initial flock solutions and flock solutions out of
perturbations of mill ring solutions. These heteroclinic-kind solutions have not been
previously reported. We also remark that the parameter choice is connected to
the number of agents we are considering; changing N means finding another set of
parameters for which the same switching behavior occurs.
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2.5 Conclusions

Numerical simulations of second order models in swarming lead to very rich patterns
in a robust way, which indicates their stability. The simplest patterns are flock
solutions and mill solutions. We have shown the surprising fact that the spectral
stability of flocks for the 2nd order model, either with fixed asymptotic speed (as in
(2.1)) or Cucker-Smale alignment (as in (2.3)) terms, is equivalent to the spectral
stability for steady states of the first order model. Moreover, particular Fourier
mode perturbations allow us to predict the typical instabilities undergone by flock
rings. These instabilities, clustering and fattening, are numerically demonstrated.
Unlike the case of flock solutions, the stability for mill rings, based on our numerical
simulations, cannot be directly related to first order models. Finally, we have shown
the numerical instability of mill rings with repulsion in terms of the asymptotic
speed and how these instabilities are explained in terms of the linearized analysis of
reduced 4 ˆ 4 ODE systems. Some movies illustrating the results in this work can
be browsed in giacomoalbi.com/research/simulations/.



CHAPTER 3

Modeling self-organized systems interacting with

few individuals

3.1 Introduction

The aim of this paper is to present different levels of description for the dynamic of a
large group of agents influenced by a small number of external agent. In a biological
context, this corresponds to the behavior of a flock or a school of fishes attacked by
one or more predators, or the movement of a heard of sheep guided by a sheepdog.
Recently such dynamics have been studied also in robotic research, where scientists
tried to control the action of a school of fishes introducing a fishbot recognized as
leader, see [15].

From the modeling viewpoint this involves considering a microscopic dynamic
described by classical flocking models interacting with asset of few individuals char-
acterized in way similar to what was done in [24, 59]. Moreover, motivated by the
analysis in [19], we endow the classical dynamic of interaction both with a metric
as well as a topological interaction rule.

Classical flocking models with topological interaction gives more freedom to the
model and general results are no more valid, for example in the case of Cucker-Smale
model a typical question is under which conditions velocity alignment occurs, in the
metric case, when the agents interact all each other. The problem has been solved
at the microscopic and kinetic level in [67, 53].

Following the approach in [54] we start from the microscopic dynamic, given
by a ODEs system, and we derive two other different levels of description: the
mesoscopic (or kinetic) level through a mean-field limit and the macroscopic level
through a suitable hydrodynamic approximation. Here, differently from the first-
order macroscopic models proposed in [59], we obtain second-order models for the
corresponding continuum dynamic.

Finally we report some numerical examples for the solution of the mean field
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model in a series of test cases. The simulations have been performed using the fast
algorithm recently presented in [6].

3.2 Microscopic model

We are interested in the study of a dynamical system composed of N individuals
and Np external agents with the following general structure
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dxi

dt
“ vi

i “ 1, . . . , N

dvi

dt
“

1

N˚

ÿ

jPΘ˚
N
pxiq

F pxi, vi, xj , vjq `
1

Np

Np
ÿ

k“1

F ppxi, vi, pkq

dph

dt
“ ϕhpt,p,AρN pph, tqq h “ 1, . . . , Np

(3.1)

where px,vqi “ pxi, viq lives in R
2d, d ě 1, i “ 1, . . . , N and ppqh “ ph P R

nd, with
n “ 1, 2, h “ 1, . . . , Np, and Np ! N .

F

F
p

Figure 3.1: Sketch for F and F p forces acting on each agent of the swarm.

The function F describes the interactions inside the swarm, and F p depicts the
interaction with each external agent ph. According to the three zone model [? ], F
can be decomposed in

F pxi, vi, xj, vjq “ Hpxi, xjqpvj ´ viq ` Apxi, xjq `Rpxi, xjq ` Spviqvi. (3.2)

In the above expression H characterizes the alignment term, A the attraction, R the
repulsion and S represents a self propulsion-friction term. The same decomposition
holds for F p if ph “ pxph, vphq, i.e. n “ 2. In a first order model, n “ 1, similar
interactions can be considered.

Moreover we endow the model with a topological rule of interaction. Each agent
will interact only with a fix number of agents of their species

Θ˚Npxiq “ tthe N˚ closest neighbors respect to iu . (3.3)
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A topological interaction is motivated by some recent studies, see [19, 66]. IfN˚ “ N

each agent interacts with all the others and the topological interaction coincides with
the global metric interaction [6, 53]. Functions ϕh : r0,`8q ˆ pRndqNp ˆ R ÝÑ R,
describe the evolution in time of each external individual and they depend on the
discrete density ρN defined as the empirical measure

ρNpx, tq “ 1

N

N
ÿ

i“1

δpx´ xiptqq.

According to [59] we define A as a convolution operator AρNpx, tq “ pρN ˚ ηqpx, tq,
where η is a smooth kernel with compact support.

Remark 3.2.1 The self propelling-friction term S which appears in (3.2), has the
aim to give a desired velocity to the swarm, such velocity is the solution of Spvq “ 0.
In our case, this term is not particularly relevant since each agent will change his
velocity mainly according to the action of the leaders/predators rather then trying to
reach a desired velocity.

3.2.1 Classical swarming models

The classical swarming models take into account a global interaction between the
agents, that corresponds in our case to choose N˚ “ N neighbors.

Cucker-Smale model It describes an alignment dynamic with

Hpxi, xjqpvj ´ viq “ Hp|xi ´ xj |qpvj ´ viq, (3.4)

whereHp|xi´xj|q is a function that measures the strength of the interaction between
individuals i and j , and depends on the mutual distance. Under the assumption
that closer individuals have more influence than the far distant ones this function is
defined as

Hprq “ 1

p1` r2qγ ,

where γ ě 0 discriminates the behavior of the solution. We refer to [53, 54] for fur-
ther details. The classical Cucker-Smale model take in account a global interaction
between the agents, that corresponds in our case to the choice of N˚ “ N neighbors
in the topological rule, (3.3). In this case the standard Cucker-Smale model pre-
scribes perfectly symmetric interactions, as a result total momentum is preserved
by the dynamics.
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D’Orsogna, Bertozzi et al. model It considers a self-propelling, attraction and
repulsion dynamic with

Apxi, xjq `Rpxi, xjq ` Spviqvi “ ´∇xi
W p|xj ´ xi|q ` pα´ β|vi|

2qvi (3.5)

where W : Rd ÝÑ R is a given potential modeling the short-range repulsion and
long-range attraction and α, β are positive parameters. A possible choice is given
by the following power law

W prq “ ra

a
´ rb

b
,

where a ą b ą 0 are positive parameters. See [80] for more details.
Both the models take in account symmetric interactions between agents, which

correspond to the conservation of momentum. Clearly this assumption sounds not
very realistic if we want to model interactions among a group of animals. However,
the introduction into the models of other features, like the notion of perception
cone [6, 53] or the concept of relative distance [138] breaks the interaction symmetry
and consequently loses the conservation of momentum. Note that also the topological
interaction breaks the symmetry. Other choices have been taken in account as a
class of Quasi-Morse potentials, [52], or other power law potentials.

3.3 Kinetic model

To obtain a mesoscopic description of the system (3.1) we proceed formally through
a mean-field limit following [53, 54]. Similarly er can recover the same mean-field
kinetic equation by deriving first its corresponding Boltzmann model and then con-
sidering the asymptotic quasi-invariant limit. Note that, since the limit is done only
for the first set of equations, which describes the evolution of the swarm, as result we
obtain an hybrid model composed of one kinetic equation and the system of ODEs
governing the external agents.

The basic idea of the mean-field limit is to derive, through a weak argument, a
single evolutionary equation for fN , the empirical measures defined as

fNpx, v, tq “ 1

N

N
ÿ

i“1

δpx´ xiptqqδpv ´ viptqq.

Next, one computes the limit fN ÝÑ f for N ÝÑ 8 and performs a rigorous deriva-
tion of the limiting kinetic equation. A well-posedness theory for this asymptotic
derivation has been developed in [47] for a general set of swarming models, we refer
to it for technical details.

Moreover we assume that for all N the ratio N˚{N is fixed and equal to some
constant λ. This supposition allow us to define the topological density as ρ˚ “ λρ̄,
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where ρ̄ “
ş

R2d fpy, v, tq dy dv is constant in time. We assume that, in the mean-
field limit, an analogue of the topological set of interaction Θ˚Npx, tq is described by
a characteristic function on the ball Bpx,R˚q, with center x and radius R˚px, tq such
that we have

R˚px, tq “ min

"

R s.t. R ą 0,

ż

Rd

ż

Bpx,Rq

fpy, v, tq dy dv “ ρ˚
*

. (3.6)

3.3.1 Formal computations of the mean-field limit

We report here the formal computations for the derivation of the mean-field limit.
Let us consider a test function φ P C1

0
pR2dq and we compute

d

dt
xfNptq, φy “ 1

N

N
ÿ

i“1

d

dt
φpxiptq, viptqq “

1

N

N
ÿ

i“1

∇xφpxiptq, viptqq ¨ viptq
looooooooooooooooomooooooooooooooooon

I1

` 1

NN˚

N
ÿ

i“1

ÿ

jPΘ˚
N
pxiq

∇vφpxiptq, viptqqF pxi, xj, vi, vjq
looooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooon

I2

` 1

NNp

N
ÿ

i“1

Np
ÿ

k“1

∇vφpxiptq, viptqqF ppxi, xpk, vi, vpkq
loooooooooooooooooooooooooooomoooooooooooooooooooooooooooon

I3

.

We solve term by term the summation

I1 “
1

N

N
ÿ

i“1

∇xφpxiptq, viptqq ¨ viptq “ xfNptq,∇xφ ¨ vy

Next we rewrite in I2 the sum on j as the sum on all the agents, where each compo-
nent of the force field, F px, y, v, wq, is multiplied by χ˚pxq, defined as the character-
istic function of the smallest ball centered in x, which contains the topological set
Θ˚Npxq, namely χ˚pxq “ χBpx,R˚qpxq, with R˚ defined in (3.6). Moreover we consider
F as the sum of the Cucker-Smale and the D’Orsogna Bertozzi et al. models, as
follows
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I2 “
N

N˚

1

N2

N
ÿ

i,j“1

∇vφpxiptq, viptqqF pxi, xj, vi, vjqχ˚pxiq “

1

λ

1

N2

N
ÿ

i,j“1

Hp|xiptq ´ xjptq|qχ˚pxiq∇vφpxiptq, viptqq ¨ pvjptq ´ viptqq`

´1
λ

1

N2

N
ÿ

i,j“1

∇vφpxiptq, viptqq¨ p∇xi
W p|xiptq ´ xjptq|qqχ˚pxiq “

xfNptq, 1
λ

1

N

N
ÿ

j“1

Hp|x´ xjptq|qχ˚pxq∇vφ ¨ pvjptq ´ vqy`

´xfNptq, 1
λ

1

N

N
ÿ

j“1

∇vφ ¨ p∇xW p|x´ xjptq|qqχ˚pxqy.

Defining the following quantities

ρNpx, tq :“
ż

Rd

fNpx, v, tqdv “ 1

N

N
ÿ

i“1

δpx´ xiptqq,

mNpx, tq :“
ż

Rd

vfNpx, v, tqdv “ 1

N

N
ÿ

i“1

viptqδpx´ xiptqq,

we can express the previous relation in the following way

I2 “
@

fNptq,∇vφ ¨ pHχ˚q ‹mN
D

´
@

fNptq,∇vφ ¨ pHχ˚q ‹ ρN
D

´
@

fNptq,∇vφ ¨ pp∇xW qχ˚q ‹ ρN
D

.

The last term I3 has exactly the same structure of the previous one, and we
assume that the interaction is led by the same dynamic but with different function
values
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I3 “
1

NNp

N
ÿ

i“1

Np
ÿ

k“1

∇vφpxiptq, viptqqF ppxi, xpk, vi, vpkq “

1

NNp

N
ÿ

i“1

Np
ÿ

k“1

H̃p|xiptq ´ xpkptq|q∇vφpxiptq, viptqq ¨ pvkptq ´ viptqq`

´ 1

NNp

N
ÿ

i“1

Np
ÿ

k“1

∇vφpxiptq, viptqq ¨∇xi
W̃ p|xiptq ´ xpkptq|q “

xfNptq, 1
Np

Np
ÿ

k“1

H̃p|x´ xpkptq|q∇vφ ¨ pvpkptq ´ vqy`

´xfNptq, 1
Np

Np
ÿ

k“1

∇vφ ¨∇xW̃ p|x´ xpkptq|qy.

Analogously to the previous case, we define the following quantities

ρppx, tq :“ 1

Np

Np
ÿ

k“1

δpx´ xpkptqq,

mppx, tq :“ 1

Np

Np
ÿ

k“1

viptqδpx´ xpkptqq,

we can express the previous relation in the following way

I3 “ xfNptq,∇vφ ¨ H̃ ‹mpy ´ xfNptq,∇vφ ¨ H̃ ‹ ρpy ´ xfNptq,∇vφ ¨∇xW̃ ‹ ρpy.

Collecting all the terms and integrating by parts in px, vq we recover the following
weak formulation

d

dt
xfN , φy “ ´ xv∇xf

N , φy ´ x∇vξ
˚pfNqfN , φy ` xζ˚pfNq∇vf

N , φy`

´x∇v ¨ ξ̃pf pqfN , φy ` xp∇xW̃ ‹ ρpq∇vf
N , φy,

where

ξ˚pfNqpx, v, tq “
ż

R2d

Hp|x´ y|qpv ´ wqχ˚pxqfNpy, w, tqdydw,

ζ˚pfNqpx, v, tq “
ż

Rd

∇xW p|x´ y|qχ˚pxqρNpy, tqdy,
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and

ξ̃pf pqpx, v, tq “
ż

R2d

H̃p|x´ y|qpv ´ wqf ppy, w, tqdydw “ 1

Np

Np
ÿ

k“1

Hp|x´ yk|qpv ´ wkq,

ζ̃pf pqpx, v, tq “
ż

Rd

∇xW p|x´ y|qρppy, tqdy “
1

Np

Np
ÿ

k“1

∇xW p|x´ yk|q,

with

f ppx, v, tq “ 1

Np

Np
ÿ

k“1

δpx´ xpkptqqδpv ´ vpkptqq.

Rewriting the main expression we have

x BBtf
N ` v ¨∇xf

N `∇v ¨ ξ˚pfNqfN ´∇v ¨ ζ˚pfNqfN

`∇v ¨ ξ̃pf pqfN ´∇v ¨ p∇xW̃ ‹ ρpqfN , φy “ 0,

and thus the strong form reads

B
Btf

N ` v ¨∇xf
N `∇v ¨ ξ˚pfNqfN ´∇v ¨ ζ˚pfNqfN

`∇v ξ̃pf pqfN ´ p∇xW̃ ‹ ρpq∇vf
N “ 0.

Then the limit for k Ñ 8 of subsequence pfNkqk leads formally to

Btf ` v ¨∇xf “ ´∇v ¨ rξ˚pfq ` ξ̃pf pqsf ` pζ˚pfq ` ζ̃pf pqq ¨∇vf, (3.7)

where now

ξ˚pfqpx, v, tq “ 1

λ

ż

Rd

ż

Bpx,R˚q

Hp|x´ y|qpv ´ wqfpy, w, tqdydw,

ζ˚pρqpx, tq “ ´1
λ

ż

Bpx,R˚q

∇xW p|y ´ x|qρpy, tqdy.

Remark 3.3.1 Note that with the introduction of the characteristic function χ˚pxq,
in order to describe the topological interaction, we can not in general use the well-
posedness theory developed in [47], since it requires the force field to be continuous
and locally Lipschitz. This issue could be avoided, with a small change in the initial
model: introducing a smooth function ψε

˚pxq, corresponding to a regularization of
the characteristic function χ˚pxq, as done in [1] for the case of perception cone.
Rigorous derivation of the particular mean-field model is under investigation.
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3.3.2 Mesoscopic description

The general mesoscopic model results as a coupled system of a kinetic equation for
the swarm and an ODEs for the external agents, as follows

$

&

%

Btf ` v ¨∇xf “ ´∇v ¨ pE˚px, vqfq ´∇v ¨ pEppx, vqfq,

9ph “ ϕhpt,p,Aρpph, tqq, h “ 1, . . . , Np,

(3.8)

where ρpx, tq “
ş

Rd fpx, v, tqdv and

E
˚px, vq “ 1

λ

ż

Rd

ż

Bpx,R˚q

F px, v, y, wqfpy, wq dy dw, E
ppx, vq “ 1

Np

Np
ÿ

k“1

F ppx, v, pkq.

(3.9)

Remark 3.3.2 If we consider the decompositions (3.2) in the case of Cucker-Smale
and D’Orsogna-Bertozzi et al. models and ph “ pxph, vphq, we can compute explicitly
E˚ and Ep as

E
˚px, vq “ Spvqv`

`1
λ

ż

Bpx,R˚q

ˆ
ż

Rd

Hp|x´ y|qpw ´ vqfpy, wqdw ´∇xW p|x´ y|qρpyq
˙

dy

(3.10)
and

E
ppx, vq “ 1

Np

Np
ÿ

k“1

Hpp|x´ xpk|qpvpk ´ vq ´
1

Np

Np
ÿ

k“1

∇xW
pp|x´ xpk|q (3.11)

3.4 Hydrodynamic approximation

Lastly, we will detail a possible macroscopic description of the system. From a nu-
merical point of view, this corresponds to reduce the dimensionality of the problem
in such a way that simulations become affordable. Any macroscopic description
of a kinetic equation depends upon the local equilibria. In the kinetic theory of
rarefied gases, this is a well studied task, which connects Boltzmann equation with
the Euler and Navier-Stokes system of fluid dynamics. In the presented situation
the determination of the local equilibrium state of the system is, in general, a very
difficult task. One usually resorts to approximate equilibrium states which are phys-
ically reasonable and simplify the mathematical computations. Here we follow the
approach introduced in [58] and subsequently used also in [54, 100].
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First let us define the momentum and the temperature of the system as

ρupx, tq “
ż

vfdv, T px, tq “
ż

|v ´ u|2fdv.

In order to obtain a system of equations which describes the evolution of the mass
density ρ and the momentum ρu we integrate the kinetic equation in (3.8) against
dv and vdv.

According to [58] we impose the closure the momentum assuming that the fluc-
tuations are negligible, i.e., that the temperature T px, tq “ 0, and the velocity
distribution is monokinetic

fpx, v, tq “ ρpx, tqδpv ´ upx, tqq.

The previous assumptions lead to the following hydrodynamic system

$

’

’

’

’

&

’

’

’

’

%

Btρ` divxpρuq “ 0,

Btpρuq `∇x ¨ pρub uq “ F˚px, uqρpx, tq ` Fppx, uqρpx, tq,

9ph “ ϕhpt,p,Aρpph, tqq h “ 1, . . . , Np

(3.12)

where in the particular case of Cucker-Smale and D’Orsogna Bertozzi et al. model
and ph “ pxph, vphq we have

F
˚px, uq “ Spuqu

`1
λ

ż

Bpx,R˚q

pHp|x´ y|qpupy, tq ´ upx, tqq ´∇xW p|x´ y|qq ρpy, tq dy

(3.13)

F
ppx, uq “ 1

Np

Np
ÿ

k“1

Hpp|x´ xpk|qpvpk ´ upx, tqq ´
1

Np

Np
ÿ

k“1

∇xW
pp|x´ xpk|q. (3.14)
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3.5 Numerical examples

We show here some qualitative simulations of the kinetic model inspired by the work
done in [59]. We solve numerically the kinetic model (3.8), using the techniques
introduced in Chapter 1.

3.5.1 Confinement: Shepherd dogs

The dynamics considered for the swarm in both cases are characterized by

F pxi, vi, xj, vjq “ Hp|xi ´ xj|qpvj ´ viq `∇xi
W p|xi ´ xj|q,

and only a repulsion dynamic with respect to ph in F p is considered, given by
W pprq “ ´rc{c with c ą 0, and where r “ |xi ´ ph|.
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Figure 3.2: Shepherd dogs. With parameters a “ 2.5, b “ 0.1, γ “ 0.45 for models
(3.4) and (3.5).

The simulation represents the evolution of a swarm controlled by two leaders
p1, p2 P R2n, n “ 1, interacting with the swarm in the following way

ϕhpt,p, shq “ Vp
sKh

a

1` |sh|2
; Vp “ 300, rp “ 5, h “ 1, 2.

ηpxq “ 3

πr6p
pmaxt0, r2p ´ |x|2uq2, sh :“ Aρpxph, tq “ pρ ˚x ∇ηqpxph, tq.
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As we can see in Figure 3.2 the action of the leaders is able to force the flocking of
the particles.

3.5.2 Defense: Swarm attacked by predator
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Figure 3.3: Swarm attacked by a predator. With parameters a “ 4, b “ 2, γ “ 0.45

for models (3.4) and (3.5).

We consider the evolution of a swarm which undergoes the action of a predator.
The predator is modeled by the evolution of p “ pxp, vpq P R

2n, n “ 2 and its
evolution is lead by the following potential

ϕpt, p, sq “ pvp, Vpsq; Vp “ 1500, rp “ 5.

ηpxq “ 3

πr6p
pmaxt0, r2p ´ |x|2uq2, s :“ pAρqpxp, tq “ pρ ˚∇ηqpxp, tq.

We report the results in Figure 3.3. It is evident how the predator attack splits the
flock in two groups which subsequently merge again together.

3.5.3 Followers: Swarm attracted by a leader

We consider the evolution of a swarm which follows the action of a leader. The
leader’s trajectory is prescribed as a circular trajectory, we report the results in
Figure 3.4.
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Figure 3.4: Swarm attracted by a leader. With parameters a “ 4, b “ 2, γ “ 0.45

for models (3.4) and (3.5).

3.6 Conclusions

In this chapter we focus on the study of self-organized systems interacting with few
external individuals, representing a set of leader or predators. We presented differ-
ent levels of descriptions: (1) microscopic as a coupled system of ODEs, describing
the evolution of the swarm and its reaction to external individuals. (2) Mesoscopic,
derived through the mean-field limit, leaving the evolution of the external forces
at level of the microscopics, this results as a system of a single kinetic equation of
Vlasov-type, coupled with a system of ODEs. (3) Finally we derive the macroscopic,
assuming the ansatz of a monokinetic distribution, therefore we obtain a system of
two PDEs, mass conservation and momentum, coupled with the microscopic evolu-
tion of the externals. The whole dynamic is embedded with a topological interaction,
we show that the equivalent continuous interaction is described by a ball of a ra-
dius determined by the local density at point x. Results are validate with several
numerical tests. The perspectives of these chapter follow two directions. First at
the modeling level, we can see external leaders or predators as a control dynamic on
the swarming system, this is further explored in Chapter 4. Second, simulations are
performed just for the metric interaction case with the numerical methods devel-
oped in Chapter 1, further developments of these Monte Carlo technique are under
investigation for the topological interaction.
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CHAPTER 4

Kinetic description of optimal control problems and

applications to opinion consensus and flocking

4.1 Introduction

The development of mathematical models describing the collective behavior of sys-
tems of interacting agents originated a large literature in the recent years with
applications to several fields, like biology, engineering, economy and sociology (see
[22, 24, 62, 64, 67, 80, 90, 102, 130, 154, 155, 108, 109, 11, 106] and the references
therein). Most of these models are at the level of the microscopic dynamic described
by a system of ordinary differential equations. Only recently some of these models
have been related to partial differential equations through the corresponding kinetic
and hydrodynamic description [7, 11, 39, 71, 73, 85, 97, 100, 108, 106, 131, 155]. We
refer to the recent surveys in [139, 141, 159] and to the book [146] for an introduction
to the subject.

In this paper we consider problems where the collective behavior corresponds
to the process of alignment, like in the opinion formation dynamic. Different to
the classical approach where individuals are assumed to freely interact with each
other, here we are particularly interested in such problems in a constrained setting.
We consider feedback type controls for the resulting process and present a kinetic
modeling including those controls. This can be used to study the exterior influence of
the system dynamics to enforce emergence of non spontaneous desired asymptotic
states. Classical examples are given by persuading voters to vote for a specific
candidate or by influencing buyers towards a given good or asset [25, 81, 130, 131]. In
our model, the external intervention is introduced as an additional control subject to
certain bounds, representing the limitations, in terms of economic resources, media
availability, etc., of the opinion maker.

Control mechanisms of self-organized systems have been studied for macroscopic
models in [60, 61] and for kinetic and hydrodynamic models in [7, 81, 109]. However,
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in the above references, the control is modeled as a leader dynamics. Therefore, it is
given a priori and represented by a supplementary differential model. Also, in [109]
the control is modeled a posteriori on the level of the kinetic equation mimicking
a classical LQR control approach. Recently, the control of emergent behaviors in
multiagent systems has been studied in [49, 88] where the authors develop the idea of
sparse optimization (for sparse control it is meant that the policy maker intervenes
the minimal amount of times on the minimal amount of individual agents) at the
microscopic and kinetic level. We refer also to [27] for results concerning the control
of mean-field type systems. Contrary to all those approaches we derive a controller
using the model predicitive control framework on the microscopic level and study
the related kinetic description for large number of agents. In this way we do not
need to prescribe control dynamics a priori or a posteriori but these are obtained
automatically based only on the underlying microscopic interactions and a suitable
cost functional.

The starting point of our modeling is a general framework which embed several
type of collective alignment models. We consider the evolution of N agents where
each agent has an opinion wi “ wiptq P I, I “ r´1, 1s, i “ 1, . . . , N and this opinion
can change over time according to

9wi “
1

N

N
ÿ

j“1

P pwi, wjqpwj ´ wiq ` u, wip0q “ w0i, (4.1)

where the control u “ uptq is given by the minimization of the cost functional over
a certain time horizon T

u “ argmin

ż T

0

1

N

N
ÿ

j“1

ˆ

1

2
pwj ´ wdq2 `

ν

2
u2
˙

ds, uptq P ruL, uRs. (4.2)

In the formulation (4.2) the value wd is the desired state and ν ą 0 is a regular-
ization parameter. We chose a least–square type cost functional for simplicity but
other costs can be treated similarly. We additionally prescribe box constraints on
the pointwise values of uptq given by the constants uL and uR ą uL. The bound
constraints on uptq are required in order to preserve the bounds for wi. The dy-
namic in (4.1) describes an average process of alignment between the opinions wi

of the N agents. Typically, the function P pw, vq is such that 0 ď P pw, vq ď 1

and represents a measure of the inclination of the agents to change their opinion.
Usually such function P follows the assumption that extreme opinions are more
difficult to be influenced by others [97, 154, 155]. Problem (4.1)-(4.2) may be refor-
mulated as Mayer’s problem and solved by Pontryagin’s maximum principle [153]
or dynamic programming. The main drawback of this approach relies on the fact
that the equation for the adjoint variable has to be solved backwards in time over
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the full time interval r0, T s. In particular, for large values of N the computational
effort therefore renders the problem unsolvable. Also, an approach u “ Ppxq where
P fulfills a Riccati differential equation cannot be pursued here due to the large
dimension of P P R

NˆN and a possible general nonlinearity in P . This approach is
known as LQR controller in the engineering literature [121]. A standard methodol-
ogy, when dealing with such complex system, is based on model predictive control
where instead of solving the above control problem over the whole time horizon, the
system is approximated by an iterative solution over a sequence of finite time steps
[44, 133, 135].

In order to decrease the complexity of the model when the number of agents is
large, a possible approach is to rely on a kinetic description of the process. Along
this line of thought, in this work we introduce a Boltzmann model describing the
microscopic model in the model predictive control formulation. Moreover, a Fokker-
Planck model is derived in the so called quasi-invariant opinion limit. The kinetic
models presented in this paper share some common features with the Boltzmann
model introduced in [155] in the unconstrained case and with the mean-field con-
strained models in [49, 88]. Here, however, a remarkable difference with respect to
[49, 88] is that, thanks to the receding horizon strategy, the minimization of the
cost functional is embedded into the particle interactions. Similarly to [155], this
permits to compute explicitly the stationary solutions of the resulting constrained
dynamic.

The rest of the manuscript is organized as follows. In the next Section we
introduce the model predictive control formulation of system (4.1)-(4.2). In Section
4.3 a binary dynamic corresponding to the constrained system is introduced and a
the main properties of the resulting Boltzmann-type kinetic equation are discussed.
In particular, estimates for the convergence of the solution towards the desired state
are given. Section 4.4 is devoted to the derivation of the Fokker-Planck model and
the computation of explicit stationary solutions for the resulting kinetic equation.
Some modeling variants are discussed in Section 4.5. In Section 4.6 several numerical
results are reported showing the robustness of the present approach. Finally in
Section 4.7.2 we extend the results to the case of flocking models, including a mean-
field limit for the derivation different of the kinetic approximation of the optimal
control problem. We add in the last part some numerical experiments to validate
the methodology presented. Some conclusions and future research directions are
made at the end of the chapter.

4.2 Model predictive control

In this section we adapt the idea of the moving horizon controller (or instantaneous
control) to derive a computable control u at any time t. Compared with the solution
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to (4.1)-(4.2) this control will in general only be suboptimal. Rigorous results on
the properties of u for quadratic cost functional and linear and nonlinear dynamics
are available, for example, in [44, 132]. The model predicitive control framework
applied here is also called receding horizon strategy or instantaneous control in the
engineering literature.

4.2.1 A receding horizon strategy

We consider a receding horizon strategy with horizon of a single time interval. Hence,
instead of solving (4.1)-(4.2) on r0, T s, we proceeds as follows:

• Split the time interval r0, T s inM time intervals of length∆t and let tn “ ∆t n.

• We assume that the control is piecewise constant on time intervals of length
∆t ą 0,

uptq “
M´1
ÿ

n“0

unχrtn,tn`1sptq.

• Determine the value of the control un P R by solving for a state w̄i the (re-
duced) optimization problem

9wi “
1

N

N
ÿ

j“1

P pwi, wjqpwj ´ wiq ` u, wiptnq “ w̄i,

un “ argminuPR

ż tn`1

tn

1

N

N
ÿ

j“1

ˆ

1

2
pwj ´ wdq2 `

ν

2
u2
˙

ds, u P ruL, uRs.

(4.3)

• Having the control un on the interval rtn, tn`1s, evolve wi according to the
dynamics

9wi “
1

N

N
ÿ

j“1

P pwi, wjqpwj ´ wiq ` un (4.4)

to obtain the new state w̄i “ wiptn`1q.

• We again solve (4.3) to obtain un`1 with the modified initial data.

• Repeat this procedure until we reach n∆t “ T.

The advantage compared with the problem (4.1)-(4.2) is the reduced complexity of
(4.3) being an optimization problem in a single real–valued variable un. Furthermore,
for the quadratic cost and a suitable discretization of (4.4) the solution to (4.3) allows
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an explicit representation of un in terms of w̄i and wiptn`1q provided uL “ ´8 and
uR “ 8. As shown in section 4.2.2 this allows to reformulate the previous algorithm
as a feedback controlled system which in discretized form reads

wn`1
i “ wn

i `
∆t

N

N
ÿ

j“1

P n
ijpwn

j ´ wn
i q `∆tun, wn

i “ w̄i, (4.5a)

un “ ´∆t

νN

N
ÿ

j“1

pwn`1
j ´ wdq. (4.5b)

Remark 4.2.1 Later on, bounds on the control u as in (4.3) are required in order to
guarantee that opinions wi P I for all times. Instead of considering the constrained
problem (4.3) we will present a condition on ν ensuring this property in the case of
a binary interaction model in Proposition 4.3.1 below. This allows to treat (4.3) as
an unconstrained problem and does not require to a priori prescribe bounds uL and
uR. Also note that in general the expression of the control u in terms of w

n`1
i and wd

as in equation (4.5b) would be much more involved if the bound constraints uL, uR
are present.

4.2.2 Derivation of the feedback controller

We assume for now that uL “ ´8 and uR “ `8 and assume sufficient regularity
conditions such that any minimizer u ” un P R to problem (4.3) fulfills the necessary
first order optimality conditions. We further assume that those conditions are also
sufficient for optimality and refer to [153] for more details.
The optimality conditions on rtn, tn`1s and for w̄i “ wptnqi are given by the set

of the following equations.

∆t νu “ ´ 1

N

N
ÿ

i“1

ż tn`1

tn
λidt,

9wi “
1

N

N
ÿ

j“1

P pwi, wjqpwj ´ wiq ` u, wiptnq “ w̄i,

9λi “ ´pwi ´ wdq ´
1

N

N
ÿ

j“1

Rij, λiptn`1q “ 0,

Rij “ λiBwi
tP pwi, wjqpwj ´ wiqu ` λjBwj

tP pwj, wiqpwi ´ wjqu.

The function λni “ λiptq is the (Lagrange) multiplier. If we discretize the adjoint
equation (backwards in time) by the implicit Euler scheme we obtain due to the
boundary conditions

λni “ ´∆t pwn`1
i ´ wdq
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Further, we may solve for u after discretizing the integral as
ştn`1

tn
fptqdt “ ∆t fn to

obtain

u “ ´∆t
Nν

N
ÿ

i“1

pwn`1
i ´ wdq

Applying an explicit Euler discretization to the dynamics for wi on the time
interval rtn, tn`1s and substituting the control we obtained, we observe that the
feedback control u is given by (4.5b) and hence the final equation is given by (4.5a).

The previous derivation is obtained by first computing the continuous optimality
system and then applying a suitable discretization. However, applying first an ex-
plicit Euler discretization and then computing the discrete optimality system leads
to the same result. Indeed, consider the discretization of (4.1)–(4.2) in the interval
rtn, tn`1s for constant control u and with P n

ij “ P pwn
i , w

n
j q:

wn`1
i “ wn

i `
∆t

N

N
ÿ

j“1

P n
ijpwn

j ´ wn
i q `∆tu, wn

i “ w̄i,

u “ argmin
∆t

N

N
ÿ

j“1

ˆ

1

2
pwn

j ´ wdq2 `
ν

2
punq2

˙

,

(4.6)

The discrete Lagrangian is given by

Lpw, λ, uq “∆t
˜

1

N

N
ÿ

k“1

pwn`1
k ´ wdq2 `

ν

2
u2

¸

` 1

N

N
ÿ

k“1

λnkpwn
k ´ w̄kq

` 1

N

N
ÿ

k“1

λn`1k

˜

wn
k ´ wn`1

k ` ∆t

N

N
ÿ

j“1

P n
kjpwn

j ´ wn
k q `∆tu

¸ (4.7)

A minimizer to equation (4.6) fulfills under suitable regularity assumptions the equa-
tions (4.6), (4.8) and (4.9).

λn`1i “ λni ´∆tpwn
i ´ wdq ´

∆t

N

N
ÿ

j“1

Rpwiptnq, wjptnqqλn`1i , λn`1i “ 0. (4.8)

0 “ ∆tνun ` ∆t

N

N
ÿ

j“1

λn`1j . (4.9)

Upon substituting the terminal condition for λn`1j and expressing u in terms of λn`1j

we obtain the feedback control (4.5b).
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Remark 4.2.2 In order to generalize the idea we may assume that the control acts
differently on each agent. For example, one can consider the situation where action
of the control u, acting on the single agents, is influenced by the individual opinion.
Therefore we replace u in (4.1) by uQpwiq, where Qpwq is such that qm ď Qpwq ď
qM . Following the previous computation, the action of the control, at discrete time,
is driven by

unQn
i “ ´

∆t

νN

N
ÿ

j“1

pwn`1
j ´ wdqQn

jQ
n
i (4.10)

where Qn
i “ Qpwn

i q. Then the control dynamics on the opinion is described by

wn`1
i “ wn

i `
∆t

N

N
ÿ

j“1

P n
ijpwn

j ´ wn
i q `∆tunQn

i , w0

i “ w0i. (4.11)

4.3 Boltzmann description of constrained opinion

consensus

In this section, we consider a binary Boltzmann dynamic corresponding to the above
model predictive control formulation. We emphasize that the assumption that opin-
ions are formed mainly by binary interactions is rather common, see for example
[39, 97, 146, 155]. Following [6, 85, 146] the first step is to reduce the dynamic to bi-
nary interactions. Let consider the model predictive control system (4.5a)–(4.5b) in
the simplified case of only two interacting agents, numbered i and j. Their opinions
are modified in the following way

wn`1
i “ wn

i `
∆t

2
P n
ijpwn

j ´ wn
i q `∆tun,

wn`1
j “ wn

j `
∆t

2
P n
jipwn

i ´ wn
j q `∆tun,

(4.12)

where the control

un “ ´∆t
2ν

`

pwn`1
j ´ wdq ` pwn`1

i ´ wdqq
˘

, (4.13)

is implicitly defined in terms of the opinions pair at the time n`1. The above linear
system, however, can be easily inverted and its solutions can be written again in the
form (4.12) where now the control is expressed explicitly in terms of the opinions
pair at time n as

un “ ´1
2

∆t

ν `∆t2

`

pwn
j ´ wdq ` pwn

i ´ wdqq
˘

´ 1

2

∆t2

ν `∆t2
pPij ´ Pjiq pwn

j ´ wn
i q.
(4.14)
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Note that, as a result of the inversion of the 2 ˆ 2 matrix characterizing the linear
system (4.12)-(4.13), in the explicit formulation the control contains a term of order
∆t2.

4.3.1 Binary interaction models

In order to derive a kinetic equation we introduce a density distribution of particles
fpw, tq depending on the opinion variable w P I and time t ě 0. The precise meaning
of the density f is the following. Given the population of agents under study, if the
opinions are defined on a subdomain Ω Ă I , the integral

ż

Ω

fpw, tq dw

represents the number density of individuals with opinion included in Ω at time
t ą 0. It is assumed that the density function is normalized to 1, that is

ż

I

fpw, tq dw “ 1.

The kinetic model can be derived by considering the change in time of fpw, tq de-
pending on the interactions with the other individuals. This change depends on the
balance between the gain and loss due to the binary interactions.

Accordingly to the explicit binary interaction (4.12), two agents with opinion w
and v modify their opinion as

w˚ “ p1´ αP pw, vqqw ` αP pw, vqv ´ β

2
ppv ´ wdq ` pw ´ wdqq

´ αβ
2
ppP pw, vq ´ P pv, wqqpw ´ vqq `Θ1Dpwq,

v˚ “ p1´ αP pv, wqq v ` αP pv, wqw ´ β

2
ppv ´ wdq ` pw ´ wdqq

´ αβ
2
ppP pv, wq ´ P pw, vqqpv ´ wqq `Θ2Dpwq,

(4.15)

where we included an additional noise term as in [155], to take into account effects
falling outside the description of the model, like changes of opinion due to personal
access to information. In (4.15) we defined the following nonnegative quantities

α “ ∆t

2
, β “ 4α2

ν ` 4α2
, (4.16)

which represent the strength of the compromise and of the control respectively. The
noise term is characterized by the random variables Θ1 and Θ2 taking values on a
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set B Ă R, with identical distribution of mean zero and variance σ2 measuring the
the degree of spreading of opinion due to diffusion. The function Dp¨q represents
the local relevance of diffusion for a given opinion, and is such that 0 ď Dpwq ď 1.

In the absence of diffusion, from (4.15) it follows that

w˚ ` v˚ “ p1´ βq pv ` wq ` 2βwd ` αp1´ βqpP pw, vq ´ P pv, wqqpv ´ wq (4.17a)

w˚ ´ v˚ “ pw ´ vqp1´ αpP pw, vq ` P pv, wqqq, (4.17b)

thus in general the mean opinion is not conserved. Since 0 ď P pw, vq ď 1, if we
assume 0 ď α ď 1{2 from (4.17b) we have

|w˚ ´ v˚| “ p1´ αpP pw, vq ` P pv, wqq |w ´ v| ď p1´ 2αq|w ´ v|, (4.18)

which tells that the relative distance in opinion between two agents cannot increase
after each interaction.

When dealing with a kinetic problem in which the variable belongs to a bounded
domain we must deal with additional mathematical difficulties in the definition of
agents interactions. In fact, it is essential to consider only interactions that do not
produce values outside the finite interval. The following proposition gives a sufficient
condition to preserve the bounds.

Proposition 4.3.1 Let us assume that 0 ă P pw, vq ď 1 and

β

2
ď αp, |Θi| ă d

ˆ

1´ β

2

˙

, i “ 1, 2 (4.19)

where p “ minw,vPI tP pw, vqu ą 0 and d “ minwPI tp1´ wq{Dpwq, Dpwq ‰ 0u ą 0,
then the binary interaction (4.15) preserves the bounds, i.e. the post-interaction
opinions w˚, v˚ are contained in I “ r´1, 1s.

Proof 4.3.1 We will proceed in two subsequent steps, first by considering the case
of interactions without noise and second by including the noise action. Let us define
the following quantity

γ “ α

ˆ

1´ β

2

˙

P pw, vq ` αβ
2
P pv, wq, (4.20)

where 0 ď β ď 1{2 by definition.
Thus relation (4.15) in absence of noise can be rewritten as

w˚ “
ˆ

1´ γ ´ β

2

˙

w `
ˆ

γ ´ β

2

˙

v ` βwd, (4.21)
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therefore it is sufficient that the following bounds are satisfied

β

2
ď γ ď 1´ β

2
(4.22)

to have a convex combination of w, v and wd. From equation (4.20), by the as-
sumption on P pw, vq, we have αp ď γ ď α. Therefore the left bound requires that
αp ď β{2, which gives the first assumption in (4.19).

If we now consider the presence of noise, we have

w˚ “
ˆ

1´ γ ´ β

2

˙

w `
ˆ

γ ´ β

2

˙

v ` βwd `DpwqΘ1. (4.23)

Equation (4.23) implies the following inequalities

w˚ ď
ˆ

1´ γ ´ β

2

˙

w `
ˆ

γ ´ β

2

˙

` βwd `DpwqΘ1

ď
ˆ

1´ γ ´ β

2

˙

w `
ˆ

γ ` β

2

˙

`DpwqΘ1.

Finally, the last relation is bounded by one if

Θ1 ď
ˆ

1´ γ ´ β

2

˙ p1´ wq
Dpwq , Dpwq ‰ 0.

which yields the second condition in (4.19). The same results are readily obtained
for the post interacting opinion v˚.

Remark 4.3.1 From the above proposition it is clear that agents should have a
minimal amount of propensity to change their opinion in order for the control to
act without risking to violate the opinion bounds. This reflects the fact that extreme
opinions are very difficult to change and cannot be controlled in general without
some additional assumption or model modification. In the case of Θi “ 0, α ‰ 0 we
obtain from (4.19) the condition

2α

ν ` 4α2
ď p.

This condition can be satisfied provided either α is sufficiently small or ν sufficiently
large.
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4.3.2 Main properties of the Boltzmann description

In general we can recover the time evolution of the density fpw, tq through (4.15)
considering for a suitable test function ϕpwq an integro-differential equation of Boltz-
mann type in weak form [146]

d

dt

ż

I

ϕpwqfpw, tqdw “ pQpf, fq, ϕq, (4.24)

where

pQpf, fq, ϕq “
B
ż

I2

Bint pϕpw˚q ´ ϕpwqq fpw, tqfpv, tq dw dv

F

. (4.25)

In (4.25), as usual, x ¨ y denotes the expectation with respect to the random variables
Θi, i “ 1, 2 and the nonnegative interaction kernel Bint is related to the probability
of the microscopic interactions. The simplest choice which assures that the post
interacting opinions preserves the bounds is given by

Bint “ Bintpw, v,Θ1,Θ2q “ ηχp|w˚| ď 1qχp|v˚| ď 1q (4.26)

where η ą 0 is a constant rate and χp ¨ q is the indicator function. A main simplifica-
tion occurs if the bounds of w˚, v˚ are preserved by (4.15) itself and the interaction
kernel is independent on w, v, this will corresponds the classical Boltzmann equation
for Maxwell molecules. In the rest of the paper, thanks to Proposition 4.3.1, we will
pursue this direction. Following the derivation in [62, 146] the present results can
be extended to kernels in the form (4.26).

Let us assume that |w˚| ď 1 and |v˚| ď 1, therefore the interaction dynamic of
fpw, tq can be described by the following Boltzmann operator

pQpf, fq, ϕq “ η

B
ż

I2

pϕpw˚q ´ ϕpwqq fpw, tqfpv, tq dw dv

F

. (4.27)

The above collisional operator guarantees the conservation of the total number of
agents, corresponding to ϕpwq “ 1, which is the only conserved quantity of the
process. Let us remark that, since fpw, tq is compactly supported in I then by
conservation of the moment of order zero all the moments are bounded. By the
same arguments in [155] the existence of a uniform bound on moments implies
that the class of probability densities tfpw, tqutě0 is tight, so that any sequence
tfpw, tnqutně0 contains an infinite subsequence which converges weakly as tÑ 8 to
some probability measure f8.

For ϕpwq “ w, we obtain the evolution of the average opinion. We have

d

dt

ż

I

wfpw, tqdw “ η

B
ż

I2

pw˚ ´ wq fpw, tqfpv, tq dw dv

F

(4.28)
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or equivalently

d

dt

ż

I

wfpw, tqdw “ η

2

B
ż

I2

pw˚ ` v˚ ´ w ´ vq fpw, tqfpv, tq dw dv

F

. (4.29)

Indicating the average opinion as

mptq “
ż

I

wfpw, tq dw, (4.30)

from relation (4.29) and (4.17a), since Θi, i “ 1, 2 have zero mean, we obtain

d

dt
mptq “ η

2
β

ż

I2

p2wd ´ w ´ vq fpvqfpwq dw dv`

` η

2
αp1´ βq

ż

I2

pP pw, vq ´ P pv, wqq pv ´ wqfpvqfpwq dw dv

“ ηβpwd ´mptqq ` ηαp1´ βq
ż

I2

pP pw, vq ´ P pv, wqqvfpvqfpwq dw dv.
(4.31)

Note that the above equation for a general P is not closed. Since 0 ď P pw, vq ď 1

we have |P pw, vq ´ P pv, wq| ď 1, then we can bound the derivative

ηβwd ´ ηpβ ` αp1´ βqqmptq ď
d

dt
mptq ď ηβwd ´ ηpβ ´ αp1´ βqqmptq

solving on both sides we obtain the following estimate

mptq ě β

β ` αp1´ βq
`

1´ e´ηpβ`αp1´βqqt
˘

wd `mp0qe´ηpβ`αp1´βqqt

mptq ď β

β ´ αp1´ βq
`

1´ e´ηpβ´αp1´βqqt
˘

wd `mp0qe´ηpβ´αp1´βqqt.

If we now assume that
ν ă 4α, (4.32)

then β ´αp1´ βq ą 0 and if the average mptq Ñ m8 as tÑ 8 we have the bounds

4α

4α ` νwd ď m8 ď
4α

4α ´ νwd. (4.33)

Therefore small values of ν force the mean opinion towards the desired state. In
the symmetric case P pv, wq “ P pw, vq, equation (4.31) is in closed form and can be
solved explicitly

mptq “
`

1´ e´ηβt
˘

wd `mp0qe´ηβt (4.34)
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which in the limit tÑ 8 converges to wd, for any choice of the control parameters.
Let us now consider the case ϕpwq “ w2 in the simplified situation of P pw, vq “ 1.

We have

d

dt

ż

I

w2fpw, tqdw “ η

2

B
ż

I2

`

pw˚q2 ` pv˚q2 ´ w2 ´ v2
˘

fpw, tqfpv, tq dw dv

F

.

(4.35)

Denoting by

Eptq “
ż

I

w2fpw, tqdw, (4.36)

easy computations show that

d

dt
Eptq “ ´ η

ˆ

2αp1´ αq ` β
ˆ

1´ β

2

˙˙

pEptq ´mptq2q ´ 2ηβ
`

βpmptq2 ´ w2

dq
(4.37)

`p1´ βqmptqpmptq ´ wdqq ` ησ2

ż

I

Dpwqfpw, tq dw,

where we used the fact that Θi, i “ 1, 2 have zero mean and variance σ2. In absence
of diffusion, since mptq Ñ wd as tÑ 8, we obtain that Eptq converges exponentially
to w2

d for large times. Therefore the quantity

ż

I

fpw, tqpw ´ wdq2 dv “ Eptq2 ` w2

d ´ 2mptqwd, (4.38)

goes to zero as t Ñ 8. This shows that, under the above assumptions, the steady
state solution has the form of a Dirac delta f8pwq “ δpw ´ wdq centered in the
desired opinion state.

4.4 Fokker-Planck modeling

In the general case, it is quite difficult to obtain analytic results on the large time
behavior of the kinetic equation (4.27). As it is usual in kinetic theory, particular
asymptotic limit of the Boltzmann model result in simplified models, generally of
Fokker-Planck type, for which the study of the theoretical properties is often easier
[146].

4.4.1 The quasi-invariant opinion limit

The main idea is to rescale the interaction frequency η, the propensity strength α,
the diffusion variance σ2 and the action of the control ν at the same time, in order
to maintain at level of the asymptotic procedure the memory of the microscopic
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interactions (4.15). This approach is usually referred to as quasi–invariant opinion
limit [146, 155] and is closely related to the grazing collision limit of the Boltzmann
equation for Coulombian interactions (see [89, 160]).

We make the following scaling assumptions

α “ ε, η “ 1

ε
, σ2 “ ες, ν “ εκ, (4.39)

where ε ą 0 and as a consequence the coefficient β in (4.15) takes the form

β “ 4ε

κ` 4ε
.

This corresponds to the situation where the interaction operator concentrates on
binary interactions which produce a very small change in the opinion of the agents.
From a modeling viewpoint, we require that scaling (4.39) in the limit ε Ñ 0 pre-
serves the main macroscopic properties of the kinetic system. To this aim, let us
observe that the evolution of the scaled first two moments for P pw, vq “ 1 reads

d

dt
mptq “ 4

κ` 4ε
pwd ´mptqq,

d

dt
Eptq “ ´ 2

ˆ

p1´ εq ` 2

κ` 4ε

ˆ

1´ 2ε

κ` 4ε

˙˙

pEptq ´mptq2q

´ 8

κ` 4ε

ˆ

4ε

κ` 4ε
pmptq2 ´ w2

dq `
ˆ

1´ 4ε

κ` 4ε

˙

mptqpmptq ´ wdq
˙

` ς
ż

I

Dpwqfpw, tq dw,

which in the limit εÑ 0 gives

d

dt
mptq “4

κ
pwd ´mptqq, (4.40)

d

dt
Eptq “ ´ 2

ˆ

1` 2

κ

˙

pEptq ´mptq2q
(4.41)

´ 8

κ
mptqpmptq ´ wdq ` ς

ż

I

Dpwqfpw, tq dw.

This shows that in order to keep the effects of the control and the diffusion in the
limit it is essential that both ν and σ2 scale as ε.
In the sequel we show how this approach leads to a constrained Fokker–Planck

equation for the description of the opinion distribution. Even if our computations
are formal, following the same arguments in [146, 155] it is possible to give a rigorous
mathematical basis to the derivation. Here we omit the details for brevity.
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The scaled equation (4.27) reads

d

dt

ż

I

ϕpwqfpw, tqdw “ 1

ε

B
ż

I2

pϕpw˚q ´ ϕpwqq fpw, tqfpv, tq dw dv

F

(4.42)

where the scaled binary interaction dynamic (4.15) can be written as

w˚ ´ w “ εP pw, vqpv ´ wq ` 2ε

κ` 4ε
p2wd ´ pw ` vqq `Θε

1
Dpwq `Opε2q, (4.43)

where Θε
1
is a random variable with zero mean and variance ες.

In order to recover the limit as ε Ñ 0 we consider the second-order Taylor
expansion of ϕ around w

ϕpw˚q ´ ϕpwq “ pw˚ ´ wqϕ1pwq ` 1

2
pw˚ ´ wq2ϕ2pw̃q (4.44)

where for some 0 ď ϑ ď 1 ,

w̃ “ ϑw˚ ` p1´ ϑqw.

Therefore, inserting this expansion in the interaction integral (4.42) we get

1

ε

B
ż

I2

ˆ

pw˚ ´ wqϕ1pwq ` 1

2
pw˚ ´ wq2 ϕ2pwq

˙

fpwqfpvq dwdv
F

`Rpεq. (4.45)

The term Rpεq denotes the remainder and is given by

Rpεq “ 1

2ε

B
ż

I2

pw˚ ´ wq2 pϕ2pw̃q ´ ϕ2pwqqfpwqfpvq dwdv
F

. (4.46)

Using now (4.43) we can write

1

ε

ż

I2

„ˆ

P pw, vqpv ´ wq ` 2ε

κ` 4ε
p2wd ´ pw ` vqq

˙

ϕ1pwq

` ς
2
Dpwq2ϕ2pwq

ı

fpwqfpvq dwdv `Rpεq `Opεq,
(4.47)

where we used the fact that Θε
1
has zero mean and variance ες.

By the same arguments in [155] it is possible to show rigorously that (4.46)
converges to zero as soon as εÑ 0. Therefore we have as limiting operator of (4.27)
the following

d

dt

ż

I

ϕpwqfpwqdw “
ż

I2

ˆ

P pw, vqpv ´ wq ` 4

κ

´

wd ´
w ` v
2

¯

˙

ϕ1pwqfpwqfpvqdwdv

` ς

2

ż

I

Dpwq2ϕ2pwqfpwq dw.
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Figure 4.1: Continuous line and dashed lines represent the steady solutions f8 and
fκ
8, respectively. On the left wd “ mp0q “ 0 with diffusion parameter ς “ 5, on
the right wd “ mp0q “ 0 with diffusion parameter ς “ 2. In both cases the steady
solution changes from a bimodal distribution to an unimodal distribution around
wd.

Integrating back by parts the last expression we obtain the following Fokker–Planck
equation

B
Btf `

B
BwHrf spwqfpwq ` B

BwKrf spwqfpwq dv “ ς

2

B2
Bw2

pDpwq2fpwqq, (4.48)

where

Krf spwq “
ż

I

P pw, vqpv ´ wqfpvq dv, (4.49)

Hrf spwq “ 4

κ

ż

I

´

wd ´
w ` v
2

¯

fpvq dv “ 4

κ

´

wd ´
w `m
2

¯

. (4.50)

Remark 4.4.1 The ratio between σ2{α “ ς is of paramount importance in order
to obtain in the limit the contribution of both controlled compromise propensity and
diffusion [155]. Other limiting behaviors can be considered like diffusion dominated
pς Ñ 8q or controlled compromise dominated pς Ñ 0q.

4.4.2 Stationary solutions

In this section we analyze the steady solutions of the Fokker–Planck model (4.48),
for particular choices of the microscopic interaction of the Boltzmann dynamic.
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Figure 4.2: Steady state solutions in the controlled case for different values of κ and
wd. From left to right we change values of κ “ 0.1 and κ “ 0.01 for a fixed value of
ς “ 5 and different desired states wd “ t´0.75,´0.5, 0, 0.25u.

Let consider the case in which P pw, vq “ 1. In presence of the control the average
opinion in general is not conserved in time, but since mptq converges exponentially
in time to wd, the steady state opinion solves

ς

2
BwpDpwq2fq “

ˆ

1` 2

κ

˙

pwd ´ wqf. (4.51)

If we now consider as diffusion function Dpwq “ p1´w2q, then it is possible explicitly
compute the solution of (4.51) as follows [155]

fκ
8pwq “

Cwd,ς,κ

p1´ w2q2
ˆ

1` w
1´ w

˙m{p2ςq

exp

"

´ 1´mw
ς p1´ w2q

ˆ

1` 2

κ

˙*

(4.52)

where Cwd,ς,κ is a normalization constant such that
ş

f8 dw “ 1. We remark that
the solution is such that fp˘1q “ 0, moreover due to the general non symmetry of
f , the desired state reflects on the steady state through the mean opinion. Note
that in the case κ Ñ 8 we obtain the steady state of the uncontrolled equation
[155]. We denote by f8pwq this latter uncontrolled stationary behavior. We plot
in Figure 4.7 the steady profile f8 and fκ

8 for different choices of the parameters κ
and ς. The initial average opinion mp0q is taken equal to the desired opinion wd, in
this way we can see that for κ Ñ 8 the constrained steady profile approaches the
unconstrained one, fκ

8 Ñ f8. On the other hand small values of κ give the desired
distribution concentrated around wd.

In Figure 4.8 we show the steady profile fκ
8 for different choice of the parameters

κ and the desired state wd. We can see that decreasing the value of κ lead the
profiles to concentrate around the requested value of wd.
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Figure 4.3: Continuous line and dashed lines represent the steady solutions f8 and
fκ
8, respectively. On the left wd “ mp0q “ 0 with diffusion parameter ς “ 0.9, on
the right wd “ mp0q “ 0 with diffusion parameter ς “ 0.5, in this last case note that
f8 is a uniform distribution on r´1, 1s.

Let consider P pw, vq “ P pwq then stationary solutions of (4.48) satisfy the
following

ς

2
BwpDpwq2fq “

ˆ

P pwq ` 2

κ

˙

pwd ´ wqf. (4.53)

Taking P pwq “ 1´ w2 and Dpwq “ 1´ w2 we can compute [155]

fκ
8pwq “ Cς,mp1´ wq´2´

wd´1

ς
´

wd
κς p1` wq´2`

wd`1

ς
`

wd
κς exp

"

´2
κ

1´ wdw

ς p1´ w2q

*

(4.54)

We present in Figure 4.3 different profiles of fκ
8 for mp0q “ wd, where we switch

from the steady profile of the uncontrolled case to the steady profile (4.54).

4.5 Other constrained kinetic models

The constrained binary collision rule (4.15) admits several variants accordingly to
the different ways we realize the diffusion and control dynamics.

From the modeling point of view we decided to introduce noise at the level of
the explicit binary formulation (4.12),(4.14) as an external factor which can not be
affected by the opinion maker. In contrast, adding noise from the very beginning
in (4.1)-(4.2), or equivalently in the implicit formulation (4.5a)-(4.5b), would imply
a different action of the control over the spreading of the noise. More precisely, for
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the binary interaction model this will originate the dynamic

w˚ “ p1´ αP pw, vqqw ` αP pw, vqv ´ β

2
ppv ´ wdq ` pw ´ wdqq

´ αβ
2
ppP pw, vq ´ P pv, wqqpw ´ vqq `

ˆ

1´ β

2

˙

Θ1Dpwq ´
β

2
Θ2Dpvq,

v˚ “ p1´ αP pv, wqq v ` αP pv, wqw ´ β

2
ppv ´ wdq ` pw ´ wdqq

´ αβ
2
ppP pv, wq ´ P pw, vqqpv ´ wqq `

ˆ

1´ β

2

˙

Θ2Dpvq ´
β

2
Θ1Dpwq.

(4.55)
For this binary dynamic preservation of the bounds is more delicate and the cor-
responding Boltzmann model is typically written using the kernel (4.26). Note,
however, that in the quasi-invariant opinion limit due to the rescaling (4.39) we
have β Ñ 0 and therefore the limiting Fokker-Planck equation is again (4.48).

Next we remark that the microscopic constrained system (4.5a)-(4.5b) can be
written in explicit form by solving the corresponding linear system for wn`1

1
, . . . , wn`1

N .
Straightforward computations yields the explicit formulation

wn`1
i “ wn

i `
∆t

N

N
ÿ

j“1

P n
ijpwn

j ´ wn
i q `∆tun, w0

i “ w0i, (4.56)

where now

un “ p∆tq2
ν ` p∆tq2

˜

1

N2

N
ÿ

h,j“1

P pwh, wjqpwn
j ´ wn

hq
¸

` ∆t

ν ` p∆tq2 pwd ´mnq, (4.57)

and we denoted by

mn “ 1

N

N
ÿ

j“1

wn
j

the mean opinion value. This show that a different way to realize the constrained
binary dynamic (4.15) is given by

w˚ “ p1´ αP pw, vqqw ` αP pw, vqv ´ β pmptq ´ wdq

´ αβ
2
ppP pw, vq ´ P pv, wqqpw ´ vqq `Θ1Dpwq,

v˚ “ p1´ αP pv, wqq v ` αP pv, wqw ´ β pmptq ´ wdq

´ αβ
2
ppP pv, wq ´ P pw, vqqpv ´ wqq `Θ2Dpwq.

(4.58)

Again preservation of the bounds is a difficult task and the Boltzmann equation is
written in the general form (4.25). Performing the same computations as in Section
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4.4.1 we obtain the limiting Fokker-Planck equation (4.48) with the simplified control
term

Hrf spwq “ 4

κ
pwd ´mq . (4.59)

The main difference now, is that when mptq Ñ wd the contribution of the control
vanish, Hrf spwq Ñ 0, and the steady states corresponds to those of the uncon-
strained equation by Toscani [155] in the case where the mean opinion is given by
the desired state. In other words, in the examples of Section 4.4.2, they are given
by (4.52) and (4.54) in the limit case κ Ñ 8. Therefore, in this case, the action
of the control is weaker, since it is not able to act on any opinion distribution with
mean opinion given by the desired state.

Finally, from system (4.10)-(4.11), we can also generalize (4.15) with an agent
dependent action of the control. Following the same derivation as in Section 3 we
have the binary interaction rule

w˚ “ p1´ αP pw, vqqw ` αP pw, vqv ´ βpw, vq
2

pQpvqpv ´ wdq `Qpwqpw ´ wdqq

´ αβpw, vq
2

pQpwqP pw, vq ´QpvqP pv, wqqpv ´ wq `Θ1Dpwq,

v˚ “ p1´ αP pv, wqq v ` αP pv, wqw ´ βpv, wq
2

pQpvqpv ´ wdq `Qpwqpw ´ wdqq

´ αβpv, wq
2

pQpvqP pv, wq ´QpwqP pw, vqqpw ´ vq `Θ2Dpvq,
(4.60)

where

βpw, vq “ 4α2Qpwq
ν ` 2α2pQpvq2 `Qpwq2q ,

with property βpw, vqQpvq “ βpv, wqQpwq. In this case, sufficient condition for
the preservation of the bounds can be found provided that a minimal action of the
control is admitted by the agents, namely assuming that 0 ă Qp ¨ q ď 1. Under the
scaling (4.39) we obtain the general Fokker-Plank equation (4.48) where now the
control term reads

Hrf spwq “
ˆ

2

κ

ż

I

pQpwqpwd ´ wq `Qpvqpwd ´ vqq fpvq dv
˙

Qpwq. (4.61)

4.6 Numerical examples

In this section we report some numerical test obtained by solving the constrained
Boltzmann equation with the binary interaction rule (4.15) for different kind of
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Figure 4.4: Steady solutions of the Boltzmann equation with P pw, vq “ 1 and
Dpwq “ 1´ w2 in the scaling (4.39) for different values of ε and ς “ 3. Continuous
lines represent the steady profile of the Fokker–Planck equation. From left to right
from top to bottom, we increase the control action, diminishing the value of κ.

opinion models. In the numerical simulations we use a Monte Carlo methods as
described in Chapter 4 of [146]. We simulate equation (4.48) for particular choices of
the parameters of the model comparing the stationary solutions obtained in absence
of control [155, 8] with different increasing actions of the control term.

Quasi-invariant opinion limit

In the first numerical example we compare the solutions obtained with the Monte
Carlo method in the quasi-invariant opinion limit with the exact profile of the steady
solution of the Fokker–Planck model (4.48). We consider the particular case

P pw, vq “ 1, Dpwq “ 1´ w2, (4.62)

then exact solutions are described by (4.52).
In Figure 4.4 we simulate the evolution of the probability density fpw, tq, using

a sample of Ns “ 105 agents each of them interacting through the binary dynamic
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Figure 4.5: Sznajd-type model at different times. The effect of concentration (γ “ 1)
on the left, and separation (γ “ ´1) are visible for the uncontrolled case (κ “ 8).
The action of a mild control κ “ 1 and a strong control κ “ 0.1 forces the dynamic
towards different desired states, respectively wd “ ´0.25 and wd “ 0.5. As expected
the process needs a larger amount of time to control the separation dynamic.

(4.43) for different scaling values ε and Θ distributed uniformly on p´σ, σq, with
σ2 “ 3ες, ς “ 3. Note that the discrepancy of the steady profiles in Figure 4.4
is due to the fact we are simulating the convergence of the Boltzmann equation
towards its Fokker-Planck limit. Therefore decreasing ε and increasing the size of
the sample Ns we can obtain better approximations of the Fokker–Planck profiles.

Sznajd-type model

In this test we consider a compromise propensity of the form

P pw, vq “ γp1´ w2q, γ P R (4.63)

in absence of diffusionDpwq “ 0. Note that, when the initial mean opinionmp0q “ 0,
the quasi-invariant opinion limit in absence of control is governed by the mean-field
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wd “ 0.25 wd “ 0.5 wd “ 0.75 wd “ 0.95

κ “ 10 1.7139e-01 3.428e-01 5.1351e-01 6.5032e-01
κ “ 5 1.1468e-01 2.2653e-01 3.3844e-01 4.2362e-01
κ “ 1 1.0592e-03 1.6027e-03 1.5460e-03 1.2877e-03
κ “ 0.5 7.0990e-07 9.0454e-07 6.9543e-07 4.9742e-07

Table 4.1: L2 distance between wd and the average opinion m at time T “ 2 for the
controlled Sznajd-type model with separation interactions.

Sznajd’s model [154, 8]

Btf “ γBw
`

wp1´ w2qf
˘

. (4.64)

The model (4.64) can be solved explicitly and gives [8]

fpw, tq “ e´2γt

pp1´ w2qe´2γt ` w2q3{2f0
ˆ

w

pp1´ w2qe´2γt ` w2q1{2
˙

, (4.65)

where f0pxq is the initial distribution. For γ ą 0 we have concentration of the
profile around zero, conversely for γ ă 0 a separation phenomena is observed and
the distribution tends to concentrate around w “ 1 and w “ ´1.

We simulate the binary dynamic with control corresponding to the above choices
starting from an initial mean opinionmp0q “ 0. Our aim is to explore the differences
between the controlled concentration and separation dynamics. We choose a scaling
parameter ε “ 0.005 and a number of sample agents of N “ 105.

In Figure 4.5 we simulate the evolution of fpw, tq for the concentration (γ “
1) and separation (γ “ ´1) cases. Starting from the uniform distribution on I,
we investigate three different cases: uncontrolled (κ “ 8), mild control (κ “ 1)
towards desired state wd “ ´0.25 and strong control (κ “ 0.1) towards wd “ 0.5.
The solution profiles in the uncontrolled case, κ “ 8 coincides with the exact
solution profile given by (4.65). Observe that separation phenomena implies a slower
convergence towards the desired states.

We complete the tests just presented with Table 4.1, where we measure the L2

distance between the average opinion m at final time T “ 2 and the desired state
wd, in the separation case, (γ “ ´1). We compare the errors for decreasing values of
κ and for different values of the desired state wd, showing that more effective control
implies faster convergence.

Bounded confidence model

Next, we consider the case of bounded confidence models, where the possible interac-
tion between agents depends on the level of confidence they have [102, 97]. This can



100

be model through a compromise function which accounts the exchange of opinion
only inside a fixed distance ∆ between the agent opinions

P pw, vq “ χp|w ´ v| ď ∆q, (4.66)

where χp ¨ q is the indicator function.
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Figure 4.6: Bounded confidence model. On the left the control parameter ν “ 5000

on the right ν “ 5. In the top row the result of a particle simulation with N “ 200

agents where the color scale depicts the opinion value. Bottom row represents the
evolution of the kinetic density. In both cases the simulation is performed for σ “
0.01 and ∆ “ 0.2.

In Figure 4.6, we simulate the dynamic of the agents starting from an uniform
distribution of the opinions on the interval I “ r´1, 1s. The confidence bound is
taken ∆ “ 0.2 and the diffusion parameter σ “ 0.01. We consider the case without
control and with control, letting the system evolve in the time interval r0 T s, with
T “ 200. In the left column figures we represents the weak controlled case, with
penalization parameter ν “ 5000, and three mainstream opinions emerge, on the
right the presence of the control, ν “ 5 is able to lead the opinions to concentrate
around the desired opinion, wd “ 0.
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Top row of plots shows the evolution of the dynamic at the particle level, with
N “ 200. Bottom row represents the same dynamic at the kinetic level, simulation
is performed with a sample of Ns “ 2ˆ 105 particles with ε “ 0.05.

4.7 Mean-field model predictive control of flocking

behavior

In the following section we extend the results of the previous sections to the case of
second-order models for alignment, [158, 67, 138].

We consider the evolution of N agents where each agent has position and velocity
pxiptq, viptqq, i “ 1, . . . , N and this can change over time according to

9xi “ vi,

9vi “
1

N

N
ÿ

j“1

Hapxi, xjqpvj ´ viq ` u, vip0q “ v0i,
(4.67)

where at variance with respect to Cucker-Smale model, function Ha is such that
Hapx, yq ‰ Hapx, yq. As before the control u “ uptq is given by the minimization of
the cost functional over a certain time horizon T

u “ argmin

ż T

0

1

N

N
ÿ

j“1

ˆ

1

2
pvjpsq ´ vdq2 `

ν

2
pupsqq2

˙

ds, (4.68)

In the formulation (4.2) ν ą 0 is a regularization parameter and the value vd is a
desired velocity, which can be also extended to more general objects, for example to
a time dependent velocity vd “ vdptq or the direction along some desired trajectory.

4.7.1 MPC for flocking models

We use instantaneous control to derive a computable control u at any time t, which
results to be suboptimal respect to the solution to (4.67)-(4.68).

A receding horizon strategy

Following the same approach of section 4.2.1, we split the time interval r0, T s in
M time intervals of length ∆t and let tn “ ∆t n, assuming the control piecewise
constant on time intervals of length ∆t ą 0,

uptq “
M´1
ÿ

n“0

unχrtn,tn`1sptq.
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We determine the value of the control un P R, solving for a state v̄i the (reduced)
optimization problem

9vi “
1

N

N
ÿ

j“1

Hapxi, xjqpvj ´ viq ` u, viptnq “ v̄i,

un “ argminuPR

ż tn`1

tn

1

N

N
ÿ

j“1

ˆ

1

2
pvj ´ vdq2 `

ν

2
u2
˙

ds, u P ruL, uRs.
(4.69)

Having the control un on the interval rtn, tn`1s, we let evolve vi according to the
dynamics

9vi “
1

N

N
ÿ

j“1

Hapxi, xjqpvj ´ viq ` un (4.70)

in order to obtain the new state v̄i “ viptn`1q. We again solve (4.69) to obtain un`1

with the modified initial data and we repeat this procedure until we reach n∆t “ T.

In this way we are able to reduce the complexity of the initial problem (4.67)-
(4.68), to an optimization problem in a single real–valued variable un. Moreover the
quadratic cost and a suitable discretization of (4.70) allows an explicit representation
of un in terms of v̄i and viptn`1q. As shown in section 4.2.2 this allows to reformulate
the previous algorithm as a feedback controlled system which in discretized form
reads

vn`1i “ vni `
∆t

N

N
ÿ

j“1

Hn
a,ijpvnj ´ vni q `∆tun, vni “ v̄i,

un “ ´∆t

νN

N
ÿ

j“1

pvn`1j ´ vdq.
(4.71)

where Hn
a,ij “ Hapxni , xnj q. Therefore the feedback controlled system in the dis-

cretized form results

xn`1i “ xn `∆tvn

vn`1i “ vni `
∆t

N

N
ÿ

j“1

Hn
a,ijpvnj ´ vni q ´

p∆tq2
νN

N
ÿ

j“1

pvn`1j ´ vdq, vni “ v̄i.
(4.72)

Where the action of the control is substituted by a relaxation term toward the
desired velocity vd, appearing in an implicit form.

4.7.2 Mean-field description

The aim of this section is to show that out of system (4.72) we are able to derive a
corresponding kinetic approximation of the feedback controlled system.
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Derivation of the forward system

Let us introduce the parameter γ “ ∆t{N , we can write the second part of system
(4.72) as follows

vn`1i “ vni ` γ
N
ÿ

j“1

Hn
a,ijpvnj ´ vni q ´

Nγ2

ν

N
ÿ

j“1

pvn`1j ´ vdq, v0i “ v0i, (4.73)

in matrix-vector notation we have
ˆ

Id` γ2

ν
E

˙

vn`1 “ vn ` γHn
av

n ´ γDnvn ´ Nγ2

ν
evd (4.74)

where

Hn
a “

¨

˚

˝

Hn
a,11 Hn

a,12 . . . Hn
a,1N

...
...

Hn
a,N1

Hn
a,N2

. . . Hn
a,NN

˛

‹

‚
, Dn “

¨

˚

˝

ř

j H
n
a,1j 0 . . . 0

...
...

0 0 . . .
ř

j H
n
a,Nj

˛

‹

‚

E “

¨

˚

˝

1 1 . . . 1
...

...
1 1 . . . 1

˛

‹

‚
, e “ p1, 1, . . . , 1qT , vn “ pvn

1
, vn

2
, . . . , vnNqT .

The system can be reverted in a fully explicit form

vn`1 “ Avn ` γAHn
av

n ´ γADnvn ´ Nγ2

ν
Aevd (4.75)

where A has the following structure and property

A “
ˆ

Id` γ2

ν
E

˙´1

“ Id´ γ2

ν `Nγ2E, Ae “ ν

ν `Nγ2e.

therefore

AHn “ Hn
a ´

γ2

ν `Nγ2EH
n
a “ Hn

a ´
γ2

ν `Nγ2 H̄
n
a ,

ADn “ Dn ´ γ2

ν `Nγ2ED
n “ Dn ´ γ2

ν `Nγ2 pH̄
n
aqT ,

where we indicate H̄n
a the matrix product EHn

a “ pEDnqT . The full vector-system
reads

vn`1 “ vn ` γ pHn
a ´Dnq vn ` Nγ2

ν `Nγ2 vde´
γ2

ν `Nγ2Ev
n`

´ γ3

ν `Nγ2 pH̄
n
a ´ pH̄n

aqT qvn,
(4.76)
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where the last term disappears if function Ha “ Hapx, yq is symmetric. Reverting
back In terms of ∆t the full system reads have

xn`1i “ xn `∆tvn,

vn`1i “ vni `
∆t

N

N
ÿ

j“1

Hn
a,ijpvnj ´ vni q `

∆t2

ν `∆t2
1

N

N
ÿ

j“1

`

vd ´ vnj
˘

`

´ ∆t3

ν `∆t2
1

N2

N
ÿ

j“1

pHn
a,ji ´Hn

a,ijqvni .

(4.77)

For ∆t Ñ 0 this corresponds to a time discretization of the original system (4.69),
where the action of the control is lost since it is expressed in terms of Op∆t2q .

In order to see the control action is necessary to assume the following scaling on
the regularization parameter, ν “ ∆tκ, thus we obtain

vn`1i “ vni `
∆t

N

N
ÿ

j“1

Hn
a,ijpvnj ´ vni q `

∆t

κ`∆t

1

N

N
ÿ

j“1

`

vd ´ vnj
˘

`Op∆tq, (4.78)

Letting ∆tÑ 0 we obtain the full controlled continuous system as follows

9xi “ vi

9vi “
1

N

N
ÿ

j“1

Hapxi, xjqpvj ´ viq `
1

κN

N
ÿ

j“1

pvd ´ vjq .
(4.79)

At this level, in order to derive a corresponding kinetic approximation, as done
in section 4.3 we could proceed approximating the dynamic through a binary in-
teraction and deriving the corresponding Boltzmann-Povzner equation. At variance
with this approach we show in the following a direct approximation through the
mean-field limit, [47].

4.7.3 Mean-field model predictive control limit

We want to give a kinetic description of (4.79), therefore we introduce function
f “ fpx, v, tq, representing the particle density at time t with position and velocity
px, vq. We assume that f is equivalent to a probability density function on R

2d, thus
ż

R2d

fpx, v, tq dxdv “ 1.

Since the right term of system (4.79) is assumed to be continuos, bounded and
locally Lipschitz, it satisfies all the nice properties of classical swarming models, see
[47]. Therefore the derivation of a mean-field equation follows from straight forward
computations.
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Mean-field limit derivation

We define the empirical measures

fNptq “ 1

N

N
ÿ

i“1

δpx´ xiptqqδpv ´ viptqq,

and let consider a test function φ P C1
0
pR2dq and we compute

d

dt

@

fNptq, φ
D

“ 1

N

N
ÿ

i“1

d

dt
φpxiptq, viptqq “

1

N

N
ÿ

i“1

∇xφpxiptq, viptqq ¨ viptq
looooooooooooooooomooooooooooooooooon

I1

` 1

N2

N
ÿ

i,j“1

∇vφpxiptq, viptqqHapxi, xjqpvj ´ viq
looooooooooooooooooooooooooomooooooooooooooooooooooooooon

I2

`

` 1

κN2

N
ÿ

i,j“1

∇vφpxiptq, viptqqpvd ´ viq
looooooooooooooooooooomooooooooooooooooooooon

I3

.

We solve term by term the summation, thus

I1 “
1

N

N
ÿ

i“1

∇xφpxiptq, viptqq ¨ viptq “
@

fNptq,∇xφ ¨ v
D

,

I2 “
1

N2

N
ÿ

i,j“1

Hapxiptq, xjptqq∇vφpxiptq, viptqq ¨ pvjptq ´ viptqq “
C

fNptq, 1
N

N
ÿ

j“1

Hp|x´ xjptq|q∇vφ ¨ pvjptq ´ vq
G

.

and

I3 “
1

κN2

N
ÿ

i,j“1

∇vφpxiptq, viptqq ¨ pvd ´ viptqq “
C

fNptq, 1

κN

N
ÿ

j“1

∇vφ ¨ pvd ´ vq
G

.

Defining the following quantities

ρNpx, tq :“
ż

Rd

fNpx, v, tqdv “ 1

N

N
ÿ

i“1

δpx´ xiptqq,

mNpx, tq :“
ż

Rd

vfNpx, v, tqdv “ 1

N

N
ÿ

i“1

viptqδpx´ xiptqq,
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we can express the previous relation in the following way

I2 “
@

fNptq,∇vφ ¨H ‹mN
D

´
@

fNptq,∇vφ ¨H ‹ ρN
D

I3 “
B

fNptq,∇vφ ¨
1

κ
pvd ´mNq

F

where ‹ represents the convolution product. Collecting all the terms and integrating
by parts in px, vq we recover the following weak formulation

d

dt

@

fN , φ
D

“´
@

v∇xf
N , φ

D

´
@

∇vHrfN sfN , φ
D

´
@

∇vKrfN sfN , φ
D

where

HrfN spx, v, tq “
ż

R2d

Hapx, yqpv ´ wqfNpy, w, tqdydw,

KrfN spv, tq “ 1

κ

ż

R2d

pw ´ vdqfNpy, w, tqdydw.

Rewriting the main expression we have

B B
Btf

N ` v∇xf
N `∇vHrfN sfN `∇vKrfN sfN , φ

F

“ 0

and thus the strong form reads

B
Btf

N ` v∇xf
N `∇vHrfN sfN `∇vKrfN sfN “ 0.

Then the limit for k Ñ 8 of subsequence pfNkqk leads to the following evolution
equation for f “ fpx, v, tq

Btf`v ¨∇xf “ ´∇v ¨ pHrf sfq ´∇v ¨ pKrf sfq ,

Hrf s “
ż

R2d

Hapx, yqpw ´ vqfpy, w, tq dydw.

Krf s “ 1

κ

ż

R2d

pvd ´ wqfpy, w, tq dydw “
1

κ
pvd ´mptqq .

(4.80)

4.7.4 Numerical tests

In the following section we perform some numerical test using the algorithms devel-
oped in [6].
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Figure 4.7: Evolution of the kinetic Cucker-Smale model with γ “ 10, with different
actions of the control, at three different steps. First row, κ “ 8, the alignment
condition is not reached. Second row, κ “ 10, (mild control action) alignment is
reached towards the desired velocity vd “ p1, 1qT . Bottom row, strong control action,
κ “ 1 the control is reached quickly and the spatial density is more concentrated.

Forcing consensus

We recall that the classical alignment dynamic in Cucker-Smale model is weighted
by the following not increasing function

Hapx, yq “
K

pς2 ` |x´ y|2qγ ,

it has been shown that for γ ď 1{2 we have unconditional focking, i.e. all agents tend
to move exponentially fast with the same velocity, while their relative distances tend
to remain constant, [54, 67]. We want to address our attention to the formation of
alignment, when this condition is not satisfied by the parameter γ or by the initial
conditions.
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In Figure 4.7 we solve model (4.80), with γ “ 10 and with desired speed vd “
p1, 1qT , we compare the evolution of the same initial data for different choices of
control strength . The initial data, normally distributed in space and with symmetric
bimodal distribution in velocity

f0px, vq “ C exp

"´px2 ` y2q
2σx

*ˆ

exp

"´pv ` v0q2
2σv

*

` exp

"´pv ´ v0q2
2σv

*˙

,

where v0 “ 5 and σx “ σv “ 1 and C a normalization constant. Top row shows
the evolutions without control action, κ “ 8, so the density follows the velocity
flux spreading in the space with a fat ring shape, without reaching a condition of
alignment. Second row shows the evolution with mild control action (κ “ 10) and
bottom row the evolution of a strong control (κ “ 1), in both cases the alignment
to the desired speed is obtained, but in different time scale and spread of density.
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Figure 4.8: The flock density is forced to follow a desired trajectory γdptq “
pcosptq, sinp2tqq, described by a lemniscate, the regularization parameter is κ “ 0.1

and the scaling parameter ε “ 0.01.

Following a desired trajectory

We can extend the forcing consensus problem to a problem of following a desired tra-
jectory γdptq, considering a desired speed as a function of time, vd “ vdptq, therefore
vdptq “ γ1dptq. In this way the control action at time t forces the system to converge
instantaneously to the corresponding desired velocity at time t. Note that in this
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case the choice of κ and ∆t are of paramount importance to reconstruct exactly the
trajectory.

We simulate the evolution of an aligned density solution, forcing the system
to follow a desired trajectory γdptq “ Rpcosptq, sinp2tqq with R “ 1, which cor-
responds to a lemniscate. The corresponding desired speed is given by vdptq “
Rp´ sinptq, 2 cosp2tqq, which we discretize according to our algorithm with∆t “ 0.01.

In Figure 4.8 we show the evolution of the system with control action, κ “ 0.1.

4.8 Conclusions

In this chapter we introduced a general way to construct a Boltzmann description of
optimal control problems for large systems of interacting agents. The approach has
been applied to a constrained microscopic model of opinion formation. The main
feature of the method is that, thanks to a model predictive approximation, the con-
trol is explicitly embedded in the resulting binary interaction dynamic. In particular
in the so-called quasi invariant opinion limit simplified Fokker-Planck models have
been derived which admit explicit computations of the steady states. The robustness
of the controlled dynamics has been illustrated by several numerical examples which
confirm the theoretical results. Different generalizations of the presented approach
are possible, like the introduction of the same control dynamic through leaders or
the application of this same control methodology to swarming and flocking models.
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CHAPTER 5

Asymptotic Preserving schemes for the time

discretization of optimal control for hyperbolic

problems with relaxation

5.1 Introduction

We are interested in numerical methods for time discretization of optimal control
problems of type (5.1). The construction of such methods for control problems
involving differential equations has been an intensive field of research recently [36,
79, 101, 123, 162]. Applications of such methods can be found in several disciplines,
form aerospace and mechanical engineering to the life sciences. In particular, many
applications involves systems of differential equations of the form

y1ptq “ fpyptq, tq ` 1

ε
gpyptq, tq, (5.1)

where f and g, eventually obtained as suitable finite-difference or finite-element
approximations of spatial derivatives, induce considerably different time scales in-
dicated by the small parameter ε ą 0 in the previous equation. Therefore, to
avoid fully implicit integrators, it is highly desirable to have a combination of im-
plicit and explicit (IMEX) discretization terms to resolve stiff and non–stiff dy-
namics accordingly. For Runge–Kutta methods such schemes have been studied in
[12, 38, 78, 112, 115, 145, 144].

Control problems with respect to IMEX methods have been investigated also
in [111, 107] in the case of fixed positive value of ε ą 0. Among the most relevant
examples for IMEX scheme are the time discretization of hyperbolic balance laws
and kinetic equations. As discussed in [115, 144] the construction of such methods
imply new difficulties due to the appearance of coupled order conditions and to
the possible loss of accuracy close to stiff regimes ε ! ∆t and ∆t being the time
discretization of the numerical scheme. In contrary to the existing work [111, 107]

111
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we focus here on optimal control problems where the time integration schemes also
allow a accurate resolution in the stiff regime. As a prototype example including
already the major difficulties for such methods we choose the Goldstein-Taylor model
(5.3). This equation already contains several ingredients typical to linear kinetic
transport models and serves as a prototype and test case for numerical integration
schemes. The model describes the time evolution of two particle densities f`px, tq
and f´px, tq, with x P Ω Ă R and t P R

`, where f`px, tq (respectively f´px, tq)
denotes the density of particles at time t ą 0 traveling along a straight line with
velocity `c (respectively ´c). The particle may change with rate σ the direction.
The differential model can be written as

f`t ` cf`x “ σ
`

f´ ´ f`
˘

,

f´t ´ cf´x “ σ
`

f` ´ f´
˘

.
(5.2)

Introducing the macroscopic variables

ρ “ f` ` f´, j “ cpf` ´ f´q

we obtain the equivalent form

ρt ` jx “ 0,

jt ` c2ρx “ ´2σj.
(5.3)

We introduce a linear quadratic optimal control problem subject to a relaxed hyper-
bolic system of balance laws. Let Ω “ r0, 1s , terminal time T ą 0, regularisation
parameter ν ě 0 and let uptq be the control. The function ρdpxq is a desired state.
To simplify notation we set c2 “ 2σ “ 1{ε2 and ε ą 0 is the non–negative relaxation
parameter.

The optimization problem then reads

min Jpρ, uq “ 1

2

ż

1

0

pρpx, T q ´ ρdpxqq2dx`
ν

2

ż T

0

u2ptqdt (5.4)

subject to

ρt ` jx “ 0, (5.5a)

jt `
1

ε2
ρx “ ´

1

ε2
j. (5.5b)

ρpx, 0q “ ρ0, jpx, 0q “ j0 (5.5c)

jp0, tq “ 0, jp1, tq ´ ρp1, tq “ ´uptq (5.5d)

Further, we set box constraints for the control

ulptq ď uptq ď urptq
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In the limit case εÑ 0, (5.5b) formally yields

jpx, tq “ ´ρxpx, tq.

Plugging this into (5.5a) yields the heat equation

ρt “ ρxx

and the optimal control problem (5.4) – (5.5) reduces to a problem studied for exam-
ple in [156]. Obviously, we expect a similar behavior for a numerical discretization.
This property, called asymptotic preserving, has been investigated for the simulation
of Goldstein–Taylor like models in [38, 78, 112] but has not yet been studied in the
context of control problems.
The paper is organized as follows. In Section 5.2 we introduce the temporal dis-
cretization of problem (5.5) and describe in detail the resulting semi–discretized op-
timal control problems. We investigate which numerical integration schemes yield
a stable approximation to the resulting optimality conditions. In the third section
we show how to provide a stable discretization scheme in the parabolic regime by
introducing a splitting and applying the formal Chapman-Enskog type limiting pro-
cedure. In Section 5.4 we present numerical results on the several implicit explicit
Runge–Kutta methods (IMEX) schemes for the limiting problem as well as on an ex-
ample taken from [156]. Definitions for properties of the IMEX schemes are collected
for convenience in the appendix 5.5.

5.2 The semi–discretized problem

We are interested to derive a numerical time integration scheme which allows to
treat the optimal control problem (5.4)–(5.5) for all values of ε P r0, 1s, including
in particular the limit case ε “ 0. Therefore, we leave a side the treatment of the
discretization of the spatial variable x as well as theoretical aspects of the differentia-
bility of solutions pρ, Jq of equation (5.5). We remark that the semigroup generated
by a nonlinear hyperbolic conservation/balance law is generically non-differentiable
in L1 even in the scalar one-dimensional (1-D) case. More details on the differential
structure of solutions are found in [41, 42], on convergence results for first–order
numerical schemes and scalar conservation laws are found in [31, 57? , 94, 157]
Numerical methods for the optimal control problems of scalar hyperbolic equations
have been discussed in [20, 92, 93, 157]. In [95, 96], the adjoint equation has been
discretized using a Lax-Friedrichs-type scheme, obtained by including conditions
along shocks and modifying the Lax-Friedrichs numerical viscosity. Convergence
of the modified Lax-Friedrichs scheme has been rigorously proved in the case of a
smooth convex flux function. Convergence results have also been obtained in [157]
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for the class of schemes satisfying the one-sided Lipschitz condition (OSLC) and
in [20] for a first–order implicit-explicit finite-volume method. To the best of our
knowledge there does not exists a convergence theory for spatial discretization of
control problems subject to hyperbolic systems with source terms so far.

In view of the previous discussion the interest is on the availability of suit-
able time–integration schemes for the arising optimal control problem. We consider
therefore a semi–discretized problem in time. We further skip the spatial depen-
dence whenever the intention is clear. The system (5.5a) consists of a stiff and a
non–stiff part we employ diagonal implicit explicit Runge–Kutta methods (IMEX).
Convergence order of such schemes for positive ε and the property of symplecticity
has been analysed in [107]. In the following we briefly review IMEX methods and
discuss a splitting [38] in order to also resolve efficiently the stiff limiting problem
(ε “ 0).

An s´stage IMEX Runge–Kutta method is characterized by the sˆ s matrices
Ã, A and vectors c̃, c, b̃, b P Rs, represented by the double Butcher tableau:

Explicit:
c̃ Ã

b̃T
Implicit:

c A

bT

We refer to the appendix 5.5 for further definitions and examples of IMEX RK
schemes. Applying an IMEX time–discretization to the Goldstein-Taylor model
(5.5) yields in the limit ε “ 0 an explicit numerical scheme for the heat equation
[38]. This is only stable provided the parabolic CFL condition ∆t « ∆x2 holds
true. This is highly undesirable and therefore, a splitting has been introduced such
that also in the limit ε “ 0 an implicit discretization of the heat equation can be
obtained. We rewrite (5.5a) as

ρt “ ´
explicit

hkkkkikkkkj

pj ` µρxqx`
implicit
hkkikkj

pµρxxq (5.6)

where µ “ µpεq ě 0 is such that µp0q “ 1 and leave equation (5.5b) unchanged.
Within an IMEX time discretization we treat explicitly the first term and implicitly
the second term as indicated in (5.6). It remains to discuss the choice of µ in equa-
tion 5.6 depending on ε. Using formal Chapman–Enkog expansion for this choice,
presented in section 5.6, we observe that in the diffusive limit ε “ 0 the term j`µρx
vanishes.

Combining the previous computations we state the semi–discretized problem for
an s´stage IMEX scheme. Introduce a temporal grid of size ∆t and N equally
spaced grid points tn such that T “ ∆tN and t1 “ 0. Let ρn “ ρptn, ¨q, jn “ jptn, ¨q,
e “ p1, . . . , 1q P Rs and denote by R “ pRℓp¨qqsℓ“1 the s stage variables and similarly
for J. For notational simplicity we discretize the control on the same temporal
grid un “ uptnq. However, this is not necessary for the derived results and other
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approaches can be used. We prescribe boundary conditions in the case ε ą 0 as
follows: Since in the limit ε “ 0 we obtain jpt, xq “ ´ρxpt, xq we add jnp1q “ ´ρnxp1q
and jnp0q “ ´ρnxp0q as boundary conditions. Further let M “ diagpµlq P Rsˆs define
the values of µl for the levels l “ 1, . . . , s.

Then, the semi–discretization of problem (5.5) reads

min
1

2

ż

1

0

pρNpxq ´ ρdpxqq2dx`∆t
ν

2

N
ÿ

n“1

punq2 ,

R “ ρne´∆tÃpBxJ`MB2xxRq `∆tA
`

MB2xxR
˘

,

ε2J “ ε2jne´∆tApBxR` Jq,
ρn`1 “ ρn ´∆tb̃T pBxJ`MB2xxRq `∆tbT

`

MB2xxR
˘

,

ε2jn`1 “ ε2jn ´∆tbT pBxR` Jq,
ρ1 “ ρ0 j1 “ j0,

jnp0q “ 0, jnp1q ´ ρnp1q “ ´un,
jnp0q “ ´ρnxp0q, jnp1q “ ´ρnp1qx.

(5.7)

Using formal computations we derive the (adjoint) equations (5.8) for the La-
grange multipliers ppn, qnqNn“1 and the corresponding stage variables P,Q with P “
pPℓp¨qqsℓ“1, Pℓ P Rs and Q respectively.

pn “ pn`1 ` eTP, ρN ´ ρd ´ pN “ 0,

ε2qn “ ε2qn`1 ` ε2eTQ, ε2qN “ 0,

P “∆t
`

BxpATQq ` Bxqn`1b
˘

´∆tM
´

B2xxpÃTPq ` B2xxpn`1b̃
¯

`∆tM
`

B2xxpATPq ` B2xxpn`1b
˘

,

ε2Q “´∆t
`

ATQ` qn`1b
˘

`∆t
´

BxpÃTPq ` Bxpn`1b̃
¯

.

(5.8)

We obtain boundary conditions for (5.8) as

qnp0q “ 0, qnp1q ` pnp1q “ 0, qnp0q “ pnxp0q and qnp1q “ pnxp1q. (5.9)

Furthermore, we consider under the assumption of using a type A scheme (we
leave on purpose a definitions of these scheme in appendix 5.5) the limit case ε “ 0

of the optimal control problem (5.5). Note that for ε “ 0 we have M “ Id. The
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semi–discretized problem is

min
1

2

ż

1

0

pρNpxq ´ ρdpxqq2dx`∆t
ν

2

N
ÿ

n“1

punq2

R “ ρne´∆tÃ
`

BxJ` B2xxR
˘

`∆tA
`

B2xxR
˘

J “ ´BxR
ρn`1 “ ρn ´∆tb̃T

`

BxJ` B2xxR
˘

`∆tbT
`

B2xxR
˘

ρ1 “ ρ0 ρnxp0q “ 0, ρnxp1q ` ρnp1q “ un,

(5.10)

and the corresponding adjoint equations are given by (5.11).

pn “ pn`1 ` eTP, ρN ´ ρd ´ pN “ 0,

P “ BxQ´∆t
´

B2xxpÃTPq ` B2xxpn`1b̃
¯

`∆t
`

B2xxpATPq ` B2xxpn`1b
˘

Q “∆t
´

BxpÃTPq ` Bxpn`1b̃
¯

(5.11)

We obtain boundary conditions for (5.11) as

pnxp1q ` pnp1q “ 0, and pnxp0q “ 0. (5.12)

The relation between the limiting problem and the small ε limit of the adjoint
equations (5.8) and (5.11) is summarized in the following Lemma.

Lemma 5.2.1 If the IMEX Runge Kutta method is implicit stiffly accurate (ISA)
and of type A, then the ε “ 0 limit of (5.8) is given by

pn “ etP, ρN ´ ρd ´ pN “ 0, qn “ 0, qN “ 0,

P “ pn`1es `∆tBx
`

ATQ
˘

´∆t
´

B2xx
´

ÃTP

¯

´ B2xx
`

ATP
˘

¯

´∆tpb̃T ´ eTs ÃqB2xxpn`1e

0 “´∆t
´

ATQ´ Bx
´

ÃTP

¯¯

`∆tpb̃T ´ esÃqBxpn`1eT

(5.13)

Further, there exists a linear variable transformation such that a solution to
(5.13) is equivalent to a solution of the adjoint equation (5.11) of Problem (5.10) for
ε “ 0.

Proof 5.2.1 In the case of implicit stiffly accurateness the IMEX scheme simplifies
to

R “ ρne´∆tÃpBxJ`MB2xxRq `∆tA
`

MB2xxR
˘

ε2J “ ε2jne´∆tApBxR` Jq
ρn`1 “ eTs R´∆tpb̃T ´ eTs ÃqpBxJ`MB2xxRq, jn`1 “ eTs J

(5.14)
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and the corresponding adjoint equations are given by

pn “ etP, qn “ ε2eTQ, ρN ´ ρd ´ pN “ 0, ε2qN “ 0,

P “ pn`1es `∆tBx
`

ATQ
˘

´∆tM
´

B2xx
´

ÃTP

¯

´ B2xx
`

ATP
˘

¯

´∆tpb̃T ´ eTs ÃqB2xxpn`1Me

ε2Q “ qn`1es ´∆t
´

ATQ´ Bx
´

ÃTP

¯¯

`∆tpb̃T ´ eTs ÃqBxpn`1e

Since M “ Id in the limit ε “ 0 we obtain the adjoint equations (5.13). Introducing
the transformation

Q “ ∆tATQ.

and proceeding yields from (5.13) the system (5.15).

pn “ eTP, qn “ 0, ρN ´ ρd ´ pN “ 0, qN “ 0,

P “ pn`1es ` BxQ
´∆t

´

B2xx
´

ÃTP

¯

´ B2xx
`

ATP
˘

¯

´∆tpb̃T ´ eTs ÃqB2xxpn`1e

Q “∆tBx
´

ÃTP

¯

`∆tpb̃T ´ eTs ÃqBxpn`1e

(5.15)

The latter are the adjoint equations (5.11) to problem (5.10) provided an implicit
stiffly accurate scheme (5.14) has been used. Therein ρn`1 “ ρn´∆tb̃T pBxJ` B2xxRq`
∆tbT pB2xxRq becomes ρn`1 “ esR ´ ∆t

´

b̃T ´ esÃ
¯

pBxJ` B2xxRq, which yields fur-
ther simplifications in (5.13) and (5.15), respectively.

A particular, yet important case of Lemma 5.2.1 are the so–called globally stiffly
accurate IMEX scheme. They fulfil additionally pb̃T ´ eTs Ãq “ 0.

5.3 Optimal choice of M

In the following section we discuss the optimal choice of µ in equation (5.6). We want
to avoid parabolic stiffness for small value of ε, and the numerical instabilities due to
the discretization of the term pj`µρxqx. In [38] the following formula has been used
µ “ expp´ε{∆xq, here we want to choose µ in such a way that Chapman-Enskog
expansion with respect to ε at least to order Opε2q and the term j ` µρx vanishes.
It can been shown that independent of µ a stiffly accurate asymptotic-preserving
IMEX yields an asymptotic–preserving scheme for the limit equation.
Considering an s´stage IMEX scheme and a semi–discretization of (5.5) as in

(5.7), the optimal choice of an diagonal matrix M, such that the explicit term
J`MBxR vanishes in the Opε2q regime is presented in the following lemma.
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Lemma 5.3.1 If the IMEX scheme is of type A an optimal choice for M in the
Opε2q regime for scheme

R “ ρne´∆tÃBx pJ`MBxRq `∆tAMB2xxR
ε2J “ ε2jne´∆tApBxR` Jq
ρn`1 “ ρn ´∆tb̃TBx pJ`MBxRq `∆tbTMB2xxR (5.16)

ε2jn`1 “ ε2jn ´∆tbT pBxR` Jq

is given by

M “ ∆t
`

ε2Id`∆t diagpAq
˘´1

diagpAq. (5.17)

The formula follows straightforward substituting stage by stage the approximation
of order Opε2q in the subsequent stages

J1 “´
a11∆t

ε2 ` a11∆t
BxR1 `Opε2q,

J2 “´
a22∆t

ε2 ` a22∆t
BxR2 ´

a21∆t

ε2 ` a22∆t
pBxR1 ` J1q
looooomooooon

Opε2q

`Opε2q “ ´ a22∆t

ε2 ` a22∆t
BxR2 `Opε2q

...

Ji “´
aii∆t

ε2 ` aii∆t
BxRi ´

i´1
ÿ

j“1

aij∆t

ε2 ` aii∆t
pBxRj ` Jjq
looooomooooon

Opε2q

`Opε2q “ ´ aii∆t

ε2 ` aii∆t
BxRi `Opε2q.

We leave a rigorous proof in subsection 5.6.

Remark 5.3.1 Note that M “ diagpµn
j q is not depending on tn, i.e, µn

j ” µj, and
the solution of (5.17) can be computed for the stages once and for all. Moreover
(5.17) tells us that when εÑ 0, M has the expected behavior, namely MÑ Id.

5.4 Numerical results

For the temporal discretization we use different IMEX schemes fulfilling the prop-
erties of Lemma 5.2.1. We consider second–order in time schemes. The IMEX
GSA(3,4,2), [107], as given by the Butcher tables in table 5.4 is a globally stiffly
accurate scheme which is of type A. The implicit part is invertible and the last row
of implicit and explicit scheme coincide. It is of second–order as the numerical re-
sults show. Further, we consider the second–order IMEX SSP(3,3,2) scheme, [38],
(table 5.5) which is only implicitly stiffly accurate and of type A. In view of Theorem
3.1 [107] we observe that SSP(3,3,2) is symplectic. Theorem 2.1 [107] guarantees



AP schemes for the OC of hyperbolic problems with relaxation 119

that for all considered schemes the convergence order of the IMEX scheme applied
to the optimality system is also of second–order.

For the spatial discretization we introduce an equidistant grid withM grid points
txiuMi“1 and grid size ∆x, such that x1 “ ∆x

2
and xM “ 1 ´ ∆x

2
. We set ρnpxiq “ ρni

and jnpxiq “ jni .
Since the Goldstein-Taylor model depends on ε, we expect parabolic behavior

for ε ! 1 and hyperbolic behavior else. We use second order central difference for
the diffusive part ρxx and hyperbolic discretization based on an Upwind scheme for
the advective terms. In order to determine the Upwind direction, we recall from
section 5.1 the definition of the macroscopic variables

ρ “ f` ` f´, j “ 1

ε
pf` ´ f´q. (5.18)

We obtain for f`, the density of particles with positive velocity, the Upwind
scheme,

f`i ´ f`i´1
∆x

“ f`i`1 ´ f`i´1
2∆x

´ ∆x

2

f`i`1 ´ 2f`i ´ f`i´1
p∆xq2 .

Similar for the scheme of f´. By combining the discretization for f` and f´ we
obtain the discrete stencils in the original variables by applying (5.18), as follows:

Dhρ “ Dcρ´ ε∆x

2
D2j, Dhj “ Dcj ´ ∆x

2ε
D2ρ (5.19)

where Dc is the stencil for central difference 1

∆x
p´1 0 1q and D2 the second order

central difference 1

p∆xq2
p1 ´ 2 1q. Using a convex combination of the discretization

of the diffusive term with the hyperbolic part by the function Φ “ Φpεq we finally
obtain

Dρ “ ΦDcρ` p1´ ΦqDhρ, Dj “ ΦDcj ` p1´ ΦqDhj (5.20)

The function Φ is chosen such that Φp0q “ 1 and Φpεq∆x
2ε
Ñ 0 for ε Ñ 1. The

simplest possible way is Φ “ 1 ´ ε, but more cleaver choices have been proposed
in [? ], where the value of Φ coincides with µ “ expp´ε{∆xq or in [? ] with
Φ “ 1´ tanhpε{∆xq.

In all cases we discretize the with a spatial grid size ∆x « ∆t since we avoid
the parabolic CFL condition due to introduced splitting, (5.6). The discretization
of ∆x « ∆t is the typical hyperbolic CFL type condition induced by the transport.

5.4.1 Order analysis

To verify the theoretical results numerically we set up the following test problem.
We consider the parabolic case. Let ε “ 0, ν “ 0, ul “ ´1 and ur “ 1. Further
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N }ρ˚N ´ ρd}L8pL1pΩqq }ρ˚N ´ ρd}L8pL8pΩqq }p˚N}L8pL1pΩqq }p˚N}L8pL8pΩqq
20 1.31e-04 2.69e-07 1.25e-04 2.02e-07
40 3.10e-05 (2.08) 6.08e-08 (2.14) 3.03e-05 (2.04) 4.88e-08 (2.04)
80 7.55e-06 (2.04) 1.43e-08 (2.09) 7.46e-06 (2.02) 1.21e-08 (2.01)
160 1.86e-06 (2.01) 3.45e-09 (2.05) 1.85e-06 (2.01) 3.01e-09 (2.00)
320 4.62e-07 (2.00) 8.41e-10 (2.03) 4.61e-07 (2.00) 7.55e-10 (1.99)

Table 5.1: Order results for the GSA(3,4,2), table 5.4, ε “ 0. In brackets the the
log2-ratio between the results from two subsequent step width.

set ρ0 “ cospxq, j0 “ 0 and ρdpxq “ e´T cospxq. Then, the solution to the optimal
control problem (5.4) – (5.5) is given analytically by u˚ptq “ e´t pcosp1q ´ sinp1qq and
J “ 0 . Within this setting ρpx, tq “ e´t cospxq is solution of (5.5) and p˚pt, 1q “ 0.
The domain is Ω “ r0, 1s and the terminal time T “ 1.

We compute the numerical solution for different values ofN P t20, 40, 80, 160, 320u
using different IMEX schemes. We denote by ρ˚N and p˚N the solution to (5.8) with
initial values ρd “ ρpx, T q and ρN “ ρ˚N . We compare ratios of L8 and L1 errors of
the approximate solutions using the following norms:

L8pL1pΩqq :“ L8p0, T ;L1pΩqq and L8pL8pΩqq :“ L8p0, T ;L8pΩqq.

The results for different IMEX schemes are listed in table 5.1 and 5.2.

N }ρ˚N ´ ρd}L8pL1pΩqq }ρ˚N ´ ρd}L8pL8pΩqq }p˚N}L8pL1pΩqq }p˚N}L8pL8pΩqq
20 1.29e-04 2.73e-07 1.22e-04 1.96e-07
40 3.07e-05 (2.06) 6.15e-08 (2.15) 2.99e-05 (2.03) 4.80e-08 (2.02)
80 7.51e-06 (2.03) 1.44e-08 (2.09) 7.42e-06 (2.02) 1.19e-08 (2.00)
160 1.85e-06 (2.01) 3.46e-09 (2.05) 1.85e-06 (2.00) 3.00e-09 (1.99)
320 4.62e-07 (2.00) 8.43e-10 (2.03) 4.61e-07 (2.00) 7.52e-10 (1.99)

Table 5.2: Order results for the SSP2(3,3,2), table 5.5, ε “ 0. In brackets the
log2-ratio between the results from two subsequent step width corresponds.

As expected we observe the convergence order of two for all discussed schemes.
We tested the example for stiffly accurate (SSP2(3,3,2)) as well as globally stiffly
accurate schemes (GSA(3,4,2)). The order two is in particular preserved in the limit
ε “ 0 as expected by the previous Lemmas.
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5.4.2 Computational results on the optimal control problem

We compare the IMEX methods applied to the Goldstein–Taylor model in the limit
case ε “ 0 with the numerical solution presented in [156]. Therein, the limit problem
has been studied using parameters: T “ 1.58, ρo “ j0 “ 0, ρdpxq “ 0.5p1 ´ x2q, ν “
0.001, ul “ ´1 and ur “ 1. We furthermore set N “ 100 and M “ 50. We use a
gradient based optimization to iteratively compute the optimal control u˚ using an
implicit stiffly accurate scheme (ISA). The numerical approximation to the gradient
for the reduced objective functional J̃puq is then given by

∇J̃ “ ∆tpνun ` pnq

where pn is the solution to the adjoint equation (5.8), respectively (5.13), at time tn.
The terminal condition for the gradient based optimization is }projrul,ursp∇J̃q}L2p0,T q ď
10´6.

IMEX ε “ 0 ε “ 0.1 ε “ 0.5 ε “ 0.8 ε “ 1

GSA(3,4,2) 6.51 ¨ 10´4 5.94 ¨ 10´4 2.85 ¨ 10´4 2.47 ¨ 10´4 2.44 ¨ 10´4
SSP(3,3,2) 6.52 ¨ 10´4 - 2.84 ¨ 10´4 2.46 ¨ 10´4 2.43 ¨ 10´4

Table 5.3: Results for Jpu˚ε q, different IMEX schemes and values of ε. For ε “ 0 in
[156], they obtain Jpuq “ 6.86 ¨ 10´4.

The final values for Jpu˚ε q for the different schemes are presented in table 5.3.
The calculated values with our method Jpu˚

0
q are consistent with respect to the

numerical discretization in space and time to the ones in [156]. Note that in the
limit ε “ 0 we do not have a parabolic CFL condition due to the applied splitting
and the obtained results are precisely as in [156].

Figure 5.1 shows the numerical solutions using GSA(3,4,2) scheme for different
values of ε P t0, 0.1, 0.5, 1u. The globally stiffly accurate IMEX schemes yield solu-
tions to the ε´dependent class of optimization problems (5.5) across the full range
of parameters ε.

In figure 5.2 we plot the numerical solutions using SSP(3,3,2) scheme for different
values of ε P t0, 0.5, 0.8, 1u. As in [38] shown, SSP(3,3,2) is not globally stiffly
accurate, and therefore we cannot expect stability for small values of ε, even if ε “ 0

provides a stable solution. Further, we set N “ 200 for similar reasons.

In both figures, one can observe oscillations at the boundary x “ 1 for values of
ε ą 0.25. This is caused due to the assumption j “ ´ρx in x “ 1, which holds true
just for ε “ 0. We set Φ “ 0.3 for GSA(3,4,2) and ε “ 1. Further for SSP(3,3,2)
and ε “ 0.5 we set Φ “ 0.385. All other values of ε are treated with Φ “ 1´ ε3.
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Figure 5.1: Numerical solution, using GSA(3,4,2) scheme, see appendix 5.5, for 150
time steps and 50 grid points in space. The left part of the plot shows the optimal
controls u˚ε for different values of ε. On the right plot we show the corresponding
optimal states ρ˚ε p¨, T q ´ ρd for different choices of ε.
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Figure 5.2: Numerical solution, using SSP2(3,3,2), i.e. table 5.5, for 200 time steps
and 50 grid points in space. On the left the optimal control u˚ is plotted. The right
part shows the difference of the optimal state to the desired state, i.e. ρ˚ε p¨, T q ´ ρd.

5.5 Definitions of implicit–explicit Runge–Kutta meth-

ods

We consider the Cauchy problem for a system of ODEs such that

y1 “ fpyq ` gpyq, yp0q “ y0, t P r0, T s, (5.21)

where yptq P R and f, g : R ÝÑ R Lipschitz continuous functions. Using an Implicit-
Explict Runge–Kutta method with time step ∆t we obtain the following numerical
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scheme for (5.21)

Y “ yne`∆t
´

ÃFpYq ` AGpYq
¯

yn`1 “ yn `∆t
´

b̃TFpYq ` bTGpYq
¯

,

whereY “ pYlp¨qqsl“1 denotes the s stage variables, and FpYnq “ pfpYlqqsl“1,GpYq “
pgpYlqqsl“1, moreover e “ p1, . . . , 1q P Rs. The matrices Ã, A are sˆ s matrices, and
c̃, c, b̃, b P Rs. We take in account IMEX schemes satisfying the following definition

Definition 5.5.1 A diagonally implicit IMEX Runge Kutta (DIRK) method is such
that matrices Ã, and A are lower triangular, where Ã has zero diagonal.

Further we consider the following basic assumptions on c̃, c, b̃, b P Rs

s
ÿ

i“1

bi “ 1,

s
ÿ

i“1

b̃i “ 1, c̃i “
i´1
ÿ

j“1

ãij, ci “
i
ÿ

j“1

aij,

Those conditions need to be fulfilled for a first order Runge Kutta method. Increas-
ing the order of a Runge Kutta method increases the number of restrictions on the
coefficients in the Butcher tables. For IMEX methods up to order k “ 3, the number
of constraints can be reduced if c “ c̃ and b “ b̃, [152, 151].

Definition 5.5.2 (Type A [38, 145]) If A is invertible the IMEX scheme is of
type A.

0 0 0 0 0

3{2 3{2 0 0 0

1{2 5{6 ´1{3 0 0

1 1{3 1{6 1{2 0

1{3 1{6 1{2 0

1{2 1{2 0 0 0

5{4 3{4 1{2 0 0

1{4 ´1{4 0 1{2 0

1 1{6 ´1{6 1{2 1{2
1{6 ´1{6 1{2 1{2

Table 5.4: GSA(3,4,2), [107], Type A scheme and globally stiffly accurate, (GSA).

Definition 5.5.3 (Type GSA [38]) An IMEX method is globally stiffly accu-
rate (GSA), if c̃s “ cs “ 1 and

b̃T “ eTs Ã and bT “ eTs A, (5.22)

If the previous equalities hold only for the implicit part, the method is implicit
stiffly accurate (ISA).

To denote each IMEX scheme we use the following convention for the names of
the schemes: Acronym(σE, σI , k),where σE denoting the effective number of stages
of the explicit, σI of the implicit scheme. and k the combined order of accuracy.
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0 0 0 0

1{2 1{2 0 0

1 1{2 1{2 0

1{3 1{3 1{3

1{4 1{4 0 0

1{4 0 1{4 0

1 1{3 1{3 1{3
1{3 1{3 1{3

Table 5.5: SSP2(3,3,2) [145], Type A and implicit stiffly accurate scheme (ISA).

5.6 Proof of Lemma 5.3.1

Let consider system (5.16), we can decompose matrix A in this way A “ D ` L,
where D “ diagpAq and L is the lower triangular part of A, Therefore we can rewrite
the second equation for J in this way

ε2J “ε2jne´∆tD pBxR` Jq ´∆tL pBxR` Jq
`

ε2Id`∆tD
˘

J “ε2jne´∆tDBxR´∆tL pBxR` Jq

Neglecting the Opε2q term and inverting the diagonal matrix on the lefthand side
we have

J “´∆t
`

ε2Id`∆tD
˘´1

D
looooooooooooomooooooooooooon

M

BxR´∆t
`

ε2Id`∆tD
˘´1

L
loooooooooooomoooooooooooon

K

pBxR` Jq ` opε2q.

(5.23)

Recursively we substitute in J (5.23) itself, the first recursion gives

J “´MBxR`K pId´Mq BxR`K
2 pBxR` Jq ` opε2q

applying the recursion s´ 1 times we obtain

J “´MBxR´
s´1
ÿ

l“1

p´Kql pId´Mq BxR´ p´Kqs pBxR` Jq ` opε2q “

“ ´MBxR`
˜

s´1
ÿ

l“1

p´1ql´1Kl

¸

pId´Mq BxR` opε2q,

where in the last equation Ks vanishes since it is a nilpotent matrix of grade s,
moreover each element of matrix Id´M has order opε2q, from a direct computation
on the general i element of the diagonal matrix we have

pId´Mqi “ 1´ ∆taii

ε2 `∆taii
“ 1´ ∆taii

ε2 `∆taii
“ ε2

ε2 `∆taii
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Thus the expression for J reads

J “´MBxR` opε2q,

which cancel exactly the explicit part of the semi–discretize scheme, in the opε2q
regime. Hence the appropriate choice for M is given by

M “ ∆t
`

ε2Id`∆tD
˘´1

D. (5.24)

In table 5.6 we show M for different schemes using the provided method. Note
that we use the same M for the adjoint equations.

IMEX Mpεq

GSA(3,4,2) ∆t
2 ε2`∆t

diagp1, 1, 1, 1q

SSP2(3,3,2) diag
´

∆t
4 ε2`∆t

, ∆t
4 ε2`∆t

, ∆t
3ε2`∆t

¯

Table 5.6: Optimal choice of matrix M for the different IMEX schemes used.

5.7 Conclusions

In this chapter we develop an asymptotic preserving implicit-explicit Runge-Kutta
scheme for optimal control problems of boundary problems governed by the Gold-
stein–Taylor model. We investigated the relation of time integration schemes and
the formal Chapman-Enskog type limiting procedure. For the class of stiffly accu-
rate implicit-explicit Runge-Kutta methods (IMEX) the discrete optimality system
also provides a stable numerical method for optimal control problems governed by
the heat equation. The stability of the method is optimized for the stiff regime
thanks to the BPR approach and an optimal choice of the related function µpεq,
which permit a fully implicit solver for the limiting heat equation and numerically
cancel any loss of accuracy due to the explicit part of the method. The methodol-
ogy presented opens new perspectives to extend the same techniques for radiative
transfer equation, which gives a description of radiotherapy process in biomedical
application, results are a under investigations.
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