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Abstract

This work proposes new transmission conditions at the interfaces between the layers
of a three-dimensional composite structures. The proposed transmission conditions
are obtained by applying the asymptotic expansion technique in the framework of
Lagrange-Hamilton’s principle. The proposed conditions take into account inter-
facial effects of higher order, thus representing an extension of the classical zero-
thickness interface models. In particular, the (small) thickness of the interface to-
gether with its inertia, stiffness and anisotropy are accounted for. The effect of the
transmission conditions on the band structure of Bloch—Floquet waves propagating
in a one dimensional phononic crystal is discussed based on numerical results.
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1 Introduction

Phononic crystals are composites with a periodic structure made of materials with dif-
ferent elastic constants and densities. In these composites, elastic waves with frequencies
within a specific range (the phononic bandgap) are not allowed to propagate. There-
fore, phononic crystals present innovative filtering properties and offer possibilities for
controlling sound and heat propagation [17, 15, 13, 28|.

Many authors have studied the effect of material properties on phononic band gaps
(see [38, 39, 28, 8] and references therein) and found that microstructured materials are
able to control sound, whereas to control heat, nanostructures are generally required. For
a fine-scaled material with a large ratio of interfacial region to the bulk, the influence of
surface characteristics can be substantial and it is thus fundamental to propose reliable
and efficient models able to account for interfacial effects.

In the literature, a very large number of interface model have been developed (see,
for example [7, 3, 14, 16, 5, 22, 29, 4, 24]). We can classify these models into two



large families: phenomenological models, essentially built from experimental data, and
deductive models based on micro-mechanical analyses. In the present paper, we deal with
the second family.

The application of asymptotic techniques to obtain models of interfaces is now well es-
tablished [2, 18, 21, 30, 31, 32, 36, 37]. The idea behind this application is the replacement
of a thin, elastic, anisotropic interphase by a proper interface model; the equivalence be-
tween the two models is established by studying the asymptotic behavior of the interphase
as its thickness becomes smaller and smaller. In Section 2, the problem of a composite
made of three deformable solids (two adherents and a thin interphase) perfectly bonded
together is introduced in the framework of elastodynamics. The Lagrangian problem is
introduced and expanded with respect to the small parameter (the interphase thickness).
In Section 3, four sub-problems are studied, allowing us to derive the interfacial displace-
ment and traction jump relations at each level of expansion. In particular, higher order
levels of the expansion are taken into account.

In Section 4, the jump relations are reformulated into a general elastic imperfect
interface model in such a way that they take simpler and compact but equivalent forms,
particularly convenient for later use. It is also shown that the present formulation unifies
and extends four widely used interface models, the perfect interface, the mass interface,
the spring interface and the spring-mass interface, thus representing an enrichment of
the classical interface models due to high order interfacial effects. Notably, the presence
of first order derivates of the displacement and stress vector fields make the proposed
imperfect interface model nonlocal in character.

In Section 5, the imperfect interface model is applied to estimate the interfacial effects
of the periodic structure on bandgaps of a one-dimensional phononic crystal with imper-
fect contacts between the two constituent layers. The standard transfer matrix approach
is employed [23, 33, 34]. In particular, an additional interlayer matrix is introduced,
taking into account the imperfect contact. The dispersion equation is solved numerically
and the dispersion curves are shown in the Brillouin zone. The band gaps of the phononic
crystal with imperfect contact are compared with those obtained with perfect contact.
In particular, the effects of the small thickness of the imperfect interface, of its inertia
and stiffness on the band structure of the laminated phononic crystal are discussed on
the basis of the numerical results.

2 Statement of the problem

In the following a composite body made of three deformable solids, two elastic adherents
and a thin elastic adhesive, is considered (cf. Figure 1). At the initial time ¢;, the
composite occupies the bounded domain €2° depending on a small parameter € which is
the constant thickness of the adhesive. An orthonormal Cartesian basis (O, eq, ey, €3) is
introduced and x = (z1, x5, x3) is taken to denote the position of a particle. The adhesive
occupies the initial domain B®, defined by B® = {(x1,z9,23) € Q° @ |z3] < g} We take
0B° to denote the boundary of B¢, which is supposed to be sufficiently smooth. Thus, the
origin of the Cartesian basis lies at the center of the adhesive midplane and the z3—axis
runs perpendicular to the open bounded set S = {(x1, 29, 23) € Q° : 23 = 0}, which in
the following will be called the interface. The adherents occupy respectively the initial



Figure 1: geometry of the composite. Initial reference configuration made of two ad-
herents in perfect contact with a thin adhesive (a); corresponding rescaled configuration
with an adhesive of unit thickness (b); limit configuration obtained as the thickness € of
the adhesive goes to zero (c).

domains QF defined by Q5 = {(z1,22,23) € Q : +x3 > g} We take 025 to denote

the boundary of QF , which is supposed to be sufficiently smooth. The two-dimensional
domains S5 are taken to denote the interfaces between the adhesive and the adherents,

T ={(z1,29,23) € Q: 23 = j:g}. On a part SF of the boundary 0€°/S%, an external
time-dependent load g*(¢,x),t € (t1,12), is applied, and on a part ST of 90°/S% such
that Sgi N SE = (), the displacement is imposed to vanish. Moreover, it is assumed that
SiNB =0,S:NB° =0 and S;USFUSL = 9Q5. We take Sf to denote dB°/S5. The
part of the boundary Sf is force free. A time-dependent body force ££(¢,x),t € (t,t2), is
applied in QF. Let g* and f* be assumed regular functions on [t1, to] x S, and [ty, t2] X Q.,
respectively. In the following, u®(¢,x) is taken to denote the displacement field, o°(¢, x)
the Cauchy stress tensor and e(u®) the strain tensor. Under the small strain hypothesis
we have e;;(u®) = - (u;; + u5;), where the comma is the partial derivative.

The two adherents and the adhesive are supposed to be elastic, thus
o° =ase(u®) in Q7 (1)
o =be(u’) in B°. (2)

The elasticity tensors a; and b® have the usual properties of symmetry, Sijne = Shiij =
Sjikn, and of positivity, i.e. there exists a > 0 such that

SiinkCiiChk > Q€ii€ii,  €ii = €. (3)
J J J =] J J

We take p™ and (¢ to denote the strictly positive volumetric mass densities in the ad-
herents and in the adhesive, respectively, and [[ ]| to denote the jump along S5. The
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equations governing the motion of the composite structure are written as follows:

(05, + 1 = paiis in [t;, 1] x Q5
afjnj =g, on [tl,tQ] X 5’;{
0.5 = C°Uf in [ty, 1] X BF,
[[uf]] = 0 on [t ts] x S5,
ui =0 on [ty,ts] x SE, (4)
05 = a5 enk(u) in [ty, ] x QF,
Ufj = bfjhkehk(us) n [thtg] x B¢,
u; = U7 for t = t,, in QF,
[ uf =y, for t = t;, in O,

where 1; and ; are the first and second derivatives in time of w;, respectively, and U;
(resp. v;) are the initial displacement (resp. velocity) data. It is remarked here, that
(4) implies that [[oF]] = 0 on [t1,£5] x ST. Note that b5, and (° can depend on e. If
f= € L2([ty, o] ; H(QF, R®)) and g* € L*([t1,1o]; H' (S5, R?)), then problem (4) has an
unique solution in H'([ty,ts] ; HY(QF, R?)) [9, 27]. In the following, we take || || to denote
the usual euclidian norm in R3. The Lagrangian is introduced

Z (%) = T°(0%) — E~(u), (5)

where T°¢ is the total kinetic energy, sum of the kinetic energies of the adherents and the

adhesive,
Te(0f) = T5(0°) + T2 (0°) + Tx(u°),

TE(E) = = <€ 2d

20) =5, el o
<€ 1 €1|44E

Tp(e) =5 | ¢l

and E° is the total potential energy
Ef(v®) = E% (u®) + E° (u®) + Ej(u®),
1
EL(uf) = 5/ as(e(u®)).e(u’)dx —/

5y (uf) = % / b (e(uf) efu)d.

fi.usdx—/ g uds,,
S (7)

The Lagrange-Hamilton’s principle states that among admissible motions, the actual
motion of the material is such that

to
5 / Lot — 0. (8)
t1

Under suitable regularity assumptions on the domains Q% , B%, S and on the fields f*, g*, v¢, u®,
the Lagrange-Hamilton’s principle is equivalent to the equation of motions (4) [1, 35].

3 A general asymptotic approach

Since the thickness of the interphase is very small, it is natural to seek the solution of
problem (4, 8) using asymptotic expansions with respect to the parameter . In particular,
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the following asymptotic series are assumed:

uw =u’+ecu+e?u?+ & ud +o(e?) (9)
0 =0+ eol4e? 0?4+ &3 03 + o(e?).

The domain is then rescaled using a classical change of variable [10, 20]:

(217227Z3) = 1_3(331,532,373) = (1.171,2’1,36—1)7 (331,:172,333) € BE, (10)
A e 1
(21, 22, 23) = P21, T2, 3) = (1, 2, T3 £ 5 + 5), (21,72, 73) € QF, (11)

and let B be the rescaled interphase

1
B = {(21,22,2’3) c R3 . (21,22) € S, |23| < 5}, (12)

and (. the rescaled adherents. The displacement fields from the rescaled adherents and
from the rescaled interphase are

ﬁi(zla 29, 237t) = (]-l‘E o ﬁ_l)(zla 22723)7 (Zla 29, 23) € Q:l:a (13)

ﬁE<Z17 22, Z37t) = (us © pil)(zla Z27Z3)7 <Z17227 Z3> € B7 (14)

respectively. The conditions of perfect adherence at the interfaces ST can be written as

1 1
fli (Zl,ZQ,ﬂ:E,t) =u° (Zl,Zg,Zl:E,t> 5 (Zl,ZQ) S S, (15)
1
u® <$1,$27 (ig)qc,t) = ﬁi (Zl, 22, (i§)$at) ) ($1,$2)7 (21722,75) €, (16)
1
u’ (961,%27 (ig)i,t> =u° (2’1722, (ié)iJ) , (71,12), (21,22) € S. (17)

Using these notations, the kinetic and potential energies can be re-written as

T W) = TE(ul) + TE(ul) + TE(w),

7*5 1 N
i) = 5 [ el
+
- 1 cll~¢e
7iw) = 5 [ el

(18)

S0 W) = EH(IG) + £2(00) + S5,

sita) = 3 [ auleta)efayi: - [
G(a) = 5 [ blelar))e(w)dz

2 Jp

fi.ff‘dz—/ gt 0 ds,,
LT 3 * (19)

g9

where f* and g+ are the rescaled body and surface forces. We assume that
¢" =" +e" +ole), (20)
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K" = KJ +eK] + o(e),
where

ejl . _
Kkz bz]kl

The rescaled kinetic and potential energies in the adhesive then become

TE() ~ [51 (0 + ¢ () dz,
&g (u°) fBz 71K33( )u3—|—(K (s )u3+2Ka3(uE)ﬁ?3)

+g<2Ka3( ) + K2 (). ﬁ)—i—s?K'fﬂ(usa).uﬁ)dz,

) )

respectively, and correspondingly the Lagrangian becomes
L0, 0, 05, 0°) = T°(0g, 0°) — £7(ag, ).

The Lagrange-Hamilton’s principle is now written as

to o
5 / Zodt =0
t1

(26)

Substituting the change of variables into the expression of the displacement and stress

fields the following asymptotic expansions are deduced

65 =06"+eat +e26%+¢e% 6% +o(e?)
ﬁi:ﬁi+€ﬁi+52ﬁi+53ﬁi+o(e3)
ot =0"+eat+e?2 52+ % 5%+ o(e?)
i} :ﬁ0+6ﬁ1+52ﬁ2+63ﬁ3+0(63),

(27)

in the rescaled adhesive and adherents, respectively. Accordingly, the kinetic energy takes

the form

FE(L) = TYEL) + TR AL + 2 T20L) + ofe?),
Tah) = 2 /; p|[0% ]2 dz,
. + . .

THEL L) = o, pe(d L)

L0 = 5 [ e (JRLR 2002 )=

To(i) = cTH(00) + 2 TH W) +of),
7@ = 5 [ e

TR = /B (2@ - &) + )

and the potential energy becomes

f(ay) = ci“’o(ui)—keé"l(ﬁ Jul) + 2820, ul,0d) +o
sl - 5 [ o)l | s - / i,
UL 0L) = [y, an(e(nd)e(il)dz — fo, Filds — [y & alds.
E2al ki) = 5 [ aslelal))e <ui>dz+/mai<< 2) (i )dz

+ 2 5t 132
_fQif uidz—fégg .uidsz,
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1
&) = 5 [ KP@)at
i 1 . 5 - o i
(gang(uo’ 1) = 5f(2K33(u?3) 13+K?3( )a + 2K 3( )u%)dz,
1
sp(u’ al,u?) = 5/Z(K83<u13> 5+ 2K ()0 + 2K (u)y).u)y
+2Kg3(ud,).ul + 2Kg (al,).a% + 2K (ul,).u + K§7(al,).u% ) dz,
(30)
1
EHE0 0,0, w') = 5/(2K83<ﬁ?3>-ﬁ,3+2K83( )0 + K ().
B

+K33(_1) =1 +2K33(‘0) 1—123+2Ka3( )u3+K°‘B( )u?g
+2K3 (@ )u3+2KC’3(1‘1 )-?3+Kaﬁ( )).alk
).a%) dz.

+2K§?*(a’,).u% + 2Ka3(ﬁ
(31)
In conclusion, the Lagrangian is expanded as follows
FHE) = el (@) + 2O, 0, w0, a)
+5$1(ui,ui,ui,ug:,ﬁi, u’ al, u?) (32)

2 2 0 0 S0 =l 52 =3 2
+e* ¥ (ui,ui,ui,ui,ui,ui,u ,a',u%,u’) + o(e?).
In order to minimize the Lagrangian, we suppose that it is possible to minimize each

term in the expansion (32) independently, i.e. the Lagrange-Hamilton’s principle on %
is assumed to be equivalent to

to
5/ Lidt =0, i =—1,0,1,2. (33)

A justification of this assumption relies on previous results obtained in the static case,
where it has been shown that it is sufficient to consider only the minimization of the high-
est order energy term to derive all the Euler-Lagrange equations governing the problem
32].
We recall that this last equation can be written as
iig —igl—o 1=-1,0,1,2, (34)
dt Odjy, Iqx

where q;, € {u°,u', 0% w® 0%, ul, 03} are the generalized coordinates. The generalized

coordinates defined on the rescaled adhesive, 0, @', a2, @?, are assumed to belong to V7,
subsets of H([ty,t,]; H'(B)), the set of vector-valued functions continuous and differ-
entiable as many times as necessary on [t,t,] X B satisfying the boundary and initial
conditions:

Vi = {ﬁeHl([tl,tz],Hl(B,Rg)), ﬁ_ﬁl on Six [tl,tg],
a=U'in{H} x B, a=v"in{t;} x B}, i=12,...
(35)



with S* = S x {£1/2}. In the rescaled adherents, the displacement fields 1%, al, 0% are
assumed to belong to the following sets of kinematically admissible displacements

Vi = {tae H'([ty, to); HY(Qy UQ_: R%) : a =0 on [ty, t5] x ST,
U=10'on [ty x S*, a=U'in {t;} x (L UQ_), (36)
u=vin{t;} x (Q UQ )Y, i=12 ..

(37)

Note that in the definition of sets V% and V* the initial conditions have be expanded using
notations proposed in (27).

Minimization of #~! At order —1, the Lagrangian is

Z7Ha") = —%/ K (0%).u%dz. (38)
B

In view of equation (34), one obtains
/ K (u%)vdz=0,Vvel’ (39)
B

which, if K33 £ 0, implies [19, 20]

u =0 in [t1,t] x B. (40)

_ 1
We take [ ]* to denote the jump along B in the third direction, i.e. [f]* = £(¢, 21, 29, 5) —

1
f(t, 21, 22, —5) Thus, we have

[@°] =0 in [t 1] x S. (41)

Note, that the condition of perfect adherence between the adhesive and the adherents,
at order 0, gives

1 1

uO <t7x17x2a0i> = 1Al?l: (t7Z1722aj:§) = 1_10 (tv Z1a227:|:5> ) (42)
1 1

gy (t, 1, 2,0%) = 634 (t, 21,22,i§) =03 (t, zl,ZQ,i§> , i=1,2,3, (43)

where the Taylor series along the x3—direction of u® and ¢° have been taken into account
together with the asymptotic expansions (9). Thus,

W] =0 in [t 2] x S. (44)

Here, the symbol | ] is taken to denote the jump across S in the limit configuration.



Minimization of " In view of (40) the Lagrangian at order 0 simplifies as

20 = g, peliies 5 [ avetaletityis )
+ Jo, FE0%d + [; g* 00ds..
Thus, equations (34) and (40) give after integration by parts
—/Q (i — div(as(e(a2)) — £4).v dz — /S (2 (e(6))n — g%).v ds.
+ g
+/5+ ay(e()))es v ds, — / a_(e(’))e;-vds, =0 YveV’ (46)

Using standard arguments and taking into account the constitutive equations in the
adherents and the initial condition, we obtain the classical equations of motion posed
only in the adherents

( &?j,j + Az'i = Pi&? in [tq,to] x Qi,
&?jnj =gF on [ty,ts] X é';t,
’[L? =0 on [tl,tQ] X Sa:, (47)
621’ = ?ijjhkehkmo) in [ty t] X Qu,
u; =Uj on {t1} x (),
uf = o) on {t;} x Q.

The term fS+ ey - vds, — fS, %3 - vds, = 0 implies that fS [6°]" e3 - vds, and the
continuity condition (42) gives [6°]"e3 = 0. Thus, the problem at order 0 in the limit
configuration obtained for € — 0 can be written as

( U%J + fl:t = piu? in [tl,tg] X Q:i:,

a?jnj = gli on [ty,te] X Sgi,

u) =0 on [ty,ts] x SE,

) U?j = a;‘;thhk<UO) in [tl,tg] X Q:b (48)

[u?] =0 on [t ts] X S,
[0%] =0 on [ty,ts] X S,
=07 on {t;} x
[ a) =? on {t;} x O,

where Qi = {(z1,29,23) € Q: £x3>0}. As a conclusion, a dynamic problem with
perfect adhesion between the adherents is obtained at the order 0.

Minimization of #! Using the relations obtained in the previous sections, the La-
grangian at order 1 becomes

L= / 5ley - alds, — / ey - ulds,
S+ -
1
_/B (§Kg3(ﬁ}3)ﬁ}3 + Kgg(ﬁ?a)ﬁ,li%) dZ, (49)
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up to terms in 0%, u® which are considered constant because the fields 0%, u" are deter-
mined at the lower order by solving (47). Thus,

/&Oeg - [v]*ds. —/ (K& (a)y) + K§*(ul)))) wadz Vv e ViweVh (50)
s B

This last equation and the condition of perfect adherence between the adhesive and the
adherents at order 1 in the rescaled configuration (see the last equality in (52) below)
imply that ﬁ}3 is independent of z3 or, equivalently, that the jump [G!]" is independent
of z3 and it is given by

[@']" = (KP) ™" (6%, — K§*ul,). (51)

,Q

Note that the inertial forces have no influence on this last result.
The conditions of perfect adherence between the adhesive and the adherents, written
at order 1 for the limit and the rescaled configurations, give

1 1 1

1_11 (t,wl,@,Oi) + 511% (t,l’l,ZL‘Q,O) = ﬁi (t,leZQ, iﬁ) = ﬁl (t721, 29, ii) (52)
L1 o 1\ 1

(t x1, 2,0 ) + 20 (t :Blax%o) o3| t, 21>Z27i§ =03 | 1, zlaz2>j:§ (53)

where ¢ = 1,2,3 and the Taylor series along the x3—direction of u®* and ¢° have been
taken into account together with the asymptotic expansions (9). Thus,

[u'] = (K3) " (0%; — K§*ul,)— < uf > (54)

where < f >= 1(£(0") + £(07).

1
2

Minimization of .#? Using the relations obtained in the previous sections, the La-
grangian at order 2 can be written as

= o (gnﬁ;r\?) o+ [ () a3 [ asle(i) e(ul)d:
_%/3(21(33( L)+ 2K ().l + K () o

KGO () + 2K (),) 63 ) dz, (55)

up to (constant) terms in u°, u’. Note also that, in view of (51), the term u; is completely
given in terms of @’ and thus it can also be considered constant. Equations (34) and (55)
applied to il and u® give after integration by parts

Ja. (piﬁli - div(ai(e(ﬁi)))> vdz — [¢, 0'es - vds, + [, 'es - vds,
T o 0t vds + [ O wdz + [ (Ki(h) + KJM (%)) wadz =0, (56)
Vv eV vwe Vi
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From latter equation, using standard arguments, one obtains

6i1jnj =0 on [t1,ts] X L?gi,
ﬂg =0 on [tl,tg] X S;t, (57)
6L =ak, enn(@l) in [ty 1] x ©
17 Aljhk hk 1,02 . =+
ﬂzl = U} on {t;} x Oy,
L ﬂzl = f)zl on {tl} X Qi.

Using integration by parts (cf. the terms w ,) and the continuity of the displacements at
order 1 at the surfaces ST, one obtains

[6']7es = ¢ — Ki () — Ko (aly) (58)
which, in view of (51), becomes
61 ey = il — K3 (K)ol — (K3 (KE) T KP + KI) wly (59)

Using the continuity conditions, the above conditions can be rephrased on the limit
domain obtained as ¢ — 0 :

( U}M = pii in [tq, 6] x O,
U}jnj =0 on [ty,ts] X S;t,
UZIIO on [tl,tg] XSL:::,
O'ilj = afhkehk(ul) in [ty,ta] X O,
ul] = ((K3) 7 (0% — KgPul,)). — < uly > on [y, 1] X 5,

. a —1 o —1 @
o) = i — (Ko (K)ot + (K (KE) K+ K(*) )
— < 0%g > on [t,ts] x S,
i=U on {t;} x Q,
L Uzl = V; on {tl} X Qi-
(60)
Note that forces concentrated on the edge of S emerge from the latter calculation
F = Kga(u?ﬁ)na + Ki* [u'] na (61)

In conclusion, a contact law of imperfect interface is obtained in (60), prescribing the
jumps of the displacement and stress fields at the order 1 in terms of the corresponding
fields solution of the elastodynamics problems at order 0. Note that the inertial terms at
order 0 enter the imperfect interface law.

4 Condensed interface law
The interface laws calculated at the order zero and at the order one can be condensed in a

single formulation accounting for both contributions. Indeed, combining the asymptotic
expansions (9), the matching conditions (42), (52), the fifth and the sixth of the equations
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(48) and the fifth and the sixth of the equations (60), the jumps of displacement and stress
vector fields across the interface in the limit configuration can be rewritten as:
W] ~ (K*) (<o >e3—K¥ <u’, >) —e <uf >, (62)
[oes] ~ e < it > —eK* (K¥) ' <o, > ey
—& <K3‘" (K®) 'K 4 Kﬁ‘”> <u,y> <0y >. (63)

Note the use of the average operator <-> introduced to take into account the disconti-
nuity of the stress and displacement fields o¢i3 and u® established at order one.

It is important to note that the imperfect interface model characterized by the rela-
tions (62) and (63) includes as special cases four widely used interface models: the perfect
interface, the mass interface, the spring interface and the spring-mass interface.

To see this, we first consider the case in which the interface stiffness is much lower
than that of the adherent stiffness. This case can be formulated as follows:

K/ = K7, (64)
where T will denote quantities independent of . If ¢¢ = ¢, then accounting for (64) in
(62) and (63) it can be obtained that, to within an error of order O(¢),

<o >e; ~ K¥[u, (65)

[0'683] ~ 0. (66)

These two equations represent the classical spring interface model. If (¢ = 1/¢ ¢, then,

accounting for (64) in (62) and (63), it can be deduced that, to within an error of order
O(e),

<ot >e; ~ K¥[u, (67)

[ofes] ~ ¢ <ii >, (68)

which represent the spring-mass interface model. In the case of a stiff interface, accounting
for

K/ = K (69)

and ¢° = ( in (62) and (63), it can be proved that, to within an error of order O(e),
[u’] =~ 0, (70)
c%es] ~ 0, (71)

relations representing the behavior of a perfect interface. Finally, accounting for (69) and
¢ =1/e ¢ in (62) and (63), it can be shown that, to within an error of order O(¢),

] ~ 0, (72)
cFes] ~ (<u® >, (73)

which is a formulation of the mass interface model.
As a final remark, it is important that the presence of first order derivates of the
displacement and stress vector fields make relations (62) and (63) nonlocal in character.
The implicit and nonlocal formulation given by relations (62) and (63) thus represents
an enrichment of the classical interface models, obtained by taking into account high order
effects. The formulation will be adopted in the application to phononic crystals proposed
in the next Section.
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Figure 2: Sketch of a 1D phononic crystal as a layered periodic structure obtained by
alternating different layers separated by higher order imperfect interfaces.

5 Band gaps in 1-D phononic crystals with imperfect
interfaces

Consider an one-dimensional phononic crystal, a periodic array of homogeneous isotropic
adherent layers €24 of two types as in Figure 2. The layers are separated by identical
material interfaces whose behavior is modeled the contact conditions (62) and (63). The
x3 axis is perpendicular to the layers and the (z1,x2) coordinate plane is parallel to the
layers. The period of the array is [ = [, +[_, where [ are the thicknesses of the two layers.
The mass densities and the elastic constants of the two layers, taken to be isotropic, are
denoted by py and Ay, pu4, respectively.

We consider the propagation along the x3—axis of time-harmonic (shear, SH, and lon-
gitudinal, P) elastic waves through the periodic array. The displacement in the material
is assumed to have only a 1—component for the shear wave and a 3—component for the
longitudinal wave. The two components inside the layers are denoted by uy and satisfy
the motion equations

ul + KPprur =0, w3€ QL n=0+1,42 ..., (74)
where

Ke=w/er, ¢ =\/jix/ps (75)

ke =wfe, =/ (Ax+2us)/ps (76)

for P waves. The symbol w is the circular frequency and the prime in (74) denotes
differentation with respect to the z3—coordinate. The solutions of equations (74) are

for SH waves and

us(23) = Ay exp™* £ By exp £ (77)
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with Ay, By constant coefficients. The stress inside the layers (the component o3 for SH
waves and the component o33 for P waves) are

o(x3,t) = prciul, = ipscirp(As exp™™ — By exp "), (78)

The interfaces separating the different layers are described by the laws (62), (63), in which
the matrix K is chosen to correspond to an isotropic behavior. Thus, denoted with A and
1 the elastic constants entering the matrix K, denoted with ¢ the mass density of the
interface and with ¢ its (small) thickness, the contact conditions (62), (63) specialized to
the case of propagation of SH and P waves reduce to

] = e(p- /v —Dul/2+e(psct /v — Dl /2, (79)
0] = —e(Cu(u+un)+pul +piul) 2. (0)

where 7 = p for the SH wave (for which v = wy,0 = 013) and v = A + 2u for the P
wave (for which u = u3, o = 033). In view of (77, 78), one has that v/, = 01 /(p+c%) and

U] = —k3ul, = —prw?u/,, thus the contact conditions (79, 80) can be rewritten as
u] = a_o_+ayoy, (81)
[U] = b,u, + b+U+, (82)
with

ar = (17=1/(pecd))e/2 (83)
be = —(C—pu) we/2 (84)

Solving the system of equations (81, 82) with respect to uy and o, gives

(5)-m(5) )
(4T

the transfer matrix of the imperfect interface obeying the transmission conditions (79,
80).

Within layer 7%, it follows from (77) and (78) that the displacement u(™ and the
(n)
+

with

on the left and the right surface of the layer are related by

(n) (n)
ol R W ")
0L R 01

where the subscript L and R denote the left and right surface of each layer and

stress o

o cos(k4ly) sin(k+ly)/(wpres)
T:I: T ( —WpP+LC4 Sin(liili) COS(Hili) ) ' (88)
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According to the Bloch-Floquet theory in a periodic structure, the displacement and
the stress on the right surface of layer Q! are related to the the displacement and the
stress on the right surface of layer Q7!

uil )R ihl uil 21)
n | =exp’ = | (89)
01 R 01

with h the Bloch parameter. Inserting equations (86, 87, 88) into equation (89) leads to
the dispersion equation .
det(T, . T°T_T° — exp™ 1) = 0. (90)

We now numerically solve the dispersion equation and obtain the band gaps in the first
Brillouin zone for a composite made of alternating layers of Pb and epoxy. We adopt the
same values of the geometrical and material parameters as in [40]:

A =423 GPa, p_=149GPa p_=11600kgm™>, [ =10mm, (91)
Ay =443 GPa, p,=159GPa p, =1180kgm™, [, =10mm. (92)

The material properties of the thin layer are assumed to be as follows:
<A>=120_+Ay), <pu>=1/2(pu-+puy), <p>=1/2(p- + py). (93)

To check the soundness of the interface law obtained in the present paper, Figure 3
proposes a comparison between the band gaps of the phononic crystal obtained without
using the interface law, i.e. by considering three different layers of finite thickness, and
the bands gaps calculated for two layers separated by an interface obeying (62)-(63). For
the comparison, € has been chosen equal to 1.0 x 1073/. Figure 3 shows that the interface
law yields accurate results for the chosen geometrical and material material parameters.

We now discuss the effect of the parameters (, A and p of the imperfect interface
model on the band gaps. To do so, three cases are considered with corresponding values
of the geometrical and material parameters listed in table 1.

Case I considers the effect of an imperfect interface of increasing thickness, subcase
e = 0 corresponding to perfect contact of the layers. Case II simulates an interface of
increasing stiffness, starting from a soft interface behavior. Case III takes into account
the effect of a density increase. Wave bands and band gaps of the phononic crystal with
imperfect interface are shown in Figure 4 for the case I, in Figure 5 for the case II and
in Figure 6 for the case III. In the Figures, the solid lines and the dashed lines represent
the dispersion curves of SH and P waves, respectively.

Due to the vanishing of the thickness e, plot (a) of Figure 4 represents the band
structure of a phononic crystal with perfect contact between the layers. In this case,
three band gaps for SH waves propagation and two band gaps for P waves propagation
are observed in the considered frequency range. As the thickness of the interfacial layer
increases, two new band gaps appear between the original first and second band gaps of
SH waves. The new band gaps become more and more wide as the thickness increases
and the band structure gradually evolves from a propagating mode to a localized one.
The occurrence of a new band gap is also observed for P waves. As the interface stiffness
decreases, the system is more dispersive, in agreement with the numerical results obtained
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Case | €/l A <X >|(/<p>
p/ <p>
0 1.0 1.0
I 1.0 x 1073
5.0x 1073
1.0 x 1072
1.0x10%[1.0x10°2 | 1.0
5.0 x 1072
1 1.0 x 1071
5.0 x 1071
1.0x 1072 | 1.0 1.0 x 1072
1.0 x 107!
111 Lo
1.0 x 107!

Table 1: Chosen values of elastic coefficients, density and thickness of the imperfect
interface model.

in [6]. A similar behavior is noted in Figure 5 when the interface stiffness decreases moving
from a hard interface behavior (d) to a softer one (a). The evolution of the band structure
due to an interface of increasing density is shown in Figure 6 and, again, new band gaps
appear and the flat lines indicate localized modes.

The results presented in Figures 4, 5 and 6 are in agreement with the findings of [40],
where the classical interface models, the perfect interface, the mass interface, the spring
interface and the spring-mass interface, are studied separately and then compared.

6 Discussion and conclusion

In this paper, a model of imperfect interface has been derived from the asymptotic study
of a three phase composite with perfectly bonding conditions between two adherents and
an adhesive. It is shown that, if the stiffness of the glue is not too small, at the first order
in the expansion (the order 0) a model of perfect interface is obtained. The expansion at
the next levels yields a model of imperfect interface (at the order 1) taking into account
the inertial terms from the lower order and the partial derivatives of the displacement and
the stress vector fields. The laws obtained in the present paper generalize to the dynamic
case the imperfect contact laws given in [25, 32] and represent an unification and extesion
of the four classical interface models, the perfect interface, the mass interface, the spring
interface and the spring-mass interface.

In [5], Bovik addresses the modelling of thin layers in both elastic and acoustic scat-
tering problems. Here, we are interested on the first type of problems. In his derivation,
the thin layer is replaced by single surface of discontinuity modeled by a set of boundary
conditions of the order ¢ [5, eqns. (35)-(36)]. Bovik’s derivation is essentially based on a
continuation of the field variables from the adherents into the thin layer. In other words,
the thin layer is eliminated and it is replaced by an interface positioned at the location
of S with the two adherents being extended up to it. As a consequence, the material
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properties of the adherents appear in the interface laws together with those of the thin
layers and the interface model produces the perfect contact conditions when the material
is the same in the adherents and in the thin layer, cf. [5, eqns. (35)-(36)].

The derivation of our interface law (62)-(63) is based on a different approach, the
matched asymptotic expansions. This technique makes use of asymptotic expansions,
in particular within the thin layer. The resulting interface law is implicit, nonlocal and
explicitly dependent on the elastic properties and mass density of the thin layer (cf.
(62)-(63)). Moreover, in view of its implicitly character, the interface law (62)-(63) also
depends on the elastic properties and mass density of the adherents. This can be clearly
seen in the one-dimensional example considered in Section 5, cf. (81)-(84). Note also
that if the same material properties for the thin layer and the adherents are inserted
into (83)-(84), then the coefficients a+ and by vanish and the perfect interface model is
reobtained.

In the authors’ opinion, the vanishing of the right-hand sides for the same material
properties for the thin layer and the adherents can not be considered a general property
of an interface law modeling a thin layer. Consider for example the one-dimensional case
of a bar made of two different materials, a thin linear elastic adhesive layer of thickness ¢
occupying the interval (—¢/2,4¢/2) and two linear elastic adherents occupying the two
intervals (—1/2 — ¢/2, —¢/2) and (+¢/2,1/2 + £/2). The composite bar is loaded by two
opposite forces F' at its ends. From the analytical solution of the equilibrium problem,
it can be easily seen that the jump [u] := u(+¢/2) — u(—¢/2) is equal to Fe/E, with
FE the elastic modulus of the thin layer. This result is clearly independent of the elastic
moduli of the two adherent bars.  Actually, in the literature, it has been proved that
the jump of the displacement is of order € even if adhesive and adherents are made of
the same material. This has been rigorously shown by Licht and Michaille via a Gamma-
convergence analysis [26]. Numerical evidence of this fact has been given for example in
(11, 12, 21].

Note also that Bovik’s interface law [5, eqns. (35)-(36)] and the interface law (62)-
(63) give similar results when the elastic moduli of the thin layer are much lower than
those of the adherents, because they both reduce to the spring-type model. This can be
easily seen by assuming the elastic moduli of the thin layer to linearly depend on the
thickness ¢ and then by neglecting the terms of higher order in € in the two interface
models. We believe that an original and interesting feature of the interface law (62)-(63)
is the possibility of incorporating several classical interface laws, as already described in
Section 4.

The effects of the proposed transmission conditions on the band structure of Bloch—Flo-
quet waves propagating in an one dimensional phononic crystal have been discussed on
the basis of numerical results. In agreement with [40], our results can be interpreted as
the equivalence of the binary phononic crystals with imperfect interface and a ternary
system in which the third layer has mass, elasticity and a small thickness, as indicated by
the results presented in Figure 3. However, our treatment of a binary phononic crystals
with imperfect interface allows to simultaneously consider the effects of the density, stiff-
ness and geometrical parameters on the band structure and it is thus expected to provide
theoretical bases for band gap design of ternary or even quaternary or higher (by taking
into account different interfacial properties) layered periodic structures.
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Figure 3: comparison between the band gaps for a one-dimensional phononic crystal made
of three layers and the band gaps calculated for two layers separated by an interface. In
the two situations, € is 1.0 x 1073. The large dashed lines and the tiny dotted lines
represent the dispersion curves of SH and P waves, respectively, for the crystal made of
three layers. The solid lines and the small dashed lines represent the dispersion curves
of SH and P waves, respectively, for the crystal made of two layers separated by the
interface.
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Figure 4: case I. Band gaps for a one-dimensional phononic crystal with imperfect inter-
faces of increasing interface thickness: a) ¢/l = 0; b) ¢/l = 1.0x1073; ¢) ¢/l = 5.0 x 1073;
d) €/l = 1.0 x 1072. The solid lines and the dashed lines represent the dispersion curves
of SH and P waves, respectively.
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Figure 5: case II. Band gaps for a one-dimensional phononic crystal with imperfect
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P waves, respectively.
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