A SHARP ESTIMATE A LA CALDERON-ZYGMUND
FOR THE p—LAPLACIAN

LORENZO BRASCO AND FILIPPO SANTAMBROGIO

ABSTRACT. We consider local weak solutions of the Poisson equation for the p—Laplace operator.
We prove a higher differentiability result, under an essentially sharp condition on the right-hand
side. The result comes with a local scaling invariant a priori estimate.
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1. INTRODUCTION

1.1. The problem. In this paper we are concerned with local or global WP solutions to the
Poisson equation for the p—Laplace operator, i.e.

(1.1) — Apu = —div(|VuP 2 Vu) = f, in Q,

with © € RY open set. Our analysis is confined to the super-quadratic case, i.e. throughout the
whole paper we consider p > 2. For f =0, we know that

(1.2) Vul"z Vu € WE2(Q;RY),
This is a well-known regularity result which dates back to Uhlenbeck, see [13, Lemma 3.1]. We

refer to [6, Proposition 3.1] for a generalization of this result. If f is smooth enough, the same
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2 BRASCO AND SANTAMBROGIO

result is easily seen to be still true. For example, it is sufficient to take
1,p'
(1.3) f € Wige (),

where p’ = p/(p — 1). However, it is easy to guess that assumption (1.3) is far from being optimal:
in the limit case p = 2, (1.2) boils down to

Vu e W2 (Q;RY).

loc
Then from Calderdn-Zygmund estimates for the Laplacian, we know that this is true if (and only
if)
f € Lie (9.
Thus in this case f € L12OC would be the sharp assumption in order to get Uhlenbeck’s result.
The main concern of this work is to prove Uhlenbeck’s result for solutions of (1.1), under sharp
assumptions on f.

1.2. The main result. In this paper we prove the following result. We refer to Section 2 for the
notation.

Theorem 1.1. Let p > 2 and let U € VV&)’?(Q) be a local weak solution of equation (1.1). If

Fewsr Q) with p-2 <s <1,
p

loc

then B
V= |VU|"T VU € W2 (Q;RY),

and 5

VU € WIP(Q;RYN), f0r0<0<];.
Moreover, for every pair of concentric balls B, € Br € 2 and every j = 1,..., N we have the local
scaling invariant estimate

2 C P s—b=2 4

(1.4) /B Vo | daw < M/BR\VU! dw+C<R( P >[f]ww'<BR)> ’

for a constant C = C(N, p,s) > 0 which blows-up as s \, (p — 2)/p.

Remark 1.2 (Sharpness of the assumption). The assumption on f in the previous result is essen-
tially sharp, in the sense that the result is false for s < (p — 2)/p, see Section 5 for an example.
Also observe that

-2
PZ2N0 as p\2,
p
thus the assumption on f is consistent with the case of the Laplacian recalled above.

Remark 1.3 (Comparison with other results). The interplay between regularity of the right-hand
side f and that of the vector field V has been considered in detail by Mingione in [5]. However, our
Theorem 1.1 does not superpose with the results of [5]. Indeed, the point of view in [5] is slightly
different: the main concern there is to obtain (fractional) differentiability of the vector field

p—2
V:=|VU|"T VU,

when f is not regular. In particular, in [5] the right-hand side f may not belong to the relevant
dual Sobolev space and the concept of solution to (1.1) has to be carefully defined.
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In order to give a flavour of the results in [5], we recall that [5, Theorem 1.3] proves that if
2 <p< N and f is a Radon measure, then
T 2
Ve Wwir (RN, for every 0 < 7 < p/.
When the Radon measure f is more regular, accordingly one can improve the differentibility of V.
For example, [5, Theorem 1.6] proves that if 2 < p < N and f € L"(Q) with N —p < A < N,

then!
N — )

VGW%’Z(Q;RN), for every 0 < 7 < p/ (1—) .
p

loc

Here L' () is the usual Morrey space. In this case, the assumption on f guarantees that a solution
to (1.1) can be defined in variational sense, we refer to [5] for more details.
Some prior results are also due to J. Simon, who proved for example the global regularity

Ve w2(RY), for every 0 < 7 < p/,

for solutions U in the whole R with right-hand side f € L (RN), see [11, Theorem 8.1]. Finally,
even if it is concerned with the solution U rather than the vector field V', we wish to mention a
result by Savaré contained in [10]. This paper is concerned with global regularity for solutions of
(1.1) satisfying homogeneous Dirichlet boundary conditions. In [10, Theorem 2], it is shown that

FeWTIYO) = UewiNQ),  forevery0<r<l

when 0f) is Lipschitz continuous. This gives a regularity gain on the solution U of

1 1
- (-3)
p p

orders of differentiability, compared to the right-hand side f. It is interesting to notice that by
formally taking 7 = 2 in the previous implication, this essentially gives the regularity gain of
Theorem 1.1.

1.3. About the proof. Let us try to explain in a nutshell the key point of estimate (1.4). For the

sake of simplicity, let us assume that U is smooth (i.e. U € C?) and explain how to arrive at the a

priori estimate (1.4). The rigourous proof is then based on a standard approximation procedure.
For ease of notation, we set

G(z) = —, forzERN,

then U € T/Vl(ljf(Q) verifies
[, vaa= [ 1o

for every compactly supported test function . Uhlenbeck’s result is just based on differentiating
this equation in direction x; and then testing it against? Uy,. This yields

(1.5) / (D*G(VU)VU,;,VU,,) dx = / fu; Uz, d.

1The result of [5, Theorem 1.6] is not stated for V, but rather directly for VU. However, an inspection of the
proof reveals that one has the claimed regularity of V), see [5, proof of Theorem 1.6, page 33].

20f course, this test function is not compactly supported. Actually, to make it admissible we have to multiply
it by a cut-off function, see Proposition 3.2. This introduces some lower-order terms in the estimate, which are not
essential at this level and would just hide the idea of the proof.
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By using the convexity properties of G, it is easy to see that

/yv%\?d:c:/‘(yVU\”f VU)
Tj

The main difficulty is now to estimate the right-hand side of (1.5), without using first order deriva-
tives of f. A first naive idea would be to integrate by parts: of course, this can not work, since this
would let appear the Hessian of U on which we do not have any estimate. A more clever strategy
is to integrate by parts in fractional sense, i.e. use a duality-based inequality of the form

[ $: s, e

where W5~ 17" is just the topological dual of W~%P. The main point is then to prove that

2
dzr < /(DQG(VU) VU,,,VU,,) dx.

S Hf:v] HWS*l,p/ HUéI?] HW1*57P7

“taking a fractional deriative of negative order of fu;

. . . . . "
gives a fractional derivative of positive order

i.e. we use that

(1.6) [ fa;llwsror S I lyrasrs

see Theorem 2.6 below.
In order to conclude, we still have to control the term containing fractional derivatives of U,,.

This can be absorbed in the left-hand side, once we notice that Uy, is the composition of V of with
a Holder function. More precisely, we have

2
UI] = ‘V]’p’
thus if 1 — s < 2/p we get

U h) — Uy, |P
102 10 S sup/' 1
[h|>0 ‘h|

i+ ) = W
S [P [ 19w aes [

This would permit to obtain the desired estimate on V), under the standing assumption on f.

Remark 1.4. Actually, the genesis of Theorem 1.1 is somehow different from the above sketched
proof. Indeed, the fact that fractional Sobolev regularity of f should be enough to obtain V € W2
appeared as natural in the framework of the regularity via duality strategy presented in [9]. This is a
general strategy, first used in the much harder context of variational methods for the incompressible
Euler equation by Brenier in [3], and then re-applied to Mean-Field Games (see for instance [8] for
a simple case where this strategy is easy to understand). This strategy allows to prove estimates
on the incremental ratios

u(-+h)—u

h )

of the solutions u of convex variational problems by using the non-optimal function u(- + h) in the
corresponding primal-dual optimality conditions.

In our main result above we make the restriction p > 2. For completeness, let us comment on
the sub-quadratic case.
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Remark 1.5 (The case 1 < p < 2). The sub-quadratic case is simpler, indeed we already know
that in this case

JEIL@) = VeWEAQRY) = VUeW(QRY),

loc ¢

see for example® [4, Theorem| by de Thelin. We can have an idea of the proof of this result by still
following the guidelines sketched above. We treat the left-hand side of (1.5) as before, while on the
right-hand side one now performs an integration by parts and uses Holder’s inequality. These yield

/ij UIj d.ﬂU

and the term containing the gradient of VV can be absorbed in the left-hand side. Observe that
P\2 as p 2,

thus again the assumption on f is consistent with the case of the Laplacian.

2-p
<A fllpe Uz aille and U o lle S VY2 (VU 5

1.4. Plan of the paper. We set the notation and recall the basic facts on functional spaces in
Section 2. Here, the important point is Theorem 2.6, which proves inequality (1.6). In Section 3
we consider a regularization of equation (1.1) and prove a Sobolev estimate, independent of the
regularization parameter (Proposition 3.2). Then in Section 4 we show how to take the estimate to
the limit and achieve the proof of Theorem 1.1. We show with an example that our assumption is
essentially sharp: this is Section 5. The paper closes with an appendix containing some technical
tools needed for the proof of Theorem 2.6.

Acknowledgements. Both authors have been supported by the Agence Nationale de la Recherche,
through the project ANR-12-BS01-0014-01 GEOMETRYA. The first author is a member of the
Gruppo Nazionale per I’Analisi Matematica, la Probabilita e le loro Applicazioni (GNAMPA) of the
Istituto Nazionale di Alta Matematica (INAAM).
2. PRELIMINARIES

2.1. Notation. For a measurable function ¢ : RN — R* and a vector h € RY, we define

Un(x) =Pz +h),  opp(z) = vnlz) —Y(2),
and

Sptp(x) = 0 (0¥ () = Wan(x) + () — 2 (2).

We consider the two vector-valued functions
—2
VG(z) = |22 2 and Vi(z)=|z|"7 z, for z € RY.
The following inequalities are well-known, we omit the proof.

Lemma 2.1. Let p > 2, for every z,w € RY we have

(2.1) |z —w| < C1|V(2) = V(w)|r,

BN

(2:2) V() = V(w)| < C (2% +ul T ) |2 - w),
for some Cy; = C1(p) > 0 and Cy = Ca(p) > 0.

3In [4] as well the result is stated directly for VU. However, it is easily seen that the very same proof leads to the
stronger result for V.
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2.2. Functional spaces. We recall the definition of some fractional Sobolev spaces needed in the
sequel. Let 1 < ¢ < oo and let ¢ € LY(RY), for 0 < 8 < 1 we set

[w}Nﬁyq(RN) ‘= sup hw
> ol 11 || oy’
and for 0 < 8 < 2
824
[Y] 28, = sup |[L= .
Bt ®Y) T s AP | fageany

We then introduce the two Besov-type spaces

NEARN) = {v € LURY) : [Wlygomn) <+00f,  0<B<L,
and

BLIRN) = {p € LYRY) : [W]gpagn, < +o0f,  0<f<2
We also need the Sobolev-Slobodeckii space

WhI(RN) = {¢ e LYRY) : [$lysaqn) < +oo} . 0<p<1,

where the seminorm [ ]y s.q(gy) is defined by

1
[V]ws.a@mN / / )|qd dy !
Woa®Y) = RN JRN |$—y\N+6q '

For 1 < B < 2, the space W™4(R™N) consists of
WhaRN) = {y) e LIRY) : Vo e Wﬁ_l’q(RN)} .
More generally, if @ C R is an open set, the space W4(Q) is defined by
W) = {v € LUQ) : [lwoag < +o0},  0<B<1,
and the seminorm |-y s,4(q) is defined accordingly. We endow this space with the norm

[llws.a) = 1¥lla@) + Wlws.a@q)-

For an open bounded set @ ¢ RY and 0 < 8 < 1, the homogeneous Sobolev-Slobodeckii space
Dg () is defined as the completion of C§°(£2) with respect to the norm

(s kupqu(g) = [MWBJZ(RN) o< pg<l,
or

= [bllprag) = IVOllLaeyy i 5=1

Finally, for 0 < 8 < 1 the topological dual of Dg’q(Q) will be denoted by D77 (). We endow
this space with the natural dual norm, defined by

1Pl sy = sup {[{F0)] + 0 € C(Q) with pllppay <1}, FeDP(9).
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Remark 2.2. It is not difficult to show that for 0 < 8 < 1 we have
Dy(Q) = LU(Q),
thanks to Poincaré inequality. The latter reads as

q Ba g
||u||Lq(Q) <ClQ~ HUHDg,q(Q)7

with C' = C(NV, 3,q) > 0.

2.3. Embedding results. In order to make the paper self-contained, we recall some functional
inequalities needed in dealing with fractional Sobolev spaces.

Lemma 2.3. Let 0 < 8 <1 and 1 < g < 00, then we have the continuous embedding
BRIRY) < NZIURY).
More precisley, for every i € Bgc’)q(RN) we have
C

[¢]N§;¢I(RN) < 1— ﬁ [w]BEéQ(RN)v
for some constant C' = C(N,q) > 0.

Proof. We already know that
C
[¢]N£dq(RN) < ﬂ [[¢]3&4(RN) + HwHL‘I(RN)} )

see for example [2, Lemma 2.3]. In particular, by using this inequality for ¥*(z) = ¢(Az) with
A > 0, after a change of variable we obtain

_N C _N _N
)‘5 E [¢]Nf<;q(RN) < m [)‘B e [w]B&q(RN)_'_)‘ ? ‘|77Z)||L‘1(RN):| :

By multiplying by AV /=B and taking the limit as A goes to 400, we get the desired inequality. [

Proposition 2.4. Let 1 <g< o0 and 0 < a < § < 1. We have the continuous embedding
NEARNY s Wea(RY).

More precisely, for every iy € No%q(RN) we have

p g gze
[w]?ﬁ/avq(RN) < Cm ([¢]j\/&q(R1\1))ﬁ (HwH%q(RN)> ’ )

for some constant C' = C(N,q) > 0.

Proof. Let us fix hg > 0, by appealing for example to [2, Proposition 2.7], we already know that

h(ﬁ—a)q 5hw q h—ocq
(. <Cc | up ||oos el | L[ :
Wy o) B=a ocpnicho 1 PIP | pa@ry @ ¥l

for a constant C depending on N and ¢ only. If we now optimize the right-hand side in kg we get
the desired conclusion. O
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Proposition 2.5. Let 1 <g< oo and 0 < a < § < 1. We have the continuous embedding
BLARY) s Witwq(RY),

In particular, for every ¢ € Béjﬁ’q(]RN) we have Vip € WI(RN), with the following estimates

C ﬁf—l q ﬁ
(2.3) IVl < o (e sgany) ™ (1)) ™
for some C = C(N,q) >0, and
a+1 B—a
(2.4) V0 oy < C (00 magny) T (0l 0qe)

for some C = C(N,q,«, 3) > 0, which blows up as o /B, B\ 0 or 3 /1.

Proof. We already know that
C
||V1/)”Lq (RN) < C ||¢||Lq(RN + @ [¢]B£BVQ(RNY
see for example [2, Proposition 2.4]. By replacing v with the rescaled function ¢*(z) = (A z) and
optimizing in A, we get (2.3).
For the second estimate (2.4), it is sufficient to observe that

C
[V”(/’]fvgdq(RN) < m[iﬂqgéﬁ,q(ﬂ{mv

again by [2, Proposition 2.4]. Then by using Proposition 2.4 for Vi and (2.3), we get the desired
conclusion. O

2.4. An inequality for negative norms. As explained in the Introduction, a crucial réle in the
proof of Theorem 1.1 is played by the following weak generalization of the so-called Necas’ negative
norm Theorem (which corresponds to 5 = 0, see [7]).

Theorem 2.6. Let 0 < S <1 and 1 < q < co. Let B C RY be an open ball, for every f € Wﬁ’q(B)
we have

(2.5) [ fo;lps—ramy < Clflwsam)s j=1,...,N,
for a constant C = C(N, 5,q) >0

Proof. We explain the guidelines of the proof, by referring the reader to Appendix A for the missing
details. We first prove

(2.6) [ fz; lps-1a5y < C (HfHLq(B) + [f]wﬂa(m) ,  J=1...,N.
This estimate says that the linear operator
T; : Wh4(B) — DP~19(B),

defined by the weak j—th derivative is continuous. It is easy to see that T} is continuous as an
operator defined on W4(B) and L4(B). More precisely, the following operators

T;: Wh(B) — L%B)

T;: LIY(B) — D Y(B)
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are linear and continuous. In other words, inequality (2.6) is true for the extremal cases § = 0 and
B = 1. We observe that WW54(B) is an interpolation space between W4(B) and LY(B), i.e.

Wh(B) = (LU(B), W' (B)), .

see Definition A.2 for the notation. We can then obtain quite easily that T} is continuous from
W54(B) to the interpolation space between D~19(B) and LY(B), i.e.

(D~19(B), LU(B)) ;.

see Lemma A.5. Such a space can be computed explicitely: as one may expect, it coincides with
the dual Sobolev-Slobodeckii space D~14(B) (see Lemma A.6). This proves inequality (2.6).

In order to get (2.5) and conclude, it is now sufficient to use a standard scaling argument. Let
us assume for simplicity that B is centered at the origin, for f € W59(B) and every A > 0, we
define fy(x) = f(x/A). This belongs to W9(\ B), then from (2.6) and the scaling properties of
the norms, we get

N _
Ne P fo, lps-raemy = 1)z, lps-1aa 3y < C (Hf)\HLq()\B) + [fA]W@q(AB))
N ﬁ_ﬁ
= C (N W o) + A7 Wlwoas)) -

If we multiply by A®~V/¢ and then let A go to 0, we finally get the desired estimate. (]

3. ESTIMATES FOR A REGULARIZED PROBLEM

Let U and f be as in the statement of Theorem 1.1. Let B € €2 be an open ball, for every € > 0
we consider the problem

—divVGe(Vu) = f., in B,
(3.1) { U U, on 0B,

where:

1
o Go(2) == (¢ +|2]?)%, for every z € RY;
p

o f. = fx0: and {p:}c>0 is a family of standard compactly supported C'*° mollifiers.

Problem (3.1) admits a unique solution u. € WP(B), which is locally smooth in B by standard
elliptic regularity.

Proposition 3.1 (Uniform energy estimate). With the notation above, we have

(3.2) /\Vua\pd:ngCapgl / ]VU\daH—C’/ VU dz+C|BI £ .
B B B (B)

for some C = C(N,p) > 0.

Proof. The proof is standard, we include it for completeness. We take the weak formulation of
(3.1)

/(VGE(Vug), V) dr = /fe pdz, for every ¢ € Wol’p(B),
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and insert the test function ¢ = u. — U. This gives

/B<VG5(VUE),VU5) d:n:/

(VG- (Vaue), VU dx + / £ (ue — U)dz
B B
< [ 1960 IV do -+ 1 £l g e = Ul

We then observe that
(VG:(2),2) > |2|P, ze RV,

and
IVG.(2)| < C (5; 2| + |z|p_1) <Ce"T 4207, zeRY,

for some C' = C(p) > 0. By using these inequalities, we get
-1
[ 1Vupds <€ [ [9Uldn+C [ (90l 901 dn 4 el e = Ulloois)
B B B
< / IVU|dz + C'r / Vue|? d
B B

__1_ 1
+Cr 71 [ [VUP do+ CIBIY el ) Ve = VUl

where we used Young’s inequality in the second term and Poincaré’s inequality in the last one. By
taking 7 > 0 sufficiently small, we can then obtain

/yvuaypdxgce"zl / |VU\da:+C/ VU dz
B B B

1
+ C[B|~¥ ||f€HLp’(B) [Vue = VU 1r(B)-

We can now use the triangle inequality on the last term and conclude with a further application
of Young’s inequality, in order to absorb the term containing Vu.. We leave the details to the
reader. O

The proof of Theorem 1.1 is crucially based on the following
Proposition 3.2 (Uniform Sobolev estimate). We set
V. = V(Vue) = |Vue|'T V.

Let (p—2)/p < s < 1, for every pair of concentric balls B, € Bp € B and every j =1,...,N we
have
2 C

(3.3) / 02),,| dz < (R_T)Q/BR(H Vue[?) do + C (R(s—”p) [fg]ws,pf(BR))” ,

for a constant C = C(N,p,s) > 0 which blows up as s \, (p —2)/p.

/

Proof. In what follows, for notational simplicity we omit to indicate the dependence on € > 0 and
simply write

G, u, V and f.
For j € {1,..., N}, in the weak formulation of (3.1) we insert a test function of the form ¢, for
p € C§°(B). After an integration by parts, we obtain

/<D2G(VU) Vug,, Vo) dr = /ij pdx.



AN ESTIMATE FOR THE p—LAPLACIAN 11

By density, this relation remains true for ¢ € W with compact support in B. We then insert the
test function

Q@ = 42 ij,
with ¢ € C§°(BR) a standard cut-off function such that

C
R—1r’

(3.4) 0<¢(<1, (=1 B, [V<
Thus we obtain

/ (D*G(Vu) Vug,, Vug,) ¢* do = —2 / (D*G(Vu) Vug,, VE) ug, ¢ da
(3.5)
+/fmj (7 ¢ dz.

We first observe that the left-hand side is positive, since G is convex. As for the right-hand side,
we have

/ (D*G(Vu) Vg, , V() g, ¢ dv < / (D*G(Vu) Vug,, V)| |ua,| ¢ da

g/\/<D2G(Vu)Vuxj,Vum].> )
x V(D2G(Vu) V¢, VC) g, | ¢ de

thanks to Cauchy-Schwartz inequality. By using Young’s inequality in a standard fashion, from
(3.5) and the previous inequality we can obtain

/ (D*G(Vu) Vg, Vug,) (* dx < 4 / (D*G(Vu) V¢, V) |ug, |* da

+ 2 /fo u$j €2 d.’L‘
We now use that
P2 | < (D?G(2)€,6) < (p—1) (e + 2" ¢, z€eRY,

thus with simple manipulations we get

4(p—1
/!Vu|p_2|Vuxj|242dx§ (153])7")3/3 (e +|Vul?)? do + 2 /fzj g, (2 da.
R

‘We observe that

2

)

4 2 _
(3.6) 2 Vo, |” < [VulP =2 |Vug, |* < Vs,

thus we have

(3.7) /\vxjf (?dx < mé (5+|Vu|2)gdaj+2/ij Uy, ¢ da.
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We are left with the estimate of the term containing f,,. By definition of dual norm, fort (p—2)/p <
s < 1 we have

(3.8) /fx]. Uy, (P dx < || fo, I ps—1 () s CClwi-sw@n)-

Observe that by assumption 0 < 1 — s < 2/p, thus by Proposition 2.4 with « = 1 — s and = 2/p,
we have
(3.9)
C (1-9)% 1-2(1—s)
iy Ty < (TN R (%
J Wi=sp(RN) ( p— 2> (1 B} S) J J\/’o’;’p(RN) JWLP(BR)

p
In order to estimate the norm of uy; (2, we recall that
5 (ug, C?)|P
[%j Cz]p s = sup / Mdﬁ
NEP®N)  jnsoJry (A

Then we observe that from (2.1)

_ _ 2
la—bPP <C ‘|ay”z*2a—yby¥b . abeR

Thus we obtain

p—2 2
6511z, )7 o0 (a2, ) AN
_ < < . NG
/RN o desC | T da:_C/RN 9 (la, 12" 1w, )| i,

where the second inequality comes from the classical characterization of W2 in terms of finite
differences. By recalling the properties (3.4) of ¢, with simple manipulations we thus obtain

g, CQ]p , <C/‘V (!uz].\p%Q %j)f Czder(R—Cr)Q/B U, [P dz,
R

NET®N)
for a constant C' = C'(N,p) > 0. Observe that

p—2 2 p2 B p2 _ p2
1V (lta, 15 1, )| = B iy P72 [V [2 < 2 [F0f72 [T [2 < 2 0 2,

thanks to (3.6). This yields
C
ok <c [w.ped [ v d.
[UJC]NO%;?(RN)* ‘VJ| C x+(R—T)2 Br |vu‘ €

By inserting this estimate in (3.9), from (3.8) we get

’ [ foyua, o

P
2

s . (1-5)
< Cllf et (5 (Hij Ui + g ||VuHLp<BR>>

-T

hSAIN

1-2(1—s
x (IVull po(s) 20

)

4We exclude here the case s = 1, since this is the easy case. It would be sufficient to use Holder’s inequality with
exponents p and p’ to conclude.
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for a constant C' = C(N,p, s) > 0, which blows-up as s N\, (p — 2)/p. We can still manipulate a bit
the previous estimate and obtain

fo 1z, Cda| < )| Ve, €l + Ty 9l i
z; Uz; X zjllps—1.0" (BR) Zj SHUL2( BR) (Rir)lfs u LP(BgR)
1-5(1—s
< IVl () 2

1-(
< C o, lpomso () Ve, Sl (IVulliosg))

C
+ W I.fz; ”DS*LP’(BR) IVullze(BR),

1—s)

for a different constant C' > 0, still depending on N, p and s only. We now go back to (3.7) and
use the previous estimate. This gives

2 9 C 2\ P
/\ij\ ¢ deS(R_r)z/BR@HW\ )2 dz
1-2(1-s)
+ O fayllpo—s (mpy Ve, Clizlgy (IVullio(sy)

C
+ (R—r)l=s I.fz; ”’DS*LP/(BR) IVullze(BR)-

We need to absorb the higher order term containing V in the right-hand side. For this, we use
Young’s inequality with exponents

2 2
p/7 and 71)’
1—s 2—p(l—ys)
so to get
177 1-s
oy et gy 1V, €ty (19l o) 20

(A—s) v

<o (R-n ) v (5 TV, SR

C
+ R—r2 IVull? o g

which yields (by taking 7 > 0 small enough)

2 C 2
/]vxj\ <2d$§w[9 (6+|Vu\2)gdx+C(R—r)( ) 1 fa 12 (B
R

C
+ (R—r)l—s I.fz; HDS—LP/(BR) [VullLr(BR)-

We now apply Young’s inequality once more and Theorem 2.6, so to obtain (3.2). O

4. PROOF OF THEOREM 1.1
Let U € W,"?(€) be a local weak solution in € of (1.1). We fix a ball B € Q and take a pair

loc

of concentric balls B and B such that BreBe B € Q. There exists €g > 0 such that

(4.1) ”fEHLp’(B) + [fa]ws,p’(B) < HfHLp’(fg') + [f]ws,p’(é) < 400, for every 0 < e < .
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We consider for every 0 < ¢ < g the solution u. of problem (3.1) in the ball B. By (3.2) and
(4.1) we know that {uc}o<c<e, is bounded in W1P(B), thus by Rellich-Kondragov Theorem we can
extract a sequence {ej }ren converging to 0, such that

JHm [te), — ullLr(m) = 0,

for some u € WHP(B). Since u,, is the unique solution of

min{/ ng(ch)dm—/ fer pdx - go—UGWOLP(B)},
B B

by a standard I'—convergence argument we can easily show that v = U, i.e. the limit function
coincides with our local weak solution U.

From Proposition 3.2 and boundedness of {u., }ren, we know that {V:, }ren is bounded in
Wh2(B,;RYN), for every B, € B. Up to passing to a subsequence, we can infer convergence to
some vector field Z € W12(B,;RY), weakly in W2(B,; RY) and strongly in L?(B,;RY). In par-
ticular, this is a Cauchy sequence in L?(B,) and by using the elementary inequality (2.1), we obtain
that {ue, }ren as well is a Cauchy sequence in W1P(B,.). Thus we obtain

klir& Hvusk - VUHLP(BT) =0.
We need to show that Z = |[VU|®?~2/2U. We use the elementary inequality (2.2), this yields
p—2 p—2 2 p—2 p—2 2 9
/ ‘\Vu€k| = Vu., — |VU|"2 VU‘ dz < C / (\Vusk\ = 4 |VU|" ) Ve, — VU dz
B, B

p—2

=
<C (/ (|Vu€k|¥ + |VU|”2;2)H dm) ’
' 2
x (/ V., —VU\de>p.
B,

By using the strong convergence of the gradients proved above, this gives that Z = |VU \¥ VU
and it belongs to W12(B,;RY). By arbitrariness of the ball B, € B in the above discussion, we
can now take the ball Bg fixed at the beginning and pass to the limit in (3.3), so to obtain the
desired estimate (1.4).

Finally, the fact that VU € WP(€; RY) follows in standard way from the elementary inequality
(2.1). We leave the details to the reader.

5. AN EXAMPLE

We now show with an explicit example that the assumption on f in Theorem 1.1 is essentially
sharp.
Let us take U(z) = |z|~*, which belongs to W,"?(RN) if and only if

N
a< ——1.
p
Then we can compute

VUP2VU =~ |z~ E=D=10 0 div ([VUP2VU) o |z~ =11

and L
IVU|"Z VU ~ |z| (@t 514,
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We observe that N
VUI"Z VU € W2RY) <= a<

loc

On the other hand the function f(z) = |z|~(@+1) #=D=1 belongs to W/l‘f)’f/ (RVN) if

N —sp N 1
i I Tt
D p p—1

(a+D)(p—-1)+1<
If we take s < (p — 2)/p, we have
N -2

p
thus for every such s, if we take « = (N —2)/p — 1 we get

AU =feWSP®RY)  and  |VU|'T VU € WARY).

loc loc

Qg > —-1=aq,

This shows that in Theorem 1.1 the differentiability exponent s of f can not go below (p — 2)/p.

APPENDIX A. TOOLS FOR THE PROOF OF THEOREM 2.6

A.1. Basics of real interpolation: the K—method. We first present a couple of basic facts
from the theory of real interpolation, by referring the reader to [1] for more details.

Definition A.1. Let X and Y two Banach spaces over R. We say that (X,Y) is a compatible
couple if there exists a Hausdorff topological vector space Z such that X and Y are continuously
embedded in Z.

When (X,Y) is a compatible couple, it does make sense to consider the two spaces X N'Y and
X +Y. Thus we can give the definition of interpolation space.

Definition A.2. Let (X,Y) be a compatible couple of Banach spaces over R. For every u € X +Y
and t > 0 we define

K(t,u,X,Y)= inf {||u1HX Ftluslly ¢ u= +uz}.
u1€X,u2€Y

For 0 < a<1and 1 < g < oo, the interpolation space (X,Y )q,q consists of
oo dt
(X,Y)O[’q:{UEX_’_Y : / t_aqK(t,u,X,Y)qt<+oo}.
0

This is a Banach space with the norm
1
luallx vy, = </O+OO K ( u, X, Y ‘f) "
The following result is well-known.
Lemma A.3. Let 0 < 3 <1 and 1 < q < oco. For every B C RY open ball, we have
Wha(B) = (LI(B),W'9(B))
and there exists a constant C = C(N, 3,q) > 1 such that

1
o Wllamywiamy), , < llulwsas) < Cllullzas),wiam),,

By’

Proof. This is classical, a proof can be found in [12, Chapters 34 & 36]. O
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A.2. Weak derivatives. For j € {1,..., N}, let us consider the linear operator 7} defined by the
distributional j—th partial derivative, i.e.

<TJ(F)>90> = _<F7 Spﬂcj>

for every test function ¢ and every distribution F. We first recall the following fact, whose proof
is straightforward.

Lemma A.4. Let 1 <g< oo and j € {1,...,N}, the linear operators
T; : WH(B) — LYB) and T; : LY(B) — D "4(B),

are continuous on their domains. More precisely, we have

(A1) 1T5(u)llpamy < llullwram, for every u € WH4(B),
and
(A.2) 1T (u)lp-1.9() < llullLasy, for every u € LY(B).

We can then prove the following result.

Lemma A.5. Let 0 < B < 1 and 1 < q < co. Then the restriction of Tj to WP4(B) is a linear
continuous operator from W*B’q(B) to the interpolation space

Y(B) := (D4(B), LU(B)) .

In other words, there exist a constant C'= C(N, 3,q) > 0 such that

dt
a 7 S C ||7VLH"1,Vﬂ,q(B)7 for every u € WP4(B).

+oo
| PR s . o ), L)
0
Proof. Let u € W4(B), by Lemma A.3 there exists u; € LY(B) and uy € W4(B) such that
u=uj + ug so that by linearity Tj(u) = Tj(ur) + Tj(ug).
From the definition of the functional K, we have
£ K (T ). D9(B), L9(B)) <t (T )l + ¢ 15 02) 1))
<t ™’ (HUIHL‘I(B) +1t HUZHWL‘J(B))

where we used (A.1) and (A.2). By taking the infimum over the admissible pairs (u1,u2), we thus
get

t=P K(t,Tj(u), D~1(B), L%(B)) <t ? K(t,u, LY(B), WH4(B)).

By Lemma A.3 again, the right-hand side belongs to L4((0,400); 1/t). Thus, the same property is
true for the left-hand side and this concludes the proof. O
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A.3. Computation of an interpolation space. We now compute the interpolation space oc-
curring in Lemma A.5. In what follows we denote by X* the topological dual of a Banach space
X.

Lemma A.6 (Interpolation of dual spaces). Let 0 < f < 1 and 1 < ¢ < oo, then we have the
following chain of identities

as Banach spaces.

Proof. The first identity is a consequence of the so-called Duality Theorem in real interpolation
theory, see [1, Theorem 3.7.1]. This result requires the space

LY(B)nDy? (B) = Dy (B),

to be dense both in L7 (B) and D(l]’q/(B), an hypothesis which is of course verified.

The second identity is a basic fact in real interpolation, see [1, Theorem 3.4.1]. On the other
hand, the fourth identity is just the definition of dual space.

In order to conclude, we need to show the third identity, i.e.

/ 1’/ 1_7/
(/B2 (B)), =Dy (B)

Let us set for notational simplicity

X(B) = (Lq/(B),Dé’q,(B))l_ﬁvq,.

For every u € LY (B) + Dé’q/(B) and ¢t > 0, we also use the simplified notation

K(tu) = inf {HulH o+t 2] :u:u1+u2}.
weLd (B), useDL (B) L' (B) Dy (B)

For every u € X \ {0} and h € RN \ {0}, there exist u; € LY (B) and uy € Dé’ql (B) such that

(A.3) u=u1 + ug and lurll o gy + |1 ”UQHD(%’(I/(B) < 2K(|h],u).
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Both u; and ug are extended to RY \ B by 0. Thus for h # 0 we get®
ju( + ) = u(@)|? jus (@ + ) — w (@)
/RN DL ra < Jfox LR

|ug(x + h) — ug(x)|7
|| NHO=B)d

+C dx

RN

< C|h|—N—(1—B)q’ ||U1Hq/ "
-N
+C BTN [Ty ||, B)

!

o q
< C Y02 (g )+ ] el )

By using (A.3), we obtain

jul + b) — u(z)|? s :
[ Mt M gy < o0

We now integrate in h over RY. This yields

|u(z + h) — u(x)|” / —N-(1-8)¢ :
dedh < C h T K(|h],u)? dh
L L s < e [ (1], )

+00
:C’NwN/ 1007 K () = Ol
0

which shows that we have the continuous embedding

X(B) = Dy P (B).

We now need to show the converse embedding. Let us indicate by R > 0 the radius of B, we
further assume for simplicity that B is centered at the origin. Let u € Dl B (B), then in particular
u € L7 (B) (see Remark 2.2) and thus from the writing

u=1u-+0,
by definition of K we obtain

g (i T By %
-0 Kt u)? L < =D gp ) )|
R/2 t R/2 L7 (B)

RB-1H y
C208-Dd (1-8) ¢ Hu””'( B)

(A.4)

<CNlfy s

for some C' = C(N, 3,q) > 0. In the last passage we used Poincaré inequality for Dl B (B).

5In the second inequality, we use the classical fact

_ q ,
/ [ua(z + ) . uz(2)| de < C / |[Vusz|? dx.
RN |h’|q RN
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We need to deal with 0 < t < R/2. For this, we take a positive function ¢ € C5° with support
contained in {z € RY : |z| < 1} and such that [pn 1 dz = 1. Then we define

wt(x):tiNz/;(%), zeRN, t>0,

and

R R
_ RN v
vt(:c)—u<R_tx>, x € ,O<t<2,

where we intend that u is extended by 0 to the whole RY. In particular, u; vanishes outside Br_;.
Finally, for 0 < t < R/2 we set

ut<x>=vt*wt<x>=ANu(£y) jvw<”““;y) dy

B R 1 T —y
() e ()

By construction, for every 0 < ¢ < R/2 the function w; is such that

/ V|9 dz < +o00 and uy =0 in RV \ B,
RN

thus u; € D(l)’q,(B). We observe that by Jensen inequality (we use that y — 9:(z — y) has support

contained in Bgriy)
R ¢ q T
()| we

!
|l — g |? S// u(x
L4 (B) BJBr.

Thus by using a change of variable and Fubini Theorem we get

/ A Y — |, -
R
u(x >_U<R—ty)

R/2
<[] e
Bryt t
R/2 N r 1 €T R—t dt

(B-1)¢ _ ¢ — (2 =
/ // < > t lu(x) — u(z)] tNQ,D (t T z> dz dz ;

(R , B
g// lu(z) — u(2)|? / t(ﬁ_l)q_N¢<x 2+Z> L
BJBsg 0 t R t

We now observe that

y> dydz.

Dd

xr—Zz

+z
t R

>1 = 1/1(

thus in particular
T —z
t

z r—z z
3 7)o
>1+ 7 = z/z( ; +R>
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Finally, for x € B and z € Bsp we get

R/2 T—z z\ dt oo / rT—2z z
t(B=1)q¢' =N =< / tB-1d'=N fad
/o v ( R) t ~ Jo v t 'R

% ~I&

~+

t R
< C Yl poemmy |z — 217N~ 1=Ad

‘R
+oo
< [y (22 ) ¢

Thus, we obtain

/2 , ;o dt u(2)|
By~ a2 < Ol ey // da dz
(A5) / o) 7 I

< ' Jul|? )
<Nl st

In order to finish the proof, we just need to show that

BRSO
-1)q 4q q 7
(AG) /0‘ t 13 HutHD(l],q/(B) CHUH 1 B,q’ (B)

We first observe that (recall that u = 0 outside B)

R 1 T—y
Vut(a:):/BRtu<R_ty> NI Vw< ; )dy
R 1 x—y
= d
Jorr (750 e 7o (55

and by the Divergence Theorem

1 T —y

Thus we obtain as well

= [ o(5) (5] sl (57
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and by Holder inequality

q _ g
el gy = [, IVl da

(B)
R R
< [ (/RN “<Rﬂ>‘“<3ﬂ>
xr — ¢-1
V¢< ty>‘dy> dx

1
X RN tN+1

q 1
tN+1

oo (1) o)

!WJHU R R ¢ 1 z—y
e Lo Ll <R_ﬁ)—“(3-ﬂ) ot [0 (52 [ 0
vaHq_l ;1 R—t
ey /]RN/RN (w)|? INFT V1/1< i (z—w))‘dzdw.
This yields
/ +B=1)q" 4d I t”q »
B) t

|
< (8- 1)q/ / a
(A7) C(/‘ t . Ol iy
(R ;1 R—t dt
_ _ q (B-1)q _ -
C/RN/RN lu(z) — u(w)] (/0 t N ’Vzﬁ( i (2 w))’ ; dz dw.

We now observe that

R—t |2 —u R—1t -

thus in particular for 0 < ¢t < R/2 we have

1]z —w|
2t

> 1 = V¢<Rt (z—w)>:0.

This implies that for z,w € RY we have

R/2 o1 R—t dt +oo 1 R—t dt
B-ng 1 -t _ at _ / (B-1q L _ at
/0 ~ (VO TRr G s —ul w (VO TR G0 5

< C| VY| poomay I2 — w|~N=0=A)

Then from (A.7) we obtain (A.6). We can now conclude the proof of the embedding

DL (B) — X(B).
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From (A.4), (A.5) and (A.6) we get

+OO ! / R/2 / / +OO ! /
/ tB=1 4 [ (¢ )9 it_/ tB=DC K (¢, 1) 6?4_/ tB=DC K (1) %
0 0

R/2
R/Q dt
SC/ B-1)d ||u—ut||Lq BT
dt
1(B=1)d" 4d q -
vo [ el ) 5
RCRY % i
+ t K(t,u)? *<CHU|| 1
R/2 Dy (B)
for some C' = C(N, 3,q) > 0. This concludes the proof. O
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