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Abstract

Allen’s Interval Algebra is one of the most prominent formalisms in the area
of qualitative temporal (and, by extension, spatial) reasoning. However, its
applications are naturally restricted to linear flows of time. While there is
some recent work focusing on studying relations between intervals (and also
between intervals and points) on branching structures, there is no rigourous
study of the first-order theory of branching time. In this paper, we approach
this problem under a very general definition of time structures, namely, tree-
like lattices. While Allen’s work proved, over thirty years ago, that meets
is expressively complete in the linear case, we prove here that, surprisingly,
it remains complete for the class of all unbounded tree-like lattices. Such a
result cannot be generalized to the case of all tree-like lattices, for which we
prove that the smallest complete set of relations has cardinality three. We
provide in this paper a sound and complete axiomatic system for both the
unbounded and general case, in Allen’s style, and we present a systematic
study of minimally complete and maximally incomplete sets of relations,
again, for both the unbounded and the general case, proving that while
in the former case there are precisely four maximally incomplete and eight
minimally complete sets, in the latter case these are, respectively, eight and
nineteen.

Keywords: Representation theorems; branching time; complete and incom-
plete sets.

1. Introduction

Allen’s Interval Algebra (IA [1]) is one of the most prominent formalisms
in the area of qualitative temporal, and also spatial, reasoning. However, its
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applications are naturally restricted to linear flows of time. Recent work fo-
cused on integrating intervals and points to obtain a more general first-order
language for linear time [2], and to obtain suitable extensions of Allen’s IA
for branching time with and without points [3, 4]. Nonetheless, studying the
algebra that emerges from an extended set of relations and its computational
complexity is not enough to obtain a clear understanding of the first-order
structure that underlies it, and, as witnessed by a famous debate concern-
ing Allen’s first-order axiomatization of unbounded interval-based structures
(see [5, 6]), this study is not always easy. In this work, we provide a through-
out analysis of first-order structures for branching time under minimal hy-
pothesis: we only assume that structures are tree-like lattices, and we study
both the unbounded and the general case in terms of a suitable pure first-
order language to express the relations between two intervals on a tree-like
lattice in Ligozat’s style [7].

In this work, we present, first, (i) a first-order axiomatization of un-
bounded tree-like lattices, proving that the sole relation meets remains com-
plete, and (ii) a study of minimally complete and maximally incomplete
subsets of linear and branching relations for unbounded tree-like lattices.
We then focus on the general case, and we prove that meets becomes incom-
plete when structures are not necessarily unbounded; in this case, we provide,
again (iii) a first-order axiomatization of tree-like lattices based on a simple
complete set of three relations, and (iv) a study of minimally complete and
maximally incomplete subsets of linear and branching relations for tree-like
lattices. This problem was left open in [3] (Remark 5), and it turned out
to be particularly challenging. Apart from the intrinsic interest in generaliz-
ing Allen’s results to branching models of time, these results give a concrete
answer to the question: When is a given abstract relational structure an
interval-structure based on a branching model of time? Being able to answer
this question is a key step in constraint satisfaction problems over branching
models of time. For example, consider a scheduling problem in which there
are two processes which are scheduled to start together and after a certain
point they will be running in parallel. Each of these two processes may have
their own sub-processes with various scheduling requirements. The whole
system then is best modeled in a branching model of time and if one wants
to check whether a given schedule is consistent one needs to know, among
other things, that the abstract relational algebra described by the schedule
is indeed based on a branching model of time. Moreover, intervals in branch-
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ing time are receiving a renewed interested in the field of model checking,
historically confined to linear model of time; for example, in [8], the problem
of model checking is reformulated in terms of checking interesting properties
of computations that make sense on intervals instead of points, and systems
give naturally rise to branching structures. Finally, studying the first-order
theory of the intervals on branching structures is a necessary preliminary
step for the analysis of the complexity of the associated satisfiability (i.e.,
consistency) problems; these have been partially approached in [3], but are
still far from being solved in all aspects.

1.1. State of the art

Various representation theorems exist in the literature for languages that
include interval relations only on linear time: van Benthem [9], over rationals
and with the interval relations during and before, Allen and Hayes [10], for
the unbounded case without point intervals and for the relation meets, Lad-
kin [11], for point-based structures with a quaternary relation that encodes
meeting of two intervals, Venema [12], for structures with the relations starts
and finishes, Goranko, Montanari, and Sciavicco [13], that generalizes the re-
sults for structures with meets and met-by, Bochman [14], for point-interval
structures, and Coetzee [15] for dense structure with overlaps and meets.
Branching models of time which can be modeled by tree-like structures are
of special interest for temporal reasoning at all levels, since they allow for rep-
resenting non-deterministic aspects of systems, scenarios, and planning tasks.
At the modal logic level branching time models have been studied in depth
in the recent past. Originated by philosophical logic [16], where branching
time logics have been studied for analysis of non-determinism, causality, and
action-theoretical concepts, branching time (point-based) logics such as CTL,
CTL∗, or ATL (see, e.g. [17, 18]) have been proposed as specification lan-
guages and, mainly, for model-checking purposes. On the other hand, as far
as modal branching time interval-based logics are concerned, the literature is
much more scarce; we mention here a future-only branching time version of
Propositional Neighborhood Logic studied in [19]. Tree-like structures are a
natural choice for modeling temporal aspects of events. For example, in [20]
events are defined as closed interval in branching time, and branching struc-
tures are exploited to model the different courses that the world might take.
The underlying idea is to identify an event with the set of its occurrences in
time. An event may occur in many branches (actually an event is said to
occur in a branch if and only if it is completely contained in that branch),
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and a close analysis of this model of time immediately allows one to realize
how Allen’s relations naturally emerge in this extended context. Also, in the
area of automated planning it can be argued that branching time should be
chosen as the correct model; as a matter of fact, planning tasks can be mod-
eled as Kripke-like labeled graphs, which naturally unwind to be represented
as (potentially unbounded) tree-like structures.

1.2. Structure of the paper

In the next section we give the necessary preliminaries. In Section 3 we
prove that meets is enough to first-order define any other relation in the con-
text of branching orders, provided that models are unbounded. Section 4,
building on the previous result, provides a complete list of minimally com-
plete and maximally incomplete subsets of (linear and branching) relations,
again, under the unboundedness assumption. In Section 5 we drop the un-
boundedness assumption, and show that meets is no longer complete; in this
context, we provide a complete (and more complex) first-order axiomati-
zation of the set of all branching models. Finally, in Section 6 we study
minimal completeness and maximal incompleteness for subsets of (linear and
branching) relations in the class of all branching models.

2. Preliminaries and Notation

Let (T ,≤) be a partial order, whose elements are generally denoted by
a, b, . . . , x, y, . . ., and where a||b denotes that a and b are incomparable w.r.t.
the ordering relation ≤. A partial order (T ,≤), often denoted by T , is a
future branching model of time if and only if for all a, b ∈ T there is a greatest
lower bound of a and b in T , and, if a||b then there exists no c ∈ T such that
c > a and c > b. Allen’s representation theorem [1] works for the class Unb of
all unbounded (i.e., such that every point has a successor and a predecessor)
linearly ordered sets, and it can be immediately generalized for the class All of
all linearly ordered sets [2]. Here, we are interested in:(i) the class TUnb of all
unbounded future branching models of time, which immediately generalizes
Unb, and (ii) the class TAll of all future branching models of time, which,
symmetrically, generalizes All.

An interval in T is a pair [a, b] where a < b, and [a, b] = {x ∈ T : a ≤ x ≤
b}. Following Allen and Hayes [21], we adopt the so-called strict interpre-
tation by asking that intervals with coincident endpoints are excluded. The
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Figure 1: A pictorial representation of the 8 regions arising from an interval on a tree-like
lattice.

latter (i.e., the points) can be recovered in an extended point-interval struc-
ture and theory, as it has been recently done in the case of linear time [2].
Now, let I(T ) be the set of all intervals [a, b] of T . There are 24 basic re-
lations (including equality) among any two intervals of T , as described, for
example, in [3], 13 of which come from Allen’s IA over a linear order. As
opposed to naming these relations with letters (which come from the initials
of verbal description of the relation, such as m to denote that two intervals
meet) we shall use a more systematic notation, which is essentially a general-
ization of the one introduced in [7] and extended in [2]. If [a, b] ∈ I(T ), then
each point x ∈ T falls into exactly one of the 8 regions depicted in Fig. 1.
In other words, we name with a unique number each set of points that are
qualitatively in the same position with respect a given interval [a, b]: for ex-
ample, region 0 is the set of all points in the domain that are less than (and
comparable with) a, and region 5 is the set of all points in the domain that
are greater than some point c < a are incomparable with a. Accordingly, we
say that the position of x with respect to [a, b] is n (denoted by x n [a, b]),
where n ∈ {0 , . . . , 7}, if x falls into region n, as in Tab. 1. It is clear that in
the particular case of T being a linear order, then we only have the positions
0 , . . . , 4 (see [7]), which determine whether x < a, x = a, a < x < b, x = b
or b < x.

In order to describe a relation IrJ between the intervals I and J , we
will use the position of the endpoints of J with respect to I. In the case
when T is a linear order, the possible positions are 0 , . . . , 4, and each of
Allen’s relations are represented by InmJ , where n ,m ∈ {0 , 1, 2, 3, 4}, n is
the position of the left endpoint of J , and m is the position of the right
endpoint of J with respect to I. If we take two equal intervals I = [a, b]
and J = [c, d], then the position of the left endpoint J with respect to I
is 1 and the position of the right endpoint d of J with respect to I is 3.
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Region Semantics

x 0 [a, b] ⇔ x < a
x 1 [a, b] ⇔ x = a
x 2 [a, b] ⇔ a < x < b
x 3 [a, b] ⇔ x = b
x 4 [a, b] ⇔ x > b
x 5 [a, b] ⇔ x||a
x 6 [a, b] ⇔ a < x ∧ (a < y ≤ b→ y||x)
x 7 [a, b] ⇔ a < x ∧ ∃y(a < y < x ∧ a < y < b)

Table 1: Notation and semantics of the regions.

(meets,m) [a, b]34[c, d]⇔ b = c

(before,b) [a, b]44[c, d]⇔ b < c

(starts,s) [c, d]14[a, b]⇔ a = c, d < b

(finishes,f) [c, d]03[a, b]⇔ b = d, a < c

(during,d) [c, d]04[a, b]⇔ a < c, d < b

(overlaps,o) [a, b] 24 [c, d]⇔ a < c < b < d

a b

c d

c d

c d

c d

c d

c d

Figure 2: Linear relations, a.k.a. Allen’s relations; the equality relation is not depicted.

Therefore equality is represented by I13J . As another example, consider
Allen’s relation meets, take I = [a, b], J = [c, d] and suppose that I meets J .
Then c = b and so the position of the left endpoint of J with respect to I is
3. Since b = c < d, the position of the right endpoint of J with respect to I is
4. So the relation meets is represented by I34J . Now, suppose T is a future
branching model of time, and take I = [a, b], J = [c, d], where I, J ∈ I(T ).
Moreover, let n and m be the positions of c and d with respect to the interval
[a, b]. If both n ,m ∈ {0 , . . . , 4}, then the pair nm uniquely describes the
relation between I and J , and we call these linear relations; they are (the
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h[b, c]06 [a, e]
[b, d]07 [a, g]
[c, d]55 [e, f ]
[b, c]66 [e, f ]
[b, c]16 [b, e]
[b, d]17 [b, g]
[b, d]77 [g, h]

Figure 3: Determined non-linear relations.

well-known) Allen’s relations, and they are depicted, along with the notation
we use for them, in Fig. 2. Otherwise, the relation is called non-linear,
and these require more careful consideration. Suppose the intervals I, J
stand in some non-linear relation. For the cases described in Fig. 3, called
determined non-linear relations, again the pair (n ,m) uniquely determines
the relation between I = [a, b] and J = [c, d], which we denote by InmJ . On
the other hand, when nm is equal to 05 or 27 there are (only) two possible
relations between I and J . To resolve this issue we introduce a specific
notation for these undetermined non-linear relations in order to distinguish
the possible cases, namely we use InmJ or InmeJ . Notice that in [2], an
ontology which covers both intervals and points is considered, and, therefore,
on top of relations among intervals there are interval-point relations and
point-point relations. To distinguish relations among intervals, the notation
nm ii is used; we avoid this use of subscripts in our notation since we only
consider relations among intervals. The semantics of both determined and
undetermined relations can be specified as follows:

[a, b]06 [c, d] ⇔ c < a < d ∧ ∀x(a < x ≤ d→ x||b)
[a, b]07 [c, d] ⇔ c < a < d ∧ d||b ∧ ∃x(a, c < x < b, d)
[a, b]16 [c, d] ⇔ c = a ∧ ∀x(c < x ≤ d→ x||b)
[a, b]17 [c, d] ⇔ c = a ∧ d||b ∧ ∃x(a, c < x < b, d)
[a, b]55 [c, d] ⇔ c||a
[a, b]66 [c, d] ⇔ a < c ∧ ∀x(a < x ≤ b→ x||c)
[a, b]77 [c, d] ⇔ a < c ∧ b||c ∧ ∃x(a < x < b, c)
[a, b]05 [c, d] ⇔ c < a ∧ ∀x(c < x ≤ d→ x||a)
[a, b]05 e[c, d] ⇔ c < a ∧ a||d ∧ ∃x(c < x < d ∧ x < a)
[a, b]27 [c, d] ⇔ a < c < b ∧ ∀x(c < x ≤ d→ x||b)
[a, b]27 e[c, d] ⇔ a < c < b ∧ d||b ∧ ∃x(a, c < x < b, d)
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For any relation r between two intervals, its inverse relation, denoted by
r̄, is the relation

Ir̄J ↔ JrI.

In the cases of linear relations, the inverses of 00 , 01, 02, 23, 22, 12 are 44, 34, 24,
03, 04, 14, respectively. Note that the linear relation 13 is the equality of
intervals, which will be denoted =, and its inverse is itself. Moreover, from
the above description, it is easy to see that the inverses of 05 , 05 e, 27 , 27 e are
66 , 77 , 06 , 07 , respectively, and the inverses of 16 , 17 and 55 are themselves.
Since we deal exclusively with first-order properties, we can omit the relations
that may be defined simply as the inverse of another relation. Hence we
define the interval language over future branching models of time, denoted
by LBI , as LLI ∪ D, where LLI is the interval language over linear models
of time (i.e., Allen’s language, which includes the six basic linear relations
together with equality), and D is the set of all and only determined non-linear
relations. Given a future branching model of time T , the structure I(T )
will be considered as a LBI-structure where the relations nm are interpreted
as described above. Therefore, for every relation nm ∈ LBI , we have that
[a, b]nm [c, d] if and only if n is the position of c and m is the position of d with
respect to [a, b] (notice that our choice w.r.t. the relations that are included
in the language allows us to avoid the problem that arises from undetermined
non-linear relations).

Definition 1. Given a class of partial (resp., linear) orders C, the theory
of future branching time intervals (resp., of linear time intervals) over C is
the set of all LBI-sentences (resp., LLI-sentences) which hold in every I(T )
(resp., every I(T ) where T is a linear order) that belong to the class C, and it
is denoted by ΣCBI (resp., by ΣCLI). A future branching (resp., linear) interval
structure is any LCBI-structure (resp., LCLI-structure) I such that I |= ΣCBI

(resp., I |= ΣCLI). The theory ΣTAll
BI (resp., ΣAll

LI) is simply denoted by ΣBI

(resp., ΣLI).

Given a language L ∈ {LLI ,LBI}, a subset S ⊆ L, and a relation r ∈ L,
we say that S defines r over C, denoted by SC → r, if it is the case that
ΣCL |= (IrJ) ↔ ϕ(I, J), for some S-formula ϕ. Notice that definability is
preserved from a class C to a smaller one C ′. The set S is L-complete over
C if and only if S →C r for all r ∈ L; minimally L-complete over C, denoted
mcs(C) (resp., maximally L-incomplete over C, denoted MIS(C)) if and only if
it is L-complete (resp., L-incomplete) over C, and, every proper subset (resp.,
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every strict superset) of S is L-incomplete (resp., L-complete) over the same
class. For example, Allen and Hayes [10] proved that meets (i.e., 34 in our
notation) is LLI-complete over Unb, and, as we have recalled, it immediately
generalizes to prove that 34 is also LLI-complete over All. While proving
L-completeness of a set of relations requires (a set of) defining first-order
formulas, proving incompleteness is obtained by means of a bisimulation
argument, as follows.

Definition 2. Given a set of relations S, and two structures I(T ) and I(T ′)
based on future branching models of time (T ,≤) and (T ′,≤), a binary relation
f ⊆ I(T ) × I(T ′) is called a surjective S-truth preserving relation if and
only if:

(i) f respects the relations in S, i.e., if (I, I ′), (J, J ′) ∈ f , then r(I, J) if
and only if r(I ′, J ′) for every relation r ∈ S;

(ii) f is total and surjective.

If f is a surjective S-truth preserving relation, we say that f breaks r 6∈ S if
and only if there are (I, I ′), (J, J ′) ∈ f such that r(I, J) but ¬r(I ′, J ′).

As one would expect, surjective S-truth preserving relations preserve the
truth of all first-order formulas in signature S, as proven by a straightfor-
ward generalization of the classical result on the preservation of truth under
isomorphism between first-order structures.

Theorem 1. If f is a surjective S-truth preserving relation between I(T )
and I(T ′), and I1, . . . , Il, I

′
1, . . . , I

′
l are intervals of I(T ) and I(T ′), respec-

tively, such that (Ij, I
′
j) ∈ f for 1 ≤ j ≤ l, then for every first-order formula

ϕ(x1, . . . , xl) in the signature S, with free variables x1, . . . xl, we have that

I(T ) |= ϕ(I1, . . . , Il) if and only if I(T ′) |= ϕ(I ′1, . . . , I
′
l).

Therefore, in order to show that a certain subset of relations S is L-incomplete,
it suffices to provide a surjective S-truth preserving relation f between two
structures I(T ) and I(T ′) such that f breaks at least one relation r ∈ L\S.
When L-incompleteness is restricted to a certain class of structures C, then
both structures I(T ) and I(T ′) must be based on frames T , T ′ ∈ C.
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3. Completeness over TUnb

In this section we prove that, perhaps surprisingly, Allen’s relation 34 is
LBI complete over TUnb. The completeness of 34 in the linear unbounded
case, recalled in the previous sections, and studied also in [22], does not nec-
essarily generalize to TUnb, as the relative definitions might change. Notice
also that we state the result for the class TUnb while, in actuality, they hold
for the super-class of TUnb that includes tree-lattices that are not necessarily
unbounded to the left (only to the right). Proofs are stated in this slightly
more general setting; the axioms themselves are identical for the two cases
with the exception of the last one, which instead requires a slight change.

Lemma 1. For each r ∈ LLI , {34} →TUnb r.

Proof. To prove this result we can limit ourselves to presenting the set
of all defining formulas for each linear relation in terms of 34. A possible
solution is:

I = J ↔ ∀K(K34I ↔ K34J) ∧ ∀K(I34K ↔ J34K),
I44J ↔ ∃K(I34K ∧K34J),
I14J ↔ ∀K(K34I ↔ K34J) ∧ ∃K∀L((I34K) ∧ (K34L↔ J34L)),
I03J ↔ ∀K(I34K ↔ J34K) ∧ ∃K(K34I ∧K14J),
I04J ↔ ∃K,L(K34I ∧K14J ∧ I34L ∧ L03J),
I24J ↔ ∃K,L(K14I ∧K34J ∧ I34L ∧ L03J).

The above definitions are relatively straightforward, and can be easily proved
correct. 2

So far we have derived all the linear relations in LBI from 34; now we
can use all of them to derive the remaining (non-linear) relations. To this
end, we introduce a new relation that holds when I and J do not satisfy any
linear relations, by imposing that:

IbrJ ↔ (
∧

r∈LLI

¬(IrJ)) ∧ (
∧

r∈LLI

¬(JrI)).

We denote the complement of the relation br by li , which of course contains
the pairs of intervals which are related through some linear interval relation.
Note that the following observation about br holds in the general context of
TAll.
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Lemma 2. If I = [a, b] and J = [c, d], then ΣTAll
BI |= IbrJ if and only if b||d.

Proof. Suppose that IbrJ holds; we want to show that b||d. Since I and J
do not satisfy any linear relation, we have that either a||c, b||c, a||d or b||d.
If a||c, since a < b and c < d, we get b||d because T is future branching. If
b||c, since c < d, we get, again, b||d. Likewise, if a||d, a < b leads to b||d. As
for the other direction, it is clear that if b||d then I and J do not satisfy any
linear relation. 2

Lemma 3. For each r ∈ LBI \ LLI , {34} →TUnb r.

Proof. As in Lemma 1, we can limit ourselves to listing all necessary defi-
nitions. A possible solutions is:

I17J ↔ IbrJ ∧ ∀K(K34I ↔ K34J) ∧ ∃K(K14I ∧K14J),
I16J ↔ IbrJ ∧ ∀K(K34I ↔ K34J) ∧ ¬(I17J),
I55J ↔ ∃K,L(K34I ∧ L34J ∧K16L),
I66J ↔ ∃K(K16I ∧K34J),
I77J ↔ ∃K(K17I ∧K34J),
I06J ↔ ∃K(K16I ∧K03J),
I07J ↔ ∃K(K17I ∧K03J).

Once again, all the above are relatively straightforward, and it is easily seen
that they are correct under the assumption of unboundedness. 2

Theorem 2. The set {34} is minimally LBI-complete on TUnb.

Now we will provide an axiomatization for ΣTUnb
BI . As we have mentioned,

the provided axiomatization generalizes Allen’s set of first-order conditions
for an abstract structure to be interpreted as an unbounded branching model
of time (as opposed to an unbounded linear order). First, let us introduce
two new relations, defined using only 34, which make the exposition and the
axioms clearer.

I∼J ↔ ∀K(K34I ↔ K34J).

The relation ∼ is an equivalence by definition, regardless of the semantics of
34; in the semantics of interval structures, I ∼ J if and only if I and J have
the same starting point, and we can easily use ∼ to define a partial ordering
on the starting points of intervals:

I<J ↔ ∃K(K∼I ∧K34J).
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(1) ∀I, J((∃K(K34I ∧K34J))→ ∀K(K34I → K34J))
(2) ∀I, J((∃K(I34K ∧ J34K))→ ∀K(I34K → J34K))
(3) ∀I(¬I<I) ∧ ∀I, J(I<J → J 6< I) ∧ ∀I, J,K((I<J ∧ J<K)→ I<K))
(4) ∀I, J∃K(K ≤ I ∧K ≤ J ∧ ∀L((L ≤ I ∧ L ≤ J)→ L ≤ K))
(5) ∀I, J,K((I||J ∧ I 6∼J)→ ¬(I<K ∧ J<K))
(6) ∀I∃K(I34K) ∧ ∀I∃K(K34I)

Table 2: Axiomatization of TUnb in the language LBI (where the underlined conjunct is
added - it must be eliminated to axiomatize the super-class of TUnb that includes possibly
left-bounded tree-like lattices).

Let ≤ be a shorthand for the formula (I<J ∨ I = J), and let I||J be a
shorthand for (I 6< J ∧ J 6< I).

Lemma 4. The relation < induces a well-defined relation on the set of equiv-
alence classes of ∼. That is, if I<J , I∼I ′ and J∼J ′ then I ′<J ′.

Proof. Suppose I<J , I∼I ′ and J∼J ′. Let K be such that K∼I and K34J .
Since ∼ is an equivalence relation, K∼I ′ and since J∼J ′ we have K34J ′.
Therefore I ′<J ′. 2

Again, note that the above lemma is independent of the semantics of the
relation 34.

The first two axioms in Tab. 2 are based on the intuition that every inter-
val should have a unique starting point and a unique ending point. Axiom (3)
expresses the idea that < is a partial ordering. Also, we want to ensure that
the partial ordering induced by < on the equivalence classes of ∼ has great-
est lower bounds and that incomparable elements do not become comparable
in the future (so it is future branching), and to this end we use Axiom (4)
and (5). To express unboundedness we use Axiom (6). The second conjunct
of Axiom (6), underlined, can be added to obtain a representation theorem
for TUnb, or eliminated to obtain a representation theorem for the super-
class of TUnb of tree-like lattices unbounded to the right and not necessarily
unbounded to the left.

Theorem 3. Let I be a {34}-structure satisfying Axioms (1) to (6) (includ-
ing the last conjunct) in Tab. 2. Then, there is an unbounded future branching
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model of time T , definably interpretable in I, such that I is isomorphic to
I(T ).

Proof. Let T = I/ ∼, the set of equivalence classes of ∼ over I. By
Lemma 4, < induces a well-defined relation on T which we also denote by <.
Note that (T , <) is definably interpretable in I, and, moreover, by Axiom
(3), (4), (5), and (6), it is an unbounded future branching model of time.
Now, for L = {34}, we consider the set of intervals over T as a L-structure
where 34 is interpreted in the natural way, and define f : I → I(T ) as:

f(I) 7→ [I/ ∼, J/ ∼],

where J ∈ I with I34J . Note that J/ ∼ is independent of the choice of
J . If J ′ is any other interval such that I34J ′, then by (1) we have J∼J ′;
moreover, the existence of such J is guaranteed by Axiom (6). We claim
that f is an isomorphism of L-structures. Suppose, first, that f(I) = f(J);
then I/ ∼= J/ ∼, and there is K such that I34K and J34K. Using Axiom
(1) and (2) it is easy to see that I = J . Note that = is interpreted in
I by the definition provided in Lemma 1. So f is one-to-one. Now, let
[I/ ∼, J/ ∼] ∈ I(T ). Then, I/ ∼< J/ ∼, and, by the definition of <,
there is K ∈ I such that K∼I and K34J . Therefore f(K) = [I/ ∼, J/ ∼],
and, so, f is onto. Finally, we need to show that f respects the relation
34. To this end, take I, J ∈ I such that I34J and f(I) = [I/ ∼, K/ ∼],
f(J) = [J/ ∼, L/ ∼]. Then, K is any interval such that I34K. Since we also
have I34J , K∼J by (1), and, hence, f(I)34f(J) as we wanted. 2

Theorem 4 (Representation Theorem). ΣTUnb
BI is axiomatized by Axioms

(1) to (6) (including the last conjunct) in Tab. 2, together with the definitions
of all relations in LBI from 34.

Proof. It is clear that if T is an unbounded future branching model of time
then (1) to (6) hold in I(T ). Suppose that I is an LBI structure satisfying (1)
to (6), where each relation in LBI is interpreted according to the definitions
provided in Lemma 1 and 3. Then, by Theorem 3, I is isomorphic to an
interval structure I(T ) and therefore I |= ΣTUnb

BI . 2

4. Expressive Power over TUnb

To complete our analysis of the class TUnb, we ask ourselves which sub-
sets of LBI are minimally complete and which are maximally incomplete,
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MIS(LBI)s mcs(LBI)s
{03,=} ∪ (LBI \ LLI) {34}
{14,=} ∪ (LBI \ LLI) {14, 24}
{04,=} ∪ (LBI \ LLI) {03, 24}
{24,=} ∪ (LBI \ LLI) {14, 04}

{03, 04}
{14, 03}
{04, 24}
{44}

Table 3: Maximally LBI -incomplete (left-hand side) and minimally LBI -complete sets
(right-hand side) over TUnb.

borrowing (and extending) some constructions from [22] to this end, keep-
ing in mind that even for linear interval relations definability equations over
future branching models of time may be different from the corresponding
definitions over linear models of time. The main reason for this difference
is that over branching models time the negation of b ≤ c is not c < b any-
more, and this obvious difference makes definability relations more difficult
to devise. In the following, we shall make extensive use of Theorem 2, which
implies that if 34 is definable from S then S is complete.

Lemma 5. Each set listed in the right-hand side column of Tab. 3 is LBI-
complete over TUnb.

Proof. The completeness of 34 is proved in Theorem 2, and its minimality
is obvious; in the rest of the proof, we list a set of equations for the remaining
sets. We first consider the case S = {14, 24}; with the aim to define the linear
relation 34 (and, therefore, prove the completeness of the considered set), we
define the weaker relation 34 ∪ 44, which holds between [a, b] and [c, d] if and
only if b ≤ c, instead, as:

I34 ∪ 44J ↔ ∃K(I14K ∧ ∀L(J14L→ K24L)) ∧ ∧∀K(J14K → ¬I24K).

Then, from the above relation it is immediate to obtain 34:

I34J ↔ I34 ∪ 44J ∧ ∀K(I34 ∪ 44K → ¬(K34 ∪ 44J).

14



The case S = {24, 03} is very similar to the previous one:

I34 ∪ 44J ↔ ∃K(J03K ∧ ∀L(I03L→ L24K))∧
∀K(I03K → ¬K24J),

whose correctness is immediate. As for the set S = {14, 04}, we prove its
completeness by defining 24 in it, and, then, resorting to the previous results:

I liJ ↔ ∃K(I04K ∧ J04K).

By imposing I liJ we make sure that I and J are related by some r ∈ LLI ;
then, the unboundedness of the considered models, as well as the fact that
they are future branching, play an essential role in this definition:

I24J ↔ ∃K(I14K ∧ ¬(J04K) ∧ ∃K ′(K ′04K ∧K ′14J))∧
∃K(K14J ∧ ∀K ′(I04K ′ → K04K ′))∧
I liJ.

In a similar, but simpler, way we can prove that S = {14, 03} is complete.
Indeed, the following formula defines 34:

I34 ∪ 44J ↔ ∃K(I14K ∧ J03K) ∧ ¬∃K(K03I ∧K14J).

It is immediate to see that the above definition is correct. We now have
to consider the set S = {24, 04}, and we do so by means of the following
definition:

I34 ∪ 44J ↔ I liJ ∧ ∃K,K ′(I04K ∧ J04K ′ ∧K24K ′)∧
∃K(I04K ∧ ¬(J04K)) ∧ ∃K(J04K ∧ ¬(I04K))∧
¬(I24J) ∧ ¬(J24I) ∧ ¬(I04J) ∧ ¬(J04I).

To complete this proof we have to show that {44} defines 34. We do so
by proving that {44} defines both 14 and 03, and, then, resorting to the
completeness of {14, 03}:

I14J ↔ ∀K(K44I ↔ K44J) ∧ ∃K(I44K ∧ ¬J44K)∧
∀K(J44K → I44K)

I03J ↔ ∀K(J44K ↔ I44K) ∧ ∃K(K44I ∧ ¬K44J)∧
∀K(K44J → K44I).

2
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Lemma 6. Each set listed in the left-hand side column of Tab. 3 is LBI-
incomplete over TUnb.

Proof. Let S = {14,=}∪(LBI\LLI). Borrowing the construction from [22],
we take T = Q with the usual ordering, and f : I(T ) → I(T ) that sends
every interval [a, b] to [a, a + 2 · |b − a|]. In other words, the image of any
interval [a, b] under f has the same beginning point, but double the length
of [a, b]. Notice that we are allowed to consider linear structures, as they
are simply degenerate branching structures. We claim that f preserves every
relation in S: first, observe that it is a bijection, so equality is preserved; then,
it is easy to see that every non-linear relation is also preserved, because the
structure is linear; finally, we have that [a, b]14[c, d] if and only if a = c and
b < d, that is, if and only if a = c and a = c and a+ 2 · |b−a| < c+ 2 · |d− c|,
which happens if and only if the image under f of [a, b] is in the relation 14
with the image under f of [c, d]. But, for example, 44 is broken by f : indeed,
[0, 1]44[2, 3] but [0, 2]44[2, 4]. A similar, but symmetric, argument, works to
prove that S = {03,=} ∪ (LBI \ LLI) is also incomplete. Suppose, now, that
S = {04,=} ∪ (LBI \ LLI) Again, we take T = Q with the usual ordering,
and f : I(T ) → I(T ) that sends every interval [a, b] to [−b,−a]. Clearly,
the relation 04 is preserved; since the structure is linear, as before, every
non-linear relation is preserved as well, and since f is a bijection, equality is
preserved as well. But every linear relation other than 04 is broken, proving
that S is incomplete. As for S = {24,=} ∪ (LBI \ LLI), we take T = Z, and
f : I(T )→ I(T ) that sends every interval [a, a+1] to [a+1, a+2], and every
other interval to itself. As before, non-linear relations are trivially preserved,
as it is equality; since only unitary intervals are affected by f , the relation
24 must be preserved as well. Nonetheless, every linear relation other than
24 is broken, proving that S is incomplete. 2

Theorem 5. Tab. 3 contains all minimally LBI-complete and maximally
LBI-incomplete subsets of LBI over TUnb.

Proof. Observe that in Tab. 3 every subset of a complete set is contained
in an incomplete set, and every superset of an incomplete set contains a
complete set. Moreover, it is easy to see that each given subset of LBI is
either (not necessarily strictly) contained in one of those listed in the left-
hand side column or it (not necessarily strictly) contains one of those listed in
the right-hand side column. Therefore, the left-hand side column of Table 3
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is the list of all maximally incomplete sets and the rightmost column is the
list of all minimally complete sets over TUnb. 2

5. Completeness over TAll

In this section, we consider the class TAll of all tree-like lattices. In sharp
contrast with Allen’s original result, and our results of the previous sections,
it turns out that the set {34} is no longer complete in this case. Moreover, its
incompleteness, paired with the presence of irregular tree-like lattices in the
class (such as those lattices with an infinite number of unbounded branches
and an infinite number of bounded ones) make the problem of devising an
axiomatization of the class TAll particularly challenging. First, we prove that
{34} is incomplete for the class TAll.

Lemma 7. The sets {34, 03}, {=, 03} and {=, 34} are incomplete over TAll.

Proof. Consider, first, the case {34, 03}. Let T = {a, b, c} ordered by a < b,
a < c and b||c, and let f : I(T )→ I(T ) be the map which sends both [a, b]
and [a, c] to [a, b]. Since there are no intervals over T which are related via
34 nor 03, both these relations are preserved. Clearly, = is broken, and, so,
{34, 03} is not complete. Next, consider the case {=, 03}. Let T = {a, b, c, d}
ordered by a < b < c, a < d and d||b, and let f : I(T ) → I(T ) be the map
which sends [a, b] to [a, d], [a, d] to [a, b] and keeps all other intervals fixed.
Since f is one-to-one it preserves =, and the only intervals related through 03
are [a, c] and [b, c], which are sent to themselves. So f preservers 03 as well.
However, [a, b]34[b, c] but ¬([a, d]34[b, c]), so {=, 03} is not complete. Finally,
consider the case {=, 34}. Let T = {a, b, c, d} ordered by a < b < c, a < d
and d||b. Let f : I(T ) → I(T ) be the map which sends [a, d] to [a, c], [a, c]
to [a, d], and keeps all other intervals fixed. Since f is one-to-one it preserves
=, and the only intervals related through 34 are [a, b] and [b, c], which are
sent to themselves. So, f preserves 34 as well. However, [b, c]03[a, c] but
¬([b, c]03[a, d]). So {=, 34} is not complete. 2

By suitably combining the above incomplete sets, we can easily devise a
first complete set in the case of TAll.

Lemma 8. For each r ∈ LLI , {=, 34, 03} →TAll r.
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(1) ∀I, J((∃K(K34I ∧K34J))→ ∀K(K34I → K34J))
(2) ∀I, J((∃K(I34K ∧ J34K))→ ∀K(I34K → J34K))
(3) ∀I(¬I<I) ∧ ∀I, J(I<J → J 6< I) ∧ ∀I, J,K((I<J ∧ J<K)→ I<K))
(4) ∀I, J∃K(K ≤ I ∧K ≤ J ∧ ∀L((L ≤ I ∧ L ≤ J)→ L ≤ K)))
(5) ∀I, J,K((I||J ∧ I 6∼J)→ ¬(I<K ∧ J<K))
(6) ∀I, J,K((I ≈ J ∧ J ≈ K)→ I ≈ K))
(7) ∀I, J((I∼J ∧ I ≈ J)→ I = J)
(8) ∀I, J((I<J)→ ∃K(I∼K ∧ J ≈ K))
(9) ∀I, J∃K1, K2

(
K1 ≈ I ∧K2 ≈ J ∧ ∀L1, L2((L1 ≈ I ∧ L2 ≈ J)→ L1 ≤ K1 ∧ L2 ≤ K2))

)
(10) ∀I, J((I ≈ J)→ (I∼J ∨ I<J ∨ J<I))
(11) ∀I, J(I03J → [∀K(I34K → J34K)) ∧ (J<I)])

Table 4: Axiomatization of TAll in the language LBI .

Proof. As in Lemma 3 and 1, we simply list the set of necessary definitions:

I44J ↔ ∃K(I34K ∧K34J),
I14J ↔ ∃K(I34K ∧K03J) ∧ ∀K(K34I ↔ K34J),
I04J ↔ ∃K,L(K34I ∧K14J ∧ I34L ∧ L03J),
I24J ↔ ∃K,L(K14I ∧K34J ∧ I34L ∧ L03J).

In all cases, the definitions are relatively straightforward. 2

Lemma 9. For each r ∈ LBI \ LLI , {=, 34, 03} →All r.

Proof. All the definitions are the same with the ones presented in Lemma 3
and it is straightforward to check that all the proofs presented in Lemma 3
remain valid. 2

Lemma 7, 8, and 9 give us the following theorem.

Theorem 6. The set {=, 34, 03} is minimally LBI-complete on All.

Now, we present an axiomatization of ΣBI , explicitly defined in Table 4.
Axioms (1) to (5) of Table 4 are the same as the ones presented in Table 2.
However, in the general case we will need more axioms because we need
to capture the semantics of more relations and the interplay between them.
Note that we still make use of the relations ∼ and < as defined in Section 3,
and Lemma 4 still holds. We introduce a new relation, as follows:

I ≈ J ↔ (I = J ∨ I03J ∨ J03I).
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We use ≈ also as a shorthand for the formula which defines it. It is clear that
I ≈ I and if I ≈ J then J ≈ I, regardless of the semantics. Axiom (6) in
Table 4 states that the relation ≈ is transitive and, hence, it is an equivalence
relation. So, the relation ∼ relates intervals with the same starting point
and ≈ relates intervals with the same ending point. Axiom (7) states that
intervals with the same starting and ending point are equal. Axiom (8)
imposes that if the starting point if I is less than the starting point if J
then there is an interval starting together with I and ending together with
J . Axiom (9) imposes greatest lower bounds to endpoints of intervals and
Axiom (10) states the idea that the starting points of intervals which have
the same endpoint should not be incomparable. Finally Axiom (11) gives
the relation between 34 and 03.

Theorem 7. Let I be an {=, 34, 03}-structure satisfying Axioms (1) to (11)
in Table 4. Then, there is a future branching model of time T , definably
interpretable in I, such that I is isomorphic to I(T ).

Proof. Let T1 = I/ ∼, be the set of equivalence classes of ∼ over I. By
Lemma 4, < induces a well-defined relation on T which we also denote by <.
Note that (T1, <) is definably interpretable in I and it is a future branching
model of time by Axioms (3), (4) and (5). Note also that, in the general
case, T1 is not enough to capture all points, as we need also to capture
possible greatest points of branches. To this end, we introduce the definable
set X = {I : ∀J¬(I34J)}, which, intuitively, is the set of all cofinal intervals.
Now let us define:

T = T1
⊎

(X/ ≈).

We will equip T with an ordering, which extends the ordering < on T1. Define
a relation R on T as follows:

xRy ↔
{

x, y ∈ T1 and x < y, or
x = (I/ ∼) ∈ T1, y = (J/ ≈) ∈ X/ ≈,∃K(K∼I ∧K≈J).

Since both ∼ and ≈ are equivalence relations, the relation R is well-defined,
and, moreover, (T , R) is definably interpretable in I. It is clear that R is
both irreflexive and antisymmetric. Now, suppose xRy and yRz. Then,
either x, y, z ∈ T1 or x, y ∈ T1 and z ∈ X/ ≈. In the former case, we
immediately get xRz, since < is a partial ordering on T1. Therefore, suppose
we are in the latter case, with x = I/ ∼, y = J/ ∼, z = K/ ≈ . Then,
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I<J , and there is L with L∼J and L ≈ K. This gives us I<L, and by
Axiom (8) there exists M with M∼I and M ≈ L. Since ≈ is an equivalence
relation, M ≈ K, together with M∼I, gives us xRz. Hence, the relation R
is transitive, and so it is a partial order on T which extends the ordering <
on T1. From this point on, we also refer to R as <. Axioms (9) and (10)
ensure that (T , <) is indeed a future branching model of time. Now, consider
the set of intervals over T as a L-structure where L = {=, 34, 03} and the
relations are interpreted in the natural way. Then, define f : I → I(T ) as:

f(I) 7→ [I/ ∼, Ie],

where Ie = I/ ≈ when I ∈ X , and Ie = J/ ∼ with I34J , otherwise. Note
that in either case we have that (I/ ∼) < Ie, and that f(I) is an interval
over T . We claim that f is an isomorphism of L-structures. Suppose that
f(I) = f(J). Then, either both I and J are in X or they are both not in X
as Ie depends exactly on whether or not I ∈ X . In the latter case we obtain
I = J from Axioms (1) and (2), as in the previous section, and in the former
case we obtain I = J from Axioms (1) and (7). So f is one-to-one. Now, let
[x, y] ∈ I(T ). Then either x, y ∈ T1 or x ∈ T1 and y ∈ X/ ≈. In the former
case we have that:

x = (I/ ∼) < y = (J/ ∼),

and, by the definition of <, there is K ∈ I such that K∼I and K34J .
Therefore f(K) = [x, y]. In the latter case we have that:

x = (I/ ∼) < y = (J/ ≈),

so that there is K with K∼I and K≈J and, hence, f(K) = [x, y]. This
shows f is onto. Finally, we need to show that f respects the relations 34
and 03. Take I, J ∈ I such that I34J . Then I /∈ X , so f(I) = [I/ ∼, K/ ∼]
where I34K. Let f(J) = [J/ ∼, Je]. Then, by Axiom (1), we have K∼J and
hence f(I)34f(J). Next, take I, J ∈ I with I03J : by Axiom (11), either
both I and J are in X or they are both not in X . In the former case we have
that:

f(I) = [I/ ∼, K1/ ∼], f(J) = [J/ ∼, K2/ ∼],

where I34K1 and J34K2. Using Axiom (11), again, we get J34K1 as well.
Therefore Axiom (1) gives us K1∼K2. Using Axiom (11) one last time, we
see J<I, and we get f(I)03f(J). Now assume that both I and J are in X .
Then we have that:

f(I) = [I/ ∼, I/ ≈], f(J) = [J/ ∼, J/ ≈].
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Since I03J , we immediately obtain I ≈ J . Moreover, by Axiom (11), we
have that J<I, so that f(I)03f(J). 2

Theorem 8 (Representation Theorem). ΣBI is axiomatized by Axioms
(1) to (11) in Tab. 4, together with the definitions of all relations in LBI

from {=, 34, 03}.

Proof. It is clear that if T is a future branching model of time then (1)
to (11) hold in I(T ). Suppose that I is an LBI structure satisfying (1) to
(11), where each relation in LBI is interpreted according to the definitions
provided in Lemma 8 and Lemma 9. Then, by Theorem 7, I is isomorphic
to an interval structure I(T ) and therefore I |= ΣTUnb

BI . 2

6. Expressive Power over TAll

We conclude our treatment of the first-order logic of branching structures
by studying minimally complete and maximally incomplete subset of rela-
tions over TAll. The starting point of this analysis is the fact that {34, 03,=}
is minimally complete over TAll.

Lemma 10. Each set listed in the right-hand side column of Tab. 5 is LBI-
complete over TAll.

Proof. As in the previous results, let us proceed case-by-case. The case
S = {34, 03,=} is already dealt with in Theorem 6. Let S = {14, 03,=}; by
the completeness of {34, 03,=}, it suffices to show that 34 is definable from
S. To this end, as in Lemma 5, it suffices to define 34 ∪ 44 from which one
can immediately obtain 34:

I34 ∪ 44J ↔ ∃K(I14K ∧ J03K) ∧ ∀K(K03I → ¬K14J).

Now, let S = {24, 66 , 03,=}. Thanks to the previous case, it suffices to show
that 14 is definable from S to prove that S is complete. In the following
definition, we introduce two unary relations U(I) and IS(I) to precisely
identify those intervals that are, respectively, unit (that is I = [a, b], and
there exists no c such that a < c < b), and initial segments (that is, I = [a, b]
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MIS(LBI)s mcs(LBI)s
LBI \ {16 ,=} {34, 03,=}
LBI \ {34, 14, 16 , 66} {14, 03,=}
LBI \ {03, 14, 16 , 66} {24, 66 , 03,=}
LBI \ {03, 06} {04, 66 , 03,=}
LBI \ {34, 03, 66} {44, 66 , 03,=}
{14,=} ∪ (LBI \ LLI) {34, 03, 16}
{44, 04, 24,=} ∪ (LBI \ LLI) {14, 03, 16}
{03,=} ∪ (LBI \ LLI) {24, 03, 16}

{44, 03, 16}
{04, 03, 16}
{34, 66 , 06 ,=}
{34, 14, 06 ,=}
{14, 24, 66 , 06 ,=}
{14, 04, 66 , 06 ,=}
{14, 44, 66 , 06 ,=}
{34, 16 , 06}
{14, 24, 66 , 16 , 06}
{14, 04, 66 , 16 , 06}
{14, 44, 66 , 16 , 06}

Table 5: Maximally LBI -incomplete (left-hand side) and minimally LBI -complete sets
(right-hand side) over TAll

and a is the first point of the model). Now, we have:

I14J ↔ (¬IS(I) ∧ ¬(I24J) ∧ ∀K(I03K → K24J))∨
(IS(I) ∧ IS(J) ∧ ¬U(J)∧
(U(I)→ ∀K(K03J → ¬I66K))∧
(¬U(I)→ ∃K(I24K ∧K03J))).

U(I) ↔ ∀J(¬J03I).
IS(I) ↔ ∀J(¬I03J).

Now, let S = {04, 66 , 03,=}; to prove its completeness, we again define 14 in
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it, making use of the relations U() and IS() defined as above:

I14J ↔
(
¬IS(J) ∧ ¬(I04J) ∧ ∀K(J03K → I04K)

)
∨

(IS(I) ∧ IS(J) ∧ ¬U(J)∧
(U(I)→ ∀K(K03J → ¬I66K))∧
(¬U(I)→ ∃K(K03I ∧K04J))).

Consider, now, S = {03, 44, 66 ,=}. To prove its completeness, we define 34
in it, and the corresponding definition is:

I34J ↔ (∀K(¬ST (J,K) ∨ ¬FI(I,K)) ∧ ¬I44J)∧
∀K(K03J → I44K)∧
∀K(I03K → ¬(K66J))∧
(¬IS(J) ∧ (¬IS(I)→ ∃K(K44J ∧ ¬(K44I))))∧
∀K(K03I → ¬(K66J))∧
∀K(K03J → ¬(K66I)).

ST (I, J) ↔ (∃K(I03K)↔ ∃K(J03K)) ∧ ∀K(K44I ↔ K44J).
F I(I, J) ↔ (I03J ∨ J03I ∨ I = J).

Let, now, S = {34, 03, 16}. In this case, it suffices to show that = is definable:

I = J ↔ ¬(I16J)∧
∀K(K34I ↔ K34J) ∧ ∀K(I34K ↔ J34J)∧
∀K,L((K03I ∧ L03J)→ ¬K16L).

For the next four cases we first observe that the relation br , introduced
immediately before Lemma 2, is definable using 03 and 16 only:

IbrJ ↔ I16J ∨ ∃K(K03J ∧ I16K) ∨ ∃K(J03K ∧ I16K)∨
∃K(K03I ∧ J16K) ∨ ∃K(I03K ∧ J16K)∨
∃K,L(K03I ∧ L03J ∧K16L) ∨ ∃K,L(I03K ∧ L03J ∧K16L)∨
∃K,L(K03I ∧ J03L ∧K16L) ∨ ∃K,L(I03K ∧ J03L ∧K16L).

It is straightforward to check that I and J are related through a branching
relation if and only if the right hand side of the equivalence is satisfied. Now
let S = {14, 03, 16}; defining 34 ∪ 44 can be accomplished as follows:

I34 ∪ 44J ↔ ∃K(I14K ∧ J14K) ∧ ¬∃K(K03I ∧K14J) ∧ ¬(IbrJ).

It is immediate to see that the above definition imposes I and J to be linearly
related, and, then, to be related by 34 ∪ 44 as we wanted. Consider now
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S = {24, 03, 16}; a similar, but slightly more elaborate argument works:

I34 ∪ 44J ↔ ¬(I24J) ∧ ¬(J24I) ∧ ¬(I03J) ∧ ¬(J03I)∧
∃K(J03K ∧ ¬(I03K)) ∧ ∀K(I03K → ¬(K24J))∧
∀K,L((J03K ∧ L03I)→ ¬(K24L))∧
∀K(J03K → ¬(K24I))∧
∀K,L((J03K ∧ I03L)→ ¬(K24L)) ∧ ¬(IbrJ).

As for the case S = {44, 03, 16}, we can immediately use the definitions of
ST () and FI() from a previous case to obtain 34, which is enough to prove
that S is complete thanks to the completeness of {34, 03, 16}:

I34J ↔ (∀K(¬ST (J,K) ∨ ¬FI(I,K)) ∧ ¬I44J) ∧ ¬(IbrJ).

If S = {04, 03, 16} we can apply a similar schema to reduce ourselves to a
linear case, and define, in this case, the relation 24, which is enough to get
the completeness thanks to the already proved completeness of {24, 03, 16}:

I24J ↔ ∃K(J03K ∧ ¬(I04K) ∧ ∃L(L04K ∧ L03I))∧
∃K(K03I ∧ ∀L(J04L→ K04L)) ∧ ¬(IbrJ).

Keeping in mind that the last conjunct makes sure that I and J are linearly
related, the correctness of this definition becomes straightforward. Let S =
{34, 66 , 06 ,=}; we have previously shown that {34, 03,=} is complete, so it
suffices to show that 03 is definable from S:

I03J ↔ ∃K∀L(K34I ∧ (L34K ↔ L34J)) ∧
∀K(I34K ↔ J34K) ∧ ∀K(K06J → ¬K34I)∧
∀K(K06I → K06J) ∧ ¬(I06J) ∧ ¬(J66I).

Let S = {34, 14, 06 ,=}. Again, it suffices to show that 03 is definable since
{34, 03,=} is complete:

I03J ↔ ∃K(K34I ∧K14J) ∧ ∀K(I34K ↔ J34K)∧
∀K(K06I → K06J) ∧ ¬(I06J).

Now, let S = {14, 24, 66 , 06 ,=}. To prove the completeness of this set, we
first redefine the unary relation U() (defining it via 14 instead of 03), and
then we substitute the relation IS() with its symmetric version FS() (final
segment); we have that FS(I) holds if and only if the ending point of I
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is a maximal point of T . Now, we define 03, which suffices to prove the
completeness of S since {14, 03,=} is complete:

I03J ↔ (¬FS(I) ∧ ∀K(I14K → J24K) ∧ ¬J24I)∨
(FS(I) ∧ FS(J) ∧ ¬U(J) ∧ (U(I)→ (¬J66I ∧ ¬I06J))∧
(¬U(I)→ (∃K(K14J ∧K24I)) ∧ ∀K(K06I → K06J))),

U(I) ↔ ∀J(¬J14I),
FS(I) ↔ ∀J(¬I14J).

If S = {14, 04, 66 , 06 ,=}, we use the unary relations U() and FS() to define
03, which suffices to show that S is complete:

I03J ↔ (¬FS(I) ∧ ∀K(J14K → I04K) ∧ ¬I04J)∨
(FS(I) ∧ FS(J) ∧ ¬U(J) ∧ (U(I)→ (¬J66I ∧ ¬I06J))∧
(¬U(I)→ (∃K(K14I ∧K04J) ∧ ∀K(K06I → K06J)))).

Let S = {14, 44, 66 , 06 ,=}. We define, as other cases before, the relation
34 ∪ 44. The auxiliary relations ST () and FI(), defined using 14 instead of
44, will be used here; observe that their semantics is not changed. To define
34 ∪ 44, we use:

I34 ∪ 44J ↔ ∀K(¬ST (J,K) ∨ ¬FI(I,K)) ∧ ∃K(I14K)∧
(
∧

r∈{06 ,66 ,=}(¬IrJ ∧ ¬JrI)) ∧
∀K(I66K → J66K) ∧ ∀K(J66K → I44K)∧
∀K(K06J → I44K) ∧ ∀K(K06I → K66J).

ST (I, J) ↔ (I14J ∨ J14I ∨ I = J).
F I(I, J) ↔ (∃K(I14K)↔ ∃K(J14K))∧

∀K(I44K ↔ J44K).

Continuing, let S = {34, 16 , 06}. We show that = and 66 are definable
from S, which suffices to show completeness of S, since {34, 66 , 06 ,=} was
previously shown to be complete:

I66J ↔ ∃K(K16I ∧K34J).
I = J ↔ ∀K(K34I ↔ K34J) ∧ ∀K(I34K ↔ J34K)∧

¬I16J ∧ ∀K(K06I → K06J).

Finally, as for the cases S = {14, 24, 66 , 16 , 06} and S ′ = {14, 04, 66 , 16 , 06},
observe that we were able to define 03 from {14, 24, 66 , 06 ,=} without using
equality. Therefore 03 is definable from S, and S is complete. Likewise, we
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are also able to define 03 from {14, 04, 66 , 06 ,=} without using equality, so
that S ′ defines 03 and it is also complete. Let S = {14, 44, 66 , 16 , 06}. It
suffices to show that = is definable since {14, 44, 66 , 06 ,=} is already known
to be complete:

I = J ↔ ∀K(I14K ↔ J14K) ∧ ∀K(K14I ↔ K14J)∧
∀K(K66I ↔ K66J) ∧ ∀K(K06I ↔ K06J)∧
(¬I16J ∧ ¬I66J ∧ ¬I06J).

This concludes the proof, having analyzed all sets listed in the left-hand side
of Tab. 5. 2

Lemma 11. Each set listed in the left-hand side column of Tab. 5 is LBI-
incomplete over TAll.

Proof. The incompleteness of the first three cases is implicit in the proof
of Lemma 7. For example, let S = LBI \ {16 ,=}, let T = {a, b, c} with
a < b, a < c and b||c, and let f : I(T ) → I(T ) be the map which sends
both [a, b] and [a, c] to [a, b] (that is, the first construction presented in the
proof of Lemma 7). There are no intervals over T which are related via
any relation in S, implying that these are all preserved, but, clearly, = and
16 are not preserved. So S = LBI \ {16 ,=}, the first one in the list, is
incomplete. Similar arguments, based on the proof of Lemma 7, allow us to
prove the incompleteness of the second and third set in the list. Now, let
S = LBI \ {03, 06}. Take T = {a, b} ∪ {ci : i ∈ Z} which is ordered by
a < b < ci, with ci||cj for all distinct i, j ∈ Z; this is to say that starting with
the interval [a, b], the cis fan out, and they are all incomparable to each other.
Let f : I(T )→ I(T ) be the map which sends [b, ci] to [b, ci+1] for i ∈ Z and
fixes all other intervals. Once again, it is easy to see that all relations in S
are preserved; however, we have [b, c0]03[a, c0] and ¬[b, c1]03[a, c0]. Hence S
is incomplete. Next, let S = LBI \ {34, 03, 66}. Let T = {a} ∪ {bi : i ∈
Z} ∪ {ci : i ∈ Z} be the future branching model of time, which is ordered by
a < bi < ci, with bi||bj for all distinct i, j ∈ Z; this is to say that, similarly to
the previous model, starting at a, the branches bi < ci fan out and they are all
incomparable to each other. Let f : I(T ) → I(T ) be the map which sends
[bi, ci] to [bi+1, ci+1] and fixes all other intervals. Then f preserves all relations
in S; however [a, b0]34[b0, c0] and ¬[a, b0]34[b1, c1], so that S is incomplete. As
far as the sets S = {03,=} ∪ (LBI \ LLI) and S = {14,=} ∪ (LBI \ LLI) are
concerned, it suffices to recall that incompleteness is preserved from smaller
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to wider classes of models, and that these two sets have been proven to be
incomplete in the unbounded case in Lemma 6, implying that they must be
incomplete in the general case as well. So, it remains to be shown that S =
{44, 04, 24,=} ∪ (LBI \ LLI) is also incomplete. To this end, let T = {a, b, c}
ordered by a < b < c, and define f : I(T ) → I(T ) in such a way to send
[a, c] to itself and exchange the other two intervals: all non-linear relations
are preserved in a trivial way, and the same holds for the relations 44, 24, 04,
and =. But, obviously, 34 is broken, proving the incompleteness of this set,
completing the proof. 2

Theorem 9. Tab. 5 contains all minimally LBI-complete and maximally
LBI-incomplete subsets of LBI over TAll.

Proof. Observe that in Tab. 5 every subset of a complete set is contained
in an incomplete set, and every superset of an incomplete set contains a
complete set. Moreover, it is easy to see that each given subset of LBI is
either (not necessarily strictly) contained in one of those listed in the left-
hand side column or it (not necessarily strictly) contains one of those listed in
the right-hand side column. Therefore, the left-hand side column of Table 5
is the list of all maximally incomplete sets and the rightmost column is the
list of all minimally complete sets over TAll. 2

7. Conclusions

In this paper we properly extended Allen’s theory of time from linear
flows of time to branching tree-like structures. We did so in both the un-
bounded case, which turned out to be fairly simple, and in which Allen’s
relation meets remains complete, and in the general case, where we proved
that the smallest complete set of relations has cardinality three. In both
the unbounded and the general case we provided sound and complete ax-
iomatic systems in the language of branching relations. These axioms are
indeed natural generalizations of the corresponding axioms from the linear
case to the branching case, and we showed that an abstract interval struc-
ture satisfying these axioms is indeed a concrete interval structure based on
a branching model of time which is interpretable in the abstract interval
structure. Therefore the concept of a representation theorem is generalized
in full strength to the case of branching interval structures. Then, we sys-
tematically studied minimal completeness and maximal incompleteness for
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a set of branching relations, again, in the unbounded and the general case;
we proved that there are precisely four maximally incomplete and eight min-
imally complete sets in the former case, while in the latter case these are,
respectively, eight and nineteen. Our work differs from [3], which is focused,
unlike the present paper, on more practical complexity and algorithmic prob-
lems concerning the interval algebra that emerges from branching relations,
and leaves unexplored the theoretical basis; as a matter of fact the problem
of studying minimally complete and maximally incomplete subsets of (linear
and) branching relations for tree-like lattices was left open in [3] (Remark
5). It is a mistake to think that interval algebras are a closed topic and that
no more interesting problems stand. To give a short account, and point to
some possible natural research directions, consider what follows. Thanks to
all the work that followed the introduction of Allen’s Interval Algebra, which
includes Ligozat, Condotta, and Balbiani’s papers [7, 23, 24], studying inter-
val algebras in the linear case can be considered as a closed subject; but the
pure interval branching case [3], as well as the point-interval linear case [2, 25]
have not been studied in their full extent, and the study of the branching
case that include intervals and points is, to the best of out knowledge, limited
to [4]. While on the short run we plan to consider all interesting classes of
tree-like lattices other than the two considered here, and a similar study for
the linear case enriched with points is the object of a forthcoming paper, in
the long run we will also consider a systematic treatment of the algebras the
emerge in the (linear and) branching case with and without points, also in
the decidability/complexity point of view; while it is well known that in the
linear case deciding satisfiability of a set of constraints is NP-complete, and
the entire spectrum of sub-algebras has been studied, this problem has been
approached in the branching case only to a very limited extent.
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