COMPACT SOBOLEV EMBEDDINGS AND TORSION FUNCTIONS

LORENZO BRASCO AND BERARDO RUFFINI

ABSTRACT. For a general open set, we characterize the compactness of the embedding
for the homogeneous Sobolev space Dé’p — L7 in terms of the summability of its torsion
function. In particular, for 1 < g < p we obtain that the embedding is continuous if and
only if it is compact. The proofs crucially exploit a torsional Hardy inequality that we
investigate in details.

CONTENTS
1. Introduction 1
1.1. Foreword 1
1.2. Main results 3
1.3. A comment on the proofs 4
1.4. Plan of the paper 4
2. Preliminaries 5
3. Properties of the p—torsion function 9
3.1. Compact case 9
3.2. General case 12
4. The torsional Hardy inequality 15
4.1. Compact case 16
4.2. General case 17
5. Proofs of the main results 18
5.1.  Proof of Theorem 1.2 18
5.2.  Proof of Theorem 1.3 20
6. Sharpness of the torsional Hardy inequality 23
Appendix A. Convexity inequalities 27
Al. Casep>2 27
A2 Casel<p<?2 28
References 28

1. INTRODUCTION

1.1. Foreword. Let 1 < p < +o00 and let Q C RN be an open set. We denote by Dé’p(Q)
the homogeneous Sobolev space, defined as the completion of C§°(€2) with respect to the

norm
1
P
U |\VulPdzx | .
Q
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We recall that this space naturally occurs in the study of Dirichlet boundary value problems
for (quasi)linear operators in general open sets. Classical references for the Hilbertian case
p =2 are [11] and [15], to which we refer the reader.

The aim of the present paper is to investigate the interplay between the continuity
(and compactness) of the embedding Dé’p (Q) — L1(Q) for 1 < g < p and the integrability
properties of the p—torsion function of 2, wg. The latter is the formal solution of

—Aywg =1, inQ, wqg =0, on 99, (1.1)

where A, u = div(|]Vu|P~2 Vu) is the p—Laplacian operator. The reader is referred to
Section 2 for the precise definition of p—torsion function.

An important contribution in this direction has been recently given by Bucur and
Buttazzo, in a different setting. Let us denote by WP (2) the usual Sobolev space

Wi (Q) = {u€ LX(Q) : Vue LR},

1 1
u </ ]Vu|pd3:>p—|—</ |u|pdfv)p
Q Q

In [8] the two authors considered the Sobolev space VVO1 P(Q) obtained as the closure of
Cse(Q) in WHP(Q) with respect to the previous norm and they characterized the com-
pactness of the embeddings

equipped with the norm

WyP(Q) — LY(Q)  and W P(Q) — LP(Q),

in terms of the summability of the formal solution ug of

—Apug + u?z_l =1, inQ, ug =0, on 9.

Namely, in [8, Theorems 6.1 & 6.2] they proved that
Wol’p(Q) — L'(Q) is continuous <= uq € L'(Q) — Wol’p(Q) — L'(Q) is compact,
and

for every € > 0, there exists R > 0

1,p D .
WyP(Q) — LP() is compact <= such that  [Jug g\, < €.

We stress that in general Dé’p (Q) # VVO1 P(2), unless 2 supports a Poincaré inequality of
the type

1
ol /Q |ulP dz < /Q |VulP, for every u € C3°(Q).

Indeed, while by construction WO1 P(Q) — LP(Q), in general the elements of our space
D(l)’p (Q) are not LP functions. This point deserves a further precision.

Remark 1.1. We recall that for a general open set  C RY, the completion Dé’p (©) may
not be a functional space, nor a space of distributions, see for example [11, Remark 4.1].
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For 1 < p < N, we have that D(l]’p (Q) is a functional space continuously embedded in
LNP/(N_p)(Q) for every open set, thanks to Sobolev inequality

N—p

1 N
/\Vu|pdxzc (/ |u|1\]’V—ppdw> L wecE),
Q Q

The latter guarantees that every family {uy }neny C C§°(2) which forms a Cauchy sequence
with respect to the LP norm of the gradient, is in turn a Cauchy sequence in the Banach
space LNP/(N=p)(Q)).

The same can be said for every open set @ C R which supports an inequality of the
type

p
1 P
VulPde > — u|?dx q, for every u € C§°(9),
Q ¢ \Ja 0

for some ¢ > 1 and C' > 0. In this case Dé’p (Q) is a functional space continuously
embedded in L7(9).

1.2. Main results. In order to present our contribution, for every 1 < ¢ < p we introduce
the Poincaré constant

Ma(Q) ::ueag(m{/gwuwdx : /Q|uqu:1}.

We remark that the continuity of the embedding D(l)’p (Q) — L(Q) is equivalent to the
condition A, ,(£2) > 0. We then have the following results. For ease of presentation, we
find it useful to distinguish between the cases 1 < ¢ < p and ¢ = p.

Theorem 1.2 (Case 1 < ¢ < p). Let 1 <p < +oo and 1 < g < p. Let Q C RN be an
open set. Then the following equivalences hold true

MApg() >0 <= wqe€ L%q(Q) =  DyP(Q) = LI(Q) is compact.

Moreover, we have

p=1 = p—1 p—1
1< Apg(2 /wp—qqu) <= () . 1.2
pa®) ([ b - (2= (12)
In the case p = g, the equivalence
Apg(82) >0 = DyP () — LI(Q) is compact,

ceases to be true, as shown by simple examples. In this case, by relying on a result by van
den Berg and Bucur [4], we obtain the following.

Theorem 1.3 (Case ¢ = p). Let 1 < p < 400 and let Q@ C RN be an open set. The
following equivalence holds true

App() >0 <=  wq e L™(Q),
and we have the double-sided estimate

1< )‘pvp(ﬂ) HwQHIz:ol(Q) < DN,p7 (13)
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for some constant Dy, > 1. Moreover, we have

for every e > 0, there exists R > 0

17p D y
Dy (2) = LP(QY) is compact <= such that  |we| g o\ 5y < €.

(1.4)
Remark 1.4. For p = 2 and ¢ = 1, the result of Theorem 1.2 is essentially contained in
[9, Theorem 2.2]. The lower bound in (1.3) generalizes to p # 2 the estimate of van den
Berg in [3, Theorem 5]. For € smooth and bounded, this was proved in [10, Proposition 6]
with a different argument. As for the upper bound, an explicit expression for the costant
Dy, is not given in [4]. However, a closer inspection of their proof reveals that it could
be possible to produce an explicit value for Dy, (which is very likely not optimal). In
the particular case p = 2, van den Berg and Carroll in [5, Theorem 1] produced the value

Dyo=4+3Nlog2.

1.3. A comment on the proofs. Before entering into the mathematical details of the
paper, the reader may find it useful to have an idea on some key ingredients of the proofs.
In this respect, we wish to mention that a prominent role is played by the torsional Hardy
inequality for general open sets, which is introduced and proved in this paper. The latter
is an Hardy-type inequality where the distance function is replaced by the p—torsion
function. A particular instance is given by

p—1
Wo

P
/ [ul dzx < / |Vul|P dz, for every u € C5°(12), (1.5)
Q Q
though we refer the reader to Theorem 4.3 and Proposition 4.5 below for a more precise
statement and some generalizations. From (1.5) it is then easy to infer for example the
lower bounds in (1.2) and (1.3), when wq has the required integrability. We also point out
that (1.5) holds with constant 1 and this happens to be optimal. Observe that inequality
(1.5) is dimensionally correct, since equation (1.1) entails that wq scales like a length to

the power p/(p — 1).

1.4. Plan of the paper. In Section 2 we define the p—torsion function of a set and
state some general results needed in the sequel. The subsequent Section 3 proves some
properties of the p—torsion function that will be used throughout the whole paper. The
above mentioned torsional Hardy inequality is stated and proved in Section 4. Then the
proofs of Theorems 1.2 and 1.3 are contained in Section 5. Finally, we conclude the paper
by addressing the sharpness issue for the torsional Hardy inequality, which is indeed the
content of Section 6. For completeness, some known convexity inequalities used in Section
6 are stated in Appendix A, mainly without proofs.

Acknowledgements. This work started with a question raised by our Maestro Giuseppe
Buttazzo, about the possibility of having a torsional Hardy inequality. We wish to thank
him for this initial input. Dorin Bucur kindly pointed out his paper [4], as well as the
paper [10], we are grateful to him. We also acknowledge some lively discussions with our
friend and colleague Guido De Philippis. Finally, the second author has been supported
by a public grant as part of the Fondation Mathematique Jacques Hadamard and both
authors have been supported by the Agence Nationale de la Recherche, through the project
ANR-12-BS01-0014-01 GEOMETRYA.
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2. PRELIMINARIES

Definition 2.1 (Torsion function: variational construction). Let 1 < p < 400 and assume
that €2 is such that we have the compact embedding D(l)’p (2) < LY(Q). Then the following
variational problem admits a unique solution

1
min{ / ]Vu|pd:z—/udx tu GDé’p(Q)}. (2.1)
p Ja Q

We denote by wq such a solution. The function wq is called p—torsion function of (). By
optimality, it solves
-Apwg = 1, in Q.
{ wo = 0, in 012,

where A, is the p—Laplacian operator, i.e. Ayu := div(|Vu[P~2 Vu).

The previous boundary value problem is intended in the usual weak sense that is

/ (|VwolP~2 Vwg, V) dr = / odx, for any ¢ € DyP(). (2.2)
Q Q

The definition of wq is linked to an optimal Poincaré constant, through the relation

p 1 P
——  max {/uda:—/\Vu]pdx})
P—1 ueni?@) Lo P Ja

P
Q

= max e =T,,(Q).
ueDIP(2)\(0} / VP dz
Q

In analogy with the quadratic case, the quantity T,,(Q) is called p—torsional rigidity of €.
By using the equation (2.2), one can see that the following relation holds

T, (@) = ( [ wo dx)p_l.

We recall that among open sets with given measure, the quantity 7}, is maximal on balls.
In other words, we have the scaling invariant Saint- Venant inequality
L) _ T,B)

’Q|p+NA(Ip71) — ’B‘p+NA(IP71) ’

where B is any N—dimensional ball. Inequality (2.3) can be proved by using standard
rearrangement arguments and the variational definition of T},.

(2.3)

When the embedding Dé’p () < L'(Q) fails to be compact, the p—torsion function of Q
is defined as follows (see also [4, 8]). By Br we note the open ball centered at the origin
and of radius R > 0.

Definition 2.2 (Torsion function: general construction). Let us define

Rq :=inf{R >0 : Q2N Br| > 0}.
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Then for every R > Rq, we take wq r € Dé’p(Q N BRr) to be the p—torsion function of the
bounded open set! Q N Bg, extended by 0 outside. By the comparison principle, we get
that wo r > wo g whenever R > R/, thus is well posed the definition
wo(z) == lim wq r(z), (2.4)
R—o0
The limit is intended in the pointwise sense.

Remark 2.3. Of course, in many situations we could have [{zx : wq(z) = +o00}| > 0.
This is the case for example of Q = RY, since
_p_ _p_
(e
+ p

1
’UJ]RN7R:’LUBR = AN s where AN,p: plepfl,
7p

and thus in this case wyn~ is the trivial function which is everywhere +oo.

The first simple result shows that Definition 2.2 is coherent with the compact case.
Indeed in this case (2.4) boils down to the usual torsion function given by Definition 2.1.

Lemma 2.4. Let 1 < p < 400 and assume that the embedding Dé’p(Q) — LY(Q) is
compact. Then the function defined by (2.4) is the unique solution of (2.1).

Proof. The first observation is that compactness of the embedding Dy?(Q) — L(Q)
entails
Tp(2) < +o0.

Then we extend each wq g to 0 in Q\ Bpg, so that wo g € D(l)’p(Q). By using the equation

we obtain
/|V’U)Q7R|pd$:/wQ7Rd$.
Q Q

On the other hand, the definition of p—torsion implies that

1
/wgdeaJ < </ |VwQ’R|pdac>p Tp(Q)%,
Q Q

since wq, r is admissible for the variational problem defining 7,(12). By keeping the two
informations together, we get

/ |Vwe, r|P de < TP(Q)P%, for every R > Rq.
Q

This implies that (up to a subsequence) wq r converges weakly in D(l]’p (©). Since we have
also L'(Q) strong convergence (by compactness of the embedding), the limit function has
to be the function wq defined by (2.4). This shows in particular that wq € Dé’p(ﬂ)ﬂLl(Q).

In order to show that wgq coincides with the torsion function, we take ¢ € C5°(2) and
R > Rq large enough so that spt(¢) € QN Bp for every R > Ry. By minimality of wq r
we get

1 1
- / ‘VQUQJ{’pd.'L'—/'IUQ’Rd.ﬁS / |V¢]pd:):—/¢>dx, for every R > R;.
P Ja Q P Jao Q

IThis is well-defined, since QN Bp is a bounded open set and thus in this case Dy? (QNBg) < L' (QNBg)
is compact.
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By passing to the limit as R goes to +oco in the left-hand side, we get

1 1
- / |ng|pd:n—/w9d$§/|V¢|pdx—/¢dac.
D Jo Q P Ja Q

For the gradient term, we used the weak lower semicontinuity of the norm in Dé’p ().
Finally, by arbitrariness of ¢ € C§°(€2) the previous inequality shows that wq is the
(unique) solution of (2.1). O

Remark 2.5 (Heat-based definition). In the case p = 2, the torsion function of an open set
Q c RY can also be defined through the heat equation. We briefly recall the construction,
by referring for example to [2, 3] and [5] for more details. One considers the initial
boundary value problem

Oty = Au, in Q xR,
u = 0, on 02 X R,
u = 1, for t = 0.

If U denotes the solution of this problem, we set
oo
Wo(z) = / Uo(tz)dt, xcQ.
0

It is not difficult to see that Wq solves (2.2). For p # 2 such a definition is not available.

In what follows, for p # N we define

Np
N , ifl<p<N,
p=9 N—p P
400, if p> N.

For 1 <p < N we set

b
Snp = sup { (/ |p|P” da;) T / |Vo|P de = 1} . (2.5)
(bEC(C)’O(RN) RN RN

We recall that Sy, < 400, since by Sobolev inequality we have the continuous embedding

Dé’p (RNV) < LP"(RYN). Moreover, the supremum above is indeed attained. We will need
the following particular family of Gagliardo-Nirenberg inequalities.

Proposition 2.6 (Gagliardo-Nirenberg inequalities). Let 1 < p < 400 and 1 < g < p,
then for every u € CS°(RY) we have:

e forp#N and g <r < p*

(/RN !Walw)i <G </RN |uyqu>lqﬂ </RN |vu|de>z, (2.6)

for some C; = C1(N,p,q,r) >0 and

ﬁz(l—g) Np ;
r/ Np+pq—Ngq
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o forp=Nand g<r <

r—q

(/RN \u!rdxy‘ <y (/RN ]u\qd:r)’l' </RN ‘vu’Ndx>N", 2

for some Co = Cy(N,q,r) > 0.

Proof. Inequality (2.6) for 1 < p < N is well-known and nowadays can be found in many
textbooks on Sobolev spaces. It can be obtained by combining Sobolev inequality

P

</ |u|p*d:c>p SSN’p/ |VulP de,
RN RN

and interpolation in Lebesgue spaces.

The case p > N follows from the well-known Morrey’s inequality (see [7, Théoréme
1X.12))

lullpe @y < € (Iullzon) + IVullzoen) )
combined with a standard homogeneity argument and interpolation in Lebesgue spaces.
On the contrary, the conformal case (2.7) seems to be more difficult to find in the
literature. We provide a simple proof, which is essentially the same as that of the so-called

Ladyzhenskaya inequality (see [16, Lemma 1, page 10]), corresponding to ¢ = p = N = 2
and r = 4. For every t > 1 we have

+o00
lu|t <t / Ju|" ™ ug, | da;, i=1,...,N,

o)

and thus

1

Nt N oo i1 N-1
| ¥ < ¢ / ol g )
L,

(2

By integrating over RY we get
1
N +o0 N-1
/ |U|N7—t1 dr < tN-1 / H (/ ]u|t71 |uz,| dxi) dx
RN RN 225 —00

N o0 ﬁ
< ¢NeT I1 U / |t ug, | da; d@}
=1 /RN J—o0

where dz; denotes integration with respect to all variables but x;. The second inequality
is the classical Gagliardo Lemma, see [14, Lemma 3.3]. From the previous estimate, with
some elementary manipulations and an application of Holder inequality we get

1

N-1
[ <o ([ ueossan) ([ waran) T e
RN RY RN

We now observe that if we take ¢ > N and recall that ¢ < p = N, then

N <t N
N -1 N-1

2‘2

g<(t—1)
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so that by interpolation in Lebesgue spaces

(t-1) 75 Eey e 7O
/ | N-T dx < / |ul? dx / |u| ¥=T dx ,
RN RN RN

5 (v
a=—(1-—" ).
t—1 N(t—q)+q
By inserting this estimate in (2.8), we get for t > N
l1-a -1 N

Nt 1-Fa N 7 N1 N e
/ |u| V=T dx <Nt / lul? dx / (Vul™ dz . (2.9
RN RN RN

By arbitrariness of ¢ > N, this proves (2.7) for exponents » > N2/(N — 1). When
q <r < N?/(N —1), it is sufficient to use once again interpolation in Lebesgue spaces,
together with (2.9). We leave the details to the reader. O

where

3. PROPERTIES OF THE p—TORSION FUNCTION

3.1. Compact case. We present some basic properties of the p—torsion function when
this can be defined variationally, i.e. when the embedding Dé’p (2) — LY(Q) holds and is
compact.

Proposition 3.1. Let 1 < p < 400 and suppose that Dé’p(Q) s LY(Q) is compact. Then
wq € L*(Q). Moreover, for 1 < p < N we have

/

Nio N / N
[wallze@) < C (/ng dm) " with ¢ =~ 2 Sy s, (3.1)

p/

and the constant Sy, is defined in (2.5).

Proof. For p > N, the result follows directly from (2.6) with ¢ =1 and r = +c0.
Let us focus on the case 1 < p < N. We take k£ > 0 and test (2.2) with ¢ = (wq—k)+.
This gives

/ V(wo — k)4 [P do = /(wQ k), da. (3.2)

We introduce the notation (k) := [{z € Q : wq(x) > k}| and observe that u(k) < +oo
for almost every k > 0, since wq € L'(€). By combining Sobolev and Hélder inequalities,
we get

[ 19t =) do > S5ty ( [ wa 1. daz)p.

Thus from (3.2) we obtain

If we set
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the previous estimate can be written as the differential inequality

N
M(k)¥+7 <C(=M'(K)),  with C:= S} T V7,

where p' = p/(p —1). If we fix ko > 0, this implies that we have

/
p

' o p 1
MW < M(ko) ¥ + 21

N+yp C

(ko — k), for every k > k.

The previous inequality implies that

N+9p

/

M(k)=0,  fork> C M (ko) 7 + ko,
and thus
N+

/

uk)=0,  fork> C M (ko) ™7 + ko.

This finally gives

/

N+ i N+ N
0 <wgq(x) < ;p CM(k:O)Nip’ + ko = ko + ;;p C (/(’U}Q—k'(])+dx> A .
Q

By arbitrariness of kg we thus get the L — L! estimate (3.1), as desired.

Finally, for the case p = N, we start again by testing the equation with (wq—k)+. Then to
estimate the right-hand side of (3.2), we now use inequality (2.7) with ¢ =1 and r = 2 N.
This gives

1 2N—-1 1

([wn-m2¥ae)™ <o ([ 190 -0¥ae) ™ ([ wn-wysac)”™

N-1

=y (/Q@m — k)4 dw) B ,

thanks to (3.2), too. Similarly as before, after some manipulations we get

N—-1

(/Q(wg e d:n> Y < Oy (k).

Then the proof goes as in the previous case. 0
We list some composition properties of wg that will be used many times.

Lemma 3.2. Let 1 < p < +oo and suppose that Dé’p(Q) < LY(Q) is compact. Then:
(i) for every 0 < < (p—1)/p, we have wg ¢ Wp(Q);
(ii) logwq & WHP(Q);
(iii) for every (p—1)/p < B < 1, we have wg € Dé’p(Q), provided wgp_pﬂ € LY(Q);
(iv) for every B > 1, we have wg € Dé’p(Q).
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Proof. We treat each case separately.

(i) Case 0 < B < (p—1)/p. Let us first assume that

-1
0<pB< L—
p
In this case, let us define the function
e = (wq + &) PP — PP, (3:3)

for e > 0. Notice that ¢. € Dé’p(ﬂ), since this is the composition of wq with the C*
function

V() = (t+ g)ﬂp—pﬂ _ gﬁp—p+1’ t >0,
which is globally Lipschitz continuous on [0, +00) and such that ¥.(0) = 0. Plugging ¢,
as a test function in (2.2) we get

—-1-8p _ p—1-Bp
Bp— [ (wa +¢€)
(Bp=p+1) [ [Vunp (wo+0)7 7o = [ S0 TSR s,
that is
|Vwgq|P 1 / (wq + &)P~1=AP — cp=1-Bp
—1- T dr = dr. (3.4
(p Ap) /Q (wo + 5):0—,310 v gp—1-6p |, (wo + 5);0—1—,3]? z. (34)

From Proposition 3.1, we already know that wg € L*°(2), then we take

_ ||wQHL°°(Q)
2 )
Then from (3.4) we get

mep 1 / € p—1-Bp
— ]_ — = 1 —
(p 529) /Q (wQ + 5)p—6p dz ep—1-Bp Q wo + € d
1 p—1-8p
Z 16 / 1= < ; ) de
ep P S wo>T) T+¢€
= |1 < v A
T \r+e

ep—1-8p°
By taking the limit as € goes to 0 in the previous estimate and using the Monotone
Convergence Theorem, we get

sothat A:=|{zxe€Q : wqg>7} >0.

|Vwa|P

p—Bp
Q w,

This finally shows that ng ZLP(Q)for 0<p<(p—1)/p.
To treat the borderline case 5 = (p — 1)/p, we insert in (2.2) the test function

dr = +oo.

¢ = log(wq + ¢) — loge,

for € > 0. In this case we obtain

YVweolP
‘Um’dx:/log(l—i—m) dx,
o wqte 0 €
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and reasoning as before we get again the desired conclusion.

(i3) The logarithm. To prove that logwq & W1P(Q), it is sufficient to reproduce the proof
above with g = 0.

(11i) Case (p —1)/p < < 1. We test once again (2.2) with ¢. defined in (3.3). In this

case we get the equality

Bp—p+ 1)/9[Vw9|p(wﬂ+5)ﬁp—pdx:/

Q

<(U)Q + g)BP*erl _ 5Bz>—p+1> de.

From the previous, with simple manipulations and using the subadditivity of 7 — 7#P—P+1
we get for every € > 0

/Q ’V ((wg +e)f — 56) ’p dx < _~ /Q ((’UJQ tg)fptl _ eﬁp—p“) dx

T Bp—p+1
< 7&; /wﬁp—pﬂdx
T Bp-p+1Jg @ ’

and the latter is finite by hypothesis. Thus the net

{(wQJr&?)ﬁ—é?ﬂ} )

e>0
is uniformly bounded in D(l]’p (©). Since the latter is a weakly closed space, we get that
wg € DyP(Q) as desired.
(iv) Case B > 1. This is the simplest case. By Proposition 3.1 wq € L*°(Q2), then wg is

just the composition of a C! function vanishing at 0 with a function in Dé’p(Q) N L>(Q).
This gives wp € Dy (Q). O

Remark 3.3. The requirement wép AR L'(Q) in point (77i) of the previous Lemma

is necessary. Indeed, for every (p — 1)/p < B < 1, it is possible to construct an open set
Q C RY such that Dy (Q) < L1(Q) is compact, but wh? P ¢ L1(€) and wl, & DLP().
An instance of such a set is presented in Remark 5.3 below.

3.2. General case. We already said that in general wq could reduce to the trivial function
which is 400 everywhere on 2. The following elegant and simple result, suggested to us by
Guido De Philippis [12], gives a sufficient condition to avoid this trivial situation. It asserts
that finiteness in a point entails finiteness in the whole connected component containing
the point.

Lemma 3.4 (Propagation of finiteness). Let 1 < p < +o00 and let & C RN be an open
set. Let us suppose that there exist Ry > Rq, xo € QN Br, and M > 0 such that

wo,r(xo) < M, for every R > Ry. (3.5)
Then wq € LS. (Sz,), where Qg is the connected component of €2 containing xo.

Proof. We first observe that the pointwise condition (3.5) does make sense, since each
function wq g is indeed C’llo’s‘(ﬂ N Bg) for some 0 < o < 1, thanks to standard regularity
results for the p—Laplacian. In this respect, a classical reference is [13].
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Let K € Q,, be a compact set, then there exists a larger compact set K C K’ € Qy,
such that g € K'. We take R; > Ry large enough, so that 2 N Bp, contains K'. By
Harnack inequality (see [14, Theorem 7.10]), we have

1 _p_
supwg g < supwq r < Ckr | infwg g+ |K'|V 7T
K K/ b K, b

< Corwa p(wo) + Crr |K'|N 71 <€, for R> Ry,
where C' = C(N,p, K, M) > 0. This ends the proof. O

o0

o.(§2), unless Q is connected as

In general it is not true that (3.5) implies wq € L
shown in the next simple counterexample.

Example 3.5. Let us consider
Q:Blu{xeRN s ay > 2}
In this case we have

N _ N
wq(0) = N™» and wg =400 on{zxeRY : zy > 2}

p
We present now a sufficient condition for the function wq defined by (2.4) to be a
(local) weak solution of
—Apw = 1.

Proposition 3.6. Let 1 < p < +oo and let @ C RY be an open set. Let us suppose that
wg € LL (). Then
Vwq € L:{JOC(Q). (3.6)

Moreover, wq is a local weak solution of (2.2), i.e. for every Q' € Q and every ¢ € C§°(£Y)
there holds

/<|VwQ|P—2 Vwg, V) dz = /qbdx.

Proof. To prove (3.6) it suffices to show that for every open set ' € €, there exists a
constant Cqs > 0 such that

Vwa rl ey < Cor, for every R > po/ :=min{p € [0,00) : ' € B,}. 3.7
; () p

Indeed, if this were true, by weak convergence (up to a subsequence) of the gradients for
every ¢ € C§°(Y) we would get

RIEI;O Q('IUQJQ)IJ_ pdr = —RIEI;O/Q’U)SLR(ﬁJ;j dx = —/ngqﬁxj de, j=1,...,N,
which implies that Vwg € LV (Q). Observe that we used wo g < wo and wg € L (Q)
to pass to the limit.

To show the uniform bound (3.7), we choose ' € Q" € Q and a positive cut-off
function n € C§°(Q)") such that

C
<np<1 =1lon& < -
O=n=l, n=Lons [Vl < dist(, 90
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Then, for a fixed R > pgr, we insert the test function ¢ = wq g 7” in the weak formulation
of the equation solved by wq r. Observe that this is an admissible test function, since it
is supported in " € Q N Bg. With simple manipulations, we get

/ [Vwa,r|PnP dz < / nPwa,rdr +p / P~ Vwa P~ Vi wo,r dx
Q Q Q
< / wo dx + 7P / lwa [P |Vn|P dx (3.8)
11 Q

—i—(p—l)e/ |Vwa gr|P 1P de,
Q

where we also used that wo r < wgq by construction. The last term can be absorbed in
the left-hand side of (3.8) by taking € > 0 small enough. Thus we end up with

C
\Y Pdx < C de + —————— Pd 3.9
Q/\ wo,pl" dz < - T+ Tt (. 97y /QH lwo P d, (3.9)
for some C' = C(N, p) > 0, where we also used the bound on |V7|. In order to conclude, we
need to show that the right-hand side of (3.9) is finite. Since we are assuming wq € Li (),
then we can apply Lemma 3.4 in each connected component of 2 and obtain wq € L2 (Q).

loc
Thus the right-hand side of (3.9) is finite and we get (3.7).

In order to show that wq is a local weak solution of (2.2), we need to pass to the limit in
the equation

/(VwQ,R]p_z Vwa, r, Vo) dx = /¢dx, (3.10)

where ¢ € C*(Q) and Q' € Q. We first observe that for p = 2 the local weak convergence
of the gradients already gives the result, by linearity of (3.10).

In the case p # 2 we need to improve this weak convergence into a stronger one. For
this, we can use the higher differentiability of solutions of the p—Laplacian. Namely, it is
sufficient to observe that for every (smooth) open sets Q' € Q" € Q, we have

C

2
|D wQ,RHLP(Q’) < W vaQ’R”Lp(QH), for 1 < p <2, (3.11)
and
Hv ('V 7 v )’2 < Vual for p > 2. (3.12)
wa.R WO )| o S Fiseier, o 1Y Rl or p>2. (3.

again for R > pqr, so that Q7 € QN Bi. These estimates are nowadays well-known: the
first one comes from [1, Proposition 2.4], while the second one can be found for example
in [6, Theorem 4.2]. Observe that the right-hand sides of (3.11) and (3.12) are uniformly
bounded, thanks to the first part of the proof.

For 1 < p < 2, from (3.11) by Rellich-Kondrasov Theorem we have strong convergence
(up to a subsequence) in LP(€Y) of Vwg r to Vwg. If one then uses the elementary
inequality?

J;

2This follows from the fact that z — |2[?~2 z is (p — 1)—Hélder continuous, for 1 < p < 2.

’va7R|p_2 Vwg r — |va|p_2 Vwq

p/
de < C [ |Vwar— Vwql|’ dz,
Q/
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we obtain strong convergence in L (') of |[Vwg r|P~2 Vwa,r to [Vwg[P~2 Vwg. Thus it
is possible to pass to the limit in (3.10) for 1 < p < 2.

For p > 2, we observe that (3.12), Rellich-Kondrasov Theorem and the elementary
inequality®

J,

imply again that we can extract a sequence such that the gradients strongly convergence
in LP(§Y’). The limit is of course Vwg g, since this has to coincide with the weak limit. In
order to conclude, we can observe that for every ¢ € C§°(€2) we have

) / (|Vwea.rP~2 wa.r — |VwalP~2 wg, V) d:c’

-2 -2
|V’UJQ’R|pT va,R — |V7ul)Q7R/|pT V’LUQR/

2
dx > C ‘va,R — Vwq g/ P de,
Q/

< |Vl e / “va,R’p_2 Vwa,r — |VwalP~? Vwg | dx
Q/

< C|VollL~ / (IVwa kP2 + [VwoP~?) [Vwo.g — Vo] de.
Q/
From the strong convergence of the gradients in Lf’oc, we get that the last integral tends
to 0, as R goes to +o0o. This yields the desired result. O
Remark 3.7. Though we will not need this, we notice that once we obtained that wq €

VV;?(Q) is a local weak solution of the equation, then we have wq € C’llog(ﬂ) for some

0 < a < 1, by classical regularity results (see for example [13]).
Lemma 3.8. Let Q C RY be an open set such that || < +oo. Then wq € L'(Q).
Proof. For every R > Rq we have

p—1
(/ ’U)Q7Rdx> :Tp(QﬂBR).
QNBRr

By using the Saint-Venant inequality (2.3), we obtain for every R > Rq

p+N (p—1) p+N (p—1)
T,(2N Br) < ('QﬂBR‘> o)< <|Q‘> T,
| B | B
Thus we obtain a uniform L' bound on the functions wq,r. By taking the limit as R goes
to +00 and using the Monotone Convergence Theorem, we get the result. (|

4. THE TORSIONAL HARDY INEQUALITY
In this section we are going to prove a Hardy-type inequality, which contains weights
depending on wgq. The proof of its sharpness is postponed to Section 6.
3Observe that z — \z\% z is 2/p—Holder continuous, i.e.
2-p 2-p 2
|2 72— || 7§ < Clz—¢]7.
The desired inequality is obtained by choosing

p=2 p=2
z = |V'LUQ,R‘ 2 wa,R and é-: |Vw97R/| 2 wo,R-
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4.1. Compact case. We start with the following slightly weaker result.

Proposition 4.1. Let 1 < p < +oo and let @ C RY be an open set such that the embedding
D(l)’p(Q) < LY(Q) is compact. Then for every u € Dé7p(Q) we have
1
P ] |ulP dx S/ |Vul? d. (4.1)
Q

<T>p /Q ’szz (p—1) wh!

wo
Proof. We first observe that it is sufficient to prove inequality (4.1) for positive functions.
Let u € C§°(€2) be positive. We recall that

/Q<|nglp2 Vwg, V) dw—/ﬁqﬁdw, (4.2)

for any ¢ € DyP(Q). Let € > 0, by taking in (4.2) the test function

¢ =uP (wq + e)tp,

p

we get
—1 p p—2
/ [(p ) [Vwal +(“’Q+5)] updxzp/up_l <|vw9| ng,vu> dr.  (4.3)
Q (’UJQ _|_€)p Q (’UJQ‘FE)pi
By Young inequality, for any &, z € RY it holds
1 p—1, _, _»
£, 2z) < —|z|P + —— [£]»T. 4.4
(& 2) ) E . €] (4.4)
By applying such an inequality to (4.3), with
5 1\ 7 Vwq[P~2V
o <p> " Vu,  and = (p—) T Vel Ve
p—1 p (wo + )P~

we get that

/Q[(p—lﬂ(vwlilﬂfgp(wa%—e)} o do < <p€1>p1 /Q\vupﬂdgg
—1

P uP |Vwgq P
+(p—1 / dx
e P Jo (wa+e)P

The previous inequality gives

(T)p /, [<LZ‘T'SP t o T waT E)p_l} Wi < [ VUi

Finally we let € go to 0, then Fatou’s Lemma gives the inequality (4.1) for v € C5°(Q)

positive. The case of a general u € Dé’p (Q) follows by density. O

As a consequence of the torsional Hardy inequality, we record the following integra-
bility properties of functions in Dé’p (©2). This will be useful in a while.

Corollary 4.2. Under the assumptions of Proposition 4.1, for every u € Dé’p(Q) we have

J

Vwg |P p
Yha |ulP de < 400 and / [ul dx < 4o0.
Q

wa wgf !
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Moreover, if {un}nen C Dé’p(Q) converges strongly to u € D(l)’p(Q), then

p

Vwa |up, —ulPdx =0 and lim

lim
n—oo Q

waq
The following functional inequality is the main result of this section.

Theorem 4.3 (Torsional Hardy inequality). Under the assumptions of Proposition /.1,
for every 6 > 0 and every u € Dé’p(Q) we have
P 1
_l’_

p—1 — 1.\ [Vwg
- /9(1 5“)‘ P

wa
Proof. The proof is the same as that of Proposition 4.1. The main difference is that now
we use Young inequality (4.4) with the choices

] |ul? dx §/ |VulP dz. (4.5)
Q

p—2
2 =47 Vu and 525_% uP™1 Nwl™ Vw Yw’
(w+e)r—t

where & > 0 is a free parameter. Thus this time we get

_ P P P
/ [(p 1) [Vuol® + (wo + 8)] |ulP dz < 6 / |VulPdx + (p—1) = 7|u\ [Vl dz
Q (wq +€)P Q o (wq+e)P

We can now pass to the limit on both sides. By using Corollary 4.2 and the Monotone
Convergence Theorem we get

-1 D 1 p
/[(p ) Vg “”ﬂ |u]pd:c§5/|Vu|pdz+(p—1)5 = / | Y42 g
Q o) Q 0 wao

This gives the conclusion for v smooth and positive. A density argument and Corollary
4.2 gives again the general result. U

Remark 4.4. Observe that one could optimize (4.5) with respect to 6 > 0. This leads to
the following stronger form of the torsional Hardy inequality

<p—1>P (/Q e "L (p—11)w§'§‘1] |updx>p
p </Q p up? dx>p_1

We leave the details to the interested reader.

‘ Vwq

S/ |VulP de.
VwQ Q

wo

4.2. General case. Finally, we consider the case of a general open set Q C RY. We will
need the following version of the torsional Hardy inequality.

Proposition 4.5. Let Q C RY be an open set. Then for every u € C3 () we have

p
/ |“|_1 da g/ IVl dz. (4.6)
{z€Q:wq(z)<+o0} wg Q
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Proof. Let u € C§°(£2), then we take as always R; > Rq large enough so that the support
of u is contained in Q N Bp, for every R > R;. We can then use Theorem 4.3 with 6 =1

and obtain
Juf?
o do < |Vul|P de, R > R;.
Qwg g 0
If we now take the limit as R goes to +00 and use Fatou’s Lemma once again, we get the
desired conclusion by appealing to the definition of wgq,. O

5. PROOFS OF THE MAIN RESULTS

5.1. Proof of Theorem 1.2. For ease of notation, we set
p—1
vi=—yq.
p—q
We start by proving the first equivalence, i.e.
Apg(2) >0 <=  wqe L7(Q).
Let us assume that A, 4(€2) > 0. We recall that wq g satisfies

/ (Vo rlP~2 Vi, g, V) da = / b dr,
QNBgr QNBRr

for every ¢ € Dé’p(Q N Br). By Lemma 3.2, the function ¢ = wg g is a legitimate test

function for every 8 > 1, since 2N By is an open bounded set and thus Dé’p(Q) — LY(Q)
is compact. By using this, we get with simple manipulations

D D P 5
I3 () / da::/ Wy pdr. 5.1
B+p—1 QNBr QNBg 2R (5.1)

We now observe that (5 +p—1)/p > 1, thus wg()ﬁ;p_l)/p € Dé’p(Q N BR), still thanks to
Lemma 3.2. Moreover, the inclusion 2N B C 2 implies

0 < Apq(Q) < Apg(2N Bpg).
Then we can apply the relevant Poincaré inequality in the left-hand side of (5.1) and get

P P Btp=1 s p
I} <) It </ We B daz) < / Wy »dr.
/8 + p— 1 4 Q( ) NBp QR QNBr QR

This is valid for a generic 8 > 1. In order to obtain the desired estimate, we now choose

-1 -1
5:7:Lq so that ﬂLq:B,
p—q

which is feasible, since v > 1. By using that p/q > 1, after a simplification we get

B+p—1
P
VwQR

p—q

T 1 (p—1\!
A Q(/ wl, d:c>qg<> .

We now take the limit ar R goes to +oo, then Fatou’s Lemma gives that wq € L7(Q),
together with the upper bound in (1.2).
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Let us now assume wq € LY(€Q). The latter entails [{x € Q : wq(z) < 400} = [Q]. Then
for every u € C§°(2) with unit L? norm, by combining Hélder inequality and the torsional
Hardy inequality (4.6), we get

pP—q

4 r—q 9
P p i q P—q
1:/\u|qd:v§ / ]u\_l dx </wgdw> ! < (/ |Vu|pdx>p (/w%dx) "
) Q wH Q Q Q

By taking the infimum over admissible u, we get A, 4(£2) > 0. The result comes with the
lower bound in (1.2).

In order to complete the proof, we are now going to prove the equivalence
MApg() >0 = DyP(Q) — LI(Q) is compact.

The implication “<=” is straightforward, we thus focus on the converse implication. Let
us assume that

Ap.q(§2) > 0. (5.2)
From the first part of the proof, we already know that this implies (and is indeed equivalent

to) wg € L7(Q2). By recalling Remark 1.1, we also observe that (5.2) implies that Dé’p (Q)
is a functional space, thus we can extend by density both the Poincaré inequality

Mol() < /Q |u|qd$>5 < /Q Yl da, (5.3)

and the torsional Hardy inequality (4.6) to the whole Dé’p(Q). Let {u,} C Dé’p(Q) be a
bounded sequence, i.e.

|Vun|| ) < L, for every n € N. (5.4)

By (5.3) we have that {up}nen is bounded also in L9(£2). Thanks to the Gagliardo-
Nirenberg inequalities of Proposition 2.6 applied with » = p, we thus get that {u,}nen
is bounded in LP(Q) as well. By uniform convexity of D(l]’p (Q) and LP(Q), we get that
{un }nen converges weakly (up to a subsequence) in Dé’p () and LP(£2) to a function
u e D(l)’p(Q) N LP(£2). Finally, we observe that we also have u € L%(9).

Let us take the new sequence

Uy i= up —u € Dy?(Q) N LP(Q) N LI(Q),

that we consider extended by 0 outside €. From the previous discussion, this is a bounded
sequence in W1P(RY). From Rellich-Kondrasov Theorem we thus obtain that {Up, }nen
strongly converges (up to a subsequence) in LY(Bpy1), for every R > 0, and the limit is
0. Thus for every € > 0 and every R > 0 there exists n. g € N such that

/ |Up|? dz < €, for every n > ng p. (5.5)
Bry1

In order to control the integral on RY \ B, | uniformly, we use again the torsional Hardy
inequality. For every R > 0, we take a positive function ng € C°(RY \ Bg) such that

nr=1mRY\ Bry1, nr=0inBr, 0<ngp<l1, IVnr| < C,
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for some universal constant C' > 0. Each function U, ngr belongs to Dé’p (Q), then by
combining Holder inequality and (4.6) as before, we have

pP—q

q pP—gq
P P 3
/ |U, | dx < % dx / wfy dx
RN\Bpri1 Q w O\Br
q p—gq
E r
< ([ wwammpr i) ( A dw) -
Q O\Br

In the first inequality we used the properties of g, which imply in particular that U, ng =
0 on Br. We now observe that the first term in the right-hand side of (5.6) is bounded
uniformly. Indeed, by (5.4) and the triangle inequality

(5.6)

1

D
( [ ww, nR>|Pdm) < VUl + C | Unll oy,

which is bounded, as showed before.
On the other hand, since wq € L7(f2), by the absolute continuity of the integral for
every € > 0 there exists R. > 0 such that

p—q

P
(/ wy) da:) <e.
Q\Br,

By spending these informations in (5.6), we finally get

/ U,|9dz < Ce, for every n € N, (5.7)
RN\Bpr, +1

for some C > 0 independent of n and . By collecting (5.5) and (5.7), we proved that for
every € > 0 there exists R, > 0 and n. € N such that

/ \Un\qdm:/ ]Un]qu—i—/ |Up|?dz < (1+C)e, for every n > ne..
RN BRe+1 N\BR.+1

This finally shows that U, = u, — u strongly converges to 0 in L%(€2).

5.2. Proof of Theorem 1.3. The fact that wq € L*°(12) implies A, ,(€2) > 0 follows as
before by using the torsional Hardy inequality (4.6). Indeed, for every u € C5°(€2) with
unit LP norm we have

p
1= [P e < ol [ L <ol [ (vup s
Q O wh Q

This also shows the first inequality in (1.3). The converse implication is exactly the van
den Berg-Bucur estimate of [4, Theorem 9].

As for the characterization (1.4) of the compact embedding D(l)’p (Q) — LP(Q), we first
observe that when this holds, then A, ,(€2) > 0 and this in turn implies wq € L*>(€2). The
proof of the implication “=" can now be proved exactly as in [8, Theorem 6.1] by Bucur
and Buttazzo.



SOBOLEV EMBEDDINGS & TORSION FUNCTION 21

The implication “<—==" can be proved by appealing again to the torsional Hardy in-
equality. Indeed, the hypothesis on wq implies that bounded sequences {uy, }nen C Dé’p (Q)
are bounded in LP(Q2) as well, since wo € L*°(£2) and thus A, ,(€2) > 0. Moreover, the
bound on the LP norms of the gradients guarantees that translations converge to 0 in
LP(Q) uniformly in n, i.e.

lim (Sup/ |un(z 4+ h) — up(z)|P dx) =0.
|h[—0 \neN JRN

In order to exclude loss of mass at infinity for the sequence {|un|P}nen, we observe that
with an argument similar to that of (5.6), by (4.6) we have

P P p—1
AMMHWJWS(AWWMMdOHWMWWM,

where ng is as in the proof of Theorem 1.2. Thus the loss of mass at infinity is excluded,
by using the hypothesis on the decay at infinity of wgq. This yields strong convergence in
LP(Q2) (up to a subsequence), thanks to the Riesz-Fréchet-Kolmogorov Theorem.

Remark 5.1. Differently from the case 1 < ¢ < p, the fact that A\, ,(€2) > 0 does not entail
in general that the embedding D(l)’p (Q) < LP(R) is compact. A simple counterexample
is given by any rectilinear wave-guide Q = w x R ¢ RY, where w ¢ R¥~! is a bounded
open set. Indeed, it is well-known that A, ,(€2) > 0 in this case, while every sequence of
the form

up (2, on) = u(@', xn +n), (2,zn) Ew xR, neN,

with u € C§°(w x R), is bounded in D(l)’p (w x R) but do not admit subsequences strongly
convergent in LP(w x R).

Example 5.2. For simplicity we focus on the case p = 2, but the very same example
works for every 1 < p < +oo, with the necessary modifications. Let {r;};cnx C R be a
sequence of strictly positive numbers, such that

[e.o]

T‘ZN = +00.

i=0
We then define the sequence of points {x;};eny C RY by

{ ro = (0,...,0),

Tip1 = (1 +7i41,0,...,0) + @,
and the set
o
Q= Br (@), (5.8)
i=0
which by construction is a disjoint union of open balls, with |Q] = +00. On each ball

B, (x;) the torsion function is given by

(rf — |z —@*)+
an(zi) = : 2N : )
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thus we have the explicit expression for the torsion function of €2

ZOO Zoo (rf =z — i)
=0 =0

FiGURE 1. The set of Example 5.2 when r; /* 400. The relevant torsion
function is in L{° (€2) but not in L>°(€2) and thus A2 2(£2) = 0.

loc

We start with the case ¢ = 2. We notice that wq € L°.(2) and we have

loc

wgq € L*(N) = lim sup r; < +o0.

1—00
In this case A2 2(€2) > 0 by Theorem 1.3. We also observe that

for every € > 0, there exists R > 0 .
—= lim r; =0,
such that HwQHLOO(Q\BR) <e€ 1—00

and when the latter is verified Dé’Q(Q) < L?(f) is compact.
For 1 < ¢ < 2, by observing that

q oo o 24q N
2—q ~ 2 2 % ~ 27q+
R S NG BTG ISR S S
@ i=1 Y Br; i=1
we have

wo € L77a (Q) — er*‘ﬁ < 4o00. (5.9)
=1

In this case A24(£2) > 0 and Dé’Q(Q) — L1(Q) is compact by Theorem 1.2.

Remark 5.3. By exploiting Example 5.2, it is not difficult to show that for every 0 < s < 1
there exists an open set 2 C RY such that wg € L'(2) \ L(Q2) (this in particular means
that the embedding Dé’p(Q) < L'(Q)) is compact, by Theorem 1.2). Indeed, with the
notations of the previous example in force, by taking 2 as in (5.8) we only have to show
that there exists a sequence {r;};en such that

(@) o0
Z 7“@-2+N < 400 and Z 7“? SHN — .
i=1 i=1
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Thanks to (5.9), this would entail that wg € L'(Q), while wg € L*(Q)) (observe that
s = q/(2 — q) implies 2¢q/(2 — q¢) = 25s). As a straightforward computation shows, an
example of such a sequence is offered by the choice r; = i—1/2s+N),

6. SHARPNESS OF THE TORSIONAL HARDY INEQUALITY

Since the essential ingredient of the lower bounds in (1.2) and (1.3) is the torsional
Hardy inequality (4.5), it is natural to address the question of its sharpness. Though
sharpness of (4.5) is not a warranty of optimality of the estimates (1.2) and (1.3), we
believe this question to be of independent interest. As we will see, the following value of
the parameter § > 0 in (4.5)

=)
p—1 ’

will play a crucial role.

We warn the reader that for simplicity in this section we will make the stronger
assumption || < +oo. In this case, it is well-known that we have the compact embedding

D(l)’p () — LY(Q). Observe that this can also be obtained by joining Lemma 3.8 and
Theorem 1.2.

We start with a standard consequence of the Harnack inequality.

Lemma 6.1. Let 1 < p < 400 and let Q C RN be an open connected set with finite
measure. Let > 1 and suppose that u € Dé’p(Q) 18 a nontrivial function attaining the
equality in (4.5). Then |ul| still attains equality in (4.5) and for every compact set K € Q
there exists a constant C > 0 such that

1

lu| > Yol on K. (6.1)

Proof. If w # 0 is an optimal function, then v minimizes in Dé’p (©2) the functional

3(p) = / Vol? do — / glolP dr,
Q Q

where

p—1
g(ﬂf)zT

(1075 |

wao

p N 1 ]
1| -
(p—Dws,
Since § > 1, we have g > 0. Then v = |u| € Dy*() is still a minimizer and it is of
course positive. The relevant Euler-Lagrange equation associated with this minimization
problem is given by
Ay = goPl inQ,
v = 0, on 0f).
In particular, v is a nontrivial positive local weak solution of
—Apv = guvPh

and observe that g € L (€2). Then v satisfies Harnack inequality (see for instance [18,
Theorem 1.1]) and thus it verifies (6.1). O
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Proposition 6.2 (Existence of extremals). Let 1 < p < 400 and let @ C RY be an open
set with finite measure. Assume that

P\
then functions of the type
1

u= cwgﬁ, c€R, (6.3)

give equality in (4.5).
Proof. We first observe that hypothesis (6.2) implies that
57p%1 > p;l,
p

so that by Lemma 3.2, functions of the type (6.3) are in D(l)’p (©2). Then the proof is by
direct verification. Indeed, let us take for simplicity ¢ = 1, then we get

1
/Q\Vu|p:5_ppl /Q|Vw9]pwg6 PP g, (6.4)
and
_ P
et [y [ |
o Ja we (p— 1) wg (6.5)

4] o

We now have to distinguish two cases:

2 p—1 2 p—1 p—1
p D b
< —_— . .
O<5<<p2_1> or <p2—1> 5<<p—1> (6.6)

In the first case, we can insert in (2.2) the test function®

-1 N -z 1 -1
s (1_5 pll)/ [Vwg|P wh? 7 pdm+/wg5 Tt gy,
Q Q

__1_
qb _ wgS p—1 _p-s-l7 (67)

then we get

1 “HT_ —1 . —p “HT_
1 / wgé Tptl g | P2 (1 -5 p11> 4§ T / |Vwal? wgd P (6.8)
5 Jo o Q

By using this in (6.5) and comparing with (6.4), we get the conclusion.

If on the contrary the second condition in (6.6) is verified, some care is needed. Indeed,
now the choice (6.7) is not feasible for the equation (2.2). We thus need to replace it by

1 1
§ P—T—p+1 § P—T—p+1
¢n = (wQ + En)p prl_ 55)1 pt )
4This is a legitimate test function by Lemma 3.2, since
_1 -1 2\t
po P—l—p+1>L S ()<6<<p7) ,
p p?—1

and the latter is true by hypothesis.
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where {e,, }nen C (0,400) is an infinitesimal strictly decreasing sequence. Then from (2.2)
we get

o1 _ 1
;/“wﬂ_i_gn)pé p=l—p+1 _E;Z& p—lfpﬂ} dx
Q

-1 1 _» —5iT
= [_p (1—(5 pil) +6 Ppl] /|VwQ]p(wQ+6n)p5 PP g,
Q

1)
If we now use the Dominated Convergence Theorem on both sides, we obtain as before
(6.8) and thus we get again the desired conclusion. O

Proposition 6.3 (Lack of extremals). Let 1 < p < +oo and let Q@ C RN be an open
connected set with finite measure. If

P\
> | — .

0= (p — 1) ’ (69)
equality in (4.5) is not attained in Dé’p(Q) \ {0}.

Proof. We first notice that by using the quantitative version of Young inequality (see
Propositions A.2 and A.4 below) in place of (4.4), we can show the following stronger

version of (4.5)
p—1 / __1 ’ng p 1 C /
5 1—o v + ulf + = Rpa(u) < | [VulP dx.
Y (9] ( ) (p o 1) wg—l | | 5 qu( ) 0 | |

wa
Here C'= C(p) > 0 is a constant and the remainder term R, q(u) is given by

\

1
Rpa(u) = / 5% Vu—0 po-D y dx, if p>2,
Q wq
or
9 p—2
2
= [ [ 5 [T
Q wo
1 1 Vwol?
¥ |67 Vu— 5 1 Y2 e, ifl<p<2.
wq

Let u € Dy?(€2) \ {0} be such that equality holds in (4.5), by Lemma 6.1 we can assume
that it is positive (by assumption we have § > 1). From the discussion above, then
necessarily Rpo(u) = 0. This yields

Vu_ st Yun
U wQ
and observe that it is possible to divide by w thanks to (6.1) of Lemma 6.1. Then we
arrive at )
logu =46 r-1 logwq + c, a.e. in .
From the previous identity we obtain

1
w=cw) ", (6.10)
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almost everywhere in Q for some constant ¢’ # 0. Observe that the hypothesis (6.9) on
§ implies that §~1/(=1) < (p —1)/p. Thus thanks to Lemma 3.2 we get a contradiction
with the fact that u € DjP(€). O

Remark 6.4. We recall that the weaker information “u > 0 almost everywhere’ could
not be sufficient to conclude (6.10). Indeed, one can find functions u and v such that

Vv
Vu=u—1, fora.e. z € and u,v >0 fora.e xe€)
v

but v and v are not proportional. A nice example of this type is in [17, page 84]. In the
proof above we used the stronger property (6.1).

Finally, let us give a closer look at the borderline case

p—1
5= <p) .
p—1

In this case (4.5) reduces to (4.1). From the previous result, we already know that equality
can not be attained. Nevertheless, the inequality is sharp.

Proposition 6.5 (Borderline case). Let 1 < p < 400 and let Q C RN be an open set with
finite measure. There ezists a sequence {up}neny C Dé’p(Q) \ {0} such that

/\Vun\pdﬂv NP
lim Q = (p 1) . (6.11)

p
Q

wWo p—1
Proof. Let us consider the sequence of functions in Dé’p (Q) given by

(p—1)wg

E_i_l
un=wo? T, meN\{o}.

Observe that these functions belong to Dé’p () thanks to® Lemma 3.2. We have

—14E -1 1\? _iq2
ub :wg T and |Vu,|P = (p+ > wg, +"[ng|p.
D n
So we get

-1
—1\? -1 1\’ b —1+2
<p> < (p + > |v:UQp| dx / + P — we g
P p n Q g, " Q (p—1)wh
-1
-1 1\? p p P
= (p + > |V§UQJ dx WiﬂQp' dx +/ Lwﬁ dx
p n Q wQ_ﬁ Q wﬂ_ﬁ op—1

p

‘ Vwq

wao

By taking the limit as n goes to oo, we conclude (6.11). O

5Observe again that the assumption |2 < +oco guarantees that wo € L7(R), for every g > 0.
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Remark 6.6. Actually, we are not able to decide whether sharpness holds in the whole

range
p—1
5> <p) .

==

We leave this as an interesting open question.

APPENDIX A. CONVEXITY INEQUALITIES

In order to make the paper self-contained, we recall some results about uniform con-
vexity of power functions. The proofs are well-known, thus we mainly omit them.

A.l. Case p > 2.

Lemma A.1. Let p > 2. For every z,w € RN we have

1

1
SleP sl > |22

’ +C (|z|2+\w| ) T |z — w|?, (A1)

for some constant C = C(p) > 0.

Proposition A.2 (Young inequality with remainder term). Let p > 2. For every z,§ €
RY we have

p—2

62 < el + I =20 (1o +167T) 7 [z = 1e”

(A.2)
where C'= C(p) > 0 is the constant appearmg in (A.1). In particular, we also have
1 1 ’ ’_ p
e 1 i (A.3)

possibly with a different C = C(p) > 0.

Proof. By using the “above tangent property” of a convex function in (A.1), we get
1 1 2 -
(o2 w2y < e+ (1= 0) fup = 20 4 ) 51 - ol
p p p
If we now make the choice w = | ]p/*2§ in the previous inequality, we get the desired

conclusion (A.2).

In order to prove (A.3), it is sufficient to observe that by using the concavity of ¢ — v/t
and monotonicity of ¢t — tP~2, we get

p—2

(1el2 +16177) ™ > 2% (Jzl + 1)

On the other hand, by triangle inequality

’_ p 1 \p—2 ;o 2
2= 1er 2" < (1 +1677) " o - 12l
By using these two inequalities in (A.2), we get (A.3). O
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A2 Casel<p<2.

Lemma A.3. Let 1 < p < 2. For every z,w € RY such that |z|> + |w|?> # 0 we have

1

1
s

2

O (|24 [w]) T |z —w]?, (A.4)

’p
for some constant C' = C(p) > 0.

Proposition A.4 (Young inequality with remainder term). Let 1 < p < 2. For every
2,& € RN such that |2|? + |€]2 # 0 we have

Loy 1y 2 5 2\ o2 |2
€<+l =2 (1P + k1) T [a— e[, (A
p p p
where C'= C(p) > 0 is the constant appearing in (A.4).
Proof. The proof of (A.5) is exactly the same as that of (A.2) and we omit it. O
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