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A model of imperfect interface with damage
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Abstract In this paper two models of damaged materials are presented. The
first model is a model of glue including micro-cracks evolution and which has
two different regimes, one in traction and one in compression. The second
model is model of interface derived from the first one by an asymptotic anal-
ysis. Simple numerical examples are presented.
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1 Introduction

These last years, the study of imperfect interface between solids became a
subject of a very large interest for scientists and the industries, in particular
because of the development of composite materials [1-3,5,7,8,10,11,21-23, 25,
26,28,29]. Tt is extremely important in particular to control the damage be-
tween the fiber and the matrix. Precise models of damaged interface are thus
necessity to design structures.
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Fig. 1 Composite body: initial structure and rescaled structure

In this paper, a model of imperfect interface including damage is proposed.
This model is based on the asymptotic analysis [4,9,12,13,29,31,32,34] of a
composite made by two elastic solids bonded together by a third thin one,
which has a non linear behavior. In order to obtain impenetrability condi-
tions, the glue is micro-cracked and has two different regimes, one in traction
and one in compression.

The paper is divided in three parts. In the first section, the problem of
composite body made by three deformable solids bonded together, two adher-
ents and an adhesive is presented. The adhesive is a non linear material. The
constitutive equation of this material takes into account damage and the non
symmetry between traction and compression. In the second part of the paper,
an asymptotic expansion method is introduced and applied at the problem in-
troduced in the first section. A model of imperfect interface is derived. In the
third section, the model is applied to a particular cracked material. A simple
example in one dimension is studied.
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2 The three-dimensional equations of the composite body

In the following a composite body made by three deformable solids (see fig-
ure 1), two adherents and an adhesive (also called a glue), and occupying
the domain (2¢ is considered. The dependance of the domain (2° on the pa-
rameter ¢ will be precized in the following. An orthonormal Cartesian ba-
sis (O, e1,ea,e3) is introduced and let (x71,x9,23) be taken to denote the
three coordinates of a particle. The origin lies at the center of the adhesive
midplane and the xs3—axis runs perpendicular to the open bounded set S,
S = {(z1,22,23) € 2 : x3 = 0} which will be called in the following the
interface. The adhesive, also called interphase is occupying the domain B®,
defined by B® = {(z1,x2,23) € 2°: |x3] < g}. Note that ¢ is the thickness
of the glue. The adherents are occupying respectively the domains 25 defined
by 25 = {(z1,22,23) € 2: La3 > %} The two-dimensional domains S5
are taken to denote the interfaces between the adhesive and the adherents,
5SS = {(z1,22,23) € 2: z3 = :i:g} On a part S, of the boundary 02°, an
external load ¢ is applied, and on a part S, of 0f2° such that S, NS, = 0,
the displacement is imposed to be equal to 0. Moreover, it is assumed that
S, N B =0 and S, N B° = (. A body force f is applied in £25. In the
following, u® is taken to denote the displacement field, ¢ the Cauchy stress
tensor and e(u®) the strain tensor. Under the small strain hypothesis we have

eij(uf) = i(ufj + u5 ,;), where the comma is the partial derivative.

The two adherents are supposed to be elastic, thus

+
o5 = aijhkehk(ue) (1)

or

o* = Dt (e(u)), (2)

1
where the free energy ¥+ = Za%e(uf) : e(u®), a* is the fourth order elas-

ticity tensor verifying the usual conditions of positivity and symmetry.

The adhesive is a generalized Kachanov-type material. In the Kachanov
theory [24,35], the constitutive equations are obtained after the homogeniza-
tion of a micro-cracks material, with k£ families of cracks. The elastic coeffi-
cients depend on the lenghts [, of these cracks. In the following, only a family
of cracks is considered and [ is taken the denote the lenght of these cracks.
This parameter can be considered as a damage parameter. It is observed also,
that in this theory the stiffness of the material b°(1) takes the form b° ~ €b(l)
[8].

As an example, for a crack orthogonal to es, the Young modulus in the third
direction Fj3 is equal to
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and Ey (resp. o, resp. vg) is the Young modulus (resp. the shear modulus,

resp. the Poisson ratio) of the undamaged material and p is the density of
3 2

cracks i.e. p = — in 3 dimensions and p = — in 2 dimensions, where V' (resp.
S) is the volume (resp. the surface) of the representative elementary domain.
Note that V' and S are proportional to the thickness of the interphase ¢.

In order to avoid the penetration along the cracks, it is supposed that the
elasticity coefficients do not depend on the lenght of the cracks in compression,
only in traction. In conclusion, in the interphase, two regimes are considered,

ebijni(enk(u®) it e®(u®) >0
of. — (5)
% (u®) BijnkOnk + bijni(1)ed, (uf) if e*(uf) <0
where b and B are two fourth order elasticity tensors verifying the usual

1
conditions of positivity and symmetry, e® = gtr(e(ug)) (resp. e? = e(uf) —

1

gtr(e(us)l d) is the spheric (resp. deviatoric) part of e and 4 is the Kroenecker
symbol.

Now, the possible evolution of the lenght [ is introduced. Following the general
theory proposed in [6], a pseudo-potential of dissipation ¢ is considered. For the
sake of simplicity, this potential which is rate dependent is chosen as quadratic
ie.

ol0) = 3772 + Tjjs0y (1), (6)

where I4 is the indicator function of the set A, Io(z) = 0 if z € A,
I4(x) = 400, otherwise and 7® a viscosity parameter. This indicator function
imposes to [ to be positive i.e. the crack length increases. The free energy
associated to the constitutive equation of the interphase (egs. 5) is given by

U (e(u), 1)) = ' (e(u)) — wl + Iy oo (1) (7)
where w® is a (negative) parameter similar to the Dupr’s energy [6,7], Iy is
a given initial crack lenght and

%6b(l)e(u5) :e(uf) if €5 (uf) > 0
W e = § 1
E(es(u‘g))QBijhkéijéhk + iab(l)ed(us) ced(uf) if e*(uf) <0
(8)
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Note that n° and w® are volumic densities and thus these two coefficients are
inversely proportional to e. In next sections, we will denote n° = n/e and
w =w/e.

Thus, the evolution equation is written

(wE — Ly et : e(ua)> if o5 (uf) > 0

! — i b, (1)e? d f 0 )
w® € e(uf) : e*(u® if ef(uf) <

where () 4 Is the positive part of a function. In the following [ is supposed to be
independant of x3 i.e. the interphase and the representative volume thicknesses
are equal. A more general hypothesis is presented in appendix.

The equations governing the equilibrium problem of the composite struc-
ture are written as follows:

0%+ fi=0 in 2
oing = gi on Sy
05 = () in B¢

[lo 13]] on S
([f]] = on S5
uy = O on Sy,
af] = fjhkehk(u‘s) in 25 (10)
a” = ebijni(l)enk(u®) if e*(u®) >0 in B¢
o5 = e®(u®)BijnkOnk + Ebmhk(l)e‘,ilk ) if e*(u®) < 0 in B®

. 1
n°l = (w - 5517[(1 )> if e* >0 in B*°

. 1
nsl:<w —§€bl(l) ed(uf) : e J} if e$(u) >0 in B¢

+

where [[f]] denotes the jump of f along S% i.e. f((¢/2)F) — f((¢/2)F). We
recall that f(a®) =lim;— 4050 f(z) and f(a™) = limy—q 2<a f(2).

3 The asymptotic expansion method

Since the thickness of the interphase is very small, it is natural to seek the
solution of problem (10) using asymptotic expansions with respect to the pa-
rameter € [14-18,20,33]. In particular, the following asymptotic series with
integer powers are assumed:

u® =u’ +cul +o(e) (1)
o =o' +eol +o0(e).

The domain is then rescaled (see figure 1) using a classical procedure:



6 Bonetti, Bonfanti, Lebon, Rizzoni

— In the adhesive, the following change of variable is introduced

. X
(1,2, 23) € B® = (21,22,23) € B, with (21, 22, 23) = (21, %2, ?3)

and it is set (21, 22, 23) = u®(x1, T2, x3) and 6¢(21, 22, 23) = 0°(21, T2, T3),

1
where B = {(z1,22,23) € 2: |x3] < =}.

— In the adherent, the following change of variable is introduced
(x1,2,23) € 25 — (21, 22, 23) € 24, with (21, 22, 23) = (21, T2, x3E£1/2F¢/2)

and it is set U®(z1, 22, 23) = w® (21, T2, x3) and 5°(21, 29, 23) = 0 (21, X2, T3),
where 24 = {(x1,22,23) € 2 : Lx3 > 5} The external forces is as-
sumed to be independent of . As a consequence, it is set f(zl,ZQ7 z3) =

f(x1, w2, 23) and g(z1, 22, 23) = g(x1, 22, x3).

The governing equations of the rescaled problem are as follows:

a5+ fi=0 in (2
o5y = i on Sy
A )
G55, =0 in B
O5q = 05y on St
us = i on Sy
a5 =0 on Sy
0 = dfjhkéhk(ﬂs) in $24 (12)
6% = Ebijhk(l)éhk(ﬁg) if ?S(ﬁe) Z 0 in B
é’fj = és(ﬂs)ijhk(shk + 5bijhk(l)ézk(ﬁs) ifes(a°) <0in B
el = (w - 5d%,l(l)é(a‘f) é(af)) ifes(af) >0 in B
A 1 -
il = (w - 5da,l(l)éd(af) : éd(ff)s if ¢5(4°) <0 in B
+

1
where Sy = {(x1,22,23) € 2 : z3 = ii} and 7, denote the rescaled
operators in the adherents and in the adhesive, respectively.

In view of 11 the displacement and stress fields are written as asymptotic
expansions

6 =06%+¢e6' +o(e)
¢ = 0%+ e 4l + o(e)
7 =3c"+e5' +o(e) (13)
= u + ¢ a' + o(e),

in the rescaled adhesive and adherents, respectively.
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3.1 Expansions of the equilibrium equations in the adherents

Substituting 13 into the first, second, sixth and seventh equations of 12, it is
obtained at the first order of expansion (power 0)

ain; =g on S
a()]:jo on gi (14)
0

— = — —0\ :
oy = aijhkehk(u )in 24

3.2 Expansions of the equilibrium equations in the adhesive

Substituting 13 into the third equation of 12 it is deduced that the following
conditions hold in B (power —1):

[7?3,3 =0, (15)
i.e. 6% does not depend on 23, that it can be expressed as
[63] =0, (16)
1

1
where [f] = f(z1, 22, 5) — fx1, 29, —5) In the adhesive the strain field be-
comes:

e(af) =etemt + % +eet +o(e) (17)
where )
€33 = 1{%,3 (18)
b = iagyg, a=1,2

N 1, 4. . . .
e*(u) = 4 (e 1“2,3 + u(l),l + ng + uzls,s +o(1)) (19)

and that at the first order of expansion the sign of the spheric part of the
strain tensor is the sign of 43 5. The eighth equation in 12 is considered i.e.
ﬂg,s > 0. At the first order in the expansions (power 0), it is obtained

G0 = bigjs(1)11) 5 (20)
It is observed that 6% (and thus 4 ;) does not depend on z3, thus
6%y = biaja(1) [2)] (21)

which is the classical equation of soft interface. Denoting l;igjg(l) = Kfjg(l), it
is obtained
6%s = K*(1) [a°] if [a3] > 0 on S* (22)
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Now the nineth equation in 12 is considered. The expansion gives at the
first order (power —1)
0 = Biissl3 5 if 4§ 3 <0 (23)

or due the property of positivity of the tensor B
g4 =0if 4345 <0 (24)
Function ﬁg’g being constant in the third direction, it can be deduced that
[a3] = 0if [a3] <0 (25)
Note that at the second order in the expansions (power 0), it is obtained
G0 = bigjs(1)11f 5 (26)
In conclusion, it is obtained on S*

>0
<0

6% = K(1) [a°] if

s = K33(1) [a°] , [a3] = O if

Now the two last equations in 12 are considered. If we consider that the
lenght [ increases, the first term in the expansion gives (power -1)

(27)

R . . N .1 N
nl = (b,l(l))i3j3u?,3 : U?,s =w = i(Kdg(l))w 93 03

Now, this equation can be integrated along the third direction in two steps,
considering that 635 = K} (1) 5 or 4% = (K*(1))~*6%e3. Thus, it is obtained

il =& — K1) [a°] . [a°]

This equation can be decomposed, as classical, into normal and tangential
parts

oo 1 N 1. s . .
il =& = SKR ) [a%]° - SEFO) [a9] - [af]

3.3 Matching between the adhesive and the adherents
Substituting 15 into the fourth and fifth equations of 12, it is deduced that

the following conditions hold on S :

. 1 _ 1 €
093(Z17z27i%) = 0?3(217Z2’i?) = U?S('rl?x% ii) ~ 0‘?3(.”[71,.%‘270) (28)

N _ €
u?(zl, 29, ii) = u?(zl, 22, ii) = u?(ml,xQ, ii) ~ u?(xl,xQ,Oi)

In conclusion, it s obtained
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ong = gi on Sy
u) =0 on Sy,
O'?j = al-ijhk,ehk(uo) in 24 (29)

oy = Kigjg(l) [U?]Jr on S

ni = <w S SRUIR [uO]+>+ on S

where [u0]+ = [uo] if [ug} >0, [u0]+ = ([u(ﬂ , [ug] 7())T if [ug] <0.

It is obtained a model of imperfect soft interface with unilateral contact
and damage evolution. Note that the variable I (lenght variable) is similar to
the density of adhesion (no dimension variable) introduced by M. Frmond in
[5]. This intensity of adhesion can be interpreted mechanically as the ratio

/.
4 An example in 2D: Kachanov material
4.1 Constitutive equations

In two dimensions (in the plan (O, e, es)), the problem can be rewritten as

0 _ .
0ijj +fi=0 in 24
ong = gi on Sy
ud =0 on S,
O’?j = aiijhkehk(uo) in 24 (30)
ol = K%—Q(l) [u?—]Jr on S

i Lo 20 0 0
nl:(w—2K7l(l)[u]+.[u]+ +onS

For the Kachanov model of homogenized cracked material [24,35], the stiff-
ness matrix is written under engineer notations as

1/0L8
E
e
K¢ — I/()L€ &
202C 212C
0 0

0

0 (31)
Le
2c
where L is the lenght of the interphase, C' is given in (4). It is supposed that
the crack is along z; axis. Matrix K3? (in fact K*? in this configuration),
which is diagonal, reads

L
K2 — 2l(2)C I (32)
2c
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and its derivative reads

;L 0
K% = 1300 oL (33)
13C

The last equation in (30) (evolution of 1) is written

. L 012 L 012
ni = <w + g [)° + s [u2}+>+
4.2 A focus on the crack lenght evolution

As a first approach of the evolution of I, we can consider the case n = 0 (the
viscosity is equal to zero) and in order to simplify [u(l)] = 0. As we can see

on figure 2, in compression [ug] = 0 (unilateral contact). In traction, until
L wi3C
el [ug]i < —wie [u] <4/— = dy the stiffness is constant and the

We take

L
202C°
max 1 WL . .
055** to denote Vo the maximum value of o22. When the threshold is

reached, we have

relation between o992 and [ug} is linear, with the slope equal to

and then

1 [ Lw? \'"?
722 = 5 <Co)
[u]
This relation is represented on figure 2. On figure 2, the relation between

022 and [uo] is represented approximatively (using implicit Euler integration
schema) for various values of the viscosity.

4.3 A simple academic example
In this section, the example of a simple bar of length Lo is considered (see

figure 3). The bar is bonded on its left part and loaded on its right part. The
volumic force is neglected. The force on the right part is given by

Fyt t<t
_ Fotq t1 <t<ty
F(t) = Foty Foto (34)
- b <t<ts

to —ts  t3(ta —t3)
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i —— b=0
220 4 / —— b=10000
/ b=20000

Fig. 2 Evolution of normal stress vs jump of displacement for various valors of viscosity
(normalized values, L =1, C =100, w = —50)

F
glue
Fig. 3 A simple example
where Fjy and t;, ¢ = 1,2,3 are given. It is obvious to show that the

displacement field u takes the form

u(z) = %m + wo,

where F is the Young’s modulus of the bar and ug is given by the interface

C
law o = F(t) = 72 Uo- The lenght [ is given by the equation

; c
bl = <w+l—3u(2)> .
+
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Fig. 4 Evolution of the crack lenght along time (C =1, w =1, b=1, Fop =15, lg =
0.1, Ts =1, Ty =Ts/3, To = 2T5/3)

We take [y to denote the initial lenght of the crack. If ¢ < 4 / 02—07 then [ = ly. If
0

JwC
t> u;—, then the crack lenght can be computed by a simple implicit Euler
0

schema, i.e.

where At is taken to denote the time step, (¥ = [(t*) and t* = kAt.

We can observe on figure 4 the increase of the crack lenght along time and
on figure 5 the decrease of the stiffness of the glue in relation with the increase
of the crack lenght for academic values of the coefficients. The model proposed
here seems qualitatively coherent. During the first part of the loading (linear
increase) and if ¢ < 0.21, the crack lenght remains constant (I = ly). When
t > 0.21 the crack lenght increases. We can observe the change of curvature
corresponding to the variation of the loading. On figure 5, we can see that the
stiffness is divided by more than 25 during the process.
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100 —
90 —
80 —
70 —
60 —
]
40 +
30 +

20 +

Fig. 5 Evolution of the stiffness vs crack lenght C = 1, w =1, b = 1, Fyp = 15, lg =
0.1, Ts=1, Ty =Ts/3, To = 2T3/3)

5 Conclusion

In the first part of this paper, a model of damaged material was proposed.
This model is based on homogenization techniques and thermodynamics prin-
ciples. The damage was governed by the evolution of the crack lenght at the
micro-scale. In a second part of the paper, a model of imperfect interface has
been derived from the asymptotic study of a three phase composite with per-
fectly bonding conditions between two adherents and an adhesive having the
behavior studied in the first part of the paper. The expansion at the first level
yields a model of imperfect interface taking into account damage. This last
model was studied on a simple example in one dimension. It was shown that
this model is qualitatively efficient.

In the future, the model of imperfect interface proposed in this paper will be
mathematically analyzed [ and numerically implemented to test its reliabil-
ity and efficiency. Other kind of cracked materials [27] and damage evolutions
models will also be studied. Stochastic processes can be also introduced to
take into account the variability of crack lengthes.

Acknowledgements This research was partially supported by ” Partenariats Hubert Curien
(PHC)”, Galile Program 2015, Project number 32288WH.
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Appendix

In this appendix, it is supposed that the crack lenght [ depends on x3. A
stratified interphase with n layers is considered. We take I, kK = 1,...,n to
denote the crack lenght in each layer. Introducing the rescaling and let

1 1
hoz—§<h1<...<hn,1<hn:§ (35)

Note that hy — hi_1 is the thickness of the k — th layer. The eighth and ninth
equations in 12 are considered. At the first order in the expansions (power 0),

it is obtained R
(5'?3 = bi3j3(lk)ﬂg,3, k= 1, ey (36)

By integration, it is obtained
. - 01k
(hie = hi—1) 675 = bizja(ly) [5],_,, k=1,...,n (37)

where [f]’,:f1 = f(z1, 22, hg) — f(21, 22, hi—1). Thus,

[ﬁg]I;,l = (hk - hk*l)}?{g?)(lk)&%v k= ]-7 ces T (38)
and
<0 - o33\ ! ~0
(9] = 3 (i = hu) (K) (10)6%, k=1,.0m (39)
k=1

-1 -1
We take (Kf’f’) (1) to denote Y 7_; (hi — hi—1) (K33) (Ix), and thus

ofs = K*(1) [a3] - (40)



