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Laminar-turbulent reactive flows
in porous media

Andrea Corli* and Haitao Fan

Abstract. We state some recent results concerning liquid-vapor phase transitions for
a fluid flow through a porous medium. The focus is on the friction exerted by the porous
medium, which is modeled in such a way to include both laminar and turbulent flows.
In this way we obtain a hyperbolic system of three balance laws with a forcing term that
is discontinuous in the state variables. Existence, uniqueness and qualitative behavior of
traveling waves is proved by a novel regularization technique.
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1 Introduction

In this paper we provide some recent results about the existence and qualitative
behavior of traveling waves for a hyperbolic model of fluid flow through a porous
medium. We make the strong assumption that the flow is isothermal and inviscid;
this simplification allows us to focus on two features of the flow. On the one
hand, we model the occurrence of laminar and turbulent flows, by means of a
source term in the momentum equation that is discontinuous as a function of the
state variables; on the other hand, we let the fluid undergo liquid-vapor phase
transitions. Such results extend to the case of laminar-turbulent flows the analysis
that we began in [5, 6].
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Our model is the following:⎧⎪⎪⎪⎨
⎪⎪⎪⎩

vt − ux = 0 ,

ut + p(v, λ)x = −α(u)u ,

λt = 1

τ
(p(v, λ) − pe) λ(λ − 1) ,

(1.1)

for t > 0 and x ∈ R. Above, we denoted by v > 0 the specific volume, u the
velocity, p the pressure, λ ∈ [0, 1] the mass-density fraction of the vapor in the
fluid. The constants τ > 0 and pe > 0 represent a characteristic reaction time
and the equilibrium pressure, respectively. The pressure p(v, λ) is assumed to
be smooth and satisfy

pv < 0, pλ > 0, pvv > 0, pvλ < 0. (1.2)

The focus of this research is about the effects on the flow due to the coefficient
α(u) > 0, which takes into account the friction exerted onto the fluid by the
porous media; the case of a flow in a rough pipe is completely analogous. For
general information on the physical features of this subject we refer to [16].

When the flow speed is sufficiently slow, then α is constant and the flow is
called laminar. For high flow speeds, on the contrary, α does depend on u and
indeed increases with u; in this case the flow is called turbulent. In the latter case
we assume, as usual in the applied literature, that α is linear but different growths
can be considered as well. Between the laminar and the turbulent regime there
is a small intermediate zone of flow speeds where, however, there is no reliable
value for α. In our model we simply admit that this transition zone is reduced to
a single value u∗, and across it α has a jump. More precisely we assume

α(u) =
{

a if |u| < u∗,
b|u| if |u| ≥ u∗, (1.3)

for some a > 0, b > 0, u∗ > 0 and a < bu∗ [13, 14, 16]. Thus, this paper fall
into the framework of balance systems whose source term is discontinuous in
the state variables; we refer to [1, 9, 10, 11, 12] for other models and results on
this topic.

The study of traveling waves in the case α = 0 was done in [8]. If α is a strictly
positive constant, then traveling waves for system (1.1) were constructed in [5]
for a large range of significant end states. These results were extended to the
case when α depends on λ but is bounded away from zero in [3]. The degenerate
situation where α(λ) > 0 for λ ∈ [0, 1) but α(1) = 0 was considered in [6]. On
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the contrary, in this paper we focus on the case where α depends upon u; the
general case where α depends both on λ and on u can be treated at the only price
of greater technical difficulties.

Our mathematical approach in treating system (1.1) is inspired by the physi-
cal modeling of the laminar-turbulent transition. In order to let traveling waves
cross the discontinuity at u∗, we regularize the friction coefficient α(u) in an
small interval of width ε > 0 around u∗. Once we prove the existence of ε-
dependent traveling waves, we pass to the limit for ε → 0. An interesting result
that we obtain is that the limit solution, which has to be meant in the sense of
differential inclusions, does not depend on the regularization if the regularization
is monotone-preserving. Roughly speaking, this says that the modeling of α(u)

in the real ε-wide transition zone plays no role in the problem.
Section 2 below contains the statement of the main result. In Section 3 we

give a very brief sketch of the proof and add further comments. Complete proofs
are provided in [4].

2 Main Result

A traveling wave (v, u, λ) to (1.1) with constant speed c is a solution to (1.1) of
the form (v, u, λ)(x , t) = U

(
x−ct

τ

)
, where U = U (ξ) is defined inR and valued

in R3. We can assume without any loss of generality that c ≥ 0. To find out
unique solutions we impose conditions on U at ξ = ±∞; this lead to consider
the following problem:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

−cv′ − u′ = 0 ,

−cu′ + p′ = −A(u)u ,

−cλ′ = (p − pe)λ(λ − 1) ,

(v, u, λ)(±∞) = (v±, u±, λ±) ,

(v′, u′, λ′)(±∞) = 0 .

(2.1)

We denoted A(u) = α(u)τ . A necessary condition for solving (2.1) is that the
end states are equilibria for the dynamical system, i.e., both conditions

u± = 0 and (p± − pe)λ±(λ± − 1) = 0 (2.2)

must be satisfied. By (2.1) we deduce a further necessary condition involving c:

c(v+ − v−) = 0.

Bull Braz Math Soc, Vol. 47, N. 1, 2016
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Then, either c = 0 or

c > 0 and v− = v+ =: v̄. (2.3)

The former case admits only trivial solutions, see [5], and then we focus on (2.3).
Since by the first equation in (2.1) it follows that u = −c(v − v̄), we can define
B(v) = A

(−c(v − v̄)
)
; if we denote v∗± := v̄ ± u∗

c , we see that the term B is
given by

B(v) =
{

τa if v ∈ (v∗−, v∗+),

τbc |v − v̄| if v ∈ (0, v∗−] ∪ [v∗+, ∞).

Therefore we can rewrite (2.1) as⎧⎪⎪⎪⎨
⎪⎪⎪⎩

csv′ = g,

λ′ = −1

c
(p − pe)λ(λ − 1),

(v, λ)(±∞) = (v̄, λ±),

(2.4)

for (λ, v) ∈ � := [0, 1] × (0, ∞), where

s(λ, v) = c2 + pv, g(λ, v) = Bc2(v − v̄) + pλ(p − pe)λ(λ − 1).

We point out that the function g is discontinuous along the lines v = v∗± with
v∗± > 0.

Now, we introduce the following subsets of �:

S = {s(λ, v) = 0}, P = {p(v, λ) = pe}, G := {g(λ, v) > 0}.
By (1.2), the sets S andP are easily shown to be graphs of two smooth functions
vS(λ) and vP(λ), respectively. The boundaryG of G can be written as the union
of two subsets, namely, G = G0 ∪ Gdisc, where G0 = {g(λ, v) = 0} is the null
set of g and

Gdisc = {v = v∗
±, g(λ, v+) · g(λ, v−) ≤ 0}.

About G, we notice that g(0, v) = 0 or g(1, v) = 0 if and only if v = v̄.
Moreover, g(0, v) > 0 if v > v̄ and g(0, v) < 0 if v < v̄; the same holds for
g(1, v). Since the function λ 
→ g(λ, v) is smooth for every v ∈ (0, ∞), it
follows that

Gdisc ⊂ {δ < λ < 1 − δ, v = v∗
±},

for some δ > 0. As in [6], we write for short “below”(“above”) for “strictly be-
low”(resp., “strictly above”). Moreover, if A and B are two sets in the

Bull Braz Math Soc, Vol. 47, N. 1, 2016



�

�

“main” — 2016/2/27 — 19:53 — page 271 — #5
�

�

�

�

�

�

LAMINAR-TURBULENT REACTIVE FLOWS IN POROUS MEDIA 271

(λ, v)-plane we write A ≺ B (A 
 B) to mean that A lies below (resp.,
above) B.

The following result provides necessary conditions for the existence of
traveling waves.

Lemma 2.1 ([5]). Traveling wave to (2.4) exist only if the end states (v̄, λ±)

satisfy one of the following conditions:

(i) p± ≥ pe and λ− = 0, λ+ = 1;

(ii) p± ≤ pe and λ− = 1, λ+ = 0;

(iii) p+ > pe = p− and λ− < 1, λ+ = 1;

(iv) p+ < pe = p− and λ− > 0, λ+ = 0;

(v) p− = p+ = pe and λ− = λ+.

The main difficulty in the study of the traveling waves for (1.1) is that, owing
to the discontinuities of g, the trajectories of (2.4) stop when they intersect the
lines v = v∗± at points which do no lye on S. For this reason we regularize B
(and consequently g) in the region

Rε = {(λ, v) ∈ � : |v − v∗
±| < ε},

for a small number ε > 0, see Figure 1; there, we denoted �lam = {v ∈
(v∗−, v∗+)} and �turb = {v ∈ (0, v∗−] ∪ [v∗+, ∞)}. We denote by Bε and gε the
smoothed functions.

�λ

�
v

1

v̄

v∗+
. . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . .

}Rε

v∗−. . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . }Rε

�lam

�turb

�turb

Figure 1: The smoothing region Rε .

In the following we require that the smoothing is monotone-preserving:

Bε(v) is increasing (decreasing) where B(v) is increasing

(resp., decreasing).
(2.5)

Bull Braz Math Soc, Vol. 47, N. 1, 2016
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Then, we are led to considering the regularized problem⎧⎪⎪⎪⎨
⎪⎪⎪⎩

csv′ = gε,

λ′ = −1

c
(p − pe)λ(λ − 1),

(v, λ)(±∞) = (v̄, λ±).

(2.5)ε

We say that (v, λ)(ξ) is a traveling-wave solution of (1.1) in the sense of the
vanishing smoothing if it is obtained as the uniform limit of solutions (vε, λε)(ξ)

of (2.5)ε for ε → 0. Clearly, such a limit solution can satisfy (1.1) only in the
sense of differential inclusions because of the discontinuities of g.

Here follows our main result.

Theorem 2.2. Assume (1.2), (1.3), (2.3), (2.5), consider end states with u± = 0.
Assume that one of the following conditions is satisfied:

(i) p± ≥ pe, λ− = 0, λ+ = 1; moreover G and S intersect at most once with
a transverse intersection.

(ii) p± ≤ pe, λ− = 1, λ+ = 0; moreover, G ∩ S = ∅ and Bc2 +
(pλ(p − pe))v λ(λ − 1) > 0 for v near v∗−.

(iii) p+ > pe = p−, λ− < 1, λ+ = 1; moreover G and S intersect at most
once in the region (λ−, 1] × R with a transverse intersection.

(iv) p+ < pe = p−, λ− > 0, λ+ = 0 and G ∩ S = ∅.

(v) p− = p+ = pe and λ− = λ+.

Then, there is a unique, up to a shift in ξ , traveling-wave solution of (1.1) in the
sense of the vanishing smoothing; in case (v) the solution is constant.

Moreover, assume on the pressure the further conditions

lim
v→0+

p(v, λ) = +∞, lim
v→+∞ p(v, λ) = 0,

for every λ ∈ [0, 1]. If the end states satisfy u± = 0 and one of the necessary
conditions in Lemma 2.1, then there is a unique (up to a shift in ξ ) traveling-wave
solution to (1.1) if c > 0 is either sufficiently large or sufficiently small.

We emphasize that the solution (v, λ)(ξ) obtained by the vanishing smoothing
in the above theorem satisfies the end-state conditions (v, λ)(±∞) = (v̄, λ±)

and equation (2.4)2 for every ξ ; equation (2.4)1 is satisfied for every ξ such that

Bull Braz Math Soc, Vol. 47, N. 1, 2016
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v(ξ) �= v∗± while when v(ξ) = v∗± a differential inclusion for v′ holds. In the
case of condition (i) in the above theorem, for instance, this condition can be
written as

v′(ξ) ∈
[

g
(
λ(ξ), v∗++)

cs
(
λ(ξ), v∗++) ,

g
(
λ(ξ), v∗+−)

cs
(
λ(ξ), v∗+−)]

. (2.6)

3 A sketch of the proof and further comments

We only consider Case (i) and focus on the subcase when

G0 ∩ �lam �= ∅, G0 ∩ �turb �= ∅ and P �≺ {v = v∗
+}. (3.1)

Indeed, it is not difficult to see that all the other subcases can be solved by the
same techniques of [5]. Under the assumption (3.1), the sets G0 ∩ �lam and
G0 ∩ �turb are connected by segments lying on the line {v = v∗+}; in turn, the
set Gdisc is the union of these segments. The sets G and Gε only differ in the
region

Nε := {
(λ, v) ∈ Rε : {λ} × (v∗

+ − ε, v∗
+ + ε) ∩ G �= ∅}

.

and we may assume without loss of generalityNε is composed by two segments:

Nε = Nε,1 ∪Nε,2,

whereNε,1 = [ν1, ν2]× (v∗+−ε, v∗+ +ε) andNε,2 = [ν3, ν4]× (v∗+−ε, v∗++ε).
We also denote Lε = (ν2, ν3) × (v∗+ − ε, v∗+ + ε).

Assume moreover that G ≺ S, see Figure 2, and then that Gε ≺ S, assuming
ε sufficiently small. The existence and uniqueness of a solution to (2.5)ε can be
proved by a suitable modification of arguments already used in [5]. The crucial
step in the proof consists in showing that the family

{
(vε, λε)(ξ)

}
is Cauchy for

ε > 0. If we denote by Wε1(λ) := (λ, vε1(λ)) and Wε2(λ) := (λ, vε2(λ)) the
trajectories of two solutions, this is done by carefully examining the behavior of
Wε1 and Wε2 in the phase plane (λ, v) when they enter or exit the regionsNε or
Lε, for ε := max{ε1, ε2}. Once that the Cauchy property has been proved, the
existence of the limit for ε → 0 in the C([0, 1]) norm follows. Also proving that
the limit (v, λ)(ξ) is a solution gives no additional difficulties.

The case when S ≺ G is studied in an analogous way. The last case to be
considered is when S ∩ G = (λ0, v0), see Figure 3. Since S and G intersect
transversely, also the sets S andGε intersect once and we denote by (λε

0, vε
0) their

point of intersection. Remark that system (2.5)ε is highly singular at (λε
0, vε

0)

because both s and gε in the first equation vanish. The existence proof requires

Bull Braz Math Soc, Vol. 47, N. 1, 2016
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Figure 2: Case (i), S 
 G. The thick line is the limit trajectory of (2.4); arrows
denote field directions.
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Figure 3: Case (i), S ∩ G �= {∅}.

some subtle arguments that have already been exploited in [5] while the rest of
the proof follows the lines of the previous case.

We point out that the double degeneracy encountered in the case S ∩ G =
(λ0, v0) occurs also in other papers. In the paper [15], the curve S is called the
wall of singularities and the intersection point S ∩ G the hole in the wall: in a
naive way, it is through the hole that the trajectory can pass beyond the wall. An
analogous example occurs in modeling the spreading of pollution [2, 7].
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