
Measurements of CP violation in the three-body phase
space of charmless B� decays

R. Aaij et al.*

(LHCb Collaboration)
(Received 25 August 2014; published 11 December 2014)

The charmless three-body decay modes B� → K�πþπ−, B� → K�KþK−, B� → π�KþK− and
B� → π�πþπ− are reconstructed using data, corresponding to an integrated luminosity of 3.0 fb−1,
collected by the LHCb detector. The inclusive CP asymmetries of these modes are measured to be

ACPðB� → K�πþπ−Þ ¼ þ0.025� 0.004� 0.004� 0.007;

ACPðB� → K�KþK−Þ ¼ −0.036� 0.004� 0.002� 0.007;

ACPðB� → π�πþπ−Þ ¼ þ0.058� 0.008� 0.009� 0.007;

ACPðB� → π�KþK−Þ ¼ −0.123� 0.017� 0.012� 0.007;

where the first uncertainty is statistical, the second systematic, and the third is due to the CP asymmetry
of the B� → J=ψK� reference mode. The distributions of these asymmetries are also studied as functions
of position in the Dalitz plot and suggest contributions from rescattering and resonance interference
processes.
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I. INTRODUCTION

The violation of CP symmetry is well established
experimentally in the quark sector and, in the Standard
Model (SM), is explained by the Cabibbo-Kobayashi-
Maskawa [1] matrix through the presence of a single
irreducible complex phase. Although the SM is able to
describe all CP asymmetries observed experimentally in
particle decays, the amount of CP violation within the SM
is insufficient to explain the matter-antimatter asymmetry
of the Universe [2].
The decays of B mesons with three charged charmless

mesons in the final state offer interesting opportunities to
search for different sources of CP violation, through the
study of the signature of these sources in the Dalitz plot.
Several theoretical studies modeled the dynamics of the
decays in terms of two-body intermediate states, such as

ρð770ÞK� or K
ð−Þ�0ð892Þπ� for B� → K�πþπ− decays, and

ϕð1020ÞK� for B� → K�KþK− decays (see e.g. Ref. [3]).
These intermediate states were identified through ampli-
tude analyses in which a resonant model was assumed. One
method of performing such analyses was used by the Belle
and the BABAR collaborations and significant CP violation
was observed in the intermediate ρ0K� state [4,5] and in the
ϕK� channel [6]. No significant inclusive CP asymmetry

(integrated over the Dalitz plot) was found in B� →
K�πþπ− or B� → K�KþK− decays [4,6]. Another method
is to measure the CP asymmetry in different regions of the
three-body phase space. The LHCb Collaboration mea-
sured nonzero inclusive CP asymmetries and larger local
asymmetries in the decays B� → K�πþπ−, B� →
K�KþK− [7], B� → π�KþK− and B� → π�πþπ− [8]
using a sample corresponding to 1.0 fb−1 of data. These
results suggested that final-state interactions may be a
contributing factor to CP violation [9,10].
Direct CP violation requires the existence of amplitudes

with differences in both their weak and their strong phases.
The value of the weak phase can be accessed through
interference between tree-level contributions to charmless
B decays and other amplitudes (e.g. penguins). The strong
phase can originate from three different sources in charm-
less three-body decays. The first source is related to short-
distance processes where the gluon involved in the penguin
contribution is timelike, i.e. the momentum transfer sat-
isfies q2 > 4m2

i , where mi represents the mass of either the
u or the c quark present in the loop diagram [11]. This
process is similar to that proposed for two-body decays
where CP violation is caused by short-distance processes
[12]. The remaining two sources are related to long-
distance effects involving hadron-hadron interactions in
the final state. Interference between intermediate states of
the decay can introduce large strong-phase differences, and
therefore induce local asymmetries in the phase space
[9,13–16]. Another mechanism is final-state KK ↔ ππ
rescattering, which can occur between decay channels
having the same flavor quantum numbers [7–10].
Conservation of CPT symmetry constrains hadron
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rescattering so that the sum of the partial decay widths of all
channels with the same final-state quantum numbers related
by the scattering matrix must equal that of their charge-
conjugated decays [17]. The effects of SU(3) flavor
symmetry breaking have also been investigated and can
explain part of the pattern of CP violation reported by
LHCb [9,17–19].
In this paper, the inclusive CP asymmetries of

B� → K�πþπ−, B� → K�KþK−, B� → π�KþK− and
B� → π�πþπ− decays (henceforth collectively referred
to as B� → h�hþh− decays) are measured, and local
asymmetries in specific regions of the phase space are
studied. All asymmetries are measured using the B� →
J=ψK� channel, which has similar topology and negligible
CP violation, as a reference, thus allowing corrections to be
made for production and instrumental asymmetries. We use
a sample of proton-proton collisions collected in 2011
(2012) at a center-of-mass energy of 7(8) TeV and corre-
sponding to an integrated luminosity of 1.0ð2.0Þ fb−1. This
analysis supersedes that of Refs. [7,8], by using a larger
data sample, improved particle identification and a more
performant event selection.

II. LHCb DETECTOR AND DATA SET

The LHCb detector [20] is a single-arm forward spec-
trometer covering the pseudorapidity range 2 < η < 5,
designed for the study of particles containing b or c quarks.
The detector includes a high-precision tracking system
consisting of a silicon-strip vertex detector surrounding the
pp interaction region, a large-area silicon-strip detector
located upstream of a dipole magnet with a bending power
of about 4 Tm, and three stations of silicon-strip detectors
and straw drift tubes placed downstream. The tracking
system provides a measurement of momentum, p, with a
relative uncertainty that varies from 0.4% at low momen-
tum to 0.6% at 100 GeV=c. The minimum distance of a
track to a primary vertex, the impact parameter, is measured
with a resolution of ð15þ 29=pTÞ μm, where pT is the
component of p transverse to the beam, in GeV=c. Charged
hadrons are identified using two ring-imaging Cherenkov
(RICH) detectors [21]. Photon, electron and hadron can-
didates are identified by a calorimeter system consisting of
scintillating-pad and preshower detectors, an electromag-
netic calorimeter and a hadronic calorimeter. Muons are
identified by a system composed of alternating layers of
iron and multiwire proportional chambers [22].
The trigger [23] consists of a hardware stage, based on

information from the calorimeter and muon systems,
followed by a software stage, which applies full event
reconstruction. At the hardware trigger stage, events are
required to have a muon with high pT or a hadron, photon
or electron with high transverse energy in the calorimeters.
For hadrons, the transverse energy threshold is 3.5 GeV. In
this analysis two partially overlapping categories of events

selected by the hardware trigger are considered: events
where one of the hadrons from the B� decay is used in the
trigger decision (the “trigger on signal” sample), and events
that are triggered by particles other than those hadrons from
the B� decay (the “trigger independent of signal” sample).
At the software trigger stage, events must have at least

one good-quality track from the signal decay candidate
with high pT and a significant displacement from any
primary vertex (PV). A secondary vertex, consisting of
three good-quality tracks that have significant displace-
ments from any PV, is also required.
The magnetic field polarity is reversed regularly during

the data taking to reduce any potential bias from charged
particle and antiparticle detection asymmetries. The mag-
netic field bends charged particles in the horizontal plane
and the two polarities are referred to as “up” and “down.”
The fraction of data collected with the magnet down
polarity is approximately 60% in 2011, and 52% in 2012.
Possible residual charge-dependent asymmetries, which

may originate from left-right differences in detection
efficiency, are studied by comparing measurements from
data with inverted magnet polarities and found to be
negligible. Since the detection and production asymmetries
are expected to change between 2011 and 2012 due to
different data-taking conditions, the analysis is carried out
separately for the 2011 and 2012 data and the results are
combined.
The simulated events are generated using PYTHIA8 [24]

with a specific LHCb configuration [25]. Decays of
hadronic particles are produced by EVTGEN [26], in which
final-state radiation is generated using PHOTOS [27]. The
interaction of the generated particles with the detector and
its response are implemented using the GEANT4 toolkit [28]
as described in Ref. [29].

III. EVENT SELECTION

Since the four B� signal decay modes considered are
topologically and kinematically similar, the same selection
criteria are used for each, except for the particle identi-
fication requirements, which are specific to each final state.
The decay B� → J=ψK�, J=ψ → μþμ− serves as a control
channel for B� → h�hþh− decay modes. Since it has
negligible CP violation, the raw asymmetry observed in
B� → J=ψK� decays is entirely due to production and
detection asymmetries. The control channel has a similar
topology to the signal and the sample passes the same
trigger, kinematic, and kaon particle identification selection
as the signal samples. The kaons from B� → J=ψK�
decays also have similar kinematic properties in the
laboratory frame to those from the B� → K�πþπ− and
B� → K�KþK− modes.
In a preselection stage, loose requirements are imposed

on the p, pT and the displacement from any PV for
the tracks, and on the distance of closest approach between
each pair of tracks. The three tracks must form a

R. AAIJ et al. PHYSICAL REVIEW D 90, 112004 (2014)

112004-2



good-quality secondary vertex that has a significant sep-
aration from its associated PV. The momentum vector of
the reconstructed B� candidate has to point back to the PV.
Charm-meson contributions are removed by excluding

events where two-body invariant masses mðπþπ−Þ,
mðK�π∓Þ and mðKþK−Þ are within 30 MeV=c2 of the
known value of the D0 mass [30]. The contribution of
misidentified B� → J=ψK� decays is also excluded from
the B� → K�πþπ− sample by removing the mass
region 3.05 < mðπþπ−Þ < 3.15 GeV=c2.
A multivariate selection based on a boosted decision tree

(BDT) algorithm [31–33] is applied to reduce the combi-
natorial background. The input variables, which are a
subset of those used in the preselection, are common to
all four decay modes. The BDT is trained using a mixture of
simulated signal events as the signal sample, and events
reconstructed as B� → π�πþπ− decays with 5.40 <
mðπ�πþπ−Þ < 5.58 GeV=c2 as the background sample.
The requirement on the BDT response is chosen to
maximize the ratio NS=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

NS þ NB
p

, where NS and NB
represent the expected number of signal and background
candidates, respectively, within an invariant mass window
of approximately 40 MeV=c2 around the signal peak. Since
the optimal requirements are similar for the different
channels, the same BDT response requirement is chosen
for all channels, to simplify the evaluation of the systematic
uncertainties. The BDT selection improves the efficiencies
for selecting signal events by approximately 50%, com-
pared to the cut-based selection used in Refs. [7] and [8].
Particle identification is used to reduce the cross-feed

from other B decays in which hadrons are incorrectly
classified. The main source is K → π and π → K mis-
identification, while p → K and p → π misidentification is
negligible. Muons are rejected by a veto applied to each
track [34]. After the full selection, events with more than
one candidate in the range 4.8 < mðBÞ < 5.8 GeV=c2

are discarded. This removes approximately 1–2% of
candidates.
The B� → J=ψK� control channel is selected using the

same criteria as described above, with two exceptions that
enhance the selection of J=ψ mesons decaying to two
muons: criteria used to identify charged pions are removed
and the requirement 3.05 < mðπþπ−Þ < 3.15 GeV=c2 is
applied.

IV. DETERMINATION OF SIGNAL YIELDS

For each channel the yields and raw asymmetry are
extracted from a single simultaneous unbinned extended
maximum-likelihood fit to the Bþ and B− invariant mass
distribution. The signal components of all four channels are
parametrized by a Gaussian function with widths and tails
that differ either side of the peak to account for asymmetric
effects such as final-state radiation. The means and widths
are allowed to vary in the fits, while the tail parameters are

fixed to values obtained from simulation. The combinato-
rial backgrounds are described by exponential functions.
The backgrounds due to partially reconstructed four-body
B decays are parametrized by an ARGUS function [35]
convolved with a Gaussian function. The shapes and yields
of peaking backgrounds, i.e. fully reconstructed B decays
with at least one misidentified particle in the final state, are
obtained from simulation of the relevant decay modes and
fixed in the fits. The yields of the peaking and partially
reconstructed background components are constrained to
be equal for Bþ and B− decays.
The invariant mass spectra of the four decay modes are

shown in Fig. 1. The figure is illustrative only, as the
asymmetries are obtained from separate fits of the samples
divided by year, trigger selection and magnet polarity, and
then combined as described in Sec. V.
The signal yields obtained for the combined 2011 and

2012 data samples are shown in Table I. The data samples
are larger than those presented in Refs. [7] and [8] due to
both an increase in the integrated luminosity and the use of
a more efficient selection.

V. INCLUSIVE CP ASYMMETRY MEASUREMENT

The CP asymmetry of B� decays to a final state f� is
defined as

ACP ≡ Γ½B− → f−� − Γ½Bþ → fþ�
Γ½B− → f−� þ Γ½Bþ → fþ� ; ð1Þ

where Γ is the partial decay width. To determine the
inclusive CP asymmetries, the raw asymmetries measured
from the fits are corrected for effects induced by the
detector efficiency, interactions of final-state particles with
matter, and any asymmetry in the forward production rates
between Bþ and B− mesons. The raw asymmetry, Araw, is
written in terms of the B− and Bþ event yields as

Araw ≡ NB− − NBþ

NB− þ NBþ
; ð2Þ

where the numbers of signal events NB− and NBþ are
related to the asymmetries by

NB− ¼ ð1þ ACP þ AD þ APÞ
NS

2
×
hεþi
hε−i ;

NBþ ¼ ð1 − ACP − AD − APÞ
NS

2
: ð3Þ

Here, AP is the B�-meson production asymmetry, NS are
the total yields, and hε�i are the average efficiencies for
selecting and reconstructing Bþ and B− decays, respec-
tively. The efficiency is computed on an event-by-event
basis and depends on the position in the Dalitz plot. The
term AD accounts for residual detection asymmetries, such
as differences in interactions of final-state particles with the
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detector material or left-right asymmetries that may not be
properly represented in the Monte Carlo.
The three final-state hadrons are treated as the combi-

nation of a pair of same-flavor, charge-conjugate hadrons
hþh− ¼ πþπ−; KþK−, and an unpaired hadron h0� with the
same charge as the B� meson. The detection asymmetry
Ah0
D is given in terms of the charge-conjugate detection

efficiencies of the unpaired hadron h0�, and the production
asymmetry AP is given in terms of the B� production rates.
The raw asymmetry is expressed in terms of ACP, AP and

Ah0
D using Eqs. (2) and (3),

Araw ¼ ACP þ AP þ Ah0
D þ ACPAPAh0

D

1þ ACPAP þ ACPAh0
D þ APAh0

D

: ð4Þ

For small asymmetries the products are negligible, and the
raw asymmetry becomes

Araw ≈ ACP þ AP þ Ah0
D : ð5Þ

Throughout this paper, Eq. (5) is used in calculating the
inclusive asymmetries, as all terms are sufficiently small.
For the determination of the asymmetries in regions of the
phase space where the raw asymmetries are large, the full
formula of Eq. (4) is applied.
The four decay channels are divided into two categories

according to the flavor of the final-state hadron h0�. For the
B� → K�πþπ− and B� → K�KþK− decay channels, the
CP asymmetry is expressed in terms of the raw asymmetry
and correction terms given by the sum of the B� production
asymmetry and the kaon detection asymmetry, AP and AK

D.
For the B� → π�KþK− and B� → π�πþπ− decay chan-
nels, the pion detection asymmetry Aπ

D is used. The CP
asymmetries are calculated as

ACPðKhhÞ ¼ ArawðhhKÞ − AP − AK
D ¼ ArawðhhKÞ − AΔ;

ACPðπhhÞ ¼ ArawðhhπÞ − AP − Aπ
D ¼ ArawðhhπÞ

− AΔ þ AK
D − Aπ

D: ð6Þ

The correction term AΔ is measured using approximately
265 000 B� → J=ψðμþμ−ÞK� decays. The correction is
obtained from the raw asymmetry of the B� → J=ψK�
mode as

AΔ ¼ ArawðJ=ψK�Þ − ACPðJ=ψK�Þ; ð7Þ

using the world average of the CP asymmetry
ACPðJ=ψK�Þ ¼ ð0.1� 0.7Þ% [30].

TABLE I. Signal yields of charmless three-body B� decays for
the full data set.

Decay mode Yield

B� → K�πþπ− 181074� 556
B� → K�KþK− 109240� 354
B� → π�πþπ− 24907� 222
B� → π�KþK− 6161� 172
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FIG. 1 (color online). Invariant mass spectra of (a) B� → K�πþπ−, (b) B� → K�KþK−, (c) B� → π�πþπ− and (d) B� → π�KþK−

decays. The left panel in each figure shows the B− candidates and the right panel shows the Bþ candidates. The results of the unbinned
maximum-likelihood fits are overlaid. The main components of the fits are also shown.
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The pion detection asymmetry, Aπ
D ¼ ð0.00� 0.25Þ%,

has been previously measured by LHCb [36] and is
consistent with being independent of p and pT. The
production asymmetry is obtained from the same sample
of B� → J=ψK� decays as AP ¼ AΔ − AK

D, and is con-
sistent with being constant in the interval of momentum
measured. Here the kaon interaction asymmetry AK

D ¼
ð−1.26� 0.18Þ% is measured in a sample of D�þ →
πþD0 → πþK−πþπ−πþ decays, where theD�þ is produced
in the decay of a B meson. The value of AK

D is obtained by
measuring the ratio of fully to partially reconstructed D�þ
decays [36].
Since neither the detector efficiencies nor the observed

raw asymmetries are uniform across the Dalitz plot, an
acceptance correction is applied to the integrated raw
asymmetries. This is determined by the ratio of the B− and
Bþ average efficiencies in simulated events, reweighted to
reproduce the population of signal data in bins of the
Dalitz plot. In addition, to account for the small charge
asymmetry introduced by the hadronic hardware trigger,
the data are divided into the trigger independent of signal
and the trigger on signal samples, as discussed in Sec. II.
The CP asymmetries are calculated using Eqs. (6) and (7),
applied to the acceptance-corrected raw asymmetries of
the samples collected in each trigger configuration. The
inclusive CP asymmetry of each mode is the weighted
average of the CP asymmetries for the samples divided by
trigger and year of data taking, taking into account the
correlation between trigger samples as described
in Ref. [37].

VI. SYSTEMATIC UNCERTAINTIES

AND RESULTS

Several sources of systematic uncertainty are considered.
These include potential mismodelings in the mass fits, the
phase-space acceptance corrections and the trigger com-
position of the samples.
The systematic uncertainties due to the mass fit models

are evaluated as the full difference in CP asymmetry
resulting from variations of the model. The alternative fits
have good quality and describe the data accurately. To
estimate the uncertainty due to the choice of the signal mass
function, the initial model is replaced by an alternative
empirical distribution [38]. A systematic uncertainty to
account for the use of equal means and widths for B− and
Bþ signal peaks in the default fit is assigned by repeating
the fits with these parameters allowed to vary independ-
ently. The resulting means and widths are found to agree
and the difference in the value of ACP is assigned as a
systematic uncertainty.
The systematic uncertainty associated with the peaking

background fractions reflects the uncertainties in the
expected yields determined from simulation, and the

influence of combining 2011 and 2012 simulated samples
when determining the fractions in the nominal fit, by
repeating the fits with the background fractions obtained
for the samples separately. The uncertainty due to back-
ground shape is obtained by increasing the width of the
Gaussian function according to the observed differences
between simulation and data for peaking backgrounds, and
allowing the four-body shape to vary in the fit. Similarly,
the possibility of nonzero background asymmetries is
tested by letting the peaking and four-body-background
normalizations vary separately for B− and Bþ fits. The
signal model variations and the background asymmetry are
the dominant systematic uncertainties related to the fit
procedure.
The systematic uncertainty related to the acceptance

correction procedure consists of two parts: the statistical
uncertainty on the detection efficiency due to the finite size
of the simulated samples, and the uncertainty due to the
choice of binning, which is evaluated by varying the
binning used in the efficiency correction.
A study is performed to investigate the effect of having

different trigger admixtures in the signal and the control
channels. The acceptance-corrected CP asymmetries are
measured separately for each trigger category and found to
agree, and therefore no additional systematic uncertainty
is assigned. Performing this comparison validates the
assumption that the detection asymmetry factorizes
between the hþh− pair and the h0�, within the statistical
precision of the test.
The systematic uncertainties, separated by year, are

shown in Table II, where the total systematic uncertainty
is the sum in quadrature of the individual contributions. The
uncertainties on Aπ

D and AK
D are only considered as

systematic uncertainties for B� → π�πþπ− and B� →
π�KþK− decays, following Eq. (6). The systematic uncer-
tainty of the 2011 and 2012 combination is taken to be the
greater of these two values.
The results for the integrated CP asymmetries are

ACPðB� →K�πþπ−Þ ¼ þ0.025� 0.004� 0.004� 0.007;

ACPðB� →K�KþK−Þ ¼ −0.036� 0.004� 0.002� 0.007;

ACPðB� → π�πþπ−Þ ¼ þ0.058� 0.008� 0.009� 0.007;

ACPðB� → π�KþK−Þ ¼ −0.123� 0.017� 0.012� 0.007;

where the first uncertainty is statistical, the second sys-
tematic, and the third is due to the limited knowledge of the
CP asymmetry of the B� → J=ψK� reference mode [30].
The significances of the inclusive charge asymmetries,
calculated by dividing the central values by the sum in
quadrature of the uncertainties, are 2.8 standard deviations
(σ) for B� → K�πþπ− decays, 4.3σ for B� → K�KþK−

decays, 4.2σ for B� → π�πþπ− decays and 5.6σ for B� →
π�KþK− decays.
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VII. CP ASYMMETRY IN THE PHASE SPACE

The Dalitz plot distributions in the signal region for the
four channels are shown in Fig. 2. For the B� → K�KþK−

and B� → π�πþπ− decays, folded Dalitz plots are used.
For a given event, the vertical axis of the Dalitz plot
corresponds to the invariant mass squared of the decay with
the highest value [m2ðhþh−Þhigh], while the horizontal axis
is the invariant mass squared with the lowest value between
the two [m2ðhþh−Þlow].
The signal region is defined as the three-body invariant

mass region within 34 MeV=c2 of the fitted mass, except

for the B� → π�KþK− channel, for which the mass
window is restricted to �17 MeV=c2 of the peak due to
the larger background. The expected background contri-
bution is not subtracted from the data presented in these
figures. To improve the resolution, the Dalitz variables are
calculated after refitting the candidates with their invariant
masses constrained to the known B� value [30]. The events
are concentrated in low-mass regions, as expected for
charmless decays dominated by resonant contributions.
In the B� → K�KþK− decays, the region of

m2ðKþK−Þlow around 1.0 GeV2=c4 corresponds to the
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FIG. 2. Dalitz plot distributions of (a) B� → K�KþK−, (b) B� → K�πþπ−, (c) B� → π�πþπ− and (d) B� → π�KþK− candidates.
The visible gaps correspond to the exclusion of the J=ψ (in the B� → K�πþπ− decay) and D0 (all plots, except for the B� → π�KþK−

decay) mesons from the samples.

TABLE II. Systematic uncertainties on the measured asymmetries, where the total is the sum in quadrature of the individual
contributions. The Aπ

D uncertainty is taken from Ref. [36].

ACPðKππÞ ACPðKKKÞ ACPðπππÞ ACPðπKKÞ
Systematic uncertainty 2011 2012 2011 2012 2011 2012 2011 2012

Signal model
Function 0.0000 0.0001 0.0002 0.0005 0.0046 0.0025 0.0028 0.0046
B� parameters 0.0006 0.0006 0.0005 0.0005 0.0032 0.0032 0.0027 0.0027
Background
Fractions 0.0000 0.0001 0.0002 0.0001 0.0001 0.0001 0.0010 0.0014
Resolution 0.0000 0.0001 0.0001 0.0000 0.0001 0.0000 0.0001 0.0004
Asymmetry 0.0031 0.0032 0.0015 0.0011 0.0017 0.0027 0.0011 0.0019
Acceptance corr. 0.0012 0.0018 0.0013 0.0013 0.0063 0.0051 0.0099 0.0092
AK
D uncertainty � � � � � � � � � � � � 0.0018 0.0018 0.0018 0.0018

Aπ
D uncertainty � � � � � � � � � � � � 0.0025 0.0025 0.0025 0.0025

Total 0.0034 0.0038 0.0020 0.0019 0.0090 0.0075 0.0113 0.0115
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ϕð1020Þ resonance, and that around 11.5 GeV2=c4 to the
χc0ð1PÞ meson. In the region 2–3 GeV2=c4, there are
clusters that could correspond to the f02ð1525Þ or the
f0ð1500Þ resonances observed by BABAR in this decay
mode [6]. The contribution of B� → J=ψK� decays
with J=ψ → KþK− is visible around 9.6 GeV2=c4

in m2ðKþK−Þ.
In the B� → K�πþπ− Dalitz plot, there are low-mass

resonances in both K�π∓ and πþπ− spectra: K�0ð892Þ,
ρ0ð770Þ, f0ð980Þ and K�0

0;2ð1430Þ. In addition, the χc0ð1PÞ
resonance is seen at m2ðπþπ−Þ ≈ 11 GeV2=c4.
For B� → π�πþπ− decays, the resonances are the

ρ0ð770Þ at m2ðπþπ−Þlow < 1 GeV2=c4. In the region of
1.5 < m2ðπþπ−Þlow < 2 GeV2=c4, there are clusters that
could correspond to the ρ0ð1450Þ, the f2ð1270Þ and the
f0ð1370Þ resonances observed by BABAR in this decay
mode [39].
For B� → π�KþK− decays, there is a cluster of events at

m2ðK�π∓Þ < 2 GeV2=c4, which could correspond to the
K�0ð892Þ and K�0

0;2ð1430Þ resonances. The B� → π�KþK−

decays are not expected to have a contribution from the
ϕð1020Þ resonance [40] and indeed, the ϕð1020Þ contri-
bution is not immediately apparent in the region of
m2ðKþK−Þ around 1 GeV2=c4.
An inspection of the distribution of candidates from the

Bþ mass sidebands confirms that the background is not

uniformly distributed, with combinatorial background
events tending to be concentrated at the corners of the
phase space, as these are dominated by low-momentum
particles.
In addition to the inclusive charge asymmetries, the

asymmetries are studied in bins of the Dalitz plots. Figure 3
shows these asymmetries, AN

raw ≡ N−−Nþ
N−þNþ, whereN− andNþ

are the background-subtracted, efficiency-corrected signal
yields for B− and Bþ decays, respectively. Background
subtraction is done via a statistical tool to unfold data
distributions called the sPlot technique [41] using the B�
candidate invariant mass as the discriminating variable. The
binning is chosen adaptively, to allow approximately equal
populations of the total number of entries ðN− þ NþÞ in
each bin.
The AN

raw distributions in the Dalitz plots reveal rich
structures, which are more evident in the two-body invari-
ant-mass projection plots. These are shown in Figs. 4 and 5
for the region of the ρ resonance in B� → π�πþπ− and
B� → K�πþπ− decays, respectively. The projections are
split according to the sign of cos θ, where θ is the angle
between the momenta of the unpaired hadron and the
resonance decay product with the same-sign charge.
Figure 6 shows the projection onto the low KþK− invariant
mass for the B� → K�KþK− channel, while Fig. 7
shows the projection onto mðKþK−Þ for the B� →
π�KþK− mode.
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FIG. 3 (color online). Measured AN
raw in Dalitz plot bins of background-subtracted and acceptance-corrected events for
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The dynamic origin of the CP asymmetries seen in Fig. 3
can only be fully understood with an amplitude analysis of
these channels. Nevertheless, the projections presented in
Figs. 4, 5, 6 and 7 indicate two different sources of CP
violation. The first one may be associated with the πþπ− ↔
KþK− rescattering strong-phase difference in the region
around 1.0 to 1.5 GeV=c2 [7,8]. In this region, there are
moreB− thanBþ decays into final states includingaπþπ− pair
(positive CP asymmetry) and more Bþ than B− into final
states that include a KþK− pair (negative CP asymmetry).
The second source of CP violation, observed in both

B� → K�πþπ− and B� → π�πþπ− decays around the
ρð770Þ mass region, can be attributed to the final-state
interferencebetween theS-waveandP-wave in theDalitzplot.

A. CP asymmetry induced by rescattering

Previouspublications [7,8] showedevidence forapossible
source of CP violation produced by the long-distance
strong phase through πþπ− ↔ KþK− rescattering. This
interaction plays an important role in S-wave πþπ− elastic
scattering, as was observed by previous experiments [42,43]
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in the mðπþπ−Þ mass region between 1.0 and 1.5 GeV=c2.
TheCPT symmetryrequires that thesumofpartialwidthsofa
family of final states related to each other by strong rescatter-
ing, such as the four channels analyzed here, are identical for
particles and antiparticles. As a consequence, positive CP
asymmetry in some channels implies negativeCP asymme-
try in other channels of the same family.
The large data samples in the present study allow this

effect to become evident, as shown in Figs. 4, 5, 6 and 7.
Large asymmetries are observed for all the final states in the
region between 1.0 and 1.5 GeV=c2. Figure 8 shows the
invariant mass distributions for events with mðπþπ−Þ and
mðKþK−Þ in this interval, excluding the ϕ-meson mass
region for the B� → K�KþK− mode. The measured CP
asymmetries corresponding to the figure are given in
Table III. Decays involving a KþK− pair in the final state
have a larger CP asymmetry than their partner channels
with a πþπ− pair. The asymmetries are positive for channels
with a πþπ− pair and negative for those with a KþK− pair.
This indicates that the mechanism of πþπ− ↔ KþK−

rescattering could play an important role in CP violation
in charmless three-body B� decays.

B. CP asymmetry due to interference
between partial waves

In hadronic three-body decays, there is another long-
distance strong-interaction phase, which stems from the
amplitudes of intermediate resonances. The Breit-Wigner
propagator associated with an intermediate resonance can
provide a phase that varies with the resonance mass. There
is also a phase related to final-state interactions, associated

with each intermediate state that contributes to the same
final state. In general, the latter phase is considered constant
within the phase space. This phase also includes any short-
distance strong phase.
These three sources of strong phases are known to give

clear signatures in the Dalitz plane [13,14]. The short-
distance direct CP violation is proportional to the differ-
ence of the magnitude between the positive and negative
amplitudes of the resonance, and is therefore proportional
to the square of the Breit-Wigner propagator associated
with the resonance.
The interference term has two components. One is

associated with the real part of the Breit-Wigner propagator
and is directly proportional to ðm2

R − sÞ, where mR is the
central value of the resonance mass and s is the square of
the invariant mass of its decay products. The other
component is proportional to the product mRΓ, where Γ
is the width of the resonance. The relative proportion of real
and imaginary terms of these interference components
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FIG. 8 (color online). Invariant mass distributions in the rescattering regions [mðπþπ−Þ or mðKþK−Þ between 1.0 and 1.5 GeV=c2]
for (a) B� → K�πþπ−, (b) B� → K�KþK−, (c) B� → π�πþπ− and (d) B� → π�KþK− decays. The left panel in each figure shows the
B− candidates and the right panel shows the Bþ candidates.

TABLE III. Signal yields and charge asymmetries in the
rescattering regions of mðπþπ−Þ or mðKþK−Þ between 1.0
and 1.5 GeV=c2. For the charge asymmetries, the first uncer-
tainty is statistical, the second systematic, and the third is due to
the CP asymmetry of the B� → J=ψK� reference mode.

Decay NS ACP

B� → K�πþπ− 15562� 165þ0.121� 0.012� 0.017� 0.007
B� → K�KþK− 16992� 142 −0.211� 0.011� 0.004� 0.007
B� → π�πþπ− 4329� 76 þ0.172� 0.021� 0.015� 0.007
B� → π�KþK− 2500� 57 −0.328� 0.028� 0.029� 0.007
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gives the final-state interaction phase difference between
the two amplitudes.
Another feature of the interference term is the character-

istic angular distribution. For a decay involving one vector
resonance, the interference term is multiplied by cos θ,
which is a linear function of the other Dalitz variable. As
the cosine varies from −1 to 1, the interference term
changes sign around the middle of the Dalitz plot. The
short-distance CP violation does not change sign because it
is proportional to the square of the amplitude (cos2 θ).
The charge asymmetry in B� → π�πþπ− decays

changes sign, as shown in Fig. 4, at a value of mðπþπ−Þ
close to the ρð770Þ resonance. This is an indication of the
dominance of the long-distance interference effect in this
region of the Dalitz plot. Moreover, since this change of
sign occurs for both cos θ > 0 and cos θ < 0, the dominant
term of the Dalitz interference is inferred to be the real part
of the Breit-Wigner propagator.
When the interference between the P-wave and the S-

wave involves two resonances, as for B� → K�πþπ−
decays, with ρð770Þ and f0ð980Þ resonances, the dominant
component of the real Dalitz CP asymmetry is proportional
to a product of the type ðm2

ρ − sÞðm2
f0
− sÞ, and thus it has

two zeros, as can be seen in Fig. 5. In the cos θ < 0 region
there is a zero around the ρð770Þ mass and another one
around the f0ð980Þ meson mass. However, in the region of
cos θ > 0, a clear change of sign is only seen around the
f0ð980Þ mass.
The yield of the f0ð980Þ resonance in B� → K�πþπ−

decays depends on cos θ (Fig. 5). The yield around the
f0ð980Þ mass for cos θ > 0 is almost twice that of the
region with cos θ < 0. The magnitude of the CP

asymmetry indicates the opposite dependence. Also, the
yield around the ρð770Þ resonance in the B� → π�πþπ−
decay changes significantly in the two cos θ regions
(Fig. 4). The largest yield in the ρð770Þ mass region with
a smallCP asymmetry occurs for cos θ < 0, while there is a
large CP asymmetry with fewer events in the ρð770Þ mass
region for cos θ > 0. One possible explanation is that the
fractions of tree and penguin contributions may vary across
the phase space [17]. Understanding this effect may be
important for performing amplitude analyses.
The CP asymmetry around the ρð770Þ peak in the πþπ−

invariant mass changes sign depending on the invariant
mass and angular distribution. To quantify the CP violation
in the region where vector particles contribute without
losing sensitivity to the interference asymmetry behavior,
the region is divided into four sectors. Sectors I and
III are on the low-mass side of the resonance mass
[0.47 < mðπþπ−Þlow < 0.77 GeV=c2 for B� → π�πþπ−
decays], while sectors II and IV are on the high-mass side
[0.77 < mðπþπ−Þlow < 0.92 GeV=c2]. Sectors I and II are
delimited by cos θ > 0 (upper part of the Dalitz plot), while
sectors III and IV are delimited by cos θ < 0 (lower part).
Figure 9 shows the invariant mass distributions for B� →

π�πþπ− decays divided into these four sectors. The charge
asymmetries are measured using the same method as for
the inclusive asymmetries. Similar measurements of the
CP asymmetries are performed for events restricted to
regions dominated by the ρð770Þ and K�ð892Þ resonances
in B� → K�πþπ− decays, and the ϕð1020Þ resonance in
B� → K�KþK− decays, with the results given in Table IV.
Only the decays involving the ρð770Þ resonance have a
significant CP asymmetry. The K�ð892Þ charge asymmetry
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FIG. 9 (color online). Invariant mass distribution of B� → π�πþπ− candidates restricted to (a) sector I, (b) sector II, (c) sector III and
(d) sector IV. The left panel in each figure shows the B− candidates and the right panel shows the Bþ candidates.
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is consistent with zero, as expected and for the ϕð1020Þ
resonance, the results are in agreement with the previous
LHCb analysis [44].

VIII. CONCLUSION

We measured the inclusive CP asymmetries for the four
charmless three-body charged decays B� → K�πþπ−,
B� → K�KþK−, B� → π�πþπ− and B� → π�KþK−,

ACPðB� →K�πþπ−Þ ¼ þ0.025� 0.004� 0.004� 0.007;

ACPðB� →K�KþK−Þ ¼ −0.036� 0.004� 0.002� 0.007;

ACPðB� → π�πþπ−Þ ¼ þ0.058� 0.008� 0.009� 0.007;

ACPðB� → π�KþK−Þ ¼ −0.123� 0.017� 0.012� 0.007;

where the first uncertainty is statistical, the second systematic,
and the third is due to the CP asymmetry of the B� →
J=ψK� reference mode, with significances of 2.8σ, 4.3σ,
4.2σ and 5.6σ, respectively. The results, which were obtained
from an analysis of data corresponding to an integrated
luminosity of 3.0 fb−1, are consistent with and supersede
the previous LHCb analyses based on 1.0 fb−1 of data [7,8].
The CP asymmetries are not uniformly distributed in the

phase space. For each of the channels, we observed a
significant CP asymmetry in the mðKþK−Þ or mðπþπ−Þ
invariant mass region between 1.0 and 1.5 GeV=c2. These
CP asymmetries are positive for the channels that include
two pions in the final state and negative for those that
include two kaons. These results are in agreement with
those from previous LHCb publications [7,8] and could be
due to long-distance πþπ− ↔ KþK− rescattering [9,10].
A comprehensive study of this phenomenon has to
involve the complete set of paired channels, including

the B� → K�π0π0 and B� → K�K̄0K0 decays for the
B� → K�πþπ− family, and the B� → π�π0π0 and B� →
π�K̄0K0 decays for the B� → π�πþπ− one. The role of
the unpaired hadron in two-body πþπ− ↔ KþK− rescat-
tering merits further investigation [45].
The CP asymmetry related to the ρð770Þ resonance in

the πþπ− invariant mass below 1 GeV=c2 was also
reported. The behavior of this asymmetry, which crosses
zero around the ρð770Þ mass in both B� → K�πþπ− and
B� → π�πþπ− modes, indicates a CP asymmetry related
to the real part of the long-distance interaction between the
S-wave and P-wave contributions to πþπ−. Further under-
standing of the resonance contributions and CP asymme-
tries in these decays will require amplitude analyses.
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