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The present paper summarises the main features of a design technique we have devised to specifically
perform, by post-processing the linear-stress fields in the vicinity of the assumed crack initiation sites,
the fatigue assessment of notched components subjected to in-service variable amplitude (VA) uniax-
ial/multiaxial fatigue loading. In more detail, fatigue damage is estimated through the Modified Wöhler
Curve Method (MWCM) applied along with the Theory of Critical Distances (TCDs), the latter being used
in the form of the Point Method (PM). According to the philosophy on which the linear-elastic TCD is
based, the adopted critical distance is treated as a material property whose length increases as the num-
ber of cycles to failure decreases. To correctly apply the MWCM, the orientation of the critical plane is
suggested here as being calculated through that direction experiencing the maximum variance of the
resolved shear stress. Further, the above direction is used also to perform the cycle counting: since, by
definition, the resolved shear stress is a monodimensional stress quantity, fatigue cycles are counted
by taking full advantage of the classical three-point Rain Flow method. From a philosophical point of
view, the real novelty contained in the present paper is that eventually all the different pieces of theoret-
ical work we have done over the last 15 years by investigating different aspects of the uniaxial/multiaxial
fatigue issue are consistently brought together by formalising a design methodology of general validity.
The accuracy and reliability of the proposed fatigue assessment technique was checked by using 124
experimental results generated by testing notched cylindrical samples of carbon steel C40. The above
tests were run under three different load spectra, by exploring uniaxial as well as in- and out-of-phase
biaxial situations, in the latter case the axial and torsional load signals being not only characterised by
non-zero mean values, but also by different frequencies. To conclude it can be said that such a systematic
validation exercise allowed us to prove that the proposed approach is highly accurate, resulting in esti-
mates falling within the constant amplitude (CA) fully-reversed uniaxial and torsional scatter bands used
to calibrate the method itself (this holding true independently of both complexity of the applied VA load-
ing path and sharpness of the tested notch).

� 2011 Elsevier Ltd. All rights reserved.
1. Introduction

Examination of the state of the art shows that if, on one hand,
several approaches suitable for estimating fatigue lifetime of
unnotched engineering materials subjected to VA multiaxial fati-
gue loading have been formalised and validated through appropri-
ate experimental investigations, on the other hand, only a few
attempts have been made so far to devise design methods specifi-
cally devoted to the fatigue assessment of notched components
damaged by in-service VA multiaxial loading paths.

In more detail, with regard to the problem of estimating VA
medium/high-cycle fatigue damage in unnotched materials, so
far the scientific community has focussed its attention mainly on
ll rights reserved.

l).
the formalisation of approaches taking full advantage of the critical
plane concept, such a classical idea being applied in terms of either
stress or energy quantities [1–5]. On the contrary, to estimate VA
fatigue lifetime of unnotched components failing in the low/
medium-cycle fatigue regime, a lot of work has been done by sev-
eral researchers [6–12] to check the accuracy and reliability of both
the SWT parameter [13,14], Kandil, Brown and Miller’s criterion
[15,16], and Fatemi and Socie’s method [17,18].

As to the design strategies that have been explored so far, it is
worth mentioning here also that the above criteria were attempted
to be applied by post-processing the input load histories not only
in the time, but also in the frequency domain [19–22].

Turning back to the problem of estimating fatigue lifetime of
notched components damaged by in-service VA multiaxial loading
paths, it can be highlighted here that the research work done so far
has been mainly based on the idea of extending the use of the
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classical strain-based critical plane approaches mentioned above
also to those VA situations involving stress/strain concentration
phenomena [23,24]. As to the in-field usage of such a strategy, it
has to be said that, unfortunately, correctly estimating root stres-
ses and strains by simultaneously modelling the material elasto-
plastic stabilised response under VA loading is never a simple task:
this should make it evident that properly using the above ap-
proaches results in an inevitable increase of the time and costs of
the design process.

In this complex scenario, the present paper attempts to formal-
ise a novel design methodology based on the use of the MWCM
[25] (applied in conjunction with the TCD [26]) suitable for esti-
mating fatigue lifetime under VA uniaxial/multiaxial fatigue load-
ing by directly post-processing the linear-elastic stress fields
damaging the material in the vicinity of the stress raisers being
assessed.

2. The MWCM applied along with the PM

The MWCM [25,27] is a bi-parametrical critical plane approach
which postulates that lifetime under CA multiaxial fatigue loading
can directly be estimated through the shear stress amplitude, the
mean normal stress, rn,m, and the amplitude of the normal stress,
rn,a, relative to that plane (i.e., the so-called critical plane) experi-
encing the maximum shear stress amplitude, sa [28,29]. In order to
simultaneously take into account the above stress components,
their combined effect is directly evaluated by means of the follow-
ing stress ratio [30]:

qeff ¼
m � rn;m þ rn;a

sa
; ð1Þ

where mean stress sensitivity index m is a material property to be
determined experimentally and varying in the range 0–1 [25,30].
Thanks to the way qeff is defined, such a stress ratio is seen to be
sensitive not only to the presence of superimposed static stresses,
but also to the degree of multiaxiality and non-proportionality of
the applied loading path [25]. As to the latter aspect, it is worth
recalling here that in unnotched materials a fully-reversed uniaxial
loading results in a qeff ratio invariably equal to unity, whereas un-
der fully-reversed torsional loading qeff equals zero [25].

The way the MWCM works in practise is schematically shown
by the modified Wöhler diagram [27] reported in Fig. 1a, such a
log–log chart plotting the shear stress amplitude relative to the
critical plane, sa, against the number of cycles to failure, Nf. Accord-
ing to the experimental evidence, it is seen that [25,31,32], given
the material, different fatigue curves are obtained as ratio qeff var-
ies (Fig. 1a). If the classical schematisation used to summarise fati-
gue results is adopted also when they are plotted in Modified
Wöhler diagrams, any Modified Wöhler curve can unambiguously
be defined through the following linear relationships [25,31,32]:

ksðqeffÞ ¼ ðk� k0Þ � qeff þ k0 for qeff � qlim ð2Þ

ksðqeffÞ ¼ ksðqlimÞ ¼ ðk� k0Þ � qlim þ k0 for qeff > qlim ð3Þ

sA;Ref ðqeffÞ ¼
rA

2
� sA

� �
� qeff þ sA for qeff � qlim ð4Þ

sA;Ref ðqeffÞ ¼ sA;Ref ðqlimÞ ¼
rA

2
� sA

� �
� qlim þ sA; for qeff � qlim

ð5Þ
where

qlim ¼
sA

2sA � rA
: ð6Þ

In more detail, given a modified Wöhler curve characterised by a
certain value of qeff, ks(qeff) is its negative inverse slope and
sRef(qeff) is its reference shear stress amplitude extrapolated at NA

cycles to failure (Fig. 1a). Further, as explained in Fig. 1a, k is the
negative inverse slope and rA the endurance limit at NA cycles to
failure characterising the fully-reversed uniaxial fatigue curve
(qeff = 1), whereas k0 and sA are the corresponding quantities
describing the fully-reversed torsional fatigue curve (qeff = 0).

It is worth observing here also that both the negative inverse
slope and the reference shear stress amplitude defining the fatigue
curves to be used to estimate fatigue damage under a qeff ratio lar-
ger than limit value qlim, Eq. (6), are assumed to be constant and
equal to ks(qlim) and to sRef(qlim), respectively – see Eqs. (3) and
(5) [25,30,33]. This correction, which plays a role of primary impor-
tance in the overall accuracy of the MWCM, was introduced in light
of the experimental evidence that, given the shear stress amplitude
relative to the propagation plane, when micro/meso cracks are
fully open, an increase of the normal mean stress does not result
in any further increase of fatigue damage [34].

To conclude it can be observed that, according to the schematic
modified Wöhler diagram sketched in Fig. 1a, given the qeff ratio as
well as the shear stress amplitude, sa, relative to the critical plane,
the corresponding number of cycles to failure can directly be pre-
dicted according to the following trivial relationship [25]:

Nf ;e ¼ NA �
sA;refðqeffÞ

sa

� �ktðqeff Þ

; ð7Þ

the appropriate modified Wöhler curve being obviously defined
through Eqs. (2)–(6).

Thanks to its specific features, the MWCM can be used to pre-
dict fatigue damage not only in unnotched materials [31,32], but
also in notched components, where in the latter case it can be ap-
plied in terms of both nominal [25,27] and local stresses [35–39].
In more detail, our multiaxial fatigue criterion can be used in con-
junction with the TCD, formalised in the form of the PM, to esti-
mate finite lifetime of notched components subjected to CA
uniaxial/multiaxial fatigue loading [39], the correct way of
employing our criterion for such a purpose being explained in
Fig. 1b and c. As to the PM’s modus operandi, it is worth recalling
here that it was first proposed by Peterson [40], who argued that
high-cycle fatigue strength of notched components could accu-
rately be estimated by directly post-processing the stress state at
a given distance from the assumed crack initiation point, such a
distance being treated as a material properly.

Before briefly reviewing the in-field usage of such a method, it is
worth recalling here that the critical distance to be used to esti-
mate finite life of notched components is suggested as being de-
fined as follows [25,38,39]:

LMðNf Þ ¼ A � NB
f ; ð8Þ

where A and B are material fatigue constants to be estimated from
the fully-reversed unnotched fatigue curve as well as from a fully-
reversed notch fatigue curve generated by testing samples contain-
ing a known geometrical feature [38,41]. With regard to the critical
distance value to be used to estimate finite lifetime, it is worth
observing here that, according to definition (8), as the number of cy-
cles to failure decreases, length LM increases. This assumption takes
as a starting point the experimental evidence that the size of the
plastic zone at the notch tip varies as the magnitude of the applied
cyclic force changes: accordingly, since the PM as employed in the
present study is applied by forcing engineering materials to obey
a linear-elastic constitutive law, the cyclic plastic behaviour of duc-
tile metals is accommodated into a linear-elastic model by simply
making the size of the process zone (which is assumed to be related
to LM [25,26]) increase as the amplitude of the applied cyclic stress
increases. The above considerations should make it evident that
such an idea is, by nature, suitable for designing engineering mate-



(a)

(b) (c)
Fig. 1. Modified Wöhler diagram (a) and in-field usage of the MWCM applied along with the PM to estimate lifetime of notched components subjected to CA uniaxial/
multiaxial fatigue loading (b, c).
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rials failing solely in the medium/high-cycle fatigue regime, that is,
for Nf values larger than about 103 cycles to failure.

Turning back to the proper way of performing the fatigue
assessment according to our local approach, initially the linear-
elastic stress field along the focus path has to be calculated by tak-
ing full advantage of either analytical or numerical tools, where the
focus path is a straight line emanating from the assumed crack ini-
tiation location and perpendicular to the component surface at the
hot spot itself (Fig. 1b) [25]. It is worth remembering here also that
the focus path is suggested as being taken coincident with the
notch bisector when stress concentrators are modelled by impos-
ing that the notch root radius equals zero [25]. As soon as the focus
path is defined, both maximum shear stress amplitude sa and ratio
qeff have to be calculated along the focus path itself, by plotting, as
shown in Fig. 1c, such stress quantities against distance r. From the
calculated values for both sa and qeff, the corresponding Modified
Wöhler curve can then be determined, through Eqs. (2)–(6), at
any distance r from the notch tip, by subsequently estimating the
resulting number of cycles to failure, Nf,e – Eq. (7). After estimating
Nf,e along the focus path, the notched component being assessed is
assumed to fail at the number of cycles to failure as given by the
following condition (Fig. 1c) [40]:

LMðNf ;eÞ
2

� r ¼ 0)
A � NB

f ;e

2
� r ¼ 0: ð9Þ

To conclude, it is important to remember here that the constants in
the LM vs. Nf relationship, Eq. (8), used to estimate lifetime accord-
ing to condition (9) have to be determined by always employing fa-
tigue results generated under fully-reversed loading, since, thanks
to the sensitivity of ratio qeff to the presence of superimposed static
loadings, the detrimental effect of non-zero mean stresses is di-
rectly taken into account by the MWCM itself [25,39].
3. Stress quantities relative to the critical plane under VA
fatigue loading

As briefly mentioned at the beginning of the previous section,
the MWCM is based on the assumption that the plane of maximum
shear stress amplitude is also the one on which fatigue damage
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reaches its maximum value. Taking as a starting point the above
definition, the hypothesis can be formed that the critical plane un-
der VA fatigue loading coincides with that material plane contain-
ing the direction which experiences the maximum variance of the
resolved shear stress [42–44]. As to the above assumption, it can be
remembered here that, by definition, the variance of a signal quan-
tifies the amount of variation of the signal itself within the two ex-
tremes delimiting the maximum range, the variance being
independent from the mean value of the considered signal. Accord-
ingly, as far as time-variable stress components are concerned, the
variance of a stress signal can be assumed as being proportional to
the associated fatigue damage extent [42,45].

Since the in-field procedure suitable for determining the critical
plane according to the above strategy has already been discussed
in great detail elsewhere [44,46], by also investigating the numer-
ical aspects of the necessary optimisation procedure [47], only the
fundamental ingredients of the so-called Maximum Variance
Method (MVM) [42,44] will briefly be recalled in what follows.

Consider then a generic point, O, belonging to a body subjected
to a complex system of time-variable forces (Fig. 2a), the investi-
gated load history being defined in the time interval [0, T]. Accord-
ing to the MVM, the critical plane is the one containing that
direction, MV, experiencing the maximum variance of resolved
shear stress sMV(t) (Fig. 2b) [46,47]. In light of the obvious fact that
sMV(t) is a monodimensional stress quantity defined in the time
interval [0, T], its mean value is equal to:

�sm ¼
1
T

Z T

0
sMVðtÞ � dt; ð10Þ

whereas its equivalent amplitude can be calculated as [46,47]:

�sa ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 � Var½sMVðtÞ�

p
; ð11Þ

Var[sMV(t)] being the variance of the shear stress resolved along
direction MV, i.e.:

Var½sMVðtÞ� ¼
1
T

Z T

0
½sMVðtÞ � �sm�2 � dt ð12Þ

Similarly, the amplitude of the stress perpendicular to the crit-
ical plane (rn(t) in Fig. 2b) takes on the following value:

�rn;a ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 � Var½rnðtÞ�

p
ð13Þ

where

Var½rnðtÞ� ¼
1
T

Z T

0
½rnðtÞ � �rn;m�2 � dt ð14Þ

�rn;m ¼
1
T

Z T

0
rnðtÞ � dt: ð15Þ

The schematic charts sketched in Fig. 2c and d graphically sum-
marise the meaning of definitions (11) and (13) [46]: the equiva-
lent amplitude of both resolved shear stress sMV(t) and normal
stress rn(t) is proportional to the amount of variation of the stress
signals themselves.

Turning back to the MWCM, as mentioned in the previous sec-
tion, it postulates that, under CA loading, the degree of multiaxial-
ity and non-proportionality of the stress state at the assumed
critical point has to directly be evaluated through ratio qeff, such
a stress ratio being sensitive also to the presence of superimposed
static stresses. By taking full advantage of identity (1), in the pres-
ence of VA fatigue loading such a stress ratio can directly be re-
defined as follows [46]:

�qeff ¼
m � �rn;m þ �rn;a

�sa
ð16Þ

It is worth concluding the present section by observing that,
since the MWCM treats the mean stress sensitivity as a material
property, the m value to be used in identity (16) to quantify the
damaging effect of the mean stress perpendicular to the critical
plane can directly be estimated from a CA uniaxial fatigue curve
generated under a load ratio, R = rmin/rmax, larger than �1
[25,30].

4. Estimating fatigue lifetime of notched components under VA
fatigue loading

In order to formalise our novel VA multiaxial fatigue lifetime
estimation technique, consider the notched component sketched
in Fig. 2a. Such a component is assumed to be subjected to a com-
plex system of time-variable forces resulting in a time-variable
multiaxial stress field acting on the material in the vicinity of the
stress raiser being assessed. After defining the focus path according
to the geometrical rule briefly recalled in Section 2, consider the
stress state at a given point, O, positioned, along the focus path it-
self, at a distance from the assumed crack initiation site equal to r
(Fig. 2a). From the stress state at point O the orientation of the crit-
ical plane can directly be determined by taking full advantage of
the MVM (Fig. 2b) [46,47]. As soon as direction MV is known, the
equivalent amplitude (Fig. 2c) of both resolved shear stress sMV(t)
and normal stress rn(t) have to be calculated according to defini-
tions (11) and (13), respectively, by subsequently determining
the resulting critical plane stress ratio, �qeff – see Eq. (16). To eval-
uate the fatigue damage associated with the investigated VA load
history, the constants of the appropriate modified Wöhler curve
can now be estimated from the MWCM’s governing equations (Figs
2d and e), where, to properly handle VA load histories, qeff has to
be replaced in Eqs. (2)–(5) with �qeff . Further, in order to correctly
take into account the damaging effect of those cycles of low shear
stress amplitude, as recommended by Haibach [48], the negative
inverse slope in the long-life regime is suggested as being cor-
rected as follows [46] (Fig. 2e):

msð�qeffÞ ¼ 2 � ksð�qeffÞ � 1 for �qeff � qlim ð17Þ

msð�qeffÞ ¼ 2 � ksðqlimÞ � 1 ¼ const for �qeff > qlim ð18Þ

where whenever it is not known from the experiments, the position
of the knee point (Nkp in Fig. 2e) can be estimated by taking full
advantage of the available recommendations [49].

After defining the pertinent modified Wöhler curve, the shear
stress resolved along direction MV, sMV(t), has to be post-processed
in order to perform the cycle counting. In particular, since sMV(t) is
a monodimensional stress quantity, the corresponding load spec-
trum (Fig. 2g) can directly by built by counting the shear stress cy-
cles through the classical three-point Rain Flow method [46,50]
(Fig. 2f). Subsequently, by taking full advantage of the determined
resolved shear stress spectrum, the fatigue damage content associ-
ated with any counted cycle can be estimated through the appro-
priate modified Wöhler curve as follows:

Di ¼
ni

Nf ;i
for i ¼ 1;2; . . . ; j ð19Þ

the resulting damage content of the investigated load history being
equal to (Fig. 2h):

Dtot ¼
Xj

i¼1

Di ¼
Xj

i¼1

ni

Nf ;i
ð20Þ

The total damage content determined as above has to be used
now to calculate an equivalent number of cycles to failure, Nf,eq,
suitable for estimating, through the LM vs. Nf relationship, the crit-
ical distance value. In particular, Nf,eq can be determined by consid-
ering an equivalent load history whose damage content assures the
following condition:
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Fig. 2. In-field use of the proposed VA design methodology.
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neq

Nf ;eq
¼
Xj

i¼1

ni

Nf ;i
¼ Dtot ð21Þ

If the equivalent number of cycles, neq, is taken equal to the se-
quence length, ntot, of the investigated load history, Nf,eq can di-
rectly be calculated as:

Nf ;eq ¼
ntot

Dtot
¼
Pj

i¼1niPj
i¼1

ni
Nf ;i

ð22Þ

With regard to the validity of identity (22), it is worth remembering
here that the same assumption leads to the following well-known
equivalent uniaxial stress amplitude which is widely used in situa-
tions of practical interest [51], being also recommended by several
design codes [52,53]:
ra;eq ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPj
i¼1ni � rk

a

ntot

k

s
:

According to the reasoning summarised above, the LM vs. Nf

relationship, Eq. (8), can then be rewritten to efficiently handle
VA fatigue situations as:

LMðNf Þ ¼ A � NB
f ;eq ¼ A �

Pj
i¼1niPj

i¼1
ni

Nf ;i

0
@

1
A

B

; ð23Þ

where fatigue constants A and B are those estimated for the mate-
rial being assessed by following the standard procedure which is
based on the use of both the CA fully-reversed unnotched uniaxial
fatigue curve and a CA fully-reversed notch fatigue curve



(a)

(b)
Fig. 3. Geometries of the tested notched samples (dimensions in millimetres) (a) and fatigue results used to calibrate the constants both in the MWCM’s governing equations
and in the LM vs. Nf relationship (Ax = axial loading, T = torsional loading, R = load ratio) (b).
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determined by testing samples containing a known geometrical fea-
ture [39,41].If the critical distance value calculated according to Eq.
(22) assures the following condition (Fig. 2i):

LMðNf ;eqÞ
2

� r ¼ 0)
A � NB

f ;eq

2
� r ¼ 0: ð24Þ

then the total number of cycles to failure can be estimated as fol-
lows (Fig. 2j):

Nf ;e ¼
Dcrð�qeffÞ � ntot

Dtot
¼

Dcrð�qeffÞ �
Pj

i¼1
ni

Pj

i¼1

ni
Nf ;i

ð25Þ

where Dcrð�qeff Þ is the critical value of the damage sum. As to
Dcrð�qeffÞ, such a quantity is suggested here as being defined as [46]:
Dcrð�qeffÞ ¼ d1 � �qeff þ d2; for �qeff � qlim ð26Þ

DcrðqlimÞ ¼ d1 � qlim þ d2; for �qeff > qlim ð27Þ

d1 and d2 being two fatigue constants to be determined by running
appropriate experiments.

On the contrary, if condition (24) is not assured, it is evident
that the same procedure as the one summarised above has to be
re-applied by changing the distance, along the focus path, of the
reference point, O, used to estimate Nf,e. Such a procedure has to
be reiterated until convergence has occurred (Fig. 2k).

Turning back to identity (26), it is worth observing here that
Dcrð�qeff Þ is defined by assuming that the critical value of the dam-
age sum may vary as the degree of multiaxiality and non-propor-
tionality, measured through ratio �qeff , of the stress state at the
investigated material point changes. As to the recommended
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values for Dcrð�qeff Þ, initially it has to be remembered here that, in
real mechanical components subjected to VA uniaxial fatigue load-
ing, the experimental value of the damage sum is seen to vary in
the range 0.02–5, the average value being equal to 0.27 for steel
and to 0.37 for aluminium [51]. Further, in the most general case,
the critical value of the damage sum depends also on the complex-
ity of the assessed VA stress state. As to the latter aspect, an inter-
esting example is represented by steel weldments. In more detail,
by performing an accurate experimental investigation Sonsino and
Kueppers [54] observed that, for their tube-to-plate welded joints
tested under Gaussian Spectra with sequence length of 5 � 104 cy-
cles, the critical value of the damage sum was equal to 0.08 under
VA pure bending, to 0.38 under VA pure torsion and to 0.35 under
in-phase and 90� out-of-phase VA combined bending and torsion.
Therefore, according to the above experimental evidence which ap-
plies also to non-welded metallic components [46], the method
formalised in the present paper is based on the assumption that
the critical value of the damage sum can vary as the degree of mul-
tiaxiality and non-proportionality of the critical stress state
changes, such an hypothesis being formalised by imposing a linear
relationship between Dcr and �qeff [46].

To conclude, it is worth observing that when the method dis-
cussed in the present section is used to design notched compo-
nents against CA uniaxial/multiaxial fatigue loading, the
estimated number of cycles of failure is exactly the same as the
one which would be predicted by using the approach we have spe-
cifically formalised to deal with CA loading paths (Fig. 1b): this
important aspect should make it evident that there exists a sound
consistency between the idea formalised in the present paper and
suitable for designing notched components against VA fatigue
loading and the approach we have devised by considering solely
CA situations [39].
5. Experimental details and results

In order to check the accuracy and reliability of the fatigue de-
sign method formalised in the previous section, a systematic
experimental investigation was carried out by testing the V-
notched cylindrical samples sketched in Fig. 3a, the above figure
reporting also the values of the net stress concentration factors cal-
culated, through refined finite element (FE) models, under both
tension, Kt, and torsion, Ktt.

The investigated material was medium-carbon steel C40 that
had an ultimate tensile stress equal to 852 MPa, a yield stress of
672 MPa, and a Young’s modulus of 209,000 MPa.

The fatigue properties of the parent material were determined
by testing, at a frequency of 4 Hz, unnotched cylindrical samples
under both fully-reversed axial loading, zero-tension, and fully-re-
versed torsion. The above fatigue results are summarised in the
Wöhler diagram reported in Fig. 3b, such a chart displaying, in
terms of nominal net stress amplitude, also the experimental data
generated by testing, under CA fully-reversed axial loading, the V-
notched samples with root radius, rn, equal to 0.225 mm. As to the
performed statistical reanalysis, it is worth observing here that the
scatter bands plotted in the chart of Fig. 3b were calculated under
the hypothesis of a log-normal distribution of the number of cycles
to failure for each stress level and assuming a confidence level
equal to 95% [55]. The corresponding fatigue curves, estimated
for a probability of survival, PS, equal to 50%, are summarised in
Table 1 in terms of negative inverse slope, k and k0, endurance lim-
it, rA and sA, and scatter ratio of the stress amplitude, Tr and Ts, at
NA cycles to failure for 90% and 10% probabilities of survival.
According to the fatigue behaviour displayed by the parent mate-
rial under axial loading (see the chart of Fig. 3b), the reference
number of cycles to failure, NA, was taken equal to 106.
The chart reported in Fig. 4a shows the profiles of the three
investigated load spectra, where axial nominal net stress Ra,i and
torsional nominal net stress Ta,i denote the amplitude of the i-th
cycle, whereas Ra,max and Ta,max denote the maximum values in
the spectrum of the above nominal stress amplitudes. Spectrum
1000RA, having sequence length, ntot, equal to 1000 cycles, was de-
rived from the classical Rayleigh distribution, whereas spectrum
250OL (ntot = 250 cycles) was adopted to investigate the accuracy
of our method in estimating fatigue lifetime under nominal uniax-
ial fatigue loading in the presence of overloadings. Finally, spec-
trum 50BSP (ntot = 50 cycles) was designed to investigate,
according to the characteristics of our biaxial testing machine,
the fatigue behaviour of the considered V-notched cylindrical sam-
ples under complex VA biaxial load histories. Spectra 1000RA and
250OL were used to investigate the notch fatigue behaviour of the
tested carbon steel solely under VA nominal uniaxial fatigue load-
ing, the sinusoidal cycles being applied in random order with a fre-
quency of 4 Hz. On the contrary, due to the intrinsic limits of our
biaxial testing machine in terms of number of turning points, spec-
trum 50BSP was applied by adopting a triangular shape for the
wave form. For the sake of completeness, Fig. 4b schematically
shows the nominal loading paths, plotted considering one single
cycle, which were investigated to generate the notch results not
only under uniaxial, but also under biaxial nominal loading, where:
Ax = axial loading, T = torsion, Bi = biaxial loading, ZMS = zero
mean stress, N-ZMS = non-zero mean stress, IPh = in-phase load-
ing, OoPH = out-of-phase loading, and, finally, F is the ratio be-
tween the frequencies of the applied axial and torsional nominal
loading.

All the generated results are summarised in Tables 2–4, where
the performed tests are described in terms of adopted spectrum,
maximum amplitude in the spectrum of the axial, Ra,max, and tor-
sional, Ta,max, nominal net stress, axial, Rm, and torsional, Tm, mean
nominal net stress, out-of-phase angle, d, ratio F between the fre-
quencies of the two loading channels, and, finally, experimental va-
lue of the number of cycles to failure, Nf. It is worth observing here
that, to check the accuracy of the proposed approach, fatigue fail-
ures were defined by 50% axial stiffness drop calculated under
the maximum amplitude applied in the spectrum. To investigate
the cracking behaviour of the notched samples instead, any tests
were run up to the complete breakage of the specimens
themselves.

As to the results listed in the above tables, it is worth observing
here that, since all the cycles were applied in random order, the
instantaneous values of the load channels were gathered during
testing systematically, by subsequently post-processing the re-
corded signals to verify a posteriori the correspondence between
theoretical and applied load spectrum, the cycle counting being
performed according to the three-point Rain-Flow method [50].
Another important experimental aspect which deserves to be men-
tioned explicitly is that, since, as said above, the cycles were ap-
plied in random order also under VA biaxial loading, the ratio
between the amplitudes of the axial and torsion nominal stress
was different from cycle to cycle during testing. To conclude, it
can be pointed out that the experimental values of the number
of cycles to failure listed in Tables 2–4 and obtained under VA biax-
ial loading at different frequencies were counted through the sig-
nals gathered from the torsional actuator.
6. Observed cracking behaviour under VA biaxial loading

Before systematically checking the accuracy of the proposed VA
fatigue design method through the generated experimental results,
the fracture surfaces of the tested specimens were investigated in
depth in order to qualitatively single out the predominant cracking



Table 1
Summary of the experimental fatigue results generated under CA axial loading as well as under CA torsion.

Specimen type N. of data rn (mm) dg (mm) dn (mm) x (�) R k(k0) rA
a (MPa) sA

a (MPa) Tr Ts Kt Ktt

Plain 10 – 12 6 – �1 9.4 292.8 – 1.211 – 1.06 1.02
10 – 12 6 – 0 10.8 260.0 – 1.236 –
10 – 12 11 – �1 12.8 – 231.7 – 1.297

Sharp 10 0.225 12 9.15 35 �1 4.2 97.8b – 1.361 – 4.42 2.38

a Reference stress amplitude extrapolated at 106 cycles to failure.
b Nominal net stress.

(a)

(b)
Fig. 4. Adopted load spectra (a) and investigated loading paths (one single cycle is plotted for each loading configuration) (b).
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Table 2
Summary of the experimental results generated by testing the notched specimens with root radius equal to 0.225 mm under VA fatigue loading.

Code Spectrum Ra,max (MPa) Rm (MPa) Ta,max (MPa) Tm (MPa) d (�) F Nf (cycles)

S13_VA 1000RD 219.0 0.0 0.0 0.0 – – 391,420
S17_VA 1000RD 219.0 0.0 0.0 0.0 – – 339,763
S4_VA 1000RD 279.8 0.0 0.0 0.0 – – 170,155
S6_VA 1000RD 279.8 0.0 0.0 0.0 – – 182,155
S7_VA 1000RD 389.3 0.0 0.0 0.0 – – 66,703
S9_VA 1000RD 389.3 0.0 0.0 0.0 – – 61,594
S2_VA 1000RD 520.1 0.0 0.0 0.0 – – 20,975
S3_VA 1000RD 520.1 0.0 0.0 0.0 – – 21,568
S26_VA 250OL 228.1 0.0 0.0 0.0 – – 242,271
S5_VA 250OL 228.1 0.0 0.0 0.0 – – 272,374
S22_VA 250OL 288.9 0.0 0.0 0.0 – – 113,624
S27_VA 250OL 288.9 0.0 0.0 0.0 – – 112,124
S23_VA 250OL 380.2 0.0 0.0 0.0 – – 50,089
BS_1 50BSP 136.9 0.0 136.9 0.0 0 1 207,026
BS_2 50BSP 136.9 0.0 271.0 0.0 0 1 24,348
BS_2b 50BSP 136.9 0.0 278.2 0.0 0 1 23,581
BS_3 50BSP 136.9 0.0 182.5 0.0 0 1 148,732
BS_4 50BSP 0.0 0.0 388.9 0.0 – – 2715
BS_4b 50BSP 0.0 0.0 299.2 0.0 – – 16,679
BS_5 50BSP 0.0 0.0 209.4 0.0 – – 377,053
BS_6 50BSP 0.0 0.0 269.3 0.0 – – 32,100
BS_7 50BSP 136.9 0.0 179.5 0.0 90 1 81,631
BS_8 50BSP 136.9 0.0 271.0 0.0 90 1 14,269
BS_9 50BSP 136.9 0.0 136.9 0.0 90 1 151,007
BS_10 50BSP 114.1 22.8 209.4 41.9 90 1 59,622
BS_11 50BSP 114.1 22.8 269.3 53.9 90 1 11,850
BS_12 50BSP 114.1 22.8 119.7 23.9 90 1 272,152
BS_13 50BSP 114.1 22.8 209.4 41.9 0 1 131,475
BS_14 50BSP 114.1 22.8 269.3 53.9 0 1 18,045
BS_15 50BSP 114.1 22.8 149.6 29.9 0 1 327,657
BS_16 50BSP 136.9 0.0 239.3 0.0 0 2 15,376
BS_17 50BSP 136.9 0.0 149.6 0.0 0 2 76,958
BS_18 50BSP 136.9 0.0 125.7 0.0 0 2 104,950
BS_19 50BSP 136.9 0.0 239.3 0.0 0 0.5 14,885
BS_20 50BSP 136.9 0.0 149.6 0.0 0 0.5 182,882
BS_21 50BSP 136.9 0.0 125.7 0.0 0 0.5 123,167
BS_22 50BSP 95.0 22.8 249.3 59.8 90 2 16,078
BS_23 50BSP 95.0 22.8 189.5 45.5 90 2 39,479
BS_24 50BSP 95.0 22.8 159.6 38.3 90 2 58,275
BS_25 50BSP 95.0 22.8 249.3 59.8 90 0.5 24,417
BS_26 50BSP 95.0 22.8 189.5 45.5 90 0.5 74,570
BS_27 50BSP 95.0 22.8 159.6 38.3 90 0.5 146,608
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mechanisms resulting in breakage under VA biaxial fatigue load-
ing. The failure matrix reported in Fig. 5 summarises the observed
fracture surfaces that are classified in terms of both sharpness of
the tested notch and complexity of the applied VA loading path.
For any loading/geometrical configuration, the first and the second
picture show a failure in the low- (Nf ffi 104 cycles to failure) and in
the medium-cycle fatigue regime (Nf ffi 105–3 � 105 cycles to fail-
ure), respectively.

As to the failure surfaces reported in the above figure, the main
features of the observed cracking processes can schematically be
summarised as follows:

� Mechanism A: crack initiation. Under VA biaxial fatigue loading,
cracks always initiated, at the notch root, on those material
planes of maximum shear stress amplitude that were most clo-
sely aligned to the net cross-sectional area (Stage I). At a macro-
scopic level, fatigue cracks were seen to initiate at the notch
root in all the tested samples, resulting in circumferential cracks
radially propagating inward to the centre of the net cross sec-
tional area.
� Mechanism B: crack propagation. After exhausting the initial

Stage I growth, fatigue cracks kept propagating by orienting
themselves in order to experience the maximum Mode I loading
(Stage II). Under VA biaxial fatigue loading, this resulted in the
tendency of forming conventional factory roof failure surfaces.
� Mechanism C: shear stress rubbing phenomenon. Since the sur-
faces on which the crack propagation phenomenon took place
were almost coincident with the net cross-sectional areas of
the tested notched samples, the nominal cyclic torque was seen
to result in a rubbing effect that wore, by somehow smoothen-
ing, the two material faces of the cracks. According to the above
mechanism, in many different cases the resulting fracture sur-
faces were also characterised by a series of concentric circular
marks.

In order to understand the role played by the above three crack-
ing mechanisms, attention can initially be focused on the results
generated by testing, under fully-reversed VA torsional loading,
the V-notched samples having root radius, rn, equal to 0.225 mm.
In the above specimens initiation and initial growth were seen to
always occur at the notch root on the material plane perpendicular
to the specimen axis (Stage I). After reaching a certain length
depending on the magnitude of the applied VA torsional loading,
the branching phenomenon occurred, resulting in a Stage II propa-
gation which was governed by the maximum normal stress. Under
the most damaging VA torsional load spectrum (specimen BS_4 in
Fig. 5), the preferential Stage II planes were at 45� to the specimen
axis, even though the large amount of relative rotation between
the two faces of the crack pushed up the material, resulting in al-
most vertical crests. In other words, due to the combined effect



Table 3
Summary of the experimental results generated by testing the notched specimens with root radius equal to 1.2 mm under VA fatigue loading.

Code Spectrum Ra,max (MPa) Rm (MPa) Ta,max (MPa) Tm (MPa) d (�) F Nf (cycles)

I1_VA 1000RD 520.4 0.0 0.0 0.0 – – 37,568
I4_VA 1000RD 520.4 0.0 0.0 0.0 – – 34,044
I2_VA 1000RD 432.4 0.0 0.0 0.0 – – 84,463
I5_VA 1000RD 432.4 0.0 0.0 0.0 – – 83,663
I3_VA 1000RD 344.5 0.0 0.0 0.0 – – 170,581
I6_VA 1000RD 344.5 0.0 0.0 0.0 – – 253,927
I10_VA 1000RD 300.5 0.0 0.0 0.0 – – 715,859
I14_VA 1000RD 300.5 0.0 0.0 0.0 – – 588,009
I17_VA 250OL 469.1 0.0 0.0 0.0 – – 32,624
I20_VA 250OL 395.8 0.0 0.0 0.0 – – 99,124
I21_VA 250OL 395.8 0.0 0.0 0.0 – – 72,874
I18_VA 250OL 337.1 0.0 0.0 0.0 – – 190,874
I19_VA 250OL 337.1 0.0 0.0 0.0 – – 178,741
BI_1 50BSP 0.0 0.0 327.0 0.0 – – 17,459
BI_2 50BSP 0.0 0.0 308.1 0.0 – – 36,957
BI_3 50BSP 0.0 0.0 282.9 0.0 – – 72,587
BI_4 50BSP 0.0 0.0 257.8 0.0 – – 143,825
BI_5 50BSP 141.5 0.0 289.2 0.0 0 1 30,942
BI_6 50BSP 141.5 0.0 232.6 0.0 0 1 102,168
BI_7 50BSP 141.5 0.0 201.2 0.0 0 1 147,795
BI_8 50BSP 141.5 0.0 264.1 0.0 90 1 60,320
BI_9 50BSP 141.5 0.0 201.2 0.0 90 1 190,554
BI_29 50BSP 141.5 0.0 232.6 0.0 90 1 68,269
BI_11 50BSP 117.9 23.6 282.9 56.6 90 1 25,459
BI_12 50BSP 117.9 23.6 220.1 44.0 90 1 149,867
BI_13 50BSP 117.9 23.6 251.5 50.3 90 1 85,782
BI_14 50BSP 117.9 23.6 282.9 56.6 0 1 54,532
BI_15 50BSP 117.9 23.6 238.9 47.8 0 1 114,205
BI_16 50BSP 117.9 23.6 257.8 51.6 0 1 65,736
BI_17 50BSP 141.5 0.0 276.7 0.0 0 2 16,518
BI_18 50BSP 141.5 0.0 207.5 0.0 0 2 100,826
BI_19 50BSP 141.5 0.0 238.9 0.0 0 2 45,386
BI_20 50BSP 141.5 0.0 276.7 0.0 0 0.5 27,487
BI_21 50BSP 141.5 0.0 207.5 0.0 0 0.5 49,309
BI_22 50BSP 141.5 0.0 176.1 0.0 0 0.5 383,726
BI_23 50BSP 117.9 23.6 282.9 56.6 90 2 18,797
BI_24 50BSP 117.9 23.6 220.1 44.0 90 2 80,276
BI_25 50BSP 117.9 23.6 188.6 37.7 90 2 67,764
BI_26 50BSP 117.9 23.6 282.9 56.6 90 0.5 10,341
BI_27 50BSP 117.9 23.6 220.1 44.0 90 0.5 107,965
BI_28 50BSP 117.9 23.6 188.6 37.7 90 0.5 168,106
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of a torsional loading of large magnitude and a severe stress con-
centration phenomenon, the Mode I cracks grew very rapidly mak-
ing it hard for shear stress rubbing phenomenon to take place.
Therefore, the resulting factory roof surface was just partially de-
formed by the interaction, occurring during the twisting motion
of the cracked material, between the two faces of the crack. On
the contrary, as the maximum amplitude of the torsional load
spectrum decreased, the shear stress rubbing mechanism was seen
to become more and more predominant, resulting in smoother fail-
ure surfaces (sample BS_5 in Fig. 5).

A mechanism similar to the one described above occurred also
in the other notched geometries tested under VA torsion, the only
difference being that the effect of the rubbing mechanism was seen
to increase with the decreasing of the effect, on the crack growth
rate, of the stress gradient’s severity.

Under in-phase biaxial VA loading instead, the shear stress gov-
erned initiation phenomenon was always followed by a Stage II
propagation, resulting in conventional factory roof fracture sur-
faces - this holding true under both zero and non-zero mean stres-
ses (see, for instance, surfaces BS_1 and BI_14 in Fig. 5). Similar to
the torsional case, also under in-phase VA biaxial loading the rub-
bing effect tended to increase as the sharpness of the notch was re-
duced: the crack growth rate decreased as the severity of the stress
gradient decreased, allowing the asperities resulting from the
Mode I propagation to be rubbed off, either partially or completely,
by the relative twisting motion of the two surfaces of the cracks
(see, for instance, samples BB_5 and BB_14 in Fig. 5).
In order to deepen the investigation on the cracking behaviour
under VA in-phase biaxial loading, some of the generated fracture
surfaces were also analysed by using the Scanning Electron Micro-
scope available at Trinity College – Dublin (Ireland), the taken pic-
tures being reported in Fig. 6. In more detail, Fig. 6a shows a
fracture surface where a crack initiated at the notch root, the ob-
served material portion being characterised by a small amount of
local plastic deformation.

Fig. 6b instead displays a crest of the factory roof, each side
being characterised not only by a different slope, but also by a dif-
ferent aspect. In particular, one side of the asperity appears to be
worn, with parallel marks resulting from the rubbing effect of
the two twisting surfaces of the crack. The fact that the above
marks, which are perpendicular to the radial direction along which
the crests themselves formed, appears only on one side may be as-
cribed to the profile of the applied loading path (Fig. 4b): since the
two applied nominal stress components were in-phase, the marks
tended to form only during the tensile part of any biaxial cycle,
that is, only when, the crack being open due to the applied tensile
stress, the two surfaces of the crack could rotate more easily.

Turning back to the macroscopic cracking behaviour
summarised in Fig. 5, it is worth observing here that both under
out-of-phase synchronous VA biaxial loading and under in-phase/
out-of-phase biaxial load spectra with a frequency ratio, F, differ-
ent from unity the shear stress rubbing effect was seen to be pre-
dominant, always resulting in relatively smooth fracture surfaces
(this holding true independently of magnitude of the mean stress



Table 4
Summary of the experimental results generated by testing the notched specimens with root radius equal to 3 mm under VA fatigue loading.

Code Spectrum Ra,max (MPa) Rm (MPa) Ta,max (MPa) Tm (MPa) d (�) F Nf (cycles)

B1_VA 1000RD 631.8 0.0 0.0 0.0 – – 18,736
B2_VA 1000RD 631.8 0.0 0.0 0.0 – – 15,715
B3_VA 1000RD 496.4 0.0 0.0 0.0 – – 65,733
B7_VA 1000RD 496.4 0.0 0.0 0.0 – – 63,450
B5_VA 1000RD 413.7 0.0 0.0 0.0 – – 118,044
B8_VA 1000RD 413.7 0.0 0.0 0.0 – – 138,975
B4_VA 1000RD 361.0 0.0 0.0 0.0 – – 274,715
B6_VA 1000RD 361.0 0.0 0.0 0.0 – – 300,763
B20_VA 250OL 556.6 0.0 0.0 0.0 – – 22,498
B17_VA 250OL 481.4 0.0 0.0 0.0 – – 61,874
B19_VA 250OL 481.4 0.0 0.0 0.0 – – 70,624
B18_VA 250OL 421.2 0.0 0.0 0.0 – – 88,874
B21_VA 250OL 421.2 0.0 0.0 0.0 – – 133,874
BB_1 50BSP 0.0 0.0 364.7 0.0 – – 12,831
BB_2 50BSP 0.0 0.0 314.4 0.0 – – 30,107
BB_3 50BSP 0.0 0.0 295.5 0.0 – – 84,635
BB_4 50BSP 0.0 0.0 282.9 0.0 – – 99,207
BB_5 50BSP 141.5 0.0 327.0 0.0 0 1 17,161
BB_6 50BSP 141.5 0.0 264.1 0.0 0 1 94,483
BB_7 50BSP 141.5 0.0 245.2 0.0 0 1 98,695
BB_8 50BSP 141.5 0.0 314.4 0.0 90 1 16,337
BB_9 50BSP 141.5 0.0 251.5 0.0 90 1 136,146
BB_10 50BSP 141.5 0.0 220.1 0.0 90 1 164,490
BB_11 50BSP 117.9 23.6 314.4 62.9 90 1 10,391
BB_12 50BSP 117.9 23.6 257.8 51.6 90 1 92,073
BB_13 50BSP 117.9 23.6 226.4 45.3 90 1 344,115
BB_14 50BSP 117.9 23.6 327.0 65.4 0 1 12,502
BB_15 50BSP 117.9 23.6 282.9 56.6 0 1 49,830
BB_16 50BSP 117.9 23.6 251.5 50.3 0 1 115,047
BB_17 50BSP 141.5 0.0 295.5 0.0 0 2 28,437
BB_18 50BSP 141.5 0.0 251.5 0.0 0 2 101,333
BB_19 50BSP 141.5 0.0 220.1 0.0 0 2 206,916
BB_20 50BSP 141.5 0.0 295.5 0.0 0 0.5 20,762
BB_21 50BSP 141.5 0.0 251.5 0.0 0 0.5 80,840
BB_22 50BSP 141.5 0.0 220.1 0.0 0 0.5 128,514
BB_23 50BSP 117.9 23.6 308.1 61.6 90 2 18,042
BB_24 50BSP 117.9 23.6 264.1 52.8 90 2 38,975
BB_25 50BSP 117.9 23.6 238.9 47.8 90 2 106,213
BB_26 50BSP 117.9 23.6 308.1 61.6 90 0.5 23,912
BB_27 50BSP 117.9 23.6 264.1 52.8 90 0.5 62,360
BB_28 50BSP 117.9 23.6 238.9 47.8 90 0.5 135,815
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and sharpness of the tested notch). As to the above situation, it is
initially interesting to notice that, as shown in Fig. 4a, under biaxial
loading at different frequencies the situation was, in terms of pro-
file of the single cycle loading path, always similar to the one ob-
tained under out-of-phase synchronous VA biaxial loading.
Accordingly, during testing, when the applied nominal torque
reached its relative maximum value, the corresponding axial nom-
inal stress was always equal to zero. In this situation, the rubbing
effect due to torque was seen to prevail over the cracking mecha-
nism leading to the formation of factory roof crests, resulting, as
said above, in relatively smooth fracture surfaces (see Fig. 5).

Finally, to clearly show the morphological features of the
cracked material resulting from the shear stress rubbing mecha-
nism in the presence of reduced stress concentration phenomena,
Fig. 6c and d shows two different portions of the fracture surface
in bluntly notched specimen BB_3. According to the above pictures,
the morphology of the corrugate surface displayed by the bluntest
samples may be related to the fact that growing cracks always tried
to form factory roof features (by twisting around to 45-degrees),
these features continually being deformed and pushed over. The
fact that the crack initiation phenomenon could take place also
in the material volume is supported by the large amount of plastic
deformation observed in the internal regions of the fracture sur-
faces. Subsequently, these cracks grew, presumably on the planes
of maximum normal stress, until a conventional coalescence phe-
nomenon took place. Thus these new long cracks standing on dif-
ferent planes were subsequently deformed by the torsional
loading, creating almost vertical cracks, grouped in contiguous
sheets (Fig. 6c and d).

7. Validation by experimental results

The experimental results (see Tables 2–4) generated by testing
the V-notched cylindrical samples of carbon steel C40 (Fig. 3a) un-
der the three investigated load spectra (Fig. 4) were used to sys-
tematically check the accuracy of our critical distance/plane
approach in estimating lifetime under VA fatigue loading.

The necessary linear-elastic stress fields in the vicinity of the
notch tip of the tested specimens were determined, through com-
mercial software ANSYS�, by solving refined FE models, the density
of the mapped mesh being gradually refined until convergence has
occurred.

The unnotched results obtained under fully-reversed CA axial
and torsional loading (see Fig. 3b and Table 1) were initially used
to calibrate the constants in the MWCM’s governing equations,
Eqs (2)–(5), as well as to calculate the limit value of ratio �qeff , Eq.
(6), i.e., qlim = 1.358.

The CA fully-reversed unnotched fatigue curve together with
the CA fatigue curve determined by testing V-notched samples
with root radius equal to 0.225 mm (Table 1) were subsequently
used, according to the standard procedure we have proposed
[25,38,39], to calibrate the constants in the LM vs. Nf relationship,
by obtaining [41]:
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Fig. 5. Matrix of the observed fracture surfaces.
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(a) – BS_1: Crack initiation region (b) – BS_1: Factory roof’s crests 

(c) – BB_3: Morphology of the fracture surface 
resulting from the shear stress rubbing 

mechanism (I) 

(d) – BB_3: Morphology of the fracture surface 
resulting from the shear stress rubbing 

mechanism (II) 

Fig. 6. Fracture surfaces investigated with a scanning electron microscope.
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LMðNf Þ ¼ 6:05 � N�0:286
f ðmmÞ ð28Þ

The unnotched fatigue curve generated under zero-tension by test-
ing unnotched samples and having endurance limit, rA,R=0, equal to
260 MPa (Table 1) was employed instead to calculate the mean
stress sensitivity index. In particular, by observing that under the
above simple loading path the stress components relative to the
critical plane were as follows [25]:

s	a ¼ r	n;a ¼ r	n;m ¼
rA;R¼0

2
¼ 130 MPa;

mean stress sensitivity index m took on the following value [25,39]:

m ¼ s	a
r	n;m

2
sA � s	a

2sA � rA
�

r	n;a
s	a

� �
¼ 0:19 ð29Þ

In order to estimate the fatigue lifetime of the tested notched sam-
ples, the procedure summarised in Fig. 2 was implemented by
developing an ad hoc post-processor capable of solving two differ-
ent multivariable optimisation problems in parallel: the first algo-
rithm was based on the gradient ascent method and it was
designed to determine the orientation of the critical plane through
the direction experiencing the maximum variance of the resolved
shear stress [47]; the second algorithm, taking full advantage of
the simple bisection method, was instead used to determine critical
distance LM, Eq. (23), from the equivalent number of cycles to fail-
ure, Nf,eq, calculated according to definition (22).

The overall accuracy of our method in estimating the fatigue
lifetime of the tested V-notched samples is summarised in the
experimental, Nf, vs. estimated, Nf,e, number of cycles to failure
diagrams reported in Fig. 7, the knee points being taken, as recom-
mended by Sonsino [49], at Nkp = 2 � 106 cycles to failure. In more
detail, the above charts were built by initially assuming, as sug-
gested by Palmgren [56] and Miner [57], that the critical value of
the damage sum, Dcrð�qeff Þ, was constant and invariably equal to
unity. The above diagrams make it evident that the use of our
method resulted in estimates characterised by a slight degree of
conservatism, but all falling within the widest scatter band be-
tween the two associated with the CA unnotched experimental re-
sults used to calibrate the constants in the MWCM’s governing
equation. Such an high level of accuracy was obtained indepen-
dently of sharpness of the tested notch as well as of complexity
and profile of the applied VA load history. It is evident that the
above results are definitely satisfactory, since we cannot ask a pre-
dictive method to be, from a statistical point of view, more accu-
rate than the experimental information used to calibrate the
approach itself.

Another important outcome which deserves to be highlighted
here is that our critical distance/plane approach was seen to be
highly accurate in estimating also the results generated under VA
uniaxial nominal loading: this confirms that the design strategy
proposed in the present paper is capable of correctly taking into ac-
count the degree of multiaxiality of the post-processed stress field
also when the source of such a multiaxiality is a geometrical fea-
ture and not the complexity of the applied VA load history.

Turning back to the overall accuracy shown by the charts of
Fig. 7, by sharply observing the distribution of the estimates it is
straightforward to come to the conclusion that the tested carbon
steel had an actual value of the critical damage sum that was not
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only close to unity, but also quite independent on the degree of
multiaxiality of the applied VA loading path. The above remarks
are fully confirmed by the chart of Fig. 8a which plots, for any
generated results, the experimental value of the critical damage
sum against the effective value of the critical plane stress ratio,
�qeff : according to the above diagram the distribution of the exper-
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Table 5
Fatigue properties of the materials used to check the accuracy of the proposed approach through experimental data taken from the literature.

Material Ref. R k rA
a (MPa) sA

a (MPa) Tr Ts qlim m B A (mm/cycles)B Nkp (cycles)

SAE 1045 [23] �1 9.0 195.8 – 1.151 – 3.24 1 �0.151 25.8 2 � 106 [49]
�1 10.2 – 115.8 – 1.148

S460N [58,59] �1 10.3 228.3 – 1.151 – 1.99 1 �0.093 4.8 2 � 106 [49]
�1 13.4 – 152.5 – 1.049

Fe 460 (welded) [54,60] �1 8.3 217.3 – 1.489 – 3.15 1 �0.386 89.4 108 [61,62]
�1 9.4 – 129.15 – 1.344

a Reference stress amplitude extrapolated at 2 � 106 cycles to failure.
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imental point, which shows the usual scattering characterising fa-
tigue results, follows an horizontal straight trend line, confirming
that, for the tested steel, Dcrð�qeff Þ could be assumed to be indepen-
dent from �qeff with little loss of accuracy. According to the above
consideration, as an example the error diagram reported in
Fig. 8b summarises the accuracy of our approach in estimating
all the results we generated by taking the critical value of the dam-
age sum equal to 1.45, that is, equal to the value calculated by
averaging the results generated under uniaxial and torsional VA
loading: a value of Dcrð�qeffÞ equal to 1.45 clearly allowed the level
of conservatism of the estimates to be reduced, by resulting in
highly accurate predictions (Fig. 8b). To conclude, it is worth
observing that the critical value of the damage sum calculated
by averaging all the experimental results reported in the chart
of Fig. 8a was seen to be equal to 1.77, that is, within the
experimental range 0.02-5 that is commonly observed in situations
of practical interest [51].

In light of the encouraging accuracy obtained by reanalysing the
experimental results we generated, the accuracy of our critical dis-
tance/plane approach was subsequently attempted to be checked
through several data sets taken from the literature, where Table 5
summarises the fatigue properties of the investigated materials.

In more detail, initially we considered the results generated by
testing notched samples of SAE 1045 under load history ‘‘Ag Trac-
tor Bending’’, that is, a VA in-phase bending and torsion load his-
tory gathered from an instrumented drive axle of an agriculture
tractor and summarised through a Markovian matrix [23,63]. The
notched samples investigated in the SAE Biaxial Program were con-
ventional cylindrical shafts with fillet (Fig. 9), where the notch root
radius of 5 mm resulted in a stress concentration factor of 1.42
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under bending and of 1.23 under torsion. The experimental, Nb, vs.
estimated Nb,e, blocks to failure diagram reported in Fig. 9 fully
confirms that our approach was highly accurate also in estimating
such classical results. As to the above accuracy level, it is worth
observing here that the adopted Dcrð�qeff Þ was calibrated by using
the results generated under both uniaxial and torsional VA loading,
since the critical value under simple bending was seen to be much
lower that the corresponding value under torsion. This should fur-
ther confirm what was already observed by Sonsino and Kueppers
[54]: given the material and the geometrical feature, the critical va-
lue of the damage sum can vary as the degree of multiaxiality and
non-proportionality of the applied load history varies, so that, such
a tricky aspect of the problem must always be addressed very care-
fully when designing real components against VA fatigue.

Subsequently, we considered the results generated by Vorm-
wald and co-workers [24] by testing cylindrical samples with fillet
of steel S460N under the in-phase and 90� out-of-phase biaxial
load spectrum reported in Fig. 10. As to the calibration constants
characterising the above material and listed in Table 5, it has to
be pointed out that the uniaxial and torsional unnotched fatigue
curves were directly estimated from the corresponding strain-
controlled results. Further, due to a lack of suitable data, the LM

vs. Nf relationship was calibrated through the notch results gener-
ated under CA in-phase and 90� out-of-phase biaxial loading, i.e.,
by directly extending the use of the procedure proposed in Ref.
[39] to situations involving multiaxial fatigue loading. Finally,
function Dcrð�qeff Þ was roughly calibrated by using a conventional
best-fit procedure. In spite of the above simplifications, the accu-
racy shown by the error diagram reported in Fig. 10 is satisfactory
also for the notched samples of S460N.
Subsequently, our attention was focused on the data generated
by Sonsino and Kueppers [54] by testing tube-to-plate steel welded
joints under Gaussian spectra having sequence length, ntot, equal to
5 � 104 cycles (Fig. 11). In particular, since the average value of the
weld toe radius was directly reported in Ref. [54], i.e., rn = 0.45 mm,
the above samples were treated as notched components. In other
words, such results were used to check the accuracy of the ap-
proach proposed in the present paper by explicitly modelling the
weld toe radius, and not, as done elsewhere [64,65], by taking it
invariably equal to zero. The constants in the MWCM’s governing
equations were calculated by using the CA fully-reversed bending
and torsion curves generated by testing tube-to-tube ground butt
welded samples of Ste 460 [60]. The LM vs. Nf relationship was in-
stead calibrated by using the CA fully-reversed bending curve
experimentally determined through the tube-to-tube ground butt
welded joints [60] as well as the CA fully-reversed curve generated
by testing under bending the tube-to-plate welded samples [54]
(Table 5). Finally, the estimates summarised in the error diagram
of Fig. 11 were calculated by taking, as recommended by the IIW
[61], the critical value of the damage sum, Dcrð�qeff Þ, constant and
equal to 0.5. The above chart shows that the predictions made
for the results generated under VA torsion were characterised by
a slight degree of conservatism, whereas, under the other VA load-
ing paths, estimates are seen to fall within the CA uniaxial scatter
band. As to the above chart, it is worth observing that any series of
data is aligned to the diagram bisector, confirming that the use of
our approach results in accurate estimates, provided that function
Dcrð�qeff Þ is calibrated accurately. At the same time, Fig. 11 makes it
evident that the overall accuracy of the predictions varies as �qeff

changes: this fact is not surprising at all, since, as observed by
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Sonsino and Kueppers themselves [54], in the above welded sam-
ples the value of the critical damage sum was seen to vary as the
degree of multiaxiality and non-proportionality of the applied VA
load history changed.

It is possible to conclude by observing that the validation exer-
cise summarised in the present section seems to strongly support
the idea that the proposed approach is highly accurate in estimat-
ing fatigue damage in notched components locally damage by VA
multiaxial stress fields. At the same time, it has to be said that,
as already highlighted by Sonsino [51], the most critical aspect in
designing real components against VA fatigue is the correct evalu-
ation of the critical value of the damage sum, the experimental ap-
proach being still the most reliable one. Accordingly, even though a
big effort has already been made by the scientific community to
devise specific theories suitable for more accurately estimating
cumulative fatigue damage under VA fatigue loading [66], more
work needs to be done in this area in order to formalise accurate
theories capable of accurately estimating the critical value of the
damage sum a priori. To conclude, it has to be admitted that the
above task is not simple at all, since it is seen from the experiments
that, given the material, the critical value of the damage sum varies
as both the profile of the assessed load spectrum, the load ratio, the
sharpness of the notch and the degree of multiaxiality and non-
proportionality of the applied loading vary [46,51,54].

8. Conclusions

(1) The high level of accuracy shown by the critical distance/
plane method formalised in the present paper is definitely
promising: thanks to its peculiar features, our approach
can be used to design real notched components against VA
uniaxial/multiaxial fatigue loading by directly post-process-
ing the relevant stress fields determined through conven-
tional linear-elastic FE models.

(2) By assuming that the crack initiation phenomenon is always
shear stress governed, an high level of accuracy in estimat-
ing fatigue lifetime under VA multiaxial fatigue loading
was always obtained even though the cracking behaviour
displayed by the tested notched samples was rather
complex.

(3) To properly design notched components against VA uniaxial/
multiaxial fatigue by taking full advantage of the method
formalised and validated in the present paper, the most
tricky issue to be addressed in situations of practical interest
is the correct definition of the critical value of damage sum.

(4) Since the examination of the state of the art makes it clear
that none of the methods devised so far allows the critical
value of the damage sum to accurately be estimated without
running appropriate experiments, it is evident that more
work needs to be done by the scientific community to devise
a sound theory allowing such a basic problem to be
addressed efficiently.
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