Wave-Front Tracking for the Equations of
Non-Isentropic Gas Dynamics

Fumioki ASAKURA * Andrea CORLI 1

Abstract

We study the model equations of polytropic gas dynamics, which con-
stitute a system of three hyperbolic conservation laws. Global in time
BV-solutions were obtained by T.-P. Liu (Indiana Univ. Math. J., 1978)
provided that (y — 1) times the total variation of the initial data is suffi-
ciently small; here « is the adiabatic coefficient. The aim of this paper is
to give an alternative proof by exploiting the Dafermos-Bressan-Risebro
wave-front tracking scheme. An original feature is the use of the path de-
composition method to obtain pathwise estimates of the approximate solu-
tions; these estimates show the decay properties of the solutions and play
a crucial role in proving the stability of the wave-front tracking scheme.

1 Introduction

The equations of gas dynamics in one-space dimension are given in Lagrangian
coordinates by
v — Uy = 0,
ut +pe =0, (1.1)
(€ +3u?), + (pu)e = 0,

for (z,t) € R x Ry. Here above u is the velocity, p the pressure, v the specific
volume and € the internal energy; p and v are positive quantities. Temperature
and entropy are denoted by ©, S| respectively, and satisfy the first and second
law of thermodynamics: d€ = ©dS — pdv, [10]. The gas is assumed to be ideal,
i.e., pv = RO, and polytropic: € = C,0 + Ey; here, R, C, and & are constants.
As a consequence, the entropy S is expressed as

S = C, (logp + vlogv) + const,

where v = 1+ R/C, > 1. By setting &y = 77“—_21, so that € makes sense for
v — 1, we have
— a2 _
&= u, p= a2V 'S,
v—1

In the limit case vy = 1 one has p = a®>v~! and & = a?(—logv + S/R); hence the
system (1.1) coincides with the equation of isothermal gas dynamics.
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We shall discuss the existence of solutions, defined globally in time, to the
initial value problem for the equations (1.1). The initial data are given by

(0,1, 8)li=0 = (0(2),u(x), S(x)), (1.2)

with
T(z) > v >0 (1.3)

and v, W, S € BV(R), the space of functions having bounded total variation.
We denote by TV(f) the total variation of a function f € BV(R).

If the total variation of the initial data is sufficiently small, then Glimm’s
existence theorem [11] applies for any v > 1 and guarantees the existence of
global solutions. Hence, the issue is to study the case of initial data whose total
variation is not necessarily small. The following results are by now classic.

Theorem 1.1 (Liu [15]). Assume 1<~ < 3 and (1.3). If (y=1)TV(7,%,S) is
sufficiently small, then there exists a global in time BV-solution to (1.1)-(1.2).

Theorem 1.2 (Nishida [17]). Assume v =1 and (1.3). If the total variation
TV(v,w,S) of the initial data is finite, then there exists a global in time BV-
solution to (1.1)-(1.2).

Of course, if v = 1 then the two first equations in (1.1) decouple from the
third one and the entropy S is computed by means of v and the initial data
S. Another celebrated paper, due to Nishida and Smoller [18], dealt previously
with the system of isentropic gas dynamics and a result analogous to Theorem
1.1 was proved. Later on, Temple [22] provided a different proof of Theorem
1.1, basing on the observation that the polytropic gas model 1 < v < % can be
treated as a perturbation of the isothermal model v = 1. All of these results
were proved by exploiting the random choice method due to Glimm [11].

In recent years the wave-front tracking scheme, which was initiated by Dafer-
mos [8] for a single conservation laws and then developed by Bressan [6, 7], and
Risebro [19] for hyperbolic systems of conservation laws, has been proved a bet-
ter alternative to Glimm’s scheme. This approach has the following advantages:

e Free from random sampling;

e Based on simple interaction estimates;

e Useful in studying asymptotic properties;

e Appropriate for establishing the continuous dependence on the initial data.

The wave-front tracking scheme was successfully applied to the case of isen-
tropic gas dynamics by Asakura [3]. About continuous dependence both in the
isentropic case and for the full system (1.1) we also refer to [13].

This paper is the natural continuation of the analysis begun in Asakura [3].
Our main goal is to provide a proof to both theorems above by the front tracking
scheme. In doing this, a difficult issue is the control of the total variation of
the approximate solutions; to this end we exploit a rather new technique, the
path decomposition method, which was first fully exploited by Asakura in [3].
Notice that, although the notion of path was introduced by Temple and Young
[21], the idea of the decomposition indeed goes back to Asakura [2]. It consists,
roughly speaking, in the following.



Paths are broken lines, in the xt-plane, which follow shock and entropy
fronts. Each front is decomposed into finitely many segments, whose positions
coincide with that of the front but belong to different paths. A notion of strength
is then introduced for each segment, in such a way that the strength of a wave
is the sum of the strengths of the segments that decompose it. A generation
order is also defined for each segment of the path. The goal of this apparently
complicated construction is to deal separately with primary paths and secondary
paths. In the former case, the strength is decreasing along the path and then
the control of the variation is trivial. The latter case takes into account, for
instance, both the “new” shocks generated through an interaction (for example,
shocks that belong to families different from the interacting ones) and a part of
those shocks whose strength is amplified in the interaction (this is the case, for
instance, of a shock emerging from the interaction of two shocks, all of them
belonging to the same family).

Nishida’s lemma [16] states that, in the case of isothermal gas dynamics, the
total amount of shock waves in Glimm approximate solutions does not increase.
We shall obtain estimates of the approximate solutions along paths, showing
that the strength of each path decreases at the rate of ¢"~1 (for 0 < ¢ < 1) as n,
the generation order, increases. This is the “pathwise” version for system (1.1)
of Nishida’s lemma and plays a crucial role in proving both the stability of the
wave-front tracking scheme and the decay property of the weak entropy solutions
(see Glimm and Lax [12]). If 1 < v < 2, we also introduce secondary waves
and show that the total amount of these waves is (y — 1) times the interaction
potential; this leads to a further understanding both of the assumption made in
Theorem 1.1 and of the aforementioned perturbation method of Temple [22].

The main result of this paper is the following.

Theorem 1.3. Under the same assumptions of Theorem 1.1, the wave-front
tracking scheme is stable and provides a global BV-solution to (1.1)—(1.2).

As we emphasized above, the interest of this result lies more in the techniques
of proof than in its bare statement.

The system (1.1) is close to the following one, which arises in the modelling
of phase transitions in fluids:

vy — Uy =0,
Ut +p(’U, )\)I =0, (14)
A = 0.

Global BV-solutions are obtained by Amadori and Corli [1], Asakura and Corli
[5], Holden, Risebro and Sande [14] for p = a?(A\)v~! in [1, 5] and p = a®v™> in
[14]. System (1.4) is simpler than (1.1) in the sense that, if the initial data X is
constant in an interval [zg, 1], then in that region it reduces to the system of
isothermal or isentropic gas dynamics. However, the study of (1.4) is somewhat
more difficult than that of (1.1), because the former lacks of any appropriate
parameter as € = 1(y — 1) in the latter, where € times the total variation of
the initial data is assumed arbitrarily small. However, some basic ideas and
methods developed in [5] are adopted in the present paper. We emphasize that
in [5] only shock fronts (and not entropy fronts, as it is also the case here) gave
rise to paths.



The paper is organized as follows. In Section 2 we quickly introduce the
notation concerning the wave curves and the Riemann problem [7, 9, 20]. Then,
the front-tracking scheme is described in Section 3 following Bressan [7]. Section
4 deals with the (very) technical subject of the local interaction estimates. The
main result of this section, namely Lemma 4.3, was first given by Liu [15];
however, the interested reader can find fully detailed proofs in [4]. In Section 5
we finally enter the core of the paper by proving the global interaction estimates,
which parallel those of Liu [15] but are suitably adapted to our different scheme.
We define paths and their strengths in Section 6; a precise description of the
decomposition by paths is given there. Estimates along paths are obtained
in Section 7 and the stability of the front-tracking scheme is finally proved in
Section 8. Our estimates also imply the asymptotic stability of the BV-solutions
obtained in this paper (see Asakura [3, Section §]).

2 The Riemann Problem

The quantity n = S/R is called the dimensionless entropy. As we shall see in
(2.8), system (1.1) admits stationary waves connecting states with p; = p_,
Uy = u_, N4 # n—; then, it is useful to choose U = (p,u,n) as independent
variables. Note that v can be written by using p and 7; we have

2 -1 1 1 1 -1 a+1
_ .2 n,—% / S 0=
v=ave 7 "p~7 and —vp(p,m) =7 2a7e 2 pT 2,

The quasi-linear equations associated to (1.1) are

Uy
pr—— =0, u+p,=0, n=0.
Up

From these equations we find that the characteristic speeds are
1 1
——, ()= —F—m—,
vV =up(p,m) vV =up(p,1)
and the corresponding characteristic vector fields may be written as

RI(U) = t(17 — _vp(pv 77)»0)7 RQ(U) = t(lv V _Up(pv 77)10)’

Ro(U) = (0,0, 1).

MU) =— Ao(U)=0

Setting € = 77_1, we can write the forward 1-rarefaction curve f/J\Qf(UO) and

the backward 2-rarefaction curve f]AQQB(UO) issuing from Uy as

1 €
RE(U) : {“”0 = RN e,
n—"o = 07
N . (2.1)
~ a” £ £ ;
RE(Uy) : {u—uo = \ﬁe e’ (p7 =pg)s  p<po.
n—n = 0.

These curves are integral curves of R;(U) (j = 1,2), respectively. If U € fJAQf(UO)

there is a 1-rarefaction wave connecting Uy and U; if U € JAQQB(UO) there is a
2-rarefaction wave connecting U and Uj.



A self-similar jump discontinuity having the form

U_ for z < st,
Ulz,t) = { Uy, for x> st, (2.2)

is a weak solution of (1.1) if and only if the constant states U_ and U, satisfy
the Rankine-Hugoniot condition

{ €y =&+ 3(p+ +p-)(v+ —v-) =0,
(uy —u_)? = —(py —p-)(v+ —v-),

where the shock speed s satisfies s = PR For a polytropic gas, the

Rankine-Hugoniot condition is equivalent to

e = ()

(U —u )2 _ 2’[),(p+ _p*)
T (v+Dpy 4+ (v = 1)p-~

+

+ (v + 1)p_ }V
+(y=1p- )~

+

(2.3)

[ V)

If p; # p_, we have two branches of solutions to (2.3):

_ 2u_ _ Py —Pp—
u+_u__i\/(v+1)p++(v—1)p(p+_p_)’ S_i\/_vi—vf' (24)

Let us fix p_ and n—. When considering 74 as a function of py, we have

dny v+ Dy —p-)?

s el —Dps + v+ Dp-HO + Dpy + (=D}~

0, (25

which shows that n; > n_ if and only if py > p_. Since the entropy must
increase as time goes on, the physically relevant branches are

py >p_fors<0 and py <p_ for s> 0. (2.6)

A jump discontinuity (2.2) lying on a Hugoniot branch satisfying (2.6) is called
a shock wave and the line of discontinuity x = st is referred to as a shock front.
More precisely, by setting

1

ave™ (p —po)
P+ Ip+epo}t
i = e[ (3) () |
we define the forward 1-shock curve gf (Up) and the backward 2-shock curve

SB(U,) issuing from Uy as

S(po,pimo) =

oF , u—uy = —5(po,p;no),
81 (UO) . { n—" = :H:(p(),p)a p > po,
(2.7)
B _ u—uy = 9(po,p;mo),
82 (Uo) { n—n = Hpop), P> o



At last, if py = p_ we have an entropy wave

Uy = U—y P+ =DP—5 TN+ 7& N—, s= Oa (28)

which coincides with the integral curve Ry(U-) when ny varies. This type of
discontinuity is also called a contact discontinuity. R

We define the forward 1-wave curve WY (Up) = RE¥(UL) U8F(UL) and the
backward 2-wave curve Wf(UR) = ﬁf(UR) U §QB(UR); the 0-wave curves are
just the integral curves Ry. Each wave curve constitutes a C2-curve with
Lipschitz-continuous second derivative; they represent all realizable rarefac-
tion, shock and entropy waves. More precisely, if (p,u,n) € W (UL), then
there is a l-rarefaction or shock wave connecting (pr,ur,nz) and (p,u,n); if
(p,u,m) € Wf(UR), there is a 2-rarefaction or shock wave connecting (p, u,n)
and (pr,ur,nr). The projections of the curves Wf(UL) and WQB(UR) on the
pu-plane are denote by W' (U) and WE (Ug), respectively.

The Riemann problem, i.e., the initial-value problem for (1.1) with piecewise

constant initial data ¢
n Uy, it x <0,
Ulw,0) = { Up ifz>0, (29)

is solved in the following way. Let (pr,ur,nr) and (pr,ur,nr) be given Rie-
mann data. If the curves W¥(U;) and W2 (Ug), have an intersection point

(P Um), then the state (P, Um,n,,) € WE(UL) and (pm, um, n}) € WE(Ug)
are connected by an entropy wave. Since the sound speed is expressed as

c= \/’W = ﬁa%e%np%’

we have the following well-known theorem, where uniqueness is understood in
the sense of Smoller [20, Theorem 18.6].

Theorem 2.1. The Riemann problem for (1.1) with data (2.9) has a unique

solution if

cr, +cr

ur —ur, < (2.10)

3 The Wave-Front Tracking Scheme

The wave-front tracking scheme provides a way for constructing approximate
solutions to the system (1.1) with initial data

U(z,0) =U(x) (3.1)

in the class BV(R). We quickly sketch here the main steps, referring the reader
to [7] for details. We define

N = inf 7j(x). (3.2)

Let h be a positive number. We approximate the initial data U(x) by a

step function T (z) having finitely many jumps; moreover, we may assume
7. < min7"(x).

Let 21 < --- < 237 be the points of discontinuity of Uh(x). At each z,,, we

solve the Riemann problem with initial data Uy, = Uh(a:m —0),Ugr = T (xm—+0)



in an approximate way: every rarefaction wave is substituted by several small
fans consisting of constant states and jump discontinuities separating them.
This is called the accurate Riemann solver.

The issue is how to extend the approximate solution U" after a wave in-
teraction. To avoid the breakdown due to the possible divergence of the jump
discontinuities within a finite time, a simplified Riemann solver must be intro-
duced. It consists in prolonging each interacting wave, say ¢’ and 6", with a
wave of the same family and size; if the fronts belong to the same family they
are prolonged as a single front of size 6’ + 6”. Since the waves in general do not
commute, a nonphysical front is introduced with a sufficiently high speed A

Now, we describe how the two solvers are used in the construction of U".
Recall that the amount of waves emerging from an interaction is estimated
by the product [#'8”| of the strengths of the incoming waves. Then, we fix a
threshold p > 0 and extend U” past an interaction of two waves 6’ and 6" at
(z,t) as follows: if |§'68”| > p then we use the accurate Riemann solver with
data UM (z,t —0), else, if |0'6”| < p, we use the simplified Riemann solver, with
the proviso that if one of the waves is an entropy wave, then we use the former
solver if My|0'6"”| > p and the latter if My|0'6”| < p. Here, My is the constant
defined in (5.28).

The above procedure gives an approximate solution up to some time 7" > 0;
in order to prove that U" is defined for ¢t € (0,+00) we shall show that the
number of interactions remains finite for any time.

4 Interaction of Two Incoming Waves

We define p, = inf p(x). We shall show in Lemma 5.2 that there exist p,, p*
and H such that all waves under consideration are in the region

0<p.<p<p*, 0<n—n.<H, (4.1)

if €eTV(p,w, ) is sufficiently small. Therefore, in the following we assume that
(4.1) holds. We introduce the Riemann invariants with respect to 7,

1
av . e <
w:u—iﬂ 7e?”*(}ﬁ—ﬁ?), z=u+
€

1
\ﬁav e%m(

£ =5
; p7 —pi)

and set .

Z—w yav e e =
L ) (42)

Remark 4.1. In Liu [15], the Riemann invariants are chosen with respect to
a different entropy level, denoted there as s., which is an upper bound for the
values of the entropy (see [15, Lemma 5.1]). Our choice of 0, is related instead to
the lower bound of entropy. As a consequence, the slopes of the shock-rarefaction
curves in the wz-plane defined below are positive while in [15] they are negative.

The strengths of the shock and rarefaction waves will be measured by w and
z. The pressure is considered to be a function of 7 : p = p(7) and we set

9(10,73m0) = S(p(70), p(7);M0),  h(70,7) = H(p(70),p(7)). (4.3)



Since w—+z=£es M) (z—w) are constant along rarefaction curves, we find that
the forward 1-rarefaction curve RI'(Up) and the backward 2-rarefaction curve
RB(Uy) are expressed as

e~ Mo=m) _q

SAQf(UO): z— 20 (w—wp), w > wy,

65(7]0—77*) +1
~5 e (mo—n:) _q
. _ _ _ <

Ry (Uo) : w —wo T 4 1(2 20), 2 < 2.

= mo—mx) _

Note that 0 < € L <1,

F(no M%) 1

The forward 1-shock curve Sf (Up) and the backward 2-shock curve /8\]29 (Uo)
issuing from Uy are also represented by using the Riemann invariant coordinates.
Remark that by (4.3) the Hugoniot curves through Uy are expressed as

u—ug = F9(70,73m0), 1N —no = h(70,7),

which define in particular the function () = 1+ h(70, 7). Note that 0 < e < %
is equivalent to 1 < v < g
The following results were proved by Liu [15] (see also Asakura [4]).

Lemma 4.1. If0 < e < %, then there are functions z1 = z1(w;no) and wy =
wa(z;m0) such that

93
Bl
—
S
I

{(w, 2,n); 2= 2z1(wim), n=n(7), w<wo},
85(Uo) = {(w.z,n); w=mwa(zm0), n=n(r), 2>z}
Moreover, there is a constant B > 1, which depends on p., p*, H, such that

no—n.) _q , / Berm™m) — 1
o = Alweim) < A(wi) S s

mo—m) _ 1 . , Besmo—n-) _q
_ w2(20§770) < w2(Z§770) < m.

At last,
1 1
zi(wimo) < 0 < wy(z;mo),
mw) < m(wo) = 0 = my(z0) < My(2).
Lemma 4.2. If n; > ng then
zi(wim) < zi(wsno),  wa(z;m) < walz;n0)- (4.4)

We denote by «, 3, &, 7, respectively, the strengths of 1-shock waves, 2-shock
waves, 1-rarefaction waves, 2-rarefaction waves, respectively. They are defined
by

a=wy—w if (p,u,n)€ Ef(Po, ug, Mo),
B=z—1z if (p ,m) € Sf(po,uo,no)
E=w—wy if (p,u, 770) jjf(po,uoﬂ?o)
T=z0—2z if (p,u,m0) € RE(po,uo,no)



We also define for entropy waves

d=mnr—nr if (po,uo,nr),(po,uo,nr) are the side states.

The strength of an entropy wave will be defined later at (4.9).
In order to measure the increase of the entropy across shock waves, we define
the quantities d,, 65 as

(p07 anT]O)7

da=n—mo if (pum) €S
GS (p()vannO)'

dg=n—mn0 if (p,u,n)

Ny =

Remark that all these quantities are positive.

From now on, we also denote by «, 8, §, &, m, the corresponding waves.
Suppose that Uy, Uy are connected by a 2-wave 62 (or an entropy wave) and
Unr, Ug by a 1-wave 61 (or an entropy wave); these waves are assumed to interact.
Then, under the assumption (2.10), the Riemann problem has a unique solution
connecting the states Ur, and Ug. It is composed of a 1-wave 6] connecting Uy,
to U™, an entropy wave ¢’ connecting U~ to U" and a 2-wave 0 connecting
U™ to Ug. This interaction is simply denoted by

Oy + 01 — 07 + 6 + 05,

The local interaction estimates are gathered in the following lemma, which
was first proved by Liu [15]; we also refer to Asakura [4] for more details.
Notation below is as in [4] and slightly differs from that in [15].

Lemma 4.3. Assume that0 < € < % Assume also that p and n satisfy (4.1) and
eH is sufficiently small. Then there are constants 0 < Dy < 1 and D, D1, Doy >
0, depending only on p., p*, H, such that the following estimates hold.

(1) B+a— o +8 +f'; we have §or > 0o — €Daarf3, 0 > dg — eDoaf3,
o <a+eDafB, || <eDraf, B <p+eDap.
(2) T+a—d 4+ +7'; we have §o > 60 — €Doarm,

o <a+eDam, |§|<eDsam, 7' <w+eDarm.
(3) a1+ g = o' + 8 +7'; we have §oy > 8oy + 0a, — €eD2cv1 12,
a1+ ar <o <oy +ay+eDajas, 0] < Dyajas, 7 < Dojas.

4) d+a—a +§+0; we have o > §o — eDard],

o <a+eDald|, |0 <]+ eDald|, 6 <eDiald|.
(5) 04+ &—E& 446 +6'; we have

§ < &+eDigld], |6 < 6]+ eDgld], 0 < eDigld].
(6) E+a—a' +8+0'; we have 6oy > 0q — D(av — ) — D20k, dg > 0,

o <a—-¢, ¥ <D(a—-d)+eDa, ' < Do(a—a')+eDa’€.



(7) E+a— &+ + B we have dgr > 64 — eD2ak,

¢ <¢ |8 < Da, B < Dga..

(8) a+&— '+ +0'; we have 6o > 6o — D(a — ') — eD2a€, 65 > 0,

o <a=¢§ ¥ < D(a—a), f<Dola—a),

(9) a+& =&+ + B we have dgr > 64 — eD2a,

§<¢ |8 <Da, B'< Doa.
(10) a+ & =& + 0 +7'; we have

g <&—a, |0|=64<Da, 7 <eDat.

(11) n+ &= +n'; then & =€ and 7' = 7.
Note that

(4.5)

5 — dor — 0q — (0 — 0p)  in case (1),
| o — 0oy — Ve in case (3).

Remark also that, because of Remark 4.1, the estimate for o’ in Case (3) is the
converse of that given in [15].

Let us denote by Py, = P(wp, 21),Pr = P(wg, zr) etc. points of the wz-
plane and by |PQ| the Euclidean distance between two points P and Q. The
projections of the forward and backward shock curves on the wz-plane are de-
noted by Sf(wo, 203 M0) and Sf(wo, 205M0), J = 1,2, respectively.

In addition to Lemma 4.3 we also need the following result.

Lemma 4.4. Consider Case (3) under the assumptions of Lemma 4.3. Then
there is a constant By, which only depends on p., p* and H, such that 0 < By <
1 and

™ < Bomin{as, az}. (4.6)
" Oy |
S s .
- __|R
PR ‘6_‘3,4,4—,‘9”1’./4,-/4 T M ,

f , j{
T R T
DS )

Figure 1: Proof of the inequality 7’ < Bgas in Lemma 4.4.

Proof. First, we prove the inequality 7’ < Bgas. Consider the backward 1-shock
curve and the backward 2-rarefaction curve issuing from Pg (see Figure 1). The
angle y formed by the tangent to 82 (wg, 2zr;nr) at Pr and the horizontal line
equals the one formed by R = RZ(wg,2r;nr) and the vertical line PgP;.
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Here P is intersection point {z = z4+ }N{w = wr}. The slope of 81 (wr,, zr;n1)
at P is denoted by tanf.
We have |P.Pq| = 7’ tan 6y and hence

7' < (ag + |PLPyi|)tanf — astanfy = 7' tanftanfy + as(tand — tan ).

Thus we have
, _ ao(tanf — tan 6y)

4.7
1 — tan @ tan 6, (4.7)
By Lemma 4.1 and (4.1) we deduce
£H
=1
0 < tané S % < 1.
Be " +1
Moreover, for § fixed, the function ¢(&) = % is a decreasing function of

¢ in [0, tan ). Then, by (4.7) we conclude that

BeiH —1

/
7 < asgtanf < -
Be " 41

and we have proved the desired inequality.

Figure 2: Proof of the inequality 7’ < Bpay in Lemma 4.4.

Now, we prove the inequality 7’ < Bpay; we refer to Figure 2. We first
notice that ny; > nr; hence, by Lemma 4.2 we have

z1(wsnar) < z1(w;ne).

This shows that the shock curve 8§ = 8 (wyy, 2ar;11) is located above the curve
84 = 8 (war, 2ar; ar). Hence we have
BesH —1
——|P.P]
FEUsTUA
BesH —1 e -1

< |PRP3|+ —= C = -

|R2| Be?H—l—l e?H—l—l

™ = [PRP3[ +[P3P1] < [PRP3[+

*

Thus we obtain

(Be" " 4 1)(ex" +1)
2(B +1)er

7 <<

- [PRP3].

11



Since " = |P}P35| is the strength of the rarefaction wave generated by the
interaction
ar+ay =o' +7" (¢ =a; +d)

in the isentropic gas dynamics, we find some 0 < D{ < 1 so that 7" < Djas,
[18]. With a slight abuse of notation set

(Bex™ +1)(e5" +1)

By := - Dy. 4.8
0 2B+ 1)e 0 (48)

Then By < 1 if eH sufficiently small ' and we obtain the desired estimate. [

In Lemma 4.4, the assumption 0 < € < % and the smallness of eH were only
used for the inequality 7 < Bgay and not for the inequality 7’ < Bpas.

Remark 4.2. We refer to the cases listed in Lemma 4.3. In Cases (1)-(5) the
waves outgoing from an interaction are estimated in a quadratic way by € times
the product of the incoming waves; namely, by eDaf, eDar, eDajas, eald|,
eDE|6|, respectively. An exception is the case of &' and @' in Case (3), where €
is missing. This case requires a special consideration below; in particular for '
we shall use Lemma 4.4. The interaction estimates in Cases (6)—(10) are of a
different nature and are considered separately.
Therefore the local interactions are subdivided into the following 4 groups:

A (1), (2), (11);  B: (3);
C: (4), (5); D: (6), (7), (8), (9), (10).

Since the estimates are similar within each group, we shall discuss only Cases

(1), (3), (4), (6) as typical ones.

Now, we introduce a small number My > 0 to be fixed later on at (5.28) and
define the strength of an entropy wave § as

My|d|. (4.9)
This definition aims at controlling the outgoing waves, as we now show.
e Consider Case (3); by Lemma 4.4, we have

7T/+M0|(;/‘ BQ min{al,a2}+M0D2a1a2

<
S {BO + MQDQ sup OL} min{al,ag}.

Then, the number Mj is chosen so small that

By + MyDysupa < D, < 1, (4.10)

where D, € (Do, 1) is an arbitrary number fixed once for all (we warn the
reader that, for typographical reasons, from Section 7 on, we shall denote
D, = ¢, see (7.3)). The requirement that D, > Dy is going to be used in
(4.11) and (4.15).

1By setting B — oo, a sufficient condition is eH < v log (ﬁ — 1) .
0
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e Consider Case (6) and assume DMy < D, see (5.14). Since o < o — &,

we find that
ﬁ/ + M0|(S/‘ (DO + DM())(O( - Oé/) + €(DO/ + DQMOO&)g

<

< {Do+ DMy + 2¢Da} (o — ).

Let esup a and My be so small that

Do+ DMy +2eDsupa < D, < 1. (4.11)

Then we have the following important estimate:
B'+ My|d'| < Di(a — ). (4.12)

Moreover, unless of replacing D with D + eDssup, o, we may assume
0ar > 0q — D(ax — @’). We denote by Cp a strictly positive constant,
which depends on p,, p* and H, such that §, < Cya and analogously for
B. We also choose My so small that

MoCyr < (4.13)

1
5
In Cases (7), (9) and (10) the quantity o’ in (4.12) is missing; moreover,
in Case (10) §’ is replaced by «’. If we denote both 5’ and 7" with ',
then we easily see that the estimate

0" + Mo|d'| < D.a, (4.14)
holds for all Cases (6)—(10), provided that (4.11) is replaced by
Do+ DMy +2eD sup {«,B3,&,7} <D, <1 (4.15)
a,B,6,m

5 Global Interaction Estimates

We consider an approximate solution U" = (p",u", ") defined for t € [0, T] as
in Section 3; for simplicity we often drop the superscript h. Then, we denote
w(z,t) = w(p(z,t),u(z,t), 2(z,t) = z(p(z,t),u(z,t)) and wW(z) = w(x,0),
zZ(z) = z(z,0).

Let P, Q be two arbitrary points in the wz-plane. By denoting w; = z,
wy = w, we define a distance in that plane by

P - Ql = ma{Juy (P) ~ w;(Q)) (5.1)
Since TV (p(z),u(z),7(x)) is finite, there are limit states

Uio = (piooauioovnioo) = lim (ﬁ(m),ﬂ(m),ﬁ(x)),

z—+too

whose projections on the wz-plane are simply denoted by Pioo = P(Wioo, 2400)-
Consider a sequence of states U_,, = Uy, Uy, Us, ..., U, = Uy, connected by
j-waves (1 < j < 2) and denote by P_o, = Py, Py, Po,..., P,, = P, their
projections in the wz-plane. We define

Lj‘ = {l: w;(P;) >w;Pi—1), 1 <1< n},

L; = {l : wj(Pl) < ’wj(Plfl), 1< <L n}



and then
L~ ={l: U;_; and U; are connected by a shock wave, 1 <[ < n}.

Then we have (see Asakura and Corli [5, Theorem A.4])
S P =P 2P — P +3 Y [P =Py, (5.2)
1<i<n lec—

For any space-like curve J containing no interaction points (this condition is
assumed in the following for any space-like curve, without any further mention),
we define the global interaction functional F' by

F(J) = Lr(J)+eQ(J), (5.3)
Le(J) = > {(a—Mba) + (8 — Mods) + Molo[},
J

QM) = MM Y (a+B+E&+m)d] (5.4)
J:A
+M1 Y (Ca+EB+ma+mB) + My Y (aras +af+ Bif).
J:A J:A

Here M; and M; are positive parameters to be fixed later on. Moreover, > ;
(> ,.4) denotes the summation of all waves crossing J (and approaching, re-
spectively, [7]). We also define

G(J) = 2[Poe — P_oo| + 8F(J). (5.5)

Above, we defined the functionals in terms of space-like curves, instead of ¢, in
view of further applications, see [12], [7, §7.5]. We denote

TV(J) = TVb(J)+ MoTVi(J),
TVp(J) = TV(w(Jc, t), z(x, t)) l(z,)e (5.6)
TVH(J) = Tvn(xﬂt”(m,t)eb (57)

where TVp(J) is computed with respect to the metric (5.1). We also define
My = M, + Ms. (5.8)

Proposition 5.1. If the constants My, My, Ms satisfy (4.13) and

eM3G(J) <1, (5.9)
then
$F(J) < TV(J) < G(J). (5.10)
Proof. By (4.13) we deduce
OZ—M()(SQ 20[/2, 5—M0(55 26/2 (511)

Then, by (5.2),

TV(J) < 2[Pa =P ool +(B3+CuMo) ) (a+B)+My» 6]
J J

IN

2|Ps — P_oo| +8Lp(J),
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that proves the inequality on the right of (5.10); remark that condition (5.9)
has not been used. By this inequality and (5.9) we have

F(J) < TVp(J)+ MoTVy(J)
+ eMoM TV (J)TVy(J) + eM3TVp(J)?
< TV(J) +eM3G(J)TV(J) < 2TV(J),

that proves the inequality on the left of (5.10). O

Let O be a space-like curve such that there are no points of interaction
between O and t = 0. The global interaction estimates consist in showing

F(J) < F(0), (5.12)

for any arbitrary space-like curve J, provided that eTV(O) is sufficiently small
and My, M1, M satisfy a set of constraints. We assume, analogously to (4.1),

G(0) < G*, (5.13)

for some fixed constant G* (defined in the proof of Lemma (5.2)). About Mo,
besides the conditions (4.11), (4.13) we further require that

MyD < Dy, MyDy < D. (5.14)

To prove (5.12) we argue as follows. Suppose that (5.12) holds for J and for
every space-like curve lying between J and ¢ = 0. Let J’ be a space-like curve
lying between J and t = co. If there are no interaction points between J and
J’, then obviously F(J') = F(J) < F(O). Let us assume that there is a single
interaction point P between J’ and J.

If 6,6 are the two incoming waves at P, we define

Do'9" if both 6’ and 0" are 1 or 2 waves,

QP) = { D,]670"|  if either 6’ or 6" is an entropy wave. (5.15)

We shall show a stronger estimate, which is needed later on (Lemma 5.3),
F(J') = F(J) < =3eQ(P), (5.16)

for any case of Lemma 4.3. Then, by an inductive argument, we have (5.12) for
all J.

According to the cases we are dealing with, we impose some conditions on
the parameters; Lemma 5.2 shall prove that a choice of the parameters can
be done once for all. As we mentioned in Remark 4.2, we shall carry out the
estimates only for the most complicated cases (1), (3), (4) and (6). Below, we
use Lemma 4.3 several times.

Case (1): B+ a — o + 8 + 5. We have
Lp(J') = Lp(J)

(o' — @) = Mo(8or — 60) + (8’ — ) — My(65 — 85) + Mo|8|
2eDaf + Mo{|0'| = (bar — 8a) — (8 — 0p) }-

IN
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By (4.5), if & > 0 we have 0’| = 0o — 0o — (g — dp); if & < 0, we have
|0'| =0p — 03 — (6o — 0). In both cases by (5.14) we obtain

Lp(J') = Lp(J) < 4eDap.
Moreover, by (5.10) and (5.14) we have
Q") —Q(J)
Mo M, (Z(Ou + B+ &+l + ) ([0 —aly + (6 - 5]+)|5J|)
+M1 Y () (0 — ol + (8 = Bly)

+M, Z(aJ[a/ —al + 8518 = Bl4) — Maaf

< MyMTVp(J)eDsaf + 2MoMTVir (J)eDaf + 2My TV (J)eDaf
F2MTVp(J)eDaf — Maaf3

< {3eDM;G(J) — My}ap. (5.17)

IN

Here, > (ay + B) denotes the total amount of shock waves crossing J and so
on; we used the notation [z]; = max{z,0}. Hence, by (5.12) and assuming

we have Q(J') — Q(J) < —=7Daf. Then (5.16) follows.
Case (3): a1 + ag — o' + 6" + 7'. We have
LF(JI) — LF(J) = (Oé/ — Qa1 — 042) — Mo((sa/ — 5(11 — 5&2) + M()|(SI|
S 6DOL10&2 + M0{|(s/‘ — (60/ — 5(11 — 5a2)}~

By (4.5) and (5.14), if §or > 0a, + da, We have |§'| = 6o — 04y — 0a, and
Lp(J')—Lp(J) < eDajas. If 04 < 04, + day, we have |0'| = doy + 00y — 0o <
eDoavyae and hence Lp(J') — Lp(J) < 3eDajas by (5.14). In any case we have

Lp(J") — Lr(J) < 3eDajas.
We find by (5.14)
QM) —Q(J)
MoM; (Z(OZJ + By + &+ )0+ ) ([0 —an — az)y +7) \5J|>
+M; Z(OU + By)7" + M, Z(fJ +ms)e — a1 — azg)+

+My Y (g + Bi)le’ — a1 — as]y — Maaras
MoM\TVp(J)Doayas + (6 + 1) Mo M1 TV (J)Dagas
+M TV (J)Dayas + MiTVp(J)eDagas
+MTVp(J)eDayas — Maagas

< {2DM1G(J) +eDMsG(J) — Mz}alag.

IN

IN

Hence, by the hypothesis (5.12) and assuming

6D + D{2M; + eM3}G(O) < My, (5.19)
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we obtain Q(J') — Q(J) < —6Dajas. As a consequence (5.16) follows.
Case (4): 6 + o — o/ + &' + 0'. First, letting 6, = 0,

Lp(J)—Lp(J) = (& —a)— My(0o —0a)+ 0 — Moder + Mo(|0'| — |6])
< 36D1‘5|O¢+M00H€D‘5|CX+M0€D|5|05
< 5eDq|d]e,

by (4.13). Second,

Q") —Q(J)

MMy (- (s + By + &5+ w8 = 18114 + D (1o =l +6)|61)
—MoMi |8+ My Y (ay + By + & +m5)0'

+MyY (g + B1)([f — oy +6)

< MoMyTVp(J)eD|da + 2MoMyTVig (J)eDy[dla — MoMy|d]a

+M1TVD(J)€D1|(5‘OL + 2M2TVD(J)€D1|5|Q
< {2eD1M3G(J) — MoMy }|6|a.

IN

Hence, by using the hypothesis (5.12) and assuming
8D + 26D1M3G(O) < MyM;, (520)

we obtain Q(J') — Q(J) < —8D;|d|a. Then (5.16) follows.
Case (6): €+ a— o'+ + '. We have

LF(J/) — LF(J) = (O/ — Oé) — Mo(éal — 6a) + ﬁ/ — Moég/ + M0‘5/|.
Note that, by (5.11),

o —a+pf —(1 = Do)(a — o) + eDak

—{1 = Dy — 2¢F(J)D} (e — ).

IN A

We conclude that
Lp(J') = Lp(J) = —{1 =Dy — 2MyD — 2DeF (J) }(a — ') 4 2e Mo D2
Moreover,
Q") ~ Q)
MMy (3 (s + By + &5 +m)lo| + D 816
+MY (65 +75)B = Mia&+ My Y (o + B5)f

IN

< MoMTVp(J)|§'] + MM, B'TVir (J) + My 8TV (J)

— Mol + MTVp(J)3'
< MoMiG(D)|8'| + MyG(J)B — Myt (5.21)
< (@M + Ma)DyG(J)(a — o) + {e(2M, + My)DG(J) — M, b
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Remark that we may replace the constants D, Dy, Ds in Lemma 4.3 by larger
ones: the result still holds. Then, we assume Dy > Dg; by (5.12), (5.14) we
obtain
F(J') = F(J)
< —{1-Dy—2MyD —2eDF(O) — €*(2M; + M5)D1G(O) } (a — &')
+e{e(2M; + M2)DG(0) — (My — 2MyDs) }of.

By assuming

2¢DF(0) + €2(2M; + M,)D,G(0O)
€(2M; + My)DG(O)

1— Dy — 2M,D, (5.22)
My — 2MoDy — 3D, (5.23)

we obtain (5.16) also in this case.

Lemma 5.1. Consider any approzimate solution U", define
k=1yAaveimpl, (5.24)
and assume that for some constant K > 0 and any J we have
TVp(J) < K, eTVp(J) < k.

Then, there exist p., p* and H, which depend on the initial data (3.1) and on
K, such that U" is valued in the region (4.1).

Proof. By (4.2) we have

- 1 e :
€ 2,/ya7ex""

By (5.10) we deduce that, for any ¢,

Tv[(p">i‘P5] < Vo)

where the total variation on the left-hand side is the usual total variation with
respect to the variable  and TVp(¢) is referred to the horizontal space-like
curve at time ¢. Then,

[COREEATCOLE AR A I w7 TO TP
€ € € o ﬁa%e%n* .
As a consequence,
() -1
) = K
RPre) T« (5.26)

€ =2k
We first look for the upper bound p* of p". If p" < p_.o we are done. Otherwise,
let E* be the set of points (t,2) where p"(t,2) > p_., and only consider points
in E*. By (5.26) and introducing the increasing function ¢(y) = (e¥ — 1)/y we
deduce

h h h n K
’Ylogpf’i—w :fylogp’iioogb(O) < ’ylogpfi—ooqs (glog plioo) < o
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whence
Pl < po K@) =
We now look for a lower bound p, of p* by arguing as above. If p" > p_
we are done. Otherwise, let E, be the set of points (¢, ) where p"(t,7) < p_o0
and only consider points in F,; we denote A = (ph) v /p” .. < 1. By assumption
we have €TV p(t) < k. Then (5.25) implies A > 1. By the elementary identity

A—1=1logA fol A? ds we deduce

| 2m

p

%7 e
(p )’Y P 1 5 — oo
‘ € ’ > 2vlog2 P log ph

and then, by (5.25),
ph > Pooo 67%710g2 :p*

At last, we are concerned with the definition of H. First, consider a Riemann
problem with initial data (2.9), giving rise to waves «, § and 3. By the definitions
of 6, and dg it follows that |§] < |nL — nr| + |0a] + |95|. If the solution of the
Riemann problem contains rarefaction waves, the estimate is even simpler, since
in that case the entropy does not change. As a consequence,

0 < n"—n < TVR"(t) < TVR+ Y (16l +165])
< TVH+ C(pe, p*)TVp(t) < TV + KC(p.,p*) = H,

by (2.5), for some constant C(p, p*). O

Lemma 5.2 (Global Interaction Estimates). Suppose that TV(U) < Kg for
some positive constant Ko and that €TV (U) is sufficiently small. Then, it fol-
lows that (5.16) holds for every pair of space-like curves J and J' as above
and

F(J') < F(J) < F(O). (5.27)

Moreover, the approzimate solution U™ is contained in the region (4.1) for some
Py, pF and H.

Proof. We choose K = 18K in Lemma 5.1; then we have p,, p* and H. The
choice of p., p* and H determines the constants Dy, D, Dy, D5 in Lemma 4.3;
in turn, the choice of Dy, D, D1, D5 fixes D, and Cpy. Moreover, we define
G* = Ky. At last, we define the constants My, My, Ms by

(1 D.-Dy D1 D 1-Dy
0 < M, _ . —, — 5.28
< °<mm{ch’ D 'D'Dy 2D } (5.28)
9D1 *
0

In turn, My, M; and My completely define the functionals F' and G.

We justify formulas (5.28) and (5.29) by looking for constants My, My, My
satisfying (4.11) (or (4.15)), (4.13), (5.9), (5.14), (5.18), (5.19) (5.20), (5.22),
(5.23), provided €TV (p, @, ) is sufficiently small. Indeed, we impose bounds on
€G(0), since G(0O) < 18TV(p, u,7) by (5.5) and (5.10).

We start by looking for necessary conditions about My, My, Ms. In order
that conditions (4.11), (5.14), (5.22) hold we require that Dy < D, < 1 and
choose M satisfying (5.28).
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Since 1 — Dy < 1 and we may assume D > Cpgy by possibly enlarging D,
then (4.13) is satisfied. About M7, by considering the extreme case eG(O) — 0,
conditions (5.20), (5.23) require that M; > max{8D,/My,2MyDy + 3D} =
8D1/My by (5.28). About My and conditions (5.18), (5.19), we need My >
7D+ 2M,DG*. Then, we choose M7 and M, satisfying (5.29). Of course, other
choices of these parameters are possible, leading to slightly different bounds on
€G(0); however, we are not aiming at optimal bounds.

We are then left to impose that eG(O) is small in order that (4.11), (5.9),
(5.18), (5.19) (5.20), (5.22), (5.23) are satisfied. Condition (5.20) reads

eM3G(0) < L.

This implies (5.9), (5.18) and (5.19). At last we are left with (4.11), (5.22),
(5.23); we conclude by requiring

eG(0)
. D, — Dy 1 1-Dy—2MyD M, —2MyDs — 3D
S<minq2| ——— Mo, ) ) .
D 2M3 D + 2M3D1 2]\43D

At last, the inequalities TV p(J) < K = 18K, and G(0O) < G* = K| follow by
Proposition 5.1. O

Lemma 5.3. Under the same assumptions of Lemma 5.2, we have
3¢ Q(P) < F(O),
P

where the summation is done over all the interaction points.

Proof. Let J' and J be space-like curves as above. By (5.16) we deduce
3¢Q(P) < F(J) — F(J').
By summing up over all interaction points located between O and .J’ we have

3¢ > Q(P) < F(O) - F(J') < F(0).
P between O and J’

Since J' is an arbitrary space-like curve, we have proved the lemma. O

6 Decomposition by Paths

In this section we introduce of the notion of path in an approximate solution
U"(z,t). Roughly speaking, a path is a sequence P(xq,tq), P(x1,t1), ...,
P(xy,t,) of interaction points (apart from the case to = 0) in the zt-plane,
with 0 <ty < t; < ... < t,, which are connected by shock or entropy waves.
By writing P; = P(z;,t;), a path is represented by

I': Py—-Py—---—=P,

and the segment P;_,P; is called a front. If a shock or an entropy front starts
at P,_1 and propagates without interacting with other waves, we continue the
path as a half-line following that front and denote P,, = P, = cc.
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The index (cj,k;) of the front P;_;P; was defined by Asakura [3], Temple
and Young [21]. We recall such definition below; the numbers ¢; and k; are
called the type and the generation order of the front. First, a suitable positive
integer, to be defined later on, is assigned to k;. Then,

1 if P;_1P; isa l-shock wave,

¢ = 2 if P;_1P; is a 2-shock wave, for j > 1,
0 if P;_1P; is an entropy wave,
kj,1 if Cj = Cj—1, .
P > 2.
k] { kj,1 +1 if Cj 7& Cj—1, for J = 2
The sequence (c1, k1), (¢2,ka), ..., (cn,ky) is called the index of the path. If

Pg € {t = 0}, then we set k; = 1 and the path is called a primary path; it is
denoted by r*: pp—»P; —»---— P, and each P;_1P; is a primary front.
Shock and entropy waves interact with other waves and generate new waves
as described in Lemma 4.3. If an interaction 6’ + 6" occurs at some point Pg
and generates a shock or an entropy wave of amplitude O(1)ef’6”, the front of
that wave is called a secondary front and a secondary path starts at Pg; it is
denoted by 'S : Py — P; — --- — P,,. In this case, the initial generation order
k1 is at least 2. Secondary paths also arise when the strength of an outgoing
wave is larger than that of the ingoing wave of the same family; in that case
the secondary path accounts for the difference of the strengths. In any case,
secondary paths are generated only in Cases (1)—(5). The outgoing entropy
wave appearing in Case (3) always gives rise to a primary path, see Remark 4.2.

The construction of the paths along with the definition of their strengths is
done iteratively as follows. Below, we denote waves a, 3, ... with front P;_1P;
by o : P;_1P;, 8 : P;_1P; and so on. We assume for the moment that all
waves involved in the interactions under consideration are physical, see Section
3; nonphysical waves are considered at the end of the construction.

First, we focus on the time interval ranging from ¢ = 0 to the first interaction
time ¢,. Consider the case of a shock or entropy wave 6 issuing from Py € {¢t = 0}
and interacting with another wave at P;. The front PyP; forms a primary path
I'”: Py — Py. The strength of I'" is o if § = « (or B if @ = 3) and My|d| if
0 = J; the generation order is 1.

Next, t = t;. Suppose first that a shock wave o : PoP; interacts with
another wave at Py and generates 0] : P1Ps, 65 : P1P, and ¢’ : P;PJ. We only
consider Cases (1), (3), (4), (6) in Lemma 4.3. Below, we denote some generic
constants which may change from line to line by

D'.D" €[0,D], D)el0,Di], Djel0,Dy], D.el0,D,]

(1): B+a — o'+8+p8. If o/ < a, we decompose I'” into the paths 'Y and 'Y,
which have the same index of 'Y but strengths o’ and a— o, respectively.
The path I'f" is extended to Py with unchanged generation order and
strength; the path I'Y’ stops at Py. If o/ > o, we have o/ —a = eD'a3; we
extend I'P in the same direction with strength o and generate a secondary
path I'Y : P; — Py with index (1,2) and strength eD’af. The paths
related to [ are dealt analogously.

An entropy wave §’ with strength My|d'| = eD5 a3 is generated; we define
a secondary path 'S : P; — P} with index (0,2) and strength eMyD}ap.
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(3): a1 + s = o + & + 7. Assume for instance that « = «a;. We have
o' — (a1 + az) = eD'ajas; then we extend I'P in the same direction with
strength a; and generate a secondary path 'Y : P; — Py with index
(1,2) and strength eD’aqas.

An entropy wave ¢’ with strength |6'| = Dfajas is generated. We define
a primary path I'} : P; — P} with index (0,2) and strength MoD4a;as.

(4): d+a — o'+6+0". If o/ < «, we proceed exactly as in the first part of Case

(1). If & > a, we have o/ — a = eD}|d|. Then we extend I'*’ in the same
direction with strength a and generate a secondary path I'{ : P; — Py
with index (1,2) and strength eDj«|d].
If ' = B', then 8 = eD}a|d| and we have another secondary path I'§ :
P; — P, with index (2,2) and strength eDj«|d|. The entropy wave &
constitutes a primary path 'Y’ : P{, — Py. If || < |8| we decompose '’
into the paths F(Ii 1 and I’(I)D, 5, which have the same index of I'Y’ but strengths
Mo|d’| and Mo(|6'| — |d]), respectively. The path I'f; is extended to Py
with unchanged generation order and strength, the path I’{i 5 is stopped.
If |6’ > |4] and then |§'| — |§] = eD”alé|, we have a secondary path
Iy : Py — P} with index (0,2) and strength eMoD" ald|.

(6): E+a— o' +0"+ 6. By Lemma 4.3 and (4.12) we find ¢ > £ and D, < D,
such that
o =a— ¢, B+ M|d'| = D (6.1)

We define (o, (o by D.( = ', D.{o = My|d'| so that
¢=C+C, G:l=p8: Ml (6.2)

The path T'P' is decomposed into three paths I'Y’) T'Y and T}, whose
strengths are a — ¢, (o and (p, respectively. The path I'l" is extended
to Py with index (1,1) and strength a — ¢. The path '}’ is extended to
P/, with index (2,2) and strength ' = D.(y. Finally, '}’ is extended to
Py — Py — P}, where P; P/ has index (0, 2) and strength My|d'| = D’ o.
No secondary path shows up in this case.

Remark 6.1. In Cases (1) and (4) both possibilities &' < « and o' > « may
occur [4].

Now, suppose that an entropy wave § : PoP; interacts with another wave at Py;
in this case, we already have a primary path I'Y’ : Py — P;. The paths due to
the interaction of § with a 1-shock wave have been already defined in Case (4).
In the case ¢ interacts with a 1-rarefaction wave, the definitions are analogous
(see Lemma 4.3, Case (5)).

Then, t = t,,. We suppose that the paths have been constructed up to the
interaction time ¢t = t,,. First, we define the generation order of a shock and
entropy wave . The front of v belongs to a finite number N of paths, which
can be ordered by their increasing generation order as follows:

rf, TP 5, . TR, for kY <. <kD k), <. <KX (6.3)
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Here kP k2 denote the generation orders of the front; we drop the indexes P
and S in the following. The generation order of v is defined by by

k= min {k;}. 6.4

v = min {k} (6.4)

We now accomplish the construction of the decomposition by paths. Con-

sider a pathI': Pg - Py —» .-+ — P, to t = t,; we first assume that P,,_;

and P,, are connected by a shock a. The front P,,_1P,, belongs to some paths

Iy, for 1 <1< Nj; the path I'; has index (1, k;) and strength «;. Of course, the
path T is one of the I';’s. By (6.3), the strength « is decomposed into

N
o = E .
=1

Denote by o : PPy, 8’2 PPl 1, 0"+ PPl the waves produced by the
interaction of « with another wave at P,,. Let k. denote either max{ky, ks}
or max{k,, ks}. Below, we omit for brevity Cases (3) and (4), since they are
analogous to Case (1); see [5] for complete details on the algorithm.

(1): B+a—=ad+d+0. Ifa <a,thereexist 1 <r < Nand 0 <@, < q,
such that o — o/ = @, + Zl]ir-u ;. We split I';. into the paths Fg) and
Fg) so that the orders of the paths are unchanged while their strengths

(1) )

ay’ and a? are decomposed according to the proportion

ooV = @ (e —a). (6.5)

Then, we extend I';, 1 <1 <r —1, and I‘gl) to P, 41 with orders and
strengths unchanged. The paths F&Q) and I';, 7+ 1 <[ < N, stop.

If o/ > a, we have o/ —a = eD'a3; we extend each I'; in the same direction
with the same strength and generate a secondary path T'Y : P, — P,
with index (1, ks + 1) and strength eD’af3.

If B > B, we have ' — 3 = eD’af3; we generate a secondary path I'§ :
P, — P/, with index (2, k. + 1) and strength eD’af3. At last, an entropy
wave of strength 0’| = eDJ«af is generated and we have a secondary path
I'§: P, — P! with index (0, k. + 1) and strength eMyDjaf3.

(6): £+ a— o' 4+ & + 3. No secondary path is generated in this case. As in
the first step, there are positive quantities ¢ and D/, satisfying (6.1); we
also fix (3 and (p satisfying (6.2). Then, there are 1 < N; < No < N and
an,, an, with 0 <an, < an,, 0 <an, < ay, such that

N1 N3 N

/ — — — —

o = E aj—an,, G =an,+ E aj—an,, Co=an,+ E Q. (6.6)
=1 I=N1+1 l=Na2+1

(a) We extend every I'; with 1 <1 < N; — 1 to P41 with indices and
strengths unchanged. Primary paths remain primary and so secondary.

Then we split I'y, into Fg\l,f and FE\Q,E so that

1 2 1 2 _ _
0‘5\11) +O‘SV1) = apn,, 0‘5\/1) :agvl) = (an, —any) : an;.
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Therefore a%l) = an, — an, and af,l) = an,. Let kn, be the order of

'y, in P,,_1P,. We extend Fﬁ) to P41 with index (2, ky, ) and strength

1

ag\}l). Then we extend Fg\%l) to P;,; with index (2,ky, + 1) and strength
D.a%y) = Diay,.
(b) Similarly, 'y, is split into FS\B and FS\Q,; so that

1 2 1 2 _ _
045\,2 —|—045V2 = QN,, 0‘5\/3 : asvz = (an, —Qn,) : QN,.

We extend the paths I'; for N1+1 <1 < No—1to P}, ; with index (2, k;+1)
and strength D’ ;. We also extend Fg\l,g to P41 with index (2,ky, + 1)

and strength D;as\l,z as well as Fg\i) to P}, with index (0, ky, 4+ 1) and

strength D;ag\ij (entropy wave).

(c) At last we extend the paths I'; for I > Ny + 1 to P, with index
(0,k; + 1) and strength D’ ay.

Now, we assume that P,,_; and P,, are connected by an entropy wave 9,
which interacts with another wave at P, and generates o : P,P,i1, 8
P,P;,, and ¢’ : P,PJ ;. In this case, there is a path I'y : P, — Py,. If
d interacts with a 1-shock wave, we refer to the Case (4) above. If 6 : P,,_1P,
interacts with a l-rarefaction wave we define the paths in a completely anal-
ogous way. Therefore, we have completed the construction of paths involving
only physical waves.

At last, we discuss the case of non-physical waves. The generation order of
a non-physical wave is defined as in [7]. About paths, if a shock wave « or an
entropy wave § belongs to a path I'; and the interaction generates a non-physical
wave, then the path I'; is simply extended in the previous direction with the
same index and strength.

A collection of paths T' = {I';}, which are divided into primary paths T'Y =
{I'F} and secondary paths I'S = {T'/'}, is then defined up to the next interaction
time ¢,41 and hence as long as the approximate solution exists. This concludes
the definition of the paths. Remark that the construction above implicitly define
the initial generation order k1 of a path, a quantity that was not previously fixed.

We now introduce analogous definitions for rarefaction waves, which however
are not related to paths.

We assign a generation order to the approximate rarefaction waves as fol-
lows; our definition slightly differs from that given in [7]. Recall that in the
approximate solutions a rarefaction wave of size 0 is split into N = [#/h] + 1
fronts, each of them having strength /N < h, [7]. We assign order 1 to any of
these rarefaction fronts issuing from ¢ = 0.

Suppose that a rarefaction front ¢ with generation order k interacts with
a wave 6 with generation order k' and the waves 67, §', 6} are produced. If

1 = &, the generation order of ¢ is defined to be k. If 8, = «’ and 0 # m,
its generation order is max{k,k’} + 1. Lemma 4.3 states that the interaction
of two shock waves of the same family, Case (3), and possibly that of a shock
wave and an entropy wave, Case (4), also generates a rarefaction wave. In these
cases, by denoting k, k' the generation orders of a1, ag or §, a, respectively, the
generation order of 7’ is defined to be max{k, &'} + 1.
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When a rarefaction wave £ of generation order k interacts with another
wave and produces £, the amplitude of £ can exceed h. In this case, we have
to divide ¢’ into &] + &5 so that &; < h, j = 1,2. That is the reason why we do
not construct paths for rarefaction waves. We will assign the same generation
order k to both &, j =1,2.

We call secondary rarefaction waves those rarefactions that are generated in
Cases (4), (5) and (10). Secondary rarefaction waves were called reflected in [5]
because of the special interaction patterns; we do not use this terminology here
because of the reflected rarefaction waves of Case (3), which need a particular
treatment.

By the above construction and definitions we deduce the following proposi-
tion, where we use the definition (5.15) of Q(P).

Proposition 6.1. The amount of secondary rarefaction waves or secondary
paths which are generated at an interaction point P is estimated, for each family,

by €Q(P).

m§k7k’}+l max{k,k’}+1

(1) (2

ma k+1
k

A k+1 k k+1

)
x{k,k'}+1
k41
k

N AN N AN
(5) (6) (7) (®)
k+1 k+l max{k,k’}+1
NN N

R\ N\ AR VAN
(9) (10) (11)
Figure 3: Generation orders for the cases in Lemma 4.3. Solid lines indicate

shock or entropy waves; broken lines represent rarefaction waves; dotted lines
denote either shock or rarefaction waves.

7 Estimates along paths

In this section we prove several results about the decay of waves along paths.
As we saw in the previous section, paths only involve shock or entropy waves;
we denote either of these waves by o. By the estimates along paths we provide
a bound on the total amount of rarefaction waves.
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Let ' : Pg —» Py — --- — P, be a path, with P; occurring at time t;.
We denote by Pr (to,r) the point (respectively, the time) where the path I is
generated. We denote by ¢, ky, and o, the type, generation order and strength
of the front P,,,_1P,, in T, respectively; the sequences cr = {c;n}, kr = {km}
and or = {o,,} are the type, generation order and strength of I". We consider
the path I" as a Lipschitz curve = I'(t); then, the type, order and strength of T'
are piecewise constant functions of ¢, denoted by cr(t), kr(t), or(t), respectively.

Here we set op(t;) = op(t;—) for i = 1,2,...,n, or(to,r) = or(t1) and so on for
cr and kp. We also denote with a slight abuse of notation, for i =1,...,n,
or(P;) = or(t;—). (7.1)

We denote by I the collection of all paths. Moreover, for every shock or entropy
wave o, we denote by I'; the collection of paths which the front of o belongs to.
We now state a result about the decomposition of waves, whose proof is obvious
by the construction of paths.

Lemma 7.1. Consider any approzimate solution, a time t where no interaction
occurs, a shock or an entropy wave o at time t. Then

Z or(t) = { (]7\/[O|g| if o is a shock, . (7.2)

if o 18 an entropy wave.
rer, / Py

For typographical reasons we denote
¢ = D,. (7.3)

Lemma 7.2. Consider any approximate solution and any path T': Py — P; —
- — P,. Let k,, be the generation order and o,, the strength of the front
P._1P,, inT'. Then

km+1 - km = Om+1 = Om,
kmy1=km+1 = opt1 Scon.

Proof. The paths are constructed in such a way to satisfy the condition above.
In particular, formula (6.1) shows that 0,41 does not exceed cop,. O

We now introduce the total amount of shock (and entropy) waves at time t:

L=(t) = Y {a®)+81)},
S {alt) + B(t) + Mols(t)]}, (7.4)

where the sum is performed over all shock (and entropy, resp.) waves occurring
in the approximate solution at time t. Lemma 7.2 clearly implies the following
result.

~
—~
o~
~

Lemma 7.3 (Pathwise version of Nishida’s lemma, [16]). For any approzimate
solution and t different from interaction times, we have:

1. or(t) < ckr(t)_kf(t/)ar(t’) foranyT €T and 0 <t/ <,

2. L(t) =Y peror(t).
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For any I' € T we denote by tor, FPo,r the time, resp. the point, at which I
is generated. Then by the above lemma

Or(t) S Ckr(t)_kr(to'r)a'[‘(tor) . (75)

Let ¢ be different from interaction times. For k = 1,2,..., we denote the
total amount of the strengths at time ¢ of all primary paths whose generation
order at time ¢ is k (resp., k and more) by

Ly (t) = o), Wy => L{®).
rer?, kr(t)=k >k
We also define for k > 2

Vks (t): the total amount at time ¢ of the strengths of both secondary paths and
secondary rarefaction waves generated at times t’ < ¢, whose generation
orders are larger than or equal to k.

We denote F'(0) = F(O) and observe that by Lemma 5.3 we have
Vi) < F(0), (76)
for every k > 2 and every t.

Proposition 7.1. For every approximate solution and k > 1, we have

LEt) < L), (7.7)
VW) < fkch(o). (7.8)

Proof. IfT' € T then to r = 0. Since kr(0) = 1 we deduce op(t) < c*r®=1op(0)
by (7.5). Then for any k > 1,

kr(t)=k
Formula (7.8) follows by Y., ¢'~! = clk:: O
Let us denote
F(0) = L(0) + F(0).
Proposition 7.2. For every approrimate solution we have
L™ (t) < F(0). (7.9)

Proof. The amount of primary fronts for shock waves at ¢t = 0 equals L~ (0) <
L(0). If a secondary front I'® of a shock wave is generated at point P, then the
strength of I' in that segment is less than ¢Q(P). As a consequence, the result
follows by Lemmas 7.1 and 5.3. O

We now prove a lemma that is stronger than Lemma 5.3 because the estimate
is independent of €. This result will be used to prove Proposition 8.1, which
shows that the approximate solution is defined for all 0 < ¢ < co.
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Lemma 7.4. Under the same assumptions of Lemma 5.2, we have

CM3

Q)< 5QU0) + GG T(0), (7.10)

where the summation is done over all the interaction points.

Proof. Let J' and J be space-like curves and assume that there is a single
interaction point P between J’ and J.
In Cases (1), (3) and (4), by virtue of (5.18), (5.19) and (5.20), we deduce

6Q(P) < Q) = Q(J). (7.11)
In Case (6), we proved in (5.21) that
Miag < Q(J) — Q(J") + 2Ms (8" + Mo|d'|) G(J),

where ', 0’ are outgoing waves generated by the interaction at P and denoted
from now on by 8'(P), §'(P), respectively. By (5.28), (5.29) and Lemma 5.2, we
obtain

9Q(P) < Q(J) — Q(J') + 2M3 {B'(P) + Mo|d"(P)|} G(O). (7.12)

About Case (10), the outgoing 2-wave generated by the interaction is a
rarefaction wave 7’; in the following, we denote both a shock and a rarefaction
wave by /. Summing up over all interaction points P between O and J’, by
(7.11) and (7.12) we deduce

> 6Q(P)

P between O and J’

< Q(0)=Q(J)+2M;G(0) {0/ (P) + Mo|d'(P)]} .
P between O and J’
Cases (6)—(10)

Next, we claim that

3 {0'(P) + Mo|d'(P)|} < —<—5(0). (7.13)

“1l—c¢
P between O and J’
Cases (6)—(10)

Indeed, in Cases (6)—(10) we have 8’ + My|0’'| < ca by (4.14) and (7.3). Then,
by (7.5) we have

> {6'(P) + Mold"(P)[}

P between O and J’
Cases (6)—(10)

< > Y or(P)

I'el’ Pell

c( Z + Z ) (UF(PO,F) Z Ckr(P%kP(POT)). (7.14)
pel’

rer? rers

IN

In all summations above, we clearly understand that only interactions of type
(6)—(10) are involved. Let mr be the number of points P € I'; we notice that
mpy is finite by Proposition 8.1.
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If T is a primary path, then kr(Por) = 1, tor = 0; by (7.5), (7.7) we deduce

mr ) 1
E kr(P)—kr(Por) < E -1 <
c < d < T (7.15)
Per j=1

Z Up(lfo,r‘) S L(O)

rerr

If I is a secondary path, by Lemma 5.3 we have

mrp ) 1
kr (P)—kr (Po,r) < E d <
§ ¢ = = -~ 1-c

Per
Z or(to,r)

rers

IN

3¢ Q(P) < F(O).
P

The claim (7.13) follows. Since J’ is an arbitrary space-like curve, we proved
the lemma. O

By Lemma 4.3, the total amount of rarefaction waves generated by interac-
tions of type (3) is bounded from above by

DY wPe®) = Y Q) (7.16)

P: Case (3) P: Case (3)

Condition (5.14) implies MyDy < D; then, also the total amount of entropy
paths generated by an interaction of type (3) is estimated by the right-hand
side of (7.16). Thus we have proved the following result.

Proposition 7.3. The total amount of rarefaction waves and entropy paths
generated by an interaction of type (3) is less than the right-hand side of (7.10).

Remark 7.1. The strength of a rarefaction wave may increase only in Cases
(2) or (5). Otherwise, either it does not change (Case (11)) or decreases (Cases
(7), (9), (10)).

New rarefaction waves are only generated in Cases (3), (4), (5) and (10).
We recall that rarefactions generated in Cases (4), (5) and (10) are called sec-
ondary rarefactions. We observe that in Case (3) the generated rarefaction wave
is only estimated by Q(P) and not by eQ(P).

We first analyze Case (3); the next proposition provides a result that is
slightly stronger than that of Proposition 7.3 and Lemma 6.1 in [3]. Notice
that we estimate as well the amount of paths generated in the interaction and
associated to entropy waves.

Proposition 7.4. Let k > 2 and t not an interaction time. The total amount
of rarefaction waves of order larger than or equal to k, which are generated by
an interaction of type (3) in the time interval [0,t], is less than

ck—2
23?_(?)2 { L)+ V,fl(t)} . (7.17)

The total amount of entropy paths whose generation order is larger than or equal
to k and are generated by an interaction of type (3), is less than (7.17), with
Dy replacing D.
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Proof. We denote by {P,,} the collection of all interaction points in the time
interval [0,t] where

Case (3) occurs and max{ka,(p,.), Kay(®,)} =k —1. (7.18)

Here, a;(P,,), for j = 1,2, are the strengths of the shock waves incoming at
P,,, analogously to the notation above. The rarefaction waves (and the entropy
paths) of the statement are precisely those generated at such points P,,. By
Lemma 4.3 and the definition (6.4), the total amount of these rarefaction waves
(resp., entropy paths) is bounded from above by

DY a1 (Pm)az(Pp). (7.19)
P

m

In the case of entropy paths, simply replace D above with Dy. Then, we must
prove that (7.19) is less than (7.17). The same argument also covers the case of
the entropy paths.

Let Ty, (Py,) denote the collection of the paths composing a;(Py,), for j =
1,2; the strength of a path I'; € I‘aj (Pm) is denoted by or,(P,,). By Lemma
7.1 we have

> ar(Pr)az(Pr)
Pm

IN

Z Z Z ory (Pm)GFQ (Pm)

Pm T'1€T0; (Pm) M2€l0, (Pm)

< %Z > oorPwm) Y. ore(Pm), (7.20)

rer P,,el r*er*(T,P,)

where T'*(T", P,,,) is the set of the paths T'* interacting with the path T at P,,.
Fix a path I'; since clearly Up o IT'"(I',P;,) C T'\ {T'}, by reversing the order
of summations we find that

> orPrm) D> or(Pn) < Y > or(Pm)or-(Pm).

P,,el I*er*(I,P,,) r=er\{r} P,ernrs
(7.21)
Now, we consider any two points P,,,P/ € I' N T*, with P, # P/ and
suppose that P/ is consecutive to P,,. By this we mean there is no point
of the collection {P,,} belonging to I' N T'* and lying between P,, and P/ ;
moreover, P! lies after P,,. It is impossible that both kr(P,,) = kr(P},) and
kp«(P,,) = kr=(P],) occur. Then, if we move from P,, to P/, along the path I'
or I'*, either the generation order of I' or I'* increases by at least two or those
of both I" and T'* increase by at least one. Hence, by Lemma 7.2 we have

Y orPr)or-(Pr) <Y U op(Po)or- (Po)

P,,elNT* i>1

1
mUF(PO)O'F* (PO), (722)
where, with a slight abuse of notation, we denoted by Py the first point of the
P,.’sin I'NT*. By (7.18), we have either kr(Po) > k—1 or kp-(Pg) > k—1 (of
course both possibilities may occur). In order to simplify the notation in the
proof, we assume that the first possibility always occurs, namely that kr(Pg) >
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k — 1; otherwise, simply replace I' with I'*. Under the notation above we find
the estimate

Z O'F(Po)O'p* (PO) S

I,[=er

F(0) [ k2
T —c {1_CL(O)+§(O)}.
Above, we split the sums into primary and secondary paths associated to shock
waves; the total amount of the former is bounded by L~ (0), that of the latter
by F'(0), because of (7.6). Together, they are bounded by F(0). The second
factor is deduced by (7.8) and the definition of V7 | (¢).

This proves that (7.19) is less than (7.17) and concludes the proof. O

Remark 7.2. We notice that (7.17) can be bounded as follows, by using (7.6):

DF(0) [ k2
2(1—e¢)? { 1—c

L(0) + VkS_l(t)} < DT (0)° (7.23)

—2(1—c¢)?¥
A byproduct of Proposition 7.4 concerns the total amount of rarefaction waves
produced by an interaction of type (3): it suffices to take k = 2 in (7.17) or
simply the right-hand side of (7.23). These bounds must be considered together
with that already provided in Proposition 7.35.

Cases (2) and (5) are considered below. We denote by £(t) the continuation
of the rarefaction £ for times ¢ beyond an interaction time t;. Therefore, for
instance, in Case (5) we have that £(t) = £’ just after the interaction and so on.

Proposition 7.5. Suppose that a 1-rarefaction wave & interacts at t = t1 with
either a 2-shock or an entropy wave o. Let I' be a path to which the front of
o belongs. Then, no front of 2-shock or entropy wave interacting with £(t) at
t > t1 belongs to T

Proof. Let ta > t1 be the first time at which £(¢) interacts with a wave ¢’ whose
front belongs to I'; the wave ¢’ necessarily is a 1-shock wave.

If the 1-wave that outcomes from the interaction at ty is a shock, then &(¢)
no longer exists for ¢ > 5. If it is a rarefaction, then the path IT" is continued
along the 2-shock front or entropy front; hence, the path does not cross £(¢). O

D DG*
DMO<”8<1—<:3>)'

Proposition 7.6. Consider a rarefaction wave £ at t =ty. For t > t; we have

We denote

£(t) < ePT O, (7.24)
Proof. For either a shock or an entropy wave o we introduce the notation

| D ifo=0a,8,
Da_{Dl lfO'=5

Let the 1-rarefaction £’ be the continuation of £ after the interaction of £ with
either a 2-shock wave (Case (2)) or an entropy wave (Case (5)) o, see Remark
7.1. By Lemma 4.3 we find that

¢ < (1+eDolol).
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Hence, recalling what we pointed out before Proposition 7.5, we have

) < T (1 +eDolol)¢ < e XomnsPalole, (7.25)
o=0,6

where the product and the sum are performed over all waves 8 or § which
interact with £(t’) at times ¢’ < ¢ in an interaction of type (2) or (5), respectively.
We observe that every shock or entropy wave in that sum occurs there only once,
because of Proposition 7.5.

We now consider the sum in (7.25). First, we observe that D < ]%)7 because
of (5.28). We decompose the shock waves into primary and secondary paths;
we do the same for entropy waves but, in this case, we also need to take into
account the rarefaction waves generated in Case (3), see Proposition 7.4. We
obtain, by (7.23),

Dy DF(0)? Dy DG
Dylo| < 2L g0y + 225 Lo Plggyd1 4 27
g{;é o= 3% { O+si=m =% OV saze
and then (7.24) follows by (7.25). O

We denote by Ry (t) (Wi (t)) the total amount of the strengths of all rarefac-
tion waves (of all waves, respectively) having generation order larger than or
equal to k at time t.

Proposition 7.7. If k > 2 we have

eeD?(O) k=2
Tult) £ san e | T L0 VLW V. (120)
Wel) < S0+ V()

Dg“(o)eeDEF(O) ck—2
{ 1-c

S
21— o)1 - 2) L(0) + Vk—l(t)} : (7.27)

Proof. We recall that the generation order of a rarefaction wave does not in-
crease in time after an interaction; as a consequence, the rarefaction waves
generated at time O+ keep their generation order 1. Then (7.26) follows by
Propositions 7.4, 7.6 and the definition of V;7(t).

In order to prove (7.27) we also need to take into account shock and entropy
waves. Then, (7.27) follows by (7.6) and (7.26). O

8 Stability of Wave-Front Tracking Scheme

First, following Bressan [7], we prove that the approximate solution constructed
according to the algorithm in Section 3 is defined for all 0 < ¢ < co.

Proposition 8.1. Let J be the set of interaction points of an approximate solu-
tion. Then, the accurate Riemann solver is used at most a finite number of times
in J. As a consequence, the approximate solution is defined for all 0 <t < oco.
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Proof. The accurate Riemann solver is used when the strengths of the inter-
acting waves satisfy |6’0”| > p. Lemma 7.4 shows that the number of the
interaction points where this occurs is less than C'/p, for a suitable C' indepen-
dent of €. Then, the number of physical fronts is finite. We emphasize that also
Lemma 7.4 gives a bound on the number of interaction points, which however
depends on e.

Non-physical fronts are possibly generated when two physical fronts interact;
moreover, any two physical fronts interact only once. Thus, also the number of
non-physical fronts is finite. O

Now, we estimate the total amount of secondary paths and secondary rar-
efaction waves in terms of the quadratic functionals. Let us denote for simplicity

>0 = > e,

>k;A max{k,ko} >k
7,0 approaching

for k > 1. We define, analogously to (5.4),

Qr(t) = MMy Y (a+B+E+m)d|

>k;A
+ M, Z (a+ &+ ma+np)+ M, Z (arag + af + 152),
>k;A >k;A

where the summation is over the waves at time t. Then, we denote Q(t) = Q1(¢),
similarly to (5.4). In a complete analogous way we define TVp(t) and TVg(t)
as in (5.6), (5.7). We also define

TV(t) = TVp(t) + MoTVi(t), Q(t) = Z [AQk(T)] £,

o<r<t

where AQg(7) = Qr(7+) — Qr(7—) and 7 runs over all interaction times; we
denoted by [z]+ the positive and negative parts of x. At last, we denote

TV = supys.o TV(t-), \75 = supyso Vi (1), Wy, = sup;s0 We(t), (8.1)
Qr = X r0lAQk(T)]+- (8.2)
We notice that

QI = Qr ()= > {[AQu(M)]4 — [AQK(T]-} =Qx(t) =0 (8.3)

o<r<t

for k > 2 and then Q (t) < Q/ (t). The following lemma is a refinement of
Lemmas 5.2 and 5.3.

Lemma 8.1. Assume that a secondary rarefaction wave or a secondary path of
strength 6 and order | > 2 is generated at time 7. Then

0 < %e[AQl,l(T)],. (8.4)

Proof. Consider for instance Case (1) and suppose that a secondary path of
order [ is generated; then either o or 8 has generation order [ — 1. Proceeding
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as in (5.17) but replacing > with >, , 4 we find, together with (5.18), that
AQ;_1(1) < =7Dap. Tt follows from Proposition 6.1 that

0 < eDaf < —LeAQi_1(7).
The proof in Cases (2)—(5) and (10) is completely analogous. O

Proposition 8.2. For k > 2 we have
) k2
VE(t) < efDﬁr(O)g > Qi (1) (8.5)
h=0

Proof. First, suppose that a secondary path T'S of order [ is generated at time
7 < t. We claim that the contribution of I'® to V;°(¢) is less than

{ %ech[AQk_h_l(T)]_ ifl=k—-h<k,
3€[AQr—1(T)]- ifi>k.

If | <k, then | = k — h for some 0 < h < k — 2. The path I'® contributes
to V;2(t) only if it is continued in the time interval (7,t) through at least h
interactions. By (7.5) and (8.4) we obtain the first estimate in (8.6).

If | > k, the amount of I' contributing to V;7 (t) is less than £[AQ;_1(7)]- <
£[AQr_1(7)]- again by (8.4). This proves (8.6).

Then, the contribution of the secondary paths to Vks (t) is bounded by

(8.6)

k—2
€ € _
3 Z Ch[AQkfhfl(T)]f < 3 Z Cthth(t) (8.7)
h=0 o<r<t: h=0
I'” is generated

Next, suppose that at time 7 < t a secondary rarefaction wave 6 of order [
is generated; it contributes to V;°(¢) if and only if [ > k. In this case we have,
by (8.4),

0 < %e[AQl_l(T)}_ < %G[AQk_l(T)]_. (8.8)

By (7.24) and (8.8), the contribution of the secondary rarefaction waves (2nd
RW) to V;?(t) is bounded by

eem(og 3 [AQ)_1(7)]- < eemm)% Q. (D). (8.9)

o<r<t:
2nd RW is generated

Above, the sum is performed over all times 0 < 7 < t where a secondary
rarefaction wave is generated. Thus (8.5) follows by (8.7) and (8.9). O

Next, we study the variation of Qg(¢). For k > 1, let I} denote the set of
times where two waves v, 8 with max{k,, ks} = k interact. The interaction
patterns in Lemma 4.3 are denoted by

W1Ws: a l-wave and a 2-wave, Cases (1), (2);
WoW': a1 or 2-wave and an entropy wave, Cases (4), (5);

SiS;: two shock waves of the same family, Case (3);
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S;R;: a shock wave and a rarefaction wave of the same family, Cases (6)—(10).

We notice that Case (11) is trivial. In the following Lemma 8.2, we denote
0" = B’ in Cases (6)—(9) and ¢’ = 7’ in Case (10), as in the previous section.
The estimates (8.10)—(8.12) are obtained by summing up the estimates obtained
in the possible interactions and must be read as follows: referring to (8.10), for
example, in an interaction W1 Wy or WoW (5;S;, S;R;) only the first (second,
third, respectively) summand in braces appears. The notation S;R; (ko < k—1)
in (8.11) and (8.12) refers to the case S; R; when the order of the incoming shock
wave is less then k£ — 1.

Lemma 8.2. Lett be an interaction time and P the point where the interaction
occurs. We have the following estimates:

(i) ifte L U---Uly_q, for k > 3, then

AQk(t) < M3 {36Q(P) + 3Dajas + 0 + M0|(5/|} Wk(t—); (810)

(i) if t € Iy_1, for k > 2, then

AQx(t) <
M3 {e[AQk—-1(t)]- +3Daja} TV(t—)
- + M5 (0" + Mo|d'|) Wi (t—) SiR; (ko <k—1) (8.11)
- M; {e[AQk—1(t)]- + 3Daqa2} TV(t—)
+ Ms (0" + My|d']) TV (t—) otherwise;

(it3) if t € [y Ul U---, for k> 1, then
M3 (0" + Mold'|) Wi (t—)
AQk(t) < + Oég (EMgDTV(tf) — Ml) S; R; (ka <k-— ].) (812)
Ms (0" + Myl|d'|) TV (t—) otherwise.

Proof. Ift € 1U---Uli_o, k > 3, by Lemma 4.3, (5.14), (7.6) and the notation
introduced before (7.27) we have

36M3Q(P)Wk(t—) : W1W2, WOW
AQk(t) S 3DM3a1a2Wk(t—) : SlSl
Mg(el + M0|6/|)Wk(t—) : S?,RZ

Hence, the estimate (8.10) follows by summing up the lines above.
Ift € Iy_1, k > 2, by (4.6) we have

€M3[AQk_1(t)]_TV(t—) : W1W2, W()W

3DM30410&2TV(ZL—) : SlSZ
AQk(t) < M;s(B" + Mo|0'[)Wi(t—)
+ €M3DO¢§TV(t—) : S;R; (k‘a <k- 1)

Mg(@l + M0|5/|)TV(t7) : Ssz (k?a =k— 1),
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whence (8.11). We notice that the additional summand eM3Da€TV(t—) is only
due to Case (10).

Finally, we consider the case t € I, U 41 U---, k > 1. Recalling the proof
of Lemma 5.2 we deduce that

0 . Wi Wa, WoW, S;iS;
(M6 + M1 M6 )Wy (t—)

+ aé (eMsDTV(t—) — My) : SiR; (ko <k —1)
(M30" + My My|6'|) TV (t—) : SiR; (ko =k —1)

AQg(t) <

The proof is complete. O

Now, we carry out an iterative estimate for the quadratic functional QZ, see
(8.2). To this aim we define

k=eMsTV <1 and K =eMsF(0) < 1. (8.13)
Proposition 8.3. For k > 2 we have

1+¢
1_

Qf < KQf_,+ ( + % ?(0)) MsW,,F(0)

M3
1—c¢

+ (ck*“'L(o) + \7,?_1) (c v 359(0)) TV.  (8.14)

Proof. We may assume that at each interaction time there is precisely one inter-
action [7]; then each interaction time 7 uniquely corresponds to an interaction
point P.. It follows from Lemma 8.2 that, for k& > 3,

Qf < MWi Y {3eQ(P,) + 3Danan + 0 + My|o'|}

ILU---Ulg_o

+ Mgﬁ Z {E[AQk_l(T)}_ + 3D041042}

I—1

Iy 1UILU--- I 1UIEU---

The summations are made over all interacting times 7 and the estimates must
be read as we explained above Lemma 8.2. Moreover, we denoted with x the
summation related to the case S;R;(ko, < k — 1) and with #x otherwise, see
(8.11), (8.12).

Now, we estimate the sums appearing in the above formula. First, by Lemma

5.3 we deduce
3¢ Y Q(P.) < F(0).

[1U--- Ul _o

On the other hand, by (8.3) we find that

D AQr (M) < D [AQk ()] <Y [AQra(m)]y = Q.

I 1
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Next, we claim that

*%

Yoo 0+ Mld']) <

Iy 1UIEU---

c
1—c

(CHL(O) + \Nf,ﬁ,l) , (8.15)

*

S @+ + Y (0 +Mold) < T—5(0), (8.16)

I1U---Ulp_o T 1 UIEU---

and also that

2
Z ajap < ?(;)) , (8.17)
THU---Ulp_o
F k—2 .
Y aay < 9 (f_CL(o)Jrvfl). (8.18)
Ik 1

The estimate (8.14) shall follow by the above estimates.
We first consider (8.15). We define 3, = {P,; 7 € I}} and proceed almost
exactly as in proving (7.14) in Lemma 7.4. We have

Yo A{0@) + MldP)|} <) > or(P).
PeJr_1UTEU-- el Pel'n(Jp_1UJgU---)

For every P € I'N (Jp—1 UJ, U ---), we have kp(P) > k — 1 by the definition
of strength of a path given above (7.1). Let mr be the number of points P €
N (Jg—1 U U---). For the collection of primary paths we have

Z Z or(P) < Z or(Po,r) Z ckr (P)=kr (Po.r)
Ter? Pern(Jp—1UT,U--+) rer? PEA(Tn 1 UTRU-)
— i L(0)ck—2
< Y or(Por) >, 7t < %.(8.19)
rerr j=k—1

For secondary paths we have

Z Z or(P) < \75—1-

rers Pern(Jg—1UJdgU-)

Then, estimate (8.15) follows.

The proof of (8.16) is analogous: the first sum is estimated as in (7.14),
(7.15) and for the second one we exploit (7.8) with k¥ = 2 and (7.6): the first
sum is estimated as in (7.14), (7.15) and for the second one we exploit (7.8)
with &k = 2 and (7.6). More precisely,

*

Yo O+ M)+ Y (0 + Mold'))

I1U--- Ul _o Too s OTeUn
< Y {0/(P)+ Mold'(P)]}
Pel’
= C( Z + Z ) (UF(PO,F) Z ckF(P)—kF(Po,r)).
T'er? Ters Per
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If I is a primary path, then

> 1
3 ke ke Por) < §7 1 < and Y or(tor) < L(0).
j=1

1—c
Pel rere

If I is a secondary path, then

o 1 -
3 chr®)—ke(Por) < ZCJ <o — and > or(tor) < V5 < F(0).
Pel’ j=0 rers

This proves (8.16).
Next, we prove the estimate (8.18); the proof of (8.17) is analogous. The
proof is analogous to that of Proposition 7.4. We have, by Proposition 7.2,

Y laPaa®) < 5> > or(P) Y or(P)

PETy_y Felr Pelndy IVel(P)\T

D S or(®)or(P)

Telr IVer\I' Pernl’NJ,_;

< (v ey) ¥ am

rer? Ters Pel'nNdg_q

< (=

IN

L(0) +\7£_1> ,

by arguing as in proving (8.15). This proves (8.18). O

In the following we assume that €TV (0) is sufficiently small, and then x and
k" in (8.13) do. As a consequence, we assume that

ePTO) <9, (8.20)
Proposition 8.4. If ¢€TV(0) is sufficiently small, then, for some ¢ < Ay < 1
we have _
Vi = O(1)AL. (8.21)
Proof. We denote Zj, = e(Qf +¢Qf_, +--- + ¢ 1Q). By (8.21) we deduce
eQf =71 — cZp (8.22)

and by (8.5) and (8.20) we have
VY < ZZpy. (8.23)

Therefore it is sufficient to prove (8.21) with \N/;j replaced by Zr_1. We plug
(8.23) into (7.27) to get

2 2DF(0
+ =Zp—1 + ( )

~ c D3F(0)
) 3 3(1—c)(1—c2)z’“*2'

Wi < T L(0) <c+ a0 —o
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By multiplying (8.14) by € and taking again into account (8.22) we deduce

P 2 KkC
T — Zp 1 < <ﬁ T BK/) Tho1 + (—m + BEK + 21 ) T

3 31—
L(0)C
+ <AB/€’ + l()ﬁ) F2 (8.24)
—c
where
0 DF(0 ¢ |, 3DF(0
4 = ()(C+(1—c)(§—)c2)>’ B = i+ 250
— 3D1T(0) _ 2DF(0)
¢ = c+ ’ E = 3(1—c)(1—c?)"
We rewrite inequality (8.24) as
Zi — aZp_1 + bZy_o < dc=2, (8.25)

for

a=c+r+2Br, b=ck—BEK - 250, d=ABK +2%Ck

If both k and «’ are sufficiently small, then the equation A2 — a\ + b = 0 has
two real roots [A1] < A with 0 < ¢ < Ay < 1. Since Zg > 0, we deduce from the
inequality (8.25)

Zr = O(1)\5!

which proves the proposition. O

Proof of Theorem 1.3: The proof is analogous to that of Theorem 2.1 in
Asakura-Corli [5]; then, only a sketch is reported here. Estimates of physical
waves are obtained by Proposition 7.1 and Proposition 8.4. About estimates of
non-physical waves, let € denote an arbitrary non-physical wave. As in Propo-
sition 11.10 in Asakura-Corli [5] it follows that |¢] < Cp and

Z le |<Cgsup{Vk )+ ViE#)}
eeNDP
ko>k

for some positive constants C; and Cs.

Proposition 8.5. For given h > 0, there exists p > 0 such that the approrimate
solution constructed by the front tracking scheme satisfies

> lel <h. (8.26)
eeENP

Proof. The proof goes as in Bressan [7]. Let Ny be the number of shock waves
at t = 0. Then there exists a polynomial P(£,n) such that, by exploiting the
above inequalities, we have

Yo leb= D lel+ D le=01)P(No,h™)p+O(1)A5
eENDP eENP €ENDP
ke<k—1 ke>k
Hence, we choose k such that O(1)A5 < % and then p so that (8.26) holds. O

By Proposition 8.26 we have a uniform bound of non-physical waves and
hence of TVU"(-,t). The existence of a global solution is proved by the usual
argument in Bressan [7] and Smoller [20].
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