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A B S T R A C T

We demonstrate that several key aspects of the contractile activity of a cell interacting with the substrate can
be captured by means of a non linear elastic tensegrity mechanical system made of a tensile element in parallel
with a buckling-prone component, and exchanging forces with the surroundings through an extracellular
matrix-focal adhesion complex. Mechanosensitivity of the focal adhesion plaque is triggered by pre-strain-
driven buckling of the system induced either by pre-contraction or pre-polymerization of the constituents.
The impact of pre-polymerization on the mechanical force and the implications of using linear and nonlinear
elasticity for the focal adhesion plaque are assessed.
1. Introduction

Contractile systems occurring at both subcellular and extracellular
levels are key to several important phenomena, such as cells locomotion
on the extracellular matrix (ECM) and focal adhesion development.
This contribution demonstrates the major features of a contractile
tensegrity model based on a buckling-prone pre-polymerized com-
ponent in parallel with a pre-contracted tensile component. These
components incrementally respond to inelastic pre-strains with nonlin-
ear elastic deformations. The model is used to analytically investigate
the mechanical force developed by a pre-contracted actomyosin fibers
bundle in parallel with a pre-polymerized micro-tubule. The expression
of the mechanical force is used to obtain the growth rate of the focal
adhesion plaque.

The cytoskeleton of non-muscle cells is often modeled as an en-
semble of actomyosin networks, composed of many parallel actin and
myosin filaments (Kreis and Birchmeier, 1980) linked to microtubules.
Microtubules are tubulin polymers that mechanically stabilize the
cell shape acting as compressive struts that resist both actomyosin
contractile forces and their own polymerization forces (Bicek et al.,
2009). Known to promote focal adhesion disassembly (Bershadsky
et al., 2006), microtubules may elongate, for instance, by addition of
bent guanosine triphosphate tubulin to the tips of curving protofila-
ments (Gudimchuk et al., 2020). On the other hand, contraction or
elongation of an actomyosin system are induced from active tensile
forces resulting from the sliding interaction via cross-bridge cycling
between actin and myosin (Deshpande et al., 2006).
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In eukaryotic cells, the cytoskeleton is then physically linked to
the extracellular substrate through the focal adhesions generated by
trans-membrane receptors of the integrin family and a large set of
adaptor proteins (Wehrle-Haller and Imhof, 2002). Focal adhesions
mechanically transduce the signals coming from the cytoskeleton into
forces that pull forward the cell and regulate its migration on the sub-
strate. The generated pulling forces depend, among others, on substrate
mechanical stiffness, though it is not clear whether this process is stress-
or strain-driven (Janmey et al., 2020).

Mechanosensitivity of the cell–ECM interaction has been thoroughly
investigated from the analytical standpoint (Schwarz and Safran, 2013;
He et al., 2014; Jansen et al., 2015). In particular, structural models
both of discrete and continuum type have been exploited to identify
the influence of the stiffness of the ECM on cells locomotion and
to highlight the mechanism of anchorage of focal adhesions to the
substrate. Among others, He et al. (2014) modeled the cell–substrate
system as a pre-strained elastic disk attached to an elastic substrate via
molecular bonds at the interface. They report traction forces to increase
with the substrate stiffness and to asymptotically tend to a constant
value for progressively stiff substrates. In this regard, evidences are
controversial (Yip et al., 2013). Most experimental and theoretical
studies indicate that traction forces increase with substrate stiffness (Lo
et al., 2000; Cao et al., 2015). However, other contributions detected
an opposite trend for certain cells type (Bangasser et al., 2013). For
instance, a stochastic model of myosin motor as a force transmission
system (Chan and Odde, 2008) suggested that two distinct regimes can
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arise depending on the substrate stiffness, one with low traction forces
on stiff substrates and another one with higher traction forces on soft
substrates.

In the vast state-of-the-art literature concerning biophysical and
mechanical models of the cell behavior, the so-called dipole model
of the contractile actomyosin unit plays a significant role. It consists
of two equal and opposite forces separated by a micro- or nano-scale
distance (Schwarz and Safran, 2013). When continuously distributed,
dipoles give rise to a coarse-grained force density whose gradient
induces the net force acting on the cell. Other discrete models replicate
the functioning of the actomyosin motor by means of lumped parame-
ters systems based on suitable configurations of springs, dashpots and
contractile elements that can be combined either in series or in parallel.
Well known examples are the two-parameters Maxwell model and
three-parameters elements Hill model for muscles (Cowin and Doty,
2007). More complex discrete models have been also proposed, such as
discrete stochastic models with frictional springs simulating the cell–
ECM interface (Chan and Odde, 2008). Cao et al. (2015) proposed a
lumped model where springs representing the stiffness of the substrate
and the nucleus are put in series with a system comprehensive of a
contractile element, representing the actomyosin complex, in parallel
with a spring, modeling cell elasticity.

Experiments have highlighted that focal adhesions undergo a three-
folded turnover process made of an assembly stage, when the focal
adhesion plaque increases in size and intensity, a disassembly stage, as
the intensity decreases, and the stage in between, during which focal
adhesions neither assemble nor disassemble (Stehbens and Wittmann,
2014). The fact that this assembly/disassembly process is sensitive
to cytoskeleton tension is widely accepted in the state-of-the-art lit-
erature (Kaverina et al., 2002; Chrzanowska-Wodnicka and Burridge,
1996; Stamenović and Ingber, 2009; Shemesh et al., 2005; Cao et al.,
2015) and can be experimentally detected (Hirata et al., 2008). Using
thermodynamics laws, it is possible to show that the effect of the
mechanical force transduced from the cell to the focal adhesion plaque
tends to decrease the chemical potential of the aggregated plaque
monomers (Hill and Kirschner, 1982). This means that self-assembly
of the proteins of the plaque is promoted when the cell exerts pulling
forces and inhibited when these forces are relaxed.

The conviction that microtubules are prone to buckling is solid
(Coughlin and Stamenović, 1997; Wang et al., 2001; Leijnse et al.,
2014; Soheilypour et al., 2015). Tensegrity models capture the me-
chanical interaction among tensed cables and non-interconnected com-
pressed bars, by also accounting for relevant buckling events possibly
undergone by the latter. This property was leveraged to simulate sev-
eral features of biological systems, including the complex mechanisms
regulating the mechanical behavior of the actomyosin complex and
the anchorage of actin tubules to the substrate (Wang et al., 2001;
Stamenović and Ingber, 2002; Wang et al., 2002). In this regard, Fraldi
et al. (2019) recently proved the necessity of removing the hypothesis
of rigid struts in tensegrity structures (Coughlin and Stamenović, 1997),
when used to characterize cells structural mechanisms as deformable
systems for storing/releasing energy subjected to pre-stress changes and
buckling-driven configurational switching.

Recently, drawing inspiration from the aforementioned mechanical
model by Cao et al. (2015, 2017), Palumbo et al. (2022) have proposed
a nonlinear elastic tensegrity model of an adherent cell to investigate
the role played by actomyosin contractility of stress fibers in nucleation,
growth and disassembling of focal adhesions. The model consists of a
tensegrity system formed by an actomyosin stress-fiber system in par-
allel with a microtubule and linked to springs simulating the complex
of the focal adhesions and the substrate and the nucleus. Neo-Hookean
stress–strain laws are adopted for the system components, while the
stiffness of the ensemble built from the ECM and the focal adhesion
complex as well as the nucleus stiffness are modeled as linear springs.
The outcomes have provided a new kinematical interpretation of cellu-
lar contractile forces deriving from the mechanobiological interaction
2

of stress fibers, microtubules and focal adhesion plaques.
Upon the same premises set by Palumbo et al. (2022), in the present
contribution, we consider both pre-contraction of the actomyosin and
pre-polymerization of the microtubules in full recognition of their
relevant role in cell stability and focal adhesion assembly. Furthermore,
the assembly and disassembly of the focal adhesion plaque is studied
by extending the hypothesis of nonlinear, Neo-Hookean material to the
plaque itself, a novel upgrade that allows to remove the restriction of
infinitesimal strains when computing the plaque growth rate.

The outline of the paper is hereafter briefly specified. Firstly, Sec-
tion 2 synthetically recalls the physical circumstances under which mi-
crotubule buckling manifests. The remainder of the paper is structured
in two parts, traceable back to Sections 3–4 and Sections 5–6, respec-
tively. The former part deduces the analytical expressions pertaining to
the system kinematics and the focal adhesion plaque growth. The latter
part highlights and quantitatively discusses the relevant outcomes in
terms of buckling, incremental stretches and plaque growth.

2. Biophysical framework

The state-of-the-art literature reports several evidences of the fact
that microtubules can exert pushing forces on chromosomes and nu-
cleus during their polymerization (Gudimchuk et al., 2020). Buckling
against obstacles and polymerization of microtubules have been ob-
served both in vitro ed in vivo. Particularly, acto-myosin contractility
has been reported to promote microtubules buckling in motile cells in a
process involving actin retrograde and anterograde flows. A thorough
discussion about the role played by the microtubules on the cellular
mechanisms can be found in the study by Bicek et al. (2009), and,
for brevity, we refer to the references therein reported for a complete
review of the most relevant contributions.

We focus on the contractile activity of the cytoskeleton regarded
as an ensemble of myosin fibers, microtubules, and actin filaments.
On the one hand, actin bundles develop mechanical links to the sub-
strate by means of the integrins anchorage to the substrate through
focal-adhesions structures. On the other hand, within the cell, the
components form a network of structural elements resisting to tensile
and compressive mechanical actions and transmitting forces to the
substrate. In particular, microtubules confer shape and stability to the
cell, while stress fibers allow cell motion. The emerging network is
linked to the substrate by means of the focal adhesion complex as
well as to the nucleus. The resulting system is sketched in Fig. 1,
which shows the cytoskeleton of an adherent cell as an ensemble
comprising the nucleus and the cytoskeleton compartment, including
a component representative of the actomyosin stress fibers bundle, and
a microtubule. The scheme includes also the focal adhesion complex,
comprising the adhesion plaque and integrin receptors anchored to the
extracellular matrix through the cell membrane.

The present study aims to consider a class of phenomena where
it is possible to grossly recognize a two-elements-system where one
element is prone to buckling, while the other one deforms remain-
ing rectilinear. Examples are the case where the actomyosin system
becomes unstable as a consequence of the buckling of microtubules
induced either by polymerization (Murrell and Gardel, 2012) or by
the pre-contraction of the actomyosin complex (Bicek et al., 2009). A
simplified sketch of these latter circumstances is shown in Fig. 2. In
the sketch, the contractile system in blue mimics either the behavior
of a single actomyosin complex or, symbolically, stands for a whole
bundle of actomyosin filaments. Analogously, the element in green
can be regarded either as a single microtubule or as a network of
microtubules prone to buckling and to sub-cellular polymerization. On
the top of Fig. 2, buckling of the microtubular component is activated
as a consequence of an inelastic pre-contraction of the actomyosins
component, so that the model contracts and pulls the focal adhesions-
ECM complex. In the bottom part, the microtubular component buckles
as a result of its inelastic elongation ascribable to pre-polymerization,
with the consequence that the model expands and exerts a compressive

force on the focal-adhesions-ECM complex.
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Fig. 1. Sketch of an adherent cell comprising the nucleus, the cytoskeletal compartment, made of components representative of the actomyosin stress fibers bundle and a
microtubules element, and the focal adhesion complex.
Fig. 2. Microtubule buckling. Here, the contractile system mimics either the behavior of a single actomyosin complex or symbolically stands for a whole bundle of actomyosin
filaments, as well as the buckling-prone element in green can be regarded either as a single microtubule or as a network of microtubules prone to buckling and to sub-cellular
polymerization.
3. Mechanical model

In light of the class of the biological phenomena that were intro-
duced in Section 2, the cell scheme of Fig. 1 is simulated by resorting
to the self-equilibrium principle of tensegrities (Palumbo et al., 2018)
implemented in the model shown in Fig. 3(a). This is a mechanical
system formed by an element representing the actomyosin complex,
seen as a bundle of stress fibers, that can only elastically elongate or in-
elastically contract without bending, and a buckling-prone microtubule.
The contributions ascribed to the former and the latter elements will be
hereafter indicated with the pedices f and t, respectively.

The stiffnesses of the focal-adhesions–extracellular matrix complex
and the nucleus are simulated by means of the springs 𝑘eff and 𝑘𝑛,
respectively. A rotational spring with stiffness 𝜅 is introduced, and it
is meant to represent the microtubule bending stiffness. We idealize
the pulling force exerted by the actomyosin complex on the focal
adhesions-ECM system as two forces 𝐹𝑎 acting immediately before and
after the mechanical system.

The sequence of the considered configurations is displayed in
Fig. 3(a). It includes the initial and the final states. In particular, 𝐿𝑓
and 𝐿𝑡 are the initial half lengths of the fibers system and microtubule.
Application of the pre-stretches 𝜆∗𝑓 and 𝜆∗𝑡 to the fibers bundle and
microtubule leads to a straight intermediate configuration, starting
from which, upon reaching a critical pre-strain value, the microtubule
may buckle. Finally, the ultimate configuration is characterized by
3

the semi-lengths of the components 𝓁𝑓 and 𝓁𝑡, resulting from further
incremental stretches, hereafter indicated with �̂�𝑓 and �̂�𝑡.

After a premise about the equivalent stiffness of the focal adhesions-
ECM complex in Section 3.1, in Section 3.2, we analytically assess the
equilibrium configurations coexisting with buckled microtubules.

3.1. Stiffness of the focal adhesions-ECM complex

The stiffness of the focal-adhesion-ECM complex and the nucleus
are modeled as linear springs of stiffness 𝑘eff and 𝑘𝑛, respectively. The
expression of the effective stiffness constant 𝑘eff is

𝑘eff =
𝑑𝑖(𝑘𝑝 + 𝑘𝑠)

𝐿𝑐

[𝐿𝑝

𝐿𝑐
+ 2 csch

𝐿𝑝

𝐿𝑐
+
(𝑘𝑝
𝑘𝑠

+
𝑘𝑠
𝑘𝑝

)

coth
𝐿𝑝

𝐿𝑐

]−1
,

𝐿𝑐 = 𝑑𝑖

√

𝑘𝑝𝑘𝑠
𝑘𝑖(𝑘𝑝 + 𝑘𝑠)

(1)

and was derived by Cao et al. (2015). In Eq. (1), the value of 𝑘eff de-
pends both on geometrical features, such as the length of the adhesion
plaque 𝐿𝑝 and the average spacing 𝑑𝑖 between integrins, and on the
mechanical properties of the single constituents, more precisely, the
stiffness 𝑘𝑖 of the integrins and the stiffnesses 𝑘𝑝 = 𝐸𝑝𝐴𝑝∕𝑑𝑖 and 𝑘𝑠 =
𝐸𝑠𝐴𝑠∕𝑑𝑖 characterizing the adhesion plaque and the ECM/substrate,
respectively. Here, 𝐸𝑝 and 𝐸𝑠 indicate the corresponding Young moduli
and 𝐴 and 𝐴 the nominal cross-sectional areas. The associated profile
𝑝 𝑠
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Fig. 3. (a) Mechanical model of the adherent cell in its stress-free reference state and in its current deformed configuration, with possible buckling of the microtubular element,
as a consequence of the actomyosin contraction or microtubules polymerization; (b) Sketch of the structural scheme adopted for the focal adhesions–extracellular matrix complex
having overall equivalent stiffness 𝑘eff .
Fig. 4. The effective stiffness of a focal adhesion 𝑘eff as a function of its size and ECM
stiffness 𝐾𝑠.

of 𝑘eff is shown in Fig. 4 as a function of the focal adhesion plaque

length for different values of ECM stiffness. It can be drawn that the

dependence of 𝑘eff on 𝐿𝑝∕𝑑𝑖 is not monotone as it increases up to a

limit value, there reaches a peak and subsequently decreases.
4

3.2. Contractility and buckling activated via pre-contraction and/or pre-
polymerization

For generality, we allow the microtubule and the fibers bundle to be
pre-stretched with different pre-stretches 𝜆∗𝑡 and 𝜆∗𝑓 , pre-stretching be-
ing possibly induced by growth-induced polymerization/
de-polymerization of the segments, as well as by a contraction of
the fibers bundle. The polymerization or the contraction pre-stretches,
therefore, will induce further incremental stretches �̂�𝑡 and �̂�𝑓 , respec-
tively. Therefore, as for the structural scheme here adopted, the stress
fibers bundle is subjected to the longitudinal stretch 𝜆𝑓

𝜆𝑓 = 𝜆∗𝑓 �̂�𝑓 , (2)

obtained through multiplicative superposition of the inelastic contrac-
tile stretch 𝜆∗𝑓 ∈ ]0, 1] and the elastic incremental contribution �̂�𝑓 ∈
[1,+∞[. Therefore, the current length of the fibers bundle is

2𝓁𝑓 = 2𝐿𝑓𝜆𝑓 = 2𝐿𝑓𝜆
∗
𝑓 �̂�𝑓 , (3)

where 𝐿𝑓 = 𝐿 identifies the rest half-length of the fiber.
By analogy, the microtubule exhibits a longitudinal stretch 𝜆𝑡 ob-

tained via multiplicative superposition of the inelastic stretch 𝜆∗𝑡 ∈
[1,+∞[ due to polymerization, and the elastic contribution �̂�𝑡 ∈ ]0, 1]:

𝜆 = 𝜆∗�̂� . (4)
𝑡 𝑡 𝑡
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As a consequence, the current length of the microtubule can be ex-
pressed as:

2𝓁𝑡 = 2𝐿𝑡𝜆𝑡 = 2𝐿𝑡𝜆
∗
𝑡 �̂�𝑡, (5)

here 𝐿𝑡 = 𝐿 identifies the rest half-length of the microtubule. More-
ver, the actual state of the microtubule is defined by its inclination
ngle 𝜙 ∈ [0, 𝜋∕2[ depending on whether the microtubules are buckled
r not, due to high levels of contraction in the stress fibers or to
xcessive polymerization in the microtubule.

By making reference to a general actual configuration of the overall
ystem with buckled microtubular component similar to that shown in
ig. 3(a), by geometrical compatibility, the fibers semi-lengths obey the
ollowing relation

𝑓 = 𝓁𝑡 cos𝜙, (6)

hich, by virtue of Eqs. (3) and (5), leads to write

̂𝑓 =
𝜆∗𝑡 �̂�𝑡 cos𝜙

𝜆∗𝑓
. (7)

urthermore, compatibility also prescribes that:

= 𝛥eff + 𝛥𝑛 = 2(𝐿 − 𝓁𝑓 ) = 2𝐿(1 − 𝜆∗𝑓 �̂�𝑓 ) = 2𝐿(1 − 𝜆∗𝑡 �̂�𝑡 cos𝜙), (8)

where

𝛥eff = 𝛼𝛥, 𝛥𝑛 = (1 − 𝛼)𝛥, (9)

ith 𝛼 ∈ [0, 1], are the displacements of the focal adhesions-ECM
omplex and the side of the nucleus, respectively.

Both microtubule and fibers obey an incompressible Neo-Hookean
aw. Therefore, the hyper-elastic energies 𝑡 and 𝑓 stored by each of
he half-lengths of the fibers bundle and the microtubule are

𝑡 =
𝐾𝑡𝐿𝑡𝜆∗𝑡

6

[

�̂�2𝑡 +
2
�̂�𝑡

− 3

]

, (10a)

𝑓 =
𝐾𝑓𝐿𝑓𝜆∗𝑓

6

[

�̂�2𝑓 + 2
�̂�𝑓

− 3

]

=
𝐾𝑓𝐿𝑓𝜆∗𝑓

6

[

(𝜆∗𝑡 �̂�𝑡 cos𝜙
𝜆∗𝑓

)2
+

2𝜆∗𝑓
𝜆∗𝑡 �̂�𝑡 cos𝜙

− 3

]

, (10b)

where 𝐾𝑡 = 𝐸𝑡𝐴𝑡 and 𝐾𝑓 = 𝐸𝑓𝐴𝑓 are the related axial stiffnesses,
with 𝐸𝑡 and 𝐸𝑓 representing the Young moduli and 𝐴𝑡 and 𝐴𝑓 the
cross-sectional areas.

To account for large angle variations 𝛥𝜙 of the rotational spring
at the middle of the microtubular component, with 𝛥𝜙 = 2𝜙, a
nonlinear rotational spring is assumed. Its elastic energy is taken in the
form (Palumbo et al., 2022):

𝑠 = −2 𝜅 ln
|

|

|

|

cos
𝛥𝜙
2

|

|

|

|

. (11)

Thus, the moment exerted from the spring is

𝑀𝑠 = 𝜅 tan
𝛥𝜙
2

, (12)

where 𝜅 = 𝜋2𝐵𝑡∕𝐿 is the rotational stiffness constant, 𝐵𝑡 being the
icrotubule bending stiffness. Moreover, the energies eff and 𝑛 of

he focal adhesions-ECM complex and the nucleus, respectively, are
ritten as:

eff =
1
2
𝑘eff 𝛥

2
eff = 2𝑘eff 𝛼2𝐿2(1 − 𝜆∗𝑡 �̂�𝑡 cos𝜙)

2, (13a)

𝑛 =
1
2
𝑘𝑛𝛥

2
𝑛 = 2𝑘𝑛(1 − 𝛼)2𝐿2(1 − 𝜆∗𝑡 �̂�𝑡 cos𝜙)

2. (13b)

By virtue of the aforementioned assumptions, the total potential energy
of the developed mechanical system takes the form:

̂

5

(𝛼, 𝜆𝑡, 𝜙) = 2(𝑡 +𝑓 ) +eff +𝑛 +𝑠. (14)
The equilibrium equations can be then obtained by imposing stationary
conditions for  with respect to the Lagrangian parameters of the
structure.
𝜕
𝜕𝛼

= 𝜕
𝜕𝜙

= 𝜕
𝜕�̂�𝑡

= 0. (15)

After some algebraic manipulations, the stationary conditions (15)
ead to the following system of equations:

𝑘eff − (1 − 𝛼)𝑘𝑛 = 0, (16a)

sin𝜙
{

𝑏
[ (𝜆∗𝑓 )

2

𝜆∗𝑡 �̂�𝑡 cos2 𝜙
−

(𝜆∗𝑡 )
2�̂�2𝑡 cos𝜙
𝜆∗𝑓

]

+ 2𝜅
cos𝜙

+ 4𝐿2𝐴𝑘𝜆
∗
𝑡 �̂�𝑡(1 − 𝜆∗𝑡 �̂�𝑡 cos𝜙)

}

= 0, (16b)
{

𝑎𝜆∗𝑡 +
[

𝑏
𝜆∗𝑓

+ 4𝐿2𝐴𝑘

]

(𝜆∗𝑡 )
2 cos2 𝜙

}

�̂�3𝑡

− 4𝐿2𝐴𝑘𝜆
∗
𝑡 cos𝜙 �̂�2𝑡 − 𝑎𝜆∗𝑡 −

𝑏(𝜆∗𝑓 )
2

𝜆∗𝑡 cos𝜙
= 0, (16c)

where the settings

𝑎 ∶=
2𝐾𝑡𝐿𝑡

3
, 𝑏 ∶=

2𝐾𝑓𝐿𝑓

3
, 𝐴𝑘 ∶= 𝑘eff 𝛼

2 + 𝑘𝑛(1 − 𝛼)2 (17a)

ave been cast. It is straightforward to recognize that Eq. (16a) holds
or non trivial 𝛥 if

=
𝑘𝑛

𝑘eff + 𝑘𝑛
. (18)

Solution of Eq. (16b) is instead given either by the trivial condition
𝜙 = 0, which provides the intermediate straight state of the cell system
in which the microtubule only deforms axially, or by the solution of
the following equation:

𝑏
[ (𝜆∗𝑓 )

2

𝜆∗𝑡 �̂�𝑡 cos2 𝜙
−

(𝜆∗𝑡 )
2�̂�2𝑡 cos𝜙
𝜆∗𝑓

]

+ 2𝜅
cos𝜙

+ 4𝐿2𝐴𝑘𝜆
∗
𝑡 �̂�𝑡(1 − 𝜆∗𝑡 �̂�𝑡 cos𝜙) = 0,

(19)

which identifies the buckled configurations (i.e. 𝜙 ≠ 0) occurring when
the compressive force withstood by the microtubule overcomes a crit-
ical threshold as an effect of the actomyosin contraction or of the mi-
crotubule polymerization. By then replacing cos𝜙 = (𝜆∗𝑓 �̂�𝑓 )∕(𝜆

∗
𝑡 �̂�𝑡), after

some algebraic manipulations, Eqs. (19) and (16c) can be respectively
recast as:

(𝑏 + 4𝐿2𝐴𝑘𝜆
∗
𝑓 )�̂�

3
𝑓 − 4𝐿2𝐴𝑘�̂�

2
𝑓 − 2𝜅

𝜆∗𝑓
�̂�𝑓 − 𝑏 = 0, (20a)

�̂�3𝑡 +
𝜆∗𝑓

𝑎𝜆∗𝑡 �̂�𝑓

{

4𝐿2𝐴𝑘�̂�
2
𝑓 (𝜆

∗
𝑓 �̂�𝑓 − 1) + 𝑏

[

�̂�3𝑓 − 1
]

}

�̂�𝑡 − 1 = 0. (20b)

Then, resolution of the cubic Eq. (20a) with respect to the unknown
�̂�𝑓 , by resorting to Cardano’s formula, provides

�̂�𝑓 = −
𝑎2
3𝑎3

+ 3

√

−
𝑞𝑓
2

+
√

𝐷𝑓 + 3

√

−
𝑞𝑓
2

−
√

𝐷𝑓 , (21)

where

𝐷𝑓 =
𝑞2𝑓
4

+
𝑝3𝑓
27

, 𝑝𝑓 =
𝑎1
𝑎3

−
𝑎22
3𝑎23

, 𝑞𝑓 =
𝑎0
𝑎3

−
𝑎1𝑎2
3𝑎23

+
2𝑎32
27𝑎33

,

𝑎3 = 𝑏 + 4𝐿2𝐴𝑘𝜆
∗
𝑓 , 𝑎2 = −4𝐿2𝐴𝑘, 𝑎1 = −2𝜅

𝜆∗𝑓
, 𝑎0 = −𝑏.

From Eq. (20b), we obtain a cubic equation with respect to the un-
known �̂�𝑡. By exploiting Cardano’s formula once again, the solution
turns out being expressed as

�̂� = 3

√

−
𝑞𝑡 +

√

𝐷 + 3

√

−
𝑞𝑡 −

√

𝐷 , (22)
𝑡 2 𝑡 2 𝑡
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where

𝐷𝑡 =
𝑞2𝑡
4

+
𝑝3𝑡
27

,

𝑝𝑡 =
𝜆∗𝑓

𝑎𝜆∗𝑡 �̂�𝑓

{

4𝐿2𝐴𝑘�̂�
2
𝑓 (𝜆

∗
𝑓 �̂�𝑓 − 1) + 𝑏

[

�̂�3𝑓 − 1
]

}

, 𝑞𝑡 = −1.

aving obtained both �̂�𝑡 and �̂�𝑓 , Eqs. (7) and (8) make it possible to
ompute the angle 𝜙 and the displacement 𝛥 in the post-buckling phase

as

𝜙 = arccos
𝜆∗𝑓 �̂�𝑓

𝜆∗𝑡 �̂�𝑡
, 𝛥 = 2𝐿(1 − �̂�𝑓𝜆

∗
𝑓 ), (23)

the bifurcation condition hence reading as

𝜆∗𝑓 �̂�𝑓 = 𝜆∗𝑡 �̂�𝑡. (24)

From Eq. (24), one can deduce either the critical value of the contractile
stretch 𝜆∗𝑓 as a function of the microtubule polymerization stretch or,
ice versa, the critical polymerization level 𝜆∗𝑡 triggering the buckling
vent once assigned the degree of actomyosin contraction.

Finally, the mechanical force acting on the focal adhesions-ECM
omplex can be readily computed as

𝑎 = 𝑘eff 𝛥eff = 𝑘eff 𝛼2𝐿(1 − �̂�𝑓𝜆
∗
𝑓 ). (25)

The relevant kinematics will be validated in Section 5 for variable
values of the pre-stretches.

4. Mechano-chemical control of the growth rate of focal adhesions

In the present section, we derive the law governing the growth of
the focal adhesion plaque in terms of the mechanical force exerted
by the developed mechanical model. We purposely draw inspiration
from the seminal study about kinetics and energetics of linear poly-
merizing systems by Hill and Kirschner (1982), where the issue of
computing actin filaments assembly and disassembly was treated by
analogy with the problem of a polymer under a moveable force of
either thermodynamical or mechanical origin. In this seminal paper, a
quadratic contribution in terms of the mechanical force appears in the
expression of the growth function as a direct consequence of assuming
linear elasticity. Nevertheless, this quadratic contribution has been
often neglected with the motivation that it was less influential, thus
restricting the growth rate of the focal adhesion plaque to be a purely
linear function of the mechanical force acting on it. In particular, linear
elasticity was assumed, for instance, by Shemesh et al. (2005) and Cao
et al. (2015) as well as in the recent authors’ contribution (Palumbo
et al., 2022). This hypothesis is removed in the present study to take
full account of the fact that nonlinear elasticity of Neo-Hookean type
may be more appropriate to describe the overall behavior of the focal
adhesion plaque, hereafter called, for brevity, plaque.

Let 𝜆𝑝 and 𝐹𝑝 denote the stretch of the plaque and the force exerted
by the system on the plaque, respectively, while 𝐸𝑝 and 𝐴𝑝 are the
Young modulus and cross section of the plaque, respectively.

Following Hill (1981), Hill and Kirschner (1982), we assume a
chemical potential 𝜇𝑝 for the plaque, and consider that, in virtue of the
thermodynamical laws, an infinitesimal variation of the force acting on
the plaque, 𝐹𝑝, induces an infinitesimal variation 𝑑𝜇𝑝 as follows

𝑑𝜇𝑝 = −𝑙𝑚(𝐹𝑝)𝑑𝐹𝑝 = −𝜆𝑝(𝐹𝑝)𝑑𝑖𝑑𝐹𝑝, (26)

where 𝑙𝑚(𝐹 ) = 𝜆𝑝(𝐹𝑝)𝑑𝑖 is the actual length of the single molecular
constituent and 𝑑𝑖 is the molecular length of each monomer. Assuming
a Neo-Hookean behavior, the plaque stretch is

𝜆𝑝 =
𝐹 2
𝑝

𝛽𝑝𝛼𝑝
+

𝐹𝑝

𝛼𝑝
+

𝛽𝑝
𝛼𝑝

, (27)

here 𝛼𝑝 = 𝐸𝑝𝐴𝑝 and 𝛽𝑝 = 2−1∕3
[

𝛼3𝑝 + 2𝐹 3
𝑝 + (𝛼6𝑝 + 4𝛼3𝑝𝐹

3
𝑝 )

1∕2
]1∕3

(Santos
nd Almeida Paulo, 2011; Palumbo et al., 2018). As will be better spec-
fied in Section 6.2, a numerical solution is sought by approximating 𝜆
6

𝑝 d
ith its expansion �̃�𝑝 in Taylor series in terms of 𝐹𝑝 in the neighborhood
f the bifurcation load. Finally, the chemical potential at the reference
osition coordinate 𝑋 is computed by integration of Eq. (26) as:

𝑝(𝑋) = 𝜇0
𝑝 − 𝑑𝑖 ∫

𝐹𝑝(𝑋)

0
�̃�𝑝(𝑓𝑝)𝑑𝑓𝑝, (28)

here 𝜇0
𝑝 is the chemical potential characterizing the plaque subunit

n absence of mechanical forces. The difference between the chemical
otentials 𝜇𝑝(𝑋) and 𝜇𝑓𝑟𝑒𝑒 associated with the bounded and the free
olecules, respectively, is cast as:

𝜇(𝑋) = 𝜇𝑝(𝑋) − 𝜇𝑓𝑟𝑒𝑒 = 𝜇0
𝑝 − 𝑑𝑖 ∫

𝐹𝑝(𝑋)

0
�̃�𝑝(𝑓𝑝)𝑑𝑓𝑝 − 𝜇𝑓𝑟𝑒𝑒

= 𝛥𝜇0 − 𝑑𝑖 ∫

𝐹𝑝(𝑋)

0
�̃�𝑝(𝑓𝑝)𝑑𝑓𝑝, (29)

𝜇0 = 𝜇0
𝑝 − 𝜇𝑓𝑟𝑒𝑒 being the chemical potential variation at vanishing

orce.
In the overall kinematics, 𝛥𝜇 plays, therefore, the role of driving

orce for the transfer of monomers between the plaque and the sur-
oundings, in such a way that non-assembled molecules will tend to join
he plaque if 𝛥𝜇 < 0 and leave the plaque if 𝛥𝜇 > 0. Assuming the local
olecular flux towards the plaque 𝑗(𝑋) = −𝐷𝛥𝜇(𝑋), with D a positive

oefficient governing the assembly kinetics, and considering that the
xchange of molecules essentially takes place at the sole extremities,
he total growth rate of the adhesion plaque can be obtained as:

= 𝑗(0) + 𝑗(𝐿𝑝) = −𝐷[𝛥𝜇(0) + 𝛥𝜇(𝐿𝑝)]. (30)

nce again, it should be recalled that a positive and a negative flux
correspond to the assembly and disassembly of the monomers, re-

pectively. Then, by taking into account that the plaque is free at the
eft end, i.e. 𝐹𝑝(0) = 0, and loaded on the right side by the axial force
oming from the mechanical system, say 𝐹𝑝(𝐿𝑝) = 𝐹𝑎, we obtain that:

= −𝐷
[

2𝛥𝜇0 − 𝑑𝑖 ∫

𝐹𝑎

0
�̃�𝑝(𝑓𝑝)𝑑𝑓𝑝

]

. (31)

. Validation of the kinematics triggered by pre-contraction and
re-polymerization

The results hereafter reported have been obtained by adopting the
arameters in Table 1. The latter parameters correspond to taking
bundle of actomyosin filaments, hence the relatively large cross

ectional area, and a single microtubule.
While the case of sole pre-contraction has been already discussed

y Palumbo et al. (2022), the adoption of a combined state resulting
rom simultaneous pre-polymerization of the buckling-prone compo-
ent and pre-contraction of the actomyosin component is assessed in
ections 5.1 and 5.2 for the first time.

.1. Effects of independently applied pre-contraction and pre-
olymerization

The previously obtained solution leads either to the trivial solution
= 0, corresponding to the straight configuration, or to non-vanishing

alues of 𝜙 expressed by Eq. (23), corresponding to the buckled state of
he microtubule component. Since the possible buckled configurations
f the microtubule component turn out being functions of the pre-
tretches and the stiffness of the focal adhesions-ECM complex, we first
alidate the results against the variations of 𝜆∗𝑡 , 𝜆∗𝑓 , and 𝐿𝑝∕𝑑𝑖.

For the sake of comparison, we also report the effects of the sole ac-
omyosin bundle pre-contraction obtained with 𝜆∗𝑡 = 1 and 𝜆∗𝑓 variable
n the interval [0.2, 1]. In case of sole microtubule pre-polymerization,
∗
𝑓 = 1 and 𝜆∗𝑡 ∈ [1, 5] have been set. Figs. 5(a) and 5(b) show
he buckling angle 𝜙 versus the inelastic pre-contraction 𝜆∗𝑓 and the
re-polymerization stretch 𝜆∗𝑡 , respectively. The curves refer to three
ifferent values of normalized plaque length 𝐿 ∕𝑑 . The trends of the
𝑝 𝑖
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Table 1
Values employed for the geometrical and constitutive parameters of the cell equivalent structural scheme and their realistic ranges.

Parameter Description Value Source Typical Value

𝐿 MT and SF rest length 20 μm Fraldi et al. (2019) 10–50 μm
𝐿𝑝 adhesion plaque rest length variable Cao et al. (2015) up to few μm
ℎ𝑝 plaque height 100 nm Franz and Müller (2005) 50–100 nm
𝑤𝑛 plaque width 1000 nm Franz and Müller (2005) 1000 nm
𝑑𝑖 integrin spacing 100 nm Cavalcanti-Adam et al. (2006) 100 nm
𝐴𝑡 MT rest cross-sectional area 190 nm2 Deguchi et al. (2006) 190 nm2

Kurachi et al. (1995)
𝐴𝑓 SF rest cross-sectional area 104𝜋 nm2 Deguchi et al. (2006) 104𝜋 nm2

𝐸𝑡 MT Young modulus 1.2 GPa Fraldi et al. (2019) 1.2 GPa
𝐸𝑓 SF Young modulus 1.45 MPa Deguchi et al. (2006) 1.45 MPa
𝑘𝑖 integrin stiffness 5 pN/nm Fisher et al. (1999) 5 pN/nm
𝑘𝑝 plaque stiffness 2.5 pN/nm Banerjee and Marchetti (2012) 2.5 pN/nm
𝑘𝑛 nucleus stiffness 20 pN/nm Mathur et al. (2007) 10–50 pN/nm

Caille et al. (2002)
𝑘𝑠 ECM/substrate stiffness 10 pN/nm Gentleman et al. (2003) 10–100 pN/nm

Keene et al. (1987)
Matthews et al. (2002)

energy barrier for protein
𝛥μ0 recruitment without 250 𝑘𝐵𝑇 Nicolas et al. (2004) 10 𝑘𝐵𝑇 –250 𝑘𝐵𝑇

mechanical load
𝐵𝑡 MT bending stiffness 215 nN μm2 Brangwynne et al. (2006) 0.0215–215 nN μm2
d
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critical pre-stretches 𝜆∗𝑓,𝑐𝑟 and 𝜆∗𝑡,𝑐𝑟 at which the switch from straight
o buckled configurations is possible are illustrated in Figs. 6(a) and
(b) in terms of 𝐿𝑝∕𝑑𝑖. The non-trivial solution arises only for values
f the inelastic pre-stretches smaller than a critical threshold 𝜆∗𝑓,𝑐𝑟, in
ase of pre-contraction, and larger than a critical pre-elongation 𝜆∗𝑡,𝑐𝑟,
n case of pre-polymerization. Remarkably, 𝜆∗𝑓,𝑐𝑟 and 𝜆∗𝑡,𝑐𝑟 are nonlinear
unctions of 𝐿𝑝 ranging in the narrow sets [0.81, 0.86] and [1.06, 1.14],
espectively, though their values maintain approximately around 0.84
nd 1.08, respectively, for 𝐿𝑝 greater than 2𝑑𝑖. Figs. 7(a)–7(b) and
(a)–8(b) describe the incremental, elastic stretches of the actomyosin
omponent and the microtubule. These figures are specular and should
e read as parts of the same plot.

Figs. 7(a) and 7(b) illustrate the elastic incremental stretches of
he actomyosin fibers bundle in response to increasing levels of pre-
ontraction, the former, and pre-polymerization, the latter figure, for
ariable 𝐿𝑝∕𝑑𝑖. Analogously, Figs. 8(a) and 8(b) are dual to Figs. 7(a)
nd 7(b), as they show the incremental elastic stretches of the mi-
rotubule in terms of the 𝜆∗𝑓 and 𝜆∗𝑡 , respectively, obtained for the
ame three different values of normalized plaque length 𝐿𝑝∕𝑑𝑖. We can
nfer that the actomyosin component is generally more sensitive to
𝑝, and, thus, to the plaque stiffness, than the microtubule. Moreover,

he incremental elastic stretch of each component is independent of
he entity of the pre-stretch applied to the other component as soon
s buckling is activated, as shown in Figs. 7(a) and 8(a). On the
ther hand, in the buckled configuration, the actomyosin component
eacts to its pre-contraction with incremental elongations, while the
icrotubule responds to its pre-polymerization with an incremental

ontractile stretch.

.2. Effects of combined pre-contraction and polymerization

The present section focuses on the effects of combining actomyosin
ibers pre-contraction with different levels of microtubular pre-
olymerization. Basically, the combination of the pre-stretches is car-
ied out by assuming four different values of the pre-polymerization 𝜆∗𝑡
hen 𝜆∗𝑓 ∈ [0.2, 1], and four different values of the pre-contraction 𝜆∗𝑓
hen 𝜆∗𝑡 ∈ [1, 5].

Figs. 9(a)–9(b) are homologous to Figs. 5(a)–5(b) in terms of pre-
olymerization combined with different pre-contraction levels, and vice
ersa. They show the profiles of the buckling angle 𝜙 in terms of
he inelastic pre-stretches 𝜆∗𝑓 and 𝜆∗𝑡 , respectively, for a fixed value
f the plaque length. The buckling angle 𝜙 increases for underlying
re-polymerization, while the microtubular component buckling due
o pre-polymerization remains quite insensitive to an underlying pre-
7

ontraction. Moreover, from Fig. 9(b), we infer that the system starts b
irectly from a deviated configuration, as a consequence of the large
nderlying pre-contraction levels.

The incremental stretches of the actomyosin fiber and microtubule
re shown in Figs. 10(a), 10(b) and 11(a), 11(b) for a fixed value
f 𝐿𝑝∕𝑑𝑖. Actually, the obtained results confirm the trends seen for
he single pre-stretches cases. More precisely, during buckling, the
ncremental elongation of the actomyosin component increases for
ncreasing levels of inelastic pre-contraction, while being insensitive
o pre-polymerization. Analogously, during the buckling stage, the
ncremental stretch of the microtubule component depends on its pre-
olymerization level and is almost independent of the pre-contraction
evels.

Furthermore, the switch of �̂�𝑓 from linear, for the straight configu-
ation, to nonlinear, in the post-buckling configuration, is anticipated,
nd more markedly for increasing microtubule pre-polymerization lev-
ls. On the other hand, from Fig. 11(a), it can be inferred that the
icrotubule elastically contracts until buckling takes place. Particu-

arly, the incremental stretch �̂�𝑡 decreases until buckling occurs and,
ubsequently, keeps being constant for increasing pre-contraction lev-
ls. Noteworthy, such a constant level depends also on the microtubule
re-polymerization level, which also concurs to anticipate the switch
o the buckled configuration.

. Actomyosin contraction and microtubule polymerization as ac-
ive tuners of assembly and disassembly of the focal adhesion
laque

In the present section, we give an account of the processes of
ssembly and disassembly obtained with the present model. According
o Eq. (31), tensile forces will expectedly promote plaque assembly,
hereas compressive forces will favor its disassembly (Tanaka and
irschner, 1995; Hill, 1981; Heidemann and Buxbaum, 1994; Putnam
t al., 2001; Geiger and Bershadsky, 2001). In the present model, the
orce 𝐹𝑝 acting on the plaque corresponds to the force developed by
he mechanical model in response to the inelastic pre-stretches 𝜆∗𝑓 and
∗
𝑡 . Moreover, we also consider finite elasticity of the plaque by using a
ubic expansion of the flux law. We have verified that, indeed, for the
alues of the forces into play, around 100 pN, and for realistic values
f 𝑘𝑝, the Taylor expansion of the growth law is convergent already
ith the first three terms of the polynomial expansion. The figures

eported in the present section aim to highlight the effects of increasing
evels of actomyosin contraction and microtubule’s polymerization on
he plaque growth rate. The obtained results confirm and complete
hose previously obtained by the authors (Palumbo et al., 2022). In the
ext figures, unless specified differently, the substrate stiffness 𝜅𝑠 has

een set equal to 10 pN/nm.
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Fig. 5. Buckling angle 𝜙 versus the inelastic pre-contraction 𝜆∗𝑓 (a) and the pre-polymerization stretch 𝜆∗𝑡 (b), for different values of normalized plaque length 𝐿𝑝∕𝑑𝑖.

Fig. 6. Profiles of 𝜆∗𝑓,𝑐𝑟 (a) and 𝜆∗𝑡,𝑐𝑟 (b) as a function of the normalized plaque length 𝐿𝑝∕𝑑𝑖.

Fig. 7. Incremental elastic stretches of the actomyosin fibers bundle versus the inelastic pre-contraction stretch 𝜆∗𝑓 (a) and the pre-polymerization stretch 𝜆∗𝑡 (b). The curves refer
to three different values of normalized plaque length 𝐿𝑝∕𝑑𝑖.
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Fig. 8. Incremental elastic stretches of the microtubule versus the inelastic pre-contraction 𝜆∗𝑓 (a) and the pre-polymerization stretch 𝜆∗𝑡 (b). The curves refer to three different
values of normalized plaque length 𝐿𝑝∕𝑑𝑖.

Fig. 9. Combined pre-stretches: Buckling angle 𝜙 plotted as a function of the pre-contraction 𝜆∗𝑓 for variable 𝜆∗𝑡 (a), and of the pre-polymerization 𝜆∗𝑡 for variable 𝜆∗𝑓 (b), setting
𝐿𝑝 = 20𝑑𝑖.

Fig. 10. Combined pre-stretches: Incremental stretches of the actomyosin bundle �̂�𝑓 plotted as a function of the pre-contraction 𝜆∗𝑓 for variable 𝜆∗𝑡 (a) and as a function of the
pre-polymerization 𝜆∗𝑡 for variable 𝜆∗𝑓 (b), setting 𝐿𝑝 = 20𝑑𝑖.
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Fig. 11. Combined pre-stretches: Incremental stretches of the microtubule �̂�𝑡 plotted as a function of the pre-contraction 𝜆∗𝑓 for variable 𝜆∗𝑡 (a) and as a function of the
pre-polymerization 𝜆∗𝑡 for variable 𝜆∗𝑓 (b), setting 𝐿𝑝 = 20𝑑𝑖.
6.1. Combined effect of pre-contraction and polymerization on focal adhe-
sion assembly

Worthy to be investigated, mechanosensitivity of the induced flux
to pre-polymerization levels is such that their increase expectedly
enhances the value of the mechanical force pushing the focal adhesions-
ECM complex and, therefore, promotes the disaggregation flux of
the binding proteins. We purposely investigate how actomyosin pre-
contraction combined with microtubule polymerization levels influ-
ences the focal adhesion growth rate. We recall that the arising mechan-
ical force regulates the processes of polymerization and depolymeriza-
tion of the focal adhesion plaque by enhancing the negative part of flux
𝐽 : the higher the compressive force pushing the plaque, the higher the
plaque disaggregation.

In particular, Fig. 12(a) shows the force acting on the focal
adhesions-ECM complex as a function actomyosin pre-stretches 𝜆∗𝑓 ∈
[0.75, 1] for a fixed magnitude of the adhesion plaque 𝐿𝑝 = 1.4𝑑𝑖, and
with four different values of the pre-stretch applied to the microtubules
component 𝜆∗𝑡 .

It can be observed that increasing pre-contractility enhances the
value of the mechanical force, all the more so in the post-buckling
regime.

Fig. 12(b) shows the force pushing on the focal adhesions-ECM
complex in terms of the microtubule pre-stretches, assuming 𝜆∗𝑡 ∈
[1, 1.3] for 𝐿𝑝 = 1.4𝑑𝑖. Once buckling has taken place, the mechanical
force remains constant, because the microtubule component cannot
bear further load increases. We recall that, if the sole microtubule
pre-polymerization takes place, the mechanical forces pushes on the
focal adhesions-ECM complex, thus hindering plaque assembly. More-
over, it has been previously ascertained that the pre-contraction level
must overcome a critical threshold to promote monomers aggregation,
plaque disassembly associated with negative flux, in fact, taking place
otherwise.

The mechanical force exerted on the focal adhesions-ECM com-
plex turns out to depend on the focal adhesion length, as shown
in Fig. 13(a). Furthermore, it emerges that an increase of the pre-
contractility level leads to a significant increase of the value of the
mechanical force pulling the focal adhesions-ECM complex, thus en-
hancing the flux of proteins binding to the plaque.

Fig. 13(b) describes the circumstance where pre-polymerization
prevails over pre-contraction. In both Figs. 13(a) and 13(b), the profiles
in blue and black correspond to buckled and straight configurations,
respectively.

From the previous figures, it can be observed that an increasing
10

contractility extent significantly concurs to increase the value of the
mechanical force 𝐹𝑝, this effect being further amplified after the mi-
crotubule buckling occurs. Moreover, it can be inferred that positive
pulling tensile forces 𝐹𝑝 > 0 promote an increase of the flux 𝐽 , whereas
compressive forces, 𝐹𝑝 < 0, tend to inhibit the assembly process and
may lead to negative fluxes, 𝐽 > 0, as shown in Figs. 14(a) and 14(b).
The latter figures suggest that, indeed, three regimes of the plaque
dynamics emerge (Cao et al., 2015): a nascent plaque must overcome
a critical size to initiate elongation depending on the threshold 𝛥𝜇0. If
the length of the newly nucleated focal adhesion complex is lower than
this critical size, the plaque will disassemble and, eventually, disappear.
Beyond this critical value, a small plaque will increase its length in an
effort to achieve a stable length. On the other hand, larger plaques will
disassembly until they reach a stable size. This kind of behavior has
been experimentally detected (Cukierman et al., 2002). Noteworthy,
for increasing pre-contraction levels, the mechanical force acting on
the plaque increases in such a way that the plaque continues to grow
up without reaching a stable length in an unlimited assembly process.
Contractility levels higher than a critical threshold are necessary to
promote monomers aggregation and hamper plaque disassembly.

However, considering that, in general, the overall cell pre-strain
results from different mechanisms that can be in competition with
each other, the effective mechanosensitivity of the plaque will be
expectedly influenced by the simultaneous presence of pre-existing
deformative events at the sub-cellular level, such as pre-polymerization
and pre-contraction.

Fig. 15(a) and Fig. 15(b) display the plaque force and the growth
flux, respectively, plotted as a function of the adhesion plaque length 𝐿𝑝
normalized with respect to the integrin spacing 𝑑𝑖 for a series of values
of pre-contraction combined either with no pre-polymerization (𝜆∗𝑡 = 1)
or with a 2‰ pre-polymerization. In fact, it has been verified that
a 1‰ pre-polymerization stretch is sufficient to change the assembly
process into a disassembly one, for small values of the pre-contraction.
Thus, in general, it emerges that the assembly attempt of the focal
adhesion plaque in response to the mechanical force induced from the
cell, even on stiff substrates, might be frustrated from the competition
between assembly and disassembly driving forces, while the same levels
of pre-contraction could, in certain cases, promote and, in others,
hamper the plaque growth.

6.2. Remarks on the growth function

This section investigates the effects inherent in the mathemati-
cal structure of the growth law. In the state-of-the-art literature, the
growth function is usually expressed as a linear function of the me-
chanical force starting from the pioneering paper by Hill (1981) un-
der the hypothesis of small displacements, with only few exceptions
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Fig. 12. Combined pre-stretches: Force 𝐹𝑝 plotted as a function of the actomyosin bundle pre-contraction 𝜆∗𝑓 for four different values of the pre-polymerization stretches 𝜆∗𝑡 (a);
Force 𝐹𝑝 plotted as a function of the microtubule pre-polymerization 𝜆∗𝑡 for four different values of the pre-contraction stretches 𝜆∗𝑓 (b). Here, the magnitude of the adhesion plaque
is 𝐿𝑝 = 1.4𝑑𝑖.

Fig. 13. Force 𝐹𝑝 plotted as a function of 𝐿𝑝∕𝑑𝑖 for the cases of pre-contraction with underlying pre-polymerization 𝜆∗𝑡 = 1.0222 (a) and pre-polymerization with underlying
pre-contraction 𝜆∗𝑓 = 0.91 (b), respectively. The curves refer to three different values of inelastic pre-stretches 𝜆∗𝑓 and 𝜆∗𝑡 , respectively. The profiles in blue correspond to buckled
configurations, while those in black to straight configurations.

Fig. 14. Comparison between the growth law of the adhesion plaque obtained by assuming three different values of inelastic pre-contraction 𝜆∗𝑓 (a) and pre-polymerization 𝜆∗𝑡 (b).
The curves have been obtained with the same values used in Figs. 13(a) and 13(b). The profiles in blue correspond to buckled configurations, while those in black to the straight
configuration.
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Fig. 15. Combined pre-stretches: Force 𝐹𝑝 (a) and aggregation or disaggregation flux (b) plotted as a function of the focal adhesion plaque length 𝐿𝑝 normalized with respect to
the integrin spacing 𝑑𝑖.

Fig. 16. Comparison between the growth law of the adhesion plaque obtained by assuming linear, quadratic and cubic form of the flux assuming two values of the plaque stiffness
𝑘𝑝 and for a fixed pre-polymerization 𝜆∗𝑡 = 1.025 and 𝜆∗𝑓 = 0.91.

Fig. 17. Comparison between the growth law of the adhesion plaque obtained by assuming Hill and Kirschner (1982) linear law by neglecting the quadratic term (profiles in
black), and the non-linear elasticity law in Eq. (31) (profiles in red), for different values of pre-contraction (a) and microtubule polymerization (b). The curves refer to three
different values of inelastic pre-stretches 𝜆∗𝑓 and 𝜆∗𝑡 , respectively.
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Fig. 18. Influence of the substrate stiffness on the growth flux for 𝜆∗𝑡 = 1 and 𝜆∗𝑓 = 0.996.
(Palumbo et al., 2022). However, a quantitative inconsistency appears
when the quadratic term arising in the expression of the growth func-
tion 𝐽 is neglected. This inconsistency occurs as soon as the mechanical
force acting on the plaque is compressive, especially for values of the
plaque stiffness below 𝜅𝑝 = 1 pN/nm, at least, for the geometrical
and constitutive parameters’ values considered in the present work. In
fact, once fixed the other geometrical and constitutive parameters, the
quadratic term can take values that become non-negligible depending
on the values of 𝜅𝑝, so that, in general, it seems not possible to conclude
hat the quadratic term can be neglected a priori as it is not influential.

Furthermore, the quadratic term does not distinguish the sign of the
force.

In this regard, Fig. 16 shows the growth laws obtained by means of
linear, quadratic and cubic expressions of the growth function plotted
for a 5% pre-polymerization of the microtubule component. To better
clarify this aspect, Figs. 17(a) and 17(b) compare the growth laws of the
focal adhesion plaque obtained by assuming both the law established
in the hypothesis of small displacements (Hill and Kirschner, 1982),
where, however, the quadratic term is neglected (Hill and Kirschner,
1982; Shemesh et al., 2005), profiles in black, and the cubic approxi-
mation of the growth law given in Eq. (31), profiles in red, for different
values of pre-contraction (a) and microtubule pre-polymerization (b).
The curves refer to three different values of inelastic pre-stretches 𝜆∗𝑓
and 𝜆∗𝑡 , respectively.

6.3. Dependence of the growth flux on the substrate stiffness

Generally, larger contractile forces are thought to develop when
cells sense stiffer environments.

Fig. 18 shows that softer substrates elicit smaller stable lengths of
the plaque, suggesting that the attachment of the cell is stronger and
rooted over a longer plaque on stiffer substrates than on soft substrates.
The obtained outcomes confirm the durotaxis phenomenon.

7. Discussion of the results

From the findings of the present research, it can be inferred that,
almost independently of the plaque length, for the considered values
of the involved geometrical and constitutive parameters of the cel-
lular system, independently applied pre-stretches of pre-contraction
and polymerization approximately beyond 19% and 10%, respectively,
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promote buckling. As soon as these pre-stretches are combined, the
values of the pre-stretches that activate buckling significantly decrease,
as the system buckles already with pre-stretches of the order of the 1%.
On the other hand, the combination of simultaneous pre-contraction
and pre-polymerization may lead to a situation where, even in the
presence of significant pre-contractions, the plaque turns out being
compressed by the cell, so that the assembly of the focal adhesion
plaques is inhibited. For increasing pre-contraction levels, the force
changes sign and focal adhesion assembly takes place. However, the
critical pre-contraction at which the force inverts its sign increases for
increasing pre-polymerization levels. Noteworthy, for increasing pre-
contraction levels, 𝜆∗𝑓 below 0.88, the mechanical force acting on the
plaque increases in such a way that the plaque continues to grow up
without reaching a stable length in an unlimited assembly process. It is,
in fact, the simultaneous presence of pre-polymerization that allows to
obtain a stable length of the plaque, beyond which the assembly pro-
cess stops. Assuming nonlinear elasticity of the focal adhesion plaque,
increasing pre-contraction and pre-polymerization levels enhances the
plaque growth flux to a greater extent than that reachable assuming
linear elasticity.

7.1. Model limitations, applicability, and future perspectives

Cell locomotion is a process orchestrated by entangled chemical,
mechanical and biological mechanisms, an example of which being the
actin and microtubules treadmilling. It basically comes by protrusion
and construction of new adhesion complexes at the leading edge, and
deadhesion and contraction at the rear (Recho et al., 2013). However,
in the present model, only autotaxis induced by sub-cellular contraction
and polymerization is captured, whereas protrusion at the leading edge
cannot be reproduced. The model, indeed, cannot confer directionality
to the cell and does not allow to distinguish between trailing and
leading edges.

Nevertheless, though simplified, the adopted one-dimensional
framework is susceptible of being extended to supplementary aspects.
Relevant examples are the influence of broken geometrical symmetry
on cell stability, the connection between the forces exerted by the focal
adhesion complexes and durotaxis, and the assumption of biochem-
ically motivated nonlinear force–displacement response of the focal
adhesion plaque (Deshpande et al., 2008), also accounting for frictional

effects and remodeling (Di Stefano et al., 2022).
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8. Conclusions

We have generalized the nonlinear tensegrity system previously de-
vised by the authors (Palumbo et al., 2022) for the analytical investiga-
tion of the kinematics of a simplified system formed by a cytoskeleton,
reduced to a nucleus and an actomyosin filaments bundle in parallel
with a microtubular element, interacting with the surroundings and
with the focal adhesion complexes. In the present model, buckling is
triggered by pre-stretches simulating actomyosin fibers bundle con-
traction and microtubules polymerization, while nonlinear elasticity is
considered also for the focal adhesion plaque. On the one hand, the
obtained analytical expressions for the relevant kinematic fields and
focal-adhesion plaque growth can be used as a tool complementary
to experiments and can help devising proper experimental tests. On
the other hand, the main original findings of the present research
derive from having quantified and modeled the impact on the plaque
growth of microtubules polymerization combined with actomyosin pre-
contraction, suggesting that the effective mechanosensitivity of the
plaque might be influenced by the simultaneous existence of sub-
cellular polymerization and contraction. The main consequence is that
the assembly response of the focal adhesion plaque to the mechan-
ical force induced from the cell, even on stiff substrates, might be
frustrated from the competition between assembly- and disassembly-
driving forces, so that the same levels of pre-contraction could, in
general, be associated either with assembly or disassembly of the
plaque.

Noteworthy, the usefulness of the proposed tensegrity model has
been proved when the contractile component corresponds to a bundle
of actomyosin fibers, while the buckling-prone component is associated
with a microtubule. However, upon properly setting the material pa-
rameters, it is possible to adapt the model in such a way that it captures
the behavior of a single actomyosin fiber in parallel with a microtubule,
or, in general, the model could be used to simulate any contractile
behavior triggered by inherent buckling events.
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