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1 | INTRODUCTION
1.1 | Goal of the paper

In this paper, we pursue our investigation on geometric estimates for the following sharp
fractional Poincaré constant

[u]W.S Z(RZ)

/ls Q) := in
1(Q) ueCP(Q\{0} ||u|?

1.1)

LX)

on planar open sets Q C R?. Here the parameter 0 < s < 1 represents a fractional order of
differentiation and the quantity [ - Jyys2(g2) is given by

1
2 3
[ulwsa(rey = (// [ul) = u)I? dx dy> , for everyu € Cg°([R{2).
R2XR2

|x y|2+25

All functions in C(°(Q) are considered as elements of C(‘)"’(IRZ), by extending them to be zero out-
side Q. The infimum in (1.1) can be equivalently performed on the space 1/7(5)’2((2). The latter is
defined as the closure of C;°(Q) in the fractional Sobolev-Slobodeckil space

WSH(R2) = {u € LX(RY) © [ulysaz) < +00 }

endowed with its natural norm. Whenever the infimum (1.1) becomes a minimum on this
575,2 . . . . .
larger space W “(Q), the quantity A7(Q) will be called first eigenvalue of the fractional
Dirichlet-Laplacian of order s on Q.
The constant 47(2) can be seen as a fractional counterpart of

Va2,

f - 5
ecwm)\{o} ||u||22 @)

2,(Q) =
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LOWER BOUND WITH TOPOLOGICAL CONSTRAINTS | 3 0f45

which coincides with the bottom of the spectrum of the more familiar Dirichlet-Laplacian on Q.
The link between 4] and 4, can be made more precise by recalling that
hm(l — ) [ul?

=C ||Vul? for every u € C°(Q),

WS, Z(RZ) LZ(Q)’
for some universal constant C > 0, see [8] or [14, chapter 3].

The present paper is a continuation of our previous work [6], to which we refer for more back-
ground material. In particular, we still focus on getting lower bounds on 4](Q), in terms of the
inradius of Q, which is defined by

ro :=sup{r>0 : EIxOEquchthatBr(xO)QQ},

where B, (x,) is the open disk of center x, and radius r.
In [6, Theorem 1.1], extending a classical result of Makai [21] and Hayman [18] valid for 4, (see
also [2, 3] and [4]), we showed that we have

1 2s
Q

for every simply connected open set Q C R? with finite inradius and for every 1/2 < s < 1. Here
the constant C; depends on s only and it has the following asymptotic behaviors'

C,~(2s—-1) fors\% and CS~11 fors / 1.
-5

Moreover, we showed by means of a counterexample, that for 0 < s < 1/2 such a lower bound is
not possible (see [6, Theorem 1.3]).

In the present paper, we considerably extend this result, by considering open connected planar
sets having nontrivial topology. More precisely, we will work with the following class of sets:

Definition. Let us indicate by (R?)* the one-point compactification of R?, that is, the compact
space obtained by adding to R? the point at infinity. We say that an open connected set Q C R?
is multiply connected of order k if its complement in (R?)* has k connected components. When
k =1, we will simply say that Q is simply connected.

We thus seek for an estimate of the type

1 2s
(Q) > Cyi <—> ,
fo

for open multiply connected sets of order k in the plane. In light of the simply connected case
recalled above, we can directly restrict our analysis to the case 1/2 < s < 1 only.

T Here, the writing “f ~ g for x — x,” has to be intended in the following sense

JGx) f&x)

0< hm 1nf ——= < limsup —= < +o0.
g(x) x—x,  9(x)
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4 of 45 | BIANCHI and BRASCO

1.2 | The Croke-Osserman-Taylor inequality

For the classical case of 1,, the first lower bound of this type is due to Osserman. Notably, [23,
Theorem, p. 546] shows that

2
. 1 1 1
4L(Q) = mln{z, P} <a> )

for every Q C R? open multiply connected set of order k. The proof by Osserman is based on a
refinement of the so-called Cheeger’s inequality, in conjunction with Bonnesen-type inequalities.

It turns out that the estimate by Osserman does not display the sharp dependence on the topol-
ogy of the sets, that is, the term 1/k? is suboptimal, as k diverges to co. Indeed, the result by
Osserman has been improved by Taylor in [30, Theorem 2], showing that

2
ﬂﬂnz%<i>,

ro

for some constant C > 0 that is not made explicit in [30]. The dependence on k is now optimal, for
k going to 0. The proof by Taylor is quite sophisticated and completely different from Osserman’s
one: it is based on estimating the first eigenvalue of the Laplacian with mixed boundary condi-
tions (i.e., Dirichlet and Neumann) of a set, in terms of the capacity of the “Dirichlet region”. Such
an estimate is achieved by means of heat kernel estimates. This method is connected with Tay-
lor’s work [31] on the scattering length of a positive potential, which acts as a perturbation of the
Laplacian (see also [28] for a generalization to the case of the fractional Laplacian). We will come
back in a moment on Taylor’s proof, as our main result will be based on the same arguments.

An improvement of Taylor’s estimate has been given by Croke, who gives the explicit lower
bound

2

1 1
Q/__ 3
Ax>>2k<m>

for k > 2 (see [12, Theorem]). The proof by Croke is more elementary and based on refining
Osserman’s argument.

Finally, for completeness we mention [17, Theorem 3] by Graversen and Rao, which proves the
following lower bound

1/4, ifk=1,
C
4(Q) = —2k where Cy = A
d —, ifk>2,
o klogk®

for some A > 0 (see [17, Theorem 3]). Their result is slightly worse when compared with the ones
by Croke and Taylor. We notice that the proof in [17] uses techniques from the theory of Brownian
motion, which are quite close to the ideas by Taylor.
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LOWER BOUND WITH TOPOLOGICAL CONSTRAINTS 50f 45

1.3 | Main results

Our goal is to generalize the Croke—-Osserman-Taylor result to the setting of fractional Sobolev
spaces. We also want to discuss the optimality of the estimate we obtain, with respect to the
parameters k and s.

Theorem 1.1 (Main Theorem). Let 1/2 < s < 1, there exists a constant §; > 0 such that for every
Q C R? open multiply connected set of order k € N \ {0}, we have

19 1 2s
=== . 1.2
B@> 2 <rﬂ> 1.2)
Moreover, the constant 9, has the following asymptotic behaviors
193~(2s—1)fors\% and 9S~11Sfors/‘1.

The next result shows that the estimate (1.2) is sharp, apart from the evaluation of the absolute
constant'.

Theorem 1.2 (Optimality). The following facts hold.

(1) Forevery Q C R? open set, we have

lim sup(1 — 5) A5(Q) < = 4,(2).
s/'1 2

Thus, the estimate (1.2) is sharp in its dependence on s /' 1. In particular, by taking the limit as
s goes to 1in (1.2), we get the classical Croke-Osserman-Taylor inequality, possibly with a worse
constant.

(2) Let1/2 <'s <1, there exists a sequence {Q}ien o S R? of open sets such that Q;, is multiply
connected of order k

ro, <C and lim sup k* 27() < +o0.
k— o0
Thus, the estimate (1.2) is sharp in its dependence on k — oo.
(3) Forevery k € N\ {0}, there exists ®,, C R? an open multiply connected set of order k, such that

A
re, <+o and lim sup

1
S\E

i)
< 4+
1

Thus, the estimate (1.2) is sharp in its dependence on s \, 1/2.

1.4 | Comments on the proofs

As anticipated above, the statement of Theorem 1.1 contains our previous result [6, Theorem 1.1]
as a particular case. Indeed, the latter was concerned with simply connected sets, that is, with

T This is a quotation from Taylor’s paper, see [30, p. 452].

A 'T 'v202 ‘0SLL69VT

)"00SYIRLPUO /SNy WO |

851801 SUOLILLOD 3AIIERID) 3|eal|dde 3y} Aq peuob afe Sao1e O ‘SN JO S3jnu 10} A#Riq1T8UIIUO A8|IA UO (SUORIPUD-PUE-SWWLB}/WI0D" A3 | IMAfelq|BUIjuO//SAIY) SUONIPUOD PUe SWd | 8y} 89S *[5202/20/50] Uo AiqiTauliuo A|1m ‘B1feleURILe0D Aq $T8ZT'SWII/ZTTT 0T/I0p/woo A8 |im Ariq)



6 of 45 | BIANCHI and BRASCO

the case k = 1. However, the proof given here is completely different: the elegant and elementary
argument used in [6], taken from [18], crucially exploited the simple connectedness and would not
work here. Actually, a much more sophisticated argument is needed now. We also point out that
it seems extremely complicated to adapt the proof by Osserman (and Croke), because a genuine
Cheeger’s inequality is still missing in the fractional case.

The general strategy for proving Theorem 1.1 will be the same as in [30]. However, even if we
closely follow Taylor’s ideas, some important modifications are needed and new technical diffi-
culties arise. In addition, we tried to simplify and/or expand some of the arguments contained in
[30]. We now expose the overall strategy of the proof and highlight the main changes needed to
cope with the fractional case.

(1) At first, we tile the whole plane R? by a family of squares {Qi i} jez2- By observing that for
every u € C;°(Q), we have

2
o // UG —uP |
[]WS’Z(IRZ) o x0;; |x— y|2+2s Y

(i.pez?

we can reduce the problem to proving a “regional” fractional Poincaré inequality on squares
such that Q; ; N Q # . Of course, the main difficulty lies in getting such an inequality with
an explicit constant, which only depends on the geometry (i.e., on r) and topology (i.e., on
k) of the open set Q.

(2) This type of Poincaré inequality is possible only if u € C;°(Q) vanishes on “sufficiently large
portions” of Qi i for every square Q;; 1ntersect1ng Q. Here “largeness” has to be intended in
the sense of fractional Sobolev capaczty Thus, the first important step of this strategy is to prove
a Maz’ya-type Poincaré inequality on a square, for functions vanishing on a compact subset =
of positive fractional capacity (see Proposition 4.3). The constant in such an inequality can be
estimated from below in terms of the capacity of the “Dirichlet region” X.

(3) The second step consists in converting the previous analytic estimate into a geometric one. In
other words, we have to bound from below the fractional capacity of the “Dirichlet region”
in terms of some of its geometric features. This can be done by using orthogonal projections,
which enable a dimensional reduction argument. In the two-dimensional setting, this permits
to estimate the fractional capacity of X in terms of the length of its orthogonal projection
on a line. Such an estimate is possible as soon as points have positive fractional capacity in
dimension 1. This happens precisely if and only if s > 1/2.

(4) The previous two points clarify that, in order to conclude the proof, we need to know that in
each square Q, ; intersecting Q, there is a “Dirichlet region” Z; ; having at least an orthogonal
projection “large enough,” that is, with a length bounded from below in terms of r and k, in
a uniform way.

Here we crucially rely on a topological argument by Taylor, that we have called “Taylor’s
fatness lemma” (see Lemma 2.1). In a nutshell, it asserts that any multiply connected planar
set Q with finite inradius has a “locally uniformly fat” complement. This means that, if we
choose the size of Q; ; sufficiently large (in terms of r, and k), then this square must contain
a portion of R? \ Q that has an orthogonal projection with

length ~ \/% ro

in a universal fashion, that is, no matter the location of the square.

A 'T 'v202 ‘0SLL69VT
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LOWER BOUND WITH TOPOLOGICAL CONSTRAINTS | 7 of 45

Differently from Taylor’s paper, we work here with a variational definition of (fractional) capacity
(see, for example, [1, 25, 26, 32]), which appears more natural and well-adapted to the problem.
This permits to prove the Poincaré inequality at point (2) above in an elementary way, by avoiding
both the heat kernel estimate and the reference to an eigenvalue with mixed boundary conditions
used in [30]. Both points would have been problematic (or at least complicated) in the fractional
setting. Also, we point out that our proof of the Maz’ya-type Poincaré inequality is genuinely
nonlinear in nature.

As for point (3): with respect to [30], we expand the explanations and try to make the geometric
estimates as much quantitative as possible. There is in addition a technical difficulty linked to the
fractional case: in the classical case treated by Taylor, one essential ingredient of the dimensional
reduction argument is the following simple algebraic fact

10,ul® < |Vul?, for every w € SV 1.

In the fractional case, there is no direct analogue of this simple formula. Nevertheless, it is possible
to give a sort of fractional counterpart of this property (see Proposition 3.3), but the proof is by
far less straightforward: in order to prove it, we find it useful to resort to some real interpolation
techniques (see also [9, appendix B]). These permit to “localize the nonlocality,” in a sense. We
think this part to be interesting in itself.

The “fatness lemma” of point (4) would be just a topological fact and could be directly recycled
in the fractional case. However, in [30] this is not explicitly stated in the form that can be found
below. Here as well, we tried to add some details and precisions. We believe that the final outcome
should be useful to have a better understanding of Taylor’s proof.

Finally, in all the estimates presented above, a great effort is needed in order to obtain the correct
asymptotic behavior of s = 9, claimed in Theorem 1.1. In particular, getting the sharp asymptotic
behavior for s \, 1/2 requires a very careful analysis. Accordingly, proving that the set ®, in The-
orem 1.2 provides the sharp decay rate at 0 needs quite refined (though elementary) estimates. We
point out that this part is new already for the simply connected case, previously considered in [6].

1.5 | Plan of the paper

All the needed notations are settled in Section 2. Here, we also state and prove Taylor’s fatness
lemma. Section 3 contains some technical facts on fractional Sobolev spaces that are useful for
our main result, though hard to trace back in the literature. The uninterested reader may skip this
parton a first reading. We then introduce the relevant notion of fractional capacity in Section 4 and
prove the main building blocks for obtaining the fractional Croke-Osserman-Taylor inequality.
Sections 5 and 6 contain the proofs of Theorems 1.1 and 1.2, respectively. Finally, the paper is
concluded by two appendices (Appendices A and B).

2 | PRELIMINARIES
2.1 | Notation

For every a € R, we denote its integer part by

[aJ:max{neZ : oc>n}.

A 'T 'v202 ‘0SLL69VT
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8 of 45 | BIANCHI and BRASCO

We recall that

a-1<|a] <a, for every a € R. (2.1
For r > 0 and x, € RN, we will indicate

B,(xy) = {x eRYN 1 |x—x| < r},

and
N
Q,(xy) = H(xg —r,x,+7), where xo = (x}, ..., x)).
i=1

When the center x, coincides with the origin, we will simply write B, and Q,, respectively. We
will indicate by w); the N-dimensional Lebesgue measure of B;.
For completeness, we also recall the following classical definition from point-set topology.

Definition. Let K C RN, we say that K is a continuum if it is a nonempty compact and
connected set.

For every w € SV~!, we will indicate by
()t = {x eRrY : (x,w) = o},
the orthogonal space to w. We will also set

I RN - (w)t

x P x—(x,0)o,

w

(2.2)

that is, this is the orthogonal projection on (w)*. In particular, for N = 2, if we indicate by e, =
(1,0) and e, = (0, 1) the normal vectors of the canonical basis, we get that

e, (x1,%5) = (0,x,), e, (%1, %5) = (x1,0), for every (x;,x,) € R%.

For m € N\ {0}, we will indicate by H" the m-dimensional Hausdorff measure.
Finally, for u € L] (R")and a bounded measurable set E C R" with positive measure, we set

av(u; E) ::fudx:L /udx,
JE |E| JE

the integral average of u over E.

2.2 | Fatness of the complement of a multiply connected set

As explained in the introduction, the following geometric fact will be a crucial ingredient of our
main result.

A 'T 'v202 ‘0SLL69VT
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LOWER BOUND WITH TOPOLOGICAL CONSTRAINTS 9 of 45

FIGURE 1 The construction of disks and squares in the proof of Lemma 2.1, for the cases k = 1,k = 2 or
k = 3 (i.e., § = 2). Each disk contains at least a point belonging to R? \ Q. The reliable squares are those for which
such a point can be “connected” to the boundary of the “cell” containing it, with a continuum lying outside of Q.

Lemma 2.1 (Taylor’s fatness lemma). Let k € N \ {0} and let Q C R? be an open multiply connected

set of order k, with finite inradius. Let Q be an open square with side length 10 ( [\/EJ + 1) ro, whose
sides are parallel to the coordinate axes. Then there exists a compact set = C Q \ Q such that

Vi

max { 1! (I, (), H'(Ile,(®) | > = ro. 23)

Proof. Letussetd = L\/EJ + 1, for notational simplicity. By dilating and translating, there is no
loss of generality in assuming ro = 1 and

Q = Qs55(0) = (=58,58) X (=58,50).
We can suppose that Q N Q # @, otherwise the proof is trivial: it would be sufficient to take T = é

to get the desired conclusion.
We then fix the following set of 4 52 centers

P = (—55+ % +5j,56— g —Sm), for j,m =0,..,26 —1,
and take accordingly the two family of squares and disks (Figures 1 and 2), given by
B%(Pj,m)QQg(Pj,m), for jm=0,..,26 — 1.
‘We observe that by construction we have
dist(B%(Pj,m), an(Pj,m)> =1, foreveryj,m=0,..,26 —1. (2.4)
Asrq =1, our open set Q can not entirely contain an open disk with radius larger than 1. Thus,

we have that each disk B, /z(P ;,m) must intersect the complement R?\ Q. Let us select a point

Xjm € B32(P ) \ Q. We will say that a square Qs /,(P; ) is:

A 'T 'v202 ‘0SLL69VT
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10 of 45 BIANCHI and BRASCO

FIGURE 2 A zooming on a reliable square Q; /2(P j’m). The bold line corresponds to a continuum that
connects the point X; , to the boundary of the “cell,” lying outside of Q.

* unreliable if for every continuum K C Qs(P; ,,) \ Q such that X ,, € K, we have
2

* reliable if there exists a continuum K; ,, C Qg(Pj,m) \ QsuchthatX; , €K;, and

K} 03Qs (P ) # 9.

We observe that every unreliable square must contain at least a connected component of (R?)* \
Q. Thus, by definition of multiply connected set of order k, the unreliable squares can be at most
k. Thus, if we set

N = {(j,m) : Qg(Pj,m) is reliable},
we get'
#N>4¥—k:4QVﬁ+1y—k>3Q¢H+1Y=3¥.

That is, our square Q contains at least 3 62 reliable squares. We want to work with these squares
and their continua K ,, defined above. By construction, we have

K, CO\Q.

We are ready to construct the compact set T of the statement: this is given by*

= |J Kjm

(j,mEN

"We denote by # the cardinality of a discrete set.

#We notice that this union is not necessarily a disjoint one.
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LOWER BOUND WITH TOPOLOGICAL CONSTRAINTS | 11 of 45

We need to show that its projections along the coordinate axes satisfy (2.3). At this aim, we first
observe that K ,, is a connected set, containing both the point X ,, € B;,(P; ,,) and a point
Yinm€ aQS/z(Pj,m). By recalling (2.4), we have that

IXjm=Yjml =1

Jm

Moreover, we have that at least one of the two quantities

|He1(Xj,m) - Hel(Y],m)l or |He2(Xj,m) - HeZ(Yj,m)l’
is larger than or equal to 1 (recall that all the squares involved have sides parallel to the coordinate
axes). By using this fact, together with the fact that both projections

I, (K

j,m), fori=1,2,

coincide with a segment containing both I1 (X ,,) and IL (Y ,,,), we can finally assure that at
least one of the two projections of K; ,, has a length larger than or equal to 1. To conclude, we need
to take care of the possible overlaps in these projections. Let us denote by J;,J, € N the following
numbers

J = #{K- L H (I (K ) = 1}, fori=1,2.

Jjm

According to the previous discussion, we have
Jp+J,>368° and thus in particular max{J,,J,} > 8%

Without loss of generality, we can suppose that J, > J;. This implies that there are at least &2
“good” projections, that is, projections with length at least 1, on the first coordinate axis. We need
to estimate the number of such projections, modulo possible overlaps: observe that for every fixed
m € {0, ...,2 6 — 1}, the array of squares

Qm,O(Pm,0)9 e Qm,z 5—1(Pm,2 5—1)’

all have the same projection on the first coordinate axis. Thus, the number of distinct projections
is at least

52 8

286 2°
As a technical and annoying fact, we record that this could fail to be a natural number. However,
if we set

1, forke({l,2,3},

|Vk]

Ay =1 — for k > 4 such that L\/EJ is even,

[Vk] —1

¢ 2

, fork > 4 such that |V/k] is odd,
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12 of 45 | BIANCHI and BRASCO

we have

EZAk

Thus, we have at least A, distinct projections on the first coordinate axis, each having length at
least 1. This in turn yields

H (T, (2) > A

Finally, by observing that A, > \/E /4, we get the claimed conclusion. I

2.3 | Functional spaces
We need some definitions from the theory of fractional Sobolev spaces. We refer the reader to [13,
14] for a brief introduction to these spaces, as well as for further references.

Let0 <s<1land1 < p < oo, for a measurable set E C RN we recall the definition of Sobolev—
Slobodeckii seminorm

1
[u(x) —u(y)|? b
[ulwsp) - <//EXE Ty dxdy ) , foru € L), (E).

Accordingly, we consider
Wor(E) = {u € LP(B) : [ulyuos) < +oo },
endowed with the norm
lullws.ee) = llullLee) + [Ulwsp) for every u € W*P(E).
Occasionally, we will need these definitions for p = o0. For 0 < s < 1, we set
wos () = {u € L) : [ulysoge) <+ },
where

e ey )= uO)
Wee(E) - X,yEE,x#y |x —y|* )

When E C RY is an open set, we will also consider the classical Sobolev space
WLP(E) = {u € LP(E) : [ulyogs < +oo},
where we used the symbol

[ulwree) = IVulle, for every u € WLP(E).

A 'T 'v202 ‘0SLL69VT

)"00SYIRLPUO /SNy WO |

851801 SUOLILLOD 3AIIERID) 3|eal|dde 3y} Aq peuob afe Sao1e O ‘SN JO S3jnu 10} A#Riq1T8UIIUO A8|IA UO (SUORIPUD-PUE-SWWLB}/WI0D" A3 | IMAfelq|BUIjuO//SAIY) SUONIPUOD PUe SWd | 8y} 89S *[5202/20/50] Uo AiqiTauliuo A|1m ‘B1feleURILe0D Aq $T8ZT'SWII/ZTTT 0T/I0p/woo A8 |im Ariq)



LOWER BOUND WITH TOPOLOGICAL CONSTRAINTS 13 of 45

The space WIP(E) will be endowed with the norm

lullwro) = lullppe) + [Ulyreg), — foreveryu € WHP(E).

In the case p = oo, the definition of this space does not need any further precision. Finally, for 0 <
<land1 < p < oo, the symbol W (Q) will denote the closure of C$°(Q) in the space WP(RN).
By Wls(’fc’ (RN), we mean the collection of functions that are in W*?(By), for every R > 0.

3 | SOME FACTS FROM THE THEORY OF FRACTIONAL SOBOLEV
SPACES

Unless otherwise stated, all the results of this section are valid in every dimension N > 1.
We start with the following generalization of [6, Lemma 2.2]. The main focus is on the precise
form of the estimates.

Proposition 3.1. Letr > 0 and x, € RY, there exists a linear extension operator

& 1 L'(B,(xp)) — L (R™Y),
with the following property:
for 0<s<1 and 1< p<oo it maps WHP(B,(x,)) to Wls"f;(RN). Moreover, for every u €

WSP(B,(x,)) and every R > r we have'

4N
1 /R\>
[gr[u]]ws’p(BR(xo)) <4r <7> g [u]WSvp(Br(xo))’ (3.1)
and
1 /R 2N
P P
ol ]“LP(BR(XO)) ’ (7) Il o, (- (3.2)

Proof. We first prove the result at scale 1, that is, when r = 1. Then we will show how to get the
general result, by an easy scaling argument.
Caser =1. For 0 < s <1 and p = 2, this is exactly [6, Lemma 2.2]. We also observe that the
very same proof applies to the case 1 < p < oo, thus we omit the straightforward modifications.
We now come to the case s = 1and 1 < p < co0. We take u € WP(B;(x,)), thus by [14, Propo-
sition 3.1] we have u € W*P(B,(x,)) for every 0 < s < 1, as well. From the previous step, we know
that

1
(1 — S)p [81[ ]]WYP(BR(XO)) 4p R p (1 - S)p [u]WSP(B (xg))*

By using [8, Theorem 2], we get the desired result by taking the limit as s goes to 1, that is

1 4N

(& [ullwrp(aing) <47 R 2 [ulwiees, (xg)-

In the case p = oo, we use the convention 1/co = 0.
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14 of 45 | BIANCHI and BRASCO

Finally, the case p = oo can be obtained from the last formula in display, by taking the limit as p
goes to co.
Caser # 1. At first, we need a notation. For every 7 > 0, we indicate by
T.(x) = 7 (x — X,) + X, for every x € RV,

Then the operator &, can be simply defined as

&.[u] 1= (& [uoT;])oT1.

In other words, given a function u € L'(B,(x,)), we first scale it to a function defined on B; (x,),
then extend it with &, and finally scale back this extension. Observe that for x € B,(x,), we have

Elul(x) = 81[uo7'r]<x _rxo +x0> = u<7’,<x _rxo +x0>) = u(x).

By using the scaling properties of the norms involved, it is easy to see that this operator has the
desired properties. O

By combining Proposition 3.1 with Lemma A.1 in Appendix A, we can get a universal linear
extension operator for any K C RN open bounded convex set. The control on the relevant con-
stants is quite precise and useful for our scopes. In what follows, for every x, € K, we introduce
the following geometric quantities

dr(x,) = min |x — x,|, Dy (x,) = max |x — x,|.
k(Xp) min | ol k(Xo) xeaKl ol

Corollary3.2. LetK C RN be an open bounded convex set and x,, € K, there exists a linear extension
operator

& LYK) = LE (RN),

loc
with the following property:

for0<s<landl < p < oo it maps WSP(K) to Wls(;’;(RN). Moreover, for every u € WSP(K) and
every R > 1 we have

6N
1 4N /De(xy)\ » 28
. @3N+sp K\*0 )
[SK(u)]WS‘p(KR(XO)) < (4 6 )pR P <dK(x0)> [wlys.pk)s (3.3)
and
1 2N D( ) &
4 =N X p
€L Lok < (2-6V)P R? < 0 ) el o e (34)
di(xo)
where

Kr(xp) :=R(K —xg) + x5 = {R(x—x0)+x0 : xEK}.
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FIGURE 3 The two quantities R (x) and r,,(x).

Proof. The operator £ is constructed as follows: by indicating with @, : RN — RV the bi-
Lipschitz homeomorphism of Lemma A.1, for every u € LIIOC(K), we define

Exlul := (&[uo®!, 1)ody .

where &, is the operator of Proposition 3.1. In other words, we transplant u to the unit ball centered
at x,, then we extend this function to the whole RN by means of & and finally compose the
resulting function with @ . .

By construction, it is clear that £ is linear and such that

Exlul(x) = u(x), for x e K.

The continuity estimates (3.3) and (3.4) can now be proved from the corresponding estimates for
&), by using the properties of @, and @I_(lxo, encoded by Lemma A.1. We leave the details to the
reader. ]

In what follows, given a ball B,(x,) C R", a point x € B,(x,) and a direction w € S¥~!, we set
R, (x) =sup {9 ER : x+ow€E Br(xo)},
and
r,(x) = inf {9 ER : x+owe B,(xo)},
see Figure 3. The following result is interesting in itself.

Proposition 3.3 (Directional fractional derivatives). Let 0 <s <1 and r > 0, for every u €
C(B,(x,)) and every w € SN~1, we have

Ro() |u(x) — u(x + o w)|?
do |dx < Aul’,, : (3.5)
/Br(xo) </rw<x> lof1+2s d WS2(B,(x0))

forsome A = A(N) > 0.
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16 of 45 | BIANCHI and BRASCO

Proof. Without loss of generality, we can assume that x, coincides with the origin. We use
Proposition 3.1 and estimate (3.1) with R = 4r, so to get

[uGx) —u)? 1 1, [u](x) — & [u](y))?
//B xB, |xX— y|N+2s dxdy > c //34pr4r |x — y|N+2s dxdy

() - £ Ul
c / </BZr(x) |x — y|N+2s dJ’> dx (3.6)

2
// |E[u](x) — & [u](x + h)| dxdh,
B,XB,,

|h|N+2$

where C only depends on the dimension N. In the last identity, we used the change of variable
y=x+h.

From now on, we will write & in place of &,.[u], for notational simplicity. We then introduce the
following K-functional

K(t,u) = min [||u =Vl +t[Vlprae )| fort € [0, 2r]. (3.7
veWw2(B,) r r

We claim that the following two estimates hold: there exist two constants A;, A, > 0 depending
on the dimension N only, such that

K(t,uw) |(x) — A(x + h)|?
/o < ts > //B B, [h[N+2s dxdh, (3.8)
and

2r |57 — 1 2 xr g
/ </ [#(x) — Ax + g )| de) dngz/ (’C(f’”)> L foreveryw e sV (3.9)
B, \J—2r lo|t*2s 0 r !

r

Observe that by joining (3.6), (3.8) and (3.9), we would get

2 2 |7 T 2
// |u(x) —u@)|” dxdy > 1 / (/ [u(x) — u(x + o w)| dg) dx,
B,xB, |x— CJx — yNEs C-A Ay Jp, \Jor lo[1*2s

and thus the desired conclusion (3.5) would follow, once observed that R ,(x) < 2r and r,(x) >
—2r, together with the fact that # = u on B,. Thus, we are left with establishing the validity of
both (3.8) and (3.9).

To prove (3.8), we proceed exactly as in the proof of [11, Proposition 4.5], up to some necessary
modifications. At first, it is useful to define

U(h) = (/ |[u(x + h) — ﬁ(x)lzdx> E, h € B,,.

B,

Thus, by definition, the right-hand side of (3.8) can be rewritten as

1 _ 77 2 2
Il 70 — T+ WP / Uh)
B,XB,, |h|N+25 |h|N+2s
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LOWER BOUND WITH TOPOLOGICAL CONSTRAINTS 17 of 45

We also define

5(9)=][ UdHNL, for 0 < ¢ < 2r.
3B

4

By Jensen’s inequality, we obtain

2r 2r
[oset ()
0 ol*2s " Nay Jo 3B,

2 ) 5 2
__1 / U(h) dh = 1 // [1(x) — u(x + h)| dx dh.
Nay Jp, |hN*2s Nwy J/B,xB,, |h|N+2s

We now take the compactly supported Lipschitz function

U2 dHN-1 de
QN +2s

(3.10)

N+1
N

P(x) =

(1 - |X|)+,

where (), stands for the positive part. Observe that ¢ has unit L' norm, by construction. We
then define the rescaled function

1 X
wt(m:ﬁd)(?)’ for0 <t < 2r,

which is supported on B,. By observing that i, * i € W'2(B,), from the definition of K(t, u) we
have

Kt uw) < llu =, # Ullrap,) + [P, * Ulpra,)-

We estimate the two norms in the right-hand side separately: for the first one, by Minkowski’s
inequality and Fubini’s theorem, we obtain

=, * Tl o) = ” /B [@() - & — V1% ) dy

L%(B,)
IO
< /B | < /B 100~ T~ ) dx) 3.0 dy
_ _ N+1 _
-/Bt U dy < 3 /B U(-y)dy

t i
_N(N+1) / UQN_ldesN(N+1) / T do.
tN 0 t 0

In the first identity, we used that & = u in B,, in the last inequality we used that N~ < V=1, For
the second norm, we first observe that the Divergence Theorem gives

| vurdy=o,

t
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18 of 45 | BIANCHI and BRASCO

thus we can write

Vi = (V) # & = / Vi) [Ax — ) — ()] dy.

t

Thus, again Minkowski’s inequality yields

[ * Uy, = H /B Vi, (¥) [u(- — y) —u()] dy

JA(A

N+1 N(N +1) /‘—
< —— U(-y)dy  ———= U do.
oy 1N /Bt (=y)dy 5 | Ude

L2(8,)

lii(x — y) — ()| dx) "1V, dy

In conclusion, we have obtained
2N(N+1) ['=
K(t,u) < % / U de, forevery0 <t < 2r. (3.11)
0

By raising to the power 2, dividing by t25*! and integrating, the previous estimate yields
2

et u) \? dt , (71 (= dt
/0 < s >T<(2N(N+1))/0 <?/0Ud9> prers

If we now use the one-dimensional Hardy inequality (see [29, Teorema 1]) for the function ¢t —
fot U dg, we get

/2’ K@tw\ dt _ (2NN +1) 2/”52 dt
0 ts t s+1 0 t1+2s

2 ~N 2
< AN(N +1) // |u(x) — u(x + h)| dxdh,
N B,XBy, |n|N+2s

where we used (3.10) in the second inequality. This proves (3.8), as desired.

The proof of (3.9) is similar to that of [9, Proposition B.1], but some technical modifications
are needed, here as well. We take 0 < |¢| < 27, by definition of the K—functional there exists
v, € WH*(B,) such that

lu —vollz2s,y + 101 IV, llL2s,) = K(lel, u). (3.12)

For notational simplicity, we simply write v in place of v,. We also denote by U the extension of v
given by &,[v]. For o € SN~ and |g| < 2r, we get'

7 In the second inequality, we use that for every w € SN~! and every |g| < 2r, we have

(/ |17(x+9w)—f7(x)|2dx>2 <ol (/
B, By

1
16,51 dx> ’

r
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LOWER BOUND WITH TOPOLOGICAL CONSTRAINTS | 19 of 45

1

</ |ﬁ(x+9cu)—ﬁ(x)|2dx>2 < (/ |ii(x+§>ca)—17(x+§>co)—ﬁ(x)+i7(x)|2dx>2

B, B,
1
2
+ </ [D(x + ow) — o(x)|? dx>
Br
< 2[u = Ollpzs,,) + lol 119,012z,
<2 (17 = Ollzqay ) + 1ol VOl 2ga, ) )
In the last estimate, we used the pointwise inequality |0,,0] < |VD] and the trivial estimate |¢| <

2 |¢|. We can now use the properties of our extension operator &,, in order to replace the norms
over B;, with those on B,. By Proposition 3.1, we have

llu — 5]|L2(B3,) = 1& [ul - 8r[v]”L2(B3,.) =& [u— U]||L2(B3,) < \/5 3N lu - U||L2(B,),

and also

IVOll 2, = [E0llwrae,,) <29 [Llwia,).

This leads to

1
2
< | 1+ g0 - aop dx) <C (Ilu = vllas,) + el [Ohwags,) ) -
By combining this estimate with (3.12), we then obtain for 0 < |¢| < 2r

dx < C? el ™' K(lel, ).

/ |a(x + o ) — a(x)|?
B

|§,|1+2S

r

If we now integrate with respect to ¢ we get (3.9), as desired. The proof is now over. O

As a straightforward consequence of Proposition 3.3, we also get the following result (see also
[5, Lemma A.4]).

Corollary 3.4. Let0 < s < 1, for everyu € C°(RY) and every w € SV, we have

/ ( [u(x) — u(x + g w)|? de) dx < A[u]? (3.13)
RN R

o 1+25 Ws2(RN)’

for the same constant A = A(N) > 0 appearing in (3.5).

The next result can be found in [22] and [24, Corollary 1]. In the latter, the estimate is slightly
worse in its dependence on s, while in the former the result is not explicitly stated, but it must be
extrapolated from the proof of [22, Corollary 1, p. 524]. For these reasons, we prefer to provide a full
proof, which in any case is different from those of the aforementioned references. As before, we
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state and prove it for smooth functions, for simplicity: it can then be extended to W*2 functions,
by using standard density results (see, for example, [20, Theorem 6.70]).

Lemma 3.5 (Fractional Poincaré-Wirtinger inequality). Let0 < s < 1, for everyu € C'(B,(x,)) we
have

? <SM@QA=s)r*s [u]?

”u — av(u; B,(x,)) 128, (x0)) WS2(B, (x))’

for some M = M(N) > 0.

Proof. We can suppose that x, =0, without loss of generality. We use real interpolation
techniques, as in the previous result. By combining (3.6) and (3.8), we have

2r 2
2 1 K(t,u) dt
> [ (552) 4 an

where C depends on the dimension N only and K(t, u) is still defined by (3.7). We now take 0 <
t < 2rand v € WH2(B,), by the triangle inequality we get

tllu—av(u; Bl g,y < £ llu = vllags ) + 1o — av(v; Bl pags ) + ¢ lav(v; B,) — av(u; B)ll s,

<2r@u—va&waWwB»—aWwBﬂmA&ﬂ

+ tllv —av(v; Bl 2(s,)-
By using Jensen’s inequality, we have

llav(v; B,) — av(u; Bl 12,y < I = vllr2s,),
while by using the classical Poincaré-Wirtinger inequality we have
llo —av(v; Bl 2z, < % [V]w12,),

for some u = u(N) > 0. By keeping all these estimates together, we obtain

tr
tllu—av(u; B2,y < 4rllu—vllag,) + m [Llwr2es,)

<Cr@u—mmw0+ﬂﬂWW&J,

where C = max{4, 1/u} depends on N only. If we now take the infimum over v € W'2(B,), we
get

tu-— av(u;B,)IILZ(Br) < CrK(t,u), forO<t<2r.
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By raising to the power 2, dividing by ¢25*! and integrating over (0, 2r), this yields

@ry—2 2o [P K@) 2 dt
llu —av(u; B )||L2(B ) 20 =3) <Cr ; s e

By using this estimate in (3.14), we finally get the desired conclusion. 1

We conclude this section with a particular case of the well-known fractional Morrey-type
embedding in the space of continuous functions (see, for example, [19, Corollary 7.9.4]). For our
scopes, we need a precise “quantitative” behavior of the relevant constant, as s goes to 1 or 1/2.
Here we take N = 1.

Theorem 3.6 (Fractional Morrey—Sobolev inequality). For every 1/2 < s <1, there exists a
constant mg > 0 depending on s only, such that

m, [u]? i s [u]ﬁvsqz(R), forevery u € CP(R). (3.15)
W (R)

In particular, if a < b we have

my Jlull? a7 [ul}

To(aby) S (b - Joreveryu € Ci°((a, b)). (3.16)

WS- Z(R)’

Moreover, the constant m has the following asymptotic behaviors

mg~2s—1, ass\\1/2, and mg ~

, ass 1.
1-—5 4

Proof. We first observe that (3.16) is an easy consequence of (3.15). Indeed, for every u € C°((a, b))
and every x € (a, b), by (3.15) we would get

UG = G0 — u@F < = (= @ ul ) < o (b — P [l

as desired.
To establish (3.15), let us take ¢ € C;°(R). We indicate by F|¢] its Fourier transform, defined by

=L -tk g f .
](¢3) in /Rqa(t)e L orf ER

From the inversion formula (see [19, chapter VII, section 1]), we can write

o(t) = p](&)e'té dE, fort € R.

7 b

Thus, for every ¢, 7 € R we get

20— ¢@ < —= [ [Flpl®]1e"s —e'*f|a

1
Var

< \/;_ﬂ(/Rm“

: (3.17)

ot (|56 %)
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We now recall that by [19, chapter VII, section 9], we have

/ HE

with the constant A, given by
eit -1 2 -1
a=( [ =ta)
R |t|1+2 N

Ag~1—-5s, fors /1 and Ag~s fors\\ 0.

Flol®)| dt = 27 A, 98,

which satisfies

From (3.17), we obtain

ité _ Lit&|2 %
190 — p(0)l < ( / e et | d§> [Physa(e 318)

To conclude, we are only left with handling the integral on the right-hand side. For every a > 0,
we split this integral as follows

ité _ 1152 ité _ ,ité|2 ité _ Lité|2
/Ie I év=/ e elTs| d§+/ e el7s| d
€12 nesad 16178 gesar €128

To estimate the low frequencies, we use the 1-Lipschitz character of 9 ~ ¢? to infer that
'€ —e'TE| < e — 7] €.
The high frequencies are dealt with by using that
Ieitg _eirgl < |e“§| + |e”§| =2

These lead to

elt%’_elr§2 a« +00 B
/' L §<2|t—r|2/ £ +s [ gdg
|§| 0 a

2 2 _3-2s 8 1
= t—1|*a + _—
3—2s| | 25 —1 251

which is valid for every o > 0. We can now optimize this estimate with respect to a: indeed, the
quantity on the right-hand side is minimal for" « = &, = 2/|t — t|. With such a choice, we get

ité _ l‘r§' 2
/ |€ > | §<42—s 2 |t_T|2s—1.
€125 3-25)(2s-1)

¥We can obviously suppose that ¢ # 7, otherwise there is nothing to prove.
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LOWER BOUND WITH TOPOLOGICAL CONSTRAINTS 23 of 45

By inserting this estimate in (3.18), we finally get (3.15) with

_(3-25)(2s-1)
ST 2.42s4,
which has the claimed asymptotic behavior. O
Remark 3.7. We point out the reference [27], which keeps track of the dependence on s in the
one-dimensional fractional Morrey estimate, as this parameter goes to the borderline situation
s = 1/2 (see [27, Corollary 26]). However, the asymptotic behavior detected in this reference is

suboptimal. Moreover, the asymptotic behavior as s goes to 1 is not taken into account. For these
reasons, the estimates of [27] are not suitable for our needing.

4 | BASICS OF FRACTIONAL CAPACITY

We start with the definition of fractional capacity.

Definition. Let = C RY be a compact set and let Q C RY be an open set such that T € Q. For
0 < s < 1, we define the fractional capacity of = of order s relative to Q as the quantity

€ap,(2: ) = ueic{g(ﬂ) {[u]ivst(RN) Pu>ly }

Here 15 denotes the characteristic function of .

Remark 4.1. By standard approximation arguments based on convolutions, it is easy to see that
in the definition of cap(Z; Q) we can replace C;°(Q) with Lipschitz functions having compact
support in Q. We leave the details to the reader.

As a straightforward consequence of both the definition and the Morrey-type inequality, we
have an explicit lower bound for the fractional capacity of a point. As simple as it is, this will play
a crucial role in our main result.

Lemma 4.2 (One-dimensional capacity of a point). Let 1/2 < s < 1 and x,, € (a,b). Then
cap,({xo}; (a, b)) > (b — @)'** m,
where my is the same constant as in Theorem 3.6.

Proof. Let us take u € C;°((a, b)) such that u(x,) > 1. Hence, from (3.16), we get

(b _ a)z s—1

N

1 < |u(x0)|2 < [u]WSQ(R).

The thesis follows by taking the infimum over the admissible functions u. O
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________
~.

.....
...........

FIGURE 4 The geometric configuration of Proposition 4.3: we have a smooth function defined on the
square, which vanishes on the dashed neighborhood of the vertical line (i.e., the set Z). The relative fractional
capacity of ¥ is computed with respect to the surrounding disk.

4.1 | A Maz'ya-type Poincaré inequality

We will need the following fractional Poincaré inequality for functions on a cube, which vanish
in a neighborhood of a set with positive fractional capacity (see Figure 4). This is analogous to
the result of [30, Theorem A], but we will follow the approach of [22, chapter 14], which is more
suitable for our framework. In particular, we will not explicitly relate this result to eigenvalues
with mixed boundary conditions, differently from [30].

Proposition 4.3. Let 0 < s < 1 and let = C Q,(x,) € RN be a compact set. For every R > \/N r,
there exists a constant (N, R/r) > 0 such that the following Poincaré inequality holds

2 s I_Q)] 5 2
[u]WS’Z(Qr(xO)) = [}"N ¢(N’ r Caps(Z9BR(x0)) |Iu|IL2(Q,(x0))’ (41)

forevery u € C*(Q,(x,)) with dist(supp(u), ) > 0. Moreover, we have

lim ¢(N,t) = lim ¢(N,t) = 0.
t—+o00 NN

Proof. The proof is lengthy, though elementary. Without loss of generality, we can assume x;, = 0.
Let u € C*(Q,) be as in the statement, we can additionally assume that

][ lul?>dx =1, (4.2)

r

still without loss of generality. We now use the extension operator £ of Corollary 3.2, with the
choices

Dy (x
so that k (Xo) = \/N

K=Q, and =
' dg(xo)

x0=0,
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LOWER BOUND WITH TOPOLOGICAL CONSTRAINTS | 25 of 45

In order not to overburden the presentation, we will use the symbol # in place of & [u]. By the
properties of our extension operator, we get in particular that # is locally Lipschitz continuous
and from (3.3) with p = 2 we also have

[t]ys2(sy) < [Ulws2qqp) < Cn (%)ZN [tlyws2q,)- (4.3)
Without loss of generality, we can further suppose that
av(i; Bg) > 0. (4.4)
We take a Lipschitz cut-off function 7 such that

0<n<l, n=1inB , 77—01nIR \ B;, ReyNr? [Vn] <
VN — R—+/Nr

and we define 1 = (1 — u)n. By recalling Remark 4.1, we have that 1 is an admissible trial
function for the variational problem defining ¢ap,(Z; Bg). By using this fact and some algebraic
manipulations, we get

\/ €aps(Z; Bg) < [Plyws2@n)
dy ;
<[¢]W52(B ) +2 /BR |¢(x)|2 <AN\BR —|x _y|N+2S> dx) (4.5)

d 2
< Wy + V2 ([ weor ([ . U Jax)

In turn, by using the definition of ¢ and Minkowki’s inequality, we have

2 3
ey < ( [, e [ R ) ax)
o ([ HZIOR Y >
+</BR|1 Ho)| </BR |x — y|N+2s ¥
< [Ty + 11 = Tl A | ——— V71 o 0115
=X 5:2(Bg) L%(Bg) s(1—s) L®(Bg) L°°(B )

for some C = C(N) > 0. In the last inequality, we used that for every Lipschitz function ¢ with
compact support, we have

lp(x) — ()| C 2(1-5)
<
. /u;w Ix —y[N+2s 7 T s(1—s) L g PR

XERN
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see [7, Lemma 2.6]. If we now use (4.3) to bound the seminorm of % and the properties of 7, from
(4.5) we get

2N
Va0 <oy (B) g, + \/N) Via—s -y
rS
(o, ) )
wVa(f, e (/RN\BR o))

To handle the last term, we recall that i identically vanishes outside B(R+ N2 Thus, we actually
have

2 dy >= 2011 _ 7 2< L)
/BR|¢(x)| ( /R o /B NGO 11— )| /R o Ty ) &

R+y/Nr
- dy
< |1—u(X)|2</ —> dx
/B RN\B |x — y|N+2s

(4.6)

2

R+\/ﬁr
2
We now observe that, for every x € B(R+ VNP2 and y ¢ By we have
R+Nr R+/Nr R—+/Nr
-yl 2 - > - 2 - =\ —55o — .
[x =yl >yl = x| > |yl > [yl >R Iyl ( >R )M
Thus, for every x € B(R+\/Nr)/2’ we get

d N N+2s

y WN 2R 1
/ Nz B S e
RN\Bg [X — Y| 2s \R-+/Nr R

By collecting the previous estimates, we obtain from (4.6)

VaneBo <y (B) e, + Vs 1= s,
r 2 ,/N,,)s s(1—5s) R
~ %+s
N 2R 1 ~
+ — [1—u .
\ (R— FNr) B Il ||L2(BR+\2%)

We need to estimate the L? norm of 1 — #. For this, we use the triangle inequality

11— 17||L2(B \/7 y <1 - “||L2(BR) 11— av(u; BR)”LZ(BR) + |lav(u; Bg) — u||L2(B yi=1 + 1,
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LOWER BOUND WITH TOPOLOGICAL CONSTRAINTS 27 of 45

so that

— R\?N 2 2C
/ B < R S /
€ap;(%: Bg) < Cy < r ) ehwea) * (R—+/Nry Vs0=s) i+ 12)
N Ss
w
=N (2K L +1y.
S \R-VNr R

In turn, the term 7, can be bounded by 7,. Indeed, by observing that the integrand of 7, is constant
and using the normalization (4.2), we get

. [ |Bg| =
I, = V/I|Bgrl |11 —av(u;Bg)| = ﬁ |”“”L2(Qr) — ||av(u;BR)||Lz(Qr)|
r

| Bg| ~ |Bg|
<4/— |lu—av(u;B <4/— 1.
o1 14~ @Bl <yf1g,1 -2

Observe that we also used the condition (4.4) in the second identity. As for the integral 7,, by
Lemma 3.5 we directly get

4.7

IZ < \/ M (1 - S) Rs [H]WS’Z(BR)'

Then the last term can be estimated by (4.3), again. By inserting these estimates in (4.7) we
eventually conclude the proof. O

4.2 | A geometric lower bound in the plane

In dimension N = 2 and for s > 1/2, by exploiting the fact that points on the line have positive
relative fractional capacity (see Lemma 4.2), it is possible to give a geometric lower bound for the
term

@S(Z;BR(X())),

appearing in (4.1). We will follow the idea of [22, chapter 3, section 1.2, Proposition 1], which is
quite close to that used by Taylor, even if the latter worked with a different notion of capacity
coming from Potential Theory. The proof will also crucially exploits the result on “directional”
fractional derivatives (Proposition 3.3 and Corollary 3.4). We still use the symbol IT, defined in
(2.2).

Proposition 4.4. Let N =2,1/2 < s <1 and let £ € B,(x,) be a compact set. For every direction
w € SL, it holds that

G@P,(Z: B, (%)) > ’“7 @r) 2 HL(IL,(Z)).

Here A is the same constant as in Proposition 3.3 and my is the same constant as in Theorem 3.6.
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Proof. We observe that we can assume H!(I1,,(2)) > 0, otherwise there is nothing to prove. We
may suppose as always that x, = 0, without loss of generality.
We start by noticing that every x € R? can be written as
x=x"+tw, with x’ € TI,(R*) and t € R.
We also set

Rw(x’)=sup{9€[R{ : x’+9weB,} and rw(x’)=inf{ge[R : x’+9w€Br}.

We take u € C;°(B,) such that u > 15. By using Corollary 3.4 and Fubini’s theorem, we can infer

2 1 |ux) — ux + ¢ w)|?
[uliysame) 2 A S < . lo[1+25 dg ) dx

/ t _ / t 2
:l/ <// lu(x’ +tw) —u(x’ +tw+ g w)| dtdg) dH\()  (48)
A Jn,®2) RXR lo|1+2s

1 / 2 10,/
> 1 /Hm(z)[u(x + -w)]WS!Z(R) dH (x").

Recalling that u > 1 on Z, it follows that for every x” € I1(Z) there exists t, such that u(x’ +
to ) > 1. Hence, by using the trial function

Yo = ulx’ +-w) € C((ry,(x"), Ry(x))),
we have
[u(x, +- w)]%/VS’Z(R) = [¢x’]€vg,2(R) z éai)s({to}a (ra)(x,)’Ra)(x,))’ for x, € ch(z)a

by the very definition of capacity. In turn, by applying Lemma 4.2 in the right-hand side above,
we get

[u(x’ + - w)]? > my (R,(x") — "w(x/))l_zs > my(2r)' 725,

Wx,Z(R) =

To get a lower bound for the last term, we set £ = dist(%, dB,) > 0. Then in particular we have

R,(X"=r,(X )= Nr2=(r—-0622Vrt, for every x’ € T1,,(Z).

By spending this information in (4.8), we can obtain

[l gy 2 @72 HL(E).

The thesis follows by taking the infimum over the admissible trial functions u. O
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5 | PROOF OF THEOREM 1.1

Without loss of generality, we can assume ro = 1. As in the proof of Lemma 2.1, we consider the
natural number § = [\/EJ + 1 and take the family of squares {Q; ;}; jez2 € R? given by

Q;; :=Q55(108i,108 ), for (i, j) € Z>.

We observe that they form a tiling of the whole plane, more precisely they are pairwise disjoint
and the union of their closures covers the whole R2. We also introduce the set of indexes

72 = {(i,j)ez2 : Qi,an;éQJ},

and for every (i, j) € 72, we indicate by Z; j € co,; ,j \ Q the compact set provided by Lemma 2.1.
By using the tiling properties of these squares, for a function u € C°(Q2) we have

|uCx) —u@)I®
[u] WSZ([RZ) Z _// u|xx y|L;+J;s dxd

2
(i,j)ez? Qi ¥R

|u(x) —u@®)I? ,
dxdy = )
//Q”XQ” [x — y|2+2s y Z [u]WS’Z(Q,',j)

(l Nez? ()7}

For every (i, j) € Z2, we can use the fractional Poincaré inequality of Proposition 4.3, with the
choices

r=56 and R=2r=106.

By setting for brevity B; ; := B;(5(105i,106), this leads to

[ul?

e * |55 #2D)| @By (51B,)) Il g forevery i) € Z2,

where we also used that s > 1/2. We now have to estimate from below the relative fractional
capacity of each compact set Z; ;. By combining Lemma 2.1 and Proposition 4.4, we have

a@p,(z

m
B 2 (207 =2 6172 max {Hl(Hel (2, H (T, (2 j))}

> (20)1—2s ;n_jt 51725 \/E

By collecting the estimates above, we obtain

2 1-25 7S ¢( 2) —1-2s
[y 2 @O EE= Ve Y il
(L.)ez}

$2.2) o
= 0 EECE Vs ull,

(5.1)
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where the last identity follows by the tiling property of the family {Q;;}; ;. By recalling the
definition of § and using (2.1), we get

Vo125 \/E(\/E+ 1>+2S >_1 1

21425 [s”

By the arbitrariness of u € C;°(Q), from (5.1) we get the claimed lower bound on 1](Q), with

PO
ST ol42s 2004

Finally, the claimed asymptotic behavior of 8, simply follows from its definition and the properties
of myg, encoded in Theorem 3.6.

6 | PROOF OF THEOREM 1.2
6.1 | Proof of point (1)

This is a straightforward consequence of the Bourgain—Brezis-Mironescu formula. Indeed, for
every Q C R? open set, letu € C;°(Q) \ {0}. Then by [14, Corollary 3.20] we have

hm(l - S) [ Ws 2(R2) / |Vu| dx

This implies that

limsup(1 — 5) 1}(Q) < lim
s/'1

By taking the infimum over C°(Q) \ {0}, we get

limsup(1 — 5) 1}(Q) < z A,(Q),
s/'1 2

as claimed. Thus, by multiplying both sides of (1.2) by the factor (1 — s), using the previous prop-
erty and the asymptotic behavior of 9, we get back the classical Croke-Osserman-Taylor estimate,
in the limit as s goes to 1.

6.2 | Proof of point (2)
We need at first the following

Lemma 6.1. Let0 < s < 1 and let Q C R? be an open set. Then for every {x, ..., X,,} C Q, we have

QN {xg, s X)) = A](Q).
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Proof. We may suppose that the points {x,, ..., X,,,} are distinct. We first observe that
AQ\ {xg, s X ) = A1(Q),

as Q\ {xg, ..., x,,} C Q. To prove the converse inequality, we set

€ = min {lxi—le : i;éj}.

1
4 i,jefo,m}
Then we take a cut-off function # € Cg"(Bl) such that

n=1inBi;, 0<n<l,  [Vnl<C,

1
2

and define for every 0 < ¢ < ¢,

w0 = 2o(*).
i=0

We now take u € C;°(Q) \ {0} and observe that u (1 — ¥,) is a feasible trial function for the vari-
ational problem that defines A7(Q \ {x, ..., x,,,}). Thus, by using Minkowski’s inequality, we get
forevery 0 < ¢ < g,

[u@- lPg)]Ws,Z([RZ)
fluC - IPE)”LZ(Q)

\/Ai(ﬂ \ X, s X }) <

(6.1)

< [ulwszm2) 11 = Yellpomy + Ul Lo m2) [Pelwsa(ma)
- llu (@ —¥)ll2q)

B [ulwsawz) + 1ull oo r2) [Welws2(r2)
lu (@ —¥)llr2q)

By applying the Dominated Convergence Theorem, we easily get that
lim lu (1 =¥l o) = llull2 )

As for the second term in the numerator, we observe that by Minkowski’s inequality again, we
have

<(m+1) e’ [n]Ws,Z(Rz).

m — .
[Pelwsagma) = lZ ’7< EXI )]
i=0 WS2(R2)

We also used the scaling properties of the fractional seminorm. This in turn implies that

y_l}(l][qlg]ws,Z(RZ) =0.
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Thus, by taking the limit as € goes to 0 in (6.1), we end up with

V@ G ) < )

lullr2)

By arbitrariness of u, we get the desired conclusion. [
Remark 6.2. The previous result is a particular case of the following general fact: removing sets
with zero fractional capacity does not alter the relevant fractional Sobolev space. Consequently,

fractional Poincaré constants are insensitive to removal of these sets. We refer, for example, to [1,
Proposition 2.6 and Corollary 2.7] for this general result.

The sequence {Qy b e f0,13 8 then constructed as follows: for every k € N\ {0, 1}, we set

n, = |vk—-1] and m =((k-1)— ni.

Then, we take the set

n—1
Shell, = ([0, m ] x [0, D\ | {(l +iy 1) } fork > 2,
1120 2 2

which consists of a square with ni equally spaced points removed. More precisely, we remove the
centers of the squares

[i,i+ 1] x[j,j + 1], fori,j=0,..,n —1.

We also introduce the set

my—1

Slug;, = ([0, m; ] X [-1,0]) \ U {(l + %_%)}
i=0

which consists of an horizontal strip of width 1 and length m,, from which we removed the centers
of the squares

[i,i +1]x[-1,0], fori=0,..,m, — 1.
Finally, we define the open bounded set
Q. = int(Shell; U Slug, ), for every k > 2,

that is, the interior points of the union of Shell, and Slug, (see Figure 5). By construction, we have
that Q is multiply connected of order k. Moreover, we have

ro, S &5 > for every k > 2,
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LOWER BOUND WITH TOPOLOGICAL CONSTRAINTS 33 0f 45

FIGURE 5 ThesetQ, of Theorem 1.2, point (2), for k = 25.

and
n—1
0, 2int(shelly) = (O m)x O.m)\ |J {(i+3.5+3) }-
i,j=0

By using the monotonicity of A] with respect to set inclusion and Lemma 6.1 for int(Shelly,), we
can then infer

25(Q) < B0, 1) X (0,m)) = 125 23((0,1) X (0, 1)).

By recalling the definition of n,, this finally gives the desired result.

6.3 | Proof of point (3)

We divide the proof in various steps, for ease of presentation.
Step 1: Construction of the set. We define

Y= Uz@, where 20 1= {(x;,i) €R? : |x;] > 1},

i€z
and then consider the infinite complement comb
0 :=R%*\Z,

as in [6, section 5]. The set ©, of the statement is then constructed by simply removing k — 1
distinct points from ©, that is, we set

0, =0\{(0,i) : i=1,..,k—1},

see Figure 6. By construction, we have that ©, is multiply connected of order k, with finite
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FIGURE 6 Theset®, for k = 4 of Theorem 1.2, point (3): it is has been obtained by removing the black dots
from @.

inradius. Thus, by Theorem 1.1 we have 1](©;) > 0, for every s > 1/2. We claim that

I 41(0y)
im sup

S\% 2s—1

< 4. (6.2)

Step 2: One-dimensional reduction. Here we need the following result.
Lemma 6.3. Let0 < s < 1 and let A C R be an open set. Then we have

A(AXR) < ag1j(A), where oy = / LMS (6.3)
RA+) =

Proof. We proceed as in the proof of [15, Lemma 2.4]. For every x € R?, we will use the nota-
tion x = (xy, x,). We take u € C;°(A) \ {0} and ¢ € C°(R) \ {0}. We first observe that by Fubini’s

theorem, for the function v(x;, x,) = u(x;) p(x,) we have

lu@llL2caxr) = 1ull2ea) 19Nl L2(R)-

We then estimate the fractional seminorm of v = u ¢. By Minkowksi’s inequality, we have

1/2
lp(x,) — ()|
[u§0]W*2(R2) <// |u(x 1)|2 |2 |2+22s dxdy)
// oy, 1)~ uGIE Iu(xl) u(yl)l v
R2xR2 Y2 2+2s y :

By using Fubini’s theorem, we have

2
//RX uCx) 2 |¢(| 2)~ gﬁz?' dxdy

— 2 _ 2 dy,
- /R ()| / / I = g0y /R ( | dx, dy, | dx,.

(X =y )? +(x; = J’2)2) 2
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LOWER BOUND WITH TOPOLOGICAL CONSTRAINTS 35 of 45

By using a change of variable, we get

/ dx, _ ay
2425 T 1y _ oy |l42s”
(G — )+ (xy — y)?) 2 %2 = s

Thus, we obtain

lp(x,) — p(y2)I?
//memmzlz R dxdy = ol 19y

With a similar computation, we also get

2 lu(x,) — u()’1)|2
[ [ et R dedy = gl [
Thus, from the variational definition of ﬂ.i (AXR), we get
/—( [ @lws2m2) <V Nullz2cay [@lwsawy + N0y [Ulws2@)
< lu@ll2caxr) : llull2ca) 1@l 2Ry

- (GD]W”(R) [“]Wsl([m)).

lellzwy — lullrzca)

By taking the infimum over u and ¢, recalling that 1](R) = 0, we get the desired conclusion []
In particular, from the previous result with A = R \ Z, we get that
L(0) < BRxX R\ 2)) < a R\ 2).
In the first inequality, we used that
RX(R\Z)CO,.

From its definition (6.3), it is easy to see that ¢, various continuously with respect to s € (0, 1).
Thus, in order to prove (6.2), it will be sufficient to establish that

23R\ Z)
lim sup ¥ < 400. (6.4)
1 2s—1
S\E

Step 3: Choice of the trial functions. To prove (6.4), we will need to carefully construct a suit-
able family of s-depending trial functions, which provides an upper bound on 2j(R \ Z) with the
correct asymptotic behavior. For every

n €N\ {0}, s>1/2 and 0<£<11—0,

we consider the trial function u where:

n qon,s,s’
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* u, € C;°((—n, n)) has the form

X

wr=a()

for some u € C;°((—1,1)) such that [lull 21,1y = 1;
* the multiple funnel-type cut-off function ¢, ;. € Wls(’)i([R) N L*°(R) has the form

Prse=1— ) Q(x;j),
where ¢, is the function given by
¢(0) = (1= 1x**71) .
Thanks to [7, Lemma 2.7], we see that
Uy Psc € Wy ((—n,m)) C W (R \ 2).

Thus, it is a feasible trial function. By using again Minkowski’s inequality, this yields

[ Jws2(m) + 1l oo () [Pre slwsam)
VAR 2) < '
”un Pres ||L2((—n,n))

Step 4: Estimate of the quotient. Let us start by handling the terms at the numerator. We consider
at first the terms containing u,,, which are simpler. By recalling the definition of u,,, we have

1_
[ lws2y = 127" [Ulysa).

The last term can be estimated by using the interpolation inequality [10, Corollary 2.2], which
gives

C 1—s s
S. < -~ 9
(el <) T =5 Mgy 1 ey

for some C > 0 independent of s. This guarantees that we have

1_g c Jis
[ty lrs2my < N2 a9 [ (6.5)

The term with the L* norm is easy to handle, as we simply have

Nt ll oo ((—nny) = Nullzoo(=1,1))- (6.6)
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The term containing the cut-off is the most delicate one. To estimate it, we observe that

,:Z_n*< D)= max o (5),

thanks to the fact that all the functions involved in the sum have disjoint support. We can then
use the submodularity of the Sobolev-Slobodeckii seminorm (see [16, Theorem 3.2 and Remark
3.3]) and obtain

n . _J
[Pncslwsam) = l 2 Q(T)]
WS,Z(R)
- [Fn—lr?xn s (T >] WS2(R)

n . 5 % 1
(Z M%’)] > = V2n+1e27 [{lysage.
WS2A(R)

j==n

VA

To conclude, the key fact is a very precise asymptotic estimate of the last term, as s goes to 1/2.
This is contained in Lemma B.1 in Appendix B, which permits to infer

[Preslwsam) < C\/2n+182 V2s—1, for%<s<%, (6.7)
with C > 0 not depending on s.
‘We now pass to examine the denominator. In this case, we have

1

n N2 )2
ny-— 1
Z §s< yE ]>> dy| =n2llullz2a,). (6.8)

j=n

A
1wy Pnesliranny =12 / lu(y)|* (1 -
-1

where

—(11)\U< s]+£>

j==n

Step 5: Conclusion. By collecting the estimates (6.5), (6.6), (6.7), and (6.8), we obtain

1_
R\ 2) ‘/ ||u I 2y + € Mlloqorny V2R + 162 *vV2s—1
<
2s—1 1
} nZ V2s—1lullpza,)

C ”u,”iz((q ) ns el poo(=1,1)) s
< ’ +C V3e:
s@=s) lullza,) 2s5-1 llullz2ca,)
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It is now important to make a good choice of the parameters n and ¢: we take them to be

= ()7 = (5]’

Observe that with these choices, we have

1
lime=0 and g27% = /10,
s\%

and

1
lim ——— < lim(2s —1)**"2 = 0,
N3 V2s—1 s\3

where we also used (2.1). Moreover, by using the Dominated Convergence Theorem, we also have

lim [lullr2ca,) = Nullrz-1n) =1
S\‘E

These facts finally enable us to conclude that

AR\ 2)

2s—1 < V30C [Jullpeo(—1,1y) < +00.

lim sup
s\%

The proof is now over.

APPENDIX A: A BI-LIPSCHITZ HOMEOMORPHISM
In what follows, for every open bounded set K C R and every x, € K, we define

dp(xy) = min |x — x Dy (xy) = max |x — x,|.
x(xo) xeaKl ol 'k (X0) anK| ol

Lemma A.1. Let K C RN be an open bounded convex set and x,, € K. There exists a bi-Lipschitz
homeomorphism ®g . : RN — RN with the following properties:

* Dy (X0) = xg and Dy, (r (K — xo) + xo) = B.(x), for every r > 0;
* O, is Lg-Lipschitz with

2
Ly = ———;
K dg (%)

. q)I_<,1x0 is M-Lipschitz with

dg(xo)
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Moreover, we have

N
<ML> < IdetVoy, ()| < L)V, fora.ex RV, (A1)
K
and
N
<Li> < |detV<I>I;1xO(x)| <MV, fora.e.x € RV, (A.2)
- :

Proof. For notational simplicity, we omit to indicate the subscript x, everywhere. We recall at first
the definition of the Minkowski functional of K centered at x, that is,

jx(x) = inf {/1 >0 x e/l(K—xO)+x0}.
We recall that this is a Lipschitz function, which verifies the following homogeneity property
Jr(t (= x0) + x) =t jr(x), for every x € RN, t > 0. (A.3)
We also observe that by construction it holds
Jjg(x) <r ifandonlyif xer(X —xp)+ x,
and that
Jjx() =r ifandonlyif xer(0K —x,)+ x,.

Moreover, j satisfies

1

|x =yl for every x,y € RV, (A.4)
dg(xo)

k() = jx I <

Last, but not least, we have the following lower bound

. . X — Xg |x — Xl N
Jr(X) = 1x— x| j <—+x>>—, for every x € R™. (A.5)
K PN x = xol 7 Dy (o)
Then we define @ as follows
x f—
Dy (xg) = X, Dp(x) = ﬁ Jr(X) + xo, if x € R\ {x,}.
— Xo

Thanks to the properties of the Minkowski functional, we have that @ is injective. To verify that
@, is bijective, let us take y € RV \ {x,}. We then define

|y — xol

TR

(v — xo) + xo, (A.6)
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we claim that @ (x) = y. Indeed, by construction we have

X=X . — y—xo . (|y—xl
Op(X) = —— jx(X) + x5 = < . (y—x)+x>+x.
K X — x| % Ty —xl T\ k) o °
From property (A.3), we get

y—Xy . ly — xl
Jx(y) =
ly = xol 577 k)

e x) =

- X - X
y 0 . <|y ol +x =y,

- (y—x)+x>+x =
v =xol "\ jx®) o)

as desired. This shows that ® is bijective and from (A.6) we get

|y = xol

o) O — xy) + xg, fory e RN \ {xo}

o (y) =
Thanks to the properties of the Minkowski functional, it is easily seen that
Dp(r (K — x4) + X9) = B,(x), for every r > 0.

We now claim that both ® and its inverse are Lipschitz continuous. We start with ®: we take
x,y € RN \ {x,} and, without loss of generality, we can suppose that |y — x,| < |x — x,|. By the
triangle inequality, we get

X =X Y =X

|x —xol |y — Xl

| @k (x) = (W] < jr () + 1jx(x) = jrW)I

(A.7)
) |x =yl . )
< Jjk») + () = jxr W),
VIx =] |y = xl
where we used that
X=X Y—Xo 2= _ (X = X0,y — Xg)
[x —xol |y — X0l |x — x| [y — Xl
X =X+ 1y —xl* (x—xpy—X0) _  |x—y
|x — x| |y — Xl | — x| |y — Xl |x—x0||y—x0|’

thanks to Young’s inequality. By using (A.4), the fact that jz(x,) = 0 and the assumption |y —
Xol < |x — x|, we get from (A.7)

1 |x — ¥l 2
|Px(x) = P < 5—— ||y — Xl +Ix=yl| < ——=Ix—
K K dg(xo) 0 [x —xo| |y — X dg(xo)

vl

This proves the claimed Lipschitz regularity of @.
We now turn our attention to the inverse function CI>I_<1. We proceed in a similar way: we take
x,y € RN \ {x,} and we can suppose that |y — x,| < |x — X,|. Then by the triangle inequality

A 'T 'v202 ‘0SLL69VT

)"00SYIRLPUO /SNy WO |

851801 SUOLILLOD 3AIIERID) 3|eal|dde 3y} Aq peuob afe Sao1e O ‘SN JO S3jnu 10} A#Riq1T8UIIUO A8|IA UO (SUORIPUD-PUE-SWWLB}/WI0D" A3 | IMAfelq|BUIjuO//SAIY) SUONIPUOD PUe SWd | 8y} 89S *[5202/20/50] Uo AiqiTauliuo A|1m ‘B1feleURILe0D Aq $T8ZT'SWII/ZTTT 0T/I0p/woo A8 |im Ariq)



LOWER BOUND WITH TOPOLOGICAL CONSTRAINTS 41 of 45

90 = @ O € s [l =0l =) = 1y = 01 0 = %)
o2l 1
M Ve R el

By using (A.5) and observing that

|x—x0|(x—x0)—|y—x0|(y—x0)| S(Ux=xpl + 1y —xoD [x =y <2|x = X0 |x =y,

we get that
02 (0) — 81 0)] < % =yl + % k) = Jc )
conat e
< 2Dy e =yl + Do) B
= Dg(xo) <2 + 2;&’)) ) lx =yl

This gives the desired Lipschitz estimate for @I_{l, as well.

Finally, the two-sided estimates (A.1) and (A.2) are a standard consequence of the Lipschitz
estimates on ®, and ®_!, in conjunction with the Area Formula for Lipschitz functions and
Rademacher’s theorem. O

APPENDIX B: A SPECIAL CUT-OFF FUNCTION
Lemma B.1. Let1/2 < s < 1and let

{s(x) = (1—|x|23‘1)+, forx € R.

Then we have

2s—-1
[Cslwsew) < € —, (B.1)
V1—s
with a constant C > 0 independent of s € (1/2, 1).
Proof. We decompose the seminorm as follows
, ’|x|23—1_|y|2s—1)
e = || dx dy
TR T ik =yl
(B.2)

2 2
o i o i
+ = ———dx+ - ———dx=1,+ I, + 1.
S /_1 (1 - X)ZS S /_1 (1 + X)ZS ! 2 3
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To prove (B.1), we will prove that

I~<C2S_1

; s fori=1,2,3. (B.3)
1—s

For the first term 7,, we observe that by using the symmetry of the set and of the integrand, we
have

|25 1 _ |2$—1 2

=y | s
xdy.
(0,1)x(0,1) |x — y|i+2s

By using [7, Remark 4.2, formula (4.3)] with the choice 8 = 25 — 1 there, we can estimate the last
double integral as follows

2

|x|2571 — |y|2sL 111 2512
4// | — | dxdy<</ %(1+11_2S)d1> :
0,1)x(0,1) |x — y[i+2s o |1—rt|it2s 2s5—1

We then write
1 25-112 1 25-1)2
[1—7°57 [1-2s 2 [1=72577 1-2s
/0 o (1+7'72%)dr = Mg (1+7'72%)dr

1 25-12
1—-71
+/ [ kil (1+7'72%)dr

; |1 — -[-|1+2s

1
<C /2 1—25 12 (1471725 dr
0

1 |1_T25—1|2
+C[ mdl’ =. Il,l +11’2.

ST

The constant C > 0 can be taken independent of s. We start by estimating 7, ,, which is simpler:
we use the following pointwise inequality

—-b*<ab*(a->), foro0<b<a,0<a<l,

which just follows from concavity of the map 7 — 7¢. This gives

1
1,,<C47%@2s—-1) ﬁ A-0)l2%dr = > ¢ (2s-1)%,
2

(1-5)

as desired. We now come to 7, ;, which is the most subtle. We have to distinguish two cases:
1/2 < s < 3/4and 3/4 < s < 1. In the first case, we set for simplicity

fo(s) =257, fort >0, s> %
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Then we have

ro-1:(3)|-

/ Fldt,

thatisfor0 <7 <1/2

1—72571 =2]logt]

N
ﬁ 7'.21—1 dt| <
2

<2(~log1) (s— 5) = (—log7) (25— 1).

Thus, we getfor1/2 < s < 3/4

sz

I, < C(2s—1)2/( log7)? (1 + 11725 dr < 2C(2s—1)2/( log 7) (B.4)

T

This gives the desired estimate for 1/2 < s < 3/4, as the last integral is finite and independent of
s. On the other hand, for 3/4 < s < 1, we can simply estimate

1 1
2 5 2-2s
111<C/2(1+T1_25)d7<2C/Ztl_zsdr= ¢ <l> <;. (B.5)
' 0 0 s

In particular, we get from (B.4) and (B.5)

(25 —-1)?

1, £C
L1 S 1—s

s for 1 <s<1,
2
possibly for a different C > 0, still independent of s. By collecting the estimates for 7, ; and 7, ,,
we thus get (B.1) for 7.
We now consider 7, and Z,. We only estimate the first one, as the estimate for the second one
is similar. For s > 1/2, we have

2
1 ‘1—|x|23_1‘ 1 — x25-1y2 1— [x[2s-1
l/—dxsZ ( ) +2/( 1] )dx

-1

s 1 —x)?s o (1—x)25 1 —x)?s
1 2512 0
1 —
< %dx+2/ (1 - x> dx
o (@T—=x)*s -1
1 25-132 1 25—112
1- 1-—
P A Gk S0 S P N Gl S
! 1 —x)?s o (@=x)2s
1
+2 / (1 —x*"H2dx
0
1 25-132 2
1 —
<2 udx+2-4s/2(l—xzs_l)2dx
1oA=-x2 0
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1
+2 / (1 —x*"NH2dx
0

1 25—1\2 1
(1—=x"71) / 25-1
<2 - dx+2& +1 1—x*%"")dx.
. = ( ) 0( )

By computing the last integral, this gives in particular

2s—1 2
1 /1 |1— [x] | 11— x25-1)2 2s—1
s J_

L lxg dx + @ +1) 221
A TSP Tagn @D

At this point, the integral in the right-hand side can be estimated as we did for 7, , above. By
proceeding as before, we get (B.3) for 7, (and thus for 7,), as well. O
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