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A B S T R A C T

We present an approach for the optimization of irrigation in a Richards’ equation framework.
We introduce a proper cost functional, aimed at minimizing the amount of water provided by
irrigation, at the same time maximizing the root water uptake, which is modeled by a sink term
in the continuity equation. The control is acting on the boundary of the dynamics and due to the
nature of the mathematical problem we use a State Dependent Riccati approach which provides
suboptimal control in feedback form, applied to the system of ODEs resulting from the Richards’
equation semidiscretization in space. The problem is tested with existing hydraulic parameters,
also considering proper root water uptake functions. The numerical simulations also consider
the presence of noise in the model to further validate the use of a feedback control approach.

1. Introduction

It has been assessed that almost the 70% of freshwater withdrawals is used in the agricultural sector, of which 86% for irrigation.
In this context, optimizing water needed for irrigation, without reducing the yield of the crops, becomes crucial for a sustainable
management of agricultural practices: in this framework, our paper aims at providing efficient modeling and numerical tools for
optimizing irrigation, resorting to control techniques. As a matter of facts, more comprehensive irrigation models rely on water flow
in partially saturated soils.

Recently, some control theory approaches have been used for optimizing irrigation processes. In [1], for example, a linear
parameter varying (LPV) model is developed for controller design, aimed at maintaining soil water content in the root zone within a
certain target. A very simplified model is proposed in [2], where a constant diffusivity is imposed to Richards’ equation, and a sliding
mode control is presented, whereas an optimal control approach is used in [3] for a basic water balance law. And yet, a streamlined
tool is introduced in [4], based on the computation of steady solutions of Richards’ equation. An interesting approach for applying
control techniques in a Richards’ equation framework is described in [5], yet with very different applications, i.e. maximizing the
amount of absorbed liquid by redistributing the materials, when designing the material properties of a diaper.

In [6], it has been proposed a model for solving an optimal control problem under the quasi-unsaturated assumptions, which
provides a suitable hydrological setting that prevents to reach water moisture saturation in the soil: the authors have derived the
appropriate optimality conditions for the boundary control of a class of nonlinear Richards’ equations, and implemented these results
in the development and computation of numerical solutions by a classical Projected Gradient Descent algorithm: here we will follow
some concepts of that paper, with respect to the cost functional, albeit in a completely different control technique and therefore
also numerical framework.
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In this work, we present an infinite horizon dynamic boundary control problem applied to the optimization of the irrigation.
Loosely speaking, the idea of a dynamic boundary control problem is to include an additional dynamic on the boundary, which
is modified according to the control under consideration. Indeed, dynamic boundary control involves the control of the derivative
of the state equation at the boundary. This technique is commonly used to influence the evolution of partial differential equations
governing the state of the system. This kind of problem has not been studied before to the best of our knowledge in the context
of Richards’ equation. A dynamic boundary control problem has been studied for finite horizon problems in e.g. [7,8] under other
circumstances as heat equation and models with drift terms. The objective of our control procedure is to maximize the root water
uptake, at the same time minimizing the amount of water provided for irrigation, which is described by properly assigning the
boundary conditions. To this purpose, a feedback control is implemented by a tailored numerical method. Our goal is to obtain
a reliable numerical method that allows us to compute the control in feedback form. This control is usually more suitable for
application driven problem since it is able to react to perturbations or measurement errors which may occur very often when
working with real life problems. In this work, we use the so-called discretize-than-optimize approach. Unlike the approach adopted
in [6], we initially discretize the problem using finite difference methods, resulting in a system of 𝑑 ordinary differential equations.

ote that the dynamic boundary control is directly included in the discretized system. An optimal control in feedback form can be
btained through the knowledge of the value function, but its computation suffers from the curse of the dimensionality. Indeed, it is
ossible to compute the value function by means of the Hamilton–Jacobi–Bellman (HJB, see [9]) equation. However, this equation

is not easy to solve either analytically, due to its nonlinear nature, or numerically, since the dimension of the problem can be
arbitrarily high. The term curse of dimensionality has been coined due to the fact that increasing the dimension of the problem its
complexity increases exponentially. Recently, the mitigation of the curse of dimensionality has been studied by different points of
iew. Among all, we mention: max-plus algebra [10,11], sparse grids and polynomials [12–14], tree-structure algorithms [15–17],

deep neural networks [18–23], low-rank tensor decompositions [24–26] and kernel interpolation techniques [27,28].
A viable alternative to compute an approximation of the value function is the use of the State Dependent Riccati Equation (SDRE),

see e.g. [29,30]. In this context, it is assumed that the value function can be locally approximated by a quadratic form. Furthermore,
the state equation needs to have a peculiar form which has to be linear for a given state. Thus, the control can be computed through
the solution of several algebraic Riccati equations, i.e. 𝑑-dimensional matrix equations. This approach has been studied theoretically
in [31], and computationally variants to the method have been introduced in [32]. A model reduction approach to the topic can be
ound in [33–35].

To summarize, the novelties presented in this work are (i) introduction of a dynamic boundary control problem for optimizing
rrigation in a Richards’ equation framework, (ii) the use of SDRE to obtain the control in feedback form and (iii) simulations affected

by the presence of noise.
The outline of the paper is the following. In Section 2, we introduce the Richards’ equation for modeling unsaturated flow

with root water uptake macroscopic effects, and we present our dynamic boundary control problem. Later in Section 3, we explain
our discretization approach and the SDRE applied to our control problem. Numerical tests are discussed in Section 4, referring to
standard root water uptake functions and well-known hydraulic models and parameters. Finally, we highlight the novelties of this
work, drawing some future research directions in this framework.

2. Richards’ equation and the control problem

The so-called Richards’ equation (RE) is the standard tool for modeling water flow in unsaturated soils: such flow is driven by
capillarity and gravity forces. It has been derived by the combination of Darcy’s law for porous media and mass balance equation, and
it is the core of many disciplines in porous media, ranging from soil science, agronomy, environmental engineering, hydrogeology,
numerical analysis and applied mathematics. For instance, the significant review [36] provides a perspective of the RE in the context
of catchment hydrology, while the encyclopedic work in [37] takes into account the importance of such model in soil science
cientific community. From a mathematical point of view, since exact solutions of RE have been found only for specific settings

(e.g. [38]), efforts have been concentrated mainly in the numerical solvers. Many numerical issues can be considered when solving
uch equation: for instance, spatial discretization can be accomplished by finite volumes and mixed finite elements methods, as
n [39–42], techniques for handling nonlinearities have been widely treated in [43–46]. By the way, the interested reader is referred

to [47] for a comprehensive review on numerical methods for RE.
Soil moisture dynamics is primarily governed by gravitational forces. Therefore, for many agro-hydrological applications,

studying vertical infiltration alone can provide valuable insights. However, significant heterogeneities and uncertainties in model
parameters can sometimes render the use of Richards’ equation across extensive two-dimensional spatial domains impractical. In
line with previous agronomic applications, including those at the scale of irrigation districts (e.g., [48,49]), we adopt a simplified
pproach by focusing on the one-dimensional, vertical formulation of Richards’ equation, specifically in its pressure-based form,

having the following form:

𝐶(ℎ) 𝜕 ℎ
𝜕 𝑡 = 𝜕

𝜕 𝑧
(

𝐾(ℎ)
( 𝜕 ℎ
𝜕 𝑧 − 1

))

− 𝑆(ℎ), (𝑧, 𝑡) ∈ [0, 𝐿] × [0, 𝑇 ]. (1)

Here, ℎ is the soil metric potential (cm), 𝐶(ℎ) is the soil water capacity (cm−1), 𝐾(ℎ) is the unsaturated hydraulic conductivity
(cm d−1), 𝐿 is depth (cm) of the domain, 𝑇 is the period of observation of the process. The sink term 𝑆(ℎ) represents the macroscopic
water uptake by roots: for the sake of simplicity, it is assumed it depends only on the state variable ℎ.

There exist different empirical forms for 𝐾(ℎ) and 𝐶(ℎ), where the latter is defined as

𝐶(ℎ) ∶= 𝜕 𝜃 , (2)

𝜕 ℎ
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and where the water retention curve 𝜃(ℎ) has a suitable form (see, for example, [50,51]). More details about the physical meaning of
these functions are thoroughly described in the inspiring books [52,53]: loosely speaking, while the most basic measure of water
in porous media is the volumetric water content 𝜃, defined as the volume of water per bulk volume of the medium. The matric
pressure ℎ, from now on simply pressure, can be thought of as the pressure difference across the water–air interface. Lastly, the
water retention curve arises from the nonlinear fitting of laboratory measurements of 𝜃 and ℎ according to given empirical functions.

Since RE is the core of most sophisticated irrigation models, here we want to provide some tools enhancing the trade-off between
the physical process and the anthropogenic action to sustainably manage water resources in irrigation framework: in practice the
oal is to maximizing the root water uptake while at the same time minimizing water volumes provided by irrigation. This task is
ccomplished by properly controlling the upper boundary condition according to a dynamic boundary control problem.

Let us now introduce the dynamic boundary control problem [7,8] we are going to study in the present work:

𝐶(ℎ) 𝜕 ℎ
𝜕 𝑡 = 𝜕

𝜕 𝑧
(

𝐾(ℎ)
( 𝜕 ℎ
𝜕 𝑧 − 1

))

− 𝑆(ℎ), (𝑧, 𝑡) ∈ [0, 𝑍] × [0, 𝑇 ],
ℎ(0, 0) = ℎ𝑇 ,
𝜕 ℎ
𝜕 𝑡 (0, 𝑡) = 𝑢(𝑡), 𝑡 ∈ [0, 𝑇 ],
ℎ(𝑍 , 𝑡) = ℎ𝐵(𝑡), 𝑡 ∈ [0, 𝑇 ],
ℎ(𝑧, 0) = ℎ0(𝑧), 𝑧 ∈ [0, 𝑍],

(3)

where 𝑢(𝑡) ∶ [0, 𝑇 ] → R is the control, ℎ𝑇 ∈ R is the initial condition for the upper boundary of the domain and ℎ𝐵 ∶ [0, 𝑇 ] → R
s a given function acting on the lower boundary of the domain. We remark that usually, for boundary control systems there is no
dditional dynamic on the boundary as we are introducing in (3). This problem has been studied in [7] for heat equation and recently
n [8] for equations involving drift terms. As the control directly influences the boundary dynamics, the spatial semidiscretization

of the system naturally assumes a form well-suited for applying the SDRE method. Specifically, the resulting system takes the form
𝑦′(𝑡) = 𝐴(𝑦(𝑡))𝑦(𝑡) + 𝐵 𝑢(𝑡), where 𝑦(𝑡) represents the spatial semidiscretization of the solution ℎ(𝑧, 𝑡).

We are interested in minimizing the following tracking problem for the uptake function:

𝐽 (𝑢) = ∫

𝑇

0 ∫

𝑍

0

(

|𝑆(ℎ(𝑧, 𝑡)) − 𝑆𝑚𝑎𝑥|
2 + 𝜆|𝑢(𝑡)|2

)

𝑑 𝑡 𝑑 𝑧 (4)

where 𝑆𝑚𝑎𝑥 = maxℎ∈R𝑆(ℎ) and 𝜆 > 0 a given parameter. Finally, our optimal control problem reads

min𝑢𝐽 (𝑢) such that ℎ solves (3) (5)

Existence and uniqueness results for the boundary control problem, can be found in [54]. The extension to dynamic boundary
ontrol in this context is open and goes beyond the scopes of this work. We remark that there is a difference between the setting
roposed in [54] which does not allow to extend their results straightforward.

3. Numerical approximation of the control problem

In this work we use the discretize-than-optimize approach. Specifically, we first semidiscretize the dynamical system (3) and then
e apply a suboptimal feedback control strategy based on SDREs (see e.g. [29,30]).

First of all, we discretize the state equation (3) using Finite Differences (FD, [55]). We consider a spatial mesh constituted by
𝑑 + 1 nodes equally spaced with stepsize 𝛥𝑧 such that 𝑧𝑖 = 𝑖𝛥𝑧 ≥ 0. Thus, we are looking for the vector function 𝑦 ∶ [0, 𝑇 ] → R𝑑 such
that

𝑦(𝑡) = [𝑦0(𝑡),… , 𝑦𝑑−1(𝑡)]⊤ ≈ [ℎ(𝑧0, 𝑡),… , ℎ(𝑧𝑑−1, 𝑡)]⊤.
The value ℎ(𝑧𝑑 , 𝑡) is fixed for the entire time interval, it is not included in the vector function 𝑦. Following [56], we apply FD
to Eq. (3) and we obtain that its solution can be approximated by the solution of a 𝑑-dimensional ODE system:

𝐶(𝑦(𝑡))𝑦̇(𝑡) = (

𝐴1(𝑦(𝑡)) + 𝐴2(𝑦(𝑡))
)

𝑦(𝑡) + 𝐵 𝑢(𝑡),
𝑦(0) = 𝑦0,

(6)

where 𝐶(𝑦) ∶ R𝑑 → R𝑑×𝑑 is diagonal for all 𝑦 ∈ R𝑑 with the 𝑖th diagonal term given by 𝐶(𝑦𝑖(𝑡)), whereas 𝐴(𝑦) ∶= 𝐴1(𝑦) + 𝐴2(𝑦) is a
× 𝑑 matrix for all 𝑦 ∈ R𝑑 , where 𝐴1(𝑦) =

(

0
𝐴̃1(𝑦)

)

with 0 ∈ R𝑑 a vector of all zeros and

𝐴̃1(𝑧) = 1
2𝛥𝑧2

𝚝𝚛𝚍𝚒𝚊𝚐([𝐾𝑖−1 +𝐾𝑖,−(𝐾𝑖+1 + 2𝐾𝑖 +𝐾𝑖−1), 𝐾𝑖−1 +𝐾𝑖], 𝑑 − 1),

𝐴2(𝑦) ∶= 1
2𝛥𝑧

𝚍𝚒𝚊𝚐

⎛

⎜

⎜

⎜

⎜

⎜

⎜

0
(𝐾0 +𝐾1)𝑦0∕𝛥𝑧 + (𝐾2 −𝐾0) − 2𝛥𝑧𝑆1

(𝐾3 −𝐾1) − 2𝛥𝑧𝑆2
(𝐾4 −𝐾2) − 2𝛥𝑧𝑆3

⋮

⎞

⎟

⎟

⎟

⎟

⎟

⎟

.

⎝(𝐾𝑑 +𝐾𝑑−1)ℎ𝑁∕𝛥𝑧 + (𝐾𝑑 −𝐾𝑑−2) − 2𝛥𝑧𝑆𝑑−1.⎠
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Fig. 1. Feedback control system block diagram.

The notation trdiag([𝑣1, 𝑣2, 𝑣3], 𝑑) denotes a tridiagonal 𝑑 × 𝑑 matrix, where 𝑣1, 𝑣2, and 𝑣3 specify the lower, main, and upper
iagonals, respectively, whereas diag maps a vector into a diagonal matrix with diagonal equal to the input vector. Further, we

denote by 𝐾𝑖 ∶= 𝐾(𝑦𝑖(𝑡)), 𝑆𝑖 ∶= 𝑆(𝑦𝑖(𝑡)). The matrix 𝐴2(𝑦) accounts also for the root water uptake and boundary conditions in (3).
We refer to e.g. [56,57] for a more detailed derivation of this numerical scheme.

Remark 1. Due to the structure of the continuous problem (3), the first row of the matrix 𝐴(𝑦) is equal to zero. Indeed, this reflects
he top boundary term which enters into the dynamical system only through the control, therefore only the matrix 𝐵 is affected by
he dynamic boundary control. This peculiar structure of the matrix 𝐴(𝑦) with the first row equal to zero, leads to a singular matrix.
his problem can be avoided exploiting the particular structure of the semilinear form 𝐴(𝑦)𝑦. Indeed, given a nonlinear dynamics
(𝑦), there exist infinitely many semilinear forms satisfying 𝑓 (𝑦) = 𝐴(𝑦)𝑦 in dimension greater than one. For instance, let us consider
 semilinear form 𝐴0(𝑥) satisfying 𝐴0(𝑦)𝑦 = 𝑓 (𝑦). Then, the sum 𝐴0(𝑦) + 𝐴∗(𝑦) still is a semilinear form for the dynamics, provided
hat 𝐴∗(𝑦)𝑦 = 0 ∈ R𝑑 for all 𝑦 ∈ R𝑑 . To fill the first row, we can consider a matrix 𝐴∗(𝑦) defined as follows:

𝐴∗
𝑖,𝑗 (𝑥) ∶=

⎧

⎪

⎪

⎨

⎪

⎪

⎩

−𝑥2, if 𝑖 = 1, 𝑗 = 1,
𝑥𝑗−1 − 𝑥𝑗 , if 𝑖 = 1, 𝑗 ∈ {2,… , 𝑑 − 2},
−𝑥𝑑−2, if 𝑖 = 1, 𝑗 = 𝑑 − 1,
0, otherwise.

Finally, it is easy to check that 𝐴∗(𝑦)𝑦 = 0 for all 𝑦 ∈ R𝑑 . For more details on suitable choices for the semilinear forms of the SDRE
we refer to [58].

The initial condition 𝑦0 ∈ R𝑑 in (6) is such that (𝑦0)𝑖 = ℎ0(𝑧𝑖) and 𝐵 ∈ R𝑑 with 𝐵1 = 1 and 𝐵𝑗 = 0 for 𝑗 = 2,… , 𝑑 since we consider
 dynamic boundary control. This setting is extremely useful to set (6) and use the technique explained in the next subsection. Note

that the dynamic boundary control presents a condition on the derivative of ℎ and this is reflected in (6) since in the first equation,
related to the boundary 𝑧 = 0, it appears also the control.

The cost functional related to the semidiscrete problem (6) will be of the following form:

𝐽 (𝑢) = ∫

𝑇

0
𝑦(𝑡)𝑇𝑄(𝑦)𝑦(𝑡) + 𝜆|𝑢(𝑡)|2 𝑑 𝑡 (7)

where the matrix 𝑄(𝑦) ∶ R𝑑 → R𝑑×𝑑 is a positive definite matrix for all 𝑦 ∈ R𝑑 , whereas 𝜆 > 0. Note that the construction of the
matrix 𝑄(𝑦) will be explained in Section 3.1 since it depends on the peculiar uptake function 𝑆(ℎ) due to the nonlinearity of our
ontinuous cost (4).

To conclude, we summarize our discretized control problem as follows:

min𝑢∈R𝐽 (𝑢) such that ℎ solves (6). (8)

3.1. State dependent Riccati equation

As already mentioned in Section 1, we are interested in computing the control in feedback form because it offers several
dvantages, such as explicit dependence on the current state of the system. This closed-loop control strategy is designed to handle

modeling errors, exogenous disturbances, or other variations of system parameters. This makes it particularly appealing for practical
applications, where dealing with noise or small variations is common. In Fig. 1, we present a schematic realization of the feedback
ontrol.
264 
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In this subsection, we will recall one of the methods that allows us to obtain feedback control to solve (8): the SDRE (see
.g. [29,30]) approach.

It is well-known the optimal feedback control for (8) is linked to the value function 𝑣(𝑦) ∶= inf𝑢 𝐽 (𝑢), which represents the cost
associated to the optimal trajectory starting from the initial condition 𝑦 ∈ R𝑑 , and in this case it is given by

𝑢∗(𝑡) ∶= −1
𝜆
𝐵𝑇∇𝑣(𝑦(𝑡)).

Unfortunately, the computation of the value function requires the numerical approximation of a 𝑑-dimensional nonlinear PDE, the
HJB equation (see e.g. [9]). This approach suffers from the curse of dimensionality. In a very peculiar setting, namely the Linear
Quadratic Regulator (LQR) problem [59], it is possible to compute the value function. This problem considers a linear dynamics
with the constant matrix 𝐴(𝑦) ∶= 𝐴 in (6) and a quadratic cost in (7) with 𝑄(𝑦) ∶= 𝑄. Here, the value function is quadratic and
iven by 𝑣(𝑦) = 𝑦𝑇𝛱 𝑦 where 𝛱 ∈ R𝑑×𝑑 is the solution of the following algebraic Riccati equation:

𝐴⊤𝛱 +𝛱 𝐴 − 1
𝜆
𝛱 𝐵 𝐵⊤𝛱 +𝑄 = 0.

This approach only relates to linear quadratic problems. We refer to e.g. [60] for efficient numerical methods for the large-scale
ase. Nevertheless, it is possible to extend the LQR approach to nonlinear dynamics and cost functionals provided that we deal with
he dynamics given in (6) and the cost (7) and assuming that the value function is approximated locally by a quadratic function

such that 𝑣(𝑦) ≈ 𝑦𝑇𝛱(𝑦)𝑦 and 𝛱(𝑦) is a 𝑑 × 𝑑 matrix for all 𝑦 ∈ R𝑑 . The unknown matrix 𝛱(𝑦) is the solution of an Algebraic Riccati
quation which reads

𝐴⊤(𝑦)𝛱(𝑦) +𝛱(𝑦)𝐴(𝑦) − 1
𝜆
𝛱(𝑦)𝐵(𝑦)𝐵⊤(𝑦)𝛱(𝑦) +𝑄(𝑦) = 0 (9)

and the feedback control, which will be suboptimal, has the following form:

𝑢∗(𝑡) ≈ −1
𝜆
𝐵𝑇𝛱(𝑦(𝑡))𝑦(𝑡). (10)

This formulation, although suboptimal since it does not solve directly the optimal control problem, corresponds to the asymptotic
stabilization of the nonlinear dynamics towards a desired configuration under suitable assumptions on 𝐴(𝑦), 𝐵(𝑦), 𝑄(𝑦) and 𝜆. To this
aim, let us introduce the definitions of stabilizability and detectability.

Definition 1. The pair (𝐴, 𝐵) is called stabilizable if there exists a feedback matrix 𝐾 ∈ R𝑛×𝑚 such that 𝐴−𝐵 𝐾 has all eigenvalues
in the open left half complex plane.

Definition 2. The pair (𝐴, 𝐶) is called detectable if the pair (𝐴⊤, 𝐶⊤) is stabilizable.

It can be shown that, under assumptions of regularity, pointwise stabilizability, and detectability, the SDRE control achieves
local asymptotic stability. This is formally stated in the following result from [61].

Proposition 1. Suppose 𝐴(⋅), 𝐵(⋅) and 𝑄(⋅) are 𝐶1(R𝑑 ) matrix-valued function, and that the pairs (𝐴(𝑥), 𝐵(𝑥)) and (𝐴(𝑥), 𝑄(𝑥)1∕2)
re pointwise stabilizable and detectable, respectively, for each 𝑥, then the SDRE method produces a closed-loop solution which is locally
symptotically stable.

Note that (9) is a matrix equation which is state dependent and has to be computed at each time iteration, i.e. every time to
btain a different state 𝑦. This could be very expensive especially if 𝑑 is very large. We refer to [32] for an efficient approximation

of the method for large scale problems.
To summarize, the SDRE approach continuously adapts the control law to the current state of the nonlinear system, providing a

owerful method for dealing with nonlinear control problems by leveraging the well-established LQR framework. The method works
pon three stages: (i) linearization around the current state, (ii) solution of the algebraic Riccati equation (9) for the linearized

problem and (iii) computation of the feedback law (10).
Throughout this work, we will consider the most common macroscopic root water uptake model for 𝑆(ℎ) in (3), i.e. the piece-wise

inear Feddes function [62], defined, up to a proportionality constant, as:

𝑆(ℎ) ∶= 𝑆𝑚𝑎𝑥𝑅(ℎ), 𝑅(ℎ) ∶=

⎧

⎪

⎪

⎨

⎪

⎪

⎩

0, if ℎ1 ≤ ℎ or ℎ ≤ ℎ4,
ℎ−ℎ1
ℎ2−ℎ1

, if ℎ2 < ℎ < ℎ1,
1, if ℎ3 ≤ ℎ ≤ ℎ2,
ℎ−ℎ4
ℎ3−ℎ4

, if ℎ4 < ℎ < ℎ3,

(11)

with a proper choice of parameters. A possible shape of the stress function 𝑅(ℎ) is depicted in Fig. 2. Indeed, there are many smoother
root water uptake functions in literature (see e.g. [63]). However, we selected the Feddes-type due to its widespread acceptance and
familiarity within the soil science community. In Fig. 3, we also consider a regularized stress function starting from the Feddes-type.

The function (11) reaches its maximum 𝑆𝑚𝑎𝑥 if ℎ ∈ [ℎ3, ℎ2]. Therefore we can rewrite the running cost in (4) as
𝑇 𝑍

|𝑆(ℎ(𝑧, 𝑡)) − 𝑆𝑚𝑎𝑥|
2𝑑 𝑧 𝑑 𝑡 = 𝑆2

𝑇 𝑍
[𝜒(ℎ ,ℎ )(ℎ)

|

|

|

ℎ − ℎ1 − 1||
|

2

∫0 ∫0 𝑚𝑎𝑥 ∫0 ∫0 2 1
|
ℎ2 − ℎ1 |
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Fig. 2. The typical piece-wise linear shape of a stress function 𝑅(ℎ) as in the Feddes model (11).

+ 𝜒(ℎ4 ,ℎ3)(ℎ)
|

|

|

|

ℎ − ℎ4
ℎ3 − ℎ4

− 1||
|

|

2
+ 𝜒(−∞,ℎ4]∪[ℎ1 ,+∞)(ℎ)]𝑑 𝑧 𝑑 𝑡,

where 𝜒𝜔ℎ
(ℎ) denotes the indicator function on the set 𝜔. Its semi-discretized version reads

𝑆2
𝑚𝑎𝑥 ∫

𝑇

0
𝛥𝑧

𝑑
∑

𝑖=0
[𝜒(ℎ2 ,ℎ1)(𝑦𝑖(𝑡))

|

|

|

|

𝑦𝑖(𝑡) − ℎ2
ℎ2 − ℎ1

|

|

|

|

2

+ 𝜒(ℎ4 ,ℎ3)(𝑦𝑖(𝑡))
|

|

|

|

𝑦𝑖(𝑡) − ℎ3
ℎ3 − ℎ4

|

|

|

|

2
+ 𝜒(−∞,ℎ4]∪[ℎ1 ,+∞)(𝑦𝑖(𝑡))] 𝑑 𝑡. (12)

Since we are interested to recast the cost in quadratic form as in (7), it is possible to choose the state-dependent matrix 𝑄(𝑦) as

𝑄(𝑦) = 𝑆2
𝑚𝑎𝑥𝛥𝑧

(

𝑄1(𝑦) +𝑄2(𝑦) +𝑄3(𝑦)
)

,

where

𝑄1(𝑦) = 1
|ℎ2 − ℎ1|

2
(𝐼𝑑 + ℎ22𝑑 𝑖𝑎𝑔(𝑦(𝑡)−2) − 2ℎ2𝑑 𝑖𝑎𝑔(𝑦(𝑡)−1))𝑑 𝑖𝑎𝑔(𝜒(ℎ2 ,ℎ1)(𝑦(𝑡))),

𝑄2(𝑦) = 1
|ℎ3 − ℎ4|

2
(𝐼𝑑 + ℎ23𝑑 𝑖𝑎𝑔(𝑦(𝑡)−2) − 2ℎ3𝑑 𝑖𝑎𝑔(𝑦(𝑡)−1))𝑑 𝑖𝑎𝑔(𝜒(ℎ4 ,ℎ3)(𝑦(𝑡))),

𝑄3(𝑦) = 𝑑 𝑖𝑎𝑔(𝑦(𝑡)−2)𝑑 𝑖𝑎𝑔(𝜒(−∞,ℎ4]∪[ℎ1 ,+∞)(𝑦(𝑡))),

where 𝐼𝑑 ∈ R𝑑×𝑑 is the identity matrix, 𝑑 𝑖𝑎𝑔(𝑦(𝑡)−2) stands for a diagonal matrix with diagonal entry (𝑖, 𝑖) equal to (𝑦𝑖(𝑡))−2, 𝑑 𝑖𝑎𝑔(𝑦(𝑡)−1)
tands for a diagonal matrix with diagonal entry (𝑖, 𝑖) equal to (𝑦𝑖(𝑡))−1 and 𝑑 𝑖𝑎𝑔(𝜒𝜔(𝑦(𝑡))) stands for a diagonal matrix with diagonal

entry (𝑖, 𝑖) equal to 1 if 𝑦𝑖(𝑡) ∈ 𝜔, otherwise it is equal to zero. It is easy to check that the expression reported in (12) and the cost
∫ 𝑇
0 𝑦(𝑡)⊤𝑄(𝑦)𝑦(𝑡)𝑑 𝑡 are equivalent.

This allows us to use the SDRE approach. We also set 𝜆 = 10−5 in (7). We note that the value 𝜆 is very small since we do not want
to penalize the control acting on the boundary to let him reach a desired configuration. Furthermore, numerical evidence indicates
that increasing the value of the parameter 𝜆 does not stabilize the state within the desired interval.

Remark 2. The running cost function lacks smoothness, as 𝑅(ℎ) is only Lipschitz continuous. This presents a challenge, as numerical
methods for optimal control problems typically require differentiable terms. Additionally, Proposition 1 requires that the term 𝑄(⋅)
s of class 𝐶1(R𝑑 ). To address this limitation, 𝑅(ℎ) can be approximated by a smooth function that retains its essential characteristics.
n the case where 𝑅(ℎ) exhibits symmetry, such as |ℎ4 − ℎ3| = |ℎ2 − ℎ1|, a suitable replacement function could be of the form:

𝑅̃(ℎ) = 𝑒−(𝑎𝑥+𝑏)
4
, (13)

where the parameters 𝑎 and 𝑏 can be determined by solving a least-squares problem. For example, fixing (ℎ1, ℎ2, ℎ3, ℎ4) =
(0,−30,−50,−80) cm, choosing 𝑎 = 0.037 and 𝑏 = 1.5 yields the shape depicted in Fig. 3. In the numerical tests, in general we
employ 𝑅(ℎ) as stress function and we compare the results using the two different stress functions in the first numerical test.

4. Numerical tests

In this section, we present our numerical simulations. We consider two different hydraulic models, i.e., two different choices
for the water retention function 𝜃(ℎ) and for the unsaturated hydraulic conductivity function 𝐾(ℎ) in (1): the Haverkamp model
and the Gardner model. With regard to the root water uptake function 𝑆(ℎ) in (1), we are going to use the Feddes model (11),
as discussed in Section 3.1, with the following choice of parameters, in cm: ℎ1 = 0, ℎ2 = −30, ℎ3 = −50, ℎ4 = −80. Also, we set
𝑆 = 0.01∕𝑍 = 1.25 ⋅ 10−4, where 𝑍 = 80 cm is the soil depth.
𝑚𝑎𝑥
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Fig. 3. Comparison between the stress function 𝑅(ℎ) given in 2 and its regularized version 𝑅̃(ℎ) given in (13).

We study the role of the control synthesized by the SDRE solver in these irrigation models and its stability under external
perturbations. We define the mean root water uptake as

𝑆(𝑡) = 1
𝑑 + 1

𝑑
∑

𝑖=0
𝑆(ℎ(𝑧𝑖, 𝑡)). (14)

Whenever the mean root water uptake, at a given time 𝑡, is close to the maximal value 𝑆𝑚𝑎𝑥, we can conclude that the water uptake
s maximized for almost all the space interval at that specific time. We will consider the following the time interval [0, 𝑇 ], with
𝑇 = 1000 s, and the space interval [0, 𝑍] is discretized with 31 grid points. The time integration is approximated via the Matlab
unction ode15s for the resolution of stiff differential equations. To further validate our feedback control approach we also study

the problem under disturbances. This will be addressed in Sections 4.2 and 4.4.
The numerical simulations reported in this paper are performed on a Dell XPS 13 with Intel Core i7, 2.8 GHz and 16 GB RAM.

The codes are written in Matlab R2023b.

4.1. Test 1: Haverkamp model

In the first test, we consider the Haverkamp model where the water retention curve and hydraulic conductivity are defined as
follows:

𝜃(ℎ) = 𝛼
(

𝜃𝑆 − 𝜃𝑟
)

𝛼 + |ℎ|𝛽2
+ 𝜃𝑟; 𝐾(ℎ) = 𝐾𝑆

𝐴
𝐴 + |ℎ|𝛽1

. (15)

We remark that some parameters have a physical meaning: 𝜃𝑆 represents the saturated water content, 𝜃𝑟 is the residual water
content, with the obvious constraint that 𝜃𝑟 ≤ 𝜃 ≤ 𝜃𝑆 ; 𝐾𝑆 represents the saturated hydraulic conductivity. Other parameters in the
following formulas are fitting parameters from real data, in practice. In this framework, we consider the following set of parameters,
s in [64]:

𝐾𝑆 = 34 cm/h, 𝐴 = 1.175 ⋅ 106, 𝛼 = 1.611 ⋅ 106,

𝜃𝑆 = 0.287, 𝜃𝑟 = 0.075, 𝛽1 = 4.74, 𝛽2 = 3.96,
with the same initial and boundary conditions: we fix a constant initial condition ℎ0(𝑧) = −61.5 cm and we use the same value for
he bottom boundary condition ℎ𝐵(𝑡) = −61.5 cm, while we consider as initial condition for the top boundary condition ℎ𝑇 = −20.73
m.

In the top-left panel of Fig. 4, we compare the solution at final time 𝑇 = 1000 s for the controlled and uncontrolled solution. One
may see that even if the control is acting only as a left boundary condition, the controlled solution at final time stays closer to the
desired interval [−60,−30] with respect to the uncontrolled one. By the comparison of the running cost displayed in the top-right
anel of Fig. 4 one can verify that this closeness to the desired interval is global in time, since the cost functional related to the

controlled solutions is always less than or equal to the cost in the uncontrolled case. In the bottom panel of Fig. 4, we report the
computed control (right panel) and the corresponding left dynamic boundary condition (left panel). We immediately note that the
control starts with high values for the first time instances and its magnitude is subject to a fast decrease. This is reflected in the
behavior of the dynamic boundary, passing from −20 cm to ≈ −35 cm in the very first time instances, while for the rest of the interval
it starts increasing with a small time derivative. Indeed, the control is very active at the beginning since in the left boundary we do
no start close to the desired configuration.

In Fig. 5, we compare the water content 𝜃(ℎ) given in (15) for the uncontrolled solution (left panel) and the controlled solution
(right panel). We note that the control does its job, allowing to save water (as can be seen from the comparison of the controlled
and uncontrolled mode in the same plot).
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Fig. 4. Test 1. Solution at final time 𝑇 = 1000 s for the controlled and uncontrolled solutions (top-left), running cost (top-right), the dynamic boundary condition
(bottom-left) and control (bottom-right).

Fig. 5. Test 1. Representation of 𝜃(ℎ) given in (15) for the uncontrolled solution (left) and controlled solution (right). The 𝑥-axis represents the temporal
coordinates whereas the 𝑦-axis the spatial domain.

Finally, in Fig. 6 we compare the root water uptake function for the uncontrolled and the controlled case through the contours of
the function 𝑆(𝑡, 𝑧) (left and middle panel). It is also interesting to note how the action of the bottom boundary condition influences
the solution in the first time instances and, afterwards, only in a small region close to that boundary. Clearly the control cannot act
there. For the sake of completeness, we also report their means 𝑆(𝑡) introduced in (14) in the right panel of Fig. 6. We recall that
the maximum value 𝑆𝑚𝑎𝑥 for the uptake function is 1.25 ⋅ 10−4 and we note that the controlled mean root water uptake stays close
to this value after ≈ 250 s, while in the same time interval the uncontrolled one decreases.

In Remark 2, we observed that the control law lacks smoothness, and the running cost of the controlled dynamics begins to
increase towards the end of the time interval. This behavior may be attributable to the lack of smoothness in the running cost. To
address this, we replaced the stress function 𝑅(ℎ) with its regularized version shown in (13). The resulting behavior is displayed in
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Fig. 6. Test 1. Left: Contour lines of 𝑆(ℎ) given in (11) for the uncontrolled and controlled solutions. Right: mean root uptake 𝑆(𝑡) for the uncontrolled and
controlled solutions.

Fig. 7. Test 1. Running cost (left) and control (right) with stress function 𝑅̃(ℎ).

Fig. 8. Test 1. Maximum real part of the eigenvalues of 𝐴(𝑥) − 𝐵 𝐾(𝑥) (left) and 𝐴(𝑥)⊤ − 100(𝑄(𝑥)1∕2)⊤ (right) over the time integration interval.

Fig. 7. In this case, the running cost demonstrates a non-increasing trend, and the control signal appears smoother, suggesting that
the enhanced smoothness of the running cost contributes to achieving a more refined and stable control outcome. Then, we have
verified if the hypothesis of stabilizability and detectability introduced in Definitions 1 and 2 are satisfied. In Fig. 8, we display the
maximum real part of the eigenvalues of the closed loop matrix 𝐴(𝑥) −𝐵 𝐾(𝑥) in the left panel and 𝐴(𝑥)⊤− 100(𝑄(𝑥)1∕2)⊤ in the right
panel. We note that they remain negative for the entire time interval, indicating that the hypothesis of Proposition 1 are satisfied
and hence the SDRE solution is locally asymptotically stable.

4.2. Test 2: Haverkamp model with noise

In this test case, we consider the same setting of the previous test and we investigate the role of the feedback control in the
stability under external perturbations.

In particular we suppose that the term 𝐾(ℎ) is affected by a source of noise or uncertainty, substituting it with 𝐾𝑛𝑜𝑖𝑠𝑦(ℎ) ∶=
𝐾(ℎ)(1 + 𝜖 𝜂), with 𝜂 a uniform random variable taking value in the interval [0, 1] and 𝜖 represent the amplitude of the noise. Let us
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Fig. 9. Test 2. Solution at final time 𝑇 = 1000 s for the controlled and uncontrolled solutions (top-left), running cost (top-right), mean root water uptake
bottom-left) and the control (bottom-right) in presence of a noisy term.

Table 1
Total cost for the uncontrolled and controlled trajectories for the different tests.

Test 1 Test 2
Uncontrolled 45.68 45.23
Controlled 16.37 17.23

fix 𝜖 = 10−5. The optimal control problem (5) is now solved with hydraulic conductivity 𝐾𝑛𝑜𝑖𝑠𝑦(ℎ). We point out that 𝐾𝑛𝑜𝑖𝑠𝑦(ℎ) is a
random variable and hence its value will vary along the time integration of the Richards’ equation. In Fig. 9, we display the results
obtained for this test case. The uncontrolled solution does not present any visual difference with respect to the case without noise.
On the other hand, we note that the control strategy is highly influenced by the noise, especially observing the control behavior in
the bottom-right panel of Fig. 9. Indeed, the noise introduces many oscillations on the control, resulting in a irregular behavior for
the controlled solution at final time and running cost (top-left and top-right panels). The presence of the noise has slightly changed
the results of the running cost compared to Fig. 4. Indeed here, for the first time instances the controlled case has a running cost a
it larger than the uncontrolled case. However, the whole cost for the controlled case is smaller than the uncontrolled. Nevertheless,
he controlled strategy is still able to reduce the cost functional and to keep the mean root water uptake close to the value 𝑆𝑚𝑎𝑥, as

shown in the bottom-left panel.
Finally in Table 1, we compare the total costs obtained integrating the uncontrolled and the controlled running costs along the

time interval [0, 𝑇 ]. In both cases the ratio between the uncontrolled and the controlled costs is almost 3, while we see a slight
increase of the cost for the controlled trajectory in Test 2 due to the presence of the noise and the nonlinear nature of the problem.
As already mentioned, we did not observe substantial differences in the uncontrolled solution. Indeed, the total cost is very similar
(first row Table 1).

4.3. Test 3: Gardner model

In the third test, we consider the Gardner model where the water retention function and conductivity function are defined
respectively as

𝜃(ℎ) ∶= 𝜃𝑟 + (𝜃𝑆 − 𝜃𝑟)𝑒𝜌ℎ, 𝐾 (ℎ) ∶= 𝐾𝑆𝑒
𝜌ℎ. (16)

We refer to e.g. [65,66] for more details on the Gardner hydraulic functions. The definition of these functions usually depends
on the sign of the variable ℎ, but since we are considering problems for which ℎ is strictly negative, we report just the definitions
for this case. We set 𝜌 = 0.1 cm−1, 𝐾 = 1 cm∕s, 𝜃 = 0.48 and 𝜃 = 0, as reported in [66].
𝑆 𝑆 𝑟
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Fig. 10. Test 3. Solution at final time 𝑇 = 1000 s for the controlled and uncontrolled solutions (top-left), running cost (top-right), dynamic boundary condition
(bottom-left) and the control (bottom-right).

Given the functions 𝜃(ℎ), 𝐶(ℎ) can be obtained in the following way

𝐶(ℎ) = 𝜕 𝜃
𝜕 ℎ = 𝜌(𝜃𝑆 − 𝜃𝑟)𝑒𝜌ℎ.

In the top-left panel of Fig. 10, we display the configuration of the solutions at the final time 𝑇 = 1000s. We immediately note
hat almost the entire controlled solution is contained in the desired interval [−60,−30], except for the bottom boundary condition
hich is fixed outside of the interval by the definition of the problem. In the top-right panel we show the comparison between

he running costs. The cost of the controlled solution is higher just for the first time instances, due to the initial high magnitude
f the control (≈ 103), while it stays below the uncontrolled one with one order of magnitude of difference. The initial high value
f the control is reflected in the behavior of the dynamic boundary condition, which immediately goes from −20 cm to −50 cm.

Afterwards, it increases slowly until it reaches a plateau with value ≈ −34 cm, which again is included in the interval where the
ptake function reaches its maximum.

In Fig. 11, the water content 𝜃(ℎ) given in (16) for the uncontrolled solution (left panel) and the controlled solution (right panel)
are compared. One can see that the control procedure allows to save a significant amount of water, yet ensuring the desired root
uptake.

Finally, in Fig. 12 we show the uncontrolled and the controlled root water uptake function (left and middle panel) and their
means 𝑆(𝑡) in the right panel. On one hand the mean root water uptake reaches almost the maximum value 𝑆𝑚𝑎𝑥 in the first time
instances, on the other hand also the uncontrolled one reaches immediately an equilibrium, but to a lower value (≈ 9 ⋅ 10−5).

4.4. Test 4: Gardner model with noise

Last example deals with the stability of the control strategy. Again, we study the system under the influence of an external source
of noise for the Gardner model. Once more, the hydraulic conductivity is perturbed considering 𝐾𝑛𝑜𝑖𝑠𝑦(ℎ) = 𝐾(ℎ)(1 +𝜖 𝜂), where 𝜖 and

have been introduced in Test 4.2. We fix 𝜖 = 10−6 since in this case the hydraulic conductivity is an exponential function and its
erturbation affects strongly the problem. In the top-left panel of Fig. 13, it is possible to note how far is the uncontrolled solution

at final time from the configuration of the previous test in absence of noise. This results in a higher running cost and a lower mean
root water uptake, since the solution is more distant from the desired interval. On the other hand, the controlled solution at final
time keeps staying in the opportune interval, resulting in a behavior similar to the previous case. The presence of the noise reflects
again in a presence of oscillations in the control signal, which appears less smooth than the case without noise.

Finally, in Table 2 the total costs for the uncontrolled and controlled solutions for the Gardner model are reported for the last
wo numerical tests. In absence of noise, the SDRE controller manages to reduce the total cost with a ratio of almost 11. In presence
f noise the uncontrolled total cost increases more than the double, while the controlled is subject to a small increase, resulting in
 ratio of almost 20, showing the real strength of the feedback control.
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Fig. 11. Test 3. Representation of 𝜃(ℎ) given in (16) for the uncontrolled solution (left) and controlled solution (right). The 𝑥-axis represents the temporal
coordinates whereas the 𝑦-axis the spatial domain.

Fig. 12. Test 3. Left: Representation of 𝑆(ℎ) given in (11) for the uncontrolled and controlled solutions. Right: mean root uptake 𝑆(𝑡) for the uncontrolled and
controlled solutions.

Table 2
Total cost for the uncontrolled and controlled trajectories for the different tests.

Test 3 Test 4
Uncontrolled 80.84 191.71
Controlled 7.25 9.60

5. Conclusions

In this work we have introduced a first approach to compute a feedback control in the context of Richards’ equation, modeling
water flow in unsaturated porous media. Specifically, we have introduced a dynamic boundary control problem which was never
tackled before, aimed at maximizing water uptake by plant roots and simultaneously minimizing irrigation. In general, it is possible
to observe that for the problems discussed, the control introduces first a strong modification of the boundary condition, revealing the
suitable initial framework for the control problem. Afterwards, it is characterized by a slow and smooth change, sometimes reaching
an equilibrium depending on the model considered. Future directions will include a theoretical study of existence and uniqueness
of the control problem presented and more sophisticated feedback control strategies aiming at the optimality. Additionally, this
approach will be applied to a lysimeter-scale test, involving plant growth in a soil-filled plot equipped with soil water content sensors,
in order to validate this approach in a real life scenario. Furthermore, it will be interesting to investigate this model including a
spatial dependent root water uptake function.
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Fig. 13. Test 4. Solution at final time 𝑇 = 1000 s for the controlled and uncontrolled solutions (top-left), running cost (top-right), mean root water uptake
bottom-left) and control (bottom-right) in presence of a noisy term.
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