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Abstract. By applying Taylor expansion and the Leibniz rule for par-
tial derivatives, we provide a straightforward deduction of the multivariate
Faà di Bruno formula, yielding a concise and simple expression for the derivatives
of the composite function g ◦ f : Rn

→ R, with f : Rn

→ R
m and g : Rm

→ R. Our
formulation extends the original Faà di Bruno formula to the multidimensional
case in a natural way.

1. Introduction and results

The well-known formula for the derivatives of composite functions, pub-
lished by Faà di Bruno [4] in 1855 (see also [9] for a modern formulation
and a simple proof) and dating back to [1], has been widely extended to the
case of functions of several variables. In literature there are several versions
and proofs of the multivariate Faà di Bruno formula for f : Rn → R

m and
g : Rm → R. See, among others, [3,5–8]. But, typically, the proofs are either
excessively long or involve unnecessarily sophisticated tools.

Here we just apply the Taylor expansion for g and Leibniz rule for partial
derivatives of the powers of f to give a straightforward proof of the multi-
variate Faà di Bruno formula. Furthermore, by these elementary methods,
we obtain a simple formulation, (1.3) below, which is the natural extension
to the multidimensional case of the original formula of Faà di Bruno.
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Key words and phrases: Faà di Bruno’s formula, multivariate Taylor expansion, Leibniz rule.
Mathematics Subject Classification: 26B05.

Anal Math
https://doi.org/10.1007/s10476-026-00159-z

 The Author(s)0133-3852 © 2026 

mailto:chiara.boiti@unife.it
mailto:manfrin@iuav.it
http://crossmark.crossref.org/dialog/?doi=10.1007/s10476-026-00159-z&domain=pdf


C. BOITI and R. MANFRIN

Notation. We use boldface for vectors and multi-indices: we write
x = (x1, . . . , xn) ∈ R

n, y = (y1, . . . , ym) ∈ R
m and, for N = {0, 1, 2, . . .}, α =

(α1, . . . , αn) ∈ N
n, ν = (ν1, . . . νm) ∈ N

m with |α| = α1 + · · ·+ αn and |ν| =
ν1 + · · · + νm; for α,β ∈ N

n, β ≤ α means βi ≤ αi for all 1 ≤ i ≤ n; βp,ωq

∈ N
n (for suitable indices p, q ∈ N) will denote n-dimensional multi-indices

that will be used in the calculations.
Moreover, yν =

∏m
i=1 yνi

i and, for f = (f1, . . . , fm) : Rn → R
m, fν =

∏m
i=1 fνi

i : Rn → R, with the convention that if h is a given function, then
h0 ≡ 1.

Also for partial derivatives we use standard notation: for g : Rm → R

we set

∂νg = g(ν) =
∂|ν| g

∂yν1

1 · · · ∂yνm
m

.

Similar notation will be used for any function h : Rn → R. We shall apply
the following Leibniz rule for the partial derivatives of a product of functions
h1, . . . , hk : R

n → R:

(1.1) ∂α
(

h1 · · · hk

)

=
∑

ω1+···+ωk=α

α!

ω1! · · ·ωk!
h
(ω1)
1 · · · h

(ωk)
k ,

where α! = α1! · · ·αn!, and ω1!, . . . , ωk! are defined similarly. As usual, let
0 ! = 1.

Finally, we shall always mean that the value of a given sum over a given
set of indices is zero when that set is empty.

Theorem 1.1. Let f = (f1, . . . , fm) : Rn → R
m and g : Rm → R, be

smooth functions. Then, for α ∈ N
n, |α| ≥ 1, ∂α(g ◦ f) has the following

equivalent expressions:

∂α(g ◦ f) = α!
∑

1≤|ν|≤|α|

g(ν)(f)

ν !
(1.2)

×
∑

ω1+···+ωm=α
νi≤|ωi|≤|α|νi

∏

1≤i≤m
νi≥1

(

∑

β
1
+···+βνi

=ωi

|βj |≥1

νi
∏

j=1

f
(βj)
i

βj!

)

,

where ν = (ν1, . . . , νm) ∈ N
m and ω1, . . . ,ωm,β1, . . .βνi

∈ N
n;
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∂α(g ◦ f) = α!
∑

1≤|ν|≤|α|

g(ν)(f)(1.3)

×
∑

ω1+···+ωm=α

∏

1≤i≤m

(

∑

∑
β∈J

kβ=νi∑
β∈J

kββ=ωi

∏

β∈J

1

kβ!

(

f
(β)
i

β !

)kβ

)

,

where J = J(α) = {β ∈ N
n | |β| ≥ 1, β ≤ α}, kβ ∈ N for all β ∈ J .

Remark 1.2. Formula (1.3) is the natural extension to the multidimen-
sional case of the original Faà di Bruno’s formula. Note that in (1.3) it is
not necessary to impose the conditions νi ≤ |ωi| ≤ |α|νi and νi ≥ 1 that we
have in (1.2) for the summation over ωi and the product over 1 ≤ i ≤ m
respectively, because of the different expression in the parentheses of (1.3)
with respect to that in (1.2). See the last part of the proof of Theorem 1.1.

Proof of Theorem 1.1. To begin with, we write the Taylor expansion
of order k ≥ 1 of g at a given point b ∈ R

m. For y ∈ R
m, we have (see [2],

[10]):

(1.4) g(y) = g(b) +
∑

1≤|ν|≤k

g(ν)(b)

ν !
(y − b)ν + Rk(y, b),

with the integral remainder

(1.5) Rk(y,b) = (k+1)

∫ 1

0

[

∑

|ν|=k+1

g(ν)(b+ t(y − b))

ν !
(y−b)ν

]

(1− t)k dt.

Hence, setting b = f(a), with a a given point of Rn, we find
(1.6)

g(f(x)) = g(f(a)) +
∑

1≤|ν|≤k

g(ν)(f(a))

ν !

(

f(x)− f(a)
)ν

+Rk(f(x),f(a)).

We shall now obtain ∂α(g ◦ f)(a) by deriving the right-hand side of
the expression (1.6) with respect to x and then setting x = a. Given
ν = (ν1, . . . , νm) ∈ N

m, such that |ν| ≥ 1, from Leibniz rule (1.1), we have

∂α(
(

f(x)− f(a)
)ν
) = ∂α

( m
∏

i=1

(

fi(x)− fi(a)
)νi

)

(1.7)

=
∑

ω1+···+ωm=α

α!

ω1! · · ·ωm!

( m
∏

i=1

∂ωi(
(

fi(x)− fi(a)
)νi)

)
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=
∑

ω1+···+ωm=α
|ωi|≤|α|νi

α!

ω1! . . .ωm!

(

∏

1≤i≤m
νi≥1

∂ωi(
(

fi(x)− fi(a)
)νi)

)

,

where in the last expression we took into account that
(

fi(x)− fi(a)
)νi ≡ 1

if νi = 0, thus

(1.8) ∂ωi(
(

fi(x)− fi(a)
)νi) = 0 if νi = 0 and |ωi| > 0 ;

since ω1 + · · · + ωm = α, the condition |ωi| ≤ |α|νi, added in the last ex-
pression of (1.7), simply means that we take |ωi| = 0 when νi = 0.

Furthermore, for νi ≥ 1, Leibniz rule (1.1) for k = νi and h1 = · · · = hνi
=

fi(x)− fi(a) gives that

∂ωi(
(

fi(x)− fi(a)
)νi)(1.9)

=
∑

β
1
+···+βνi

=ωi

ωi!

β1! . . .βνi
!

( νi
∏

j=1

∂βj

(

fi(x)− fi(a)
)

)

= ωi!
∑

β
1
+···+βνi

=ωi

( νi
∏

j=1

1

βj!
∂βj

(

fi(x)− fi(a)
)

)

.

For x = a we have

(1.10) ∂βj

(

fi(x)− fi(a)
)

∣

∣

∣

x=a
=

{

0 for |βj| = 0,

f
(βj)
i (a) for |βj| ≥ 1,

and also

(1.11) ∂αRk(f(x),f(a))|x=a
= 0 for |α| ≤ k,

since, by (1.5), the remainder Rk(y, b) in (1.4) satisfies the condition

∂νRk(y, b)|y=b
= 0 for ν ∈ N

m, |ν| ≤ k.

Therefore, applying (1.7), (1.9), (1.10) and (1.11) to (1.6) for x = a and
|α| = k ≥ 1, we get the expression (1.2) of ∂α(g ◦ f):

∂α(g ◦ f)(a)(1.12)

=
∑

1≤|ν|≤|α|

g(ν)(f(a))

ν !
∂α((f(x)− f(a))ν)|

x=a
+ ∂αR|α|(f(x),f(a))|x=a
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= α!
∑

1≤|ν|≤|α|

g(ν)(f(a))

ν !

∑

ω1+···+ωm=α
νi≤|ωi|≤|α|νi

∏

1≤i≤m
νi≥1

(

∑

β
1
+···+βνi

=ωi

|βj |≥1

νi
∏

j=1

f
(βj)
i (a)

βj !

)

,

where we have added the conditions |βj | ≥ 1 in the third sum (because of
(1.10)) and, consequently, νi ≤ |ωi| in the second sum by β1+ · · ·+βνi

= ωi.
Finally, to prove that ∂α(g ◦ f) satisfies (1.3), we consider the terms

inside the parentheses in the second line of (1.12). We claim that, for i ∈
{1, . . . ,m} such that νi ≥ 1,
(1.13)

∑

β
1
+···+βνi

= ωi

|βj |≥1

νi
∏

j=1

f
(βj)
i (a)

βj !
=

∑

∑
β∈J

kβ=νi∑
β∈J

kββ =ωi

νi!
∏

β∈J kβ!

∏

β∈J

(

f
(β)
i (a)

β !

)kβ

,

where J = J(α) =
{

β ∈ N
n | 1 ≤ |β|, β ≤ α

}

and kβ ∈ N for β ∈ J . In-
deed, we have that

(1.14)

(

∑

β∈J

f
(β)
i (a)

β !

)νi

contains all addends of the sum inside the left-hand side of (1.13) and can
be written, by the multinomial theorem, as

(1.15)

(

∑

β∈J

f
(β)
i (a)

β !

)νi

=
∑

∑

β∈J

kβ=νi

νi!
∏

β∈J

kβ !

∏

β∈J

(

f
(β)
i (a)

β !

)kβ

.

Therefore, in order to select in (1.14) only the addends that appear in the
left-hand side of (1.13), it is necessary and sufficient to add the condition

(1.16)
∑

β∈J

kββ = β1 + · · · + βνi
= ωi

in the right-hand side of (1.15). Then, substituting (1.13) into (1.12) we
obtain (1.3), but with the conditions νi ≤ |ωi| ≤ |α|νi in the second sum
and νi ≥ 1 in the first product.

Now, due to the fact that we use the convention that h0 ≡ 1, it is clear
that the right-hand side of (1.13) is equal to 1 when νi = 0 (and hence
|ωi| = 0, because of |ωi| ≤ |α|νi). Thus, we can avoid the condition νi ≥ 1 in
the first product of (1.3). Furthermore, when in the second sum of (1.3) the
condition νi ≤ |ωi| ≤ |α|νi does not hold for some i ∈ {1, . . . ,m}, the right-
hand side of (1.13) is 0. In fact, in this case the conditions

∑

β∈J kβ = νi and

Analysis Mathematica



C. BOITI and R. MANFRIN

∑

β∈J kββ = ωi cannot both be satisfied, so the sum is empty. This means

that in the second sum of (1.3) we can avoid the condition νi ≤ |ωi| ≤ |α|νi.
�

In the following example we see an application of Theorem 1.1 in the
case n = 1,m = 2.

Example 1.3. Compute the (ordinary) derivative Dhg(f1(x), f2(x)) for
x ∈ R, h ∈ N, h ≥ 1. From (1.3) we have that

Dhg(f1, f2) = h!
∑

1≤ν1+ν2≤h

g(ν1,ν2)(f1, f2)

×
∑

r1+r2=h

(

∑

k1+···+kh=ν1

1·k1+2·k2+···+h·kh=r1

1

k1! · · · kh!

(Df1

1!

)k1

· · ·
(Dhf1

h!

)kh

)

×

(

∑

k1+···+kh=ν2

1·k1+2·k2+···+h·kh=r2

1

k1! · · · kh!

(Df2

1!

)k1

· · ·
(Dhf2

h!

)kh

)

,

since J = J(h) = {1, 2, . . . , h}.
In the particular case of g(y1, y2) =

1
y1y2

, assuming f1(x), f2(x) 6= 0,
we get

Dh 1

f1f2
=

h!

f1f2
(1.17)

×
∑

1≤ν1+ν2≤h
r1+r2=h

∑

k1+···+kh=ν1

1·k1+2·k2+···+h·kh=r1

(−1)ν1ν1!

k1! · · · kh!

(Df1

1!f1

)k1

. . .
(Dhf1

h!f1

)kh

×
∑

k1+···+kh=ν2

1·k1+2·k2+···+h·kh=r2

(−1)ν2ν2!

k1! · · · kh!

(Df2

1!f2

)k1

· · ·
(Dhf2

h!f2

)kh

,

since

g(ν)(y1, y2) = (−1)ν1+ν2
ν1!

yν1+1
1

·
ν2!

yν2+1
2

, ν = (ν1, ν2).

Note that formula (1.17) may be useful for estimating
∣

∣Dh 1
f1f2

∣

∣ since

∑

k1+···+kh=νi

1·k1+2·k2+···+h·kh=ri

νi!

k1! · · · kh!
≤ 2νi , i = 1, 2.
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