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MATHEMATICAL APPROACHES TO SOCIO-EPIDEMIOLOGICAL
MODELLING AND SIMULATION

by ABU SAFYAN ALI

Several complex phenomena in modern science, such as epidemics, social interac-
tions, opinion formation, and collective behavior, pose significant challenges due
to their nonlinear dynamics, multiscale features, stochastic fluctuations, and lim-
ited data availability. In this PhD thesis, we explore a unified framework that in-
tegrates kinetic theory, mathematical epidemiology, and modern machine learning
techniques to address some of these issues.

In contemporary epidemic contexts, effective prevention strategies require un-
derstanding the interplay between individuals” social behavior and their physical
health states. We first investigate consensus formation through kinetic models, con-
sidering a large system of interacting agents embedded in a fixed social structure. To
capture the heterogeneity of large-scale social networks, we employ graphons built
from real-world network data, enabling a continuum representation of individual
connectivity. We then develop an integrated Fokker-Planck compartmental opinion
model on networks, derived via a mean-field limit using kinetic descriptions.

To incorporate more realistic interactions, we successively introduce multiplex
networks that explicitly represent both social and physical contacts, highlighting
their mutual influence through an overlapping factor. A kinetic compartmental
model on multiplex networks is then formulated to characterize phase transitions
in epidemic outbreaks, as the overlap between layers varies.

To address data scarcity, we propose a data augmentation strategy that inte-
grates compartmental epidemic models with social structure and machine learning
tools to improve predictive accuracy. We develop hybrid data-driven schemes that
combine mechanistic models with neural networks to generate synthetic data that
compensates for missing or incomplete observations. This approach enhances the
reliability of neural predictors and provides an alternative to physics-informed neu-
ral networks. Parameter identification using physics-informed neural networks is a
beneficial approach for validating the optimal control model.

Finally, we extend compartmental modeling to examine smoking dynamics un-
der treatment interventions and media campaigns. Behavioral dynamics are also ex-
plored to reveal links between social media addiction and depression, emphasizing
their relevance during disease outbreaks and in systems with memory effects. Math-
ematical features such as positivity, boundedness, and local and global stability are
established to validate the proposed models. Threshold parameters and sensitivity
analyses are used to predict disease persistence and identify key determinants.

Overall, this thesis advances multiscale modeling by integrating kinetic equa-
tions, network topologies, and data-driven methodologies, with particular emphasis
on improving epidemic forecasting.
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Chapter 1

Introduction

Complexity is a distinguishing feature of many natural, social, and engineering sys-
tems. They are defined by a large number of interacting elements showing emergent
phenomena, which frequently arise from local interactions in nonlinear ways. Their
diverse nature comprises the emergence of infectious diseases in various commu-
nities, the structuring of social interactions, collective behaviors of individual par-
ticles in physical dynamics, sharing information through digital mediums, traffic
flow in urban areas, evaluation of opinion formation in societies, and determination
of financial marketing. Considering their diversity, all mechanisms share common
features like heterogeneity, uncertainty, large-scale interaction, and relapse process
etc. A major challenge in investigating complex systems is to understand how in-
teractions on a small scale among individuals accumulate to lead to an emergent
pattern at the system level. Individual-level interaction at the micro scale in hu-
mans, molecules, particles, data format, and spreads across a wide range, resulting
in collective dynamics at enormous scales. To observe this transition biologically as
well as mathematically is significant. This process resembles the accurate forecasting
of epidemic trajectory, which necessitates the understanding of how local contagion
factors generate population-level outbreaks. Similarly, computing innovation or ru-
mor dissemination in a social network demands linking bilateral contacts to broad
adoption or consensus behaviors.

Modeling provides a mathematical foundation by which researchers can simplify
complex phenomena to digestible visualizations, bridging the gap between theoreti-
cal knowledge and actual observation. One may test theories, investigate hypotheti-
cal potential, and forecast system dynamics beyond the empirical spectrum by using
effective mathematical or computing models. The ability of predictions and expla-
nations makes modeling essential for both expanding scientific understanding and
directing policy choices in domains including public health, engineering, and eco-
nomics. In epidemiology, the pioneering study of Kermack and McKendrick [163]
presented the compartmental SIR (Susceptible-Infected-Recovered) model, which
provides base for disease modeling. The foundation for contemporary epidemic
theory was established by this straightforward system of ordinary differential equa-
tions (ODEs), which captured the important interaction between susceptible, in-
fected, and recovered individuals. This paradigm has been expanded over decades
to include random effects, demographic dynamics, geographical heterogeneity, and
latency periods. In physics, the significant work of L.E. Boltzmann [56] defines the
Boltzmann equation, which provides a mesoscopic description for defining the eval-
uation of particle velocity distribution over binary collisions in kinetic paradigms.
This equation is a prime example of the kinetic modeling technique, which bridges
the microscopic and macroscopic scales by studying the probability density of states
rather than following each particle sequentially. Subsequently, the Fokker-Planck
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equation [117, 236] extensively described diffusion and stochastic processes, extend-
ing the applicability of kinetic theory to statistical physics, molecule interaction in
chemical processes, and disease dynamics. In the latter half of the 20th century,
network science emerged, initially influenced by Erdos and Renyi’s [108] study of
random graphs. This model offered a mathematical structure for exploring thresh-
olds and interaction in complex networks. Recent studies reveal that various real-
world networks, from the internet and transportation systems to networks involving
protein-protein interactions, display non-random structures (scale-free networks)
and high clustering (small-world networks). These structural traits have a signifi-
cant impact on dynamical processes, including the contact network in epidemiology,
epidemic propagation, diffusion, and integration. Although each of these modeling
strategies has some drawbacks, such as simple compartment models often ignoring
the heterogeneity among individual interactions, kinetic models might turn analyti-
cally problematic when interactions are complicated, and network models encounter
scalability complications when utilized on real-world complex systems.

Concurrent with these theoretical advancements, there has been an unmatched
expansion in data accessibility and computing power during the past decades. Due
to this, the paradigm for science has evolved to a data-driven system, whereby
conventional mechanistic models are either replaced or supplemented by Machine
Learning approaches. Currently, neural networks like Feed Forward Neural Net-
work (FNN) [247], Physics Informed Neural Network (PINN) [242] are used ex-
tensively as universal function estimators because they can substitute models for
complicated dynamical systems and identify hidden patterns in data. The rise of
data-driven approaches in epidemics has made simple real-time forecasting and pa-
rameter calibration by using large, heterogeneous datasets like genomic sequences,
the number of infectious individuals, financial market reporting, etc. However, the
lack of real-world data and the noise it introduces continue to be barriers to accurate
inference and forecasting. This has inspired the emergence of surrogate modeling
techniques and data augmentation methodologies that integrate the advantages of
data-driven flexibility with mathematical analysis.

The interdisciplinary convergence of all modeling fields and neural network
strategies discussed above is associated with challenges as well as opportunities,
as their hybridization is crucial for tackling contemporary scientific and societal is-
sues. Epidemic models require the integration of biological insights with stochastic
disease transmission, observing network heterogeneity, and leveraging data science
strategies to narrow the gap between predictive and sparse observations. Similarly,
kinetic theory can offer a potent approach for converting microscopic interactions
into mesoscopic or macroscopic rules, establishing a connection between individual
actions and collective results by use of network graphs. Networking theory may
generate a solid domain to analyze the complex interaction in real-world dynamics
by emphasizing the neural networks, like Graph Neural Network (GNN), whereas
machine learning tools offer flexible solutions to deal with simulation complexity
and data constraints. The COVID-19 pandemic serves as a stark reminder of the
necessity of such interdisciplinary integration to understand the real-world dynam-
ics. This highlighted that traditional compartmental models are helpful as an initial
step but inadequate to accurately capture the complexity of real-world dynamics
impacted by imperfect monitoring information, time-varying persecution measures,
viral evolution, and different contact networks. More realistic representations were
provided by kinetic and network-based models due to their ability to capture the
small-scale interaction, but data-driven methods were needed for their validation
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and calibration. Neural networks with data augmentation approaches enable fill-
ing the gap in initial uncertain data, reporting infectious individuals, and creating
hypothetical simulations with synthetic data. The pandemic proved that no single
strategy is sufficient for accurately communicating the real-time forecasting, which
is useful for initial prosecution measures to control the disease spread.

The central motivation of this thesis lies within this interdisciplinary space. Specif-
ically, it seeks the role of the traditional model in epidemics, how disease dynamics
can be meticulously modeled using kinetic theory, further extended to structural
population through networking modeling, and optimized with machine learning
approaches linked with data augmentation and forecasting. The primary objective
is to offer a framework that is simultaneously effective in practice and mathemati-
cally validated, and can respond to questions such as:

* In what manner are the individual-level microscopic interactions rigorously
connected to mesoscopic and macroscopic representations of disease dynam-
ics?

¢ How may network theory make effective modeling of couple dynamics over
multiplex networks, and particularly graphon-based description, generalize
the modeling of structured populations over an unlimited bound?

¢ How can data augmentation in initial observed data with neural networks be
integrated over the epidemic models into mathematical frameworks without
compromising theoretical integrity or accessibility?

* How traditional mathematical models with homogeneous mixing are signifi-
cantly capable of predicting the persistence duration of disease dynamics like
addiction to smoking dynamics, behavioral dynamics showing addiction &
depressive behavior, and respective optimal control models?

1.1 Disease dynamics

Infectious disease dynamics provide a unified mathematical basis, central for epi-
demiology and mathematical biology to understand the process by which viruses
spread through, persist, and ultimately die out throughout host populations. Foun-
dations of all the modern complex disease models laid by the Kermack and McK-
endrick [163], who present the traditional SIR(Susceptible-Infected-Recovered) com-
partment model. The model divides the closed population N into three compart-
ments: Susceptible (S), who are at risk of becoming vulnerable, Infected (I) consists
of agents who can spread disease, and Recovered (R), with gain immunity, as dis-
played in Fig 1.1. Most compartment models are defined through a system of ODEs,
driven by transmission rate g and recovery 7y, providing deterministic outcomes that
are mathematically tractable.
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FIGURE 1.1: A schematics diagram of the SIR compartmental model.

The classical SIR ODEs with total population over time are as follows. It’s often
convenient to work with a normalized form where we use a fraction of the popula-

tion, significant for theoretical analysis.
Normalized form

Dimensional form

§ = —Psi,

ds B : ) .

— =_Lgj, 1= Bsi — i,

it~ N L= Ppsi—y
=i,

;li:f]SI—'yl,

iR } where

@ = S ,_1 R

N’ N’ N’

Initial conditions:
Initial conditions:
5(0) = So, 1(0) =1lo, R(0)=Ro,
s(0) =sp, i(0) =iy, r(0)=ry,
and
So+ Ip+ Ry = N. and
So+ig+rg=1.

The corresponding homogeneous mixing reproduction number of the SIR model is
written as

The ratio indicates the anticipated number of secondary infections from a single in-
fection in a vulnerable population. Linearising around the disease free equilibrium
i — 0,5 =~ sq leads to growth condition

P

,850—7>0<:>§so>1<:>R050>1,

where considering sp = 1 give Rg > 1 indicate the endemic phase while Rg < 1
define the healthy phase. Real observation of epidemic final size can be formulated
analytically by taking the fraction of § and 7

ds s B

—_7:——:—R’
dr 7 'ys 08
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Integrating with separating variables, we get

N (r=ro).
The expression reveals that an epidemic’s end is driven by a decline in infectious
individuals, not a complete lack of vulnerable individuals, as not all completely re-
covered. In the SIR model without vital dynamics, it is rigorously proven that the
infectious compartment I () tends to zero as time approaches infinity, indicating that

I, = 0. Since the expression

dR

— =I(t) >
indicates that the function R(t) is monotone increasing and bounded above by N, it
converges to a finite limit R.. By Integral for R, we get

R(t) — R(0) = 7/0t I(s), ds,

and approaching the limit as t — co produces

Thus, I(t), being a non-negative, continuous, and integrable function on [0, c0), ap-
proaches 0 as t tends to infinity. If it did not exist, continuity would result in the
integral diverging, leading to a contradiction. As a result, the proportion of infec-
tious individuals asymptotically diminishes, suggesting that the SIR model cannot
have an endemic equilibrium in the absence of demographic parameters.

With the passage of time, numerous extensions in the SIR model, like SEIR,
SEIRQ, etc, with the addition of exposed and quarantined classes in the sense of
COVID-19, made the traditional model more complex and realistic. To capture bi-
ological realism, different interaction behaviors across communities are described
by age-structured and metapopulation models, while expanded with stochastic for-
mulations considering random fluctuation factors, to make effective public health
policy, directing non-pharmaceutical actions during epidemics and immunization
campaigns. Heterogeneity is still a significant obstacle regarding their progress. Real
populations differ in contact rates, vulnerability, immunity, and cognitive reactions;
they are not well-mixed groups of comparable individuals. Transmission is modu-
lated by temporal changes in contacts, geographical grouping, and social structure.
Ignoring these aspects puts models at risk for deliberate error in forecasts and cali-
brating parameters. Multi-group and network-based models have been developed
as a result of the inclusion of heterogeneity; nodes in these models identify people
or subpopulations, while edges indicate connections that may vary over time. These
methods provide a deeper but more intricate definition by allowing the reproduc-
tion number to develop from the spectral features of the contact matrix rather than
from a single scalar transmission ratio. Over the decade, the emerging use of tradi-
tional models still presents some open challenges [93, 50, 66], including integrating
individual-level relations to community patterns, merging diverse networks, and
calibration from noisy, uncertain data, which lead to the formulation of new compu-
tational and mathematical frameworks.



6 Chapter 1. Introduction

A natural approach to analyzing notable diversity in social behavior, character-
ized by differences in contact patterns, mobility, and connectivity, is to adopt a meso-
scopic description that classifies the population using distribution functions span-
ning relevant microscopic variables. This leads to a kinetic formulation of epidemic
dynamics, which makes a consistent relationship between individual-level interac-
tions and generalized epidemic regulation. Suppose w € IR, be a social variable that
denotes personal features, like the number of contacts. The distribution of individ-
uals with social attribute w in each compartments is define by the function f7(w, t),
where J € {S, I, R} such that

fs(w, t) + fr(w, t) + fr(w, t) = f(w,t), Jx. fw, t)dw =1

The macroscopic quantities are recovered as:
S(t) = fs(w, t)dw, I(t) = fi(w, t) dw, R(t) = fr(w, t) dw.
R IR IRy

At the mesoscopic level, infection spread is modeled via binary interactions between
susceptible and infected individuals. This defines the SIR system of kinetic equa-
tions as

difs(w,t) = —K(fs, f1)(w, t) + Qs(fs, f1, fr)(w, t),
oifi(w, t) = K(fs, fr)(w, t) — y(w) fi(w, t) + Qi(fs, f, fr) (w, 1), (1.1)
dtfr(w, t) = y(w) fi(w, t) + Qr(fs, f1, fr)(w, ).

The disease transmission is described through the local incidence rate

K(fs, fi)(w,t) = fo(w,t) [ Blo,w)fi(e,t)do

where the operator Q 7 represents the evaluation of social variable based on individ-
ual interactions, while maintaining the total population in each compartment, while
v(w) is the recovery rate. Integrating the SIR kinetic system (1.1) withe respect to w
and assuming interaction operator Q 7 conserve mass

/& Qy(.) =0

then under the homogeneous limit and closure

plo,w) =6, y(w) =7

The expressions in (1.1) are defined as

| Ks ot =ps, [ y(w)fidw=q1

R R

leads to the classical SIR model. The SIR model is the macroscopic limit of a kinetic
framework that explains individual interactions. The association advocates kinetic
theory as an appropriate extension to include actual features such as various inter-
actions and dynamic social networks.
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1.2 Kinetic theory and Boltzmann equation

Modern societies confront complex challenges such as greenhouse gas emissions,
plasma-based energies, traffic jams, air pollution, urban mobility, climate change,
disease spread, and global finance. Each system involves multiple large-scale par-
ticles such as dust, aerosol, vehicles, data points, consumers, and human agents
that interact in an extremely non-intuitive way as shown in Fig 1.2. Researchers are
strictly focusing on current challenges due to the precise interaction of the individ-
ual particles, which has a direct impact on the behavior that emerges at large-scale
dynamics. Despite advances in computing, most simulation of interacting particle
systems is usually done by simplified approximated models to control the compu-
tation cost. A mesoscopic approach that captures the finer scale dynamics neglected
due to limitations of purely macroscopic models, commonly referred to as kinetic
description of the system. Kinetic theory proposes a mathematical base for describ-
ing the collective behavior of a system made up of several interacting agents. It
allows us to accurately encode the probability of finding an agent in the phase space
region using the statistical distribution function without requiring explicit particle
description.

COVID-19'! Birds movement? Hydrogen plasma®

FIGURE 1.2: Visualization of some real-world phenomena of complex
interacting particle dynamics.

The kinetic theory, as central to modern physics with application in biology, so-
cial, and technological contexts, originated from the classical thermodynamics’ con-
cept shaped by the study of [48, 31, 70]. J.C Maxwell long before Boltzmann, pro-
duced one of the first mathematical discoveries of what would become the kinetic
theory of rarefied gases [200]. He made the case that Saturn’s rings must be made
up of many tiny satellites colliding with each other in a previous paper on the rings’
stability. This article was written almost a decade before the groundbreaking stud-
ies of Maxwell and Boltzmann, which later introduced the Boltzmann equation for
rarefied gases in its modern form [201, 56]. It is historically the first mathematical
occurrence of a kinetic equation. Since it was originally designed to depict a gas as
freely moving particles that collided instantly. In mathematical terms, these systems
regulate the formation of a particle distribution in six-dimensional position by inte-
grating the linear transport with several stiff and nonlinear interaction components
expressed as Boltzmann-like systems. More specifically, the evaluation of distribu-
tion function ¢ = f¢(x,v,t) fort > 0, x € IT C R¥ ford < 3 and v € R? with
given non negative initial condition fy, solution to the scaled, initial boundary value
problem

Ihttps://en.wikipedia.org/wiki/COVID-19
’https://en.wikipedia.org/wiki/Swarm_intelligence
Shttps://en.wikipedia.org/wiki/Astrophysical_plasma


https://en.wikipedia.org/wiki/COVID-19
https://en.wikipedia.org/wiki/Swarm_intelligence
https://en.wikipedia.org/wiki/Astrophysical_plasma

8 Chapter 1. Introduction

e*latfwv-vxfe:;TZQ(fe), where  f9(x,9,0) = folx,0).

refers to a Boltzmann-type model where Q is the collision operator, € is an marginal
quantity that describes the gas’s rarefaction. Since the open set I is a limited Lipschitz-
continuous region of RY, boundary requirements must also be included in the above
model. The study of various asymptotic tendencies will be made possible by the
non-negative parameters x; and a;. Now we precisely explain the mathematical
perspective behind the kinetic equation in the next step.

1.2.1 Kinetic equation: Mathematical perspective

Nowadays, a vast range of systems of physical and biological significance is covered
by kinetic equations. The mathematical formulation of kinetic equations depends
on different levels of description. Interacting particle systems are ubiquitous in na-
ture. Particle dynamics, which captures the behavior of individual particles, may
be employed to describe the motion of particle systems like Newton equations or
Hamilton’s equations at the microscopic level. Considering the challenge of solving
numerous problems simultaneously, which might be difficult, particle dynamics is
not feasible. Models such as the Euler or Navier-Stokes equations explain averaged
values, local density, momentum, and energy at the macroscopic level. However, they
depend on equilibrium constraints that might not be genuine or simply accepted
analytically. The division between the levels of description must be bridged. This is-
sue was resolved by introducing the mesoscopic level, so-called kinetic level, between
microscopic and macroscopic scales. In this level, the models are represented by
Boltzmann and mean field equations, which describe the time evolution of a system
with many particles using a statistical distribution function, which defines the den-
sity of particles in phase space. Now we discuss the mathematical description of all
scales, respectively.

Microscopic level

Let us consider a system of N interacting particles moving, each of which is de-
scribed at time ¢ € [0 T] by its position x;(t) and velocity v;(t), fori = 1,2,...,N.
The entire evolution of the microscopic state of the system is defined through New-
ton’s equation of motion as

%i(t) = v;(t), 0i(t) = fi(x1(t), ..., xn(8)),

where f; presents the total force acting on the it" particle. This equation represents
a closed 2 system of ODEs describing the precise deterministic dynamics. The
force is conservative across various physical and biological contexts, meaning that it

originates from an interaction potential Z : (R®)” — R, resulting in

filx1,x2,...,xn) = =V,E(x1, ..., x07).

where potential Z commonly works as a pairwise (binary) interaction term illustrat-
ing particle-particle interactions, then the total potential is given as

1Y &y
E(xl,. . .,X/\[) = E 2 Eint(xj - xk) + ZEext(xj)'
jk=1 j=1

j#k
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To ensure total momentum conservation, the interaction potential between particles,
Eint, is dependent on relative displacement x; — xi. The external potential Eeyt char-
acterizes background fields such as electromagnetic, gravitational, or confining trap
forces. The microscopic description is typically a perfect representation of the many-
body dynamics, but when N is large, like the Avogadro number, its direct numerical
simulation is prohibitive or impossible.

Mesoscopic level (Kinetic formulation)

The mesoscopic scale defines a large scale partial system at time ¢ in single particle
phase statistically by means of a non-negative distribution function in which the
total density of particles is situated at location x C I1 and having velocity v C R3
written as

f=f(x,o,t).

This precisely describe the number density of particle at t in small volume dxdv exist
in ® with velocities in ¥ about point (x, v) given as

/ f(x,0,t)dxdo,

DxY

with measurable subset of position ® C R® and velocity ¥ C I1. Additionally, the
associated macroscopic quantities like macroscopic/particle density, mean velocity

utilizing the current density, and local kinetic energy may be defined from a given
distribution function f, respectively

p(x, t) = /Rsfdv, pu(x,t)= /R3vfdv, E(x,t) = ;/IR:* [0|? fdo.

The temperature is written as

_1 2
pT(x,t)—E/]RS\U—u |fdo,

with spatial dimension d. The energy dissipation, respectively, with kinetic and in-
ternal energy, is described as

Total Energy = %p |u?|dx + gp Tdx.

Global quantity like total Mass M (f) and entropy H(f) is given as
M= [ fltxo)dodx= [ p(tx)dx,
=[] fexo)dodx= [ pltx)dx

H(t) = //Hdef(t'x'v) log (f(t,x,v)) dvdx.
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Macroscopic level

Macroscopic level consists of the continuous description of a large-scale particle sys-
tem, applying Newton’s laws to infinitesimal control volumes within the spatial do-
main IT [171], leading to partial differential equations (PDEs) that govern measur-
able bulk quantities like

Macroscopic density: p: (£, x) — p(t,x) € [0,00),

t
Mean velocity: u: (t,x) — u(t,x) € R,

Temperature: T : (t,x) — T(t,x) € [0,00).

The traditional Euler equations for inviscid flow or the Navier-Stokes equations,
which incorporate viscosity and heat conduction, connect these topics in the context
of gas dynamics.

1.2.2 Non-Interacting particles system

Starting with the most basic case of non-interacting particles is informative when at-
tempting to formulate the kinetic equation achieved by the one-particle distribution
function f = f(x,v,t). The internal force disappears in this configuration as the par-
ticles do not apply forces to one another, i.e finy = 0. As a result, only an external
force field fext(x,t) may affect each particle. Consider that (X (t),V(t)) represents
the phase space trajectory of a particle that originates at time t = 0 from the location
(x,v) to describe the flow’s properties. Newton’s equations simplify to following
expression with initial data X(0) = x, V(0) = v, since pairwise interactions are
absent,

X(t)=V(t), V() = fea(X(t),1). (1.2)

Every particle that starts from a single initial phase, the space point (x,v), follows
the same path. The phase space vector field f(x,v,t) := (v, fext(X, t)) corresponds
to Eq (1.2). Since this field’s divergence with regard to (x,v) disappears, indicating
flow is incompressible i.e

vx,v'f = vx'v+ vv'fext(xzt) = 0/

Thanks to Liouville’s theorem, the volume element dx dv is preserved along the di-
rection (X (t),V(t)). Keep in mind the conservation property of one particle dis-
tribution function f, the value of f remains constant (volume element dx dv does
not change) throughout each characteristic curve because the number of particles
included in every moving phase-space volume is conserved show the vector field
(v, fext(x, 1)) is divergence free :

d
af(;’c(t),)/(t), t) = 0. (1.3)

The chain rule applied to (1.3) yields

?;+X(t)-vxf+wt)-vvfzo.

The Eq (1.2) can be substituted to produce

0f +0- Vuf + foxi(x,8) - Vof =0. (1.4)
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This is the Vlasov equation, often known as the "free transport equation,”" for non-
interacting particles that are exclusively affected by the external force field Fiey. It
conveys the idea that the distribution function is merely advanced along the trajec-
tories produced by (v, Frext) in phase space.

1.2.3 Mean field particles system

Consider an N-element system of identical particles that couple by a smooth pair-
wise potential without any external force field i,e foxe = 0. The objective is to deter-
mine the kinetic equation for the one-particle distribution function

f=flx,u,t), (x,v) € R® x R,

which provides the particle density at time t. Using the microscopic scale, every
particle complies with Newton’s equations

. o 1 M
Xi(t) = Vi(t), Vi( =V met Xi(t) — X;(1)) . (1.5)

=1
i

\\.

where the pairwise contact force is fint. The traditional mean field scaling is repre-
sented by the factor 1/, which guarantees a finite limit as N' — oo. Mean field
limit emphasizes that when N is sulfficiently big, it is reasonable to believe that a
continuous mean field may approximate the impact of all other particles on a given
one particular. So, one particle distribution function f with spatial marginal

p(x, t) = /Rsf(x,v,t) do

define the particle density at position x and time ¢. Next, the average force acting on
a particle at x is

wxt) = [ [ fx=y) fyw ) dwdy = [ fnlx—y)p(y,8)dy.

This follows directly, as p(y,t) is the simple result of the integral in w. Moving
to define the kinetic equation, although a smooth mean-field force now mediates
particle interaction, the phase-space vector field (v, f,(x,t)) is still divergence-free.
Implies Liouville’s theorem, we say that f is constant along the characteristic flow.
Then f is solution of

Af+0-Vif + fu(x,t) - Vof = 0. (1.6)

This formulation explains how the distribution function is transported in phase
space when the self-consistent mean-field force f,, is applied. Usually, a smooth
interaction potential Pin; : R> — R yields the bilateral force, resulting in

fint(x) == _vxpint(x)-

In this instance, the gradient of a mean potential P,, may be expressed as the mean
field f,

Fu(it) = —ViPu(x,t),  Pulx,t) = /]R Puelx—y)py, ) dy.  (17)
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Thus, Eq (1.6), the Vlasov equation, produces
atf +uv- vxf - (Vme(x, t)) : vvf =0. (1.8)

The self-consistent evolution of the particle distribution when every individual par-
ticle encounters the collective field produced by the whole system is captured by
equations (1.6) to (1.8). It is fundamental to stellar dynamics, plasma physics, and
other models of collective behavior in the social and biological sciences.

1.2.4 The Boltzmann equation

When particles do not interact with each other, the linear Vlasov equation emerges
automatically, while in the case of interacting particles, one can formally and concep-
tually derive the nonlinear kinetic equation with mean field limit N’ — oo as done
in Sec 1.2.2-1.2.3. For more details, see Refs [122, 154, 250]. Deriving reliable non-
linear kinetic models from microscopic dynamics is still an important and unsolved
scientific problem.

Assume the joint ' particle distribution with position and velocity is

v = {t, x1,%2, .., XNr, 01,02, ., UN }-

We acquire the one-particle marginal of Fyr by integrating out the other N — 1 parti-
cles to concentrate on a single particle

f/(\})(t’xlv) = /(]RdX]Rd)N1fN(t’x’x2"”’XN’U’D2"”'UN) dXZ"-dXNdvz"'dUN,

where fj(\}) (t,x,v) define the probability density of a desired particle at position x
and velocity v regardless the other particles locations. Consider that there’s an in-
finite number of particles right now. If we can demonstrate that as N' — oo the

expression f/(\}) (t,x,v) converges to limit
— T (1)
f(t,x,0) = AlfgmoofN (t,x,0).

shows that f(t,x,v) is a single particle distribution of infinite particle gases. The
aim is to show that the limiting f converges to the kinetic equation. However, f/i})
is connected to the density of two particles, f/(\%) This is connected to the density of
three particles, and so forth. The BBGKY hierarchy is this infinite series of connected
equations. Therefore, a molecular chaos concept is required to obtain a closed equa-
tion for f, which states that two randomly selected particles’ locations and velocities
are (roughly) independent for an infinite number of particles.

fPxoyw) ~ fx,o) flyw) as N — o

The hierarchy can close under this presumption, providing a unique equation for f.
Two major kinetic models emerge, based on the scale and interaction spectrum

* Long-range interaction yields a mean field equation describing the motion of
all particles under a self-consistent field (no direct collision).

¢ Short-range interaction produces a Boltzmann-type or collisional kinetic equa-
tion in which particle interaction is under a binary collision model.
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e Hybrid models, which combine both features of the mean field and the Boltz-
mann equation to study the mathematical and physical systems.

The Boltzmann equation connects classical kinematics to macroscopic dynamics by
following the one-particle distribution in phase space to characterize a diluted gas.
It describes the way binary collisions preserve energy and momentum despite dis-
tributing velocities. This evolution is demonstrated in two standard contexts: the
physical mechanical model of hard spheres and theoretical binary collision theory.
Geometric representations of both cases are shown in Fig 1.3.

FIGURE 1.3: Geometry of Boltzmann dynamics. The first shows the
elastic collisions, while the second describes the case of a hard sphere.

Gas particles in binary collision dynamics depend on several assumptions made
by Boltzmann, which we are going to define here. The premise is that particles
interact through binary collisions, in which the trajectory of two particles swiftly
and significantly diverges. The gas is sufficiently diluted to overlook interactions
between more than two particles. Furthermore, collisions are confined in time and
space, occurring at a specific location (f, x). The collision is elastic as it satisfies the
conservation of momentum

m+w:d+é
and conservation of energy
v? 4 0]2 =+ v}z

where v;,v; € R? are velocity before collision and v/, U; € RY are velocity after col-
lision. We can characterize each solution with about d — 1 free parameters since we
have d + 1 equations and 24 unknowns. Using the elastic collision mechanism, we
define the solution in w representation (impact direction)

v; = v — (w.(v; — v)))w and v; = 0j + (w.(v; — v}))w,

where w € $%~1. Another way to written in ¢ representation (scattering angle)

vi:%<(vi+vj)+a\vi—vj]> and v;:%((vi—l—vj)—a\vi—vj\)
for given w € §9-1 Tt is believed that collisions are microreversible, which means
that changes in time and velocity do not affect their dynamics. According to Boltz-
mann’s molecular chaos premise, two particles impacted by a collision have oppo-
site velocities. This suggests that the tensor product of their individual velocities
represents the overall likelihood distribution of their velocities.
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Hard sphere dynamics comes with the assumption of the particle to be a solid
sphere that remains non-interacting until direct contact. The interaction potential is
not smooth, compared to the Vlasov formulation, with all pairwise distances obey-
ing

fint(xi — x) =0, Vx;,x; suchthat [x; —xj| >¢,
where € is the diameter and the precollision center and velocity of two distinct
spheres are (x;,v;) and (x;,v;). Particles i and j collide when |x; — x;| = &. Assume

c Sd*l

Xi— X
leij

|x; — x]\

be the outward normal at contact (from j to i). The hard sphere case satisfies the
conservation of energy and momentum rule, like binary collision particles. The post-
collisional velocities solution can be defined using a conserved quantity with unit
normal n and conservation of angular momentum

v; =v;— [n-(v; —vj)| n, and v;- =vj+ [n-(vi—vj)]n,

/

where the dynamics discrete in time, velocities instantly shift from form v;, v; to vf, 0]

at collision times. Supposing w as unit vector withw = g —2n(n- g) and g = %
i

we write in other form

roo 1 |
vi:§<(vi—|—vj)+w\vi—vj\> and vjzi((vi—i—vj)—w]vi—vﬂ).

Collision operator

Keep in mind that all particles released from the same place (x,v) have the same
trajectory with no collisions

and subsequently, along the particle trajectory, the distribution function f is invari-
ant. To model the impact of collision, a term Q(f) is introduced to compute the
variation of f induced by collision interaction, written as

d
af(X(t)/V(f)rt) = (athrU : fo) lxm vy = LA oy

where Q(f) is the collision operator. The kinetic equation for the case of hard sphere
is written as

Of +v-Vif = Q(f).

In case of bilinear interaction structure Q@ = Q(f, f) and required the Boltzmann
Grad limit with /' — oo as diameter of sphere d — 0 such that \ d remain constant.
Now, the hard sphere collision operator is defined as

! !

QU )= [, o=l (FEDFE) — f@)f (@) daode;  (19)

dwgd—1

Similarly, for the gas particles, Eq (1.9) describes a non-local bilinear operator.
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! !

[oi = o3l Y ([0 — vy, cos 0) (£(0)f () — f(00)f (vy) ) dordy
(1.10)
satisfy the o representation. The term ) > 0 represent the cross section with

o) = [

dwgd—1

The operator Q(f, f) in Egs. (1.9)—~(1.10) can be split into two terms, which are given

by
Qf. f) = Q (f, /) +Q (f.f)

The loss term Q™ (f, f) describes the decline of the distribution function f when
the velocity of particles shifts from v — o in the collision mechanism, while the
gain term QT (f, f) models the propagation of distribution function f caused by
particles shifting from any other velocity to v. In the generalization of the interaction
process, despite not having a comprehensive mathematical theory, the Boltzmann
equation is often used for smooth interaction potentials, where the collision operator
is expressed as

! !

Q) = [, Blowoy@) (FEIFE) — F@)f (o)) dodoy  (111)

The general form of kernel B(v;, vj, w) is given as

s+5 Vi Y
B(Ui,vj/w) :b:\rCOSO‘vi_Uj”y/ f)/:;, cosf = <|Z):—Z1j|lw>

H Theorem

The collision operator preserves the momentum, energy, and mass for f and test
function ¢ € C?(IRY)

[ QU Po@do =0, g(0) = 1,0%,0%,0% [of,

and satisfy the H Theorem [290] with kinetic entropy inequality

Hf = [ QU ) log(f(@))do <,

and entropy dissipation

Iifl = [ 0 QUf. ) log(f(o))do <0,

then it satisfies the following expression

AH[f] + Vs -I[f] <. (1.12)
All these properties proved by taking test function ¢ € C2(IR?)

1
4 JRdxRdx §i-1

/]Rd O(f, fle(v)do = B(v;,vj, w) (fl/f]/ _fifj) <q0; q)} — @i q0j>dw dv; dv;
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This inequality is proved by assuming micro reversibility, and the Jacobian trans-
formation is equal to one. Moreover, the test function is collision invariant with the
condition on Eq (1.12) that kinetic entropy H[f] = 0 iff f is Maxwellian distribution
M that we describe in next step.

Maxwellian distribution

One of the most crucial objects in kinetic theory is the Maxwellian distribution func-
tion M. Considering the gas temperature (T), density (o) and mean velocity (u)

p—/]Rdfdv, u—/IRdvfdv, T_372p ]Rd(v u)*fdo,

we conclude

P u—of?
M(p,u,T) (7), t) = WGXP < — SRT >, (113)

with R = %, m is the mass of particle and Kz is the Boltzmann constant. Using the
Boltzmann # Theorem, any function f such that Q(f, f) = 0is a Maxwellian. If we
write the H function, we have

H(f) = [ Flog(io,

e} /Rd%(f)dx - /IRW O(f, f) log(f)dv dx.

A monotonic decrease in the H function is observed until f reaches the Maxwellian
condition. More precisely, Maxwellian provides a bridge between mesoscopic and
macroscopic descriptions. Particularly whenever

(0,1, T) = M o(x)u(x,),T(xt)) (Vs 1),
solves the free transport equation and then (o, u,T) define the hydrodynamics ap-
proximation.
Hydrodynamics approximation

The Boltzmann equation for particle distribution f(x,v,t) is used to derive macro-
scopic fluid equations from the kinetic description.

orf+v-Vuf =Q(f, f),

where Q(f, f) is the collision operator with its significant property as collision in-
variants, namely
o(v) = 1,05, 0,07, |v|*.

Whenever ¢(v) is added to the Boltzmann equation and integrated over v, the colli-
sion term vanishes

[ et.f) o) do =0,

leads to the derivation of a system of macroscopic conservation laws

/Rdf(l’(v)vaer(/vaq)(v)dv) =0,
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express the conservation of mass, momentum, and energy. Sine, conservation laws
are not closed as flux [, v f ¢(v) dv influenced by higher-order velocity moments
of f, but they cannot be understood without knowing more about f. Assuming
that the distribution function is approximately a local Maxwellian M, ,, 1) at each
point (¢, x) is the most straightforward approach. When f ~ M, , 1), higher order
velocity moments may be directly expressed in terms of p, u, and T as indicated by
the conservation rules to derive the compressible Euler equations

9ip+ Vi (pu) =0,
d(pu) + V- (pu@u+p) =0,

0t€ +Vy - (Eu + pu) =0, (1.14)
1
p=pT = L&~ pluf).

A more accurate hydrodynamic approximation of the Boltzmann moment system
may be obtained by employing the Chapman-Enskog expansion to maintain first-
order adjustments, leading to compressible Navier-Stokes equations and improving
the Euler closure, which eliminates tiny variations from the Maxwellian.

1.2.5 Some kinetic models of interest

After a precise description of kinetic equations and derivation of the Boltzmann
equation, we provide some kinetic models as examples that capture in a unified
way the dynamics of charge particles in plasma physics, collective behavior in bio-
logical swarming, and the spread of infectious disease in a population covered by
epidemiological dynamics.

Bhatnagar-Gross-Krook (BGK) model: The Boltzmann equation describes the eval-
uation of the distribution function f of dilute gas particles with the Boltzmann colli-
sion operator. BGK model [53] replaces the bilinear collision operator with a simple
nonlinear relaxation operator directing the system towards a local Maxwellian equi-

librium.
Quck(f) = vip) (Mipur)(F) = f),

where v(p) is the collision frequency and M|, , 1) is the Maxwellian distribution de-
scribe in Subsec 1.2.4. The BGK model preserves the conservation law and satisfies
the H Theorem properties, but it does not adequately capture all of the transport co-
efficients in the whole Boltzmann equation. In particular, the Prandtl number whose
is 1 in the BGK model, whereas the correct value for monotonic hard-sphere gas
is % recovered using v = v(p,u) and Ellipsoidal Statistical BGK. Consequently, the
connection between viscosity and thermal conductivity is not correctly predicted by
the Navier-Stokes limit estimated by the BGK model. Correction could be utilizing
v = v(p,|v|) having dependency on density and molecular speed. A precise ex-
tension, Ellipsoidal Statistical BGK (ES-BGK) model [28] substitutes an anisotropic
Gaussian equilibrium for the Maxwellian.

Mis(f) = ————exp [~ 1(0— 1) @ (v — )],
det(27t®)
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where the required Prandtl number is matched by the temperature tensor, denoted
by ©. For monatomic gases, ES-BGK returns P, correctly when the parameters are
chosen appropriately.

Kinetic Vicsek model: This is a particle-based model of self-supporting entities
that move at a steady speed while subjected to random noise, including fish, birds,
germs, or synthesized particles [289]. The model changes from a microscopic to a
mean-field kinetic description as the number of individuals rises, and the kinetic
Vicsek equation serves as the limiting PDE of distribution function f(x,w,t) of in-
dividuals at time t > 0, position x € R?, and with orientation w € 8§71, written
as

0f + Vi (Wf)+ V- [P (Tr(x,t)f)] — DAL =0,

wherein V, - [P, (Jsf)] denotes each particle’s propensity to rotate its orientation
in a given direction of the local mean, 7, f. To maintain orientation on S9!, the
operator P, extends onto the tangent plane of the sphere at w. An angular diffusion
with rotational coefficients of diffusion D > 0 that models random variations in
direction is DA, f on the sphere. The local average velocity orientation

Trlet) = [ Kllx =y flyw,t) de dy.

dwgd—1
The integral uses the interaction kernel K(|x — y|) to compensate for the geographic
effect and calculates a weighted mean of the headings w’ of adjacent neighbors. The
degradation of alignment interaction with spatial distance is measured by the Inter-
action kernel.

Kinetic compartment model: The spread of infection population in commuters is
modeled by individuals’ position x € Q C R? and moving with velocity direction
v € Sl The kinetic density of susceptible, infected, and recovered compartments is
defined by fs(x,v,t), fr(x,v,t), fr(x,v,t), respectively. The kinetic distribution of
commuters can be calculated using the following expression

f(x,0,t) = fs(x,v,t) + fr(x,0,t) + fr(x,0,t),
with total density
p(x, t) = /Slf(x,v ,H)do*.

The total density of persons, independent of their mobility direction, is thus pro-
vided by this equation. Consequently, the compartment size is given as

S(x, t) = /g1 fs(x,v,t)do, Z(x,t) = /51 fr(x,v,t)do, R(x,t) = /sl fr(x,0,t)do,

with
p(x,t) =S8(x,t) +Z(x,t)+R(x,t),
define the density fraction at time t > 0 with position x of susceptible, infected

and recovered population commuters. The evaluation of kinetic density over time is
given by the following transport equation dynamics
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dufs +0s - Vifs = —fr(fs, Ir) + Tls(s ~fs),
dufr +or-Vafs = frlfs, Tr) — 1z + Tlﬂ ey

difr + R Vafr = 1fr+ TlR(R—fR)-

More detail can be seen in Ref [61].

1.3 Role of network theory

Generally, well-mixed settings do not support disease transmission, information dis-
persion, or collective activity, but rather in structured interactions within community
meetings, species migrations, and data transferring through digital platforms. Net-
work theory provides a basic framework to model the varied contact structure in
complex systems as a graph G = (V, £) by describing individuals or objects as nodes
V = {1,2,..,N} and their paired interactions as edges £ C V x V, a subfield of
graph theory in computing, mathematics, and network research. Comprehensively
exploring the contact heterogeneity and individual-based disease prevention strate-
gies, network models accurately capture the individual influence, enabling the study
of local features like clustering, consensus formation, super spreads, and global con-
sequences for disease dynamics. The empirical investigation of network-specific op-
timization problems is combinatorial optimization, which focuses on determining
the most effective means of accomplishing certain goals within a network structure.
Network flow, the shortest path issue, resource allocation, and facility placement,
opinion polarization, social connectivity, and pandemic outbreak are concrete exam-
ples of networks’ significance, as shown in Fig 1.4. The disease transmission and
opinion formation are the main focus of the thesis, where we utilize the network
models.

VErex

> edge

@

it o

Graph! Social network! Narrative network!

FIGURE 1.4: Display of various networks.

1.3.1 Network models

We describe some main network models used to simulate social behaviors, opin-
ion propagation, and disease spread. Considering the set of vertices V = [n] =

{1,2,3,..,n}. A random graph G with n vertices is defined by set of edges £ C ([721])
with ([;‘]) = {{i,j} : 1 <i < j < n},is the set of all potential pairs of different
vertices that are not ordered. Uniform G, ,, and Binomial models are the two main

Ihttps://en.wikipedia.org/wiki/Network_theory
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classical models commonly used, which we discuss. Assume
Gum ={G = (V,€) :[V| =n, [€] = m},

by fixingn > 1,0 < m < ([g]), represent the family of all label graphs precisely m
edges and a vertex set [1]. Within the uniform model, every graph in G, ,, is selected
with an equal opportunity

n

P(G) = <<2>>1, G € Gum,

m
which equates to roughly selecting m edges at random from the ([g]) potential edges.
Such random graphs denoted by G, ., = ([n],Enm) called uniform random graph
model. Now we define another model by taking 0 < p < 1. For 0 < m < ([g}) ,
provide a probability to any graph G with set of vertices [n] and m edges

PG =p"(1-p@",  0<p<i.

Alternatively, we begin with an empty graph that has a vertex set of [1], and we carry
out (5) Bernoulli trials in which we separately insert edges with likelihood p. This
kind of random graph is known as a binomial random graph or Erdds—Rényi—Gilbert
graph [109, 126], and its symbol is G, , = ([1], Ey,p)-

A scale-free network is a kind of complex network where the degree distribution
monotonically approaches a power-law [77]. According to network science, the de-
gree of a node is determined by the number of edges with other nodes. By formal
definition, If K represents degree, then P (K) is the likelihood that a randomly se-
lected node has degree K

PK) K77, for large IC,

with 2 < ¢ < 3, define the power law expectation, then the network is called scale-
free. The large tail distributions of these networks make them identical compared to
other networks with Poisson or exponential degree distributions. There is a constant
likelihood of discovering nodes with extremely high degrees, irrespective of scale,
because these networks provide a polynomial decrease in the probability of coming
across high-degree nodes or hubs. As a result, certain hubs have a substantially
greater number of links than the majority of nodes, demonstrating the networks’
scalability. A graph with a large clustering ratio and short distances is called a small
world network [295]. In particular, a small-world network encoded where the global
clustering value is not small, but the average distance £ between two randomly
selected nodes

L o log N

increases proportionately to the logarithm of the number of nodes N in the network.

1.3.2 Mean field limit of large networks

Suppose the undirected graph Gy = (Vyr, Exr), which has A nodes and an adja-
cency matrix A = (A;;). Node i recovers at a rate of v > 0 in a continuous-time
susceptible-infected—susceptible (SIS) model, and it acquires infection through ev-
ery infected adjacent node j at a rate of p > 0. X;(t) € {0, 1} represents the infection
state of node i, where p;(t) = P[X;(t) = 1].. A quenched mean-field approximation
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enables system closure, resulting in the differential equation

dpi _ NA fori — I
W——W?H-,B(l—lﬂi)g iiPjs ori=1,...,N.
]:

Let Amax(A) be the largest eigenvalue of A. The epidemic threshold is written as
RY = £ (),

Examining epidemic dynamics on networks is highly challenging due to the exten-
sive nature and diversity of actual networks, which may consist of millions of nodes
and edges. Initial investigation of these networks is frequently unfeasible due to nu-
merical intractability and topological complexity. To bridge discrete networks with
continuum PDEs or kinetic models, a precise theoretical limiting object is required
as N' — oo. This evolution maintains the heterogeneity structure while facilitating
the transition from node-level dynamics to a configurable limit equation. Graphon
as a measurable kernel provides a comprehensive solution, serving as the limit of a
sequence of dense graphs. Detailed analysis has been formulated in the thesis.

1.4 Data augmentation with neural networks

The study of complex dynamics faces significant challenges due to the nature of
real-world data sets that are too scarce, incomplete, and noisy. More practically, the
disease transmission rate is usually sparse through temporal and geographic dimen-
sions in epidemiology, and frequently noisy or unreliable individual interaction data
in complex networks. Such issues make it tricky to comprehensively understand ef-
fective modeling and make it challenging to derive precise inferences or predictions
from actual data. All these facts motivate researchers to employ data augmentation
strategies, generally defined as the generation of new and informative data from a
limited observed dataset, to enhance the prediction and forecasting of the dynamics.
A pathway of these techniques is represented in Fig 1.5. Considering neural net-
works exhibit universal approximation features, they are essential to data augmen-
tation in scientific domains. Large-dimensional distributions, temporal interactions,
and nonlinear transitions can be accurately approximated using neural networks.
They might help with missing data estimation, make it easier to create synthetic data
by surrogate modeling, and allow hybrid modeling, guided by physical constraints.

In the context of missing data, assuming a data set D = (t;,y;)’_; with obser-
vation y; € R over time t;. Traditional imputation methods, such as expectation-
maximization and linear interpolation, depend on homogeneity and basic statistical
models that may not be sufficient for stochastic or nonlinear dynamics. Neural net-
works provide a solution in such instances by using observed values to approximate
the conditional distribution of missing samples. Taking Recurrent Neural Network
(RNN) capable of capturing temporal dependencies through the learning of non-
linear mappings with function f, learned from data Y = f(,,(yt,l, Vi—2,...), while
producing models Variational Autoencoders [166], utilize a latent variable Z drawn
from a distributionZ ~ P(Z) and focus on approximation

Pp(V|Z) ~ HP¢(yi|Z)/



22 Chapter 1. Introduction

thereby allowing probabilistic regeneration of missing data.

g oo

FIGURE 1.5: A schematic diagram of data augmentation with neural
network surrogate models.

Surrogate models with neural networks are an effective way to make computa-
tion more reliable. Supposing a simulator ) = G(x) with x input parameter like
disease transmission. Assessing G frequently involves executing PDEs/ODEs mod-
els, both of which are expensive, while f, as a surrogate with a neural network is
trained to estimate f, ~ G, with loss.

£0) = 3 L fo(w) - 9P

After training, fy generates outputs rapidly, allowing for efficient parameter evalu-
ation, data augmentation, and uncertainty quantification [242]. Entirely data-driven
augmentation carries the risk of producing synthetic information that is reliable sta-
tistically but impractical in a physical sense. This complexity is solved by hybrid
models, which use governing equations to integrate data and existing knowledge.
Feed Forward Neural Network (FFN), Recurrent Neural Network (RNN), Graph
Neural Network (GNN), particularly Physics Informed Neural Network (PINN),
well know examples which hybridized in most studies. In a hybrid sense, PINN
includes the data fitting and physical constraints in the loss function.

ﬁ(q?) = ﬁdata(qj) +w ﬁphysics (‘P)

More details can be seen in the next chapters.
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Part1

Compartment Modeling of Disease
Dynamics
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Chapter 2

Smoking dynamics in the context
of nicotine gum and media
campaigns

Smoking has become a significant global health crisis with profound socioeco-
nomic effects. This study presents innovative deterministic models for analyz-
ing smoking dynamics, dividing the population into five sub-groups. It exam-
ines treatment for smokers, the influence of media coverage, and the combined
impact of advertising across TV, radio, and social media. The models establish
disease-free and endemic equilibrium states with stability analyses, indicating
stability conditions based on the reproductive number, Ry. Sensitivity analy-
ses and numerical simulations support the findings, suggesting that effective
media coverage and medical treatment can reduce smoking rates. Awareness
campaigns and targeted advertising are proposed as strategies to enhance pub-
lic knowledge and facilitate smoking cessation. This chapter is based on the
study [13].

2.1 Introduction

Smoking kills almost 7 million people annually, making it one of the global largest
ailments. Over 6 million of those are directly smoking, and 0.9 million are non-
smokers who are impacted by smokers [297]. The 1.1 billion smokers worldwide
are mostly found in nations with middle and low incomes, where smoking has the
greatest negative effects on both health and the economy. Smokers who pass away
too soon not only lose money from their households but also incur more medical
costs and impede economic growth. Smoking is thought to cause damage to the
worldwide economy of about 2 trillion dollars a year, or about 2% of the global GDP.
About 30% of these losses are connected to medical expenses for addressing disor-
ders brought on by tobacco use, while the majority are attributable to decreased job
performance as a result of smoking related diseases (SRD) or fatalities [102]. Smok-
ing is the act of lighting a substance on fire or heating it, then inhaling the smoke
through the nose or mouth and into the lungs. The active ingredients in smoking
enter the circulation through the lungs and make their way to the brain, where they
take action. Tobacco is a highly prevalent smoking drug, used by over 1.3 billion
people worldwide [157]. Most invisible diseases, such as cancer, diabetes, cardio-
vascular issues, and chronic issues, are significantly exacerbated by smoking [62, 27,
165]. Additionally, smoking causes several varieties of cancers, such as those of the
mouth, throat, stomach, cervix, breast, and pancreas. Smoking contributes to these
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potentially fatal diseases because cigarettes have over 4000 different chemicals and
hazardous materials [309].

Mathematical Modeling plays a vital role in understanding any disease dynam-
ics, including smoking, and making critical prevention measures(PM) to control the
spread of smoking by their simulation outcomes [79, 15, 112, 209]. The literature on
SIR (susceptible, infected, recovered) modeling is a waste.SIR types of other mod-
els like SEIR, SEIRQ, etc, play an important role in studying the dynamics of any
disease. In epidemic models, the incidence rate that guarantees the establishment
of new infection numbers is a significant factor. Different authors use a variety of
these, like bilinear, saturated, exponential, nonlinear, fractional, etc, according to
their modeling perspective [251, 306, 143, 232]. Many researchers formulate differ-
ent smoking models with a variety of incidence rates. Castillo-Garsow et al pro-
posed a PSQ (Potential, Recovered, and Quitter smokers) smoking model with lin-
ear/nonlinear incident rate [72]. O Sharomi et al formulate the model of smoking in
which they split the ex-smoker into temporary and permanent quitters [256]. Later
on, Zaman et al extend the smoking dynamics by adding the occasional smokers
as a compartment in the model [305]. Z. Alkhudhari et al considered these studies
and checked the pre pressure on the temporary quitters in smoking dynamics [19].
After that, Alkhudhari et al also studied these dynamics by dividing the smokers
into occasional and heavy smokers and later discussed the impact of occasional and
potential smokers on heavy smokers [20]. Ihsanjaya et al discuss the mathemati-
cal model of changing smoking behaviors with temporary and permanent quitter
compartments [149]. Abdullah et al also elaborate on this model with VGTOW com-
partments represented as potential, occasional, Smokers, temporarily quitting, and
permanently quitting smokers [1]. Later on, Muhafzan et al discuss the PSR smok-
ing model with treatment [39]. Many other authors discuss the smoking dynamics
in references [139, 240, 147, 73, 266, 165, 262, 310, 17, 81, 249].

Media awareness and treatment are significant elements of quitting smoking dy-
namics. Behavioral therapy and Nicotine replacement therapy are two effective
treatments that assist in treating the mental and clinical aspects of smoking addic-
tion. In addition, media advertisements promote healthier lifestyles, provide tools
for quitting, and increase public understanding of the risks associated with smok-
ing, all of which have the combined effect of lowering smoking rates and assisting
people in their attempts to stop. When combined, they provide a comforting at-
mosphere that raises the possibility of an effective smoking quit. The media plays
a key role in educating the public about the dangers of smoking and encouraging
quitting. It has the power to influence attitudes and behaviors around tobacco us-
age by providing tailored messages. Extensive initiatives, including taxes, public
smoking prohibitions, safety precautions, and mass media campaigns, have been
put into place to successfully lower smoking rates. Even while these programs can
inspire some people to give up, smokers who are experiencing stress, worry, or de-
pression may nevertheless succumb to the urge, frequently in an attempt to find
momentary solace from their problems. Persistent achievement in quitting smok-
ing needs to address these core concerns [266]. The discussion indicates that by
advertising the daily number of infected individuals, making awareness programs
through advertisements and slogans on social media apps like YouTube, WhatsApp,
Twitter (X), and Facebook, etc, and mainstream media like TV and Radio programs,
we can make a significant impact on controlling the smoking dynamics. Also, by
implementing clinical treatments for smoking-affected people, we can decrease the
mortality rate due to SRD. Numerous studies have been done on epidemics by use
of media awareness programs. The risk of disease depends on people’s perceptions,
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which are influenced by public opinion and the media. Regular smoking advertise-
ments can influence smokers” habits and encourage them to quit. The media plays
an important role by providing useful information on the harms of smoking and can
influence individuals” thoughts, attitudes, and habits by delivering tobacco cessa-
tion messages directly to them. Mass media campaigns combined with strategies at
the state and community level can be effective in reducing tobacco use, especially
among diverse populations. Awareness campaigns based on media and behavioral
interventions are critical during an epidemic and can have a long-term impact. [266,
311, 302, 241, 169, 130]

Designing a mathematical model that considers media influence and treatment might
yield significant insights into ways to best implement these strategies and minimize
smoking rates. Motivated by the previous literature and considering the compli-
cations of smoking dynamics for global health and the death rate due to smoking-
related diseases, we formulate multiple mathematical models to gain deep insight
into these complex dynamics. In these models, we utilize the impact of daily news
on the number of affected smokers considered as fear factors in the community, me-
dia advertisement through social apps, TV, and Radio for awareness programs, and
implement the different treatment therapies to overcome the smoking-related issues.
We also deeply study the combined impact of media awareness and treatment on
smokers. To the best of our knowledge, no one has done work on this site. Firstly,
we develop a mathematical model to control smoking dynamics with treatment.
In this model, we considered potential smokers, active smokers/Smokers, recov-
ered smokers, quitter smokers, and death smokers compartments. We evaluate how
smoking addiction affects the population badly and increases the mortality rate due
to its harmful nature. Then we believe in the effectiveness of treatment factors to
control the increasing mortality rate and addiction to smoking. Secondly, we for-
mulate a mathematical model to advertise daily news of addicted smokers through
media and treatment to control smoking dynamics. In this model, we take the same
compartments and want to control the transmission of smoking from smokers to
potential smokers through effective contact by the use of a bilinear incident rate, in
which we take the media awareness parameter, which shows the weight of advertis-
ing the daily news of the number of new smokers, which increases when coming in
contact with active smokers. So by the simulation of this function, we can analyze
the impact of media along with the treatment parameter to control the transmission
of smoking and decrease the deaths that come due to SRD. Thirdly, we proposed a
mathematical model of the combined impact of TV, Radio, Social media advertise-
ment, and treatment to control smoking dynamics. In this case, we take a saturated
incidence rate which is dependent on the media parameters including TV, Radio,
and Social media apps like YouTube, WhatsApp, Twitter (X), Facebook, etc, and we
try to overcome the smoking habits of the people by increasing the media awareness
programs through live streaming, banners on big spots in the country, slogans like
”Smoking cause Cancer”,” Smoking kill you every second” etc and treating the af-
fected smokers by behavioral or clinical therapies. In this way, we can control the
smoking addiction and the mortality rate due to smoking.

Here we present the structure of the chapter as: Sec 2.2 is about the formulation of
novel modeling to control smoking dynamics with treatment and a detailed descrip-
tion. Sec 2.3 describes the mathematical analysis of the model to control smoking dy-
namics with treatment, including feasible region, positivity, and boundedness, the
existence of a unique solution, and the calculation of steady states along the thresh-
old parameter. We define the local and global stability analysis of the smoking-
free and smoking steady states, and the Sensitivity analysis of the Model to control
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smoking dynamics with treatment. We explain the treatment-free smoking model’s
numerical description. Numerical simulation of the model to control smoking dy-
namics with treatment to check the impact of treatment on smoking and mortality
rate due to smoking deaths is also included. In Sec 2.4 we proposed a mathematical
model to advertise daily news of addicted smokers through media and treatment to
control smoking dynamics, including the calculation of DFE and EEP, the threshold
parameter of the model. We define Sensitivity analysis of the model threshold pa-
rameters and numerical simulation of the model to advertise daily news of addicted
smokers through media and treatment linked with the effectiveness of daily media
news and treatment on smoking and mortality rate due to smoking-related diseases.
In Sec 2.5 we propose a mathematical model of the combined impact of TV, Radio,
and Social media advertisement and treatment to control smoking dynamics. It also
includes the computation of disease-free and endemic steady states and threshold
parameters. It shows sensitivity analysis of threshold parameters with PRCC and
describes the computation of numerical results of the proposed model and the im-
pact of TV, Radio, and Social media advertisement with treatment on smokers and
mortality rate due to smoking deaths. Sec 2.6 is about the comparison of models and
future implementation. Sec 2.7 predicts the conclusion of this novel work.

2.2 Mathematical model to control smoking dynamics with
treatment

Smoking is the most dangerous addiction in the world, with its extensive effects
on mental and physical health. Smokers have a 10% greater probability of lung
cancer and a 70% greater chance of heart attacks than non-smokers. Approximately
200 million women and 900 million men smoke worldwide, and smoking-related
mortality happens every six seconds. A single pack of cigarettes contains 5-10 mg
of nicotine, or around 1-2 mg of nicotine per cigarette for a smoker. Smoking hurts
female fertility and hurts the smoker as well as those around them. It causes 12-13
years of lifespan reduction and contributes to 22% of yearly fatalities [149, 269]. Here
we discuss some main treatments to overcome the smoking dynamics.

¢ Clinical Therapy

The ingredient in tobacco that makes people addicted is called nicotine. Nico-
tine in cigarettes is far more addictive than the nicotine in products that help
people quit smoking, such as gum or patches. This is because smoking rapidly
supplies the brain with nicotine, making it more pleasurable and difficult to
stop. [282, 283]. By providing nicotine without the dangerous compounds
contained in cigarettes, nicotine replacement therapy (NRT) aids in the cessa-
tion of smoking. [284].

¢ Cognitive and Behavioral Therapy

Novel approaches to treating nicotine addiction are the result of research in
the behavioral and social sciences. Emotions such as worry, cravings, poor
motivation, and self-doubt about quitting might persist long after the effects
of nicotine withdrawal have subsided. [187, 285]. Behavioral therapy, cogni-
tive behavioral therapy (CBT), motivational speaking, acceptance and commit-
ment therapy (ACT), and incentive-based therapies are effective approaches
for treating tobacco addiction and reliance on nicotine. [284, 271, 220].
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Previous studies suggest that the prevention of smoking addiction and overcoming
deaths due to smoking-related diseases need more collaboration to find more ac-
curate treatment methods. To consider these points over motive is to formulate a
mathematical model of smoking dynamics in which we deal with the treatment of
smokers and accurately investigate the mortality rate due to smoking-related dis-
ease. In this work, we proposed a model composed of five nonlinear differential
equations that address the smoking outbreak. For better understanding, we divide
the population .4 (t) into five sub classes: Potential smokers P(t), Active Smok-
ers/Smokers S(t), Recovered Smokers R(t), Quitters Smokers Q(t), Death Smokers
D(t). Suppose .4 (t) represents the whole population at time t and is given as

N =P+S+R+Q+D

The compartmental diagram of the smoking dynamics is given in Fig 2.1. The re-
cruitment of potential smokers into the population occurs at a rate A, B is effective
transmission rate between smokers and potential smokers, the recovery rate of the
active smokers is represented by a, i is natural death rate, the awareness rate of po-
tential smokers is ¢, B> is the rate at which potential smokers moves to quitter class,
€ is consistent rate of smokers, rate at which smokers died due to smoking is repre-
sented by 7, 7t is the proportion rate at which recovered becomes potential smokers,
nicotine gum parameter denoted by p and 6 is transmission rate from recovered to
potential smokers. Table 1 shows the parameter values used in the system (5.1). To
describe these dynamics in the best way, we discuss each class independently.

* Potential Smokers Class P(t)

Potential Smokers P(t) are those who have not yet evolved into habitual smok-
ers but are in danger of executing this. This class may include people who can
or start smoking due to the pressure of family, friends, and society, and also in-
clude those people who smoke occasionally. Potential Smokers decrease when
Smoker S(t) interacts with P at a rate of 31 PS. There exist relapse phenomena
at a recovery rate « of Smoker S with a determination to become consistent at
rate € of not smoking or less smoking and goes to the Recovered class R().
This happens with probabilities 0 and 1. If € = 1, the individuals become re-
covered, and if € = 0, they again become potential smokers, due to which this
class increased. Also, this class increases with a rate 710R at which the quitters
again become potential smokers. Many individuals are well aware of the bad
effects of smoking, and also others directly move to quitters at at a rate of ¢
and f; respectively. The Natural mortality rate also causes decay in potential
smokers.

2 A= B1PS +a(l—€)S— (u+ ¢+ o) P+ OR

e Active Smokers/ Smokers Class S(t)
Active Smokers/ Smokers Class S(t) are those smokers who are addicted to
smoking and now continuously actively smoke. This class increases with the
higher push up of transmission rate of smoking 8;PS when Smokers S have
higher contact with the P. Due to the self-discipline or other types of strategies,
active smokers S move to the recovered class at a rate of « along with the natu-
ral mortality, which causes decay in S(t). The main point here is the treatment
parameter p and the deaths due to smoking-related disease 7y, which shows
our strong motive to control these dynamics. So we introduce the treatment
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parameter p to control the addiction level of smoking among smokers. The
smokers move to Recovered Smokers R due to the proper treatment, which we
explained in detail earlier. Also, those smokers who are in serious conditions
or are more badly affected by smoking addiction and suffer from SRD like lung
cancer, heart disease, mental issues, etc, die and move to the Death class D.

as
o = PPS—(uratp+q)s

e Recovered Smokers Class R(t)
Recovered Smokers Class R(t) are those people who overcome the smoking
addiction after successful treatment at a rate of pS. Also, the smoking indi-
viduals who are consistent in quitting smoking recovered with a recovery rate
«eS, due to which the recovered class increased. The recovered individuals
who permanently quit smoking move to quiter Smokers Q at a rate of 6 along
with the natural mortality rate y.

‘;1: =waeS+pS— (p+0)R

* Quitter Smokers Class Q(t)
Quitter Smokers Class Q(t) consists of those individuals who permanently
quit smoking after recovering from the smoking addiction at a rate of (1 —
71)6R, which indicates the relapse scenario. The recovered smokers who be-
come quitters may be involved in smoking due to the pressure of family, friends,
environment, etc, and move to Potential Smokers P at a quitting rate of 8 with
the probability of 7. If the probability of 7 = 0, then quitters again become
potential smokers, and if 7t = 1, then they did not move to P. Also, the natural
mortality rate y causes decay in the Quitter class.

0;? = B2P+ ¢P+ (1 —m)6R — uQ
e Death Smokers Class D(t)
Death Smokers Class D(t) are those who died due to smoking-related disease.
Here <y is the main parameter that indicates the death rate in smoking dynam-
ics, who are badly affected by smoking addiction and can not be treated suc-
cessfully with some clinical therapies.

dD

The complete Smoking model is written below:

AP = A —B1PS+a(l—€)S— (u+¢+p2)P + mOR
2 = B1PS— (p+a+p+7)S

R = weS+pS — (u +60)R @.1)
49 — BrP + ¢P + (1 — m)6R — uQ
dD

ar =vS—uD
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with the initial conditions

P(0) > 0,5(0) = 0,R(0) = 0,Q(0) = 0,D(0) >0

no

)
¢l k&
l | o, -
P(6) S0 & D(t)
_’

—_
:__Tll ~ £L22

= -
o N

b+B;

FIGURE 2.1: Schematic diagram of smoking dynamics in model (5.1).

Since actual data were unavailable, we used values from the literature to estimate
the parameters (B2, 6, 7T, B3, 171, 12). After carefully examining several sources, we
chose average values that best reflected the behavior of the model. This approach
guarantees that the model maintains its theoretical soundness and yields significant
outcomes.

2.3 Mathematical analysis of model

In this section, we define some general results from a theoretical perspective that
give us the guarantee of validation of the model.

2.3.1 Positively invariant region

We investigate model (5.1) in the closed set based on biological considerations.

A= {P(t),S(t),R(t),Q(t),D(t) eR% | 0 < P(t),S(t),R(t),Q(t), D(t) < ’;}

is positively invariant inside the model’s context [213].
Theorem 2.1. Model (5.1) exhibits positively invariant A.

Proof. Suppose
N/:P/+S/+R/+Q/+D/
So, the model (5.1) has the form

dN
T A —uN (2.2)
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TABLE 2.1: Values of parameters utilized in the developed model

(5.1), (2.33),and (2.37).

Symbol Description of Parameters Values Source
A Recruitment rate 0.2 [39]
B1 Effective transmission rate between smokers and 0.9 [39, 288]
potential smokers

B2 Spontaneous or Intrinsic quitting rate of potential 0.03 [0.01 0.03] Estimate
smokers

¢ Awareness rate of potential smokers 0.1[0.050.1] [39]

U Natural death rate 0.2 [288]

€ Consistent rate of smokers to quit the addiction of 0.02 [39]
smoking

i Recovery rate of the active smokers 0.1 [39]

0% Rate at which smokers died due to smoking 0.015 [266]

[y Nicotine gum parameter 0.1[00.17] [39]

0 Transmission rate from recovered to quitter smokers 0.05 Estimate

T Proportion rate at which quitters become potential 0.01 Estimate
smokers

B2 Spontaneous or Intrinsic quitting rate of potential 0.01[0.010.03] Estimate
smokers of model (2.33)

¢ Awareness rate of potential smokers of model (2.33)  0.05 [0.05 0.1] [39]

B3 Effective contact of Potential smokers with Smokers 0.75 Estimate
(S)

m Weighted to share information about smokers 0.5[02] [130]

m Relative infectivity potential of Recovered Smokers 0.4 Estimate

72 Relative infectivity potential of Quitter Smokers 0.2 Estimate

M Efficiency rate of information shared through 50% [0 1] [169]
S(Social apps) , T(TV) and R(Radio)

B Baseline transmission rate 0.55 [169]
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This implies that ’% < 0Owhen N > % Thus, %’ is bounded by A — u. By applying
the integrating factor approach to the inequality (5.2), we obtain

jt (e"N) <et'A (2.3)

By using ICs to integrate Equation (5.3), we obtain
—ut N —pt
N(t) < N(0)e —l—ﬁ(l—e )

Ast — oo, we get
A
N < —
U

Consequently, it means that A is positively invariant of the model (5.1), i.e., no solu-
tion path crosses any of its limits. O

2.3.2 Positivity of solutions

Here, we calculate the solution’s positivity. Verifying that every variable in a model
(5.1) is non-negative for every t is crucial. To show that the model’s solution is posi-
tive, we looked at the following theorem [136, 12].

Theorem 2.2. The model (5.1) yields a positive solution for all t > 0, based on the ICs
described in Eq (5.1).

Proof. Using the 1% Eq of system (5.1), assume that

il]::A—[S1PS+0¢(1—€)S—(]/t+<P+ﬁz)P+7T9R§A—(P‘+<P+52)P

dP
E+(y+¢+[3z)PgA

Multiplying by LF. and after integrating, we obtain

Ae(”+¢+ﬁ2)t
Pel#tot+pa)t « 22 2.4
‘ Stotp)  © 24
When t = 0, we have
A
PO ——
O < Grorp
Using Eq (5.16) , as t — oo, we get
A
— > P(H)>0
irgipy "W

Using the same technique, we can demonstrate that
S(0) > 0,R(0) > 0,Q(0) > 0,D(0) >0

This demonstrates the positive nature of the model (5.1) solution. O



34 Chapter 2. Smoking dynamics control with media campaigns

2.3.3 Boundedness of solutions

In this section, the boundedness of the solution is discussed. The solutions that are
obtained remain inside the feasible region denoted by A [224, 168].

Theorem 2.3. Every solution of the model (5.1) is bounded.

Proof. The total population, represented by N, is described as
N/:Pl+s/+Rl+Q/+D/
By adding all equations of model (5.1), we get

dN
W—A—‘uN

Applying Gronwall’s inequality, we obtain

N < A + (N(O) - A) e M
1z 1z

Hence, N < %, for all + > 0, whenever N(0) < %.

A
Nlim infN < lim SupN < — > 0.
t—o0 t—o0 ]/l

This demonstrates that the feasible area A contains a bound on the solution of model
(5.1), which shows that the affirmative solution to model (5.1) is contained in the
feasible region A. O

2.3.4 Existence and Uniqueness of solution

The general first-order ODE takes the following form:

C‘l; =gq(u,t) s(ty) =ug (2.5)

To determine the existence and uniqueness of a solution to Eq. (2.5), we analyze the
conditions under which a solution exists and the criteria that guarantee a unique
solution. Suppose

1 =AN—pB1PS+a(l—e€)S— (p+ ¢+ p2)P+ mHR
82 =P1PS—(p+at+p+7)S

g3 =waeS+pS— (p+06)R

Q4= PP+ ¢P+ (1 —m)6R — uQ

85 =75 —uD

The following theorem demonstrates that our model’s solution exists and is unique
[168].
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Theorem 2.4. (Uniqueness of Solution)
Let E stand for the domain

it —to| <a,
50| <1,
g ls7sls (2.6)
u= (ul/ u2/ u3/ .. /un)/
ug = (U410, U20, U30, - - -, Uno)
Assume that g(t, u) satisfies the Lipschitz requirement.
Ig(t,u1) = g(t,ua)|| < Lllur —mall,  (£,), (t,u2) € E 27)

Then there exists a § > 0 such that there exists a unique continuous vector solution u(t)
of the system (2.5) in the interval |t — to| < 0. Keep in mind that Eq (2.7) necessitates the
following:

aui

be continuous and bounded in the domain =

{ag"; i,i=1,2,3,...,n (2.8)

Lemma 2.5. If it g(t, u) has a continuous partial derivative agl on a bounded close convex
domain R where it R is used to represent real numbers, then it satzsﬁes a Lipschitz condition
in R.

Our interest is in the domain 1 < € < R. So, we look for a bounded solution of the form
0 < R < co. We now prove the following existence theorem.

Theorem 2.6. (Existence of Solution)
Given that 1 < e < R holds, assume to & represent the domain as specified in (3.2) s.t (2.7).
A solution to (5.1) that is bound in the domain E thus exists.

Proof. Suppose

g1 =A—PBiPS+a(l—e)S— (u+¢+Ba)P + bR (2.9)
=BPS—(p+a+p+7)S (2.10)
g3 =waeS+pS— (p+0)R (2.11)
g4 = PP+ ¢P+ (1 —m)6R — uQ (2.12)

and
85 =75 —uD (2.13)

we demonstrate the continuous and limited nature of g%, wherei,j=1,2,3,4,5. We
looked at the following partial derivatives for every model equation:
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From Eq (3.4):

%gpl:—ﬁls <u+¢+ﬁz)\ |—!—515 (1 + ¢+ Ba)| < o0

Bl piPra(1-6), % = |- piP+a(l- o) < oo
g1 g1
R ~ OI5R

ag1 ‘
0Q
ag1
\ 0D

From Eq (5.8):

| = | - 7| < oo (2.14)

51 = ol <o

—0| = 10] < oo,

8g1
oP
%)
Bl P~ (utatp 1), | DY = [P~ (e +atpt )] <oo
agl ’agl‘_
oR

Bgl ’agl‘_
0Q
8g1 ’
oD

0
= P15, 155 | = B8] < o0

0] < o0 (2.15)

0] < o0

8L = (0] < .

Similarly, one can do this for other equations. Our conclusion from the Existence of
Solution theorem is that there is a unique solution to the model (5.1) in the domain
E by demonstrating the continuity and boundedness of each partial derivative. [

2.3.5 Steady states of model

In mathematical epidemiology, when the variables in a model remain constant through-
out time, the steady-state solutions are referred to as equilibrium states. The equi-
librium of system (5.1) may be found by solving equations (2.16) to ascertain the
long-term behaviors of the system.

A—BiPS+a(l—€)S—(p+¢+p2)P+mOR =0,
B1PS — (p+a+p+7)S =0,
weS+pS — (u+0)R =0, (2.16)
BoP + ¢P + (1 — m)6R — uQ =0,
¥S — uD =0

The steady states of the model are evaluated as

dpP as dR aQ aD
a = a = w = w Y a
Two types of steady states are produced by direct solutions of system (2.16). The
trivial (disease free) steady state indicates the absence of smoking, while the positive

internal (endemic) steady state characterizes the presence of smoking. From (2.16),

=0
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we get DFE of the model is given as

_ (p0 c0 p0 A0 MO0\ _ A AP+ B2)
qu = (P ,5°,R°,Q",D ) = <(ﬂ+¢+,32)’0,0,(,M—f—(f)‘l-,lgz)]/llo)' (2.17)

DFE will occur when Ry < 1, which means there is no infection. EEP of the system
(2.16) is

Eq = (P*,S*,R*,Q", D*). (2.18)
P — ;4+zx+p+'y,
p1
g AptO) —(upto+po)(ptatpty)(p+o)

(p+0)(p+a+p+vy)—a(u+0)(1—e)—mb(ae+p)
R* — (we +p)S*

p+o
Q= (B2+¢)P*+ (1 — m)oR*
l/l 7
pr= 5
T

2.3.6 Threshold parameter R

The basic reproduction number Rg [180] is used to quantify the spread of the sick-
ness. The term R describes the infected population that an infected person may
produce while they are contagious. Analysis of the stability of steady states depends
critically on the model’s Rg. The population will not experience an epidemic if Ry
less then 1, and the epidemic will persist if R is greater than 1.

Consider model (5.1) in which the total population is classified into five different
classes. To make sure that the first n compartments show the infected individuals,
we rearrange the system so that the smoking classes appear first. We now define
IF;(y) represents the rate at which new smokers develop in compartment S, V" (y)
shows the rate at which people come to compartment S through ways apart from
the smoking, and V; (y) is the rate at which people leave compartment S. Equa-
tions provide the basis of the smoking model

yi = Fi(y) — Vi(y)

where  V;(y) =V (y) - V()
Therefore, the disease-free steady state y( already exists, we construct n x n matrices
of F and V, which are defined by

_ JF;
Iy,

aV;

F _
Iy,

(o) (vo)

with1 <i,j <mn.
Since F > 0 and det(V) # 0, then, V! > 0, and also Fv—! > 0. Next-generation
matrix is defined by the FV . Therefore, Ry is

Ry = p(FV 1)
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where p(]FW’l) denote the largest eigenvalue of matrix FV~!.
To compute the Ry, the next generation matrix (NGM) technique is utilized. Based
on the methodology, from system (5.1), we obtain:

B1PS
F{ 0 ] , V=
0

p+a+p+7)S
—xeS + uR — pS + 0R
—B2P — (1 — m)6R + uQ — ¢P

The following information provides the Jacobi matrices of F and V at DFE, repre-
sented by F and V:

AL g 0 pta+p+y 0 0

pA¢+p2
F=| 0 00|, V=| -—we—p pto 0
0 00 0 —(1-m)0 u

The greatest eigenvalue is found in the product matrix 7 V™1, as seen by

p1AA
(hto+pB2)(at+y+utp)

Ro = (2.19)

2.3.7 Stability analysis of model

We shall evaluate the stability of the steady states of the model. R, indicates that
the disease’s incidence will decline if R is less than 1. nothing change in caseRy = 1
and R greater than 1 shows sickness will rise. [235].

Local stability analysis

Theorem 2.7. The DFE is locally asymptotically stable if Ry < 1 and unstable if Ry > 1.
Proof. The Jacobin of Eq (5.1) is written as :

—B1S = (n+¢+B2) —B1P +a(l—e) 0 0 0
B1S PrP—(n+at+p+7) 0 0 0
J= 0 we+p —(u+0) 0 0
B2+ 0 (1-m)0 —u 0
0 v 0 0 —u
(2.20)
Simulating Eq (2.20) at the DFE (Ey), we get:
—(ut¢+pB2)  —Pripr Ta(l—e) 70 0 0
0 Birrps; — (u+tatp+y) 0 0 0
J(Eqo) = 0 e +p —(u+6) 0 0
B+ ¢ 0 1-7)8 —u 0
0 v 0 0 —u
(2.21)

By transforming (2.21) into block matrices, the eigenvalues are obtained by the char-
acteristic equations as follows:
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(—(ut@+B2+ M) Briggrs — (Htatp+7) = A)(=(p+0) = A)(—p—A)(—p—
A)=0

From this equation, the five eigenvalues are Ay = —(y + ¢ + B2), A2 = p1 ﬁ —
(u+a+p+79) =Ro—1,A3 = —(u+0),As = —p, As = —u Hence all eigenvalues
are negative, except A» if Rp < 1 then A is negative. Hence, prove that E is locally
asymptotically stable. O

Theorem 2.8. If Ry > 1, then EEP of Eq. (5.1) is locally asymptotically stable.

Proof.
—B1S" = (u+¢+p2)  —pP" +a(l—e) 70 0 0
515* ,Blp*—(H+DC+P+’Y) 0 0 0
h = 0 ae+p —(u+6) 0 0
B+ ¢ 0 1-m0 -u 0
0 % 0 0 —u
det(J1 — AI) =0
C C 0 0 0
p15* Cs 0 0 0
0 aet+p —(p+60+A7) 0 0 |=0
Bo+¢ 0O (1-m)0 —pu—A 0
0 v 0 0 —u-A
where

Ci=-BS"—(p+o+p2+A7), Cr=—B1P"+a(l—e),
Ca=pP"—(u+a+p+7+A).
The characteristic polynomial is expressed as
G(A) = (== A)°R(A)
with
R(A) = A% + u1A? + upA + u3

where
uy = P1S* — PP tutat+pt+y+o+p

Uy = 2B3S* — B1S*u — B1S*a — B1S* p — B1S*y — B1S*A + 2uB1P* + ¢B1P* + B1 B2 P

us =B1S pa — Zﬁ%P*S*y — ZIB%P*S*G + ,315*y2 + 1S ub + B1S*ab + B1S* up + B1S*po
+ B1S* uy — B1S*y0 — P1P*y* + P1P b — PP uep — BrP*0¢p — P1B2P*p — P1B2P*0

+ ua 4 b + v0u — (@ +o+v+0+ ¢+ B+ )
(2.22)



40 Chapter 2. Smoking dynamics control with media campaigns

Now, the discriminant of R(A) is given as [304]
D(R) = 18uupuz + (u1u2)? — dusui — 4uj — 27u3
we have the following results: O

Corollary 2.9. [213] For Ro > 1, the EEP of model (5.1) is LAS if one of the following
requirements is met for R(A)

1. If D(R) > O, then uqy > 0, uz > 0, and ujup > us is a necessary and sufficient
condition for D* to be locally stable.

2.IfD(R) <0, u; >0, up>0, uz>0, 6< 3then D*isLAS.
3. IfD(R) <0,u; <0,up <0,and 6 > %, then all solutions of the eq(13 ) meet the
conditions |arg(A;)| < 0%, 1=1,2,3,4,5.
Global stability analysis

This part identifies a number of key terms and symbols for taking into account the
global stability of the model. By the Castillo-Chavez approach model (5.1) would be
shown globally asymptotically stable at the DFE [199, 214].

Lemma 2.10. Consider the subsequent structure for an infectious model system:

dSl

— =1y1(s1,52)
;sz (2.23)
Frle y2(s1,52),y2(s1,0) = 0.

where s; € R™ denotes the uninfected population and s, € R™ represents the infected.
s* = (s9,0) is DFE Eq (2.23).

As long as Ro < 1 and the following criteria are met, the point (y9,0) is a globally asymp-
totically stable equilibrium for the given system.

B, : For ‘% = y1(51,0),8¥ is a globally asymptotically stable.

B, : ’%2 = [ sy —1a(s1,52) with if2(s1,52) > 0for (s1,s2) € Ilinwhich | = %(xl(s(l),O)
is the Jacobi matrix that Metzler matrix, and 11 is the biologically logical area of the
model.

Theorem 2.11. The DFE is the global asymptotically stable of Eq (5.1) given that Jy < 1.

Proof. Assume that in model (5.1), the infected population is p» = (S,R,D) € %3,
and the uninfected population is p; = (P, Q) € R2.Model (5.1) allows us to write as

O — A BiPS a1 )5 — (4 + ¢+ p2)P + TOR,
(2.24)
dQ
Fi B2P + ¢P + (1 — m)6R — uQ.
Thus, we have
_ (A—=PB1PS+a(l—¢€)S— (p+ ¢+ B2)P+ 7OR,
ylss2) = (5213 4¢P+ (1— 7)6R — Q. ) (2:25)
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Ats* = (s9,0), above equation becomes

ds; S A=(p+¢+pB2)P
5~ s 0) = ( BoP + 6P — 10 ) (2.26)
Eq (2.26) gives us
P(F) = P(OYe-(mHotbt o D (wtepat
(8) = Pll)e +ﬂ+4’+l32( ‘ ) (2.27)
— —ut M _ —ut )
Q(t) = Q)+ + T (1)
As t — oo the solution is:
A
P ) = ——
(c) H+o+p2 (2.28)
o) BN '
Q) (H+¢+pB2)u

This means that (2.26) in I1 is globally convergent, therefore satisfying criteria B;.
To find out if condition two will be met, we now use Y(s1,52) = Zpa — §2(s1,52).
Additionally, we receive:

B1Po— (p+a+p+7) 0 0 S 72(s1,52)
A= ne+p —(p+06) 0 R| - 0 (2.29)
¥ 0 —u) \D 0

(51P0(]/t+06+p+'y) 0 0)
Z = ne+p —(u+06) 0 (2.30)
Y 0 —H
with
(,Bl(POP)(}l+DC+p+’Y) )
] = 0 (2.31)
0

The model indicates that the whole population is enclosed by Py. Consequently,
BiP—(u+a+p+7y) <B1(Py) — (n+a+p+ ) suggests that 2(s1, s2) is positive
definite. Additionally, the off-diagonal entries in matrix Z are positive, making it an
M-matrix. The global asymptotic stability is therefore demonstrated by the satisfac-
tion of B». O

Theorem 2.12. If Ry > 1, then the EEP of the proposed model (5.1) is globally asymptoti-
cally stable.

Proof. We consider a Lyapunov function L, (t) which is define as

1 P S
[h(t) =—————P—P"— P In— E(S—5"—S*In—
2(1) <u+¢+ﬁz)( “P*>+ ( nS*)
1 R 1 Q
+ R—R*—R*In— +< -Q" - *ln>
(V+9)( R*) p Q- -0 Q*
1 . N D
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- (Ro—1)
Where & = W’m, R() > 1.

The function Lz(t) is defined as positive definite and continuous V¢ > 0. Now we
have

dL, d 1 pmP)ig ) S
@ G (PP ) v (505 )
1 R Q
+ i (RR =R )+ ( in )
(V+9)< R Qe -@ng
1 s i P

dly 1 (1_P*>cw+g<l_s*>ds+1<l_R*>dR
dt = (u+¢+p) dt S)dt (u+9) R ) dt

1 Q*\ dQ D*\ dD
L (-9) @ (0-5)

1 p*
- m <1‘p> [A—=P1PS+a(l—€)S+mOR — (4 + ¢+ p2)P]
(1_S> [B1PS — (V+“+P+7)5]+(y1+9) <1—II{{) [veS + pS — (y + 0)R]

*

1 Q* 1 D
(2.32)

using the endemic conditions,

A —B1P*S* +a(l —€)S* + mOR* = (u+ ¢ + B2) P*
B1PS* = (u+a+p+7)S*
weS* + pS* = (p+0)R”
B2P* + ¢P* + (1 — m)0R* = uQ*
758" = uD”

in the above equation, we get

dL, 1
i
dt = (p+¢+p2)

+E< —SS> [(h+atpo—7)S" —(p+atp+7)S]

(1-75) W0+ BIP" — (et 9+ o))

*

1= ) [+ 0R = (u+0)R

—~
<
4|
>
~
Y

+; (1—Q> [ﬂQ*—#QH; <1— %*) [uD* — D]

:<P_P* (P* —P) + (Rp— 1) <S_SS*) (5*=S)+ <R;R*> (R* — R)+

P
(452 -0 (252) o




2.3. Mathematical analysis of model 43

dL, (P—P*)? (S—S*)° (R—R*)> (Q-Q*)?* (D-D*)?

I« _ —1) — _ _
dt = P 5 (Ro—1) R Q D
This implies,
dL;
=<
dt — 0

It follows that if Ry > 1, then we have % < 0. Therefore, Ly(t) is bounded and

decreasing. In addition, we know that % = 0 ifand onlyif S(t) = S*,R(t) =
R*,Q(t) = Q*,D(t) = D*. Hence, when Ry > 1, the endemic state of model (5.1) is
globally stable [213]. O

2.3.8 Sensitivity analysis

To demonstrate the impact of each parameter on smoking transmission, we con-
ducted a sensitivity study. To do this analysis, we used the normalized sensitivity
index idea [130].

Definition 2.13. The normalized forward sensitivity index (NFSI) of Ry is written
as:
oRy A

X —_—

Iy = -2
P oli ~ Ro

where Ry is the basic reproduction number, and A represents all parameters.

PiA
pH@+p)(atytptp)
The sensitivity index of Ry to the model’s parameters can be computed as:

Ro =

TABLE 2.2: Sensitivity index of R of model (5.1)

Parameters = Normalized Sensitivity index Sensitivity index  Index values

A Hfo — aa% X RAO +ev 1

B HIZO — %% « 7% +ev 1

: NP -t - HERmIE

¢ H§0 _ 38_73)0 % % — _W -ev -0.303

B, ngo _ %% « %20 — _% -ev -0.091
HZ‘QO _ aa% % RLO — _W‘m -ev -0.241

oy szzo — % % Rio = _m -ev -0.036

o Hz)zo — Q%) % 7%0 — _m -ev -0.241

The output of the sensitivity analysis of R is shown in Table 3.2, that presents a
normal sensitivity index up to three decimal places along with their graphics in Fig
2.2, which indicates that only A and 81 show the positively increasing behaviors, rest
of others shows negative sense. From the figure, we analyze that A and p; are sig-
nificant parameters for R in the positive sense, while y is significant in the negative
sense from the rest of the negative sense parameters. As the death rate increases, the
probability of disease transmission decreases, according to the negative sensitivity
index u. The value of —1.088 ~ —1 indicates a strong sensitivity of disease trans-
mission to changes in the natural death rate, suggesting that even small increases in
the natural death rate can significantly reduce the basic reproduction number. We
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conclude that to control the transmission of smoking disease, we have to manage the
B1 and A by decreasing their value and increasing the values of other parameters in
the negative sense. To check the detailed view of R behavior, we vary the differ-
ent parameters w.r.t R in Fig 2.3. Fig 2.3(a) indicates the variation of parameter «
and ¢. we analyze that both parameters show the decreasing behavior of (. Small
variation in self-awareness ¢ shows a sudden change in recovery rate of smokers «,
due to which Ry shows positively increasing behaviors till reaching limit 1 at initial
values of both parameters. When « along the x-axis and ¢ along the y-axis change
from o to 1, the reproduction no approaches zero, which shows that self-awareness
can increase the recovery rate. Impact of parameters $; and p on R shown in Fig
2.3(b), which shows that with the increase of these parameters, Ry increases. when
we increase the treatment of smokers p transmission of smoking B also decrease al-
most with same probability. This indicates the effectiveness of treatment for addicts
of smoking. Fig 2.3(c) reflects the transmission of smoking 1 and natural mortality
rate y. This scenario is more important to analyze for the prevention of smokers
from smoking. We see that with the increase in smoking, transmission reproduction
shows no increase. The natural death rate does not show too much impact. But still
overcoming the smoking dynamics ; is very important along with the treatment to
control the mortality rate due to smoking-related disease. Similarly, one can easily
investigate the behaviors of other parameters on Ry.

Sensitivity Analysis of Ro
15 T T T T

N

Sensitivity Indices
o

15 I I I I I I I I
A By Iz [ By a v p

Parameters

FIGURE 2.2: Sensitivity analysis of Ry shows the significant parame-
ters of model (5.1).

2.3.9 Numerical simulation of model without treatment

In this section the numerical simulation of mathematical model to control smoking
dynamics without treatment is carried out with ICs {P(0) = 0.4,5(0) = 0.4,R(0) =
0.12,Q(0) = 0.06, D(0) = 0.02}, h = 0.01, T = [0 70] and all biological parameters
given in Table 3.2 using MATLAB using ode45 routine (RK4 method) shown in Fig
7.2-7.3. It can be analyzed that all positive solutions are in feasible regions. First, we
want to show the simple behavior of the model (5.1) without the impact of treatment.
So we take model (5.1) with treatment parameter (p) zero and predict the model
behavior of all classes in Fig 7.2 and separately in Fig 7.3. From these figures, we
can easily predict that when the potential smokers P have effective contact with
the smokers S, the transmission of smoking increases, due to which the smokers” S
curve shows a sudden jump from the initial point as the potential smoker’s curve is
laid down and reaches its steady state after 10 days. Due to the recovered smokers,
R again shows the smoking symptoms move to potential smokers, recovered class
decreases, showing equilibrium state after 20 days, and quitter Q increases with the
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FIGURE 2.3: Impact of different parameters on R of model (5.1).

immediate effect of self-awareness, and some occasional smokers who quit smoking
from the start. As the recovered class decreases, the death of smokers D increases
due to the sudden effects of smoking-related disease. From this scenario, we can
easily see that the treatment of smokers is an important factor in controlling the
addiction to smoking and increasing the recovery rate, along with decreasing the
mortality due to smoking-related diseases like cancer, heart disease, mental issues,
etc.
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FIGURE 2.4: Numerical simulation of model (5.1) without treatment
of smokers (p) with parameters in Table 3.2, step size h = 0.01 and
T = [0 70].

2.3.10 Numerical simulation of model with treatment

Here we discuss the numerical simulation of mathematical model to control smok-
ing dynamics with treatment carried out with ICs {P(0) = 0.4,5(0) = 0.4,R(0) =
0.12,Q(0) = 0.06, D(0) = 0.02}, h = 0.01, T = [0 70] and all biological parameters
given in Table 3.2 shown in Fig 3.2-2.7. Studies show that every feasible solution is
within reach. We want to present the dynamical behavior of the model (5.1) with
the impact of the treatment parameter. So we implement model (5.1) with treatment
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(a) Potential smokers (c) Recovered smokers

(d) Quitter smokers (e) Death smokers

FIGURE 2.5: Numerical simulation of model (5.1) without treatment
of smokers (p) separately with parameters in Table 3.2, step size h =
0.0land T = [0 70].

parameter p = 0.1 and forecasts each class’s model action in Fig 3.2 and separately
in Fig 2.7. Based on this data, we can estimate that when the potential smokers P are
in contact with smokers S, the transmission of smoking increases. By applying the
treatment, the smoker’s S moves to the recovered class. Due to this operation, smok-
ers’ S curve shows a sudden downfall from the initial point as the potential smoker’s
curve lay down and moved up after some time and reached their steady state after 40
days. Due to the increase in the recovery rate and people who were treated success-
fully move to recovered smokers R shown the less smoking symptoms which move
to potential smokers, recovered class increase and reached an equilibrium state af-
ter 50 days and quitter Q increases with immediate effect of self awareness, some
occasional smokers how quit the smoking from starting and also the high success
rate of treatment. As the recovered class increases, the death of smokers D increases
due to the sudden effects of smoking-related disease and moves down after some
time by showing their equilibrium state after 40 days. From this scenario, we can
easily see the strong impact of the treatment of smokers to control the addiction to
smoking and increase the recovery rate, along with decreasing the mortality due to
smoking-related diseases like cancer, heart disease, mental issues, etc.
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FIGURE 2.6: Numerical simulation of model (5.1) with treatment of
smokers (p) with parameters in Table 3.2, step size h = 0.0l and T =
[0 70].
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(a) Potential smokers (b) Smokers (c) Recovered smokers

(d) Quitter smokers (e) Death smokers

FIGURE 2.7: Numerical simulation of model (5.1) with treatment of
smokers (p) separately with parameters in Table 3.2, step size h = 0.01
and T = [0 70].

Effect of treatment to overcome smoking dynamics

During the formulation of model (5.1), we utilize the treatment factor p to con-
trol smoking addiction. Here we will study the implementation of p on smokers
S and describe their complex behavior on R to show the change in transmission of
smoking when potential and active smokers are effectively contacted. In Fig 3.6 we
present the variation of treatment p on model (5.1) smokers compartment. Fig 3.6(a)
describes the behavior of active smokers when the treatment parameters change to
different values at p = {0,0.02,0.05,0.1,0.17}. We conclude that when the treat-
ment increases, then the transmission of smoking gradually decreases, which shows
that, effectively, the people who are addicted to smoking are treated successfully and
move to recovered smokers. If we see the smoker curve without treatment mean at
p = 0, the smokers initially jump and go to their equilibrium state after reaching the
peak point. When the full treatment is implemented at p = 0.17, we see a sudden
decrease in the smoking individuals, indicating the effectiveness of p. This smoking
curve shows their equilibrium state after approximately 40 days. Fig 3.6(b) indicates
the 3D view of smoker S when the value of treatment p varies to study the model
(5.1) characteristics. We can easily see a gradual decrease in the number of smokers
with the increase in treatment value. In epidemiology, R is an effective function
that grants the stability of the dynamics along with the persistence or dieout of the
disease in the community. To keep this thing in mind, we check the impact of the
treatment p of the addicted smokers to control the smoking transmission by a de-
tailed view of Ry as a function of parameters p and u in Fig 2.9. From the figure,
we see that when we increase the treatment rate of smokers, Ry decreases with the
decrease in the transmission of smoking in other populations. Fig 2.9(a) indicates
the Ry behavior without treatment in which the R curve approaches to 12, which
shows that the greater Ry means the disease persists in the community. If we see
Fig 2.9(b) in which we increase the treatment p = 0.05, the R approaches to 9, and
smoking transmission becomes low. When the treatment p = 0.1 in Fig 2.9(c), then
‘Ro approaches to 7 and transmission of smoking decreases as compared to the above
data. Similarly, when we go with full treatment p = 0.17, then R approaches to 5,
which shows the lowest reproduction no as compared to the above data and smok-
ing transmission gradually decreases, guaranteeing the effectiveness of successful
treatment on the addicted smokers shown in Fig 2.9(d). This surprising behavior
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shows that to control the smoking dynamics, each needs a different number of doses
until it fully recovers. From the above discussion, we come to the point that treat-
ment is effective and a relabel factor in controlling the smoking dynamics in the
community.

02

Time (1)

() (b)

FIGURE 2.8: Numerical simulation of model (5.1) with variation

of treatment of smokers (p): (a) shows the variation of p =

{0,0.02,0.05,0.1,0.17} on smoker S, (b) presents the 3D views by
variation of p = 0: 0.001 : 0.17.
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(@) Row.rtpyand patp =0. (b) Rp w.r.t B1 and p at p = 0.05.
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FIGURE 2.9: Simulation of Ry of model (5.1) wrt 1 and u
with variation of treatment of smokers (p): Variation of p =
{0,0.02,0.05,0.1,0.17} on R w.r.t B1 and u are shown.

Effect of treatment on smoking-related disease mortality

During the literature review, we have seen the unexpected death ratio due to SRD.
We have seen that most of the people who are addicted to smoking and continuously
smoke are forced by their nature and behavioral characteristics and did not quit
smoking. These people are always at risk of developing serious diseases like heart
disease, lung cancer, mouth cancer, stomach issues, etc, due to smoking. This serious
disease may cause the death of these people easily. To study that phenomenon, we
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formulate the death smokers D compartment in model (5.1). Here, we analyze this
issue with a detailed study and analysis of its mathematical characteristics in real-
life scenarios. Numerical implementation of the death smokers D is given in Fig 2.10
with the variation of treatment of smokers p. The different values of the treatment
parameter are p = {0,0.02,0.05,0.1,0.17} predict the death of smokers on different
treatment levels shown in Fig 2.10(a). From this figure, we expect that when there is
no treatment, p = 0, death smokers start increasing gradually from the initial and af-
ter reaching their higher level, become constant to show an equilibrium state after 40
days. This indicates that the transmission of smoking increases without any restric-
tion, and most people are badly affected by smoking diseases and move to death,
showing the higher death rate of addicted smokers. But when we start applying the
treatment from basic to full, i.e, 0 to 0.17, the death smoker consistently decreases
and initially goes to a peak when the smoking persists, then decreases instantly by
showing their equilibrium state after 40 days, as shown in the death smoking curve
behavior at p = 0.17. These states suggest that successful implementation of clinical
or behavioral treatment can save many people from death and decrease the death
rate 7. The 3D view of death smokers D w.r.t the variation of treatment parameter
p is given in Fig 2.10(b). In this view, one can easily see how smoothly the death
of smokers decreases when we go from the treatment value from 0 to 0.17, and the
bar value decreases from 0.025 to 0.005. This is due to the realistic impact of the
treatment on the addicted smoker who is badly affected and completes their treat-
ment process carefully, moving to the recovered class. For critical observation of Ry
w.r.t the combined effect of v and y, we vary the treatment value and see the ex-
plicit behavior of the mortality rate due to smoking in Fig 3.8. Initially, when there
is no treatment p = 0, the reproduction no approaches to 12 with v taking along
the x-axis, p along the y-axis, and Ry along the z-axis. with time, when both pa-
rameters approach 1, then the reproduction no goes to zero as shown in Fig 3.8(a).
If we increase the treatment from 0 to 0.1, then we see the sudden decrease of the
reproduction no approaches to 6 now when both the parameters are at their initial
points and showing their effect when both approaches to 1, then Ry goes to zero as
seen in Fig 3.8(b). Finally, if we take full treatment p = 0.17, then we observe the
sudden decay of R value from 12 to 5 according to previous data, see Fig 3.8(c).
This presents the most realistic and important factor to control the mortality rate
due to smoking-related diseases. we have seen a consistent scenario in all images
that at initial R is at peak and decreases when 7y and u approach 0. This is due
to the sudden increase in the transmission of smoking, due to which the mortality
rate is also at its peak and moves down with time. We also observe the combined
impact of the transmission rate of smoking 8; and < mortality rate due to smoking
on the growth of Ry in Fig 2.12. In this figure, we see that despite the effect of B,
the mortality rate due to smoking 7 increases with time. In Fig 2.12(a) when p = 0
we see that the value of Ry is 0.45, while in Fig 2.12(b)-(c) this value is 0.4 which
indicates that when treatment increases the smoking mortality rate is under control
until people start to follow the prevention measure to decrease the 1. From all the
above discussions, we concluded that effective use of clinical or behavioral therapies
as treatment for smokers can give realistic results about decreasing the chance of a
persistent scenario of smoking dynamics.
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FIGURE 2.10: Numerical simulation of model (5.1) with varia-

tion of treatment of smokers (p): (a) shows the variation of p =

{O, 0.02,0.05,0.1, 0.17} on death smoker D , (b) presents the 3D views
by variation of p = 0: 0.001 : 0.17.

(@) Rowrtyand yatp =0. (b) Rowrtyandpuatp=01. (c) Rp wrty and u at p =
0.17.

FIGURE 2.11: Simulation of Ry of model (5.1) w.r.t ¥ and u with vari-
ation of treatment of smokers (p): Variation of p = {0,0.1,0.17} on Ry
w.r.t v and p are shown.

(a) Row.rt By and yatp = 0. (b) Rp wrt 1 and yatp = (c) Rp wrt By and y at p =
0.1. 0.17.

FIGURE 2.12: Simulation of R of model (5.1) w.r.t 81 and v with
variation of treatment of smokers (p): Variation of p = {0,0.1,0.17}
on Ry w.r.t 1 and <y are shown .
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2.4 Mathematical model to advertise daily news of addicted
smokers through media and treatment to control smok-
ing dynamics

In this section, we introduce a mathematical model to explain how smoking spreads
across society, emphasizing the function of public awareness efforts. By increasing
public awareness of smoking’s adverse effects, this model underlines the effective-
ness of such awareness programs in slowing down the development of smoking
addiction. Formulate a model to control the spread of smoking in the community by
the use of proper treatment and raising awareness to advertise the number of active
smokers S daily as a fear factor, due to which people take self-measures. The pri-
mary objective of the model is to assess the efficacy of media initiatives in reducing
smoking rates. The approach indicates that smoking may be drastically decreased
by advertising the total no of daily smokers addicted and raising awareness through
ongoing media coverage, providing a potent means of addressing the smoking dy-
namics.

People recruited into the community become smokers after effective contact with
active smokers S with a bilinear incident rate B3 ¢~"°PS. We use exponential form
incident rate 3 e~ in which B3 is the effect contact rate of potential smoker P
with the active smokers S to become new smokers in population, m is the positive
constant which shows the weight of media coverage of active smokers (clinical) to
overcome the smoking dynamics and e~ is the function that represents the aver-
age number of active smokers S reported daily through media advertisement. Here
we define the different cases for the variation of parameter m to check the behavior
of the function B3 e~"S.

¢ When m=0

If m = 0, then the function B3 e ™5 = 1, which indicates that there is no im-
pact of media coverage on the transmission of smoking disease from poten-
tial to active class. In this case, the transmission rate remains constant irre-
spective of media coverage of clinically active smokers or how many of peo-
ple are addicted to smoking. The model assumes that public opinion is un-
affected by reporting, awareness efforts, or any preventative actions such as
mask-wearing, distancing from the smoker, or getting some clinical treatment.
Smoking spreads as it normally would among people who are ignorant of it or
don’t care about it.

* Whenm >0

If m > 0, then B3e ™ becomes a decreasing function for the active smoker
S which implies that when the number of active smokers cases rises and the
active smoker’s numbers are covered by the media more frequently, public
awareness and caution grow, which slows the spread of the smoking dynam-
ics. People could take up preventative measures like mask wearing when go-
ing out, making social separation from smokers, or bettering their gathering
habits. The influence of media coverage increases with increasing m value. A
larger m indicates that when media awareness rises, the transmission rate will
drop more significantly.

e When m >> large
If m > 0, then function B3e ™ approaches to 0 for the increase of active
smoker S. This suggests that when there is extensive media coverage, the rate
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of transmission can be significantly decreased since most people will take the
necessary precautions, which will result in a large decrease in the number of
new smokers. But as we know, smoking dynamics is a global real-world issue.
So this identical situation can never happen because there is no 100% effect of
media coverage to die out the smoking addiction due to environmental and
behavioral factors.

A system of nonlinear differential equations for mathematical models with the addi-
tion of a bilinear incidence rate to advertise daily news of addicted smokers through
media and treatment to control smoking dynamics is given as:

0~ A — B PS 4 (1 —€)S — (4 + ¢+ Ba)P + mOR
as ﬁ3e’”’5P5

G =" —(ptat+tp+v)S

IR — weS+pS— (u+0)R (2.33)
49 — BrP+ ¢P + (1 — m)0R — uQ

4D = yS —uD

with the initial conditions

P(0) >0,5(0) > 0,R(0) >0,Q(0) >0,D(0) >0

2.4.1 Steady states of model
The DFE of the model (2.33) evaluated as
A AP+ B2)
E, = (P° s° R% Q° D :< ,0,0, ,0).
= ) (n+¢+p2) (H+¢+p2)u
Let the EEP of model (2.33) be denoted by E;; = (P*, 5%, R*, Q*, D¥) given as
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(2.34)

2.4.2 Threshold parameter R

According to [130], the next-generation matrix is used to determine the basic repro-
duction number. The new infection terms” matrix and the leftover transition terms’
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matrix are provided, respectively, in the following

75361']'5P5 u+a+p+7)S
F= 0 , V= —xeS + uR — pS + 0R
0 —p2P — (1 = m)0R +puQ — P

The following information provides the Jacobi matrices of F and V at DFE, repre-
sented by F and V:

ABs(e™™S(—mS)+e™mS) 0 0 U+a+p+y 0 0

H+¢+p2
F = 0 oo, V= —ae—p ptoe 0
0 00 0 —(1-m)8 u

The greatest eigenvalue is found in the product matrix 7 V7!, as seen by

AB3

(A 7 | Y

(2.35)

2.4.3 Sensitivity analysis

We performed a sensitivity analysis using the normalized sensitivity index concept
[130]. For calculating the sensitivity index of Ry to the parameters of model (2.33),
implementation given in Table3.4. Graphical results of the sensitivity of model (2.33)
are shown in Fig 2.13. From this analysis, we concluded that only A, B3, and y are the
significant parameters. We see that parameters A, B3 are significant in the positive
sense, while y is significant in a negative sense. To control the smoking dynam-
ics, we have to minimize the parameters A, B3, due to which the transmission of
smoking in the population decreases; also, the new individuals who will be added
or removed from the potential smokers will be managed. The behavior of R w.r.t
different parameters is expressed in Fig 2.14. This behavior explains the persistence
or die-out probability of the model. The transmission of smoking B3 and natural
mortality p variation on Rg seen in Fig 2.14(a). With the increase of the B3, the re-
production value also increases, and the mortality rate slightly increases, showing
the proportional relation. To decrease that dynamics, we have to manage the smok-
ing transmission value concluded from Fig 2.14(b). To check the combined impact of
smoking transmission 3 and the percentage of potential smokers who quit smoking
B2 on Ry, we gave a surface view in Fig 2.14(c), which indicates that 3 has more im-
pact on Ry as compared to 2. When smoking transmission increases, reproduction
also increases, which gives certainty of the persistence of smoking dynamics. More
clear behavior can be seen in Fig 2.14(d). To check the effect of treatment of smokers
p and recovery rate v on Ry, Fig 2.14(e) implies that when the smoking dynamics
starts, then the reproduction is not high when the treatment is applied to smokers
with time, the recovery rate of smokers increases, and reproduction decreases ap-
proach to zero.

2.4.4 Numerical simulation of model with daily media advertisement of
smokers and treatment

In this section, we explain the numerical results of model (2.33) with the combined
use of treatment of smokers and media to advertise a daily number of smokers in the
community, which will be utilized to increase fear in individuals. In this way, they
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TABLE 2.3: Sensitivity index of R of model (2.33)

Parameters = Normalize Sensitivity Index Sensitivity index  Index values
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FIGURE 2.13: Sensitivity analysis of R of model (2.33) .

(a) Ro w.rt B3 and p. (b) Rg w.r.t B3 and B,. (c) Rowrtpyanda.
| j &

(d) Row.rtBzandp. (e) Rowrtyandp.

FIGURE 2.14: Simulation of R of model (2.33) w.r.t different param-
eters .
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take PM from smoking. To see how the model behaves when these measures are uti-
lized in MATLAB using ode45 routine(RK4 method) with ICs {P(0) = 0.4,5(0) =
0.4,R(0) = 0.12,Q(0) = 0.06, D(0) = 0.02}, h = 0.01, T = [0 70] and all biological
parameters given in Table 3.2 shown in Fig 2.15-3.9. From the graphics view, we con-
cluded that all the positive solutions are in the feasible region. With the implementa-
tion of treatment of smokers p and media advertising of the daily no of smokers, the
transmission suddenly decreases as people become aware more quickly of the bad
effects of smoking, due to which the effective contact rate between smokers S and
potential smokers P decays. The sudden increase in the potential smoker P curve
is due to a couple of relapse phenomena. One of the main reasons to decrease the
smokers” S curve is the accurate implementation of treatment to addicted smokers,
due to which these individuals move to recovered smokers R, and the recovery rate
increases. This indicates the strong impact of smoking treatment p, and smokers S
become stable after 20 days. Due to the success rate of media coverage and treat-
ment, the recovered smoker R increases and becomes stable after 20 days because
the quitter rate increases and many recovered individuals move to the quitter class
Q. The curve of quitter smokers Q increases initially because initially many poten-
tial smokers quit smoking due to self-awareness, and also occasional smokers move
to this class. After some time, this class reached a peak and moved down to its sta-
ble point. Many smokers who are badly affected by smoking and suffer from the
smoking disease can not be treated and die at a rate -y moves to the death class D.
Due to this, the death class increases and is stable with time. The separate results of
each compartment of model 2.33 are shown in Fig 3.9. We can easily check the clear
behavior of each solution curve from this Fig. After all discussion we concluded
that media coverage along with treatment become a superpower to overcome the
smoking dynamics because in this way individuals can start following the PM from
smokers and those who are affected from smoking get treatment on earlier biases
due to these points the individual’s behavior play an important role to die out the
smoking dynamics.
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FIGURE 2.15: Numerical simulation of model (2.33) with daily media
advertisement (m) and treatment of smokers (p) with parameters in
Table 3.2, step size h = 0.01 and T = [0 70].

Impact of daily media advertisement of smokers and treatment

We have seen the impact of media during COVID-19 to raise awareness among the
population aware of the critical situation and follow the PM implemented by the
government authorities. Inspired by this thing, we collectively apply the media ad-
vertisement of the daily no of smokers B3 e~ and treatment of smokers p to control
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(a) Potential smokers (b) Smokers (c) Recovered smokers

(d) Quitter smokers (e) Death smokers

FIGURE 2.16: Numerical simulation of model (2.33) with daily me-
dia advertisement of smokers () and treatment of smokers (p) sepa-
rately with parameters in Table 3.2, step size h = 0.01 and T = [0 70].

the impact of smoking on the population. If we see the function B3 e, which is

working as a bilinear incidence rate to give deep information about the transmis-
sion of smoking when other individuals are in effective contact with active smokers.
As we already discussed, this is a decreasing function when you increase the value
of m, which is the weight of strong media coverage. Initially, this function does
not play any role in managing the smoking dynamics because B3 ¢~"5() becomes
zero. Due to this point, we have seen that 3 ¢~m5(0) is not more effective in Ry.
However, in the model, this function plays a keen role in overcoming the smoking
dynamics with time. Here we simulate the numerical results of the mathematical
model to advertise daily news of addicted smokers through media and treatment
to control smoking dynamics in MATLAB using ode45 routine (RK4 method) with
ICs {P(0) = 0.4,5(0) = 0.4,R(0) = 0.12,Q(0) = 0.06, D(0) = 0.02}. In Fig 3.10,
we deeply analyze the smoker S compartment of model (2.33) using media cover-
age and treatment of smokers. When we fixed the media coverage and checked
the variation of treatment of smokers p = {0,0.02,0.05,0.1,0.17}, the smokers S
compartment gradually decreased with the increase of treatment as shown in Fig
3.10(a). This is due to the success rate of treatment of smokers. When people re-
cover from their addiction to smoking, then not too many people deny the PM to
smokers. So a small amount moved to potential smokers when they recovered come
in contact with these individuals. The curve of smoker S at p = 0 indicates that
smoker individuals move slightly down and are stable after 15 days, and only a
small number of individuals recovered. If we see the curve of smoker S at p = 0.1
describes that it suddenly moved down and reached the steady state after almost
20 days. Similarly, the curve of smoker S at p = 0.17 shows a high rate of recovery
because the curve comes close to 0.1 population and is stable after 20 days, which
shows the strong impact of treatment on smokers S. We also show the complete
3D behavior of treatment p while fixing media coverage strength m in Fig 3.10(b),
which shows the smooth decrease in smokers with the increase of treatment when
the dynamic started. Now we fixed the treatment of smoker p and vary the media
coverage weighted m on smokers S in Fig 3.10(c). We fixed p = 0.1 and see that
with the increase of m, the transmission of smoking decreases slightly from 0 to 0.15.
But at m = 2, the transmission of smoking suddenly dropped, and the recovery rate
was so high approached a stable state after 20 days. The 3D view of media coverage
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variation is also seen in Fig 3.10(d). Our analysis indicates that the combined utiliza-
tion of treatment and media coverage can play an important role in decreasing the
persistence probability of smoking dynamics.

[
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FIGURE 2.17: Numerical simulation of model (2.33) with variation

of treatment of smokers (p) and daily media advertisement (m): (a)

shows the variation of p = {0,0.02,0.05,0.1,0.17} on smoker S while

taking daily media advertisement of smokers (i) fixed , (c) shows the

variation of m = {0,0.5,1,1.5,2} on smoker S while taking treatment

(p) fixed, (b) and (d) presents the 3D views by variation of p = 0 :
0.001:0.17 and m = 0 : 0.01 : 2 respectively.

As we already discussed, the bilinear incidence rate does not have a greater im-
pact on initial smoking dynamics, but treatment can play an effective role in control-
ling the transmission of smoking. In Fig 3.11 we see the effectiveness of treatment
of smokers p on Ry of model (2.33). When there is no treatment of smokers p = 0,
then the value of Ry = 25 increases the treatment of smokers p = 0.1 shows value
of Ro = 15 also when p = 0.17, then Ry = 10. This indicates that smoking trans-
mission decreases when effective treatment is applied, and the natural death rate
does not affect the behavior of Ry. We summarize the discussion with the media
coverage of smokers daily, and increasing the success rate of treatment, along with
changing the behavior of smokers toward completing the treatment, can overcome
the increasing rate of smoking addiction.

Impact of daily news on smoking-related diseases mortality

Smoking has been an active global issue for decades. Despite a lot of restrictions on
purchasing, illegal growth of tobacco, and smuggling of smoking drugs, no country
has complete control of this epidemic. Due to this worst nature, the smoking epi-
demic is a serious killer for people who are addicted to smoking. Different WHO
reports, medical studies, and literature reviews show a huge amount of deaths oc-
cur due to SRD, which is also a big issue for the world. To understand this scenario
in model (2.33), we study the death smokers D deeply and investigate how quickly
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FIGURE 2.18: Simulation of R of model (2.33) w.r.t 3 and p with
variation of treatment of smokers p = {0,0.02,0.05,0.1,0.17} .

the mortality rate due to smoking-related disease is affected when treatment and
media coverage of the daily no of smokers is shown in Fig 2.19. By fixing the media
coverage m and varying the treatment of smokers p to check the behavior of dead
smokers D, we give the graphics analysis in Fig 2.19(a-b). When there is no treat-
ment, p = 0, the death of smokers increases from the initial and reaches its maximum
value, showing that the mortality rate due to smoking is high. When we apply the
treatment p = 0.02 death of smokers starts increasing and after some move down,
shows a slight decrease in cure. Similarly, when we increase the treatment from 0.02
to 0.17, the death smoker curve suddenly goes down, showing a quick downfall of
the smoking dynamics and reaching their steady states after 40 days. This behavior
of the dead smokers is deeply visualized in 2D view by Fig 2.19(b), which shows
a smooth decrease in the death class with time when treatment is applied to their
maximum strength. Also, fixing the treatment of smokers p and varying the media
coverage parameter m, we see the solution of the death smokers compartment. We
have seen that when media coverage gradually increases from 0 to 2, then the curve
of deaths among smokers decreases and is stable after 30 days. This decrease is due
to the fear created in the population against the smoking effects by the proper media
coverage as seen in Fig 2.19(c). In this way, people change their behavior towards
accepting the PM from smoking, and transmission of smoking decreases, resulting
in deaths decrease. The 2D analysis is seen in Fig 2.19(d). To describe the combined
effort on the death of smokers by media coverage and treatment of smokers, we give
the graphics in Fig 2.19 (e). This combined impact shows the clear view of the im-
plementation of treatment of smokers p and media coverage of daily smokers m. We
have seen that strong and successful use of media to advertise public messages and
proper treatment of smokers can easily decrease the deaths of smokers due to the
sudden downfall of smoking-related mortality rates. Reproduction no Rg of model
(2.33) is also a very good tool to express the smoking dynamics. In Fig 2.20 we
see the variation of transmission of smoking on Ry. The simulation indicates that
with the increase in treatment of smokers, the effective contact of smokers with other
populations decreases, due to which the smoking transmission also slows down and
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FIGURE 2.19: Numerical simulation of model (2.33) with variation
of treatment of smokers (p) and daily media advertisement (1): (a)
shows the variation of p = {0,0.02,0.05,0.1,0.17} on death smoker
D while taking daily media advertisement of smokers (m) fixed , (c)
shows the variation of m = {0,0.5,1,1.5,2} on death smoker D while
taking treatment (p) fixed, (b) and (d) presents the 3D views by vari-
ation of p = 0 : 0.001 : 017 and p = 0 : 0.01 : 2 respectively.
(e) is death compartments with variation of treatment of smokers
p = {0,0.02,0.05,0.1,0.17} and daily media advertisement of smok-
ersm = {0,0.5,1,1.5,2}.

the smoking-related mortality rate decreases. When the treatment of smokers p in-
creases from 0 to 0.17, the value of R decreases from 25 to 9, indicating the effec-
tiveness of treatment to overcome the death due to smoking dynamics. The relation
of smoking transmission B3 and smoking-related mortality < is also shown in Fig
2.21. The contour views predict that f3 has more impact on Ry as compared to 7.
But it concludes that when p increases, then Ry decreases and the mortality rate due
to smoking decreases slowly with the decrease in transmission of smoking in the
population.

Ry ol

5

FIGURE 2.20: Numerical simulation of model (2.33) with variation
of treatment of smokers (o) and daily media advertisement () on

Ro(7, 1)
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Ryl

FIGURE 2.21: Numerical simulation of model (2.33) with variation
of treatment of smokers (p) and daily media advertisement () on

Ro(B3,7)-

2.5 Mathematical model of combined impact of TV, Radio,
Social media advertisement, and treatment to control smok-
ing dynamics

Acquiring public attention to control techniques is a major difficulty for public health
authorities, as it is frequently influenced by disinformation and pretended opinions.
Oversight throughout the epidemic has been greatly aided by media coverage. Un-
fortunately, the dynamic and even unconfirmed nature of released data has made it
difficult for reporters and scholars to provide the public with reliable information.
A massive volume of information, both accurate and false, has been disseminated
via social media sites like Facebook, Twitter, YouTube, etc, as a result of this issue.
Considering these barriers, social media has mostly resulted in behavioral shifts that
have increased the efficacy of federal attempts to stop the spread of the disease. As
a result, by promoting the emergence of defensive tactics, media coverage has sig-
nificantly influenced the dynamics of the disease and is crucial for controlling the
spread.

To understand all these challenges, we formulate a deterministic mathematical model
of smoking addiction through media advertisement that includes a media coverage
parameter (M) for controlling and utilizing the restriction measures to prevent the
population from smoking addiction, which takes into consideration the role of all
types of media advertisements (Social media Apps, Television and Radio) in chang-
ing peoples behavior. A standard incident rate utilized to get information about the
transmission of smoking by effective contact between potential and active smokers
for this model is given as

£ty = (1 myp R RET5 (2:36)

Here M is the efficiency of media advertisement and coverage, which raises public
awareness and slows the spread of smoking through Sgociar apps (including Facebook,
YouTube, Twitter(X), WhatsApp, Ticktock, Instagram, Snapchat, Telegram, etc), T},
(all mainstream media like TV) and R,,4;, (Radio programs).

M = Ssocial apps + Tto + Ryadio
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The decline in transmission resulting from the influence of media is represented via
1 — M, along with B, which is the baseline transmission rate from other classes to
active smokers. It shows how quickly smoking spreads from active to target smok-
ers when there is no media coverage or preventative action taken. A greater value
of B indicates a faster rate of disease transmission. The fraction %P is the
percentage of contagious people in the population. Recovered smokers R. Despite
not having direct contact with the general public, these persons may nevertheless
be at risk of transmission due to family functions, friends’ pre-pressure, unfavorable
gatherings, etc. This is indicated by 171, the relative infectivity of Recovered smok-
ers. Quitter smokers Q are those individuals who have completely stopped smoking
and do not exhibit any symptoms; their relative infectivity as quitters is represented
by 7>. S are Active smokers who smoke often, as they are most prone to spreading
the habit. By dividing the total population, .4, you can make sure that the rate of
new infections is in line with the size of the population. Potential smokers P is the
total number of potential smokers who are at risk of smoking at time t. To check the
variation of media impact, we check the detailed view of the function f(t) as

* No Media Impact M =0

When M = 0, then the function f(t) = ﬁ%P.This suggests that smok-
ing spreads at its fastest possible rate and that the media has no effect on public
opinion. In this way, the general public has not received enough information
about preventative measures or is uninformed about the risk factors of smok-
ing. As a result, people carry on with their regular, pre-smoking operations
(behaviors), which facilitates the transmission of smoking through contact be-
tween active and potential smokers. There are no measures to delay the trans-
mission, as indicated by the fact that the value of B stays at its baseline. The
worst-case scenario is reflected in this circumstance when unrestrained smok-
ing transmission results from a lack of media-driven advertisement for aware-
ness or education.

¢ Partial Media Impact0 < M < 1

When 0 < M < 1, then the function f(t) = (1 — M),B%P shows the
partial media impact due to which the transmission of smoking decreases at
a rate 1 — M. In this case, media coverage helps partially to increase public
awareness through media advertisement and encourages changes in attitudes,
including wearing masks, avoiding smoky crowds, smoking under pressure
from family, friends, or community, and so on. People take preventative ac-
tions as a result of media efforts, which lowers their risk of contracting smok-
ers. On the other hand, the efficiency of the media determines how much the
transmission rate is reduced. When M approaches zero, there is less of an
impact from the media, which results in fewer people adopting preventative
measures, but transmission remains important. There is a noticeable decrease
in transmission as M gets closer to 1. This indicates a more grounded situation
where media awareness initiatives are operating, but not flawlessly. Because
of these measures, smoking is still spreading, but it is doing so more slowly.

¢ Complete Media Impact M =1
When M = 1 then function f(t) = (1 — 1)5%P = 0. In this in-
stance, media coverage is incredibly successful in encouraging the public to
fully abide by preventative and health-related advice. Everybody follows the
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advice given by the media. The smoking transmission rate drops to zero, in-
dicating that the medium was successful in stopping the smoking spread alto-
gether. This is the perfect example of how public outreach by the media has
persuaded people to take preventative measures. In this case, the smoking dy-
namics would presumably come to a stop because smoking could no longer
propagate.

In practical applications, M tends to be 1, as achieving perfect media efficacy is a
challenging task. Several variables restrict the effect of the media, like Social media
misinformation or deception, behavioral exhaustion, demographics, and public mis-
trust. Consequently, advertising efforts are essential, but they also need to be used
in conjunction with additional measures. System of non-differential equations of the
mathematical model of the combined impact of TV, Radio, Social media advertise-
ment, and treatment to control smoking dynamics is given as

(P A~ (1 M)BLREEOIS Py 0 (1 —€)S — (u+ ¢+ B2)P + 7OR
S
= (1= MBEEREEP — (u+atp+9)S

IR = neS+pS— (p+0)R (2.37)
49 — )P+ ¢P + (1 — m)8R — uQ
4D — yS —uD

with the initial conditions

2.5.1 Computation of steady states
The DFE of model (2.37) is given by

_ 0 c0 po 0 0y — A A(¢+‘BZ) >
qu_(P,S,R,Q,D)—<(y+¢+52)’0’0’(y+¢+ﬁz)ﬂl0 '

System (2.37) admits a unique positive endemic equilibrium E;; = (P*, §*, R*, Q*, D*).

p(p+0)(ptatp+7)S
(1= M) (g5 + -+ 8(6a -+ 9) + 01— m)(ae +p) +5°))
g _ A pt g+ po)(u+0)(u+atp+y)
<(y+¢x+p—|—'y) —a(l—e¢) —ne";fj5>zl

p* =

R* — (xe +p)S*
p+0
o (B2+ 9) (1 + ) (1 +a+p-+ )5 + (1 — (e +p)S*
(0 0)(1 = M) (1 2E5ES" + pali-+ 0(Ba+9) +0(1 = )ae + ) + 5°))
D=5

Z
(2.38)

where [; = ((1 - M)mo‘;%ﬁ +m(u+0)(B2+¢) +0(1—m)(ae +p)).
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2.5.2 Threshold parameter R

To calculate the basic reproduction number of the model (2.37), we use the next-
generation matrix approach shown in [130].

( (1—=M)BmRP+ (1 —M)BnQP + (1 — M)BSP )
F = 0
0

p+a+p+7)S
V= —a€eS + uR — pS + 6R
—B2P — (1 — m)6R + uQ — ¢P

The following information provides the Jacobi matrices of F and V at DFE, repre-
sented by F and V:

(1=M)BP® (1= M)pmP® (1—M)pnP°
F = 0 0 0
0 0 0
ptra+p+y 0 0
V= —nE—p u+0 0
0 —(1-mo u

The definition of R in the mathematical context is the spectral radius of F V1.
Thus, Rs, Rr, and R are the secondary infection numbers that were sown by close
interaction with smokers, removed, and quitter people, respectively.

Ro=Rs+Rr+Rg
AB(1—M)
(Botu+¢)(a+y+pu+p)

ABm (1-M)(p+uae)
(n+0)(B2+p+¢)(a+r+utp)
_ ABmpO(1-M)(A—mn)(p+ac)
CT A0 Bt ut o) (et y+utp)

Rg =

Rr =

2.5.3 Sensitivity analysis

Sensitivity analysis helps to find significant parameters that affect the results of the
model and may slow the smoking dynamics. To do this, the Latin Hypercube Sam-
pling (LHS) approach is employed here to estimate the PRCC, which is a statistical
tool. PRCC is used to assess the degree of correlation between the parameters and
the model reproduction number. This quantifies the extent to which changes in the
input parameters account for variations in the output variables while accounting
for the impact of additional input parameter variations. PRCC values of the model
(2.37) Ry are given in Fig 3.13. We use the N = 2000 sample for LHS and run over
the timespan 0:1:700 in days. The sensitivity analysis of Rs are seen in Fig 3.13(a)
which shows that A, B are the significant parameters in positive sense while M,a, 7,
u are significant parameters in negative sense. The graphics indicate that to control
the transmission of smoking, we have to increase the p because this shows a low
value as compared to other parameters. Fig 3.13(b) describe the PRCC analysis of
Rr in which A, B, p, 11, are the significant parameters in positive sense while M,
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FIGURE 2.22: Sensitivity analysis of Rs, Rr, Rg and R of model
(2.37).

«, 7y, p are significant parameters in negative sense. The plot shows that to increase
the recovery rate of smoking, we have to increase the p and control , 771. R shows
the transmission of smoking in quitter smokers. The graphical representation in Fig
3.13(c) concluded that A, B, p, 0, 112, are the significant parameters in positive sense
while M,u are significant parameters in negative sense. So to overcome the smok-
ing probability of recovered smokers becoming potential smokers and increase the
quitting parameter, we have to decrease the f, #,. Similarly, the PRCC values of
Ro shown in Fig 3.13(d) predicts that A, B are the significant parameters in positive
sense while M, a, u, v are significant parameters in negative sense. This behavior
shows that we have to manage  parameters while increasing p and decreasing 7,
i to overcome the smoking dynamics. The PRCC values of the receptive Rg, R,
R and Ry given in Table 3.6. To check the impact of some parameters on the Ry
are shown in Fig 3.14. Variation of B smoking transmission and -y mortality rate due
to smoking on R are given in Fig 3.14(a) shows that with the increase of § repro-
duction no also increase but in <y there is slight change indicate that < is not more
effective to change the behavior of Ry. The combined impact of awareness of poten-
tial smoker ¢ and € determination to quit smoking in Fig 3.14(b) presented that ¢ is
more effective in varying the Ry. Similarly, one can analyze the other graphics.

2.5.4 Numerical simulation of model of combined impact of TV, Radio,
Social media advertisement and treatment to control smoking dy-
namics

In this section, we describe the numerical implementation of the combined Impact
of TV, radio, social media advertisement, and treatment on smokers to overcome
the smoking dynamics. To see how the model (2.37) behave with this combine Im-
pact in MATLAB using ode45 routine(RK4 method) with ICs {P(0) = 0.4,5(0) =
0.4,R(0) = 0.12,Q(0) = 0.06, D(0) = 0.02}, h = 0.01, T = [0 70] and all biological
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TABLE 2.4: Sensitivity index of Rg, Rr, Rg and R of model (2.37)

Parameters Sensitivity Index
Rs Rr Ro Ro

A 072 055 053 0.69
B2 0.14 -007 -0.12 -0.10
M 093 -0.88 -0.85 -0.93
B 071 058 052 070
« 0.68 -035 -0.33 -0.65
) 010 073 067 0.14
v 049 -037 -031 -0.49
¢ 031 -016 -0.19 -0.30
u 0.60 -072 -0.83 -0.63
€ - 018 0.14 0.02
0 - -026 068 -0.05
m - 073 -0.02 013
T - - 052 0
12 - - - 003

Ry, ) Rylon <)

FIGURE 2.23: Variation of parameters on R of model (2.37).
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parameters given in Table 3.2 shown in Fig 3.15-3.16. With the use of proper treat-
ment with media awareness using TV, radio, and all social media apps, transmission
of smoking decreases suddenly due to low effective contact between the smoker and
other populations. This sudden decrease guarantees the successful treatment and
effective media awareness programs, due to which the level of smoking dynamics
becomes very low. With this effectiveness, the smokers moved to the recovered class,
due to which we see the curve of recovered smokers approach its peak quickly and
suddenly go to their steady states, which can be seen in Fig 3.16(c). An increase in
recovery rate causes people to manage their behavioral factors and quit smoking.
Due to this, the number of quitter smokers increases continuously. Similarly, in this
way, the mortality rate due to smoking-related disease slows down suddenly. To
show these clear behaviors, we made separate plots of model (2.37) in Fig 3.16.
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FIGURE 2.24: Numerical simulation of model (2.37) with media
awareness program (M) and treatment of smokers (o) with param-
eters in Table 3.2, step size h = 0.01 and T = [0 70].
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FIGURE 2.25: Numerical simulation of model (2.37) with media
awareness program (M) and treatment of smokers (p) separately with
parameters in Table 3.2, step size h = 0.01 and T = [0 70].

Efficiency of TV, Radio, and Social media advertisement with treatment on the
model

Media awareness programs and camping have played an active role in any kind of
natural disaster for decades. Now, the conman’s use of social media to reach ev-
eryone has become an effective source of information and fast advertising of the
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PM announcements by any government during any social epidemic. Treatment is
also an important factor during such occasions, as initial persecution becomes an
effective tool to slow down dynamics. Here, we are deeply studying the sudden
impact of TV, radio, and social media advertisements for awareness programs and
treatment for smokers who are badly affected by smoking-related diseases. We will
investigate the smoking compartment S of model (2.37) that suddenly changes its
behavior when we collectively apply the media awareness and treatment as perse-
cution to overcome the smoking dynamics in the population. The implementation of
TV, radio, and social media advertisement as a control factor on smokers S without
using treatment is shown in Fig 2.26(a-b). When there is no media use, M = 0, the
smoker’s curve goes down slightly and stabilizes after 20 days, with the maximum
amount of population addicted to smoking. With the initial use of media, M = 0.25
smoker class moves down as compared to earlier and gets their equilibrium state
before 20 days. Similarly, when we increase the value of media awareness programs
M from 0.25 to 0.75, the smoker class moved down suddenly and stable after 15 days
showing the effectiveness of a media campaign to aware people about the bad effects
of smoking due to which people start self prevention and government measure due
to which the effective contact of smokers with other population decrease cause the
sudden decrease in transmission of smoking. When we apply the full strength of
media awareness, M = 1, we see how suddenly the smoker population goes down
and approaches zero, showing the effectiveness of media use. A smooth decrease
in smokers S is also seen in 3D Fig 2.26(b), which shows that media use in the cor-
rect way can become effective behavioral changes in the population. Similarly, in
Fig 2.26(c-d), we utilize the treatment factor only as a percussion measure without
the effective use of media as advertisements and awareness programs. We see that
when there is no treatment, p = 0, the smoker population S is much higher, while
taking treatment as an initial dose p = 0.02, the smoker’s curve moves down as
compared to earlier, showing the slight decrease in transmission of smoking in the
other population. Following this thing, when we increase the treatment of smokers
p from 0.02 to 0.1, we see that the smoker population decreases suddenly, and the
curve at p = 0.1 indicates that the recovery rate increases rapidly, due to which a
huge amount of smokers recovered, and the curve shows stable behavior after 15
days. With the full strength of treatment, p = 0.17, the smoker recovered more com-
pared to previous data, indicating that proper treatment can be a more effective tool
to overcome the smoking dynamics. The smooth behavior of this compartment is
shown in 3D Fig 2.26 (d). We see that only the media use the distance between the
curve of the smoker class for a different value of M, which is more, as compared
to the implementation of treatment of smokers p, concluded that treatment works
more quickly than media impact. Combine impact of TV, radio, and social media
advertisement for awareness programs M and treatment to the smokers p presents
in Fig 2.26 (e) at M = {0,0.2,04,0.6,0.8,1} and p = {0,0.02,0.05,0.1,0.14,0.17}.
If we compare the results at M = 0, p = {0,0.02,0.05,0.1,0.14,0.17} ( variation
of treatment and no media use) and M = 1, p = {0,0.02,0.05,0.1,0.14,0.17} (full
strength of treatment and media use) show a clear difference in the smokers individ-
uals. When M = 0, we see more distance in the smokers’ curve at different values
of p, showing that the smokers population decreases gradually. If we see the second
case when M = 1 with full treatment of smokers, it shows the smoker population
is zero, predicts the successful use of media with treatment to die out the smoking
dynamics. Next, we see the variation of reproduction number due to effective pa-
rameters because R plays a key role in establishing a clear view of the probability of
persistence of smoking dynamics in any population. Transmission of smoking B and
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mortality rate yu variation on Rg shown in Fig 2.27. We check the combine impact
at M = {0,0.3,0.7,1} and p = {0,0.05,0.1,0.17}. If we see the diagonal subplots
in the first case (no treatment and no media use) value of Ry is 0.02, in second case
(o = 0.05, M = 0.3) value of Ry is 0.015, in third case (0 = 0.1, M = 0.7) value of
Ro is 4 x 1072 and in fourth case (full strength of media use and treatment) value
of Rp is 0. This shows how fast the reproduction number decreases to zero when
we collectively implement the treatment of smokers and utilize the full power of TV,
radio, social media advertisement, and camping. But one thing we note is that  has
more impact on Ry as compared to u. Variation of § and p on Rs expressed in Fig
2.28. All cases of R gets the same values as R instead third case (0 = 0.1, M = 0.7)
where Ry is 6 x 1072 shows a smooth decrease smoking dynamics. In Fig2.29 the
prediction of Rr shown w.r.t 8 and u. The diagonal subplots in first case (no treat-
ment and no media use) value of R is 8 x 1077, in second case (o = 0.05, M = 0.3)
value of Ry is 2 x 1072, in third case (0o =0.1,M=0.7) value of Rris 1 x 1072 and
in fourth case (full strength of media use and treatment) value of Ry is 0 shows that
the probability in the recovered smokers to become smokers decreases. Similarly,
Rq values are described in Fig 2.30. By viewing the diagonal subplots in the first
case (no treatment and no media use) value of R is 2 1077, in the second case
(0 = 0.05, M = 0.3) value of R is 3 1078, in third case (0 = 0.1, M = 0.7) value of
R is2 x 107 and in fourth case (full strength of media use and treatment) value of
R is 0 indicates smoking scenario in quitter smoker. All the discussion about the
prediction of Rs, Rr, Rg, and R describes that  is more effective than y, showing
a gradual decrease of smoking transmission in smokers, recovered, quitters, and the
whole population. All this simulation concluded that media awareness programs
and treatment of smokers by different therapies collectively overcome the smoking
dynamics with time.

(d) (e)

FIGURE 2.26: Numerical simulation of model (2.37) with variation of
treatment of smokers (p) and TV, radio, social media advertisement
(M): (a) shows the variation of p = {0,0.02,0.05,0.1,0.17} on smoker
S while no TV, radio, social media advertisement (M) , (c) shows the
variation of M = {0,0.25,0.5,0.75,1} on smoker S while no treat-
ment (p) of smokers, (b) and (d) presents the 3D views by variation
of p =0:0.001:0.17 and M = 0 : 0.001 : 1 respectively. (e) smoker
compartments with variation of treatment of smokers (p) and TV, ra-
dio, social media advertisement (M) at M = {0,0.2,0.4,0.6,0.8,1}
and p = {0,0.02,0.05,0.1,0.14,0.17}.
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FIGURE 2.27: Simulation of R¢ of model (2.37) w.r.t B and u with
variation of treatment of smokers p = {0,0.05,0.1,0.17} and TV, ra-
dio, social media advertisement M = {0,0.3,0.7,1}.
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FIGURE 2.28: Simulation of Rg, of model (2.37) w.r.t § and p with
variation of treatment of smokers p = {0,0.05,0.1,0.17} and TV, ra-
dio, social media advertisement M = {0,0.3,0.7,1}.

Re(m)

FIGURE 2.29: Simulation of Rg, of model (2.37) w.r.t § and y with
variation of treatment of smokers p = {0,0.05,0.1,0.17} and TV, ra-
dio, social media advertisement M = {0,0.3,0.7,1}.
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FIGURE 2.30: Simulation of R, of model (2.37) w.r.t § and p with
variation of treatment of smokers p = {0,0.05,0.1,0.17} and TV, ra-
dio, social media advertisement M = {0,0.3,0.7,1}.

Efficiency of TV, Radio, and Social media advertisement with treatment on smoking-
related deaths

Deaths due to SRD are a serious health issue in this age. Different research stud-
ies, literature reviews, and WHO data also give an overview of the total number
of deaths per year. Numerous scholars have studied this issue using the model of
smoking dynamics. But we are here to study this issue deeply and try to simu-
late some numerical results to control the death rate due to smoking-related disease
with the utilization of media awareness and treatment of smokers to manage the
transmission of smoking, which can be a good tool to slow the mortality rate due
to smoking-related disease. In this section, we present the death compartment D of
model (2.37) to analyze how effective media use and proper treatment can heal this
serious health concern. We use the TV, radio, and social media advertisements for
the awareness programs and camping without applying the treatment on smokers
in Fig 2.31(a) shows that when no media use M = 0, the number of deaths due to
smoking-related disease increases initially and after reaching a peak moves down
and stabilizes after 35 days. When we start using all media M = 0.25, we see a
small downfall in the death smoker D curve, and it stabilizes after 30 days. To keep
this behavior in mind, we increase M from 0.25 to 0.75 and experience a sudden
decrease in the death smoker population, which is stable before 30 days. This sud-
den decrease is due to the lack of transmission of smoking, which happens due to
the success rate of media campaigns, due to which people properly utilize the PM
and avoid participating in smoking parties, special gatherings, etc. Similarly, if we
use the full strength of TV, radio, and social media advertisement for the aware-
ness programs and campaign M = 1, there is a quick downfall in the death of the
smoker population, approaching zero before 30 days. This behavior can be experi-
enced in 3D (see Fig 2.31(b)), predicting that media campaigns through TV, radio,
and social media advertisement can play a critical role in overcoming the mortality
rate due to smoking-related disease. In Fig 2.31(c), we use only the treatment as
initial persecution for the smokers who are badly addicted to smoking and do not
implement media awareness programs. When there is no treatment, p = 0, deaths
of smokers initially start increasing and reach a stable state after 35 days, showing
a huge amount of individual deaths. When we initially start using the treatment
of smokers p = 0.02, the death rate decreases as compared to earlier. By increas-
ing the p value from 0.02 to 0.1, we see a smooth downfall in the number of deaths
due to SRD, and the death smokers curve at p = 0.1 reaches its stable state after
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30 days. This smooth decrease in the death rate due to smoking shows the high
success rate of treatment given to smokers who are affected by smoking-related dis-
eases and recover after completing treatment. Due to this reason, the death rate
from smoking-related diseases decreases instantly. When we use the full strength of
treatment p = 0.17, then we see how suddenly the death of smokers curve almost
approaches zero (but not exactly zero). Also, the 3D view of treatment implementa-
tion is shown in Fig 2.31(d). One thing we note is that during the treatment process,
the death smoker curve approaches its stable states as compared to media use. The
combined impact of TV, radio, and social media advertisement for the awareness
programs and camping with the use of treatment on smokers shown in Fig 2.31 (e)
at M = {0,0.2,04,0.6,0.8,1} and p = {0,0.02,0.05,0.1,0.14,0.17}. Numerical sim-
ulation at M = 0, p = {0,0.02,0.05,0.1,0.14,0.17}( variation of treatment and no
media use) and M = 1, p = {0,0.02,0.05,0.1,0.14,0.17} (full strength of treatment
and media use) show a clear difference in the deaths of smokers due to smoking dis-
eases. M = 0 shows more distance in the death smokers curves at different values
of p with a gradual decrease in death rate. when M = 1 with full treatment of smok-
ers, it shows the smoker population is zero, and predicts the successful use of media
with treatment to eliminate the smoking death issue. Next, we examine the varia-
tion of R due to effective parameters because R effectively describes the probabil-
ity of persistence of death due to smoking dynamics. Death rate of smokers due to
smoking-related disease v and natural mortality rate y variation on Ry shown in Fig
2.32. We check the combine impact at M = {0,0.3,0.7,1} and p = {0,0.05,0.1,0.17}.
Diagonal subplots when no treatment and no media use, the value of R is 12 x 1073,
When p = 0.05, M = 0.3 value of R is 8 x 1073, keep going when p = 0.1, M = 0.7
value of Rp is 3 x 1073. Similarly, with the full strength of media use and treat-
ment of smokers, the value of Ry is 0. This shows how fast deaths due to smoking
dynamics vanish when we collectively implement the treatment of smokers and uti-
lize the full power of TV, radio, social media advertisements, and campaigning. But
one thing we note is that v has more impact on Ry as compared to p. One can
also examine the variation of v and B on Ry in Fig 2.33 to evaluate that decrease
in transmission of smoking B also causes a sudden decrease in the death rate due
to smoking y. We concluded the discussion with these sentences that numerical re-
sults accurately show that proper use of all media forms and treatment for badly
affected smokers can become a novel thing to reduce the growing rate of deaths due
to smoking-related diseases.

2.6 Comparison of models

The worst global health issue of this age is the smoking dynamics, which are the
routines and actions that are related to persistent inhaling of tobacco and cigarettes.
These dynamics encompass beginning, growth, severity, duration, quitting, and re-
lapse patterns of smoking. Youths often start smoking due to influences including
peer pressure, social surroundings, and anxiety alleviation. Once developed, smok-
ing seems to occur in a predictable pattern, with nicotine addiction being crucial
in upkeep consumption. Adaptation and dependence may cause a gradual rise in
smoking patterns and severity. Different people attempt different things to stop us-
ing tobacco and cigarettes. Some are successful in the chase, but others relapse due
to societal pressures, cognitive causes, and physical desires. Comprehending smok-
ing behaviors is crucial for devising efficacious initiatives and prevention strategies
aimed at curbing smoking and enhancing chronic health.
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FIGURE 2.31: Numerical simulation of model (2.37) with variation of
treatment of smokers (p) and TV, radio, social media advertisement
(M): (a) shows the variation of p = {0,0.02,0.05,0.1,0.17} on smoker
S while no TV, radio, social media advertisement (M) , (c) shows the
variation of M = {0,0.25,0.5,0.75,1} on smoker S while no treat-
ment (p) of smokers, (b) and (d) presents the 3D views by variation
of p=0:0.001:0.17and M = 0: 0.001 : 1 respectively. (e) smoker
compartments with variation of treatment of smokers (p) and TV, ra-
dio, social media advertisement (M) at M = {0,0.2,0.4,0.6,0.8,1}
and p = {0,0.02,0.05,0.1,0.14,0.17}.
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FIGURE 2.32: Simulation of Ry of model (2.37):
and p with variation of treatment of smokers p

Ro of model w.r.t ¢y
= {0,0.05,0.1,0.17}

and TV, radio, social media advertisement M = {0,0.3,0.7,1} .
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FIGURE 2.33: Simulation of R of model (2.37):

Ro of model w.r.t §
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Motivated by these concerns about smoking dynamics, in this manuscript, we try
to formulate multiple deterministic models to control the smoking dynamics, and
deaths due to SRD by utilizing clinical therapy as treatment of smokers to man-
age their smoking behavior along with the proper treatment of individuals who are
badly affected by smoking related serious disease like heart problems, cancers, stom-
ach issue to minimize the mortality rate due to smoking and getting benefits by the
expertise of media which is fastly growing, quick and powerful tool of this age to
share information all over the world to change the behavior of the people about
the PM applied through government policymakers by media awareness programs,
advertisements, and camping in such way people start following them. The total
population is divided into potential smokers, recovered, quitters, and death smok-
ers.
In the first model (5.1), we developed a simple smoking model to study the smok-
ing dynamics with various compartments, including the dead smoker, which is of
great interest to us. Later on, we try to minimize the number of smokers by ap-
plying the treatment of smokers as a control factor and to slow down the mortality
rate due to smoking-related deaths. This model’s goal is only to check the impact of
proper treatment during the smoking dynamics. The second model (2.33) is about
the utilization of media by advertising daily news of addicted smokers as a bilinear
incidence rate. This thing makes changes in people’s opinion about the smoking dy-
namics due to daily news, which will produce fear in people about the bad effects of
smoking, and people start following some self-care. We also continue to implement
treatment for smokers. In this way, we study the combined impact of overcoming
the smoking dynamics. The goal of this model is to computationally analyze how
much daily advertising of several smokers and treatment can change people’s think-
ing about this global issue. Our last model (2.37) predicts the effectiveness of proper
and efficient use of TV, radio, and all social media platforms (SMP) for advertisement
and live streaming the awareness programs about the PM to get rid of smoking and
also implementing successfully treatment to smokers who are addicted of smoking
and try to complete the clinical trial of the smoker who is badly affected by SRD. The
motivation behind this model is to examine how efficiently media, most importantly
social media, can become an effective tool to overcome the transmission of smoking
in the population, along with the continuous treatment of smokers.
A comparative view of the smoker compartment of all models is shown in Fig 2.34.
Model (5.1) graphical representation indicates that when the treatment of smokers
p increases, then smokers S gradually decrease with time seen in Fig 2.34(a). Ac-
tually, when we try to replace the nicotine with gum patches, etc, which is a kind
of drug used in cigarettes and tobacco that helps smokers reduce detox symptoms
and appetites. Through the integration of behavioral therapies, medication support,
and psychological counseling, these treatments provide a nurturing atmosphere that
promotes cessation. Due to this reason, smokers S individuals control the use of
tobacco and cigarettes. Individuals who have recovered from the treatment move
to the recovered compartment, and their interaction with potential smokers P de-
creases, which becomes a stop to the increase in smoking transmission. This com-
prehensive plan not only assists current smokers in trimming back on cigarettes but
also provides the groundwork for future quitting and enhanced wellness.
Computation of model (2.33) smoker visualize in Fig 2.34(b) with the variation of
treatment parameter p and the weighted shared information about addicted smokers
m. When there is no media use, m = 0, smokers S decrease gradually with increasing
the treatment. When we increase the weight of shared information about addicted
smokers to 50%, the change in color from dark to light blue happens earlier and
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FIGURE 2.34: Numerical simulation of model (5.1), (2.33), (2.37)

smoker compartment respectively with variation of treatment of

smokers (p), TV, radio, social media advertisement (M) and daily me-
dia advertisement of number of smokers (m).

(@)

with more gradient, showing how quickly the smoker decreases. Similarly, when
the weight of shared information about addicted smokers is 100%, transmission of
smoking sharply decreases as compared to previous data. To check the complete
impact of TV, radio, and social media advertisements for awareness programs and
treatment of smokers in a model (2.37) seen in Fig 2.34(c). A clear view indicates
that when there is no TV, radio, or social media advertisement, M = 0, then we see
a sudden decrease in smokers. If we increase TV, radio, social media advertisement
M to 50%, then no slope of strip seen indicates a small population of smokers, while
full strength of TV, radio, social media advertisement M 100% shows no smoker
means the smoking dynamics die out. When we use full media coverage by live
stream, radio, and all types of SMP then people become more informative and mo-
tivated to adopt the PM by the health care departments and self prevention strate-
gies including establishing a definite date to stop smoking, become motivated, look
for social support, stay away from smoking activates, take NRT, get moving, and
Keep your hands and mouth engaged. Drink plenty of water, and eat well. Keep
in mind the health advantages, select a pastime or diversion, and get ready for re-
moval indicators of smoking. Social media, radio, and television are effective means
of advertising quit programs, raising awareness, and providing support to people
who want to stop smoking. Massive advertisements for public health are offered via
TV and radio, but social media shines at enticing consumers with tailored content,
social networks, and interactive components. Together, these platforms spread the
word about the dangers of smoking, give people access to goods, and inspire people
with personal stories, professional guidance, and focused outreach. As such, they
are essential for supporting smokers in their efforts to stop and avoid relapsing.
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FIGURE 2.35: Numerical simulation of model (5.1), (2.33), (2.37)

recovered compartment respectively with variation of treatment of

smokers (p), TV, radio, social media advertisement (M) and daily me-
dia advertisement of number of smokers (m).

Relapse is a crucial component of the dynamics of smoking and is frequently
brought on by external factors, mental disorders, and physiological cravings. To
guarantee that smokers who have recovered or who have stopped will continue to
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be smoke-free, effective programs must include ongoing assistance, means of cop-
ing, and avoiding relapse. In all models, we observe the relapse in recovered R
and quitter smokers Q due to which these individuals do not show long-term be-
havior of quitting smoking activities and again become potential smokers, as seen
in Fig 2.35-2.36. When we only apply the treatment to smokers, then the recovery
rate increases, due to which the recovered class gradually increases(see Fig 2.35(a)).
When we increase the weight of information shared by media from 0, 50%, and
100%, respectively, recovered smokers suddenly increase and go to an equilibrium
state. Similarly, without TV, radio, all social media platform advertisement M = 0
and treatment variate then we see a gradual increase in recovered smokers, when
TV, radio, all social media platform advertisement M is 50% then recovered smoker
suddenly show equilibrium state after increasing, also increasing all social media
platform advertisement M is 100% all smoker within no days finished. One thing
that we note is that recovered smokers suddenly move to an equilibrium state, which
is characterized by relapse phenomena by which recovered smokers again become
potential smokers. However, the ratio of relapse in quitter smokers is much less
than compared of recovered smokers because there are some occasions smokers and
other self-aware people who initially moved to the quitter class can be examined in
Fig 2.36. Some of the reasons for relapse in smoking dynamics are given:

* Appetites for Nicotine: Addictive properties of nicotine cause cravings that
last long after quitting and, if left unchecked, can result in relapse.

* Mental Triggers: Since smoking may have been a coping strategy, anxiety,
strain, or emotional turmoil are frequently identified as triggers for recurrence.

* Behavioral Trends: The impulse to smoke might resurface when engaging in
regular or typical behaviors linked to smoking, such as socializing or consum-
ing coffee.

¢ Environmental Calls: Both recovered, and quitter smokers are more likely to
relapse when they are in frequent smoking situations involving other smokers.
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FIGURE 2.36: Numerical simulation of model (5.1), (2.33), (2.37) quit-

ter compartment respectively with variation of treatment of smokers

(p), TV, radio, social media advertisement (M) and daily media ad-
vertisement of number of smokers (m).

(@)

Now we discuss the mortality rate due to SRD in all models. One thing is clear
from Fig 2.37 that the mortality rate due to smoking disease decreases gradually,
but in model (2.37), media and treatment show more effectiveness and eliminate the
death dynamics due to smoking diseases. We conclude our discussion with results
that combine the impact of TV, radio, social media advertisement, and treatment
to control smoking dynamics (model (2.37)) results are more effective to guarantee
in utilizing all mainstream and SMP for effective media campaign by some know
slogans "Choose Life Not Smoke’,” Smoking Cause Cancer’, ‘Quit Smoking, Save
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Family’, "Smoking killing you Every Day’. Make a social network on Facebook, In-
stagram, X, etc, to volunteer for work and provide people with effective information
about smoking dynamics. All the results may vary by different biological parame-

ters taken by any individual.
(b) ©

FIGURE 2.37: Numerical simulation of model (5.1), (2.33), (2.37) death

compartment respectively with variation of treatment of smokers (p),

TV, radio, social media advertisement (M) and daily media advertise-
ment of number of smokers (m).

(@)

2.6.1 Future work

In this manuscript, we developed deterministic models for the prediction of smok-
ing dynamics. In smoking behavior modeling, addiction may rely on smoking his-
tory as well as current nicotine level, which we can not examine without fractional
derivatives. Fractional derivative modeling is better at capturing than traditional
models. So we are working on the implementation of the Caputo fractional deriva-
tive to study more deeply memory effects in these models. We will establish some
known theorems and computational results for their fractional order models using
by Caputo fractional derivative. A real data set can be used to validate the model
results.

2.7 Conclusion

The present manuscript describes the development and analysis of deterministic
compartmental mathematical models designed to address the worldwide smoking
dynamics. We began our modeling process by investigating the biological features
of diseases attributed to smoking, which gave us an overview of how to handle the
modeling task. The first model came into account only the implementation of treat-
ment of smokers, the second formulated the impact of daily basis media coverage
of smokers along with proper treatment of smokers and the last one is about the
combined impact of TV, Radio, and SMP advertisement, campaigns and awareness
programs coupled with treatment to addicted smokers are the system of nonlinear
differential equations consists of five compartment including Potential smokers P,
Smoker S, Recovered smokers R, Quitter smokers Q, and Death smokers D. We
confirmed the well-posedness of the models and estimated the threshold parameter
that drives the smoking dynamics. Several of the outcomes drawn from our numer-
ical and qualitative analyses are emphasized:

¢ The equilibrium points with no smoking are both locally and globally asymp-
totically stable when the reproduction number is less than 1. This implies that
if each smoker fails to initiate secondary smoking, smoking may be completely
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eradicated from the community. Smoking will eventually become extinct in so-
ciety over time as the requirement is fulfilled. Equilibrium points with smok-
ing are also both locally and globally asymptotically stable when the reproduc-
tion number is greater than 1, which indicates that if each smoker produced
secondary smokers, then smoking dynamics persist in the community over
time.

¢ All solutions remain positive in the feasible region by positivity and bounded-
ness. Under the specific condition, a unique solution of the model exists, which
shows the evaluation of smokers over time by application of uniqueness and
existence theorems.

* Sensitivity analysis of all model reproduction numbers shows the significance
parameters indicating that increasing the transmission of smoking and mortal-
ity rate due to SRD increases the reproduction number, leading to more preva-
lence of smoking dynamics in the population. The reproduction number of
model (5.1) shows that to die out smoking we must increase the treatment pa-
rameter p to decrease the transmission of smoking 81 and increase the recovery
rate of smokers «. Following this way, model (2.33) predicts the same behav-
ior to overcome the smoking dynamics. Similarly model (2.37) Increasing the
media coverage M and treatment p can control the baseline transmission of
smoking and infection probability in recovered and quitter smokers, guaran-
tee the die-out of smoking dynamics.

¢ Inmodel (5.1) without treatment, smokers’ evaluation over time does not show
any fluctuation over time. However, with the utilization of treatment for smok-
ers, we observe a sudden decrease in the evaluation of smokers during the
smoking dynamics. This process continues for the long term, leading to a de-
crease in the spread of smoking dynamics in the population.

* In model (2.33) with the effective media coverage of daily smokers and proper
treatment to smokers, p can decrease the transmission of smoking in the popu-
lation. Due to the increase of media coverage m form 0, 50%, and 100%, people
start to follow the information about this dynamics and increase self PM and
increase the success of clinical trials increase the recovery rate along with the
decrease of mortality rate due to smoking disease leading to dying out the
smoking dynamics from a population with 100% strength of p & m over time.

¢ In model (2.37) with TV, Radio, Social Media Advertisement, campaign, trend-
ing slogan, making social networking and effective treatment to smokers p
suddenly decrease the transmission of smoking in the population as compared
to previous models. Due to the increase of TV, Radio, Social Media Adver-
tisements, campaigns, trending slogans, M form 0, 25%, 50%, 75% and 100%
people have started to change their behavior and attitudes toward this worst
smoking dynamics and strictly follow the persecution due to quickly reach of
information about this dynamics through social media use along an increase in
the success rate of treatment to addicted smokers increase recovery rate along
with the decrease of mortality rate due to smoking disease leading to dying out
the smoking dynamics from the population over time. Utilizing the 100% of
M and p vanished the smoker class, due to which the reproduction number is
zero, proving the die out of smoking dynamics. But, identically, it’s impossible
due to biological, physiological, and demographic challenges. So the effective
results of smoker evaluation over time are between 50% <M< 70%.
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¢ In this modeling, our main goal is to check the variation of death due to smoking-
related diseases over time. From the manuscript data, we came to the point
that efficient and helpful information with proper treatment effectively de-
creases this issue. model (2.37) show this behavior in excellent way.

Drawing on the outcomes of our investigation, we suggest stepping up media aware-
ness campaigns to combat the propagation and transmission of smoking. It is impor-
tant to use all available media platforms (including newspapers, Radio, television,
posters, pamphlets, and public events) to spread education about smoking and its
negative consequences to eradicate smoking among individuals. The authors have
not simulated the population dynamics of smoking in this work using actual data.
On the other hand, data-driven analysis plays a crucial role in forecasting the com-
plexity of smoking dynamics.
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Chapter 3

Behavioral dynamics focusing on
the interplay of social media
addiction and depression with
memory effect

Social media platforms significantly impact daily life, allowing information
sharing and connections, but raising concerns about mental health issues like
addiction and depression. To investigate this relationship, a fractional order
model of social media addiction and depression has been developed using the
Caputo derivative. The study calculates a basic reproduction number to pre-
dict the disease’s presence and evaluates local stability using Routh-Hurwitz
criteria. Sensitivity analysis is performed with partial rank correlation coeffi-
cients, and the model’s solution reliability is assessed, including Ulam’s sta-
bility analysis. Various numerical techniques are employed for simulation
and error analysis, with graphical results demonstrating the effectiveness of
the theoretical approach based on fractional order derivatives. This chapter is
based on the studies [15, 14].

3.1 Introduction

The documentation of information in the modern era has undergone a substan-
tial change, largely due to the exponential growth of internet-based social media
platforms. Consequently, interpersonal communication has undergone a significant
transformation [134]. The psychoactive influence of networking communication has
increased as a result of its increasing popularity. Extensive research has associated
compulsive use of social media platforms with detrimental outcomes, including re-
duced efficiency, negative social interactions, and decreased life satisfaction. Infor-
mation technology has significantly reshaped the nature of social communication in
the past few decades, with the rapid growth of internet-based social media platforms
playing a pivotal role [299, 274, 132, 300]. Social media is a crucial technology that of-
fers individuals valuable abilities, including but not limited to knowledge accessibil-
ity, addressing issues, entrepreneurship, self-motivated education, and more when
utilized effectively [100, 259, 260]. Improper utilization of social media has adverse
consequences, and one of the most significant outcomes is social media addiction
[261, 205]. The emotional, relational, and performance-related problems associated
with social media addiction (SMA) are a cause for concern, particularly given the
rising popularity of social networking sites and the limited time people spend on



80 Chapter 3. Social media addiction & depression dynamics with memory effect

them [107, 296]. The misuse of social networking sites is on the rise, and this is ex-
emplified by the alarming statistics of 68% and 73% of American adolescents using
Facebook, respectively [263]. Overusing social media is linked to poor performance
evaluation, difficult interpersonal connections, poor sleep, lower levels of pleasure,
and hostile, anxious, and depressed moods [152, 119, 208, 138]. Similar to addictions
to drugs, liquor, and gambling, SMA may initially seem not exceptional, but it is
widespread and is only getting worse, and has to be addressed. The phrase "“social
media addiction ” is frequently used to characterize those who participate in online
communication apps like Instagram, Twitter, Facebook, YouTube, and others obses-
sively [74, 145]. In the twenty-first century, social media addiction is a rising issue.
As a result, there has been an escalation of research studies on this topic conducted
in multiple countries [97, 167].

Social relationships have been impacted by the transition away from in-person
encounters to virtual ones brought on by social media. Online, people can act aggres-
sively in ways they would not in real life. Aggression and SMA have a connection
on a global and national scale. Depression, abusive behavior, and mental decline
can be caused by social media addiction [135]. Spending too much time on social
media has been linked with depression, social distance, and FOMO (fear of missing
out), all of which have been shown to have a bad influence on one’s mental health
[35]. More research is required to establish the correlation between addiction and
depression on social media (SMAD). The study looks at the relation between SMA,
anxiety, and depressive symptoms in Turkish, as can be shown in [88]. The World
Health Organization (WHO) published a paper in 2019 that addressed the possible
drawbacks of excessive social media use. According to studies included in the pa-
per, using social media excessively might cause depression, stress, and other mental
health problems [298]. Many reports and studies indicate that social media addic-
tion leads to depression [146, 183]. The number of American women who fulfill the
criteria for clinical depression is presently over seven million [215]. Even after con-
sidering gender variations in self-reporting behavior, a reliable study indicates that
women are nearly twice as likely as men to suffer from clinical or subclinical depres-
sion [219]. Social media addiction and depression must be treated to stop additional
negative effects. Both social media addiction and depression have treatments avail-
able, including clinical depression treatment, control measures like advertisements
and educational materials, and therapeutic techniques like turning off alerts, putting
time restrictions in place, cutting back on internet use, and never using a smartphone
before bed.

Mathematical modeling is applied to study the prevention of infectious disease
dynamics and plays an important scientific contribution [178, 177, 137]. The infec-
tious disease dynamics model has been used by many researchers to study addic-
tions to gaming, alcohol, drugs, and social media, depression, and other issues [136,
151,12, 96]. Here, we proposed a deterministic model of social media addiction and
depression (SMAD) to examine the effects of social media addiction on the men-
tal health of people that leads to depression of any age. The social media-addicted
population can be depressed by social comparison, increasing feelings of loneliness,
harassment, bad news, and comments on social apps, decreasing motivation, in-
creasing stress levels, decreasing social interaction in real life, relationship problems,
etc. These psychological effects developed gradually over time, influenced by the
user’s past exposure, behavior patterns, and emotional states. Due to the non-local
phenomena, the current addiction or depression state is shaped by prior conditions.
Multiple factors like screen time, pre-influence, stress, anxiety, and dopamine-driven
reward process gradually influence human behavior. Fractional-order models have
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been utilized in various fields like epidemiology, engineering, and social science to
address real-life problems using various fractional derivatives [114, 239, 16], which
particularly capture the non-locality through the memory effect, which indicates that
the state depends on position, time, and prior conditions. The Caputo fractional
derivative provides more significant solutions for fractional differential equations
by considering the initial state, memory, and hereditary effect, enhancing simula-
tion flexibility. Further insight into the fractions operators can be found in [248, 23,
156, 37, 3]. To the best of our knowledge, no prior study has investigated the inter-
play of these physiological states using fractional derivatives. The main novelty of
this work lies in utilizing the Caputo fractional derivative to develop a fractional-
order model that explores this phenomenon. We fill this research gap by extending
the deterministic model through introducing a fractional order model with Caputo
derivative of order . This framework enables the model to capture the memory and
hereditary influence, which is common in human behavior processes.

The chapter outlines its organization, beginning with a deterministic model dis-
cussed in Sec 3.2. It covers mathematical analysis, including steady states and bi-
furcation in Sec 3.3, followed by sensitivity analysis in Sec 3.4. Dynamic analysis is
further explored in Sec 3.5, while Sec 3.6 introduces fractional derivatives. Sec 3.7
focuses on the Caputo fractional order model regarding Social Media Addiction and
Depression, emphasizing steady states and stability analysis. The mathematical va-
lidity of the model is supported in Sec 3.8, with solution existence and uniqueness
properties detailed. The impact of deviations is examined in Sec 3.9 through Hy-
ers—Ulam stability analysis. Numerical simulations in Sec 3.10 validate the model,
showing addiction and depression dynamics across parameters. Sec 3.11 analyzes
sensitive parameters pertinent to policy-making. Sec 3.12 evaluates simulation re-
sults and error analysis, leading to conclusions in Sec 3.13, which propose future
directions in data calibration and optimal control.

3.2 Social media addiction and depression model formula-
tion

In this research work, a fractional-order model of social media addiction and de-
pression is developed. The model consists on six compartments of the population
namely, Susceptible population (S) that are not addicted yet, Exposed individuals
(E) are the people who use social media less frequently but are not addicted yet, Ad-
dicted individuals (I;) are those people who are addicted to social media and spent
most of their time on it, Depressed individuals (Iy) are the people those are in de-
pression because of the SMA, Recovered individuals (R) the people who recovered
from addiction, and Quitter individuals (Q) are those who give up and permanently
stop using social media. The parameters involved in the system are presented in Ta-
ble 3.1. The following epidemiological presumptions were made when developing
the model.

¢ All the new immigrants join the susceptible at a rate A. The entire popula-
tion interacts uniformly (homogeneous mixed). The SMA spreads due to pre-
influence when susceptible individuals interact with addicted individuals.

* SMA outbreak in a closed environment where addiction risk is independent
of race, gender, or wealth. There is natural mortality in each class.
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¢ Susceptible moved to exposed individuals who interact with the addicted peo-
ple shows the cycle of addiction transmission. These addicted individuals may
recover or relapse to susceptibility during or after recovery.

¢ Risk of depression in SMA is strongly influenced by the pre-pressure of media,
but this effect may be moderated by personal issues like socialization, etc.

* Depressed individuals may recover due to successful treatment, whereas the
death rate due to depression, also considered here, includes suicide. Individu-
als who have recovered try to quit social media use completely.

¢ Immunity from addiction is temporary, as recovered individuals may relapse
to susceptibility, and transmission from addiction to a depressed individual is
instantaneous.

We proposed the social media addiction depression (SMAD) mathematical model
here.

ds

4 = ATIAR—@xhS—(B+7T)S,

dE

E—G”?CHS—(QJFT)E,

dr

= PcE—(T+yp+a)l,

dt

by (3.1)
d—::ucll—i—l/)(l—w)ll—(v—i—p—i—l')[z,
dR

5 = (1-®)cE+vh+ypwh—(T+A)R,
d

d—?:ﬁ5+(1—§)AR—TQ.

The following are the initial conditions (ICs) at time t=0:
S(0) >0,E(0) >0,1;(0) >0,I(0) >0,R(0) >0,Q(0) >0,

In this model (5.1), the total number of individuals (population) is denoted by N and
is given by
N=S+E+L+DL+R+Q

The recruiting of susceptible people into the population happens at a rate of A. These
individuals are influenced by their peer pressure to use social media at a contact
rate of ¢ from addicted individuals, with the possible transmission of x, and join the
exposed class. Some susceptibles transfer to permanent quitters at a rate of B. The
exposed population suffers from SMA and transitions to the addicted class at a rate
of ® ¢, whereas the rest recovered by treatments at a rate (1 — ®)¢. The addictive
individuals become depressed at a rate «, and those who leave treatment or need a
second dose at a rate (1 — w)y also become depressed. The depressed individuals
either moved to the recovered class through education and/or treatment at a rate
of v, or they passed away from depression at a rate of p. The probability rate of
treatment to be successful in becoming recovered is w 1. The recovered individuals
either permanently quit using social media at a rate of (1 — {)A or they start to be
susceptible again to the SMAD at a rate of { A. The average death rate for the entire
population is T.
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TABLE 3.1: Values of parameters involved in the proposed SMAD

model (5.1).
Symbol Parameter description Value Source
A Recruitment rate of susceptible individuals 0.5 Assumed
4 Proportion of individuals in the recovered class sus- 0.35 [168]
ceptible to SMAD

A Rate at which individuals leave the recovered class 0.4 [12]

T Natural death rate 0.05-0.25 [12, 168]

! Rate at which depression is induced by media im-  0.3-0.5  Approximate
pact

B Rate at which susceptible individuals avoid or stop 0.01 Assumed
using social media

X Contact rate between susceptible and addicted indi- 0.25 [12]
viduals

v Rate at which depressed individuals recover 0.7 [136]
through treatment

o Rate at which individuals leave the exposed class 0.25 [136]

w Probability of successful treatment 0.8 [96]

P Rate at which individuals leave treatment 0.0027 [96]

P Proportion of exposed individuals who become ad- 0.7 [136]
dicted

0 Rate of suicide induced by depression 0.01 Assumed

¢ Transmission rate of addiction to the susceptible  0.1-0.8 [136]
population

3.3 Mathematical analysis

The equilibrium points of the SMAD model are determined, showing that two equi-
librium points are reached in the feasible region A after the model system. These
steady states were derived using the Maple software. DFE of the model is given as

A BA
E 0 — SO/ EO/ 110/ IZO/RO/ QO = </O/0/0//0/ >
o= NGRS (B+ 1)t

It will occur when Ry < 1, which means there is no infection. This indicates that only
susceptible individuals and those who permanently quit will remain, while others
will vanish. The EEP of the model system is

Eq = (SLEL LY, LY RY QY.

who corresponding values are given in [15]. From biological considerations, we
study model (5.1) in the closed set

A
A = {(SIEllllIZIRIQ) S %10< NS T}.

where R¢ shows the lower-dimensional faces of the non-negative cone. A is evi-
dently positively invariant with respect to model (5.1).

Theorem 3.1. The A is positively invariant for model (5.1).

Proof. Assume the total population

N=S+E+L+L+R+0Q,
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we have AN
<A - _
i = A—TN-—-pD,
which yields that
dN
Tl A— .
i = A—TN

Hence, it suggests that C}i—lf < Oasoftenas N > £. Thus, we have %—Ij is bounded by
A — 7. Using the method of integrating factor on the inequality, we get

jt(e”N) <e'A (3.2)

Thus with IC’s, integrating (3.2), we write
—Tt A —Tt
N(t) < N(0)e —l-?(l—e ).

Suppose t — oo, we obtain

N
T

As a result, A is positively invariant of the model (5.1), meaning that none of its
boundaries are crossed by any solution path. This demonstrates that the devel-
oped model is applicable from a mathematical and epidemiological perspective. The
model is regarded as being within the range of biological feasibility. It is necessary to
demonstrate that every phase trajectory that began anywhere in the feasible region
A of the phase space ultimately enters A and stays there. It is possible to achieve this
by demonstrating the system’s global attraction and positively invariant set. O

We move to define the non-negativity of the model’s solution (5.1) by calculating
the positivity of the solution. It is important to establish that all of the state variables
in the equations of the model (5.1) are non-negative V ¢ for it to have epidemiolog-
ical significance. To prove the positivity of the model’s solution, we considered the
following results.

Theorem 3.2. Considering the ICs presented in (5.1), the solution of the SMAD model(5.1)
is positive for all t > 0.

Proof. By using the susceptible class in the system of equations (5.1), we assumed

that
ds
a:A—i-C/\R—(P)(IlS—(lB—{—T)SSA—(,B—{-T)S.

By taking LF = e(F*7)!, we get

e+t 95 (g4 )BT < Aol

dt
AeB+Dt
B+t < 222~ 4k 3.3
Se S it + k (3.3)
Att =0, we have
S(0) <-4k
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Using (3.3), we define
S< SO B L A (1 - e*<5+f)f) . (3.4)
- B+t
When t — o0, we get
A
>S(t) =0. 35
517250 3

By the same procedure, we can show that
E>0,[ 20,b>0,R>0,Q >0.
This indicates that the solution of model (5.1) is positive. O

To describe the mathematical property that the obtained solutions of the model
remain bounded in a feasible region A, we show the following results.

Theorem 3.3. All the solutions of the model (5.1) are bounded.
Proof. By considering total population N, we have

dN

5 = A-TN-ph (3.6)
Suppose, for any initial condition N(0) < 2, where N(0) = S(0) + E(0) + ;(0) +
D(0)R(0) + Q(0), we get

Ng% forall t>0.
From (3.6), we have
d—N < A—71TN.
dt

Using Gronwall’s inequality, we get
A A
N<—+ <N(0) - )e—”.
T T

Hence N < %, for all + > 0, whenever N(0) <
Clearly,

>

A
lim inf N < lim sup N < pe > 0.

t—ro0 t—o00

This indicates that the solution of model (5.1) is bounded in the feasible region A.
This shows that the feasible area A contains the positive solution to the model (5.1).
O

3.3.1 Threshold parameter

The disease’s propagation is measured using the basic reproduction number Ry
which refers to the infected population that can be generated by an infected indi-
vidual during their infectious period. Rg of the model plays a vital role in analyzing
the stability of steady states. If Ry < 1, there won’t be an epidemic in the population,
and if Ry > 1, the epidemic will continue in the population. The next generation ma-
trix (NGM) technique is applied to calculate the Ry and according to the approach,
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system (5.1) can be expressed as :

( dE
%ZQDQE‘—TH—QUH—(XI],
t (3.7)

dr
T =th (-0 h-(+p+1)h,
dR
kaz(1—CI>)gE+vlz+1pwll—(T+)\)R.
Then, we get
¢ xSh (c+71)E
F_ 0 vV —OgE+ (t+¢+a)l
0 ’ —ah—yp(l-w)h+(v+p+71)D
0 —(1-®)gE—vh—-—ypwh+(T+A)R)

The Jacobi matrices of F and V at SMADDEFE, represented by F and V are provided
below:

A¢g
0 42X 00
F_|l0o 0 00|

0 0 00

0 0 00
CHT 0 0 0
y —cP T+yP+a 0 0
a 0 -9 (1-w) v+p+7 O

—(1-®)g —Ypw —v T+A

The product matrix F VYV~ contains the largest eigenvalue, which is the model’s next
generation matrix and is shown by

Agpx®
(a+p+1)(B+7)(c+T)

Ro =

Thus, by epidemiological properties, we conclude that
e if Ry < 1, the occurrence of the disease will decrease.
e if Ry = 1, the disease occurrence will be constant.
e if Ry > 1 the occurrence of the disease will increase.
In view of these remarks on our model, we have

e ifAgpx® < (a+¢+7)(B+T)(c+ 7), the occurrence of the addiction and
depression will decrease.

e if Acpx®=(a+1¢+71)(B+ 1) (c+ T), the addiction and depression occur-
rence will be constant.

e if Agpx® > (a+ 9+ 1) (B+T) (¢ + T) the occurrence of the addiction and
depression will increase.
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The short-term breakouts of the disease are caused by the stability of disease-free
equilibrium points. Over a longer time, its dynamics are characterized by stability
at the endemic equilibrium sites. We discovered that persistent behavior influences
critical epidemiological results, including whether an outbreak of a disease would
remain in an endemic condition or if the disease would disperse. Results of stability
analysis of model steady states can be seen in [15].

3.3.2 Forward bifurcation analysis of model

Theorem 3.4. If Ry > 1, then the EEP Ey of model (5.1) is locally asymptotically stable in
feasible region A and the model (5.1) shows forward bifurcation at Rg = 1

Proof. To use the approach, the model system (5.1) is simplified, and the following
variables are changed. Let

S=vi,E=y,L=y3,h=ys, R=y50Q =ys

so that
N=yvi+y+ys+ya+ys+Ve

Moreover, the model (5.1) becomes %X = (g1, ¢, 93,91,85,86)" When we apply the
vector notation Y = (1, Y2, Y3, Y4, ys,ye)T.

(d

%:81 =A+CAys —pxysyr — (B+T) 1,

d

% =g =¢xysy1— (¢ +7)v2,

d

é?Zgy=®gm—%T+¢+wW&

dys (3.8)

ap 8=t -wys— (Ve + 1)y

d

%Zg&s: (1-=®)cy2+vya+ypwys —(T+A)ys,

d

=g =B+ (1= Ays— T

The Jacobin of the model (3.8) is given as

K 0 —¢xS 0 ZA 0

¢xhL —¢—T xS 0 0 0
0 D¢ K 0 0 0

] = (3.9)
0 0 K; —V—p—T 0 0
0 1-& w v —T— 0
( )6 P A

B 0 0 0 Ky -7

where

Ki=—¢xhLh—-B—r, K=-1—a—1, Ki=a+9p (1-w),
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Evaluating (3.9) at the DFE E o = (S0 = y(f, E° = yg, I? = yg, IS = y2, RO = yg, Q' =
1Y), we get

-1 0 —$xs 0 A0
PxXA
0 —c—T A 0 0 0
0 P K 0 0 0
J(Eg) = 6 2 (3.10)
0 0 Ks —v—p—-71 0 0
0 —(-14+P)g wy v —-7—A 0
B 0 0 0 Ky -1

The threshold parameter IRy of SMAD is specified as

Agpx®
(a+yp+7)(B+7)(c+7)

Ry =

We use ¢ as a bifurcation parameters implies that Ry = 1 iff

@t (BT (G + 1)
p=9¢ = Acx®

There is a clear zero eigenvalue in the linearized system of the modified model sys-
tem (3.8) with ¢ = ¢ as the bifurcation parameter.

—B—1 0 _w 0 ZA 0
* 0 o K 0 0 0
J(@") = : ?
0 0 K3 —V—p—T 0 0
0 —(-1+®)g Ypw v -T—A 0
B 0 0 0 Ke -t
(3.11)

The eigenvalues are
0,—7,—(t+A),—(B+7),—(a+¢+2t+¢), —(v+p+1).

Next, we find the left and right eigenvector V, W respectively, both of which are
associated with the zero eigenvalues of the Jacobin of (3.11) at (represented by [+ )
selected such that J(E;0) x W = 0and V x J(E,) = 0 with V.W = 1, where

W = [w1, wa, w3, wa, ws, we| V= [v1,02,03,04, Vs, Vg

](qu) X W,‘ =0
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where
w1
w»
wi=| %
Wy
ws
We
A
—B-7 0 — 0 A 0
A
0 —C—T 4/)3{(#7 0 0 0
0 D¢ —T—x—1 0 0 0 < W,
0 0 —wYt+a+y —v—p—1T 0 0
0 —(-1+®)g wip v —-T—A 0
B 0 0 0 —(-14+)Ar -7
0
0
10
10
0
0
Thus, we have
$X
—B—T)wy — w Aw =0,
(=B —T)w 3 3+ A ws
px
—C—T)w w =0,
(=¢—1) z+ﬁJr 3
Pguwy+ (—7T—a —P)ws =0, (3.12)
(w9 +a+p)ws+ (—v—p—T)wy =0,

1-®)cur+wypws+vws+ (—T—A)ws =0
ﬁw1+(1—§)AW5—’rw6 =0.
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Solving (3.12), we write

w = (—(((-1+@)T = ((—B—p+ (w-1p—a—0)®+p+p+p+a+0v){T
+((rw+Dyp+p+a+v)p— ((w-1p—a)o)P+ (¢ —p—a—v)p—
(+p)(Y+a)l+oxAP)T—B(o((w—1)¢p —a)®+ (v+p)(p+a))l
+XAPY (0 +p)A+TXADPP(v+p+1))g)/((B+T)(T+a+1)

(v+p+1)(T+A)))ws
wy >0 (can take any value),
D g wy
w3 = ,
T+a+79y
(—wpt+at+y)Pgw
Wy = ’
(t+a+9)(v+p+1)

ws=—((-1+ )+ ((~w+Dp+p+a+v)®—¢p—p—
—p((w =1y —a)@—(v+p)(p+a))cwa/((T+a+¢)(v+p+T)(T+A))
we = (14 @) (-1+ )T+ ((-1+ @) -2 - ((—p+ (w-1)p —a — v)®
++p+ato)(-1+0)T+((1—-®)B - ((—p+ (w—1)p —a — 0)D + P+
p+a+0)(l—2)p— (=14 (w—1)p —a)®+ (v+p) (Y +a)))T°—
1)
9)

a—0v)T

(rw+Dyp+ptato) -y —p—a—-v)p+(((w -1y —a)(l—-2)p+
Px NP+ (v+p) (Y +a)(l-2)pT1— ((—p((w -1 —a)® — (v+p)(p+
0)B+xAPH(V+p))B)A—TXAPLPB(v+p+7)))/(B+T)*(T+at

P)(v+p+T)(T+A)T))w,
(3.13)
Similarly, calculating the left eigenvector V = [vy, v, v3, 04, 05, 06]T with V x | (Eq) =
0, gives
Vi X ](qu) =0,
where

Vi=(v1 v2 v3 v4 v5 05 )

PxXA
—B— 0 A 0 A 0
IB T ‘B"’T g 0
A
0 -1 Px 0 0 0 0
Vi x ptT _ |0
! 0 D¢ —-T—a—9P 0 0 0 10
0 0 K K> 0 0 0
0 —(—14+d)g wyP v —T—A 0 0
B 0 0 0 K; —T
where

Ki=—-w¢p+a+y, Kn=-v—-—p-—r1, K3 =—(-1+0)A.
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Thus, we have

— (B4 1)v1 + Bos -0
—(c+ 1)y +Pgus+ (1 —DP)gus =0
_‘(gﬁAU ’(g:c_ 02—(T—FD{—I—‘IJ)US,—F(WI/J+DC+1/J)U4—|—(4)1/)U5 =0 (314)
—(V+p+T)va+ VU5 =0
{Avy— (T4+AN)vs+ (1—7)A v =

—T0e =0

Solving (3.14), we conclude

v =0,
v >0 (can take any value),
U3 = it U2,
D¢ (3.15)
U4 = 0/
U5 = O,
(s 0

The stability of model (5.1) around DFE is entirely determined by a and b, defined
as

n=6 azgx(ol 0)
k,£1 " dy;ay;
gx(O 0)
b= (X% ” (317)
Lom 5

Thus, the only non-zero terms in the sums for a and b are those that correspond to
k =2,3. So from the system (3.8), we have

2 =¢pxy3y1— (c+ 1)1 (3.18)

B=0cyr — (T+ 9P +a)ys. (3.19)

All the second derivatives of (3.18) are zeros. The only remaining equation is (3.19),
which has non-zero derivatives as

2

3315;3 ¢ x
2

833532/1 =¢'x
2

aayfazq) VX

Now through applying (3.16), we have
2 = vy w0y w5 0%¢> 0%¢) )

_|_
oy10y3  dy3dy;

a=2vwwsdp x <0 (3.20)
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For the value of b, use (3.17) leads to
b=v,w3xi x>0 (3.21)

Since the unique endemic equilibrium point is locally asymptotically stable for Ry >
1 and model (5.1) displays forward bifurcation at Ryg = 1, the DFE and EEP cannot
coexist at Ry < 1. O

3.4 Sensitivity analysis of model

We performed a sensitivity analysis to show the influence of every parameter on the
SMAD transmission. We applied the normalized sensitivity index concept to con-
duct this analysis.

Definition 3.5. The normalized forward sensitivity index (NFSI) of a variable, thresh-
old parameter Ry, that depends differentially on a parameter A is defined as:

R, A
AR — 2%0 A
P T 9L Ry

where s denotes all parameters and Ry is the basic reproduction number

Agpx®
(a+yp+7)(B+7)(c+T)

Ry =

For calculating the sensitivity index of Ry to the parameters of the model:

¢ For the parameter ¢

oR
Rozio i
A¢ o ><RO
R A®xpT BrD () (thaty)
Tt (traty) ACx¢
N —
T+¢
¢ For the parameter ¢
oR ¢
R _ 720 ¥
Ay = 39 XRO
Ao _ AgPx BTt (traty)
o =
(B+7)(t+g)(t+atp) Ag®x
AR =1>0
¢ For the parameter x
JdR
Ry _ IR0 X
AP = o XRO
R Ag®y (B0 (g (traty)
N=
(B+T)(t+g)(t+a+y) Agdg

Ry _
AR =130
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* For the parameter ®

R, ORg @
A¢__55— R

ARo _ Agx¢ LB (Tt (ttaty)
T (BT (T (THat+y) Agx¢

AP =1>0

e For the parameter

, IRy B
Ag = W>< R—O
AR _ AgPx¢ BErD(THe) (Traty)
P (5+T)2(T+g)(T+oc—|—lP) AgDPx¢
o_ P
Ag__ﬁ+r<0

* For the parameter T

ARO_& T

T 9T XEO
Re 4+ 2(p+B+a+o)t+ic(p+p+a)+iB(Y+a)
AT el B+ TPt + it ratyP
Xr(ﬁ+’c)(r+g)(r+o¢+¢)
Ag®x¢
A 3, DEI@ A At QT At 3P )
(t+a+y)(p+1)(T+¢)
* For the parameter «
RO_aRO 14
Ay —wa—O
AR — Ag®x¢ L eBrTTtg)(traty)
' (B+1) (T+¢) (TH+a+p)? AgDPx¢
Ry _ _ a
A = T+oc+1,b<0
* For the parameter
R, ORo ¢
Ay —wa—O
AR Ag® g LY BT (T4 (traty)
v (B+71) (T+g) (T+a+1) Ag@x¢
Ro _ 110
Ay = T+zx+1,b<0
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If any of the variables have positive indices, it means that they have a significant in-
fluence on the spread of the disease throughout the population. Additionally, when
parameter values increase, individuals whose sensitivity indices are negative have
an impact on reducing disease burden in the population. As a result, stakeholders
and policy makers should concentrate on decreasing positive indices and raising
negative indices parameters. The impact of different parameters is shown in Fig 3.1.
The graph in Fig3.1(a) shows how the value of the Ry changes when the number of
people who leave the exposed class B and the pace at which addiction spreads to
the vulnerable population ¢ fluctuate. Here, we see that ¢ raises the value of Rg as
¢ increases, indicating that the disease can be eradicated by lowering ¢ and ¢. Fig
3.1(a) also shows that ¢ has a stronger effect on Ry than ¢. In Fig 3.1(b), the plot
depicts how the value of Ry changes when the susceptible who avoid and/or stop
using social media  and the transmission rate of addiction to the susceptible pop-
ulation ¢ vary concurrently. Here we analyses that ¢ increases the value of Ry and
B decreases the value ofR(, which indicates that the disease can be extinct by reduc-
ing the value of ¢ and by increasing the value of . From Fig 3.1(b), it can also be
observed that ¢ has more influence than beta on Rg. Also, the graph in Fig 3.1(e)
shows how the value of the Rj evolves when the contact rate of susceptible with the
addicted population x and the rate at which depression is caused by media effect
« vary simultaneously. Here, we determine that x increases the Ry value while al-
pha reduces it, indicating that the disease may be wiped out by decreasing x and
raising «. It is also clear from Fig 3.1(e) that x has a stronger impact on Rq than «.
Similarly, the graph in Fig 3.1(j) shows how the value of Ry varies when the natural
mortality rate T and the proportion of individuals exposed who subsequently de-
velop addiction @ are taken into account. Here, we see that T reduces the value of
Ry but @ increases it, indicating that the disease may be cured by decreasing ®. Fig
3.1(j) additionally indicates that ® has a stronger impact on Ry than 7.
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FIGURE 3.1: Variation of different parameters over Ry.

3.4.1 Global sensitivity analysis by Partial Rank Correlation Coefficient

Sensitivity analysis is used to identify key parameters that influence the model’s pre-
dictions and could potentially reduce the spread of the disease. To accomplish this,
the Latin Hypercube Sampling (LHS) method is used here to estimate the PRCC,
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which is a globally sensitive analysis method. The level of correlation between the
model output and input variables is evaluated using PRCC. It measures the linear
dependency between two variables after taking into account the linear impacts of
other variables. The PRCC analysis is used here to examine the sensitivity of the
model parameters on the output variables of social media addiction and depres-
sion. It measures how much the variation in the output variables is explained by
the variation in the input parameters while controlling for the effects of other input
parameters. The range of PRCC values is [-1, 1], where a value of 1 specifies a per-
fect positive correlation, -1 specifies a perfect negative correlation, and 0 indicates
no correlation between the variables.

For each output variable of interest, approximately 5,000 simulations were con-
ducted, with each model input parameter allocated a uniform distribution from its
baseline value. Now, we take into consideration that the model outputs are the num-
ber of susceptible individuals, exposed individuals, addicted individuals, depressed
individuals, recovered Individuals, permanent quitter individuals, and Ry. Fig 3.2
indicates the sensitivity indexes of parameters of Ry. Fig 3.3 refers to the correlation
between the parameters of Ry and all model classes. It also indicates the P-values.
By performing PRCC analysis, we aimed to identify the most influential parameters
in the SMAD model and to determine the direction and strength of their influence
on the output variables. From Fig 3.3(c-d), we analyse that for addicted individuals
the parameters A, T, ¢, i, ® have positive PRCC values and «, , x, ¢ have negative
PRCC values. Similarly, for depressed individuals, the parameters «, ¢, ¢ have pos-
itive PRCC values, and A, T, ®, B, x, ¢ have negative PRCC values. This analysis
indicates that a positive change in those parameters having positive PRCC values
will increase the number of infected and depressed individuals. On the other hand,
those parameters have negative PRCC values, which shows that increasing these
parameters will decrease the number of infected and depressed individuals.

Sensitive Index of R,

Basic Reproduction Number R

FIGURE 3.2: Sensitivity Index of Reproduction Number Ry

3.5 Dynamic analysis of model

This section carries out a detailed numerical interpretation of the model (5.1) by the
RK-4 scheme using Matlab. We analyze numerical experiments for this technique
using all the parameter values listed in the Table 3.1. To verify the accuracy of all the
solutions of the model (5.1), the Rk-4 scheme was applied using the discretization
step size h = 0.001 for DFE Ej and EEP E;;. It is observe that numerical scheme
converge to true steady states for 1 < Ro < 1 and give all positive solutions in
feasible region A with IC’s (5(0), E(0), 1 (0), I»(0), R(0), Q(0)) = (100,1,5,2,0,10).
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(a) Susceptible Individuals (b) Exposed Individuals
(c) Addicted Individuals (d) Depressed Individuals
(e) Recovered Individuals (f) Permanent Quitter Individuals

FIGURE 3.3: PRCC values representing the sensitivities of the model
outputs.
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3.5.1 Casel:forRy<1

Numerical interpenetration for Ry < 1 is discussed here. Based on the numerical
results of the SAMD model with RK-4 scheme with N=1000 and IC’s, if we take
AN=05x=025¢=08¢=025P=07p=0.011=0.09a« =059 = 0.0027
then Ry = 0.8684 < 1 obtained and the spread of disease (addiction and depres-
sion) stop which can be shown in Fig 3.4. In this case the DFE is EqO:(S, 0,0,0,0,
0.5556). As time passes, we see that the populations of exposed and addicted people
quickly expand and then gradually decline to zero. Depression transmission also
increases along with the number of addicts. As more people recover from addic-
tion and depression, there are more recovering populations. At the termination of
the addict’s transmission, the number of depressed people also quits, and the pop-
ulation of those who have recovered from addiction falls to zero. Additionally, the
number of permanent quitters fluctuates over time. This is due to the variations in
the number of susceptible and recovered populations. As the number of depressed
individuals decreases with the decrease of addicted individuals, the permanent quit-
ter increases until a stable equilibrium is reached at 0.5556. This variation is due to
some individuals rejoining the exposed class after recovery, and those individuals
who leave the treatment of depression or need a second dose moved toward the
exposed and/or addicted class. On the other side, infected people (addicted and
depressed) decreased, which, along with the decrease in exposed and permanent
quitters, once again increased the number of high-quality people. This could be the
result of infected persons (addicted and depressed) getting well, or new people join-
ing the susceptible population who are not addicted or depressed and are balanced
and stable at 5.

3.5.2 Case2: forRy>1

In this section, we discussed the numerical interpenetration for Ryg > 1. The numer-
ical results of the SAMD model with RK-4 scheme with N=1000 and ICs are shown
in Fig 3.5. If we take A = 0.60556, x = 0.26104,¢ = 0.89339,¢ = 0.22874,¢ =
0.80142, 8 = 0.010014, T = 0.095,« = 0.47155,¢ = 0.002909 then Ry = 1.3372 > 1
obtained and the EEP is E;1=(4.3123, 0.5588, 0.1799, 0.1055, 0.2013, 1.0055). Fig3.5
indicates that if Ry > 1, there is a sharp initial increase in exposed and addicted in-
dividuals. Once the addiction reaches its peak, the number of exposed and addicted
individuals stabilizes at 0.5588 and 0.1799, respectively. Due to the rapid increase
in addiction, the depressed individual also increased and gradually decreased and
stabilized at 0.1055. Also, as the decrease of exposed individuals decreased along
with addicted and depressed individuals, the recovered individuals fluctuated over
time and stabilized at 0.2013. With the treatment of addicted and depressed people,
permanent quitters also increase and gradually decrease, tending to a stable point of
1.0055. Conversely, as the exposed and permanent quitter increases, the susceptible
individual decreases and then stable with a slight increase at 4.3123.

3.6 Fractional derivatives

Starting with the integer-order derivative, consider f € C"[0,T] and n € IN. The
derivative of the n-th order is

&) _ o
L2 — foog.
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il Mol A el Do Ml A tinad s il Adtinnd s

(a) Susceptible Individuals (b) Exposed Individuals (c) Addicted Individuals

il Mol A el Do Mol el Do i Mol el Do

(d) Depressed Individuals (e) Recovered Individuals (f) Permanent Quitter Individ-
uals

FIGURE 3.4: Surface plots of the solution of all classes of the social

media addiction and depression (SMAD) model obtained by the RK-

4 scheme for Ejo with initial conditions and step size h = 0.001. The

numerical scheme converges to the true equilibrium point Ejo for
Rp < 1.



3.6. Fractional derivatives 99

Socal Yl Ao ey o Socal Yol Ao 2 g g Socal Yol Ao 20 g

(a) Susceptible Individuals (b) Exposed Individuals (c) Addicted Individuals
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(d) Depressed Individuals (e) Recovered Individuals (f) Permanent Quitter Individ-
uals

FIGURE 3.5: Surface plots of the solution of all classes of the social

media addiction and depression (SMAD) model obtained by the RK-

4 scheme for E;; with initial conditions and step size h = 0.001. The

numerical scheme converges to the true equilibrium point E;; for
R > 1.
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The Riemann-Liouville fractional integral with order > 0 is described as

1 t B
(IFF)(t) = ) /0 (t = 1)F 1 f(7) dr.

This operator is a generalization of repetitive integer-order integration. To convert
the integer derivative to a fractional order « fulfilling n — 1 < a < n, write

x=n-—0p, p=n—ac(01]

Use the fractional integral I, to compute the integer-order derivative

DEf(1) = 1 ().

This choice preserves classical initial conditions. We express the integral version
explicitly with the notion of I,'™%, we get

DI = iy o =T (@) e

n—uo

_ 1)
= )/o(t dt n—1<uwa<mn.

I'(n—a —)a-ntl Y

This is precisely the Caputo fractional derivative. Assume & — 1, thenn —a — 0,
and since

lim IPg(t) =
i, T8 (t) = 8(t),

we achieve

lim D} £(1) = £ (1),

a—n
defining that the Caputo derivative is actual modification of the integer-order deriva-
tive.
Special case 0 < w < 1,forn =1,

CD;Xf(t) _ Itl_“(f/(t)) _ 1-.(11_“) /OiL f’(T) dt.

(t—1)*

For this reason, Caputo derivatives are favored in applied PDE/ODE simulations,
control structures, and epidemic models. We will define some related concepts about
the fractional differential equation, including the Riemann-Liouville fractional (R-
LF) integral, Caputo fractional derivative definition with order R.

Definition 3.6. The left and Right R-LF integral of a function f is defined as
N I R-1
R () = g L (00" 0w,
R 1 b R—1
RS ()= prgy [ (60" ()

Definition 3.7. The Right and Left Caputo Fractional derivative of order n —1 <
N < n € Z, are define as

Dl ()= - [ g )
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tDyg () = F((:_)HN) /at (u— )" " () du.

Definition 3.8. The left Caputo derivative with Laplace transformation is denoted
and defined as

k—1
L{SDg (0} =s"F(s) = ¥ g" (0)s" 1,
n=0

Definition 3.9. The Laplace transformation of function t*~'E, ,(+u ) is define as

u—v

L {tv_lEu,U (£u t”)} = =t

where E, ,(t) is the two-parameter Mittag-Leffler (ML) function with u,v > 0.
Definition 3.10. Let E,, ,(Z) be the Mittag-Leffler (ML) function. Then

1

Euo(Z) = Z.Eyuso(Z) + o)

3.7 Model with Caputo derivative

Here, we define a fractional-order model of social media addiction and depression.
The model consists on six compartments of the population namely, Susceptible pop-
ulation (S) that are not addicted yet, Exposed individuals (E) are the people who
use social media less frequently but are not addicted yet, Addicted individuals (A)
are those people who are addicted to social media and spent most of their time on
it, Depressed individuals (D) are the people those are in depression because of the
SIMA, Recovered individuals (R) the people who recovered from addiction, and
Quitter individuals (Q) are those who give up and permanently stop using social
media. The parameters involved in the system are presented in Table 3.2. The fol-
lowing epidemiological presumptions were made when developing the model. Fig
3.6 represents the flow diagram of the proposed model. The Caputo fractional model
of (5.1) is given as:

CDRS(t) = a; + ayaz R(t) — appay A(£)S(t) — (ag + ag) S(t),

CDNE(t) = appay A(H)S(t) — (a9 +ag) E(t),

CDtN (t) = (14 A9 E( ) (a4—|—u5—|—a11)A(t),

C (3.22)
Dy D(t) = as A(t) + a1 (1 — a10) A(t) — (as + a1z +as) D(t),

CDt (t) = (1 - a14) ag E(t) + as D( ) + aq1 dqo A(t) - (a4 + 513) R(f),

(“DFQ(t) = a6 S(t) + (1 — az) a3 R(t) — as Q(¢).

Initial conditions (ICs) are given as follows
S(t=0)>0,E(t=0)>0,A(t=0)>0,D(t=0)>0,R(t=0) >0,Q(t=0) > 0.

The fractional term is defined by the Caputo fractional derivative as

P
“Dip(t) = (n—N / N+1 ne




102 Chapter 3. Social media addiction & depression dynamics with memory effect

where X is the order of the derivative, I'(+,-) is the Gamma function, and the ker-
nel (t — &)1 describes the non-locality of the fractional derivative with integral
taking in [0 f]. This formulation emphasizes that the Caputo derivative considers
the function’s entire history from time 0 to ¢, making it especially suitable for initial
value problems. In this model, N() shows the all population and is given by

N(t) =S(t)+ E(t) + A(t) + D(t) + R(¢t) + Q(#).

The traditional SIR or SEIR model, which focuses on media effects, has been in-
strumental in controlling disease transmission during epidemics. It highlights the
importance of proper media strategies, daily disease updates, and government pre-
vention measures in preventing disease spread. However, a new model has been
proposed to examine the relationship between social media addiction and depres-
sion, highlighting the behavioral dynamics in communities. The model explains
how excessive or negative use of social media can lead to addictive behaviors, caus-
ing depression symptoms in adults, often linked to trolling, internet scams, and cy-
berbullying. The model explicitly models depression triggered by media exposure,
highlighting the gradual growth of addiction and depression over time. This math-
ematical paradigm offers a more biologically and psychologically sound basis for
comprehending and forecasting the intricate relationships between depression and
social media addiction in contemporary populations. The model is well structured

axaz

Alt)

. ‘a Q10211
WS
2

() EQ)

Setle
+*
=
Il

a, (g\ ;1) A, ﬁ ;?'3
l » 1 awas | Qo (&
a, Ey s
g 3 b
= D(1) U -—
=

o
Iy

L= |

[

de

FIGURE 3.6: Compartmental diagram of transmission of social media
addiction and depression dynamics

to explore the interaction of these physiological states through the Caputo fraction
derivative, but there are some limitations that we discussed here. This model ignores
the socio-economic factors, which make the model less realistic. The model assumes
uniform mixing, all parameters are fixed, and the time inversion rate ignores the con-
trol behavior like social media awareness, campaigns, or education activities, which
we will discuss in the future extended model. Real data is not available, but we try
to validate the model by considering parameter values from the literature, which
may cause uncertainty in the data. Sensitivity analyses are carried out to evaluate
the impact of parameter adjustments on results, improving consistency. Due to the
literature-driven validation, the model can be used as a first tool for exploring hy-
potheses and strategy analysis until more specific data becomes accessible.



3.7. Model with Caputo derivative 103

TABLE 3.2: Parameter values used in the proposed model.

Symbol | Description Values
a1 | Recruitment rate of susceptible individuals 0.5
ap | Proportion of recovered individuals susceptible to | 0.35
social media addiction-driven depression
a3 | Individuals that leave recovered class 0.4
a4 | Natural death rate 0.05-0.25
as | Rate at which media influence causes depression 0.3-0.5
a¢ | Susceptible people that leave using social media 0.01
a7 | Contact rate causing transition to exposed class 0.25
ag | Recovery rate from depression after treatment 0.7
a9 | Individuals that leave exposed class 0.25
ayy | Probability that treatment is successful 0.8
a11 | Rate at which people leave treatment 0.0027
a1y | Rate at which addicted individuals become suscep- | 0.1-0.8
tible
a13 | Induced death rate 0.01
a14 | Proportion of exposed moving to addicted class 0.7

3.7.1 Equilibrium points

This section aims to ascertain the steady states of the suggested model.

a +axaz R(t) —arpay A(t)S(t) — (ag + as) S(t) =0,
ayp ay A(t)S(t) — (ag + ag) E(t) =0,
a4 a9 E(t) — (a4 + as + ay1) A(t) =0, (3.23)
as A(t) + a1 (1 —ay) A(t) — (as + a1z +a4) D(t) =0,
(1 —a14)a9 E(t) +agD(t) + a1 a0 A(t) — (ag +a3) R(f) =0,
a6 S(t) + (1 —az) az R(t) — as Q(¥) = 0.

When we solve the system of equations (3.23), then the two different equilibrium
points are obtained. The Maple software has been used to obtain the equilibrium
points. The first equilibrium point is disease disease-free equilibrium (DFE) point

a aed
IEO - (SO/ EO/AO/ DO/RO/ QO) = <a6—;a4,0,010,0, (a6—+_6ai)a4>.

of the model when Ry < 1, this represents that there is no disease and only the
susceptible population exists. The Endemic equilibrium (EEP) point of the system
(3.23) is

[E1 = (S1,E1, A1, D1, Ry, Q1)
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S = aq (a3 -+ ﬂ4) — Aqaz4a3 (—a10a11a14 (5113 + a4+ ﬂg) + 1y — 11)
a14 (a13 + a4 + ﬂs) (613 + 04) (ﬂ4 +ae + A1a12a7)
Ai(ary + ag + as)

Ei =

(ﬂl4ﬂ9)
D, — Aq(ay — ayoar +as)
a13 + as +as

(ﬂ10ﬂ11ﬂ14 (a13 +ag +ag) — (a14 — 1) (a11 + ag + as) + (a1 — arpan + as) ﬂs)l‘h
Ri= a14 (a13 + a4 + ag) (a3 + a4) ’
Q1 _ arag — (A1a3 ((112 — 1) as — ag + Aapp (LZQ — 1) El7) lz)

a14 (a3 + ag) (a13 + as + ag) ((lli + agae + A1a4a12a7)) ’
A = (a3 + 114) (a13 + a4 + 118) (—(a4 + 119) (1111 + a4 + 115) (114 + 116) + a1a12a14a7a9)

aipay (a4(a3 + a4)(a11 +ag + 115)(1113 +ag + 118) + 13119)
(3.24)

where

Iy = (a11 — ayoar + as)agay)

I, = ((1113 + 114)(1111 + (aw — 1)a11a14 + a4 +as — 1114(04 + a5))
+ (a11 + a4 — ayaa4 + as)ag)

I3 = (—an((=1+ a2+ (=1 +ay)aaz)az — ag) (a3 + aq) + (a13 + ag)
(a3 + (=14 ayy)azas + ag)(ay + as) + a1 (az — a2az + aq)ag + (as(ay +as)+
a3(as + (=1 + a14)axa4 + as — azas) )as)

ly = (a1a — 1) (a1 + ag + as) (a3 + as + ag)

The model’s basic reproduction number (Ry) of the model is significant in analyzing

the stability of the proposed model. By next-generation matrix technique we defined
the value of Ry and the system (3.22) as

(a1 a7 a9 a1 a14)
Ro — : 3.25
0 (a4—|—a6)(a4+a9)(a4—|—a5+a11) ( )
3.7.2 Stability Analysis

The stability analysis of the model is discussed in this section using the following
results.

Theorem 3.11. The disease-free equilibrium point (DEF) is asymptotically stable if Ry < 1.

Proof. Using the disease free equilibrium point [Ej to find the Jacobin matrix of the
model (3.22) we obtained the following matrix

K; 0 —apazSg 0 a»as 0
apazAg  —ag —ay a12a7Sy 0 0 0
0 a1409 K> 0 0 0
=1 o 0 K K 0 0
0 (1—a1s) a9 anapo —as —ag—as 0
G 0 0 0 (1—az)as —ay |
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where
Ky = —aypa7A0 — a4 — ae, Ky = —ag —as —an, K3 =a11 (1 —ay) +as,

Ky = —ag —a13 — as.

The value of the Jacobian at the DFE point is given below

[ —ay — ag 0 —% 0 ara3 0 7
0 —a9 — ay % 0 0 0
B 0 1449 K> 0 0 0
b= 0 0 Ks K 0 0
0 —(=1+aw)ag anap —as —a4 — a3 0

L a6 0 0 0 —(—1+a)as —ay |

Using Maple, the eigenvalues of the above matrix, by converting to an upper-triangle
matrix through row echelon form is are as follows:

Al = —ay

Ay = —(ag + ay)

A3 = —(ag + a3 +ayq)
Ay = —(614 +Ll6)

As = —(114 +a3)

— agag(as + tln)

2
{ﬂ1ﬂ7ﬂ9ﬂ12ﬂ14 — ay(ag + a5+ ag + a9 + a11) — as(asae + asag + agag + agary + asary)

]

A =
6 (a4+a6)(a4+a9)

All eigenvalues must be negative for the stability of DFE. Taking A¢, we rewrite it as

Ro(as + a¢)(as +ag)(as + as + a11) — (a9 + as) (as + ae) (as + as + a1)
(as + ae) (a4 + a9)

Ao =

A = (RO — 1)(614 +as + Elu)

Since all eigenvalues are negative. So, one can observe that the disease-free equilib-
rium point (DFE) is asymptotically stable. O

Theorem 3.12. The endemic equilibrium point (EEP) is asymptotically stable if Ry > 1.

Proof. The endemic equilibrium point [E; of model (3.22) is

E; = (S1,E1, A1,D1, Ry, Q1).
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For the Jacobian matrix, we use the system of equations of the model at the first
equilibrium point [E;, and we get the following matrix

[ K1 0 —a12a751 0 anas 0 ]
a12a7A1 —dg — 4 611251751 0 0 0
] 0 1449 K2 0 0 0
B 0 0 K; K4 0 0
0 (1—au)ay anao —ag —ag—az 0
B 0 0 0 (1—az)as —ay |
where
Ky = —aypaz Ay — as — a, Ky = —ay —as —ayy, Kz = a1 (1 —ay) +as,
K4 = —ag — a3 — dg.

The value of the Jacobian at the EEP point is given below

M; 0 M> 0 aa O
Mz —a9—ay My 0 0 0
0 1409 Ms 0 0 0
=1 0 Ms My, 0 0
0

0 Mg apag —as Mo

a6 0 0 0 My —ag

where
M; = —(ﬂ12ﬂ7A1 + ay +a6), My = —a1pa781, Ms = apazA;,
My = 10751 Ms = —(ag+as+a11) Mg =a11(1—a+10)+as
M; = —(ag + a3 +a4), Mg = (1—a4)ag, My = —(as+a3)
My = (1 —ap)as.

It is clear from the matrix that we have two eigenvalues as follows:

AM=—ay, Ay =My <0.

Now we write the renaming 4 x 4 matrix to find the remaining eigenvalues.

—ag9 — Oy M4 0 0
14049 M5 0 0
0 Mg M; 0

Mg apayp —as Mo |

The characteristic polynomial is given as

(/\ - Mg)(/\ — M7)<)L2 + (—M5 + a9 + El4) A+ Ms (—Elg — 04) - a14a9M4). (3.26)
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The other two eigenvalues are
Az = M7 <0, Ay = Mg < 0.

From Eq (3.26) we can define the quadratic polynomial as

A2+ AA+B=0.
Where

A= +ag+ags— Ms,
B = —M5(119 + a4) — 1409 My.

Taking values of A; and S; from (3.24) shows that by applying Routh-Hurwitz crite-
ria, the two roots are negative because A > 0,B > 0 if My < 0. Since all eigenvalues
are negative. So, the endemic equilibrium point (EEP) is asymptotically stable. [

3.8 Existence and uniqueness of model

The reliability and stability of the proposed model (3.22) are demonstrated by the
model’s convergence to a single, unique solution. This is demonstrated by the Ba-
nach contraction theorem, which mathematically supports the uniqueness of the so-
lution in the context of this study [280, 273]. Some significant measures, such as
Lipschitz condition, uniqueness, and existence of the (3.22) will be addressed in this
section. The utilization of the Caputo operator on (3.22), with R.

1

!

C R _ bR
DtS(t)—F(l_N)/O (t—u)™™S (u)du,
1 t — !
CDRE (f) = F(l_m/o (t—u) N E (1) du,
C R o 1 t —N /
DYA (1) _I‘(l—N)/o (t—u) A (u)du, -
1 t R '
CDED (1) :F(l—N)/o (t—u) ™D (1) du,
1 t — !
CDER (1) :FO_N)/O (t—u) R (u)du,
C R _ 1 bRy
\ DtQ(t)_l"(l—N)/o (t—u) " Q (u)du.
Firstly, let us assume five kernel values for the simplification.
CDRS(t) =IT; (t,S),
CDRE(t) = I, (t,E),
CDNA(t) =I5 (t, A),
DYD(r) = 1y (1, D), o
CDNR(t) = IT5 (1, R),
“DFQ(t) = ITs (1, Q) -

After the implementation of the Caputo operator, we get
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S(t) — S(0) = @ (R) TT; (£ 5) +Q(N)/OtH1 (1,5) du,
E(t) — E(0) = @ (R) > (1 E) + Q2 (R) /Otnz (, E) du,
A(t) — A(0) = @ (W) IT; (, A) + Q2 (R) /tm (u, A) du,
° (3.29)
D(t) — D(0) = © (N) I, (1, D) +Q(N)/O I1, (u, D) du,

R(t) — R(0) = © (R) IT5 (£, R) +Q(N)/Otﬂ5 (u, R) du,

Q) ~ Q(0) =@ (W) I (1,0) + 2 (N) [ TTe (1, Q) dn.

Where (2 (X) and © (R) are the both positive constants. Now we will prove the
Lipschitz condition for the Caputo model.

Theorem 3.13. I1; (t,S),II (t,E), I3 (t,A),I1s (t,D),II5 (t,R) and I (t, Q) are sat-
isfy the Lipschitz condition.

Proof. Let’s take S and S* as the two functions for the first kernel I1;. Then the
corresponding norm is defined as

I 05)- 59 <

(al + a2a3R(F) — a1naz A(H)S(t) — (ag + a4)S(t))

- (a1 + a2a3R(E) — apaz A(H)S* (1) — (ag + a4)5*(t)) H

330)
I ,5)~ 1115 | < o a @) |50 =57 )| + (@0 an) |50 - 57 )|

631)

2 5) =11 15 | < (mawa®) + @0 ) s -5 @22)

Ims)-ms) | <xafso -5 m]. 3.33)

Where K1 = appay A(t) + (ag + a4) in which A (¢) is bounded and other are non
negative parameters.
Similarly, you can easily prove that
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( I, (t,E) — I, (t,E") ‘ <KL ||E(t)—E* ()],
ITs (, A) — TT (, A*) ' <Ksllam) —a @,
[Ty (t, D) — I (t, D¥) ’ <K, ’D () = D* () (3.34)
II5 (t,R) — II5 (£, R*) || < Ks [|[R(f) = R* (1) ||,
s (0,Q) - 116 (1,0") | < Ka Q0 - 0" ()
OJ

3.8.1 Existence of the solution

We are going to show that the under discussion Caputo model (3.22) has at least one
solution in this section. As a result, the following is the recursive formula for (3.28):

Su(t)

En(t)

O (R)TT (£, S01) +Q(R) /Otnl (i, Su_1) dut,

© (N) I, (1 E,_q) + Q2 (X) /Otnz (it, En_1) du,

Au(t) = O (N) IT5 (t, Ay_1) +Q(N)/OtH3 (i, An_1) dut,

t (3.35)
Dy(t) = © (W) Iy (t, Dy_1) +Q(N)/O [Ty (it, Dy_1) dui,
Ra(t) = @ (R) IT5 (£, Ry_1) + Q2 (R) /Otn5 (it, Ry_1) du,
| Q1) = @) T (1,Qu 1) + () [ TTe 4,0y 1) d
(anzsn(t) Sn 1()
Qon = En(t) — En_1(t),
Q?m = An(t) An 1(t
Oy = Dy(t) — D,_1(t), (3.36)
-(2511 - Rn(t) Rn 1(t)/
\Qén = Qn(t) Qn 1(t
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where

(Sult) = Sua(1) = O (N) (1T (1,5, )
o >/0t<H1<u S1-1) -
Ba(6) ~ E1(1) = O (N) (I (1B 1) -
o1} )/Ot(Hz(u Ey1) -
AnlE) = An1(8) = © () (ITs (1, An 1)
o) /(f(Hs( -
Da(t) = Dy1(8) = O () (ITy (1, Dy 1) -
am /(f(m( )
Ralt) = Ra1(6) = © () (ITs (1, Ry 1)
Q@) [ (115 (0, Ry )
Qu(t) ~ Qu-1(8) = O () (ITe (1, Q1)
o) [ (1T (1,0 1)

It is important to note that
(=5,

Taking the first Eq of system (3.36), Let we have

Aln:‘

(N)/O (ITy (1, Sn1) — Ty (1, Sn_2)) du.

1_[1 tSn 1)

Su(t) — Sn_l(t)H

By applying the triangle inequality, we get

— H5 (u, Rn_2
- H6 (tl Qi’l*Z)
— Il (4, Qu—2)) du

11 (t, Sn_z))

—1IT; (t,5,—2)) +

H1 (u Sn 2))
Hz i’En 2))

HZ (u, Enfz)) du

—1II3(t,Ap—2)) +

Hg (M An 2)) du
)

I (t,Dy—>)

— H4 (Ll, Dn72)) du,
— II5 (t, Rn_2)> -+

) du
)

(3.37)

(3.38)
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Su(t) — Snl(t)H < H@ (N) (ITy (t,Sy—1) —IT1 (t,Sn—2))
(3.39)

+ 0 (N) /Ot (Hl (Ll, Sn—l) —1I (M, Snfz)) du

|

/0 (T (1,85 1) — Ty (1, S_2)) du

From Eq (3.34), we indicate that kernel I']; (¢, S) satisfy the Lipschitz condition.This

implies that
t
O K /0 ’

By using the Eq (3.37), we can write this as

$u(0) = Su-1(0)| < @00 11 1,5,0) = 171 15,2)

(3.40)

mm)‘

Sn—l - San

Su(t) — Sn_l(t)H <O (N) K

(3.41)

Sn—1(1) — Sp—o(u)||du.

HAM <O (N) K1

Aq(n-1)(t) H

t (3.42)

+ 0 (N) ICl /() Al(n_l)(u) du.

Similarly, one can easily get the following results for other kernels:

ot
Aau| €O (N) K| Aggy 1) (1| + QM) K2 |

t
Asu| £ O (%) K| A1) (8)| + Q2 (R)Ka [ [[Asgus) () s,

Au| <0 () Ka| Ay (8)]| + Q) Ka [

AZ(n—l)(u) du,

t
A4t(n—1) (u) du, (3.43)

t
Asp|| < O (R) Ks|| A1) (1) || + Q2 (R) ’CS/O As(n-1)(u) ||du,

t
NAgnll <O (N) Ke Aé(nfl)(t) + 0 (N) ’C6/0 Aé(n,l)(u) du.

Theorem 3.14. The analytical solution of model (3.22) exist if
OM)K+0QR)KiA1p <1 for i=1,2,..,6 (3.44)

Proof. Since the function S(t), E(t), A(t), D(t), R(t) and Q(t) are bounded and also
satisfy the Lipschitz condition. So from recursive technique for Eq (3.42) and Eq
(3.43), we have
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Al < s<o>‘ O M) K1+ 0N K]

[@ (N) Ko+ 0 (N) ICzt]n ,

>
N
=
IN
jap
S

5
2

A
>
e

(@ (R) K5+ Q(R) Kst]",
(3.45)

\
‘[@ (R) ICg + Q (N) Kat]",

oS
£

A
>
e

Asp|| < R(O)H (O (N) s+ Q (R) Kst]",

A6n < Q(O)

’ [0 (R) Ko + Q (N) Kot]".

Consequently, the system is continuous and has a solution. We now demonstrate
how the functions mentioned above provide a solution for the model (3.22), consid-
ering.

—5(0) = Su(t) — A1a(t),

— E(0) = Eu(t) — Ag(t),

) - A<0) = An(t) - A3n(t)/

) (1) — Au(t) (346

t) — R(0) = Ry, (t) — Asn(t),
(t

o

- ‘@ (N) (ITy (t,S) = ITy (t, Su—1))
(3.47)

+OR) /Ot (ITy (1,S) — IT, (1, Sp_1)) du

Using the Lipschitz condition, we have

HAM <omK(s—s.)

(3.48)

+ QR Ky (S = Sun) ||t

Thus,

HAM <[OR) + QX)) K, (3.49)

At tp, we get

< [O(R) +Q (R) o] K+, (3.50)

’Aln

This implies that as ty) — oo, we get the following result

HAM .o (3.51)
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Similarly, one can show that.

Agy|| — 0,

Azy|| — 0,

Agy|| — 0, (3.52)
Asy|| — 0,

Ngn|| — 0.

This proves the existence of the solution to model (1). O

3.8.2 Uniqueness of the solution

Now we have to show whether the solution is unique or not. Let there be an alter-
native solution to the proposed model, such that.

;

S(t) — Si(t) = @ () (ITy (1,5) — IT; (1,51)) + Q2 (R) /Ot (ITy (1, S) — TTy (1, S1)) du,
B() ~ Ex(1) = © () (T2 (6F) ~ T2 (1, E1)) + () [ (1T (1, ) — T (u, )
A(f) — Ar(t) = © (R) (IT3 (1, A) — IT5 (1, A1) +Q(R) /Ot (I3 (u, A) — ITs (1, Ay)) du,
D(t) — Dy(t) = © (R) (ITy (£, D) — I4 (t, D1)) + Q2 (X) /Ot (IT4 (1, D) — Iy (1, Dy)) dut,

R(H) = Ry () = © (%) (ITs (1, R) ~ TTs (£,Ry)) + O (R) [ (ITs (u,R) = ITs (1, ) d,

Q) = Qi(t) = O (N) (Ils (£, Q) — I (£, Q1)) + Q2 (R) /Ot (I (1, Q) — I (u, Qu)) du.

(3.53)
Taking the norm of the above system, we have
5(0-5:() | (1-0 () K1+ QK0 <0,
E (t) — E; (i’) H (1 — @(N) Ko+ 0 (N) ICzt) <0,
A(t)—Aq(t) ‘(1—@(N)IC3—|—Q(N)IC3t) <0,
(3.54)

D ()~ Di (1 \(1—@<N>K4+Q<N>K4t> <o,

R(t)—Rl(t)‘ (1—-0 (R)Ks + Q (R) Kst) <0,

Q(t)— Q1 (1) }(1—@(N)K6+Q(N)K6t) <.
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Theorem 3.15. The analytical solution is unique for the Caputo fractional model under the
following conditions:

1-OMN)Ki+QR)Kit) =0 for i=1,2,...,6. (3.55)

Proof. Suppose that Eq (3.55) holds. From system (3.54),we get

;

S(t)—Si(t) H 1-0MN)K1+0Q(R)Kit) <0,

E(t) — Ei () H (1—0 (R) Kz + Q(R) Kat) <0,

AW =m0 | 1-0 K+ MK <0,
(3.56)
D (t) — Dy (t) ‘(1—@(N)K4+Q(N)K4t) <0,
R(t) — Ry (t)' (1-0MN) s+ 0Q(R)Kst) <0,
Q) - Qi) | (1- O () Ks+ QO Kt) <0
Hence, we can say that
( S(t)—S1(t) H =0,
E(t)—Ei (t) H =0,
A(t)— Aq (t) ‘ =0,
(3.57)
D (t) — D (t) ‘ =0,
R(t) — Ry (t) ’ =0,
Q- Qi) =0
This implies that
S(t)=S51(t),
E(t) =Ei (t),
A(t)=A1 (1),
D(t)=Di (1), N
R(t) = R1 (1),
Q(t) = Qi ().
From Eq (3.58), we concluded that the solution of the proposed model (3.22) is

unique. ]
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3.9 Ulam’s stability analysis of model

The Ulam-Hyers (UH) stability is a concept in the theory of functional equations. It
tells us about the stability of functional equations when small perturbations occur.
In other words, UH stability gauges how close a solution of functional equations
is when equations are slightly perturbed. Multiple fields, including mathematics,
physics, engineering, economics, etc, can benefit from its significant applications.
Here we use the sense of UH stability to analyze the global stability of the Caputo
fractional model (3.22) [164, 22]. We define the following inequality by assume ¢ > 0
be a positive real number then

CDMw (t) —h(t,w(t))| <eVte[0,T]. (3.59)

where ¢ = max(e]-) forj=1,2,3,4,5,6.

S(t) 5(0) F1(S,E,A,D,R,Q)
E(¢) E(0) F»(S,E, A, D, R, Q)
A(t) _ A(O) | F (S,E,A,D,R,Q)
v =1pr | “=1Dbo) htw®) = | g S E A DR Q)
R(t) R(0) F5(S,E,A,D,R,Q)
Q(t) Q(O) IF6(S/ E,A, D, R/ Q)
a| + ClzagR(t) — a12a7A(t)S(t) — (616 + ﬂ4)5(t)
a12a75(t)A(t) — E(t)(ag =+ El4)
h(t,w(t)) _ 6114519E(f) — (614 + a5 + au)A(t)

115A(t) + a11(1 — 6110)A(t) — (&lg + a3+ a4)D(t)
(1 — a14)a9E(t) + llgD(t) + analoA(t) — (a4 + llg)R(t)
a6S(t) + (1 — a2)asR(t) — asQ(t)

with the initial conditions wy.
For w € E is solution of Caputo fractional model (3.22) <= thereisp € & such
that:

() = |p(t)] <e.
(ii) : CDfw(t) = h(t,w(t)) + p(t), Vte€[0,T).
We implement the R-LF integral to (ii), then we get

1

N)/Ot (t—u)N_lh(u,w(u))du—i—l/Ot (t— ) p (u)du (3.60)

T E T I

< =0 )
(3.61)

(3.62)
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Definition 3.16. (UH Stability) The Caputo-fractional model (3.22) is called UH
stable if 3 a real number Co > 0 such that, for every e > 0 and any w(f) satisfying
Eq (3.59) then the Caputo fractional model (3.22) possess a solution w(t) satisfying

[@(t) -~ w(t)| < Coet € [0 T]. (3.63)
where
T
€ = max (Sj)T, Co = max (qu}) for j=1,2,3,4,5,6.
5(t) 5(0) 1(S,E,A,D,R,Q)
E(t) E(O) Z(SIE/ A/ 5/ FI Q)
_ 4w _ A(0) _ | 3(5EAD,RQ)
U= ©=|p)| PO = | S EADRO)
Rt R(0) J(SEADRQ
Q(t) Q(0) 6(S,E,A,D,R,Q)
€1 Co,
€ Co,
€3 Ccp
= C — 3
e=max | o = max Ca
€5 Co;
€6 Co,

Since 3 a unique solution of model (3.22), we proposed the following result:

Theorem 3.17. Supposew (t) = (S (t),E (), A (t),ﬁ(t),ﬁ(t),@(t))T, then

‘ (3.64)

where r> 0 is constant.

Theorem 3.18. Suppose that assumptions (i) and (ii) hold. Then Caputo fractional model
(3.22) is UH stable [0 T]if I (R +1) > eT™.

Proof. Consider the unique solution of the Caputo fractional model (3.22) w(t) and
let it w(t) satisfy Eq (3.63). The R-LF integral implemented on both sides of model
(3.22), we get

w(t) = wo(t) + F(lN) /Ot (t— )™V (w0 () du (3.65)

as

Now, using Egs (3.65) and (3.62) we compute Norm Hw (t) —w(t)

1

Hw(t) —w(h H - Hw(t) — 0 (1) = gy b =" ()| G
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By adding and subtracting term ﬁ fot (t —u)® ' (u,@ (1)) du and applying the
triangular inequality, we have,

t
Hw(t) —w(t) H < Hw(t) —wp (t) — 1/ (t—u) " h(u,@ (1)) du ||+
') Jo
. , - (3.67)
i =000 () = 0 3)
Using Eq (3.62), Theorem (3.17) and norm property,
eT® rTR
e < ey .
Y [ T Y™
This implies that
() — w(t)] < Coe (3.69)
where Cp = F(N—Q—Tli?—ﬂ"“ We conclude that the Caputo fractional model (1) is UH
stable. O

Ulam’s stability defines the global impact by making a small perturbation around
the system. UIH stability prevents small errors from causing drastic errors in long-
term disease prediction, crucial in real-life epidemiological modeling where disease
transmission, rehabilitation periods, recovery process, etc, play a critical role. We
define this global stability analysis in Fig (3.7) by perturbing the initial condition
from its baseline in addiction and depression phenomena. We see that in both cases,
like Ry > 1 and Ry < 1, the solution approaches their equilibrium states.

160
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(a) Addicted Class A(t) with Ry < 1. (b) Addicted Class A(t) with Ry > 1.
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(c) Depressed Class D(t) with Ry < 1. (d) Depressed Class D(t) with Ry > 1.

FIGURE 3.7: Simulation of addiction and depression phenomena for

model (3.22) with Caputo fractional derivative presents here. first

column shows present the case Rg < 1 when we perturbate the initial

condition of both classes with a4 = 0.09,a1, = 0.2 while second col-
umn describe the case Ry > 1 with a4 = 0.05, a1, = 0.8.
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3.10 Numerical simulation of model

Here we explain the numerical implementation of all schemes used for the model
with the initial conditions (ICs) Sg = 100,Eg = 1,Ag = 5,D9 = 2,Ry = 0,Qp = 10
and parameters given in Table 3.2. For case Rp = 0.2171 < 1 we take parameter
ay = 0.09 and a1, = 0.2 while parameter values a4 = 0.05 and a1, = 0.8 used for
case Rg = 1.7590 > 1. In both cases, we take a step size of h = T/N and N =
1000. Mathematical formulation of all schemes with respective models is shown in
Appendix A.

3.10.1 Adams-Bashforth—-Moulton PECE scheme

We examined model (3.22) under the Caputo derivative, using "fdel2" [124], a MAT-
LAB routine to solve the system of fractional differential equations using the Caputo
operator, a popular approach in fractional calculus which is implemented by Gar-
rapa and based on the Adams Bashforth Moulton PECE scheme. The convergence,
accuracy, and stability of this method can be found in [95, 123]. The objective is to
describe the qualitative properties of model (3.22) using the Caputo derivative of
order 0 < N < 1 compared to the classical model at X = 1 as shown in Fig 3.8.
This study demonstrates that addiction and depression classes rapidly increase for
Ro > 1 compared to Ry < 1 with X = 0.995. Behavior of all classes on various frac-
tional order X = {0.7,0.8,0.85,0.9,0.95,0.995,1} shown in Fig 3.9 for Ry < 1. Our
analysis reveals that susceptible individuals decrease rapidly with the variation of
X approaching 1, becoming stable due to a high decay rate. This leads to increased
transmission to addicted individuals, causing a sudden jump in exposed individ-
uals. Addiction increases gradually due to increased contact rate, while media in-
fluence on addicted individuals increases depression. We investigate the effects of
Caputo derivative for Ry > 1 by examining the outcomes of all classes by adjust-
ing the fractional order ® = {0.7,0.8,0.85,0.9,0.95,0.995,1} in Fig 3.10 which shows
that disease spreads rapidly due to susceptible individuals transmitting to infected
individuals, leading to an exponential increase in the exposed population and rapid
growth of depression in social media addicted individuals. Although the recovered
class does not experience sufficient impact, permanently quieter populations expe-
rience rapid growth. Surface plots in Fig 3.11 represent the behavior of the model on
fractional order 0 < N < 0 with the changing of time.

Fractons Order Fractonsl Order Socia Mdia Addicion sod Depresion st X =095 Fractonsl Oer

4
]F

(a) Susceptible Class S(t) (b) Exposed Class E(t) (c) Comparison of Addicted
Class A(t) and Depressed
Class D(t)

FIGURE 3.8: All classes simulation for model (3.22) with Caputo

fractional derivative shown here. (a) present the case Ry < 1 with

ag; = 0.09,a1, = 0.2 while (b) describe the case Ry > 1 with

ay = 0.05,412 = 0.8 and (c) Compare Addicted and Depressed classes
with Caputo derivative R = 0.995 for Ry > 1and Rp < 1.



3.10. Numerical simulation of model 119

s0
3 & 8 8

(a) Susceptible Class S(t) (b) Exposed Class E(t) (c) Addicted Class A(t)

(d) Depressed Class D(t) (e) Recovered Class R(t) (f) Permanent Quieter Class
Q(t)

FIGURE 3.9: Results of model (3.22) with Caputo fractional derivative
at order X = {0.7,0.8,0.85,0.9,0.95,0.995,1} for Ry < 1.
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(a) Susceptible Class S(t) (b) Exposed Class E(t) (c) Addicted Class A(t)

(d) Depressed Class D(t) (e) Recovered Class R(t) (f) Permanent Quieter Class
Q(t)

FIGURE 3.10: Results of model (3.22) with Caputo fractional deriva-
tive at order X = {0.7,0.8,0.85,0.9,0.95,0.995,1} for Ry > 1.

(d) Depressed Class D(t) (e) Recovered Class R(t) (f) Permanent Quieter Class
Q(t)

FIGURE 3.11: Analysis of Caputo fractional derivative X vs compart-
ment’s populations over time.
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3.10.2 Fractional Forward Euler Scheme (FFE)

Here we discuss the simulation of the FFE scheme of model (3.22) with Caputo frac-
tional derivative. We display the simulation for Ry < 1, Rg > 1, and compari-
son for addiction and depression classes of both cases in Fig 3.12 at fractional order
N = 0.995. Comparison shows the dynamic change for both cases. This clarifies
the enormous spike in the addiction and depression class for Rg > 1 relative to
Ry < 1 and shows the impact of parameters a4 and a1,. We investigate the findings
of all classes by adjusting the fractional order X = {0.7,0.8,0.85,0.9,0.95,0.995,1},
as seen in Fig 3.13 for Ry < 1, to verify the influence of non-integer order deriva-
tive. As we can observe, with a small value of R, the decay rate rapidly increases.
When the R approaches integer order 1, then the disease dynamics go to its equi-
librium state. One can easily observe that there is some decay at the initial point
for addicted individuals, which may be due to some external factors. Due to the
restricted movement of individuals, we see how the susceptible individuals decline
at varying rates and stabilize after ten days. This occurs because there is a sharp
increase in the exposed population as a result of the rapid rate of decay of the ex-
posed population, which increases the transmission to addicts. Similarly, for Ry > 1
after examining the outcomes of all individuals by adjusting the fractional order
N = {0.7,0.8,0.85,0.9,0.95,0.995,1} in Fig 3.14, we witness the rapid increase in
depression dynamics concerning addiction to social media. Due to the increase in
recovered class, the permanent quitter increased rapidly and did not stabilize even
after 100 days, and may become susceptible after some time. Fig 3.15 shows the
effects of fractional order 0 < X < 0 on all populations’ cures versus time.

(a) Susceptible Class S(t) (b) Exposed Class E(t) (c) Comparison of Addicted

Class A(t) and Depressed
Class D(t)

FIGURE 3.12: All classes simulation for model (3.22) with Caputo

fractional derivative shown here. (a) present the case Ry < 1 with

ag = 0.09,a1, = 0.2 while (b) describe the case Ry > 1 with

ay = 0.05,a1p = 0.8 and (c) Compare Addicted and Depressed classes
with Caputo derivative R = 0.995 for Ry > 1and Ry < 1.

3.10.3 Adams-Bashforth Molten Scheme (ABM)

We explore numerical solutions of model (3.22) with the ABM scheme under the Ca-
puto fractional derivative. The numerical results of the whole population with frac-
tional order X = 0.995 are shown in Fig 3.16 for Ry < 1 using parameters a4 = 0.09
and a1, = 0.2, Rg > 1 taking parameter a4 = 0.05 and 41, = 0.8 and Comparison
of both case for addiction and depression dynamics. It is evident that when Ry < 1,
the solution curves approach steady states uniformly. To confirm the impact of the
Caputo derivative, we analyze the results of each compartment separately for a frac-
tional order X = {0.7,0.8,0.85,0.9,0.95,0.995,1}, as shown in Fig 3.17 for Ry < 1.
When R is small, the decay rate increases significantly. When the X approaches in-
teger order 1, then the disease dynamics go to its equilibrium state. One can easily
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(d) Depressed Class D(t) (e) Recovered Class R(t) (f) Permanent Quieter Class
Q(t)

FIGURE 3.13: Results of model (3.22) with Caputo fractional deriva-
tive at order X = {0.7,0.8,0.85,0.9,0.95,0.995,1} forRp <1
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(d) Depressed Class D(t) (e) Recovered Class R(t) (f) Permanent Quieter Class
Q(t)

FIGURE 3.14: Results of model (3.22) with Caputo fractional deriva-
tive at order X = {0.7,0.8,0.85,0.9,0.95,0.995,1} for Ry > 1

observe that there is a sharp decrease in susceptible individuals because the trans-
mission parameters increase, due to which the addicted class increases gradually,
with a sudden increase in the exposed class. Addicted individuals who may recover
without some treatment may go to a permanent quieter or/and may become suscep-
tible. Due to the strong influence of social media, addicted people become depressed
and stable after a gradual increase. In Fig 3.18, we describe the effects of Caputo frac-
tional derivative for Ryg > 1 by examining the outcomes of all individuals by taking
the fractional order X = {0.7,0.8,0.85,0.9,0.95,0.995,1}. We see that all the solu-
tion curves for each R collect slightly at a point because the decay rate is very high.
Due to this, the exposed class suddenly increased. With the increase in contact rate,
the depressed individuals increases along with the increase in the depression rate.
This shows signs of the increase in recovered class because people start to complete
the treatment process to take this as a prevention measure, due to which the solu-
tion curve for the recovered class stable after 50 days. Parameter quieter increases
show the impact of the recovery rate. Effects of fractional order 0 < R < O on all
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(d) Depressed Class D(t) (e) Recovered Class R(t) (f) Permanent Quieter Class
Q(t)

FIGURE 3.15: Analysis of Caputo fractional derivative N vs compart-
ment’s populations over time.

populations’ cures with time seen in Fig 3.19.
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(a) Susceptible Class S(t) (b) Exposed Class E(t) (c) Comparison of Addicted

Class A(t) and Depressed
Class D(t)

FIGURE 3.16: All classes simulation for model (3.22) with Caputo

fractional derivative shown here. (a) present the case Ry < 1 with

ag = 0.09,a1p = 0.2 while (b) describe the case Ry > 1 with

ay = 0.05,a1p = 0.8 and (c) Compare Addicted and Depressed classes
with Caputo derivative R = 0.995 for Ry > 1and Ry < 1.
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(b) Exposed Class E(t)

(d) Depressed Class D(t) (e) Recovered Class R(t) (f) Permanent Quieter Class
Q(t)

FIGURE 3.17: Results of model (3.22) with Caputo fractional deriva-
tive at order X = {0.7,0.8,0.85,0.9,0.95,0.995,1} for Ry < 1
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(d) Depressed Class D(t) (e) Recovered Class R(t) (f) Permanent Quieter Class
Q(t)

FIGURE 3.18: Results of model (3.22) with Caputo fractional deriva-
tive at order X = {0.7,0.8,0.85,0.9,0.95,0.995,1} for Ry > 1

(a) Susceptible Class S(t) (b) Exposed Class E(t)

(d) Depressed Class D(t) (e) Recovered Class R(t) (f) Permanent Quieter Class
Q(t)

FIGURE 3.19: Analysis of Caputo fractional derivative X vs compart-
ment’s populations over time.

3.11 Effect of Parameters

In this section, we define the impact of some important parameters on model (3.22)
to check the variation of addiction and depression dynamics. We define the four
cases to check the prediction of these dynamic behaviors.

3.11.1 Case 1: The rate at which addiction spreads to susceptible people
(alz).

Here, we fixed the other parameters and varied the values of the rate at which sus-
ceptible people become addicted, which is (a1). We estimate the model (3.22) for
values of a1, = {0.2,0.4,0.6,0.8}. This parameter is very important for the dynamic
behavior of the model (3.22). Because when its values approach 0.8, then Ry > 1.
From Fig 3.20 we can easily conclude that there is a direct relation between the ad-
dicted and depressed class with parameter a14. With the increase of a;,, the number
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of addicted individuals increases, due to which the transmission of depression in-
creases in addicted individuals. So, to control the addiction to social media and
depression, the transmission rate of addiction to susceptible individuals (a17) is an
important factor.

(a) Susceptible Class S(t) (b) Exposed Class E(t) (c) Addicted Class A(f)
(d) Depressed Class D(t) (e) Recovered Class R(t) (f) Permanent Quieter Class

Q(t)

FIGURE 3.20: Variation of parameters a1, on model (3.22)

3.11.2 Case 2: Natural death rate (a4).

In this subsection, we fixed the other parameters and varied the values of the natural
death rate (a4). We approximate the model (3.22) for values of a4 = {0.05,0.09,0.15,0.25}.
a4 plays an essential role in predicting the dynamic behavior of the model (3.22). Be-
cause Rgp > 1 when its values become closer to 0.25. From Fig 3.21, we can easily
conclude that there is a direct relation between the addicted and depressed class
with parameter a4. Fewer people are passing away from natural causes when the
natural mortality rate is lower. This indicates that there are more people accessible
for the infectious disease to spread among and that the population number is largely
steady. More people are passing away from natural causes as the population’s nat-
ural mortality rate rises to 0.25. Eventually, this causes the population’s total size to
decline. There are fewer susceptible individuals in smaller numbers for the infec-
tious disease to propagate. As a result, on average, each infected individual infects
fewer new individuals. So, to control the addiction to social media and depression
dynamics, the natural death rate (a4) is an essential thing.

3.11.3 Case 3: The rate at which media effects become a cause of depres-
sion (as).

Here we explain the analysis of the variation of parameter a5. We fixed the other pa-
rameters and varied the values of the rate of media influence that causes depression
in people (a5). We approximate the model (3.22) for values of a5 = {0.3,0.4,0.5,0.6}.
Fig 3.22 indicates that increasing the value of a5, the addicted individuals decrease
gradually with the increase of depressed individuals because the addicted people
get more influence from social media, due to which most of the people do not auto-
recover. Therefore, a4 is vital to predict the dynamic behavior of the model (3.22)
and also to control this infection.
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]
(a) Susceptible Class S(t) (b) Exposed Class E(t) (c) Addicted Class A(t)
(d) Depressed Class D(t) (e) Recovered Class R(t) (f) Permanent Quieter Class

Q(t)

FIGURE 3.21: Variation of parameters a4 on model (3.22)

(a) Susceptible Class S(t) (b) Exposed Class E(t) (c) Addicted Class A(t)
(d) Depressed Class D(t) (e) Recovered Class R(t) (f) Permanent Quieter Class

Q(t)

FIGURE 3.22: Variation of parameters a5 on model (3.22)

3.11.4 Case 4: Depressed individuals who join the recovered class after
the treatment (ag).

The investigation of parameter ag is explained in this subsection. We keep the other
parameters fixed and vary the values of the rate at which media influence causes
people to become depressed (ag) to approximate the model (3.22) for as = {0.1,0.4,0.7,1}.
Fig 3.23 shows that increasing the value of ag and approaching 0.6, the depressed in-
dividuals decrease gradually because the affected people get treatment properly, and
most of the people recovered. Hence, the recovery rate increases, so the permanent
quieter increases instantly. But there is little impact on the other classes. Therefore,

ag is vital to predict the dynamic behavior of the model (3.22) and also to control the
recovery and permanent quieter individuals.
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(a) Susceptible Class S(t) (b) Exposed Class E(t) (c) Addicted Class A(f)
(d) Depressed Class D(t) (e) Recovered Class R(t) (f) Permanent Quieter Class

Q(t)

FIGURE 3.23: Variation of parameters ag on model (3.22)

3.12 Discussion

Traditional classical calculus models overlook memory effects in epidemic dynam-
ics, while fractional order operators offer a more realistic framework for incorporat-
ing system memory and hereditary features in disease modeling. This section ex-
amines the dynamics of state variables in the proposed fractional model under the
Atangana-Baleanu-Caputo (with non-singular kernel) and Caputo fractional (with
singular kernel) operators. The model’s significant biological parameters and the
change in fractional-order N are used to create profiles for each state variable, se-
lected from Table 3.2. This paper argues that only numerical simulations are af-
fected by small changes in the fractional derivative order, not the general behavior of
the resulting functions. It uses Adams Bashforth Moulton PECE (fdel2), Fractional
Forward Euler (FFE), and Adams Bashforth Molten (ABM) with Caputo derivative,
which exhibits non-smooth behavior at the initial time, following the convergence
properties of the numerical schemes. All the results are qualitatively similar for all
schemes. As we can see from both fractional order operators’ results, with time, the
susceptible individuals gradually decrease and stabilize after some time when X ap-
proaches 1. This decline is due to a high decay rate and increases in the contact rate
of susceptible individuals with infected individuals. Due to this reason, exposed in-
dividuals grow suddenly. The curve for exposed individuals goes up and comes to
stability after a decline. People in this class are contaminated during the incubation
phase, but they are not yet exhibiting symptoms or able to spread the disease.
Similarly, exposed individuals who start to continue using social media badly
become social media addicted, which affects their study, sleeping, and work routine
of students and other people, and they start to feel anxiety, tiredness, and laziness
throughout the whole day. All these individuals moved to the addicted class. At
that point, a few take some measures or self-control strategies like starting to man-
age their daily routine and using social media in a good sense; they recover and
move to the recovered individuals, and again become susceptible. The renaming of
people who are continuously becoming addicted to social media addicted. When
someone starts using social media badly, they are easily affected in a good or bad
way by the opinions of other people who are linked with them on social media apps
like Facebook (Meta), Twitter (X), WhatsApp, YouTube, Instagram, etc. They are
easily impressed by others’ social posts, start feeling him /herself lonely, and do not
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take an interest in true relationships. Sometimes they are badly affected by some-
one’s bad comments or offensive opinions about beauty, wealth, racism, religious
extremism, poverty, etc, on his/her social posts. If these things continue for a long
time, they feel anxious, lonely, and depressed, and become depressed individuals.
So, when the influence of social media increases on addicted individuals, they move
to the depressed class. Those people who take proper treatment and complete the
process recover and move to the recovered class, while those people who do not take
medicine become mentally unstable, like madness, and in some cases, this leads to
suicide. While others who take medicine but cut off the process after some time,
again move to the addicted or susceptible class. So with the decrease in addicted
individuals, the recovered class increases. With the increase of recovered individu-
als, the permanent quieter increases instantly, and some of the susceptible become
recovered.

To check the comparison results for specifically addicted and depressed individ-
uals, we utilize Toufik Atangana (TAS) and Adams type predictor-corrector (ATPC)
with Atangana-Baleanu-Caputo fractional derivative, which can be seen in Fig 3.24
by assuming time in days on the x-axis and population on the y-axis. The results
are predicted for N=2000 when h=N/100. All these schemes have a singular kernel
that exhibits smooth behavior at the initial time, following the convergence proper-
ties of the numerical schemes. We see that the ATPC scheme predicts more addicted
and depressed cases for the Atangana-Baleanu-Caputo operator as compared to the
fdel2, FFE, and ABM schemes for the Caputo operator. The main point to note is
that addicted and depressed individuals become stable after 20 days of the ATPC
scheme, while Caputo operator schemes become stable approximately after 40 days.
This means the Caputo operator predicts a higher disease persistence ratio as com-
pared to the Atangana-Baleanu-Caputo operator for the model. The error analysis

Comparison of all schemes for Addicted Individuals Comparison of all schemes for Depressed Individuals
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FIGURE 3.24: Comparison of addicted and depressed Class with Ca-
puto and Atangana-Baleanu-Caputo operators

of all schemes with the Caputo operator is given in Tables 3.3, 3.4 by taking fdel2 as
reference solution due to its higher order convergence and min computational cost.
Table 3.3 shows that FFE has less computation cost but exhibits more error. The dif-
ference between the solutions of fdel2 and FFE for each class is large. Also, Table 3.4
predicts that ABM has relatively more computation cost but exhibits very small er-
ror as compared to FFE, and the difference between the solutions of fdel2 and ABM
is given for each class, which indicates that the difference is much less. So, one can
use one of these schemes according to their Caputo fraction problem specification.
Similarly, Tables 3.5-3.6 present the error analysis of all schemes with the Atangana-
Baleanu-Caputo operator. Table 3.5 predicts that TAS has less computation cost but
exhibits more error because it takes more time steps to converge the solution. The
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difference between the solutions for each class is large. Table 3.6 predicts that ATPC
has relatively more computation cost but exhibits much less error as compared to
TAS because it takes fewer time steps to converge the solution. Also, the difference
between the solutions for each class is very small. Hence, one can use one of these
schemes according to the Atangana-Baleanu-Caputo fraction problem specification.
We provide the following justification to support the suitability of the model for
real-world applications.

¢ We used the Caputo fractional derivative, which has a memory effect property,
making it a reasonable choice to analyze the interplay of addiction and depres-
sion. These physiological states happen due to pre-pressure of social media ex-
posure, anxiety, mental health issues, and demographics because they emerge
from the entire history, not just recent events, which is a non-local behavior.

¢ We utilize different numerical schemes to justify this behavior by taking a frac-
tional order derivative X € (0, 1) because this phenomenon can not be properly
modeled using simple integer order differential equations models. By provid-
ing a comprehensive modeling approach that enables interpolation between
dynamic behaviors as N varies, the fractional derivative improves its capacity
to capture psychological impacts throughout time.

¢ The model reveals significant relapse dynamics and connections between so-
cial media addiction and depressed symptoms, as extensively studied in be-
havioral health and psychology literature. The simulations show qualitative
behavior consistent with these patterns, including recovery processes under
lower exposure, proper treatment, and increased depression risk with exces-
sive social media use.

® Our focus is to provide a mathematical framework for understanding social
media addiction and depression dynamics using fractional derivatives. It em-
phasizes the role of media influence, awareness against excessive use, and
mental issues due to addiction in understanding these complex behaviors.
The model uses parameter values from existing literature, ensuring consis-
tency with real-world situations. Stability and sensitivity analyses are also
conducted to provide more accuracy and prove the model’s well-posedness.
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TABLE 3.3: Error analysis of the numerical results achieved via Frac-
tional Forward Euler Scheme (FFE) at X = 1

Method At CPU Time (s) Error Remarks
FFE 0.01 0.006485 5.186e-01 Stable
0.007 0.004849 2.579e-01 Stable
0.003 0.002760 1.286e-01 Stable
0.001 0.009253 6.422e-02 Stable
0.0009 0.031252 3.209e-02 Stable
0.0004 0.076402 1.604e-02 Stable
0.0002 0.135925 8.019e-03 Stable
0.0001 0.467784 4.009e-03 Stable
0.00006 1.911050 2.004e-03 Stable
0.00003 10.375891 1.002e-03 Stable
0.00001 55.772499 5.011e-04  Stable
Values S(t) E(t) A(t) D(t) R(t) Q(t)
||fdel2 — FFE|;  2.449e-03 2.838e-03 5.854e-04 9.356e-05 5.853e-05 5.784e-05
||fdel2 — FFE|,  3.236e-04 3.744e-04 7.751e-05 1.326e-05 8.410e-06 8.852e-06
||fdel2 — FFE|w 4.803e-05 5.544e-05 1.160e-05 2.396e-06 1.629%-06 2.014e-06

TABLE 3.4: Error analysis of the numerical results achieved via
Adams-Bashforth Molten Scheme (ABM) at X =1

Method At CPU Time (s) Error Remarks
ABM 0.01 0.016615 2.875e-03  Stable
0.007 0.011957 7.121e-04  Stable
0.003 0.006981 1.772e-04  Stable
0.001 0.022558 4.420e-05  Stable
0.0009 0.064408 1.104e-05  Stable
0.0004 0.211950 2.757e-06 ~ Stable
0.0002 0.323301 6.891e-07  Stable
0.0001 0.992854 1.723e-07  Stable
0.00006 4.885589 4.305e-08  Stable
0.00003 22.277127 1.076e-08  Stable
0.00001 102.221213  2.681e-09  Stable
Values S(t) E(t) A(t) D(t) R(t) Q(t)
||fdel2 — ABM||;  1.191e-08 1.591e-08 4.489%-09 1.836e-09 1.611e-09 1.652e-10
||fdel2 — ABM||,  1.555e-09 2.079e-09 5.954e-10 2.404e-10 2.102e-10 2.260e-11
|fdel2 — ABM||« 2.376e-10 3.114e-10 8.960e-11 3.645e-11 3.214e-11 3.956e-12
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TABLE 3.5: Error analysis of the numerical results achieved via
Toufik-Atangana Scheme (TAS) at X = 1 and N = 2! as reference

solution
Method At CPU Time (s) Error Remarks
TAS 0.003 0.537499 4.450e-04 Stable
0.001 0.203856 1.111e-04 Stable
0.0009 0.453970 2.774e-05 Stable
0.0004 1.069371 6.932e-06 Stable
0.0002 2.162431 1.732e-06 Stable
0.0001 8.188175 4.330e-07 Stable
0.00006 36.168801 1.082e-07 Stable
0.00003 72.705276 2.696e-08 Stable
0.00001 448.812087  6.660e-09 Stable
0.000007  1553.436691 1.588e-09 Stable
0.000003  4914.702484 3.173e-10 Stable
Values S(t) E(t) A(t) D(t) R(t) Q(t)
ITAS — TASz,-6|l1  3.024e-09 3.645e-09 8.195e-10 3.518e-10 2.871e-10 3.040e-11
|ITAS — TAS3,¢|l2  1.991e-10 2.394e-10 5.399e-11 2.294e-11 1.873e-11 2.095e-12
ITAS — TAS3,4||0 1.506e-11 1.770e-11 4.011e-12 1.727e-12 1.475e-12 1.865e-13

TABLE 3.6: Error analysis of the numerical results achieved via
Adams-type Predictor-Corrector Scheme (ATPC) at X = 1 and N =

219 as reference solution
Method At CPU Time (s) Error Remarks
ATPC 0.003 0.060952 1.249e+00 Stable
0.001 0.045743 6.236e-01 Stable
0.0009 0.095342 3.113e-01 Stable
0.0004 0.188558 1.553e-01 Stable
0.0002 0.383357 7.732e-02 Stable
0.0001 1.155541 3.835e-02 Stable
0.00006 5.178137 1.887e-02 Stable
0.00003 25.539938 9.132e-03 Stable
0.00001 113.470768 4.261e-03 Stable
0.000007 495.325639 1.826e-03 Stable
0.000003  2891.464980  6.088e-04 Stable
Values S(t) E(t) A(t) D(t) R(t) Q(t)

|ATPC — ATPCs, 41 8.711e-03
|ATPC — ATPCyp¢ll2  5.669¢-04
|ATPC — ATPCs, 4| 6.503e-05

2.704e-03
2.415e-04
4.612e-05

7.495e-04
5.008e-05
5.142e-06

1.893e-04 8.671e-04 2.718e-04
1.490e-05 5.472e-05 1.915e-05
1.732e-06 4.007e-06 1.952e-06

3.13 Conclusion

In this manuscript, we provide the modeling and numerical simulation of the pro-
posed fractional model by substituting the Caputo fractional derivative. The basic
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reproduction number Ry is calculated by applying the next generation matrix ap-
proach, which works as a threshold parameter in the spread of addiction and depres-
sion and gives information about the persistence or vanishing of these physiological
states over time. The stability analysis of both steady states Ey and E; of the model
is defined. According to the mathematical study, the disease-free equilibrium point
(Ep) is locally asymptotically stable if Ry < 1, which indicates that the disease will
eventually die out in the population. However, it will continue to exist in the popula-
tion if Rg > 1. The endemic equilibrium point (E;) is locally asymptotically stable if
Ro > 1, which shows the persistence of the disease in the population. The sensitivity
analysis of the Ry is simulated by using Normalized Sensitivity Index (NSI) and Par-
tial Rank Correlation Coefficient (PRCC), which tells the significance of parameters.
NSI defines the parameters” local sensitivity by small variation for its baseline, while
PRCC offers the global sensitivity by capturing the possible non-monotonic relation
of parameters with Rg. We define the positivity and boundedness of the model to
maintain biological significance and mathematical well-posedness. It preserves non-
negativity of state variables, ensuring population densities, behaviors, and psycho-
logical states do not take unrealistic negative values. The use of the Banach con-
traction principle has demonstrated the model’s unique solution. Global stability is
described by Hyers-Ulam stability analysis, which measures the system’s resilience,
robustness, and reliability. We note that due to small deviations in parameters, initial
values, or numerical errors, the solutions of the model do not diverge significantly
and tend to return to the true trajectory over time. Numerical simulation by varying
the fractional order N of the model is carried out to check the non-local behavior
of this mutual dynamics because as N varies, the Caputo derivative improves its
capacity to capture psychological impacts throughout time. This shows the advan-
tage of capturing the qualitative behavior consistent with physiological patterns,
including addiction and depression transmission, pre-influence, demographic im-
pact, and recovery processes over the integer order dynamics. Numerical findings
demonstrate that reducing susceptible interaction with addicted individuals, pro-
viding initial treatments to depressed individuals, and limiting the influence of so-
cial media on addicted individuals are crucial steps in effectively curbing the spread
of social media addiction and depression. This can be done by applying self-control
and government control distancing measures to get proper sleep, TV ads, physi-
cal therapies, and utilizing proper treatment for depressed individuals. Hereditary
features and memory traces are utilized to demonstrate the model’s disappearing
behavior when X approaches 1. Comparing the Caputo fractional derivative results
of mutual dynamics with Atangana-Baleanu—Caputo (ABC) fractional derivatives
shows consistent non-local behavior and highlights distinct memory properties —
Caputo derivative highlights power-law memory, while the ABC derivative cap-
tures non-singular, exponential decay memory. Both might be used to describe com-
plicated real-world dynamics, depending on the type of memory effect. This study
presents a new perspective on the addition and depression interplay, focusing on
the ABC and Caputo fractional derivatives. As this model provides insight into the
transmission process of social media addiction and depression, it requires new tools
to reveal hidden behavior in nonlinear epidemiological systems. Future research
should use these fractional operators, such as Caputo-Fabrizio, Atangana-Gomez,
Atangana beta-derivative, truncated M-derivative, and fractal-fractional. This study
can also be explored in the context of the sensitivity and optimal control solution
of the proposed model, allowing for the prediction of fractional derivative operator
variations.
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Part 11

Forecasting, Data Augmentation
and Control Problem
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Chapter 4

Data augmentation in epidemic
model with Feed Forward Neural
Network and Nonlinear
Autoregressive Network

A proof of concept is presented that integrates compartmental disease dynam-
ics models with machine learning to enhance epidemic prediction. By apply-
ing data-driven methods and deep neural networks to a Susceptible-Infected-
Recovered model featuring social aspects, the study demonstrates improved
forecasting capabilities. The results indicate that a strong data augmentation
strategy can enhance Feed-Forward Neural Networks and Nonlinear Autore-
gressive Networks, making them competitive with Physics-Informed Neural
Networks. This novel approach addresses nonlinear dynamics and offers scal-
able solutions for epidemic forecasting. This chapter is based on the study [32].

4.1 Introduction

The COVID-19 pandemic has underscored the need for accurate and computation-
ally efficient predictive models that not only describe the spread of infectious dis-
eases but also provide fast and reliable forecasts to guide public health interventions.
A key challenge in epidemic modeling is balancing mechanistic realism with com-
putational tractability. Among the most widely used approaches are compartmen-
tal models, such as the classical Susceptible-Infected-Recovered (SIR) models, which
describe disease dynamics by partitioning the population into epidemiologically rel-
evant compartments [69, 142, 163]. Specifically, these models categorize individuals
as susceptible (capable of contracting the disease), infected (currently infected and
capable of transmitting the disease), and recovered (immune or isolated from the
population, i.e. people that no longer contribute to disease transmission). Despite
their simplicity and effectiveness in capturing some fundamental epidemic trends,
classical SIR models assume constant transmission and recovery rates, limiting their
ability to represent the complex, nonlinear, and time-varying nature of real-world
epidemics.

To address these limitations, extended versions of the SIR model have been pro-
posed in the recent past, incorporating time- and state-dependent transmission rates,
saturated incidence functions, and heterogeneous population behaviors [9, 63, 91].
For example, models incorporating saturated or nonlinear incidence rates [99, 42,
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92], as well as kinetic approaches to contact dynamics [49], have proven effective in
capturing the impact of social distancing measures during the pandemic. These re-
finements enhance realism and allow for better representation of the diverse factors
influencing epidemic trajectories.

In parallel, machine learning techniques, particularly neural networks, have emerged
as powerful tools for studying epidemic spread [64, 38, 170]. By leveraging their
ability to approximate complex, nonlinear relationships, neural networks comple-
ment traditional modeling approaches and extend their applicability. Recent ad-
vancements, such as Physics-Informed Neural Networks (PINNSs), integrate mech-
anistic knowledge of underlying physical or biological processes directly into the
training phase of neural networks [86]. This integration ensures model robustness
and consistency with known dynamics, even when data are scarce or uncertain. For
instance, PINNs have been successfully applied to solve forward and inverse prob-
lems in epidemic modeling, ensuring that predictions adhere to underlying physical
laws [52, 158, 226, 47, 140].

Feed-Forward Neural Networks (FNNs) and Nonlinear Autoregressive Networks
(NARs) also offer promising approaches for epidemiological predictions [129, 25,
181]. FNNs map inputs directly to outputs through layers of nonlinear transfor-
mations, making them effective for tasks such as interpolation and short-term fore-
casting. This approach has been applied across various domains, including early
recolonization detection in Parkinson’s disease, biological parameter estimation in
disease models, COVID-19 data analysis, musculoskeletal disorder risk assessment,
and statistical modeling for selecting optimal FNN architectures [110, 243, 203, 233,
76, 184]. However, FNNs do not account for temporal dependencies, limiting their
ability to model the evolution of epidemics over time.

Conversely, NARs are specifically designed to process sequential data, making
them well-suited for time-series forecasting in epidemic modeling. By incorporat-
ing previous values of the time series, NARs retain information about past states,
enabling them to capture temporal dependencies in epidemic dynamics. These net-
works have been successfully applied in the recent past to forecast infection peaks,
estimate recovery rates, and simulate intervention scenarios [181, 182, 211, 155, 238,
116, 59].

In this work, we introduce a hybrid epidemic forecasting approach that inte-
grates mechanistic epidemiological models with data-driven FNNs and NARs, cre-
ating a surrogate model capable of generalizing across different epidemic scenar-
ios. This approach enables fast, data-driven epidemic forecasting while preserving
the interpretability of traditional mechanistic models. The resulting methodology
is applied to analyze the lockdown and post-lockdown phase of the COVID-19 epi-
demic in Italy and Spain, leveraging real-world data and enhanced computational
strategies to improve predictive accuracy. This framework enables us to augment
real-world epidemic data with synthetic simulations generated from a generalized
SIR model, which includes a saturated incidence rate to better reflect intervention
effects and behavioral changes. The main idea consists of addressing the limitations
posed by sparse real-world data by generating additional synthetic information us-
ing a generalized SIR data driven model. Specifically, we focus on an extension
known as the social-SIR model with a saturated incidence rate, referred to here as
the generalized SIR model in the following. This model modifies the transmission
dynamics [99] by allowing the infection rate to vary with time and the number of
infected individuals. Such modifications enable the incorporation of external inter-
ventions, such as lockdowns or vaccination campaigns, as well as psychological and
behavioral adaptations [65].



4.2. Problem setting 137

The enriched dataset, combining real and synthetic data, is then used to train the
neural networks, allowing them to effectively learn epidemic dynamics and improve
predictive accuracy. By leveraging the flexibility of FNNs and the sequential mod-
eling capabilities of NARs, our approach captures both short-term and long-term
epidemic trends. Unlike PINNs, which explicitly encode governing equations into
the network architecture, our method enables networks to infer dynamics implicitly
through data-driven learning. This eliminates the need for embedding differential
equations directly into the training process, enhancing adaptability to different sce-
narios while reducing computational complexity.

The remainder of this paper is structured as follows. In Section 4.2, we recall
some standard features about the classical SIR model, and we introduce the social-
SIR model with a saturated incidence rate used to produce synthetic data. Section
4.3 defines the optimization problems used to estimate parameters and the incidence
function during the pre-lockdown, lockdown, and post-lockdown phases in Italy
and Spain. In Section 4.4, we present the neural network structures, distinguishing
between FNNs and NARs, and we perform some detailed numerical experiments
to validate our strategy. Finally, Section 4.5 summarizes our findings and outlines
potential future research directions.

4.2 Problem setting

The governing equations of the standard SIR model, which describes the spread of
an infectious disease in a population of N individuals divided into three compart-
ments—Susceptible (S), Infected (I), and Recovered (R)—are given by

as(t)  S(HI(t)

I VI

d;(tt) _ 55(1‘1)50) — A1), (4.1)
dlzgt) = I(t),

where the total population corresponds to N = S(t) + I(t) + R(t), and the system
is complemented with suitable initial conditions. The parameters § > 0 and y > 0
represent the disease transmission rate and the recovery rate, respectively, and are
assumed to be constant in (4.1). For simplicity, we also absorb N into the coefficient
B in the following.

Despite its simplicity, the above model has been shown to be able to capture some
features related to the spread of an epidemic. However, as expected, it also suffers
from some drawbacks due to the inability to describe more complex structured so-
lutions, which has been observed, for instance during the last COVID-19 epidemic
[125]. In particular, recent studies have highlighted the crucial role of transmission
coefficients in relation to social behavior, which significantly influences pathogen
spread [67]. In this research direction, the works in [67, 99] explored how controlling
the number of daily social contacts can guide partial lockdown strategies. This is a
type of phenomena we address in this work and which cannot be captured with the
system (4.1). Building on this perspective, some of the authors of the present work
have developed in the recent past a new mathematical framework linking social con-
tact distributions with disease transmission in multi-agent systems in [99]. This is
achieved by integrating a classical compartmental epidemiological model with ki-
netic equations governing social contact formation. The resulting model is given
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by
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where H(t, I(t)) is a macroscopic incidence rate [99], representing a time-dependent
adjustment to infection rates based on behavioral and policy changes (e.g., lock-
downs). In the sequel, we consider the following bounded function that moderates

infection spread
1

1+ 5 fot I(s)ds’

where v > 0 is a constant that has been shown to reflect the variance in contact rates
within the population. The system (4.2), even if built on a different basis, shares con-
ceptual similarities with the models introduced in [69], where a nonlinear, bounded
function g(I) modulates disease transmission. This approach accounts for the fact
that, as the number of infected individuals increases, the effective infection force
may decrease due to factors such as behavioral adaptations or resource limitations.
In the same direction as [186] it has been introduced a nonlinear, saturated incidence
rate of the form

H(t, I(t)) (4.3)

BI™S . ds(t)
I th —— = —g(I(t))S(t 4.4
where BI™S represents the baseline infection force, and ﬁ accounts for behavioral

responses, such as increased caution among susceptible individuals. Here, B, m, k are
positive constants, and « is a non-negative constant [83, 272, 246]. A specific case,
with m = 1,k = 1, yields the form proposed in [69] to model the crowding effect
observed during the 1973 cholera outbreak in Bari:

I
g =1t 45)

Alternatively, setting m = 1,k = 2 results in the Monod-Haldane (M-H) function,

Bl

s =11 p (4.6)

which is commonly used to model physiological constraints in infection dynamics.
The so-called social-SIR model (4.2) exhibits a similar incidence rate behavior,
extending the form in (4.5) to account for the impact of protective measures such as
lockdown strategies and infection control. Unlike classical models, this generalized
framework incorporates a time-dependent, saturated incidence rate to capture the
cumulative effects of infection dynamics and behavioral adaptations in response to
an epidemic. This model has previously been successfully employed to analyze the
effects of partial lockdown strategies in various European countries. For the pur-
pose of demonstrating the proposed data augmentation strategy, we select a dataset
corresponding to a period marked by COVID-19 lockdowns. It is worth mentioning
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that the complexity introduced by lockdown measures makes the forecasting pro-
cess more challenging compared to standard scenarios. Therefore, in the following,
we employ system (4.2) to develop our data-driven strategy and the associated deep
learning framework, enabling epidemic forecasting.

4.3 On the the construction of a data driven social-SIR model

In the context of epidemic prediction, mathematical models such as those presented
in the previous section provide valuable insights into the spread of infectious dis-
eases. However, these models often rely on predefined assumptions and parameters
that may not fully capture the complexities of real-world epidemics. Neural net-
works offer a powerful alternative by learning directly from data, enabling them to
model complex, nonlinear relationships that traditional epidemic models may strug-
gle to represent. However, one major limitation of training neural networks exclu-
sively on available data is that, while they can effectively interpolate within a given
time interval, they struggle to make accurate predictions beyond the observed data
points [170, 25, 52]. To address this issue, we propose an approach that combines
a mathematical epidemiological model—the social-SIR model (4.2)—with real out-
break data. The key idea is to generate additional synthetic information by solving
this generalized SIR model, thereby filling the gaps between available real or mea-
sured data points. With this enriched dataset, one can train a neural network more
effectively to predict future infection trends in a given population. As we demon-
strate later, this approach leverages both real and synthetic data, significantly im-
proving predictive accuracy and enhancing the model’s ability to forecast epidemic
dynamics. However, to implement this strategy, the model must be capable of inter-
polating through the experimental data points. Therefore, in the following section,
we discuss how the parameters in (4.2) are defined.

4.3.1 Parameters estimation

To develop our approach, we focus on the COVID-19 outbreak in two European
countries, Italy and Spain, during the 2020 pandemic. Recognizing that data col-
lection processes inherently introduce errors, particularly due to underreporting of
the number of infected individuals in the pandemic’s early stages, we assume an
intrinsic uncertainty is embedded in the collected data, capturing the variability and
limitations of real-world measurements, [78]. While the development of advanced
uncertainty quantification techniques falls outside the scope of this work, it repre-
sents a promising avenue for future research. In the present study, we instead adopt
the well-established framework described in [99, 9]. Given that both countries im-
plemented restrictive measures during this period, we proceed as follows. We define
two optimization phases: in the first phase, we estimate the parameters g and <y for
the pre-lockdown period using the model (4.2) with H(t,I(t)) = 1; in the second
phase, we estimate the function H(¢, I(t)) from lockdown and post-lockdown data.

The COVID-19 data for Italy are available from the GitHub repository of the
Italian Civil Protection Department, while data for Spain can be accessed here. In
practice, to estimate the parameters  and -y, we formulate the following minimiza-
tion problem:

min J (I, 1), (4.7)
By
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subject to the constraint that the equations of system (4.2) have to be satisfied when
H(t,I(t)) = 1. The objective function to be minimized is defined as

J (L 1) = 1) - 1(1)|% (4.8)

where [(t) represents the reported infected cases from the data set at disposal, while
I(t) is the model output, and || - || denotes the L, norm. Throughout the manuscript,
the variables S, I, and R and the data are assumed to be normalized and to denote
fractions of the total population.

We consider data over the time interval [fo, t;), where ¢, (set to February 24, 2020)
marks the initial time, and ¢; represents the lockdown start date (March 9 for Italy
and March 14 for Spain). We search for a minimum under the constraints

0<B<06  0<vy <006 (4.9)

where the bounds are chosen according to the available estimates [125]. To solve the
optimization problems in (4.7), we rely on the use of the Matlab functions fmincon in
combination with an RK4 integration method of the system of ODEs. The result of
the optimization procedure on the pre-lockdown phase gives, for Italy, the following
values

b —03107, I =0.0328, (4.10)

while for Spain
o =02340, 95 =0.0224. (4.11)

est

Both the estimated transmission rates f.; and the recovery rates 7.s; have units
of inverse time (e.g., day!), ensuring the correct dimensional consistency of the
model equations. In Figure 4.1 on the left the evolution of the dynamics in the
pre-lockdown phase in Italy obtained by solving the social-SIR model (4.2) with
H(t,I(t)) = 1, using the estimated parameters B = BLi, and v = ¢, in (4.10). This
is compared, in the same image, to the experimental data from the pre-lockdown
phase, spanning up to time t; = 14 with a time step At = 1 corresponding to 14 days
with 1 day interval between the measurements. The estimated dynamics align quite
well with the available data, as confirmed by the embedded plot, which shows the
pointwise error over time between the solution of the generalized SIR model and the
data at disposal, i.e.

E(t) = |I(t) — I(t)]. (4.12)

In the same Figure on the right the pre-lockdown dynamics in Spain computed by
solving the social-SIR model (4.2) with H(t,I(t)) = 1, using the estimated parame-
ters f = ,Bfﬁ and v = 'yfs’z in (4.11) compared with the experimental data spanning
up to time t; = 18. The two solutions are in good agreement, as confirmed by the
plot showing the pointwise error computed as in (4.12).

Once § and 7 have been estimated, we proceed to determine the pointwise val-
ues H(t,I(t)) in (4.2) in such a way that the model fits as well as possible the lock-
down and post-lockdown data, i.e., data in the interval [t;, T], where T (set to July
1st) is the final observation time for both countries. To this end, we solve the follow-
ing new optimization problem

i i, 413
rll_rll(ltr)lj( ) (4.13)
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FIGURE 4.1: Pre-lockdown phase. Dynamics of the infected popula-

tion computed by solving the social-SIR model (4.2) with § and v as

in (4.10) (Italy), and as in (4.11) (Spain) and H(t,I(t)) = 1, compared

with the experimental data. In the embedded plot, the pointwise er-

ror between the two quantities is computed as in (4.12). On the left,
Italy. On the right, Spain.

subject to the constraint that the solution has to satisfy the equations of the system
(4.2), with J (-) defined as in (4.8), and that
0<H(t) <1 (4.14)

In order to determine the optimal value of H, we split the time interval [t;, T] into N;
time intervals of length At, and we solve a sequence of optimal control problems

. HHAE
min 74(1,1) := / I1E(s) — I(s)||ds, (4.15)
t
s.t. the explicit time discretization of the generalized SIR dynamics
Sn+1 = gn + At‘BIHSnHVl,
" = 1" 4 At (BI'S"H" — 4T"), (4.16)
Rn+1 — R" +At,)/1n,

where we denoted by t" = nAt forany n = 1,..., N;. We then consider a discretiza-
tion of the integral in (4.15) using the rectangle rule

T 1) = At (T"H - 1““) . (4.17)

By direct computation, it can be shown that the expression for H at each discrete
time t" is given by

(4.18)

" — 1"+ I"yAt
H" = ]P[O,l] < InsnlBAt ) ,
where IP(g ;)(+) denotes the projection over the interval [0, 1]. As demonstrated later,

the function H computed as in (4.18) tends to exhibit oscillatory behavior over time.
To reduce these oscillations, we propose to replace the projection operator Py ;(-)
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in equation (4.18) with a smoother approximation of the type

1

S(x) = 11 o—Fx’

(4.19)
for a certain k > 0, and x € R. This modification helps to regularize the value of
H. The results of this study are reported in Figure 4.2 where on the left we show
the lockdown and post-lockdown experimental data and the solution of the gener-
alized SIR model with the contact function H as in (4.18) and, alternatively, with the
smoothed version (4.19) setting k = 1.6. The estimated and true solutions are in
good agreement as shown in the embedded plot, which represents the correspond-
ing pointwise error computed as in (4.12). On the right, we plot the estimated values
of H" over time, comparing the values obtained from the original projection-based
approach and the smoothed operator. The function H computed as in (4.18) exhibits
oscillations over time, suggesting potential measurement errors in the data, such
as a non-exponential decay of the number of infected, especially in the late post-
lockdown phase, mimicking the intrinsic uncertainty that may affect data. These
oscillations are significantly reduced when using the smoothed operator. However,
a reduction in the accuracy of the numerical solution can be observed. First row,
Italy. Second row, Spain.

4.4 Estimation and prediction using real COVID-19 data and
Neural Networks design for epidemic prediction

In this section, we consider two distinct types of neural network architectures: Feed-
Forward Neural Networks (FFNs) and Nonlinear Autoregressive Networks (NARs).
Both approaches are implemented using a general neural network framework with
L + 1 layers, as follows

x' = Wlx + b1, xl:Uo(Wlxl’l—i—bl), 1=2,...,L—1,

4.20
UNN(x; b,W) = WEhzE=1 4 pl) (420

where x = (xl, e, xd) € R%is the input, ¢ is an activation function to convert the in-

put signals to output signals,and W = (W!,...,WE)and b = (b!,...,b") represent
the weights and biases. The weights and biases associated with these connections
serve as the parameters of the network, adjusted iteratively through techniques like
gradient descent or Adam method during the training phase to minimize predic-
tion errors and enhance model performance. In our context, the idea is to solve the
following minimization problem

6" = arg rr191n L(0), (4.21)

to find the optimal parameters 6 = (W1, b!,..., WL, bt) which minimize a certain
loss function £(0) that includes errors from both real and synthetic data generated
by solving the generalized SIR model. Real data provides an accurate representation
of the epidemic dynamics, while synthetic data fills gaps between observed data
points and provides high-resolution trajectories.

The loss function is expressed as

L(0) = wrLy(0) + wsLs(6), (4.22)
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FIGURE 4.2: Lockdown and post-lockdown phase. On the left the
dynamics of the infected population computed by solving the gener-
alized SIR model (4.2) with 8 and <y as in (4.10) (Italy), and as in (4.11)
(Spain), assuming the contact function H to be defined as in (4.18)
and, alternatively, with the smoothed version (4.19) setting k = 1.6
compared with the experimental data. In the embedded plot the
pointwise error between the two infected populations is computed
as in (4.12). On the right the contact function H is computed as in
(4.18) and its smoothed version is computed introducing an operator
as in (4.19). First row, Italy. Second row, Spain.
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where w;, ws > 0 are given weights, and
ZHI t) — YN (£, 6) % (4.23)

for j = {r,s}, where I;(t) is the actual number of infected. These are either the real
data or the data generated by solving the social SIR model (synthetic data), while
I]N N (t,0) is the predicted state. Finally, N,, N; refer to the number of available real
and synthetic data points respectively. With this choice, it is possible to appropri-
ately weight the contribution of real data alongside the data generated by the model.

Feed-Forward Neural Networks. FFNs are a foundational type of neural network
architecture designed to map inputs directly to outputs without considering tempo-
ral dependencies. For epidemic prediction, we design a FEN that takes the current
time  as input and produces the value of infected I(t) as output. This approach
relies on learning a direct mapping between the time and the epidemic dynamics,
effectively interpolating the trajectory based on the training data. The architecture
of the FFN consists of the following components

¢ Input Layer: The single input feature is the current time .

¢ Hidden Layers: One or more fully connected layers with nonlinear activation
functions (e.g., ReLU or tanh) capture the relationship between time and the
epidemic states.

* Output Layer: The output consists of a node corresponding to the predicted
value of the infected at time ¢, i.e. I(t).

It is well known that, while FFNs are effective for interpolation tasks, their inability
to model sequential dependencies limits their accuracy in predicting future epidemic
dynamics. This limitation arises because FFNs lack memory mechanisms, meaning
they cannot leverage information from previous states to influence current predic-
tions. For this reason, in the following we propose an alternative strategy.

Nonlinear Autoregressive Networks. To capture the temporal dynamics of the
epidemic, we then rely on Nonlinear Autoregressive Networks (NARs) capable of
modeling sequential data. Unlike FFNs, NARs incorporate information about past
states, making them particularly effective for time-series predictions. The NAR is
designed to predict the future state of the epidemic based on the previous state of
the solution. The architecture consists of the following components:

¢ Input Layer: The input features are the values of the infected at time t —
d,...,t—1,ie I(t—d),..., I(t—1) foracertaind > 1.

¢ Hidden Layers: One or more fully connected layers with nonlinear activation
functions (e.g., ReLU or tanh) capture nonlinear relationships in the time series
data.

* Output Layer: Produces the predicted next state, I(t), representing the sys-
tem’s state at time £.

Once trained, NAR networks can predict the future states of the epidemic compart-
ments by recursively feeding its outputs back as inputs for subsequent time steps
(closed loop strategy). This enables the generation of full epidemic trajectories from
a given initial condition.
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4.4.1 Neural network for epidemic prediction

To evaluate the performances of FFNs and NARs in epidemic prediction, we conduct
some numerical experiments using both real and synthetic data. The real data covers
the period from the lockdown start date (in Italy March 9th, in Spain March 14th) to
July 1st. These data are available on a daily basis, corresponding to a time step of
At, = 1. The synthetic data are generated by solving the generalized SIR model
given in (4.2), with B and «y as in (4.10) (Italy), and as in (4.11) (Spain) over the same
time interval, using a finer time step At; = 0.2, and with H estimated by solving
the minimization problem in (4.13). In the following, we will focus on the solution
generated by solving the social-SIR model with H as in (4.18) to generate synthetic
data. The version with the smoothing operator is not considered further due to the
loss of accuracy it introduces. Furthermore, since H is originally defined at daily
intervals as in (4.18), we use linear interpolation to extend its definition to the finer
grid. Both networks are trained using the Levenberg-Marquardt optimizer for 500
epochs. In the case of real data we set w, = 1 and ws = 0, while in the case of
synthetic data we set w, = 0 and w,; = 1in (4.22).

Feed forward neural network

We design a FFN with three fully connected layers, each consisting of 10 nodes,
and use the tanh activation function, relying on the use of the Matlab function
feedforwardnet. The input to the network is the time interval [t;, T], being t; the
lockdown starting date and T the final time supposed to be July 1st. The output
is the normalized number of infected I(t), which corresponds to either real data or
synthetic data generated as described above. We train the neural network using the
Matlab function train. To evaluate the neural network’s performance, we first com-
pute its solution over the training set for both Italy and Spain. Specifically, we con-
sider the time interval [#;, T| with a time step At, = 1. In the left panel of Figure 4.3
and of Figure 4.4, we compare the solution obtained using a neural network trained
on both real and synthetic data, with the available data for respectively the Italian
and the Spanish case. The neural network provides a good approximation of the
solution, making it well-suited for interpolation tasks. Next, to assess its predictive
capabilities, we focus on the time interval (T, Ty, where T (July 1st) is the starting
time and Ti.s¢ (July 15th) is the final time, using the same daily discretization. The
right panels of Figures 4.3 and 4.4 present a comparison between the network’s pre-
dictions for the test set and the daily real data available in that period. Additionally,
the figures display the pointwise error between the neural network’s outputs and
the real data, calculated as in (4.12). The standard FNN as expected faces challenges
in forecasting future dynamics and the data augmentation does not provide a clear
improvement in the results.

Nonlinear autoregressive neural network

We design now a NAR network with three fully connected layers, each consisting
of 10 nodes, and use the tanh activation function. To implement the neural network
we use the Matlab function narnet. We consider a time interval [t;, T], being f; the
time in which the lockdown started and T the final time supposed to be July 1st.
We discretize the interval with time step At, = 1 if we deal with real data, or with
time step At; = 0.2 if we deal with synthetic data as before. The input to the net-
work is the number of infected at time t — 2At, t — At, and the output is I(¢) that is
the number of infected at time t. Both the input and output data are generated as
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FIGURE 4.3: Feedforward neural network for Italy. On the left the

dynamics of the infected population computed by training a FNN

on real and synthetic data and tested over the train interval [t;, T|

compared to the available data. On the right the solution computed

with the same FNN tested over the time interval (T, Tst| compared

to the available data. Embedded the error between the available data
test and the neural network solution computed as in (4.12).

described above by considering a social-SIR model. As for the FNN we first evalu-
ate the performance of the NAR network on the training set. Since the number of
infected individuals during the training interval is known, we can use an open-loop
prediction approach using the true training set values to forecast the next time step’s
solution. Figure 4.5 shows the solution obtained by training a NAR network on both
real and synthetic data, then testing it on the same dataset and comparing it to the
available data. On the left, we have the results for Italy, and on the right, for Spain.
Both the NAR networks, trained on real and synthetic data, are able to accurately
approximate the underlying dynamics when one considers the training interval. We
then test the NAR network for both short-term and long-term predictions. For short-
term predictions, we compare the neural network solution with a test set containing
daily data from July 2nd to July 8th for both Italy and Spain, while for long-term
predictions, we extend the test period to July 15th. Since these data are assumed
to be unknown a priori, we convert the open-loop NAR network into a closed-loop
form. This allows the network to generate predictions for the desired number of
steps by using its previous predictions as input, without relying on the true values
for evolution. Figure 4.6 shows the solution produced by the NAR network trained
on both real and synthetic data, compared with the available true data. Additionally,
we plot the pointwise error in time computed as in (4.12). In the first row, the short-
term prediction while in the second row, the long term prediction. On the left, Italy.
On the right, Spain. The NAR network trained on synthetic data is able to provide
a very accurate approximation of the solution and demonstrates strong predictive
capabilities. Notably, it significantly outperforms the results obtained when training
exclusively on real data, as it is particularly evident in the case of Italy.
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FIGURE 4.4: Feedforward neural network for the Spain case. On the
left the dynamics of the infected population computed by training
a FNN on real and synthetic data and tested over the train interval
[t;, T| compared to the available data. On the right the solution com-
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pared to the available data. Embedded the error between the avail-
able data test and the neural network solution computed as in (4.12).
First row, Italy. Second row, Spain.
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FIGURE 4.5: Nonlinear autoregressive network: training data. Solu-

tion obtained by training a NAR network on both real and synthetic

data, then testing it on the same dataset and comparing it to the avail-

able data. On the left, the case for Italy, and on the right, the one for
Spain.
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FIGURE 4.6: Nonlinear autoregressive network: short and long time

predictions. Solution obtained by training a NAR network on both

real and synthetic data, then testing it to produce daily data from

July 2nd to July 8th (first row), and extend to July 15th (second row),

compared with the available true data. On the left, the case for Italy,
and on the right, the one for Spain.
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4.5 Conclusion

In this study, we explored the impact of a data augmentation strategy on enhancing
the forecasting capabilities of Feed-Forward Neural Networks and Nonlinear Au-
toregressive Networks in analyzing and predicting the dynamics of the COVID-19
epidemic during the lockdown and post-lockdown phase in Italy and Spain. By
integrating real data with synthetic data generated from a generalized SIR model,
we demonstrated the effectiveness of neural networks in capturing complex epi-
demic dynamics. FNNs performed well in interpolating within observed data, while
NARs were particularly effective in capturing temporal dependencies, making them
suitable for long-term forecasting. The generalized SIR model provided a robust
foundation for generating high-resolution synthetic data, enriching the neural net-
work training process. The key outcome of this work is the development of a hybrid
methodology that bridges the gap between traditional mathematical modeling and
machine learning techniques, such as Physics-Informed Neural Networks, offering a
scalable and flexible framework for epidemic modeling and prediction in real-world
scenarios.

While this study has focused on FNNs and NARs, other neural network archi-
tectures could be explored to further improve epidemic forecasting. For example,
Long Short-Term Memory (LSTM) networks and Transformer-based models have
been increasingly used for time-series prediction and could provide additional ad-
vantages in learning long-term dependencies [25, 212, 58]. Similarly, hybrid Al-
mechanistic models, which integrate deep learning with traditional compartmental
models, have shown promise in epidemic modeling [291]. Future research could
investigate whether these approaches provide added value in capturing epidemic
trends compared to the models used in this study, particularly in scenarios with lim-
ited or noisy data.

An important direction for future research is the incorporation of uncertainty
quantification (UQ) to better account for variability and noise in real-world data [51,
9, 68, 78]. While neural networks provide powerful forecasting tools, their determin-
istic nature limits their ability to express confidence in predictions, which is crucial in
public health decision-making. Approaches such as Bayesian deep learning, Monte
Carlo Dropout, and ensemble learning can be explored to quantify the range of pos-
sible epidemic trajectories. Additionally, integrating probabilistic surrogate mod-
els with mechanistic epidemiological frameworks can improve risk assessment and
early-warning systems for future outbreaks. By embedding UQ techniques within
the proposed hybrid framework, epidemic forecasting can become more robust, in-
terpretable, and reliable to better account for variability and noise in real-world data.
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Chapter 5

Parameters identification and
optimal control of Behavioral
dynamics using Physics Informed
Neural Network

Studying the dynamics of addiction and depression is vital, especially among
adolescents and young adults in today’s digital landscape. This work presents
a deterministic model that explores the interplay between these two condi-
tions, incorporating effective treatment strategies. It highlights the increased
suicide risk due to cyber toxicity and utilizes a data-driven approach with
Feed Forward Neural Network (FNN) and Physics Informed Neural Network
(PINN) to estimate model parameters from real data, validating it against syn-
thetic data to ensure robustness. An optimal control model is developed to
mitigate the adverse effects of addiction-depression dynamics in communi-
ties, analyzing various intervention strategies based on Pontryagin’s minimal
principle, laying the groundwork for effective prevention and control of social
media addiction and depression dynamics.

5.1 Introduction

In the modern age, social media is very significant since it has an impact on numer-
ous areas of communication, culture, and society through connectivity, information
dissemination, cultural exchange, influencing public opinion, personal branding,
business marketing, entertainment, social activism, privacy concerns, educational
resources, etc. Social media use is closely associated with a variety of emotional,
relational, physical, and performance-related issues. Caution should be expressed
regarding the wider adoption of social networking sites, especially in view of the
fact that people are spending a lot of time on them [101, 113, 107, 296]. People utilize
social sites like Google, Instagram, Facebook, YouTube, Twitter, etc, in a variety of
contexts based on their personal interests. Effective use of social media could con-
tribute to the development of critical skills, including problem-solving, self-directed
learning, information access, and business, but those who misuse it have negative
impacts on it. Addiction to social media is one of the primary elements causing
more serious adverse consequences. People who spend excessive amounts of daily
working hours on these social sites become social media addicts and feel anxiety
whenever they do not get access to these sites [145, 259, 34].

Although it has a lot of advantages, it’s important to use it sensibly and be care-
ful of any possible negative aspects, such as risks associated with cyberbullying,
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privacy concerns, overload of data, and media addiction. Multiple research studies
conducted across the world led to diverse findings about the spread of Internet ad-
diction. For example, a study in the UK found that 18% young people suffer from
addiction to social media. It is not just an issue on college campuses; students in
middle and high schools are also affected. A Hong Kong-based longitudinal study
found that about 26.7% of high school pupils were addicted to the Internet [303].
Scientists caution that social media may significantly harm teens by creating misun-
derstandings about how easy it is to establish and end relationships. Research by
[227] highlights an obvious connection between social media use and educational
outcomes, indicating an adverse effect on academic performance among social me-
dia users. The investigation also emphasizes the growing trend of using social media
for communication with others rather than for academic goals.

All the studies indicate continue engagements with social media cause low self-
esteem, disappointment, loneliness, isolation, social anxiety disorder, fear of missing
out, decreased physical activities, disturbed sleep patterns, poor work performance,
negating relationships in real life, decreased capacity for compassion, anger, sorrow,
poor effectiveness assessment, and depression [152, 119, 208]. There has been signif-
icant research and concern about the link between depression and addiction states.
Overuse of social media has been linked to a variety of psychological disorders, in-
cluding depression. It can exacerbate depression symptoms by creating feelings of
loneliness, inadequacy, and poor self-worth. The World Health Organization (WHO)
published an article in 2019 that addressed the possible drawbacks of extended use
of social media. The report included study results showing that excessive social
media use may contribute to mental health problems such as stress and depression
[133].

Various studies and reports suggest that depression is a result of media addic-
tion. Currently, there are more than seven million American women who meet
the criteria for clinical depression. Even after accounting for fluctuations in self-
reporting behavior across genders, a reliable study indicates that women are over
twice as likely as men to have clinical or sub-clinical depression [146, 183]. How-
ever, it’s important to note that the connection between social media addiction and
depression has to be investigated further because it is very complex and each indi-
vidual’s perspective is distinct. In order to prevent more negative effects, coupled
addiction-depression dynamics must be treated and approached like any other dis-
ease or epidemic. Workshops and education activities on the detrimental impacts of
social media are viewed as a kind of control. Clinical depression therapy, guidance,
and advertising, and therapeutic strategies, including turning off notifications, set-
ting time limits, limiting internet usage, and avoiding smart-phone use just before
bed, are some of the current treatments. As with addictions to alcohol, cigarettes,
video games, etc, coupled addiction-depression epidemic is actually an addictive
disease with depression. Mathematical models are essential for understanding the
real-world techniques for anticipating and controlling the dynamics of epidemics
[209, 79, 13].

In order to address alcohol issues, [192] proposed a mathematical model that
includes time delay and awareness training. After analyzing the results of these ac-
tions, it is determined that awareness campaigns are successful in reducing alcohol-
related issues. Follows [210] talk about a mathematical model that looks at the pat-
terns of methamphetamine addiction treatment, both inpatient and outpatient, in the
Western Cape region of South Africa. The study [176] developed a model of online
gaming addiction. Using Pontryagin’s maximum principle, they provided the nu-
merical findings of the optimum control model and talked about the stability of the
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steady state in their study. Also [185] examined a synthetic drug transmission model
involving treatment and relapse, as well as its existence and backward bifurcation.
To determine ways to reduce the spread of the aforementioned addictions while
minimizing implementation costs, authors utilized optimal control approaches [136,
293, 12]. The latest work [15] studies the Social media addiction and depression
model by examining the Threshold parameter Ry, local & global stability of equilib-
rium states, and bifurcation of the model. The simulation results indicate that with
the increase in addicted individuals, depressed individuals also increase. Refs [195,
196] proposed a model to examine the social media addiction with peer-influence
relapse and dual perspectives of individual needs or caring. In 2025, [193] investi-
gated the connection between depression and social media addiction by integrating
gamma delay and Dirac delta distributions to evaluate the stability of equilibria and
the presence of Hopf bifurcation. Recent study [218] uses mathematical modeling
to analyze depression trends, identifying primary and secondary depressed popu-
lations and saboteurs who may influence depression prevalence while [161] inves-
tigates the SEAR social media addiction model with optimal control to provide the
information for prevention measures for the individuals.

All existing models analyzing the link between social media addiction and de-
pression primarily focus on individual behavior disorders but exhibit significant
limitations. They fail to provide insights into the incidence rate of depression linked
to social media use, which is essential for monitoring the emergence of cases over
time. The overlap between social media interaction and depression symptoms com-
plicates the assessment of health campaigns aimed at addressing these issues, mak-
ing it clear that tailored prevention measures are needed for each condition. More-
over, these models do not adequately capture the phenomenon of relapse in de-
pression treatment, as many individuals abandon their treatment after initial im-
provements, which affects overall treatment strategies. The influence of media peer
pressure on those suffering from depression is significant, as it exacerbates suici-
dal tendencies, a factor commonly linked to cyberbullying; however, this aspect re-
mains unexamined in literature’s models. In this work, we developed a mathemati-
cal model of couple addiction-depression dynamics that studied the dual transmis-
sion rate for both physiological states of each individual, and internet harassment
may increase the suicide risk, significantly complicating the behavioral dynamics.
The model consists of susceptible, exposed, addicted, depressed, recovered, quitter,
and suicide classes. We utilize separate treatments for depression and addiction,
and effectively evaluate the relapse phenomena in depressed populations. Suicide
compartment give the critical aspects of how internet scams, fake lifestyles, and cy-
berbullying increase the severity of behavioral dynamics. A key contribution of this
study is to define the global sensitivity analysis of the model through the Partial
Rank Correlation Coefficient (PRCC) and identify the significant parameters that
can be effective in changing the behavioral dynamics. The global stability of the
model system was accomplished using an extended Lyapunov and Castillo-Chavez
theorem to predict the long term evaluation stability. Another aim of this work is
to address the coupled addiction-depression behavior disorder. An optimal control
model derived to manage their worst impact in the community, considering Pon-
tryagin’s minimal principle, we simulate the impact of various control strategies
using the prevention and treatment controls. This provides an empirical foundation
for the prevention and control of behavioral dynamics. A data-driven model con-
structed with actual data used to observe the depression dynamics emerges with
social media addiction. Due to uncertainty in observed data and the selection of
some parameters from literature, parameter validation is a critical factor. We utilize
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the role of a deep learning neural network within Feed Forward Neural Network (FNN)
and comparative analysis with Physics Informed Neural Network (PINN) to precisely
forecast and parameter identification of the model.

The paper is structured in the following manner. In Sec 5.2, the formulation
of coupled addiction-depression dynamics is presented, whose complex nature pro-
vides a realistic perception of behavioral dynamics in the community. Sec 5.3 focuses
on the basic properties of compartment models, through investigation of qualitative
analysis, including the stability and the fundamental reproduction number of the
model. To check the model’s long-term behavior, local and global stability were ex-
plored. The well-posedness of a model is defined by demonstrating the existence
and uniqueness of model solutions. All the theoretical aspects indicated that model
formulation is biologically meaningful. Sec 5.4 explicitly explores the estimation of
biological parameters using real data of depression dynamics. To validate the pro-
posed model’s accuracy and credibility, modern machine learning tools, including
FNN and PINN, were implemented as a data-driven process. This increases the pa-
rameter’s biological significance through literature learning mechanics. In Sec 5.5
we perform the global sensitivity analysis of the model, giving the significance in-
formation about the influential parameters, which have the capacity to control the
propagation of infection in the population. Sec 5.6 comprises the formulation of
the optimum control strategies and the optimality system of the model to control
the behavioral dynamics. Alternatively, Sec 5.7 presents numerical simulations of
the proposed model and respective control evaluation, truly capturing the coupled
addiction-depression dynamics behavior and providing effective strategies for poli-
cymakers. In Sec 5.8, we finally provide our conclusions.

5.2 Model formulation

Here, we presented a mathematical model to explore the interaction between depres-
sion and addiction dynamics through the use of social media. The model is divided
into seven classes:S(t) ,E(t) ,[1(t) ,I2(t) , R(t) , Q(t) and D(t) while total population
N(t). Figure 1 shows the schematic diagram of Model (1), and Table (1) contains all
the parameter values used to simulate the model results.

Susceptible class S(t):

S(t) refers to the susceptible population, containing all social media users. We con-
sider the recruitment rate I' over time t. The susceptible population decreases when
they interact with the addicted population at a rate A; and with the depressed pop-
ulation at a rate A;. After this interaction, they become exposed, due to which the
exposed population increases, and diseases are transmitted to the individuals. Also,
with the initial condition, the pre-recovered individuals are ready to make new sus-
ceptible individuals at a rate of 7r and leave the recovered class with a rate 6. Some
individuals instantly follow some prevention and stop or avoid the use of social me-
dia and move to a permanent quieter class at a rate 8. Also, there is some loss in
susceptibility in terms of the mortality rate C.

ds LS LS
Exposed class E(t):

E(t) shows the individuals who have been exposed to SMA but are still not infected.
Because we are modeling the scenario in which infection is caused by public daily
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routine activities like the use of internet things, which lead to addiction, we have
to add an exposed class. The exposed population increased at a rate of A1 and A,
when susceptible to contact with the addicted and depressed population, respec-
tively. This population decreases at a rate of oy, which can be referred to as the av-
erage length of the Latin period, and individuals begin to move to the addiction
population. Also, they decrease w.r.t the mortality rate ¢.

R e AL

Addicted class I (t):

I;(t) represents the people who become addicted to the excessive use of social me-
dia. The addicted population increases with the number of individuals exposed who
later become addicted at a rate v. The important factor we will analyze in this class is
the effect of treatment rate on the addicted population. When initial prevention mea-
sures are taken from the addicted individuals, like turning off mobile notifications,
using social media once a day for a fixed duration, not using smart phones in bed,
etc, and later taking some physiotherapy like cognitive behavioral therapy (CBT)
for the seriously addicted individual, then the individuals recovered at a treatment
rate of ¢; and moved to recover class. They decrease with respect to the mortality
rate . Also, there is pressure from social media on some individuals of the addicted
population who move to the depressed class at a rate a.

dL

WZV’)’E—(P‘lIl_(g‘*’“)Il.

Depressed class I»(t):

I)(t) indicates all the individuals who are depressed by the excessive use of so-
cial media or peer pressure from the media. The depressed population increased
with the rate ¢; (1 — r1) when addicted individuals do not recover with the initial
treatment effect. Also, many people who are social media addicts become victims
of cyberbullying, which refers to the use of social/communication tools to harass,
threaten, or abuse someone, which can happen at any time. So all depressed indi-
viduals go through a complete treatment process at a rate of ¢, and after successful
treatment move to the recovered class. Also, they decrease w.r.t the mortality rate C.

db
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Recovered class R(t):

R(t) describes the individuals who have recovered from the disease. The recovered
population increases with the effective treatment rate ¢; r; and ¢, for the addicted
and depressed populations. The notable factor is the relapse parameters g. When
depressed individuals are treated at a rate of ¢», then some individuals leave the
treatment after some improvement and try to overthink. In such people, due to
negative thinking patterns, biological factors, anxiety, mental health disorders, etc,
the addiction symptoms return after some time of improvement. So they again move
to the depressed class at a rate 4. Also, they decrease w.r.t the mortality rate ¢.

dR

a 1-v)yE+pr1mnh+¢pohb—qR—(E+0)R,

Permanent Quieter Individuals class Q(¢):
Q(t) refers to all individuals who stop or avoid using social media. Some individuals
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in the susceptible class took prevention measures and started to quit or avoid using
social media and move to the permanently quieter individual population at a rate
B. Also, the recovered individuals who start avoiding social apps consistently move
to Q(t) at a rate 6. But still, some individuals are now in the domain of becoming
susceptible, and transmitting the infection moves to the susceptible class at a rate
7t 0. They decrease with respect to the mortality rate ¢.

((15 =BpS+0(1—m) R-¢Q.
Suicide class D(t):
D(t) shows the individual who commits suicide during the infection. The depressed
individual whose mental health is not controllable. They are always at risk of at-
tempting or committing suicide and move to a suicide class at a rate u. They de-
crease with respect to the mortality rate ¢.

dD
L -¢D.
a “Hhk—¢

Here, we write the non-dimensional form of the proposed model with bilinear inci-
dence rate and treatment rate

(dS LS LS

E:F-I-NGR—/MW—/\ZW—([H‘C)S'
oL e
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The initial conditions at ¢ = 0 are given as:
S0, Eo, T1,0, 12,0, Ro, Qo, Do = 0.

Based on the following assumptions, the coupled addiction-depression dynamics
are proposed: This epidemic occurs in a closed environment, with the total popula-
tion denoted by N, written as

N(t) =S(t) + E(t) + Li(t) + L(t) + R(t) + Q(t) + D(¢t).

Sexuality, race, or financial status have no impact on the chances of acquiring addiction-
depression states. Each individual engages in interactions with others in a similar
way. People who are not already social media addicts might develop an addiction
if they are affected by the influence of those who are social media addicts. Media
exposure significantly influences the transmission of depression in individuals with
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media addiction, with this effect being moderated or mediated by individual differ-
ences such as socialization and body dissatisfaction.

Before moving towards mathematical analysis, the system (5.1) deserves some
remarks that distinguish it from existing models present in the literature. The pro-
posed model follows the pathway of a standard susceptible-exposed-infected-recovered
(SEIR) compartment model with extensive sub-populations that define the disease
dynamics in the population. The recent COVID-19 pandemic defines the role of
media awareness in shaping individuals’ beliefs towards social distancing and vac-
cination as a prevention measure to decrease the spread of the infection. Due to the
lockdown whole world complete shift to remote working strategies, leading people
towards social seclusion and mental anguish. Social media platforms emerge as a
significant source of fast information, social connectivity, and emotional expressions.
Excessive reliance on these platforms increases the behavioral changing tendencies
towards addiction, depression, anxiety, etc. This also increases the false information,
cyberbullying, and online scams. Many studies formally investigate social media ad-
diction [15, 161, 14, 12, 96, 176] with a modeling perspective. The proposed model
(5.1) defines the behavioral dynamics, follows the idea of [15, 14] precisely, and in-
cludes the bidirectional transmission of addiction and depression with pre-pressure
of media that effectively evaluates the suicide rate. To make the model more real-
istic, we adopt the physical therapies for addicts and initial treatment to seriously
depressed individuals with relapse mechanics because most people become vulner-
able after recovery, and many cannot afford the expensive treatment. The model reli-
ability is defined through the use of actual data, which is briefly discussed in Sec 5.4
by constructing data data-driven model. The model formulation clearly shows that
the pervasive and predictable impact of social media activities leads to the persistent
challenges of addiction and depression, independent of the validity of recovery or
transition measures. This motivates us to define an optimal control problem for the
system (5.1) to optimize the behavioral burden by controlling the treatment cost and
increasing awareness through media management, etc.

5.3 Mathematical analysis

In this section, the focus is on demonstrating the positivity of solutions within a
bounded region. The analysis includes an examination of the dynamics of the repro-
duction number, denoted as Ry, and the strength number, A, which are assessed
in conjunction with the equilibrium states of the model. Furthermore, the discus-
sion extends to cover both local and global stability concerning IRy, emphasizing its
importance in understanding the underlying dynamics of the system.

To demonstrate the positivity and boundedness of solutions for the model refer-
enced in equation (5.1), it is crucial to note that every related rate in the proposed
model defined in equation (5.1) is non-negative. This characteristic implies that the
direction of the vector field remains inward on all bounding planes. Therefore, if the
initial condition is set anywhere within the non-negative bounds of IR’, the trajec-
tory of the system will consistently remain within this defined cone. Consequently;, it
can be confidently asserted that all solutions to the system represented by equation
(5.1) are non-negative. Furthermore, the derived differential equation stems from

analyzing the rate of change of the total population N(t), defined as dlggt) =T —¢N,

r
further simplification leads to lim sup N(t) < z Consequently, the solutions of sys-
t—o00

tem (5.1) are bounded by % Thus, the following positively-invariant region is the
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biologically viable region of model (5.1).
¥ ={(S,EhKRQD) R, [0<N<L]

Theorem 5.1. For given initial conditions, all solutions of model (5.1) are positive for all
t>0.

Proof. Assuming (S(t), E(t), I1(t), Ir(t),R(¢), Q(¢), D(t)) be any positive solution of
model system (5.1) with given initial conditions in Sec 5.2, we define

B(t) = min{s, E L, LR, Q, D},

clearly shows thatB(t) > 0 at t = 0. To prove positivity of S for any ¢ > 0, suppose
dt > 0st %(tl) = 0 and ’B(t) >0Vt e (O,tl]. Taking %(tl) = S(tl) =0,V
t € (0,t], we have

E, L, Ib,R, Q D>0, Vt>0.

Using first compartment of model (5.1), we write

$(H) = T+ mOR(E) — Ay Ilgf])(st)(t) Y Izg\t])(i)(t) —(B+8)S(H).

As, I1(t), (t), R(t) > 0 with B, > 0, we have
S(t) >T —w(t)S(t), te (0,t]

where @(t) = ()\1 ;\}—8 + A Z—gg +(B+9) ) Applying the integration factor and
rearranging the expression, we get

S(t) > S(O)e_f(;l @(0)d0 | = fo' @(6)d0 o r/tl ols@(0)do 4o
0

Since S(0) > 0 and both exponents are positive, we conclude
S (i’l) >0

which contradicts our assumption. Hence susceptible population is not zero, i.e,
S(t) > 0 for all t € 0. Similarly, one can prove for renaming compartments. O

Above, this approach ensures that the conclusions drawn about solutions main-
tain their positivity and bounded nature throughout the analysis. This mathematical
property shows that the model is biologically and behaviorally well-posed and ex-
hibits significant dynamics over time. The steady-state evaluation appears essential
to appreciating the model’s long-term behavior. This investigation clarifies the par-
ticular circumstances influencing the persistence or die out of behavioral diseases
like depression and social media addiction in that population. By considering these
conditions, we can make a possible assumption about the evaluation of these vari-
ables and potential strategies to reduce their negative consequences. In the context
of model (5.1), consider the system in compact form.

au (t)

R TR F(U(t);0),
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where U(t) € R presents the state vectors and 6 € R" is the all parameters in
model. To evaluate the steady states, we consider

leads to the system of equations simulating them simultaneously with precise al-
gebraic expression, we get two steady states of the model that are reached in the
feasible region Y. The disease-free steady state (DFE) of the model is given as

E? = (s° E% 1,° LY, R, Q°, DY).

All the state vectors are zero except S0 — which means there

0_
g and Q7 = G
is no infection defined in the healthy phase in behavioral dynamics. This demon-

strates that all other groups gradually vanish, leaving just susceptible and long-term
quitters. Furthermore, the endemic steady state (EEP) indicates the persistence as
well as coexistence of addiction and depression dynamics over time. The formula-
tion of EEP is written as

qu = (51, El, 111, 121/ Rl/ Ql)'
where

(E+O+do+qg+u) &+ (P+u)0+pq) (a+E+¢1) (v +3)
WM+ (((—g+ (1 —r)pr+a)da+ A (0+po+q+p))v+Aaq)E+ 1)y
£l 111(“+‘§+<P1),

vy
Lov (=8° = 198* + 158° + 1s2* + 178 + 1)

(C* 419G 4+ 1G? 4 3¢ + Ly ) s ’
(—vOpiri —viprrn+avl+avi—vgl+vOpr +vigr+aqg+ql+qp) L
v (ug+tub+pud+qgi+0i+0¢2+ 52+ ¢n)
R (=D —¢—a)v+i+atp) b +vh! 2

S =

L' =

L' =

v(g+g+o)
ol = (hov —h'(m—1)(x + ¢ +¢1))0 + S'vB (9 +¢)
v(g+E+0)8 ’
Dl — uh' (—vOgir —veipirn +avo+avi—vgl+vodr +vEd +u¢q+q§+qq>1)

V(ug+ub+ul+qi+0i+0¢r+32+3¢)¢ 52

Thus, values of [;,i=1, 2,...,12 are given in Appendix B. The values of all state vectors
in EEP are nonzero, which shows that positive solutions of the nonlinear equilib-
rium state equations of exposed, addicted, and depressed individuals exist with the
constraint that the reproduction number is greater than unity.

The mathematical model’s dynamics can be defined by the threshold parame-
ter, the so-called reproduction number (Rg). A disease spreads when an infected
person comes into contact with individuals who are all susceptible to the disease.
Consequently, Ry represents the total number of new infections developed by an
infected individual at time ¢ > 0. It quietly predicts the dynamic behavior of a
model, proposing that it produces better comprehension of possible future spread-
ing or control of the disease. According to the epidemiological R criteria, if Ry < 1,
then the one infected person in the susceptible population infects less than one per-
son. Therefore, it is feasible to eliminate the disease from the population, and the
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disease-free steady state is asymptotically stable. That is, there would not be an epi-
demic spreading. If Rg > 1, then more than one person in the entire susceptible
population is infected by a single infected individual. Therefore, the disease-free
steady state is unstable, and the disease may continue to exist in the population. If
Ro = 1, then one infected individual in the entire susceptible population infects one
new person. Thus, in the absence of an epidemic, the disease is going to persist in
the total population [21].To calculate the Ry, we apply the next-generation approach
provided by [102].

Taking model (5.1) where the entire population is divided into seven classes
based on the Behavioral state of individuals. We rearrange system (5.1) so that the
infection compartments occupy the first n positions. Let F;(y) denote the rate of
new infection in infected group, V:" (y) represent the rate of transfer of individuals
into the infected group by means other than new infections, and V;” (y) denote the
rate of individuals removed from infected class.

yi=Fi(y) = Vily),  where  Vi(y) =V, (y) -V ()

In the presence of the infected free equilibrium vy, the n x n matrices IF and V are

formed
Y

= ay] " 7

)Y

F ]
a]/]' Yo

vV

, where 1<i,j<n.

Following the next-generation matrix approach, the V! is defined [106]. Thus,
Ro denote the largest eigenvalue. Applying this strategy, by rearranging (5.1) and
writing the infected compartments as

dE . IS LS

a My TRy (0 HOE

dI

?;:V’YE_¢111_(§+1X)11,

dr (5.3)
e ah+¢(—r)h+qR—¢2b—(u+O) b,

dR

5 =~ U= rE+dinh+¢ph—qgR=(C+6)R,

leads to the F and V vectors, given as

7&1%+7\2%
. 0
F= 0
0
(vy+¢)E
vV — —VvyE+pirh+(G+a)l
— L —p1(1—r) L —gqR+Pp b+ (u+¢) I
—(1—1/)’}/E—(P11’111—¢212+(]R—|—(§—|—9)R
Then
@ - _S/\lll + Ayl d0F _s ﬁ B Al 4+ A
oF N? ! oL, N N? !
E—S A2 Mh+ Ak ai__g/\111+/\212
ol, N N2 ! oR N2 '
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Putting the above expressions of derivatives, we write the matrices using the NGM
approaches

0 #5 #2250

F_|0 o0 0 0

0 0 0 0

0 0 0 0
Y+¢ 0 0 0
. —yv P11+ (E+a) 0 0
0 —a—¢1(1—r1) ¢+ (u+3) —q

—(1-v)y —¢p1 1 —¢2 q+(¢+0)

Hence, the expression for IR is given as:

b=¢gn+G+a), lL=—-a-—Pp1(1-r1), l=g+(p+7),

r BT
SO — , 0 _ =
s+ Y T Broe
SoyMv B Soray (1q(v — 1) + Lov(q + 6 + &) — vrgr1)

Ro = - ( (5.4)

Qo+S0) (r+6)  (Qo+5S0) (v+8) (bals(q+0+8) — lagpag)

The basic reproduction number is a vital measure in epidemiology to evaluate the
initial transmission capacity of the pandemic, but it fails to deliver insight into the
temporal structure of an epidemic’s evolution. Particularly, it does not reflect whether
disease incidence exhibits oscillatory tendencies or grows monotonically. The strength
number Ay addresses these limitations by providing secondary information about
the shape or rapidity of the pathogen’s trajectory. The biological worth of Ay is
found in its control over direction curvature near the disease-free steady state; it dic-
tates whether solutions converge monotonically or produce damped oscillations as
experienced in the COVID-19 outbreak. This affects the predictable nature of epi-
demic spikes and the optimum period for preventative measures.

The strength number has been widely used in epidemiological modeling during
the last few decades, appearing in multiple research publications. It is considered
a powerful mathematical tool for optimizing reproduction in certain diseases. The
principle is utilized as well to assess how far the disease has expanded. Several
scholars have pointed out several shortcomings in modeling, such as the fact that
it is not distinctive and may be created through a variety of methods. The fact that
this number is just a function of time and not a constant value popped up as a fur-
ther concern. The so-called strength number is an alternate value that is currently
proposed in research [29, 30].

82]-"1 o 25()\111 + )Lzlz) 82]-"1 _25)\1 n 25(/\1[1 + /\2[2)

JE? N3 ’ oI, N2 N3 ’

82]-"1 _25/\2 i 25()\111 + )\212) 82f1 o 25(/\1[1 + /\2[2)

Py N2 N3 ’ 9R? N3
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The Jacobian F and V at the DFE are given as:

0 —2/\150 —2)\250 0
(SO_|_Q0)2 (SO+ QO)Z
F=10 0 0 0
0 0 0 0
0 0 0 0
T+¢ 0 0 0
v —Yv 471(1—1’1)4—4717’1 +(§+0€) 0 0
0 —a—¢1 (1—r1) —¢2q +¢ar2 +(p+¢) 0
-(1-v)y —¢p111 —Pr12 + g ¢+6

My (big/v+aq+ab + ol — 01 + p1g + 10 + ¢1G — P1716 — P1710)
AO = — + As.

01l3(q +68) — g 55

where A = m and A; = %1“’ The investigated model has no sign of a
second wave and slowdown due to the fact that Ay < 0. A single magnitude when
Ao = 0, indicating that the spread will not have a renewal process. If Ag > 0, this
indicates that strength exists and will start a renewal process, which will produce
several waves in the disease spread. In the renewal process, the infection will rise
after a minimum point and either move to stabilization or end after a while. Either
the maximum and two infection points exhibit a single wave or quickly break down
an infection from the DFE.

Stability analysis plays a critical role in describing the long-term evaluation of
disease outbreak in the population and gives information about the persistence or
die out of the infection and ensures the model outcomes are biologically reasonable,
i.e, lie in the feasible region Y. A steady state I/* of the system (5.1) is

du(t)

7:}_(“),

stable if the solution started in neighborhood B, (1/*) of U*, it remain within B, (L/*)
foratt > 0 as U* — co. Most frequent analysis of model stability lies in the local
and global sense. Mathematically, we define the local stability of the steady states
as, for any € > 0 there exists a constant ¢ such that if |1/ (0) — U*|| < ¢ then

\U) —U"|<e VE>0,
the steady state is stable. For asymptotic local stability, it follows the formulation.

tlgg Ul)=Uu".
System local stability is examined by using the linearization operation at a DFE,
which entails studying the Jacobian matrix’s eigenvalues. Local asymptotic stability
is established when all eigenvalues are negative. The steady state is globally stable if
for any admissible initial conditions, all trajectory of solutions in the feasible region
converges to it. Evaluation of the global stability of the steady state is particularly
complex. We use LaSalle’s invariance principle for DFE and Lyapunov functions
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formulation for EEP to define their global stability. Recalling that the reproduction
number IRy is a threshold condition to define the stability analysis of steady states
in compartment models. Using this concept, we write the following statement with
the assumption that the total population is constant for simplicity.

Theorem 5.2. The disease-free equilibrium of the model (5.1) is locally asymptotically stable
iflRo <1

Proof. The evaluation of the Jacobian of the system (5.1) at the DFE is given as

—h 0 —A18% —A,8° g 0 0
0 Ly MSY AS° 0 0 0
0 vy I 0 0 0 0
] = 0 0 I I3 q 0 0
0 (1-v)y ¢in $2 le 0 0
B 0 0 0 (1-m)o —(C+1) 0
0 0 0 u 0 0 —(C+1)
where

h=B+¢+1), b=-p1—C+a+1), bL=-Pr—(p+i+1),

ly=—(y+Z+1), Is=wa+¢ (1—r1), le=—(q+¢+0+1).

After solving the determinant of this Jacobian matrix J, we found the polynomial
given as
—(E+ 1) (-B-¢—1)(t*+ 23T + T + ;4T +ag) = 0.

leads to the eigenvalues written as 1 = —¢ and 72 = —f — ¢. where the remaining
eigenvalues will be obtained by solving the fourth-order polynomial defined as

T+ T+ mT+ay=0 (5.6)

The coefficients of (5.6) are given in Appendix B. we found according to the Routh-
Hurwitz stability criterion, if a1,a2,a3,a4 > 0,a1a2 > az, a1aa3 > a%a4 + a%. Since all
the parameters are non-negative. Thus, the DFE is locally asymptotically stable.

O

Theorem 5.3. The endemic equilibrium of model (5.1) is locally asymptotically stable if
Ry > 1.

Proof. The Jacobian for system (5.1) calculated at the EEP can be obtained as

- 0 —ASt —A,8t 70 0 0
ly I5 MSt o AgS! 0 0 0
0 vy I 0 0 0 0
r=| o 0 P Is q 0 0
0 1-v)y ¢ ¢ —(q+5+0+7) 0 0
p 0 0 0 (1—m)6 —(E+71) 0
0 0 0 U 0 0 —(&+1)
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where
h=ME+Ah+p+E+1), hb=—-p—CG+a+1), b=—-pr—(u+&+7)
L=ML+ML, I=—(+i+1), le=a+¢(1—n).
After solving this Jacobian matrix, we found the polynomial given as
(== (=¢2—p—C—T)(—q-¢—-0-T1)P(1) =0

leads to eigenvalues 71 = —§, o = —(¢po+p+¢) and 3 = —(g+ & +6). The
renaming eigenvalues calculated through the cubic polynomial P(7) are defined as

T + byt 4 by T + by = 0. (5.7)

where the coefficients of (5.7) given in Appendix B. The discriminant of the polyno-
mial P(7) is described by

D(P) = 18uqusus + (uyu2)* — duzui — 4uj — 27u3 (5.8)

and using [33], we have following corollary:

Corollary 5.4. For Ry > 1 the EEP of model (5.1) is LAS if one of the these conditions
satisfy for P(T)

1. If D(P) > 0O, then uy > 0, uz > 0, and uyuy > ug provide a necessary and sufficient
condition for local stability of the EEP.

2.IfD(P) <0, u1 >0, up>0, uz3>0, 6<3then EEPisLAS.

3. f D(P) < 0, u1 < 0, up < 0, and @ > 2, then all solutions of the (5.8) fulfill the
criteria |arg()\]-)| <07, j=1,234

O]

To define the global stability analysis of the steady states of system (5.1), we
follow the following theorems.

Theorem 5.5. If model (5.1) can be re-written in the form:

ax

where X belongs to the positive real numbers and Y lies in R, X = (S)T and Y =
(E, I, I, R)T represent uninfected and infected groups; respectively.

I
g’

For the DFE of the model to be globally asymptotically stable around the DFE, the following
conditions Hy and H2 must be preserved

Eqo = (X0,0) = ( )

H; : ilf =F(X0,0), Xy is globally asymptotically stable.

Hy: L(xY) =AY -[(%Y), LY >o.
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Note that A = DyL(Xo,0), calculated at (%o,0), is an M-matrix with nonnegative off diag-
onal elements. If the system meets Hy and Hy, the equilibrium Eqq is globally asymptotically
stable for Ry < 1.

Theorem 5.6. The system (5.1) is globally stable if Ry < 1 and conditions Hy and Hy hold.

Proof. Below, F and L are derived from (5.1):

F=T+m0R-MLS—AbLS— (B+8)S (5.9)
and
MEOS+ A LS —(y+¢)E
vYE—¢1lh —(E+a) ]y
0411+q>1(1—r1)11+qR—q>212—(y+c§)12
(1—1/)’YE—|—4)17’111—|—4)212—I]R—(€+9)R

Solving Eq. (5.20) at Y = 0 yields

L(X,)) = (5.10)

F(%,0) =T — ¢S

and further simplification yields

For any initial value S(0), as t — oo we have S(t) — % — S(0)e*. Hence, the

condition Hj is satisfied. Further, the infected compartments of the m given by

L(x,Y) =AY - L(%,D)

where
—(’)’ + C) MS A2S 0
_ _ vy —¢1 — (C+a) 0 0
ASDHRO=1 0 g0 D) g
(1—v)yE g1 $2 —(¢+0)
which simplifies to:
L1 (X, ) (ML +A21)(So - S)
_ o _ B L(X,V)| 0
4<xl y) 0

Since S < Sy, it follows that L > 0. Hence, the disease-free point of system (5.1) is
globally stable. O

Theorem 5.7. If Ry > 1, then the endemic equilibrium point of the proposed model (5.1) is
globally asymptotically stable.
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Proof. Let L(t) be a Lyapunov function defined by

ﬁ(f)=<5—5* S*lns>+<E—E*—E*1nE>+<h “—IfIn Il>
S* E* I;

I « ey R B Q

—|—<12—12—121 I*>+<R_R RlnR*)+<Q Qf — an@)

D
D-D*-D*In— ).
H(omp o)

The derivative of L(t) along the system'’s trajectory is given as

digt) (1_5*) [T+ 7mOR—A LS — Ay S — (B+E)S)

1-— > M OS+ A LS — (y+ &) E]+ (1—?;) [VYE—¢1 L1 — (E+a) L]

+<1_> ah+pr1(1—r)L+qR—¢o b — (p+¢) b
+(1—) A=v)yE+¢r1ri i +¢2lo —qR— (¢ +6) R]

*

+(1- L) s+ a-mor-cal+ (1- ) e D).

Using the endemic conditions,

I'=—7mOR "+ M S "+ A LS+ (B+¢)S”
MIES*+ A S* = (v + &) EF,
vYE" =1+ ¢ +a] ],
alf +¢1(1—r) [ +qR* = [¢pp+u+¢| 15,
1—v)yE'+¢p11 I +¢I5 =[g+E+ 6] R,
BS*+(1—-m)0R* = Q%
pwl =¢ D"

we get

ac(t
ciz(f):T1+T2+T3+T4+T5+T6+T7’
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where T; values are defined below

*

T, =m0 (R — R*) <1 — SS> —|—/\1(S*I1 — 511) +)\2(S*12 — 512) — (,3—{—(;{) (S — S*),

*

Ty = (A 1S + A2 bS) (1 _ Ef) —(y+¢) (E-E"),

= vyE(1- 1) — @+ E+a)(h - 1))

To= (@91 (1=m)) (= 1) + 40 (R=R)) (1= 2) = @+ 5+ ) (= 1),

R*
5= ((1=v)yE+grinhi+¢ahr) (1- ) = (g+&+6)(R—R"),
_ _ _ XY _zo_o
To=(ps+1-meR)(1-5) ~¢Q-Q),
T7 = ul 1—D* —¢(D—-D*
7=ph (1= 7 | =& )-
Simplifying the algebraic expressions bounded by the arithmetic and geometric mean
inequality, we obtain

_Qx)\2 _ T*)\2 _1%)\2

e+ S e E v B
_71%)\2 _ R*)2 _ N*)\2 _ *)2
_(¢2+V+§)(IZ 1212) _(q+€+9)(R RR) _év(Q QQ) _C(D DD)
(5.11)

Since all parameters are positive and (X — X*)2/X > 0forall X # X*and X > 0,

we have: ir
<0

E =
with equality if and only if S = S*, E=E*, I = I, L = I;, R=R*, Q= Q% D =
D*. Hence, by LaSalle’s invariance principle, the endemic equilibrium is globally
asymptotically stable whenever Ry > 1. O

As the behavioral model (5.1) composes individual health concerns monotoni-
cally by coupled addiction-depression dynamics in the community. To justify the
model integrity, we must have to show the existence and uniqueness of the model
solution for given initial conditions. This mechanism ensures that the model is well
posed and its forecasting is accurate. Now we describe the fixed point theorem of
existence and uniqueness of the model solution. Using initial data by applying the
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integral operator to each compartment of the model (5.1) yields

S(t) — S(0) = /Ot (r + 7OR(T) — Ay (Z\T])(?T) — A IZ(I\?(igT) (B g)s@)) i,
E() —E(0) = | t (Al h (I\T,)(igﬂ + A2 12(;)(? §T> —(r+ C)E(T)) dr,

B() ~ 1(0) = [ (19E(0) ~ (91 + &+ )y (1) d,

(5.12)
Therefore, we write the following kernels as
ITy(t,S) =T + mOR(t) — A h g\t,)(f)(t) — 2125\?5)(” —(B+¢)S(t),
(4L E)=M Ilg\t])(f)(t) Ao Izg\t])(f)(t) — (v +Q)E(t),
I5(t, ) = vyE(t) — (1 + ¢+ ) i (t), (5.13)
I4(t, ) = (a + ¢1(1 — 1)) 1 (t) + qR(t) — (2 + p + &) 12(t),
[5(t, R) = (1 = v)YE(t) + 17111 (t) + 2l (t) — (g + & + O)R(t),
Is(t, Q) = BS(t) + (1 — m)OR(t) — CQ(¢),
My (t, D) = ph(t) — ED().

Since the state variables of model are non—negative and bounded, there exist positive
constants &;,i = 1,...,7, like

sl <&, E@OI <& LM< kO] <4,

RO <&, QM <&  [DE)] <&

Additionally, we introduce the following short notation of the total population and
the parameter combinations as

M+ A&
N' = min N(f), o = 218t Aa%

, m = P m = %
min, N +p+¢ 2=7+¢ 3=¢1+C+a

9~R4:472+V+§, m5:q+€+9/ fIn6:Cl 9:n7:€l
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then (5.12) can be written in the compact integral form
t t
5—50:/ I (t, S) dr, E—EO:/ Tl (t, E) dt,
0 0
t t
11 — 11,0 = / H3(t, Il) dT, 12 - 12,0 = / H4(t, 12) dT,
0 0

t t
R—Roz/o Ts(t, R) dt, Q—Qoz/o T4 (t, Q) dt

t
D—DO:/ T, (¢, D) d.
0

(5.14)

Theorem 5.8. If 0 < T'* = max<j<7{9M;} < 1, then the kernels T1;, 1 < i < 7, satisfy
the Lipschitz condition and exhibit contraction mappings.

Proof. We initially establish the assertion for the kernel I'l; and then provide approx-
imations for the other kernels.

Hl(t,S)=r+neR(t)—A1h§f])(f)() AZIZE\,)(S)() (B+E)S(H).

Consider S(t) and S1(t) be two arbitrary functions and applying the boundedness
of I, [, with N(t) > N* > 0, we get

I11a(e5) = T1a(e 50} = -2~ 222 — (g eyse
A

Alll(lt\;(stl)(t) + 212(;3(52)“) +(ﬁ+§)sl(t)H

< 1 B85 — s+ 22 () - s 01
L B4 DISE 5]

< (MRS pre) Is) - S0

— oty [15(5) — S1(1)||.

Equivalent assumptions produce for various kernelsi = 2,...,7 as

|T2(t, E) — ITp(t, Eq)|| < 900 ||E — E4 ],
|TTs(t, ) = Th5(t, ) || <95 (|1 — ],
|TLa(t, 1) = TLa(t, I5) || <My || — I3]],
|TT5(t, R) — TI5(t, Ry)|| < M5 IR — Ry,
[TI6(t, Q) — Ie(t, Q1) || < M6 [|Q — Qu
|117(t, D) —I;(t, D1)|| < M7 ||D — D

Therefore, a contraction mapping on the appropriate Banach space is defined by
every kernel. O

The integral system (5.14) is used to present the subsequent recursive formula-
tions.

t t t
S, = / T(t, Sy 1(7))dt,  En— / L(t By (7)) dt, L= / s (t, I v1 (7)) d,
0 0 0
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t
by = /0 Mt by 1 (7)) dT, Ry = /0 Ms(t Ry 1(7))dT,  Qn = /O Tl (t, Qu_1 (7)) dT,

t
Dn = fO H7(t, Dn_l(T)) dr.
The differences of consecutive terms in the recursion are:

DVE) = Sy — Sy g = /O (L (T, S01) — T1 (T, Su_s)) d,

2%(t) =E, —Eyq = /Ot (ITz(7, Ey—1) — Ia(T, Ey—2)) dr,

D)=Ly — L= /Ot (I3(t, [ip—1) — I3(T, L1,0—2)) dT,

2 =Dhy—DLy 1= /0 t (T14(T, Iyy—1) — T4 (T, byu—2)) d7, (5.15)
D5(t) = Ry — Ry_q = /Ot (II5(7, Ry_1) — I5(7, Ry_2)) d,

20(t) = Qu—Qu-1 = /Ot (TTe(T, Qu-1) — I6(7, Qu-—2)) d7,

t
2/ (t) = Dy — Dy_1 = /0 (IT7(t, Dy—1) — ITy(7, Dy—2)) dt.

Hence, it follows that

i)=Y 210, E() =Y 22, L) =) 20, Lat)=) 2,
i=1 i=1 i=1 i=1

R =) 230, QuN)=)Y. 20, Dut) =Y 21
i=1 i=1 =1 (516)

We now compute the recursive inequalities for the differences in (5.15) as follows:
t t
12 (®)] < /O ML (7, Sp-1) = T (T, Su2) [ dT < /O M| 2, 1 (T dT = M| 2, (1)),

l2i®)] <l 251l 12®) <M 25 1Bl 2] <Dl 2 (),

l2n®Oll <msll 25 1 (DIl 1La®Il <Ml 251 (DI, [ 25(B)]] < %H%Zi%f)ll-

Theorem 5.9. If for a time Ty > 0 the following inequalities hold like 0 < M; Ty <1, i =
1,2,...,7. then a unique solution exists for model (5.1).

Proof. We divide the proof into separate parts.

(i): Existence of solution
The functions in model (5.1) are bounded, and the kernels satisfy Lipschitz condi-
tions. Therefore, using (5.17), the following inequality formulas are derived.

12l < Mt |2 4 ]| < (D) 2, 5] < - < (SO (91)",
122l < TEQO)] (m2t)", 230 < [LO)I (Ms1)", (12 < [ L0)] (Mat)",

12all < IR (mst)", |25l < Q)| (Met)", (|27l < [ID(O)] (931(7515)1”3)
The inequalities (5.18) indicate that the functions specified in (5.16) exist and are
uniform. We demonstrate that the S, E, I1,5, 2,1, Ry, Qu, Dy, converge to system
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(5.1) solutions. qu(t), i =1,2,..,7, is defined as the remaining terms following n
iterations, that is,
S—So=Su+Up(t),
E—Ey=E, +Ui(t), L—ho=1I,+05(t), L —bLo=lLy+Upt),
R—Ro=R,+0U(t), Q—-Qo=Qu+U5(t), D—Do=D,+Uj(t).

(5.19)
Using the Lipschitz condition for K; leads to
t
5L ()| = H/O (Iy(7,S) — T4 (T, Su1)) dTH <M ]IS — Sun -
Since
IS = Su—all <M [|S = Spall < -+ < (V)" [To(H)],

It follows that

[OR (B < (mt)" &
By setting t = Tp, one obtains

[BR (DI < (M To)" & (5.20)

Using the constraint 0 < 91 Ty < 1and the limit of (5.20) as n — oo yields | U} (¢)]| —
0. Consequently, li_r)n S, (t) = S(t). Similarly, the following inequalities are obtained
n—oo

IB(0] < (M2To)" €, [TR(DIF < (MsTo)" &3, [[TL(1)]| < (M4To)" %, 521)
[0 < (MsTo)" &5, [T < (MeTo)" S5, 11| < (M7To)" 7.

Limiting inequalities (5.21) as n — oo results in || AL (t)|| — 0,i = 1,...,7. Conse-
quently, it is demonstrated that the solutions to model (5.1) exist.

(ii): Uniqueness of solution
To prove the uniqueness of solution, contrary assume that #/(t) and # *(t) are two
solution sets of the model (5.1) such that

7 (t) = (5(t), E(t), L(t), I(t), R(8), Q(t), D(t),
W) = (S7(1), E*(¢), Iy (1), I (£), R*(¢), Q" (£), D*(t))-

Then, using the condition 0 < M1t < 1, one has

I56) = 501 = | [ (e, 5(0) = Ta(e5°(2) | < mut [s(0) = 5° (0.

This implies that (1 — 94t) ||S(t) — S*(¢)|| < 0. Finally, one gets ||S(t) — S*(t)|| =0
or S(t) = S*(t). This contradicts the supposition. Hence S(t) has a unique solution.
Similarly, one obtains

E(t) =E*(t), L) =1I(t), L) =15L(),

R(t) =R*(t),  Q(t) =Q"(t),  D(t) =D"().

As a result, all related components of the two solutions coincide, demonstrating the
model (5.1) solution is unique. O
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5.4 Construction of data driven model

Mathematical models are crucial in epidemic forecasting for understanding disease
propagation dynamics. Although they frequently rely on parameters that are not
entirely known or quantifiable from the real data. In case of limited data, they can
be estimated from synthetic data through parameter identification. In order to better
understand the addiction and depression dynamics using model (5.1), we use data
fitting to find correlations in complicated data sets. We want to improve our com-
prehension of depression dynamics by incorporating real-world data such as demo-
graphics, medical evaluations, and social factors into the model. Consequently, in
the following subsection, we cover how to define the parameters for the model.

5.4.1 Parameter estimation

A critical phase in mathematical modeling is parameter estimation, which entails
deriving unknown parameters and initial conditions from real data. Optimization
approaches such as constrained nonlinear programming are employed to reduce the
differences between observations and forecasts while preserving the biological im-
portance of parameter values. To develop our approach, we focus on the depression
data of Spain from 2011 to 2022 available on [204]. For estimate the parameters A,
A2, &, q, and ¢, with description are given in Table 5.1, we formulate the following
minimizing problem

min ](91 X())
9,)(0

. dx
subject to i f(x,0), (5.22)
xgun S X0 S xbnax/
emin S 0 S gmax.
with the compartments of model (5.1) in compact form written as

dx(t)
dt

= f(x(t),0), x(0) = xo, (5.23)
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FIGURE 5.1: Graphical representation of the model fits actual depres-
sion instances in Spain.



5.4. Construction of data driven model 173

[S(1)] HOX
E(t) E(0) A
Il(t) 11(0) Ay

x(t) = Iz(t) , X0 = 12(0) ’ 0= 14
R(1) R(0) g
Q(t) Q(0) ¢
LD(#). LD(0)

where x(f) is the state vector, and 0 is the vector of unknown parameters, and x
represents the unknown initial conditions. The objective function is defined as

2

n Imodel ti; xo,e Iobs £

](Q,XO) = Z ( 2 énlax ) . 2I£ngxz) ,
i=1

where I"°d¢l(t;; x),0) is the model-predicted value of the severe depression com-
partment at time #;, I (t;) is the reported depressed cases in Spain data, and [{*® =
max { I$P%(#;) } is used for normalization. We choose the time interval ¢ € (2011, 2022)
with step size At = 0.01 and define the following constrain to search minimum of 6

0<A <2 0<A<2 0<a<015 0<g<1l 0<¢<1

where the bounds are determined based on the available literature. Matlab routines
fmincon and RK4 approach for the system of ODE’s are used to tackle the optimiza-
tion problem in (5.22). The simulation results of this optimization problem over the
model are shown in Fig 5.1 with the estimated parameter values following as

ASt=09791, AS$t=0.0917, a®'=0.1491, ¢°'=09704, ¢ =0.0069

The predicted dynamics accurately depict the general trend of the available data,
although certain discrepancies persist because the actual data is nonlinear and non-
smooth. The majority of data points, however, fall within the model prediction’s 95%
confidence interval, suggesting that the fitted parameters offer a statistically sound
depiction of the dynamics that are being observed. To calculate the mismatch, we
define the error as

Error(t) = |I5% (1) — 18 (t)|

who visualize in Fig 5.1. Here we explicitly describe all the parameters used for the
simulation of model (5.1) as follows

1. The recruitment rate (I') is the number of new individuals who are supposed
to be susceptible to social media users, leading to depression. Based on the
7.816

data available in [268], we take its value {5555-

2. Addiction transmission is defined as the rate at which susceptible individuals
S(t) interact with the class I; (t). Its value is approximated from observed data
as A1=0.9790.

3. The depression transmission is the interaction of susceptible individuals with
the depressed class is the rate at which individuals of S(t) interact with Iy (f).
We approximate that S(t) has A, = 0.0917 such contacts.
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10.

11.

12.

13.

14.

15.

. In the recovered class, there is some percentage of individuals who are now

susceptible and ready to develop SMA. It means that these individuals recov-
ered from some initial conditions, but they are at risk of developing the effects
of SMA. The value is 71=0.35 [168].

. In the recovered class, individuals who are ready to quit the use of social media

will be moved to the permanent quieter class with 6= 0.1[0-0.4] [12].

. When a population’s number of deaths is calculated according to its size and

expressed as a percentage per unit of time, the result is the mortality rate, also
called the death rate. The mortality rate is given as ¢ = 0.0125 [218].

The probability or rate at which exposure results in addiction is indicated by
the fraction of exposed people who become members of the addicted class is
represented by v. This can be important for developing approaches to inter-
vention as well as for comprehending the dynamics of addiction spread within
a population. Thus, v=0.7 [15].

. The rate at which individuals leave the exposed class is given as y= 0.25 [168].

. We suppose that the Suicidal death rate due to excessive use of social media

(by cyberbullying, threats, bad comments, etc) is y = 0.4.

We assume that the mean duration of an individual in the addicted class be-
fore experiencing depression is denoted by 1. We approximate this from the
observed data as o= 0.1491.

The effectiveness of treatment for the addict population is the probability of
how successful the treatment is, and an individual in 1 (t) will move to R(t).
According to a survey, about 59 percent of individuals admitted to recovering
from SMA with treatments. Therefore, we assume its value as r; =0.29[0-0.6]
[265].

The rate at which the addict population accepts/rejects treatment is shown by

é. assuming the average time for treatment like Cognitive Behavioral Therapy
(CBT) is about 300 days with ¢; = 0.003.

The rate at which the depressed population accepts/rejects treatment is shown
by é The average time for treatment is approximated as ¢» = 0.0069.

The people who leave the treatment in the middle and try to overthink, in
such people, due to negative thinking patterns, biological factors, anxiety, or
mental health disorders, etc, the addiction symptoms return after some time
of improvements, which is called relapse. Thus, the probability of relapsing is
approximated as g = 0.9704.

Some good people instantly take self-control and start to stop or avoid the
excessive use of social media. The value of this parameter is g = 0.09[0.01-0.2]
[15].

According to the available data of Spain, we average the total population between
2010 to 2022, N(t) = 4.6729420 x 107. The estimated initial values of all classes up
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to five decimal places are given as

S(0) = 4.27602 x 107, E(0) =2.3975 x 10*, I1,(0) = 3.27105 x 10°,
L(0) = 4.79500 x 10°, R(0) = 1.43850 x 10°, Q(0) = 4.7950 x 10%,
D(0) = 2.85049 x 10°.

TABLE 5.1: Parameters of Model

Parameters Symbol

Units

Recruitment rate

rate at which addiction spreads to susceptible

rate at which depression spreads to susceptible

Proportion of recovered individuals susceptible to SMA
Individuals that leave recovered class

Natural death rate/Mortality rate

Proportion of exposed individuals who eventually become addicted
Individuals that leave exposed class

The rate at which people commit suicide due to depression
Treatment rate for the addicted population

Treatment rate for the depressed population

The fraction of individuals whose treatment is successful
Per capita rate of depression due to media influence.

The probability of relapse of recovered Individuals
Susceptible abstaining from social media

m&?:‘@-ﬁ‘ﬁsé Q‘WQD;]S-‘E—"ﬂ

Per-capita/year

Per capita/year rate
Per capita/year rate
Dimensionless
1/year

1/year
Dimensionless
1/year

1/year

1/day

1/day
Dimensionless
1/year

1/year

1/year

Machine learning, especially neural networks, can improve epidemic models’
prediction by introducing observed data and parameter heterogeneity. To enable
neural networks to provide training samples and discover the relationship between
data and system dynamics, randomized changes are introduced around parameters.
This improves the precision of the model by enabling the network to capture non-
linear interactions and fine-tune predictions that conventional models restricted by
fixed parameters would ignore. Feed Forward neural network (FNN) over the epidemic
model utilizes the observed data with literature-initialized parameters to produce
the training samples. The network learns the functional mapping between inputs
like time, population compartments, and outputs directly from data, approximating
system dynamics and capturing nonlinear relationships that conventional mecha-
nistic models might not be able to capture. FNN is effective in capturing nonlinear
interactions, but its dependability may be limited due to its lack of a mechanistic
foundation and reliance on a large, high-quality database. Physics Informed neural
network (PINN) incorporates model equations into training samples, which ensures
consistency with the residuals of the differential equations in the model, rather than
just minimizing the error between predictions and real or synthetic data. Such net-
works can refine parameters during training by initializing them from literature and
letting them fluctuate within feasible limits. PINN may learn from sparse or noisy
information using this dual loss technique, combining data fitting and physical law
enforcement, producing predictions that are aligned with established epidemic dy-
namics. We apply both techniques on model (5.1) to predict the addiction and de-
pression dynamics.
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5.4.2 Feed forward neural network

We propose a data-driven strategy that integrates synthetic data generation with real
data by utilizing a Feed Forward Neural Network (FNN). This approach aims to pre-
dict the dynamics of addiction and depression as described in model equation (5.1),
allowing for an evaluation of the complex system through the calibration of specific
parameters. This approach is based on the general neural network framework. The
model (5.1) is described in a compact way
0 |
= Fue),

where U(t) = [S,E, I1,I,R,Q,D]" are state vectors and § € RR”" is the vector of
biological parameters in which 7,0, B, ¢, v, v, ¢1, 71 assume to be unknown for fore-
casting model. The FNN is intended for estimating the inverse mapping

Ny (U(t),t) — 6,
where w denotes the network weights and biases. Thus, the network learns.
0~ Ny, (U(t),t),

eliminating the need for iterative optimization. The parameter identification prob-
lem seeks to recover 0 from observed state trajectories {Uops(t;) }~ ;. The governing
ODEs mimic the typical epidemic flow with given parameters in Sec 5.4.1. The base-
line mutual addiction and depression dynamics are represented by the fixed true pa-
rameter values Oie. We create synthetic training data by using the forward model
after introducing random perturbations from the baseline of the true parameters.

9]@ = 0} true X (7 +rand(0,1)), i=1,..., Nuain-
For each parameter 6(), the trajectory U (t,) is generated by integrating U = f(U, t;6))
using Runge-Kutta method . The training set is defined as

T = {UD(t), 1), 003,

where mapminmax transformation is applied to all inputs and target values for train-
ing stability. The network parameters are trained by minimizing a combined loss
function to balance the synthetic trajectory with actual data, given as

0" = arg mein](Q),

where
](9) = Wy ]r(e) + ws ]5(9),

and w,,ws > 0 regulate the proper participation of synthetic and actual data. A
mean-squared error (MSE) over the relevant dataset is usually used for every aspect
of the composite loss. The MSE for the synthetic data is provided by

7

N (U 1),8) — 00|
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furthermore, for the actual data,

1 N

Jr(w) = N, 1221

i . 2
No @ (8),£) — 6

real

2.

We used the Levenberg-Marquardt approach to optimize the network parameters
(omega) as
w(k+1) — w(k) o (]T] + y1>71]T6,

where e is the error vector, J is the Jacobian of the residuals, and y is a dampening
component with identity matrix I. This procedure iteratively updates the network
weights to minimize the composite weighted MSE. Let w represent the set of all
network weights and biases. For an input pair (U (t;), t;), the method of forward
propagation is executed accordingly. For neural network approximation, we utilize
the FEN with £ 4 1 layers with input vector x, the proposed network computes

¢ Input Layer: here, the current time t is the only input feature utilized by the

model, written as
(i)
X = [u t(tk)} e R x R.
k

¢ Hidden Layers: The connection between time and the epidemic levels is cap-
tured by several fully linked layers with nonlinear activation functions. For
¢=1,...,L—-1,
x'=Whx +b!

¥ = o (W(@x(f—l) T b(é))

where W p(0) and ¢(¥) denote the weights, biases, and activation function
of layer £.

¢ Output Layer: The outcome is a node that represents the expected value of the
epidemic dynamics at time t.

Ny(x) = W(L)x(L_l) + b,

Here, w = (Wl, o WE B bL) denotes the complete set of network parameters.
The predicted parameters for sample (i, k) are 80)(t;) = N, (U7 (), 1)), and the
corresponding residual is

eix = 00 () — 01,
When 0 is substituted into the RK4 model, expected trajectory estimates Upyeq (t) are
obtained. These are contrasted with Uirue(t) employing normalized absolute error

as
e (1) = [Uorea; (1) = Unre(1)]
! utrue,j(o) '

This framework transforms the classical inverse problem into a supervised learn-
ing task, enabling fast and noise-tolerant parameter identification. Once trained, the
FNN instantly estimates behavioral transition parameters for new data, facilitating
adaptive modeling and control of social media addiction and depression dynamics.
FFNs’ accuracy in forecasting potential epidemic dynamics is hampered by their in-
capacity to simulate sequential dependency since they lack memory systems, which

(5.24)
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also limits their interpolation efficiency. Due to this reason, we define another tech-
nique in the next subsection.

5.4.3 Physics informed neural network

We present a methodology for parameter identification in the model system (5.1)
that makes use of Physics Informed Neural Networks (PINN) to estimate additional
parameters and evaluate prediction models with significant accuracy and precision.
Recent studies illustrate the emerging impact of integrating the epidemic models
with PINN, particularly in the setting of limited, noisy, and partially mission data,
which is a common real-world complexity in various epidemiological surveillance.
Theory behind PINN is similar to that of literature-informed learning, in which the
absence of high-quality data is addressed by using mathematical models that pro-
vide structure and information. They also ensure that the trained dynamics are com-
patible with biological concepts associated with disease transmission by employing
the model equations to drive the neural network instead of relying just on data fit-
ting. Using this paradigm, [255] estimates the incidence and recovery rates of the
compartment model using Disease-Informed Neural Network (DINN) based on the
concept of PINN from sparse data, including classical epidemic equations within the
learning mechanism. A similar study [4] demonstrates how model-driven learning
may retrieve hidden information and variables in an SEIR-type model by imposing
the relevant ODE restrictions via automated differentiation. These approaches go
beyond forecasting disease models may also be used to predict patient addiction
behaviors by utilizing theoretical frameworks as priors, especially when empirical
data is scarce [36]. More recent study [312] shows adaptation of this framework with
limited information by using Caputo fractional derivatives to find biological param-
eters, including memory effects. These studies motivate that in the case of limited
but reliable data, hybrid model-data techniques work best. This is consistent with
the current work’s goal of using model-specific limitations to improve parameter
identification, accurate forecasting, and clarity in model (5.1).

PINN integrates the fundamental system of governing equations directly into
the learning process, in contrast to traditional neural networks as in Sec 5.4.2. In our
scenario, these equations represent the actual model (5.1), which guarantees that the
network forecasts are data-driven and in line with the model dynamics. We use syn-
thetic data from the limited depression class observations to illustrate the efficacy
of this technique for the model, demonstrating that PINN can recover the genuine
parameters with high accuracy while remaining consistent with the proposed be-
havior dynamics. A schematic diagram of this approach is shown in Fig 5.2. The
model (5.1) is described in a compact way

du(t)

S =T,

where we assume state trajectory function in vector form as
T 7
UE) = |S,E, 1, 1, R,Q,D| €R

on which we want to apply proposed strategy such that £ € R" where £ is the

vector related to chosen parameters for estimation to predict model dynamics. The
variables S, E, I1, I, R, Q, D represent the system classes with the assumption that
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the total living population is
N(t) = S(t) + E(t) + h(t) + L(t) + R(¢) + Q(t) + D(#).

This leads to our key idea in PINN formulation, where the solution of a system of
differential equations is approximated using a neural network trained by observable
data from the Runge-Kutta technique and governing equations. In the proposed
strategy setting, the network learns the full dynamics trajectories

(s, E 1, IR, Q,D) ey

along with assuming unknown parameters €.

Physics Informed Network

= e

S Yoo

o memog b e g Base

FIGURE 5.2: A representation of the proposed PINN approach to es-
timating the model (5.1) solution. An input layer with a single input
variable—a time coordinate—makes up the trained network. Each of
the three hidden layers has n neurons that are connected to the in-
put and output layers. Since the intended response is expressed by a
single neuron, the output layer has model state vectors. Using state
vectors and their derivatives, this neural network design is used to
evaluate the residual of the ordinary differential equation. A com-
plete loss function is created by merging partial loss functions. After
that, it is weighted and reduced as necessary.

0
number of training samples. The approximation is shown as U(t;£,6). The neu-
ral network approximation process uses a neural network with parameters 6 vector
of parameter learning specified by the neural network design, to estimate the state
trajectory

. .. .. . . i i1 Nuata
The discretization of the training data is define {tJ U }]. 0 Njara Tepresents the

Ut E,0) = [é(t), Et), (1), B(t), R(t), Ot), D(t)r.

The network weights and unknown biological parameters are refined simultane-
ously in a hybrid process. This technique makes it easier for the model to estimate
parameters while reconstructing unidentified states, especially in situations when
data is limited. Furthermore, the integration of underlying physics serves as a regu-
lative constraint, preventing over-fitting and enhancing the model’s comprehension.
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Time derivatives are computed via automatic differentiation:

Lawe,0 = (250, Lew, Lnw, i, Tro, Lom, Low)

As we mentioned earlier, PINN also incorporates a system of model equations (5.1)
into its loss function, compared to traditional approaches that just use observable
data for training. This combination is accomplished by expecting the neural network
outputs to accurately reflect the behavior model’s core dynamics. In particular, the
derivatives %Z] (+,-) are added to the right-hand side of the system after being es-
timated numerically. This mechanism effectively mitigates differences between the
neural network forecasts and the proposed behavioral model by making sure that
the predicted residuals approach to zero for the true solution. This strengthens the
model’s coherence with the observed dynamics. The residual vector at time ¢ is

d

R(LE,0) = EzZ(t; £,0)— F(U(EB);E), (5.25)
such that

d , . [1()S(t) L(1)S(t) .
Rs(t) = (1) = (T 7OR() = i g = A Fals — (B+0)5(0)

d . I (£)S(t) I(£)S(t) R
Re(t) = £ = (M g= + T gas = (r+ L)),
Riy(1) = S1(6) — (vrE () — (1) — (€ + B (D),
Riy(t) = Tha(t) — (wh () + 11— r)R(8) +4R(E) — paba(t) — (e + D) a(t))
Ri(t) = SR — (1 v)rE() + guri i (6) + gaa(t) — aR(1) — (& +O)R(E))
Ro(t) = 2O — (B8 + (1 moR(H) — (1)

The training problem is a joint optimization over network parameters  and epi-
demiological parameters £

(£,0) = argne}ign L(E,0).
The weighted loss function combines the components
£total(é/ é) = Qphy Ephy + Qic Lic + Qdata Ldata- (5.26)

At collocation points {t; } Niza | the physical or data loss is defined as a weighted sum
of individual compartment residuals

7
Lony(£,0) =Y Opnyi Li(€,0). (5.27)
i=1
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Each compartment contribution is given by

where i represents the model compartments. For observational data at time points
{tk}i\]:d‘"i‘a, the data loss is defined as

1 N, data

7
£data 5 0 - ZQdata,i Ni
i=1 data j—q

where u;{ is the observed value of compartment i at time #; and ﬁ; is the neural
network prediction. At the initial time ¢, the initial condition loss is defined as

iA"z
— (&, 9)

A

7
1cgé :2 ic,i

i=1

Altogether, this formulation provides a robust biological and data-driven founda-
tion for the subsequent studies, ensuring that our predictions and validation pro-
cedures are based on a well-established and extensively verified epidemiological
paradigm.

5.5 Global sensitivity analysis

Sensitivity analysis is the critical component in epidemiological dynamics that pre-
cisely describes how variation in biological parameters effectively changes the evalu-
ation of disease prediction and stability. All types of epidemic models rely on certain
parameters that describe the contact heterogeneity, pathogens” characteristics, host
interaction, disease transmission, etc. Model’s reliability and inter-predictability de-
pend on these parameters, which are mostly estimated from uncertain data. Sensi-
tivity analysis aims to identify key parameters, assess uncertainty, guide interven-
tions, and validate the model. Local sensitivity quantifies the variation in model
prediction with small perturbations around baseline in parameter values, which did
not capture the nonlinear behavior within a broad range of parameter values. Math-
ematically, we express them as a partial derivative or elastic incidence as

_YY
J_aX],y’

where ) represents model output with considered parameters shown as &;. Global
sensitivity examines how the uncertainty in the model result correlates to the input
parameter values when these parameters fluctuate concurrently across their entire
feasible ranges. It investigates the whole input space and seeks to capture the impact
of non-linearities and interactions in model data. Some popular techniques include
the Sobol variation decomposition [264, 254], Latin Hypercube Sampling (LHS), Par-
tial Rank Correlation Coefficient (PRCC) [54, 198], and Mirror screening methods
[206]. Among these techniques, Latin Hypercube Sampling combined with Partial
Rank Correlation Coefficient (LHS-PRCC) convinced us due to their reliable com-
putational efficiency with the ability to accurately describe the monotonic relation
among parameters with model variables.
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FIGURE 5.3: Evaluation of the global sensitivity of basic reproduc-
tion number given in (5.4) of behavioral dynamics proposed in model
(5.1). The output shows that A, Ay, ¢, 7y, v are significant parameters
with positive magnitude while B, ¢1,71, «, p are significant parame-
ters with negative magnitude. Particularly parameters Aq,,¢, v, o
are strongly influence the disease state. To decrease the addiction
and depression transmission in infected individuals, Ay, ¢, v should
be decreased in a positive direction while B, « increase in a negative
direction. For the simulation of the outputs, we take a sample size
N = 10000 with ¢t € [0,1000] having step size dt = 1 and time point
of interest 500.

LHS-PRCC is especially well adapted to epidemic models, where outputs are
frequently determined by several interdependent variables expressed in a complex
way. The parameter space sampled utilizing LHS with the assumption that the epi-
demic model contains n uncertain parameters, with each parameter value lying in
a specific interval or may be distributed using the cumulative distribution func-
tion (CDF). Particularly, for each parameter, we specify a corresponding probability
space into N intervals of equal distribution, like

B33 [

Thus, from each interval, we sample a uniform random value with ¢/ ].(Z) ~ Uniform (lﬁl, ﬁ)
where i =1, ..., N. To make sure correct space-filling qualities and avoid incorrect
correlations, randomly permute the sampled values for each parameter separately,
leading to the final form of the LHS sample matrix, given as

A0 ) )
PECICIR CEI RS TC)

x=|" o e (5.28)
XD D) )

where ¢; represents the random permutation for each parameter j. To extract the
result of interest for each parameter set X(?), compute the epidemic model

v =7 (x),x0,.x),
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where F(-) indicates the model computation and output collection. This leads to the
output vector

Y= (y<1>,y<2>,...,y<N>)T.

Notably, for reliable sensitivity estimates, the sample size N must be extreme. PRCC
is calculated to determine parameter sensitivity while considering uncertainties after
LHS generates the sample matrix X and the model outputs Y. To identify a mono-
tonic relation, change both parameter samples and outputs to ranks, such as

X]@ = rank (X](i)> , Y@ = rank (Y(i)) ,

After considering all other factors, the PRCC consequently quantifies the distinct,
partial relationship between X; and Y. Thus, supposing the variance and covariance
formulation without normalization, we define

Cov(Rx, Ry) = % (mg;j - z)'%xj) (9%(;) N s)‘%y) ,
i=1

Mz

(9%(;') - 9‘@)2,

PRCC between parameter X; and output Y as the Pearson correlation coefficient
of their residuals within the case of i)_‘ixj = Ry = 0 implies ordinary least square
residual has zero mean when an intercept is included, we write it as

() )
Var(Ry,) =) (9{);] — iRXj> , Var(Ry) =

i=1 i

Il
—_

yN 0
PRCC(X;, Y) (5.29)

\/Zl 1 \/21 1

where the residuals of parameter X; and output Y that cannot be clarified using the
other parameters are represented by Rx; and Ry. To determine the individual contri-
bution of every parameter X; to the result Y, two ordinary least squares regressions
are computed as

k s
X]‘:Dé]‘—l—Zﬁngg—i-SXj, Ry, = €x, :Xj—Xj,
=1
t#]
shows how the ranked parameter )~(]~ is regressed on all other ranked parameters with

residual Ry; where )%j as predicted values during regression. The ranked output Y
is simultaneously regressed on all ranked parameters except X; as follows

k A
Y:(X()—FZ’WX[—F&/, Ry =ey =YY,
(=1
t#]
possessing the residual Ry for the model output. Finally, to make the desired sensi-
tivity of model output with respect to parameters, we may apply the T-test, making
sure the observed PRCC is statistically significant through corresponding p-values.

We compute the sensitivity of the basic reproduction number Ry and the system
of order differential equations of model (5.1) by the proposed LHS-PRCC techniques,
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FIGURE 5.4: Time series evaluation of the global sensitivity descrip-
tion of proposed model (5.1) to represent the nonlinear correlation
of all the biological parameters having specific interval with +50%
from their baseline values in Table 5.1 with the compartments S(t),
E(t), [1(t), Io(t), R(t), Q(t), D(t) row wise from left to right respec-
tively. The simulation was done with sample size N = 10000 and
time interval t € [0,50] of step size dt = 0.5. The precise investi-
gation of addition state I;(t) indicates that parameter v,A1,7,¢, B, &
strongly influence the disease state of this compartment individ-
uals while depression state Ir(t) effectively compromised through
«,B,A1,7,¢,1,q. This statistical simulation became a strong turning
point for the health care centers and policymakers to effectively im-
plement the precaution measures through media awareness, increas-
ing physical therapy centers as first aid.
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considering biological parameters defined in Table 5.1. The results interpretation,
defined as PRCC values having magnitude +1, confirms the strong positive impact
of input parameters with output model equations while having a magnitude —1 ex-
press the strong negative influence, and those with magnitude 0 negligibly affect
the outputs. The biological significance is precisely defined through the expression
p-values < 0.05, which indicates that statistically a parameter is significant if its cor-
responding p-value lies within the above constraint. Fig 5.3 displays the sensitivity
analysis of the threshold Ry given in (5.4) of model (5.1) to describe the monotonic
behavior of the proposed dynamics disease state. we choose sample size N = 10000
with time interval t € [0,1000] and assuming step size dt = 1. Effectively analyz-
ing the complexity of the behavior dynamics, we consider the time point of interest
500. For Latin Hypercube Sampling, we specified the interval with £50% for all
parameters from their baselines defined in Table 5.1. The results describe that pa-
rameter A1, 3, ¢, v, « has a strong influence on IR for long-term behavior regardless
of the magnitude direction. This indicates that for taking precautionary measures
and controlling the persistence of the disease outbreak, one must effectively man-
age the influential parameters. The monotonic relation of the biological parameters
with the compartments of the behavioral dynamics is shown in Fig 5.4. This time
series visualization defines the long-term evaluation of model state variables” be-
havior row-wise from left to right, describing all the parameters given in Table 5.1
with initial data briefly written in Sec 5.4.1. For the simulation, we take the sample
size N = 10000 and time interval [0, 50] with step size dt = 0.5. The addiction and
depression states of individuals are effectively influenced by the excessive use of so-
cial media, particularly increasing the depression dynamic with the connection of
susceptibility and pre-pressure from the media. The PRCC findings highlight how
crucial it is for legislators to implement several types of measures to address social
media addiction, which is correlated with depression. It also emphasizes the im-
portance of taking preliminary measures like social awareness, physical therapies,
and affordable treatment to control and lower the fatality rate associated with these
physiological states.

5.6 Formulation of optimal control model

In the model, we observe that social media addiction can easily become a source of
depression, especially for adults, which affects mental health badly. To minimize the
negative impact of social media addiction and depression on society, government
prevention measures are essential. Thanks to optimal control theory, that applied to
effectively reduce the individuals who face addiction and depression due to social
media use. These affected individuals may be precisely targeted and diminished by
creating time-dependent measures like treatment plans and awareness campaigns.
This method assists in determining the most effective means of limiting the impact
and spread of these conditions while taking execution and financial limitations.

We introduce the following time-dependent control variables to this dynamics:

* u(t): Awareness/Education through social media services, promoting a pre-
ventive lifestyle via social sports activities, exercise, reducing mobile screen
time, and proper sleep.

* uy(t): Treatment boost by affordable rehabilitation programs and government-
funded counseling services.
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First control u; is applied to optimize the addiction and depression rate. This can be

done by replacing the current Ay and A, by A1(1 — u7) and Ay (1 — u;) respectively.
This made biological sense, that when the control input is zero, no effect on the
addiction and depression rate. Once 1 increases from 0 to 1, the term (1 — u;) will
become smaller than 1, decreasing the transmission. Similarly second control u; is
utilized to increase the treatment success rate by replacing the current ¢; and ¢» by
¢1 + uz and ¢o + uy respectively. The modified system with time-dependent controls,
becomes:

%:F+719R—)L1(1—u1)%—Az(l—m)%—(M1+/3+§)51
CCle:A1(1—u1)%+)\2(1—u1)%—(7+€)Ez

% =vyYE—(¢p1+ux)l1 — (E+a) Iy,

% =ah+(¢p1+u)(l—r)h+qR— (2 +u2)— (p+¢) I, (5:30)
i—lf: (1=v)YE+(p1+u)ri i + (P2 +u2)b —qR— ({+0) R,
Cf:(u1+ﬁ)5+(l—n)9R—§Q,

|2~y ¢

with initial conditions

S(0) =0, E(0)=0, (0)=0, L(0)=0

R(0) =0, Q(0) =0, D(0) =0. (5.31)

while
0 < up < Uymax 0 < up < Upmax (532)

The objective of this control problem is to minimize the addiction I; and depression
I, populations along with cost associated with the awareness programs and treat-
ment boast strategies within the interval [0 T| by control variables u; : [0 T] —
Upmax and up : [0 T] — upmax align with studies [173, 90, 275, 222]. The objective
functional is defined as

T 1
](Ml,uz) = min /0 <K111 +Kxolr + E(Ky/l% + K4u%>) dt, (5.33)

Uy, up Q)

subject to system (5.30) and Y. The set (2 of admissible controls is defined as

(1 (8), u2(8))]|
N=<0< ul(t) < Uimax, 0= Mz(t) < U2 max, (534)
up(t), up(t) are measurable VYt € [0,T|

The terms x I1,x; I are the percentage of people who are addicted and depressed,
respectively, to minimize them in the optimization function. The optimization func-
tion is made more balanced by the positive weight components x; and x;. In par-
ticular, these factors explain the relative importance of the percentage of addicted
and depressed people vs the expenses of medical treatment. The goal is to save
those who experience severe symptoms when weight factors x; and «; are high.
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Conversely, a low optimum control results from the emphasis on limiting the cost
of intervention policies when the weight factors x; and «x; are low. Similarly, x3
and x4 are the positive weight constants given to the control x3 1 and x4 uy repre-
senting the marginal cost of making awareness programs and affordable treatment
strategies for addicted and depressed individuals. Additionally, in line with other
research, we consider the quadratic cost on the control variables u(t) and ux(t),
which is the most straightforward and popular nonlinear description of control cost
in social/epidemic dynamics [55, 225, 2, 257].

Any optimal strategy needs to be mathematically validated by ensuring that the
admissible control set is nonempty, bounded, and closed, and that the state equa-
tions satisfy conventional regularity conditions. The existence of the proposed op-
timal control model (5.30) with admissible control set () over the objective func-
tion (5.33) subject to (5.30) and ¥ with initial data (5.31)-(5.32) can be describe using
the studies of Fleming and Rishel [115] and Carathodory’s existence theorem [191]
which will ensure that our control model has a unique solution under admissible
control pair 11, up.

Theorem 5.10. Given the objective functional (5.33) stated on the admissible control func-
tions (uq,up) € Q, determined by the dynamical system (5.30) with initial conditions
(5.31)-(5.32), an optimal control pair exists that minimizes the objective functional.

Proof. By utilizing the results of [115, 191], we define the following conditions to
prove the statement.

1. Since the solutions to the state equations are a prior bounded, the admissi-
ble control-state set is not empty. Each admissible control in () has a unique
solution due to the equations’ continuous nature and Lipschitz in the state
variables.

2. By definition, the control set (2 is convex and closed.

3. By considering the linear dependency of the state equations on the controls 14
and u, the right-hand side of the system (5.30) may be expressed as the sum
of linear functions in the control and state variables.

4. As the controls are quadratic, the integrand of the objective functional is con-
vex concerning the control variables.

5. The integrand of the objective function is bounded below

1
Mt I, I, up,up) =111 + 101 + E(Kgu% + K4u%)
> max {x3, K4} (u3 + u3)
2 Ui
> —gs(z |“j|2> — 8
j=1
where g3 = max {Ks3, x4}, 1 =1, ga=1Kx181+Kx2g assuring [ > —g1, L > —g».

Finally, these results ensure that there exists an optimal control pair (11, uz) € Q) that
minimizes the objective functional J(uq, uy). O

Since this is a constrained optimization problem, we apply Pontryagin’s maxi-
mum principle. This technique turns the control model dynamics (5.30) and objec-
tive function (5.33) into a new problem where we aim to minimize the Hamiltonian
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at each point of time using the desired control variables u; and u,. Here, first, we de-
rive the Hamiltonian function. After that, the adjoin variables system is created. Fi-
nally, we define the optimal control variable values. We establish the adjoint system,
transversality criteria, and evaluation of optimum controls of the proposed control
model (5.30) with the following result.

Theorem 5.11. For a given optimal control pair (u1, uy) that yields the optimal state solu-
tion S*, E*, *, I,*, R*, Q* and D* which minimizing the objection functional J(uy,uy)
then there exist a set of adjoint variable A;,i € {S,E, L1, I, R, Q, D} satisfy:

dhs
dt

dAg
dt

dAy,

dt

AL

dt

dAR

dt
dAo

dt
dAp

At

- —{AQ(ul +B) —As(u1 +B+C) — As (IlAl(l _ul))( N2

N—S)

s (a1 =) (N5 F) e (- ) (M55

+ Ar (Iz/\Z(l - ”1)> (NN_ZS>}

= _{}\Ilfyv—'yAR (v—1)—Ag (’Y‘FC)}

= —{m+An (o (1 +102) (1= 7)) = g &+ (91 + 12) )

+SA(1 —ul)AE(NZ\;Il) —SA(1 —ul)A5<

+ )\R(q?] + uz)rl}

)

= —{K2+ADV+/\R (2 +u2) — Ap(p + ($2 +u2) +¢)

+SA(1— ) AE(%) —SAx(1— 1) As(%)}

= —{Aeq—AR(G+0+8) + 2001 —7) +As 6}

{-0t)
{-a0t)

(5.35)

with transversality conditions as the objective function, they do not have a terminal cost term

Ai(T) =0fori e {S,E, I, I, R,Q,D}.

Furthermore, the optimal control functions uj, u; characterize as

uy = max {0, min{

uy = max {O, min{

()\5 — AQ)S/N + (AE — )\5) S(Alll + )\2[2) }}
NK3

(Alz — /\R) (12 + 1 1’1) + (/\11 — )\[2) L }}
K4
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Proof. Follows the Pontryagin’s maximum principle [237], the Hamiltonian # is give
as

1 ds dE dlh dl,
H=x1I1 +x2+ = (K3M1+K4u2)+}\sd +/\Ed + AL = 7 + AL —- 7t
(5.36)
A B0 19 4, 9P
Regr 77 WP g

We differentiate the Hamiltonian H with each adjoin variable A; wherei = S, E, 1, I, R, Q, D
to get the adjoin system as

d\s  9H  dAg  9H  dA,  9H  dA,  9H

dt — 9S’ dt ~—  OE’ dt ~— oL’ dt ~—  ohL’

A\ 9H  d\o  9H  d\p  9H

2 [ T To L TR T>%
Differentiating the Hamiltonian H with respect to control variables and setting them
equal to zero, we get

JoH . S()\lll + /\2[2) S(/\lll + /\212)
i = K3U1 ()\5 )\Q)S AE N + Ag N ,
(5.37)
= ()\5 — /\Q)S/N + (/\E — /\5) S(/\lll + /\212)
= K3 N '
oH
E)th = KqUp — /\1111 — /\[2 (12 + I (1’1 — 1)) + AR (12 + 117’1)
(5.38)
_ )\1111 —+ /\[2 (Iz + 11(1’1 — 1)) — AR (12 + 111’1)
K4
Using the bond on the control variable u; and u>, we get
0 it 9 < o
ut (AS—AQ)S/N'F(/E;S/\S)5()\1114-/\212) if 0< au < U1 (5.39)
U1 max if gﬂ > U] max
0 if <0
us = (A, —Ar) (12+11K:1)+(/\’1_)”2)11 if 0< gl% < U2 max (5.40)
U2 max if gi > U2 max
leads to a compact form of terminal conditions and ended proof. O

By integrating the defined control set within initial and transversal conditions,
the optimality system is produced from the state system, and the adjoint variable
system describes the optimal control system of model (5.1)

State Equations :
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ds o DS 25 .
dE % 115 * 125
E :Al(l—ul)w—k/\z(l—ul)w_(’)’+§)EI
g “VTE- (i ru)h —(E+a) L,
dI X *
d72 =ah+(@Pr1+uw)l-r)h+qR—(p2+u)— (p+) L,

dR (5.41)
— (1= v)YE+ (¢ +u3)r1 i + (2 + 1), — R — (E+6) R,

at
(i £ p)S+(1-m)IR—EQ,
dD

S —nh-eD,

S(0) =0, E(0) =0, I;(0) =0, I,(0)=0,

[R(0) =0, Q(0)=0, D(0)=0.

Adjoint Equations :
( dAg . ¥ *
5 = M+ B) +As (g +B) +8) — (Ap = As) (i A (1 — uy)
n(E+L+bLb+R+Q+D

+hha(1 - u))( - )
ai
= A v AR (v = 1)+ Ap (7 +8)
dA
dtI1 = —x1 — (A, = Ap)(a+ (1 +u3)) — (AR — Ap)(P1 +u3) 1

W (S+HE+L+R+Q+D

— (Ar = As)S M (1 —ui) L Q )+ Ang
aA X .
T2 = ke (Ap = A (Ax = As) (g2 13) — (he 642

w(STE+L+R+Q+D

— As)SAa(1 - u)( N )+ Ang
dAR
dAo
= eb
dAp
W —AD‘:

Ai(T) =0, where i={S,EI;,I,R,Q,D}

5.7 Numerical analysis

In this section, we describe a comprehensive framework for the evaluation of behav-
ior dynamics in coupled social media addiction and depression (5.1), their parameter
identification using modern machine learning tools, and possible prevention strate-
gies using an optimal control problem (5.41)-(5.42). The numerical investigation is
defined using the actual depression data [204] and a synthetic simulation. The esti-
mation of parameters is performed with the minimization problem proposed in Sec
5.4.1. As the actual data is limited, validation of the parameters chosen from sources
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is captured using the literature learning process through Feed Forward Neural Net-
work and Physics Informed Neural Network. The FNN-based strategy initiates the
simulation by training a network to estimate the target parameters over the actual
data trajectories with randomness to observe the dynamic relation between the esti-
mated parameters and state variables where whereas the PINN paradigm naturally
blends physical consistency with data learning, yielding more reliable and precise
parameter identification. The data-driven techniques formulated in Table 1-2. Math-
ematical analysis of the model (5.1) indicates that even with the threshold values less
than one, the addition and depression dynamics will persist due to the geographi-
cal factors, relapse phenomena, and lack of medical facilities. The proposed optimal
control strategies (5.41)-(5.42) illustrate the effective use of media awareness pro-
grams and increasing the initial medical facility can control the behavioral dynamics.
The simulation of the optimal control model was performed using the most famous
technique, called the forward and backward sweep method, with Runge-Kutta of
order four. The algorithm of this technique is defined in Table 3.

Algorithm 1 Parameter Identification of model (5.1) with FNN

Input: Define the Initial data yo, actual parameters 0ye, time interval and num-
ber of training samples
Output: Estimated parameters 6 and predicted model compartments Yored
Synthetic data generation:
Integrate Y (t) = F(YV(t), Ourue) applying RK4 to get Vacrual (£) and add Gaussian
noise for Veynin
Training data formation:
fori=1:N;do

Randomly perturb J; the parameters like () = 0,0 @ (14 6;),

Simulate J(?) (tj) = RK4Solver(yo, 6, t)

for t; do

Define input-output pairs: Xj; = [y(i) (t]-), t]-], Vij = ()

end for
end for
Normalize training inputs and outputs to [—1,1]
FNN structure:
Write feedforward network N, with 3 hidden layers [10-10-10], satlins activa-
tion and linear output. Train network with Levenberg-Marquardt algorithm and
stop when epochs = 200 or gradient < 1077, using 80/10/10 train/val/test split
Parameter Identification:
Define network input from synthetic data: Xsynin = [Vsynth, tsynth]

Forecast parameters at each time: é(tj) = No(Xeyntnj) and compute
mean parameter estimates f to simulate predicted state vectors: YVpreq(t) =
RK4Solver(yo, 0,t)

5.7.1 Evaluation of data driven model

The model (5.1) precisely describe the overlapping of social media addiction and
depression by complex structure, emphasizing how sensitive biological parameters
like incidence rate of the addiction and depression state, the pressure of media over
the addictions individuals leads to depression, relapse in depressed individual and
treatment success ration during the behavioral dynamics which closely relate with
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Algorithm 2 Parameter Identification of model (5.1) with PINN

Input: Start with given model )'(t) = £(t,y,0") having initial data in time
frame and true parameters 0""¢, and ensure estimated parameters 6*
Simulate model using Runge-Kutta to generate reference solution. For synthetic
data, add Gaussian noise to the reference solution and make the training dataset
N,
Dy = {ti/ ysynth(ti) }Z‘:do
Initialize PINN training
Initialize neural network NV, : R — R” with multiple layers, some hidden units,
network weights w and parameter variables {cj]-};‘:l randomly
Adam Optimization
for n =1 to Ipngam do
Sample collocation points: {tf}f\ﬁl ~ Uniform(0, T) )
Forward pass: )J; = Ny (#) and compute derivatives % using auto-grad
Transform parameters: §; = 67°™ - [&“wffﬁmm tanh(¢;) + ﬁ“‘“zw}

ComPUte loss: Ligtal = M Lodes + A2L1c + AsLdata

Compute gradients: V, Liotal, V {g}.}ﬁtotal and update system.
end for
L-BFGS Refinement
for n = 1 to I grgs do

Compute Ly, and gradients

Update network, {¢;} using L-BFGS with line search

if ||V Liotal|| < € then break

end if
end for
Evaluation and Validation
Compute PINN predictions: Y(t) = N (t) for t € [0, T]
Calculate state variables prediction error and parameter error
Output: Estimated parameters 6* = {Gj(é;f)};‘:l and state variables prediction

A,

Y(t)

Algorithm 3 Forward-Backward Sweep Method using RK-4 for model (5.30)

Input: Start with state equations of model x = f(x, u,t) with initial satete for

control u(%)(t) having adjoint dynamics A = —%—Ij and initial state x(0)
Initialize iteration k = 0 and control u(®) (¢)
repeat

For forward integration of state equation use RK-4 by integrate x =
F(x,u®,t) fromt = 0to t = T to get x0)(¢)

For backward integration of adjoint system , use RK-4 by integrate A=— %—Ij
from t = T to t = 0 with terminal condition A(T) to get A% (¢)

Update control using optimality condition: ukH1) () =
arg min, H(x% (t),u, A®) (£),1)

Convergence check through compute Au = ||uk+1) — k)|,

k< k+1

until Au < e or k > Kpax
Output: Optimal state trajectory x*(t) = x®) (), control u*(t) = u®(t), adjoint
state trajectory A*(t) = A (¢)
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the suicide rate. Key parameters such as Ay, Ay, &, g, and ¢», whose descriptions are
given in Table 5.1 enhance the model reliability, estimated from actual data. Remain-
ing parameters sourced from literature significantly impact the treatment efficiency
and relapse prediction, thereby affecting the suicide rate in depressed individuals.
The model’s biological feasibility and the ambiguity concerning these parameters are
essential for its validation, establishing it as a critical tool for policymakers dealing
with behavioral dynamics related to internet, social media, and gaming addictions,
as well as their potential relation to depression within communities. Even with such
limited or partially absent observations, neural networks may robustly estimate pa-
rameters by extracting latent patterns from sparse, noisy, or incomplete data. We
are using Feed Forward Neural Network and Physics Informed Neural Network to
estimate the parameters from the random synthetic data collected from the reference
solution of model (5.1) using the Runge Kutta method.

In the initial setting, the formation of the FNN for model (5.1) is described, utiliz-
ing the fourth-order Runge-Kutta scheme. Key parameters such as Ay, Ay, a, ¢, and
¢» are fixed, while other parameters 7,6, 5, ¢, v, v, $1, 11 are selected for estimation
based on literature baselines. Empirical realism is achieved by including compar-
ative Gaussian noise into the reference solution. We choose sample size N= 1000
to generate an effective training parameters set, with each set being equally dis-
turbed within £25% of their actual values, keeping other parameters fixed. At each
time point, different trajectories of the state variables were generated with the RK-4
solver for synthetic variability. These trajectories are taken as distinct training sam-
ples, enabling the network to learn the mapping from stochastic state variables and
time to latent parameter values. The network consists of three hidden layers with
ten neurons in each layer. The training is defined using the Levenberg-Marquardt
back propagation technique with 200 epochs. For each synthetic time point, the
trained FNN produces a separate mean estimate for each selected parameter, which
is used to predict the compartments’ trajectories of the model (5.1). Fig 5.5 visualizes
the prediction of the model with the estimated parameters using the proposed FNN
data-driven technique. Synthetic data shows the error between prediction and ob-
served data, while FNN prediction defines the error between the reference and the
prediction solution. The predicted results show the validity of the complex param-
eters taken from literature, indicating that the model behavior is biologically mean-
ingful. The comparison of the estimated and true parameters over time with epochs
is shown in Fig 5.6. The technique provides for the parallel pointwise estimate of se-
lected parameters and allows for the more precise forecast of behavioral dynamics.
This configuration is intended to investigate simple neural network-based parame-
ter estimation while quantifying errors in state vectors and parameter estimations.

In the second setting, we define the PINN-based strategy to predict the state vari-
ables of model (5.1) with the estimated parameters. Our approach initiates by solv-
ing the model compartments with the Runge Kutta technique for generating a ref-
erence solution with actual parameters, which serve as ground truth for validation.
Synthetic data is being defined using Gaussian noise in the reference solution, mim-
icking the stochastic behavior in realistic epidemic models. The central component
of our approach is a deep neural network to learn unidentified model parameters
through a constrained transformation approach while approximating the temporal
progression of model state variables. PINN formulation embedding the governing
differential equation of the model explicitly into the loss function through automatic
differentiation. This strategy reduces the demand for complete knowledge of all
parameters by enabling the neural network to naturally follow the physical limits
related to the epidemic model, which is typically essential for FNN approaches. The
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deep neural network structure consists of an input layer with three hidden layers,
each with 64 neurons and ReLU activation after each linear transformation. The out-
put layer is defined using element-wise absolute operation to ensure non-negative
predictions, making the solution physically meaningful. This descriptive structure
is highly computational and has enough capacity to mimic the dynamics of the sys-
tem. The training procedure employs a hybrid optimization approach, with an initial
Adam phase for quick parameter search and L-BFGS refinement for exact matching
to optimum solutions. Fig 5.7 illustrates the perdition of model (5.1) compartments
row-wise from left to right with the estimated parameters. The graphics display the
biological meaningful state variable prediction with reliable parameter inference,
even with uncertain data. The comparison of estimated parameters with actual val-
ues is presented in Fig 5.8 over selected epochs for the training network. Complete
analysis of the proposed data-driven strategies output is given in Table 5.2

FIGURE 5.5: Evaluation of state variables row-wise from left to right
of the behavior model (5.1) with estimated parameters and error es-
timation. The simulation done using the FNN base neural network
structure consists of three layers, with each layer having 10 neu-
rons. The hidden activation is performed through linear saturat-
ing satlins, while for output activation we use a linear function
purelin. The network was trained using Levenberg Marquardt back
propagation trainlm with epochs 200 and a data division ratio of
train: 80%, val: 10%, test: 10%. The reference solution was gener-
ated using the RK-4 method with t € [0,50] and a step size of 0.5. The
forecasting trajectories of each state variable are biologically mean-
ingful and collectively capture the monotonic relation between social
media addiction and depression in individuals.

5.7.2 Transition flow and media influence

The model (5.1) precisely describes the partial bilateral relation of social media ad-
diction and depression with respective incidence rates A; and A,. Their mutual inter-
action is primarily governed by infected individuals” movement between these two
states. This relation defines the disease persistence phases during the evaluation of
behavioral dynamics. A significant decrease in addiction and depression dynamics
comes with effective medical precautions and positive outcomes of media awareness
programs. We explicitly investigate the complex relation of these behavioral states
in different settings using the higher-order Runge-Kutta method.
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FIGURE 5.6: Comparison of the estimated parameters v, 7, ¢1, ¢, 7,

B, r1, 8, and corresponding true values row-wise from left to right

over time with FNN over 200 epochs. The reference solution was

generated using the RK-4 method with t € [0,50] and a step size of
0.5.

TABLE 5.2: Representation of estimated parameters with FNN &
PINN.

Parameter True Value FNN Estimate FNN Error PINN Estimate PINN Error

T 0.350 000 0.278 504 0.071 496 0.004 704 0.375296
0 0.100 000 0.077790 0.022210 0.171770 0.071770
B 0.090 000 0.090299 0.000299 0.086 375 0.003 625
¢ 0.012500 0.012482 0.000018 0.011910 0.000590
% 0.250 000 0.250599 0.000599 0.254267 0.004 267
v 0.700 000 0.703 807 0.003 807 0.681782 0.018218
P 0.003 333 0.002724 0.000 609 0.000003 0.002997

1 0.290 000 0.238418 0.051 582 0.520553 0.230553
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FIGURE 5.7: Evaluation of state variables row-wise from left to right
of the behavior model (5.1) with estimated parameters and error es-
timation. The simulation defined with PINN-based deep neural net-
work structure consists of one input layer and three hidden layers,
with each layer having 64 neurons with ReLU (Rectified Linear Unit)
activation functions to describe the monotonic behavior of the model.
The reference solution was generated using the RK-4 method with
t € [0,50] and a step size of 0.5. The forecasting trajectories of each
state variable are biologically meaningful and collectively capture the
complex interaction between social media addiction and depression
in individuals.
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FIGURE 5.8: Comparison of the estimated parameters v, 7, ¢1, ¢, 7,

B, r1, 6, and corresponding true values row-wise from left to right

over time with FNN over 20000 epochs. The reference solution was

generated using the RK-4 method with t € [0,50] and a step size of
0.5.
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In Setting 1, we describe the evaluation of model (5.1) using the actual data and
estimated parameters through data-driven models defined in Sec 5.7.1. This quali-
tative comparison describes the consistency of mathematical output with proposed
data-driven strategies, making the model’s reliability and validation more efficient.
Fig 5.9 shows the Setting 1 evaluation, by presenting the comparison of all compart-
ments’ predictions through actual data, FNN estimated data, and PINN estimated
data. The total infection emerges when an infected individual comes in contact with
a susceptible individual, due to which individual showing infection symptoms dur-
ing the incubation period despite self-precautions. Generally, individuals leave the
treatment process after some improvements, increase the relapse may lead to severe
depression state causing suicide attempts.

Better analysis of behavioral dynamics defined by measures not merely the in-
fected cases, but also the date of the epidemic’s peak and overall severity across time.
Therefore, evaluation of epidemic factors like total peak infection, time to peaks,
and cumulative infection signifies the model’s predictability. Setting 2-3 precisely
explains these epidemic concepts in behavioral dynamics, which provide comple-
mentary information about the mutual interaction of addiction and depression dy-
namics. The highest percentage of individuals who were actively infected across
the simulation period justifies the total peak infection. As model (5.1) contains two
infected compartments I; (¢) as addicted individuals, while I(t) is depression indi-
viduals. Thus total infection I(t) = I;(t) + I»(t) leads to formulation of peak size of
infection as

Ipeax = trgg%[ll(t) +L(1)],
quantify the maximum instantaneous epidemic burden on the population. This
quantity indicates the time to the peak of behavior dynamics, describing the growth
of epidemic severity by indicating the moments where the total epidemic infection
approaches its maximum limit. Its mathematical description is given as

tpeak = arg trer}%[h(f) + I(t)],

assessing key information about the initial public health response. The cumulative
infections capture the overall magnitude of the infection spread throughout the out-
break, written as

feami = [ [1(0) + B(0)ar

Fig 5.10 display the Setting 2 scenario which examine the model (5.1) behavior trough
the complex relation of incidence rate of addiction and depression with receptive
treatment strategies by evaluating peak size and moment of peak level of the ad-
diction [ (¢) individuals in first row and depression I(t) individuals in second row
in any community. The first column expresses that the addiction state grows in-
stantly due to large initial cases decreasing the treatment effectiveness, while de-
pressed individuals can be managed by effective treatment and decreasing relapse.
The time to peak visualization shows the explosive start of addiction dynamics with
¢ < 1.5 x 1073. This means the individual addiction rate is high and hospitals are
overloaded, while with ¢ > 1.5 x 1073, the peak time delay and initial health steps
become significant to increase the successful recovery of addicted individuals. The
depression state show critical transition occurrence at ¢ = 6 x 1073 differentiate
the rapid depression growth ¢ < 6 x 1072 from delay peak ¢ > 6 x 10~2. Setting
3 justifies the impact of pre-pressure and self precautions over the total behavior
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dynamics through defining the epidemic factors with respect to biological parame-
ters v,q,a, B defined in Table 5.1. Fig 5.11 precisely evaluates the time to peak (first
row), peak infection (second row), and cumulative infections (third row) over esti-
mated parameters v, g, a, B by perturbing £50% from their baselines. The simulation
results present that the pre-pressure a of media rapidly approaches the epidemic
outbreak as compared to relapse individuals q. With passing time, parameters g, v
maximum infected the individuals, indicating that addiction and depression states
are marginally affected by these factors. The cumulative infection leads to the con-
clusion that pre pressure of media impact decreases while the relapse phenomena
serve the disease outbreak over time.

Basic reproduction number Ry has a central role in defining the epidemic tra-
jectory in the population. The average number of secondary infections in model
(5.1) through single infected individuals is represented by the reproduction num-
ber (5.4) in the vulnerable population. The infection can grow during an outbreak
when R is greater than one, which makes sense that each infected individual gen-
erates more than one new infected case. while IRy is less than one, show that the
infection eventually dies out in the population. In Setting 4, we briefly describe the
analysis of reproduction number Ry (5.4) with respect to addiction and depression
transmission, pre-pressure of media, self-precautions to quit social media, etc. This
guidance is effective the public health planning and model forecasting strategies.
Fig 5.12 follows Setting 4, effectively illustrating the simulation of Ry with multi-
ple pairs dependency to define the healthy and endemic phase in behavior dynam-
ics. The simulation suggests that parameters g, ¢, v, v are more sensitive to R, with
respective parameters f, « justify the assumption that pre pressure of media over
addicted individuals and the increase of relapse loop make the epidemic persistence
due to suicidal cases and slow treatment process. The first stereogram plot quantifies
the correlation of addiction transmission, respective treatment rate, and individual
full shown addicted symptoms in the incubation period. The second captures the
correlation of depression transmission, respective treatment rate, and relapse phe-
nomena, while the third defines the relation of media pre-pressure, suicide rate, and
self-reflective individuals.

o g,

Sssgy /

FIGURE 5.9: Setting 1: Comparison of actual data given in Table 5.1

and estimated FNN and PNN data simulated in Sec 5.7.1 over each

compartment S(t), E(t), I(t), R(t), Q(t), D(t) of model (5.1) row wise

from left to right with initial condition written in Sec 5.4.1. The sim-

ulation perfectly describes the alignment of data-driven models with

epidemic trajectories over time. The simulation run over ¢ € [0,50]
with step size dt = 0.05 using higher order RK-4 method.
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FIGURE 5.10: Setting 2: Evaluation of transition flow and forecast-
ing of addiction and depression states on individuals with respective
transmission rates and treatment process. The first row describes the
addiction dynamics while the second row shows depression dynam-
ics using model (5.1). The first column explains the variation of addic-
tion and depression variables, peak size of addiction and depression
defined in the second column, and time to peak with respect to pa-
rameter pairs A1, ¢y, Ay, ¢p of addiction and depression given in the
third column. For simulation, we assume t € [0,50] and dt = 0.1.
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FIGURE 5.11: Setting 3: Simulation of total infection time to peak
(first row), total infection peak size (second row) and cumulative in-
fection (third row) with respective parameters cases v (first column),
g (second column), a (third column) and B (fourths column) precisely
describe in Table 5.1. The evaluation is defined by perturbing +50%
each parameter from baseline and taking ¢ € [0,50] with dt = 1/10.




200 Chapter 5. Parameters identification and optimal control model with PINN

FIGURE 5.12: Setting 4: Impact of basic reproduction number Ry (5.4)

of model (5.1) on the behavior epidemic spread. Analysis of biological

parameters pairs (B,q), (¢1,71), (B,€), (¢2,9), (7,«), (v,&) over Ry

given in row one and two from left to right respectively. The dotted

red line defines the value Ry = 1. In third row, we presents the 3D

visualization of pairs (A1, $1,7), (A2, ¢2,9) and («, i, B) over Ry. All
parameter descriptions are given in Table 5.1.

5.7.3 Simulation of control model

In this section, we focus on capturing the analysis of the optimal control strategies
derived from the behavioral dynamics in social media addiction and depression.
The optimality system consists of state system (5.41) and adjoint system (5.42) with
terminal conditions of the control pair (17, 13). The systems (5.41)-(5.42) were solved
using the Forward-Backward Sweep Method defined in Table 3 with initial data
given in Sec 5.6. The simulation was performed over a prescribed control horizon
with estimated parameters from actual data given in Table 5.1 to evaluate various
state variables of model (5.30) under optimal intervention strategies. The controls
are refined using a convex combination of the prior controls and the data obtained
through the characterisation procedure. The systems (5.41)-(5.42) solutions are re-
peated by the updated controls, and iteration continues until the desired conver-
gence limit is met. To precisely examine the optimal control model, we consider mul-
tiple Tests with different strategies given as follows with social cost x; = 1,k = 2
and weighted parameters x3 = x4 = 10.

Test 1 presents the educational programs, awareness campaigns, and designs
digital literacy strategies to prevent the individual from the negative impact of social
media (17 # 0,uy = 0). These initiatives reduce the susceptible individuals” expo-
sure to addicted and depressed contacts. Fig 5.13 illustrates the strategy with setting
up = 0 while the objective function (5.33) optimizes only with u; # 0, showing
a clear reduction of exposed, addictive, depressed, and suicide attempt populations
and an increase in the quitter individuals as compared to the no control solution. The
recovered population decreases due to relapse in the depressed population, making
the setting partially identical.

Test 2 describes the counseling services, therapeutic interventions, and rehabil-
itation programs to increase the opportunity of successful and reliable treatments
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for new individuals and those who already suffer from addiction and depression
(11 = 0,uy # 0). These treatment strategies urge the infected individuals to freely
participate in government health programs, effectively increase the recovery pro-
cess, and decrease the suicide rate. Fig 5.14 displays this scenario with setting u, # 0
while u#; = 0, evident that addicted and depressed individuals effectively decrease
and subsequently recover, while quitter individuals show a sudden jump in solution
as compared to the situation with no control. Due to the effective treatment control,
the suicide rate has decreased significantly. Hence, this strategy seems effective in
controlling the spread of behavioral dynamics, making a suitable choice to manage
the burden of social media addiction and depression issues.

Test 3 truly captures the effectiveness of combining the impact of both control
strategies to die out the social media addiction and depression dynamics with pre-
vention and treatment interventions (11 = uy # 0). Fig 5.15 shows the combined
control strategies to optimize the objective function J. From the simulation results,
one can easily see that the exposed, addicted, depressed, and suicidal population sig-
nificantly decreases while the recovered and quitter population suddenly increases
compared to the no control solution. This intervention strategy is efficient in bring-
ing down the infected population in the initial years compared to other Tests, mak-
ing it a more ideal choice for policymakers to manage the behavioral dynamics.

To examine the epidemiological impact of the proposed optimal control strate-
gies, efficiency analysis is critical for all Tests simulated in this study. Efficiency
analysis identifies the control intervention that prevents a large quantity of infec-
tion, regardless of considering the importance of relevant economic costs during an
epidemic. In the context of model (5.30), an intervention with a high efficiency index
is more effective for suppressing the media-driven addiction and depression preva-
lence in the community. Thus efficiency index (IE) used for efficiency analysis of
control strategies is defined as

Total infection averted

~ Total infection without control 100. (5.43)

Considering total infection I(t) = I;(t) + Ix(t) in model (5.30),the total infection
averted given as

T T
Total infection averted = / I(t) dt — / I(t) dt,
0 0

where [(t) shows the infection with control while I(t) without control. Using for-
mulation (5.43), efficiency indices of each control strategy are simulated and given
in Table 5.3. Cost-effectiveness analysis, also referred to as economic analysis, has

TABLE 5.3: Efficiency analysis of model (5.30) with E.

Control strategy Infection baseline Infection averted [E (%)

uy only 1.4617 x 10% 1.0865 x 108 74.332138
uy only 1.4617 x 108 1.2307 x 108 84.194179
u1, Uy combine 1.4617 x 10% 1.3322 x 108 91.139679

particular significance to compare the economic cost of various control strategies as-
sumed in the model (5.30) setting. However, the biological significance of control
strategies is critical; it is equally important to determine whether the financial assets
required for their execution are worth the health advantages. This analysis gives
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an empirical approach that assesses strategies based on their infection suppression
compared to the costs of execution. It determines the best epidemiological approach
as well as the most practicable and financially advantageous options for execution.
We implemented three different techniques to describe the cost-effectiveness analy-
sis, named as Infection averted ratio (IAR), Average cost-effectiveness ratio (ACER),
and Incremental cost-effectiveness ratio (ICER). The IAR is adapted to simulate the
demographic advantage of each intervention by comparing the quantity of infection
occurrences avoided to the number of victims who recover as a consequence of the
intervention. It can be formulated as

Total infection averted due to specific control stratigy

IAR = (5.44)

Total recovered individuals due to specific control stratigy'

where recovered population due to control is written as fOT R(t) dt. Any control
strategy with the highest IAR value is assumed to be the most cost-effective inter-
vention defined in the optimality system. The precise IAR analysis given in Table
5.4. The ACER used to measure the economic efficiency of each intervention by con-

TABLE 5.4: Cost Effective analysis of model (5.30) with IAR.

Control strategy Infection averted Total recovered IAR (%)

uy only 1.0865 x 108 6.1372 x 10° 177.035985
1y only 1.2307 x 108 1.5053 x 107 8.175621
11, 1y combine 1.3322 x 108 7.9042 x 10°  16.853988

trasting its overall execution cost to the entire amount of infection cases mitigated.
Mathematically, it is expressed as

ACER — Total intervation cost for particular control stratigy

. 5.45
Total infection averted due to particular control stratigy 6.45)

The total intervention cost (T) define through objective function (5.33) regarding con-
trol pairs (u1, uz) for model (5.30) given as

1T 2 2
T=2 / [K;;ul(t) + K4M2(t)}dt,
2 Jo

where x3, k4 are weighted parameters associated with specific control. Furthermore,
any control strategy considered to be most cost-effective has least ACER value. Sim-
ulation of ACER measurement written in Table 5.5. The ICER is introduced as an in-

TABLE 5.5: Cost Effective analysis of model (5.30) with ACER.

Control strategy Infection averted Total cost (§)  ACER (%)

uy only 1.0865 x 108 41473 x 10! 3.8171 x 1077
uy only 1.2307 x 108 1.5992 x 102 1.2995 x 10~°
U1, Uy combine 1.3322 x 108 1.9088 x 102 1.4329 x 10~°

teresting tool for comparing and assessing two different approaches to intervention.
By measuring the additional expenditure required to avert an additional infection,
it can assist executives in determining if the higher expenses of a more effective ap-
proach are worthwhile when compared to other strategies. Assuming .74 and %
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are two different control interventions with the same intervention cost, the ICER can
be computed with the following expression

Differnec in total intervation cost for.74 and.7%stratigies

ICER =
Differnec in total infection averted by.7# and./%stratigies

(5.46)

Using (5.46), we capture the comparison of all strategies given in Table 5.6. In the
medical sector, along with other domains where cost-effectiveness is crucial, this
study is crucial for directing the best possible distribution of resources. The analysis

TABLE 5.6: Cost Effective analysis of model (5.30) with ICER.

Control strategy Infection averted Total cost ($) ICER (%)

u #0 1.0865 x 108 4.1473 x 10! 3.8168 x 107
up #0,us #0 1.442 x 107 1.18447 x 10> 8.214 x 10~°
Uy #0,uy #0,u1 =up #0 1.015 x 107 3.096 x 10 3.051 x 10~°

of interventions reveals a distinct hierarchy in the performance of behavioral control
strategies in light of efficiency and economic cost indicators. Test 3 with both controls
reveals the highest mitigation in disease burden of model (5.1) combining exposed,
addicted, depressed, and suicide populations. This case is more effective than Test
2, which utilizes only u, control, while Test 1, with only u; control, is less dominant
relative to Test 2. The economic assessments, which are captured by the ACER and
ICER, show that the combing controls u1, u; strategy is still remarkably cost-effective
regardless of the extra expenses related to execution of these controls. This approach
optimizes the number of addiction and depression prevented per unit expenditure,
but only the u, control strategy shows a moderate level of economic feasibility and
efficacy. On the other side, even if only the 1 control strategy is less expensive, it is
not as financially attractive due to its small influence on disease burden reduction.
Essentially combined control innervation shown in Test 3 provides the best possi-
ble balance between economic efficiency and medical advantages. Comparison of
all strategies with respective controls profile behavior is shown in Fig 5.16, clearly
indicating the die out of addiction and depression dynamics in the community.

Remark 5.12. It is crucial to recall that the findings are supported by actual data,
enhancing the legitimacy and applicability of the proposed model. The model suc-
cessfully reflects real-world behavioral dynamics patterns and responds to therapies
by integrating actual diagnostic and epidemiological features from the French popu-
lation. Overall, the study emphasizes the relevance of mathematical modeling, sup-
ported by actual data, in aiding cost-effective decision-making targeted at limiting
the burden of addiction and depression while boosting long-term public health ben-
efits. Mental health care authorities and policy makers can use these study findings
to:

* Distribute modest health care expenditures to finance highly effective inter-
vention.

* Improve the availability of behavioral health services, particularly in regions
with a substantial prevalence.

* Construct effective preventative and awareness campaigns based on econom-
ical and effective facts.
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¢ Enhance strategic thinking while assessing combined medical advantages and
commercial viability.

FIGURE 5.13: Test 1: Simulation of the optimality system (5.41)-(5.42)
using numerical scheme expressed in Algorithm3 for evaluation of
state variables E, I;, I, R, Q, D row wise from left to right by applying
only 7 control with u; = 0. We assume social cost k1 = 1,x, = 2 and
weighted parameters x3 = x4 = 10 of controls having upper bound
U1 max = 0.6 and up max = 0 with u; € [0,1]. The simulation is defined
with time in years t € [0,50] of 1000 discrete time points with step
size 0.05/2 and convergence tolerance 1 x 107°.

FIGURE 5.14: Test 2: Simulation of the optimality system (5.41)-(5.42)
using numerical scheme given in Algorithm 3 for evaluation of state
variables E, I1, I, R, Q, D row wise from left to right by applying only
u, control with u; = 0. We assume social cost k1 = 1,k = 2 and
weighted parameters x3 = x4 = 10 of controls having upper bound
U1 max = 0 and up max = 0.8 with u; € [0,1]. The simulation is defined
with time in years t € [0,50] of 1000 discrete time points with step
size 0.025 and convergence tolerance 1 x 107°.

5.8 Conclusion

In this study, a novel modeling approach was implemented to describe the coupled
addiction and depression states badly affected due to negative social media impact,
emphasizing the behavior dynamics in the community. This rigorous perspective
provides further insight into how social media, through false information, cyber-
bullying, and social comparison, shifts the physiological states of individuals. Thus,
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FIGURE 5.15: Test 3: Simulation of the optimality system (5.41)-(5.42)
using numerical scheme written in Algorithm 3 for evaluation of state
variables E, I1, I, R, Q, D row wise from left to right by applying com-
bine controls 7 = up # 0. We assume social cost k1 = 1,x, = 2 and
weighted parameters x3 = x4 = 10 of controls having upper bound
U1 max = 0.6 and upmax = 0.8 with u; € [0,1]. The simulation is de-
fined with time in years t € [0,50] of 1000 discrete time points with
step size 0.025 and convergence tolerance 1 x 1075.

FIGURE 5.16: Comparison of all Tests simulation for optimality sys-

tem (5.41)-(5.42) using numerical scheme define in Algorithm 3. In

the first row, the total infection (right) shows a significant reduction

in addiction and depression population, while the cumulative popu-

lation (right) of disease burden presents a comparative relation of in-

terventions. The second row shows both control profiles uy (t), uy(t)
for all intervention Tests.



206 Chapter 5. Parameters identification and optimal control model with PINN

an addictive individual with demographic impacts and pre-pressure from the me-
dia leads to depressive disorder. By modeling the social behavior structure, we can
identify the complex pattern among individuals with addicted and depressed be-
havior states. The model formulation is defined through a deterministic approach,
dividing the total population into susceptible, exposed, addicted, depressed, recov-
ered, quitter, and suicide compartments. After that, data data-driven model was
constructed to estimate the biological parameters through actual data and forecast
the mutual impact of addiction and depression dynamics over the population us-
ing Feed Forward Neural Network (FNN) and Physics Informed Neural Network
(PINN) to increase model validity and reliability. The mathematical analysis shows
the positivity and boundedness of the model solution. Well-posedness of the model
proves the existence and uniqueness of the solution. The long-term behavior of the
model presented through basic reproduction number IRy justifies that the DFF is lo-
cally asymptotically stable if Ry < 1; otherwise EEP when Ry > 1. The global
stability of steady states is described through the Castillo-Chavez theorem and the
Lyapunov method, respectively. The global sensitivity analysis captures biological
relevance and uncertain behavior of various parameters over the model compart-
ments using the Partial Rank Correlation Coefficient (PRCC). Dynamical analysis
reveals that perturbing the key influential parameters, addiction and depression dy-
namics persist, which motivates to suitable intervention objectives mitigate disease
severity. Next, we derive the optimal control model of behavior dynamics using
awareness campaigns as prevention control and increasing the medical facility as
treatment control to effectively mitigate the behavioral dynamics in the community.
The optimal control analysis was performed to evaluate the three strategies: utiliza-
tion of prevention control u#; only, implementation of therapeutic control #; only, and
combined execution of uy, up. Simulation results prove that all interventions reduce
the disease burden, but the combined strategy delivered the highest reduction across
addiction and depression populations. The efficiency and cost-effective analysis us-
ing E, IAR, ACER, and ICER values showed that despite having a relatively higher
economic cost, the u; = up # 0 approach largely reduces addiction and depres-
sion prevalence, while the relevant lowest ICER value, indicating the best possible
health benefits per unit of expense. The findings support the proposal of integrated
control strategies as a feasible prospective health care intervention, particularly in
environments where financial limitations must be matched with psychological ob-
jectives. Since addiction and depression dynamics emerge from the prior state of
individuals. To analyze the memory effect in behavior dynamics, we will use Ca-
puto fractional derivation through complete actual data of any region. Although
uncertainty in diagnosis delays, intervention reactions, and behavioral structure in-
fluenced the depression dynamics. A stochastic modeling approach will be the best
way to calculate these features.
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Chapter 6

Coupled opinion-epidemic
dynamics on graphon-based
networks

Understanding the mutual influence between social behavior and physical
health is of paramount importance for designing effective epidemic mitigation
strategies. In this work, a mathematical framework is developed to analyze
the coupled dynamics of opinion formation and disease transmission using
graphon-based networks. This approach captures the heterogeneous connec-
tivity patterns found in real social structures. By deriving a kinetic compart-
mental epidemic model through a mean-field limit, the study investigates the
joint evolution of disease states and opinion distributions, focusing on long-
term behavior in static and evolving networks. Numerical experiments show
that this graphon-based method offers a unified view of opinion-epidemic dy-
namics, highlighting new strategies for controlling disease spread by influenc-
ing population opinions.

6.1 Introduction

As the number of COVID-19 cases in 2020 spiked, it became evident that wearing
masks and avoiding social gatherings were crucial safety precautions to safeguard
public health, particularly in the absence of medications or vaccinations [45, 49, 308].
On the other hand, it is clear that the effectiveness of lockdown and preventive mea-
sures is strongly tied to individual opinions regarding protective behaviors, which
themselves depend on personal situational awareness. Indeed, following recent
studies [103, 281, 89], social effects and opinion formation phenomena play a signif-
icant role in adherence to safety standards, since individuals respond differently to
rising case numbers. Opinion formation models have been extensively studied over
the past decades, reflecting a broad and growing interest in the behavior of large-
scale interacting agent systems across diverse disciplines [40, 80, 207, 118]. Classical
models rely on the assumption that individual opinions evolve through binary in-
teractions and external influences such as social media. Most of these models focus
on individual-level dynamics, which collectively lead to large and complex systems
[87, 141, 148, 128, 153]. In many such settings, microscopic interaction rules give
rise to complex patterns and emergent collective behavior. At the same time, it has
been shown in recent years [277, 7, 105, 229, 228, 307, 120, 57] that kinetic theory can
provide a very powerful framework for understanding the driving mechanisms and
properties of macroscopic opinion dynamics starting from simple microscopic rules
and through suitable scaling limits.
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On the other hand, network theory is crucial for understanding complex dy-
namics in many fields, including epidemiology [84, 188]. Real-world contact net-
works, characterized by heterogeneous interaction strengths, clustering, and degree
distributions, shape how information and opinions spread. Through the use of such
methods, opinion formation models explain how social interactions generate con-
sensus, polarization, or clustered opinions [8, 111, 6, 85, 179] and network topology
strongly influences these dynamics. In addition, the increasing availability of data
from social platforms has advanced the study of social influence on voting behavior
and vaccination campaigns [8, 6], on opinion control [11], polarization [172, 24], and
influence strategies [278].

The above arguments suggest that coupling epidemic dynamics with network
structure and opinion formation is essential to adequately capture mutual influence
effects. Classical epidemic models assume homogeneous mixing among individuals
[163, 162, 44], yet real epidemics arise from repeated interactions shaped by both
disease features and social behavior [190, 197, 98]. Network-based compartmental
models extend this perspective by linking transmission to structured contacts. Net-
work topology strongly affects disease spread highly connected networks exhibit
low epidemic thresholds and rapid transmission [234, 270, 253], while small-world
networks slow spread, allowing more time for intervention [292, 150, 252]. Social
behavior further shapes epidemic trajectories, as opinions on vaccination, distanc-
ing, and disease severity influence protective actions. In this setting, the large size
of modern networks, often comprising millions of vertices, motivates the study of
their asymptotic topological properties. Graph theory, and graphons in particular,
provides an effective framework for describing such large-scale structures and their
emergent collective behaviors [71, 286]. Graphons treat large networks as continu-
ous objects, replacing the discrete adjacency matrix with a continuum connectivity
function. Building on this idea, the works [43, 223] investigated the asymptotic be-
havior of network dynamics through graphon-based kinetic and mean-field equa-
tions.

In this paper, we develop a mathematical framework to analyze in detail the
interplay between opinion formation and disease dynamics through network struc-
tures. The framework captures the coupled phenomena of social networks, gov-
erning opinion exchange, and physical interactions, driving disease transmission.
Opinion dynamics are first described microscopically and, then in the continuum
limit, through graphons acting as interaction kernels. This setting reflects quite in
detail real-world behaviors where individuals act in a protective manner as a conse-
quence of their own opinion.

The rest of the paper is organized as follows. Section 6.2 presents the coupled
compartmental model incorporating opinion exchange over a social network, driven
by binary interactions and indirect influence through graphon-based connectivity. In
the same section, we derive a Fokker-Planck asymptotics for opinion dynamics on
social networks, obtaining the temporal evolution of the joint density of opinions
and graphon-encoded connections. We also analyze macroscopic observables of the
corresponding surrogate kinetic epidemic model. Section 6.3 discusses graphon esti-
mation from real network data. Section 6.4 provides numerical simulations showing
how different scaling regimes and model parameters influence disease outcomes.
A last section is devoted to conclusions where we outline perspectives for future
research.
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6.2 A new model of opinion-driven epidemic dynamics with
graphon based connectivity structure

Recent COVID-19 outbreaks have demonstrated that individuals” opinions about the
efficacy of mask protections and social distancing have a significant impact on shap-
ing the trajectory of the disease. To capture this complex interaction, we propose a
new compartmental model that integrates significant factors that might change the
dynamics of an epidemic, including public perceptions toward preventive measures
and the influence of prominent agents on a substantial portion of the population. In
the following, we take inspiration from [307, 10] to integrate mechanisms of consen-
sus formation into an epidemic model.

6.2.1 Graphon based social connectivity structure

Since we aim to examine patterns and interactions among individuals through net-
work structures, graph theory is well known to provide basic frameworks for mod-
eling such connections. As data grow in scale, graphons emerge as a continuous
counterpart of finite graphs, enabling the study of large-scale interaction patterns
among individuals; see, for example, [127, 189, 82, 104]. We start then our discus-
sion by introducing an unweighted graph G defined as a pair (V, &), where V(G)
is a set of vertices or nodes and £(G) is a set of edges connecting nodes, pairwise
distinct and with the same weight. For the graph G, the so-called adjacency matrix
A(G) € {0,1}"*" is defined by its entries A;;(G) as

1 if (i,j) € £(9),

Aij(G) = '
0  otherwise.
These matrices are typically represented by their pixel pictures: discretized unit
squares [0, 1] x [0,1] with grids of n x n squares of size 1 x 1, with n the number
of nodes. Given the above definition, the corresponding pixel image at location
(=2 i1

n’ n

) encoded through the adjacency matrix A;;(G) is

Black if x e [1, 1), ye [C1, 1) and 4;(G) =1,

Pixel(x,y) = !
White  otherwise.
010101
111000
010101
101010
000111
101010

FIGURE 6.1: 6 x 6 adjacency matrix and corresponding pixel visual-
ization.
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In this framework, the concept of a graphon formalizes the convergence of se-
quences of graphs to a smooth, continuous function, as it represents the exact math-
ematical limit of a series of large, dense graphs; see Figure 6.2 for a graphical per-
spective.

FIGURE 6.2: Pixel representations of graphs with n = 10, 100, 1000.

Thus, a graphon B can be defined as a bounded, measurable, and symmetric
function B : ¥ x ¥ — [0,1], ¥ C [0,1]. To see the space of graphons as the com-
pletion of the space of finite graphs and make graphon convergence precise, one can
define the distance D (B, C) between two graphons B3 and C by (see [127])

D(B,C) = infsu
(B,C) infsup

[ Blox), 04) ~ Co(x), vy dxdy],

where the infimum is taken over all re-labelings ¢ of B and ¢ of C, and the supre-
mum is taken over all measurable subsets S and T of [0,1]. This distance measures
the maximum discrepancy between the integrals of two labeled graphons over mea-
surable boxes of [0, 1], then minimizes that maximum discrepancy over all possible
re-labelings. Under the above definitions, it is possible to prove that every graphon
is the D-limit of a sequence of finite graphs.

6.2.2 A new model of opinion-driven epidemic dynamics model

We assume now x € ¥ = [0, 1] to define the network position of individuals (con-
nections) over a given graphon B, while w € ® = [—1,1] encodes the individual
opinion on protection measures, i.e., lockdown, social distancing, and vaccinations.
Here, w = 1 corresponds to fully endorsing the protection behavior, while w = —1
corresponds to strongly rejecting such measures (such as social distancing, wearing
masks, or vaccinations) due to misinformation or ideological beliefs. To describe the
disease dynamics, we adopt a kinetic compartmental approach based on the Sus-
ceptible-Exposed-Infected—Recovered (SEIR) model [142], coupled with the evolu-
tion of individuals” opinion distributions over a graphon-based social structure. Al-
though other compartmental epidemic models could be considered depending on
the desired level of detail, the SEIR paradigm provides a suitable framework for our
purposes.

Let f7(x,w,t), J € C = {S,E, I, R}, denote the density of agents at time t > 0
with opinion w and network position x (as defined by the graphon B) belonging to
compartment 7. The total density of agents is then

Y. frlx,wt) = f(x,w,t), f7(x,w,t)dxdw =1,  Vt>0.
jEC ¥xod
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In this setting, opinion dynamics and graphon-driven social interactions are inte-
grated with the SEIR structure through the kinetic system

E(x, w, 1) = K (x, w, £(x, w, £)) + % Q(f(x,w, 1)), ©61)

where f = (f7)7ec. The vector IC describes disease transmission and compart-
mental transitions, with each component depending on the individual opinion w
and network position x. The operator Q is a integral-type term encoding opinion
variation due to social interactions mediated by the graphon structure B(x,y). The
parameter T > 0 represents the relative time scale of opinion dynamics with respect
to the epidemic evolution. Under this framework, the SEIR model within a graphon
structure is governed by the following set of kinetic equations:

ufs = KU ) w ) + - 1 Qs f) x,w, ),
Jec
e = K(fi fs) (o w0,0) — oxfe + = X O(fe, fr) (x,,1),
Jec
6.2)
afi=oefe—fi+ = ¥ QUi fr)(xwt),
Jec

afe=fi+ - Y QU fr)(xw,t)
\ JecC

Here, 1/0g denotes the average latent period and 1/ the mean infectious period.
The operator Q(-,-) models opinion interactions and will be specified later. The
disease transmission is characterized by the local incidence rate

K(f1, fs)(x,w, t) = fs(x,w, 1) AUX@K(w,w*:x,y)fz(%w*,f) dy dw., (63)

where 0 < x < 1 represents the probability of infection modulated by opinions and,
indirectly, by network connectivity. Following [307, 10], a possible choice is

k(w, w; x,y) = 4%(1 —w)"(1—w,)", (6.4)
with B the baseline transmission rate and # > 0 the parameter encoding the effect
of protective behavior. Individuals with negative opinions (w ~ —1) exhibit higher
susceptibility. Conversely, when either w ~ 1 or w, ~ 1, the transmission probabil-
ity decreases substantially. A visualization of (6.4) is provided in Figure 6.5. Note
that the kernel (6.4) does not explicitly depend on network positions (x, y); however,
the opinion dynamics driven by the graphon B(x,y) influences the distribution of
opinions over time, thereby indirectly affecting epidemic spread as specified later.
In particular, highly connected nodes and the connectivity patterns encoded by B
play a central role in shaping collective behavior.

6.2.3 Opinion formation under graphon structures

We detail now the opinion model. To that aim, we consider a binary interaction
system where two agents with opinions w,w, and network positions x,y (in the
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graphon B) update their post-interaction opinions according to

@ = w0+ ay P, 0., 3,) (0~ ) + Sy Dl w), s

W, = wy + a7 P(w,, w,y,x) (w—w.) + 73 D(x,ws), '
where a7 € [0, 3] is the compromise parameter and P € [0,1] modulates interac-
tion strength based on the agents’ positions on the graphon. The function D(x, w)
represents local diffusion (self-thinking or access to information), and the random
variables (7 7, { 7y are centered, independent and identically distributed:

(Tng) = Con) =0,  (Gg) = (Gu) = Gu >0

A common choice is D(w) vanishing at the boundary of ¢ = [—1, 1], ensuring opin-
ions remain admissible. The update rule thus combines a deterministic compromise
term and a stochastic fluctuation modulated by D. We discuss now different inter-
action operators models.

Opinion-based interaction. If the interaction kernel depends only on opinion simi-
larity, one may use non-increasing functions such as P(|w|) [277] or P(|w — w.|), the
latter corresponding to the bounded-confidence framework [141]. A standard choice
is

P(w,w,) = x(|lw—w.| <A), w,w, € [—1,1], (6.6)

where A € [0,2] is the confidence threshold [230]. Here, agents interact only when
their opinions are sufficiently close, producing nonlocal effects such as clustering
or fragmentation. This formulation neglects network heterogeneity, as interactions
depend solely on opinion proximity.

Network-based interaction. If the interaction kernel depends only on network po-
sitions, following [104], we define the so-called in-degree

() = [ Brydy,  doly) = [ Blxy)dx,

with B the graphon. Thus, possible choices in this setting include

di X d,' X -
Pry)=ep (—v5), Py =(1+%3) . >0 67
where the ratio % determines how connectivity shapes opinion: highly connected

agents are more resistant to external persuasion, while weakly connected nodes tend
to be more affected by interactions.

Coupled opinion-network interaction. Following [10], a more realistic kernel de-
pends on both opinion similarity and network connectivity:

P(w,w,,%,y) = x(jw— .| < Alx,)) Blx,y), 638)

where A(x,y) € [0,2] is a position-dependent confidence threshold and B(x,y) €
[0,1] encodes connection intensity. This formulation couples social structure and
opinion proximity, producing richer dynamics capable of capturing both behavioral
similarity and network topology effects. In the numerical section, we will make use
of this latter kernel.
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Independently on the kernel, since the opinion variable w is defined withing
bounded domain [—1,1], its worth to assume only the interactions that do not re-
sult in values beyond these domains. The following statement provides a sufficient
condition to maintain such property, see [278, 6, 104] for details.

Proposition 6.1. Assuming for any x € [0,1], D(x, £1) = 0 with pre interaction w,w' €
[—1,1], the binary interaction (6.5) preserve the bound i.e w,,w, € [—1,1] provided

0<P(ww,xy) <1, 0<az<3i [Esy<(1-2")d, (6.9)

where

A= min asP(w,w,,x,Yy), d = min { 1—[w] :D(x,w) # 0}. (6.10)

Jec wel-1,1] | D(x, w)
w,w,€[—1,1] x€[0,1]
x,y€[0,1]

Moreover, under the same conditions, if additionally the interaction function P is
symmetric, one can show that the mean opinion is preserved during an interaction
while the mean energy in absence of stochastic terms is dissipated, meaning that a
compromise is likely reached.

A continuous description of the microscopic binary interaction (6.5) is provided
by a Boltzmann-type equation, where f 7 (x, w, t) denotes the probability distribution
of opinions and Q 7(f.7, fx)(x, w, t) is the collision operator accounting for the effect
of interactions between opinion distributions. The resulting kinetic equation reads

ufs () = 2 8 @l fiolwnt) 611)

where T > 0 denotes the interaction frequency. The weak formulation of (6.11),
tested against a smooth function ¢(x, w), is given by

% WX@fj(x,w,t) ¢(x,w)dxdw = [FX(D Q7 (f7, fu)(x,w, t) p(x,w)dxdw =
— % 2. B(x,y)<(p(x,w/) + oy, w)) — ¢(x,w) — qo(y,w*)>

X fr(x,w,t) fu(y, ws, t)dx dy dw dw.,.

(6.12)
In (6.12), the operator (-) denotes the expectation with respect to the random vari-
ables { 73y and {3, 7. The parameter T acts as a scaling factor reflecting the fact that
opinion formation and disease diffusion may occur on different time scales: smaller
values of T correspond to faster opinion dynamics relative to the epidemic process.
Finally, we emphasize that the interaction operator Q 7 (-, -) does not depend explic-
itly on the underlying network realization. Indeed, the social structure is assumed to
be stationary in time, while the graphon B(-, -) characterizes the connectivity pattern
of the population by modulating the interaction intensity between agents located at
positions x,y € [0,1].

The qualitative behavior of the kinetic model (6.11) is analytically challenging
due to its intrinsic complexity. To investigate its behavior, we consider a Fokker-
Planck-type approximation obtained through a so-called quasi-invariant opinion
limit [277]. This procedure relies on a suitable rescaling of the interaction parame-
ters, leading to a regime of frequent but weak interactions, in analogy with the graz-
ing collision limit for classical Boltzmann equations. This corresponds to a physical
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situation in which the opinions are shaped through a long series of small interac-
tions. In this regime, the kinetic description converges to a mean-field Fokker-Planck
equation [230], which preserves the essential microscopic interaction mechanisms
while allowing for a more tractable analysis of equilibria and asymptotic behavior.
In order to get this limit model, we introduce a small parameter ¢ > 0 and consider
the quasi-invariant scaling

K7+ exyg, 0"277_[ — E(Té%. (6.13)
The rescaled random variables {7 and (/' are assumed independent with

(@) = (@) =0, (G =) =eoTpy, ((T77)°) = (([{IY)%) < co.

(6.14)
Introducing the slow time scale t. = ¢t, the weak form of (6.11) becomes
d f7e(x,w,te) (xw)dxdw—lZQ (f7er frie) (6.15)
dtg Y Je\Ar W, le 4) ’ — eT ~, J\JT,erJHe)- .

To derive the grazing limit, we perform a Taylor expansion of ¢(x,w’) around w:

(o, @) — plx,w)) = dup(x,0) (' — w) + 39 p(x,0) (@~ w)?)
+ 2B0(x ) (@ —w)?),

for some @ between w and w’. Using the scaling (6.13)—(6.14) and the interaction
rule (6.2.3), we obtain

(o(x,w") — p(x,w)) = eaydue(x,w) P(w, w., X, y) (w: — w)
+ gai,(p(x,w) (U‘%%Dz(x,w) + ea%, P* (w, ws, x,y) (W, — w)z)

+ 52 Re ((P)/
(6.16)
where the remainder R.(¢) — 0 as ¢ — 0. Substituting (6.16) into (6.15) and letting
e — 0, we formally obtain the limiting Fokker-Planck operator

Qi (f7,fu) = —ag 9w (K[ful(x,w,t) f7(x,w,t))

it (6.17)
+ LB (LLfu (3, 1) DP(x, ) fr (3,0, 1))

where

Klfulew,) = [ Blxy) Pw,w.,%y) (. - ) fly,w., 1) dyde., o
% 6.18

Ll t) = [ Bxy) fuly,w.,b) dydw.,

The resulting Fokker-Planck model associated with (6.11) reads then
1 _
Ufy(x,wt) = — 3 Qs(fs, fu)(xw,t), (6.19)
Tdec

supplemented with zero-flux boundary conditions at w = £1.
We now discuss the equilibrium structure of the Fokker-Planck approximation
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(6.19). In general, the stationary states associated with the operator o) 7(+,+) are not
available in closed form. However, under suitable assumptions on the diffusion
coefficient D, the interaction kernel P, and the graphon B, one can explicitly charac-
terize some steady states. Here we focus on the homogeneous interaction case, i.e.
P(-) =1, and on the local diffusion

D(w) =+v1—w?
Moreover, we assume a separable graphon
B(x,y) = Bi(x) B2 (),

a structure consistent with several network models, including power-law graphons;
for instance [60] suggests

B(x,y) = (xy) ™, 0<Ag <1,

which yields fat-tailed degree distributions often used to model highly connected
agents in social dynamics. Let now f7(x,w) denote a steady state. From (6.17)-
(6.19) we obtain, for each 7 € C,

2
Y |~ 20 (KIR)(xw) 5 (x,w)) + 255 02 (£IF5) () D2<w>f3°<x,w>>] =0,

Hel
(6.20)
where, in the homogeneous case P = 1,

Kl (rw) = [ Blay) (w, = w) f7(y,w.) dyduw, o

LRI = [, Bloy) fii(y,w.) dy duw.

Using the separability of B, the contributions of all classes can be expressed in
terms of two weighted quantities

my = 2/ By(y) f3 (v, w.) dydw,,  my:= Z/ Ba(y) w fy; (y, w.) dy dw.,
Hee JEx® Hee TIx®

which are conserved in time. In particular,

Y Bix) [ Baly) (w—w.) f57(y,w.) dydw. = Bi(x) (miw —ma),

HeC ¥YxP
Y Bix) [ Baly) f7(y,w.) dydw. = By(x)my.
HeC ¥xo

The stationary solution in w is then of Beta type. Indeed, introducing

2 nmy _
A= TTn - 1+ ny ny

= , a:=——-—-, =y
2ua J A A
one obtains the normalized profile

1+ w)" 11 —w)b!
() = | +2a+)b—1é(a,b)) ’

w e [-1,1], (6.22)
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while the full steady state can be written as

f7(xw) =Clx) f7(w),  Clx) =~ p (6.23)

where d;(x) denotes the in-degree function and Cpz > 0 is a normalization constant
ensuring [y o f7(x,w)dxdw = 1. Hence, the graphon affects the spatial distribu-
tion in x through B; (and djn), while the marginal in w remains Beta-type.

6.2.4 Macroscopic contacts and opinion-based epidemic dynamics

Under the quasi-invariant limit derived in Section 6.2.3, the opinion interaction oper-
ator Q7(+,-) in (6.11) is replaced by the Fokker—Planck-type operator Q 7(,-) (6.17).
This asymptotic description allows us to link the microscopic dynamics of opinion
exchange with a macroscopic description of an epidemic, in which the infection rate
is modulated by the evolving opinion distribution shaped by the graphon-based so-
cial structure. Accordingly, we modify the kinetic SEIR system (6.2) and obtain

(31fs = KU f)w w0+ - L Q (forf) (),

Jec

ofe = KU f) o w, ) — e fe+ = Y Q (e f7) ()

JeC

— (6.24)
atf] - UEfE _,Yfl_{— ; Z Q (f[/fj) (x/w/t)/
Jec
Otfr =7 fi +% Y. 9 (fr f7) (x,w,1),
JeC

System (6.24) describes the epidemic evolution while implicitly accounting for socio-
behavioral effects through the opinion variable w € [—1, 1] and the network position
x € [0,1] encoded by the graphon B(x, y). We define now the total masses

pr(t) = f7(x,w,t)dxdw, J eC,
¥YxP

and the corresponding mean opinions

1

mgw(t) == 0,

/ w fr(x,w,t)dxdw, JecC.
¥Yxd

In the hypothesis in which the transmission rate x(w, w.; x,y) is given by (6.4) with
n = 1, integrating (6.24) over (x,w) € ¥ x @ yields the macroscopic mass dynamics

os() = =B (1= m (1) (1 = mn(1)) p5(0) 1),

Loe(t) = &1 ms,a() (1= mia(6) ps(0)pu(t) ~ 0 p 1),

; (6.25)
ZiP1(8) = e pe(t) —vpr(t),

%PR(t) =y p1(t).
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Compared to the classical SEIR system, (6.25) is not closed, since the incidence term
depends on the mean opinions mg () and mj4(t). To obtain evolution equations
for the mean opinions, we multiply (6.24) by w and integrate over ¥ x &. This gives

i(ﬂs(t)ms,w(t)) = —gps(t)m(t) (1 —mp(t mSw / / w?fs(x,w,t) dxdw}

+ = Z ps(t (mj,w(t) - mS,w(t))/
T jec
2 (oe(tymeol0) =§ps<t>pl<t>(1—mzw 00 / [ ot 1) d ]+
—0p Pe(t)mEw(t) + = Z PE(t mJ,w(t)—mE,w(t)),
T Jec

;t(m(t)mz,w(t)) =0 PE(t)me(t) —ypr(t)myw(t)+

+— Z p1(t)pg () (m70(t) — miw(t)),
Jec
i (pR(t)mR,w(t)) = ')’PI( mlw + Z PR mj,w(t) — lew(t)).
dt Jec
(6.26)

System (6.26) is still not closed due to the second moment of the susceptible opinion

distribution,

@)y 1 / 2
mg ,(t) = o5 () e fs(x,w,t)dx dw.

To close the system we adopt an equilibrium closure based on the Beta-type steady
state (6.23). In particular, we approximate

(v, w, ) dvdws [ @ f(x,w) dxduw,
Lﬂpwfg(xw)xw YX(Dwa(xw) xdw

which yields
As+2m% (t)
2 S S,
méz)u(t) ~ 2+/\sw [PC(x) dx,
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for a suitable parameter Ag associated with the susceptible class. Combining (6.25)-
(6.26), we obtain a closed system for the evolution of the mean opinions:

%mslw(t) = —g (1 —mj w(t))pl(t) (mg,w(t) - mg%gu(t))

+ = EPJ (mg,0(t) —mgq(t)),
Jec

%mE,w(t) — EM@ — ml,w<t)) [mslw(t) — mgz)u(t) — mE,a;(t) (1 - ms,w(t))}

4 PE( )
+ - Z p(t me t) — mE,w(t))z
Jec
Do) = 06?2 (g (0) 10 (0) + T 0 (1) (1 70(8) — (1)
ar" pr() )T g e S

() = Y (1500 () + 3 1 p(6)(m0(t) ~ ()

(6.27)

The coupled system (6.25)—(6.27) has the same compartmental structure as the

classical SEIR model, but with an opinion-dependent incidence rate. In particular,

transmission may significantly decrease (and possibly vanish) when susceptible and

infectious individuals adopt protective behaviors (e.g., mask usage and social dis-
tancing), which correspond to larger mean positive opinions.

6.3 Graphon Estimation from observed network data

The main difficulty in network modeling is to forecast node interaction probabili-
ties accurately without imposing restrictive functional forms. Over the last decade,
machine learning and statistics have advanced significantly through the develop-
ment of statistical models for network data [294, 221, 5, 144, 267]. Nevertheless,
fitting a given parametric family becomes increasingly challenging as network com-
plexity grows. We adopt the exchangeable graph model framework to estimate the
graphon from observed network data. Specifically, we rely on the Sorting-And-
Smoothing (SAS) algorithm [75], a histogram-based approach that consists of sort-
ing empirical node degrees, rearranging the adjacency matrix accordingly, and con-
structing a histogram representation, which is subsequently smoothed via total vari-
ation minimization. The main steps of the Sorting-And-Smoothing procedure are
illustrated in Figure 6.3. In the first step, the rows and columns of the observed
graph G € {0,1}"*" are reordered based on empirical degrees, yielding the sorted
graph A € {0,1}™". In the second step, a local histogram # € [0,1]**¥ is computed
from A, and the final graphon estimate BY € [0,1]**¥ is obtained by applying total
variation minimization to smooth the histogram.

Thus, the sorting step aims to reorder the observed graph G such that the corre-
sponding empirical degrees form a monotonically non-decreasing sequence. Specif-
ically, the empirical degree of node i is defined as

n
= Z Gl']'.

j=1
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FIGURE 6.3: Illustration of the SAS algorithm for two different sce-
narios.

We then introduce a permutation 0 such that

d~

6(1) < dj

6 =

and define the sorted graph as
Aij = Gawa-
It is important to note that, the true permutation that determines the canonical
graphon may differ from the empirical permutation 6 obtained from degree sorting.

We therefore denote by 0 the oracle permutation that orders the latent variables /;
associated to the nodes i such that

Upry < Upa) < -+ < Upg(n)-
The corresponding oracle-ordered graph is given by
Aij = Go(iyo(j)

In the smoothing step, following the canonical representation, graphon estimation

reduces to identifying a smooth surface that best approximates the sorted adjacency

matrix A. To this end, we employ a simplified stochastic block model approxima-

tion, in which the continuous graphon is represented by a piecewise-constant func-

tion. Specifically, the histogram estimator is defined as

~ 1
.

n
Hij = Z ih-tiy,jh+ o

i [\1:

and, analogously, the oracle histogram is given by

1
2

"
Z Z Aintis jhsirs
o
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where i > 0 denotes the block size. These expressions show that ’ﬁi]' and H;; corre-

spond to histogram representations of Aand A, respectively. Since the function is
constant within each block, the dimensionality of the estimation problem is signifi-
cantly reduced: instead of estimating n parameters, only k? parameters are required,
where the number of blocks is k = |n/h].

Although the network histogram estimator is consistent, incorporating a total
variation (TV) regularization step can significantly improve the error decay rate.
This refinement relies on a sparsity assumption on the underlying graphon B. In
particular, we assume that graphons are gradient-sparse, in analogy with natural
images. Under this assumption, the discretized graphon B, represented on a k X
k grid, is expected to exhibit bounded total variation. The total variation of B is

defined as
k K 0B\ 2 0B\ 2
81 =34 (5) +(5)

=Y s
i=1j=1 ij Ay /i

where % and % denote the horizontal and vertical finite differences of the dis-

cretized graphon, respectively. By exploiting this total variation concept, the smooth-
ing stage can be formulated as the following constrained optimization problem:

BY = argmin||R|jty, subjectto |R —H|» <e,
R

where ¢ > 0 controls the fidelity between the TV-regularized solution R and the
histogram estimator 7, and |-||» denotes the Frobenius norm. The SAS algorithm’s
total computational complexity is O(n log n + k? log k?) multiplications and O(n?)
additions while the magnitude of the final estimate Btis n x n.

In the following, we consider two real network datasets: the collaboration net-
work of arXiv astrophysics (ca-AstroPh) and the who-trusts-whom network from
Epinions.com (soc-Epinions-1). Both datasets are obtained from the Stanford Large
Network Dataset Collection (SNAP)!. The soc-Epinions-1 dataset corresponds to a
directed (asymmetric) binary graph with approximately 7.5 x 10* nodes and 5.1 x
10° edges, whereas the ca-AstroPh dataset represents an undirected (symmetric) bi-
nary graph with about 1.8 x 10* nodes and 3.9 x 10° edges. To emulate a raw-data
scenario in which node labels are intrinsically unordered, we randomly permute
the rows and columns of the adjacency matrices for both networks. Figure 6.4 dis-
plays the visualizations of the two networks using different bin sizes in order to
efficiently highlight their structures. The estimated graphon for the ca-AstroPh net-
work reveals tightly connected collaborations and relatively small communities. In
contrast, the soc-Epinions-1 network exhibits recurring interaction patterns driven
by influential nodes, which is reflected in the repeated structures observed in the
corresponding graphon.

6.4 Numerical Tests

In this section, we present several numerical experiments aimed at illustrating the
qualitative behavior of the proposed model. To this end, we adopt an operator-
splitting strategy that decouples the opinion dynamics from the epidemiological
evolution. Specifically, we introduce the opinion update step f; = Zx;(f}'), defined

Ihttp://www.cise.ufl.edu/research/sparse/matrices/SNAP/
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FIGURE 6.4: Estimated graphons for real networks. First row: Col-
laboration network of arXiv astro physics (ca-AstroPh) n = 1.8 x 10%.
Second row: who-trusts-whom network of Epinions.com (soc- Epin-
ions1) n = 7.5 x 10%.
as 1
off = — ) Qu(fi. fi)(xw,t),
Tiec (6.28)
fi(x,w,0) = f)'(x,w), VleC,
followed by the epidemiological step f;* = Eas(f;), which reads
atfg* - IC( g*/ ]**)(x/w/ t)/
auft = K(f& i) (x,w,t) — oefi,
ofi™ = oefg —fi" (6.29)

L f7(x,w,0) = £/ (x,w,At).

The solution at time #*1! is then obtained by combining the two evolution steps.
y g P

In particular, a first-order operator-splitting scheme is given by

7N (w) = Ent(Tae(f7 (),

where Z; and Ea; denote the opinion consensus and epidemiological evolution op-
erators, respectively. The epidemiological system (6.29) is integrated in time using a
fourth-order Runge-Kutta (RK4) scheme. For the opinion consensus step (6.28), we
employ a first-order semi-implicit, structure-preserving numerical method [231, 41]

applied to

2
Of(x,w, t) = —ade (K[f](x,w, t) f(x,w,t)) + %ai, (H[f](x,t) Dz(x,w)f(x,w,t)>,
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which guarantees the preservation of quasi-steady states. In Figures 6.5 and 6.6,
we illustrate the shape of the interaction function x(w, w,) defined in (6.4) and the
equilibrium distributions (6.23) f7 for different choices of the model parameters,
respectively.
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FIGURE 6.5: Function x(w,w,) in (6.4) for n = 0.1 (left), n = 0.5
(middle) and # = 1 (right). For all cases, § = 0.5.

A

FIGURE 6.6: Equilibrium distribution (6.23) with B(x,y) =

£ (xy)~1/4 for several choices of the parameter A > 0, m; = 0 (first

row) and mq = 0.2 (second row), with m, = 1. We assume A = 0.1.

Opinion polarization is observed for m; > 1, whereas consensus for-
mation corresponds to m; << 1.

6.4.1 Numerical experiments in homogeneous and graphon-based settings

We first consider a homogeneous network setting and employ Direct Simulation
Monte Carlo (DSMC) methods to verify that the time-dependent solution of the
Boltzmann-type model (6.12) is consistent with its Fokker—Planck approximation (6.19)
in the quasi-invariant limit. To this end, we assume constant interaction kernels,
namely the graphon

B(x,y)=1

and the opinion interaction function

P(w,w., x,y) = 1.
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Under these assumptions, the steady-state solution (6.23) reduces to a Beta distribu-
tion.

Within this framework, we investigate the effect of the initial opinion distribu-
tion, chosen as a truncated Gaussian with mean #y = 0 and variance ag = 0.1,
supported on w € [—1,1] and uniform in x € [0, 1]. Its probability density function

is given by
2
lexp <_(w;¢0)>’ if —1<w<1,
go(w) ={ Z 203 (6.30)
0, otherwise,

where Z > 0 denotes the normalization constant.

We consider a system of N = 10° particles with relaxation parameter T = 1, and
we adopt the quasi-invariant scaling € = 10!, 1072, 3 x 10~*. Figure 6.7 reports
the marginal opinion densities reconstructed via the DSMC method at time T = 5,
assuming € = At and starting from the initial condition (6.30). As expected, the
numerical results confirm that the Fokker-Planck approximation converges to the
Boltzmann dynamics as € — 0.

FIGURE 6.7: Comparison between the Boltzmann model (6.19) and
the Fokker—Planck equation (6.12), computed via DSMC for A =
0.15,0.5,1.0,1.5 (row-wise), with m; = 0, my = 1, and initial distri-
bution (6.30). Simulations use N = 10° particles over T € [0,5] and
e=At=10"1,10"2,3x10°%

We next investigate the opinion dynamics governed by

auf (x,w,0) = - OF, )z w,1),

using a structure-preserving numerical scheme [231]. The same initial condition (6.30)
is adopted. We consider the separable graphon

Bi(u,0) = exp (—(u®7 +°7)).

The computational domain is discretized using N, = 60 grid points for the con-
nectivity variable and N, = 30 grid points for the opinion variable, with T = 1. In
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all simulations, we fix « = 1 and set 02 = €/4, with e = 1071, 1072 and time step
At = e. The interaction kernel is assumed constant, P(w, w,) = ¢ € (0,1).

Figure 6.8 illustrates the resulting dynamics. The first column shows snapshots
of f(x,w,t) at times t = 0, 16,32, 50 over the interval T = [0, 50]. The second column
reports the marginal opinion distribution fol f(x,w,t)dx, while the third column
displays the surface plot of f(x,w, t) at the final time.

\ta\l IH“I 4~‘P|
|

FIGURE 6.8: Evolution of f(x,w,t) for the separable graphon B.
Rows correspond to € = 10~ ! and 1072, respectively.

We then consider a non-separable interaction structure defined by

1

B ’ - 1 - 7
2(4,) 1+ exp (—15(0.8]u — v])*/5 — 0.1)

while keeping the same numerical parameters as in the previous case. Figure 6.9
reports the corresponding dynamics for € = 107! (first row) and € = 1072 (second
row).

In both settings, the opinion interactions are predominantly attractive. As e
decreases, diffusion effects become negligible and the system converges toward a
global consensus. Conversely, for larger values of €, diffusion dominates the dynam-
ics, resulting in a broader distribution of opinions without consensus formation.

I'I %

nhS \ |
\\\

FIGURE 6.9: Evolution of f(x,w, t) for the non-separable graphon ;.
Rows correspond to € = 107! and 1072, respectively.

6.4.2 Opinion formation model with real network data

We investigate opinion dynamics over real social networks by exploiting graphons
estimated from empirical data. This framework captures heterogeneous interaction
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patterns and allows us to analyze how network structure influences opinion evolu-
tion, consensus formation, and fragmentation over time. We assess the applicability
of the proposed graphon-based methodology using the two datasets previously de-
scribed in Section 6.3: the arXiv astrophysics collaboration network (ca-AstroPh)
and the who-trusts-whom network from Epinions.com (soc-Epinions-1). We recall
that the estimated graphon for the ca-AstroPh network reflects tightly connected col-
laborations and relatively small communities, whereas the soc-Epinions-1 graphon
exhibits repeated interaction patterns driven by influential agents. In the following,
we adopt an interaction function that depends explicitly on agents” opinions,

P(w,wy) = x(Jw —w.| <A), w,w, € [—1,1],

which corresponds to the classical bounded confidence model. Under this assump-
tion, two agents influence each other only if their opinions differ by less than A. This
mechanism introduces nonlocal effects in the opinion dynamics and naturally leads
to opinion clustering or fragmentation, rather than global consensus. The simula-
tions are performed with the initial distribution f(x, w,0) given by (6.30) and model
parameters as specified in Section 6.4.1. We discretize the domain [0,1] x [—1,1] us-
ing Ny = 40 grid points for the connectivity variable and N, = 20 grid points for
the opinion variable, and set T = 1.

Figure 6.10 illustrates the evolution of f(x,w,t) using the graphon from the ca-
AstroPh network, assuming o = 1, 0% = 1071/4, and time step At = 0.1. For the
bounded confidence model, we consider two confidence thresholds, A = 0.2 and
A = 0.8, shown in the first and second rows, respectively. The first column displays
snapshots of f(x,w,t) at times t = 0,10,20,30 over the interval T = [0,30]. The

second column shows the marginal opinion distribution fol f(x,w,t)dx, while the
third column presents the surface plot of f(x,w, t) at the final time. Figure 6.11 re-

— |
b b wdl =

FIGURE 6.10: Opinion dynamics on the ca-AstroPh network. Rows
correspond to confidence thresholds A = 0.2 and A = 0.8. The first
column shows snapshots of f(x,w,t) att = 0,10,20,30, the second

column reports the marginal opinion distribution, and the third col-
umn displays the final-time surface of f(x, w, t).

ports analogous results for the soc-Epinions-1 network, using the same parameter
settings. Again, we consider A = 0.2 and A = 0.8 in the first and second rows, re-
spectively. The first column shows the evolution of f(x, w, t) at times ¢t = 0, 10,20, 30
over T = [0,30], the second column displays the marginal opinion distribution, and
the third column presents the final-time surface.

In both network settings, the estimated graphons generate complex opinion dy-
namics that cannot be easily reproduced using simple functional graphon models.
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FIGURE 6.11: Opinion dynamics on the soc-Epinions-1 network.

Rows correspond to confidence thresholds A = 0.2 and A = 0.8. The

first column shows snapshots of f(x,w, t), the second column reports

the marginal opinion distribution, and the third column displays the
final-time surface.

In the ca-AstroPh network, a small confidence threshold leads to strong opinion
fragmentation, whereas increasing A promotes convergence toward consensus. In
contrast, the soc-Epinions-1 network exhibits persistent opinion fragmentation and
clustering even for large confidence thresholds, highlighting the importance of the
underlying social structure in shaping opinions.

6.4.3 Epidemic model simulation with networks

We now focus on the joint epidemic—opinion dynamics described by the SEIR Fokker—
Planck model (6.24). The initial conditions are prescribed as

f7(x,w,0) =p7(0) x7(w) Z(x),

where the opinion distributions x 7 (w) are defined by

1, wel[-1,0], forJ e {SE},
xgw)=41 wel0,1], forJ e {l,R},

0, otherwise.

The network connectivity profile Z(x) is assumed to be uniform for x € (0,1). The
initial mass fractions are set as

0£(0) = p1(0) = pr(0) =107%,  ps(0) =1 —p£(0) — p1(0) — pr(0).  (6.31)
We introduce the macroscopic quantities

1
P7(0) =, Jo o Ddxdu,  m(t) = S [, wfsxw, b dxdu,
(6.32)
representing the compartment mass fractions and the corresponding mean opinions.
The macroscopic system (6.25)—(6.27) is initialized with the mass fractions (6.31) and
with initial mean opinions

mS,w(O) = mE,w(O) = —0.5, ml,w(O) = mR,w(O) =0.5.
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For the opinion dynamics, we assume a consensus-oriented regime by setting a 7 =
land 0% =10%/4forall J € C, with my = 0.5. The epidemic parameters are fixed
asy =1/12, = 0.5, and o = 0.5. We consider three different settings. In Setting 1
(Fig. 6.12), we adopt a graphon given in functional form as

2 2
1
Blu,v) = 1 cos (- —) +0.5, (6:33)

which is non-separable. The first row of Figure 6.12 reports the time evolution of the
mass fractions p% (f), while the second row shows the corresponding mean opinions
my o, (t), ordered from left to right by the compartments S, E, I, R.

FIGURE 6.12: Epidemic model-Setting 1: Time evolution of the com-

partment masses (first row) and mean opinions (second row) com-

puted from the SEIR kinetic model (6.2) for T = 0.8, 10,102, us-

ing (6.32). Graphon (6.33) is employed. The domain [0,1] x [—1,1]

is discretized with Ny = 30, N, = 10, At = 0.08, over [0,30], with
0?2 =10"3/4and g = 0.5.

In Setting 2 (Figure 6.13), we replace the functional graphon with an estimated
graphon obtained from the ca-AstroPh network. The results are presented in the
same format as in Setting 1. Setting 3 (Fig. 6.14) is analogous and uses an estimated

FIGURE 6.13: Epidemic model-Setting 2: Time evolution of the com-

partment masses (first row) and mean opinions (second row) com-

puted from the SEIR kinetic model (6.2) for T = 0.8,10, 102, us-

ing (6.32), with an estimated graphon from the ca-AstroPh network.

The domain [0,1] x [—1,1] is discretized with Ny = 30, N, = 10,
At = 0.08, over [0,30], with 02 = 1073/4, 8 = 0.5,and 7 = 1.

graphon from the soc-Epinions-1 network. In all cases, decreasing values of T lead
to convergence of the kinetic macroscopic observables (o7 (t), m (t)) towards the
macroscopic quantities predicted by the closure model. Finally, Figure 6.15 illus-
trates the time evolution of the marginal opinion distributions associated with the
Fokker—Planck model (6.24). Rows correspond to Setting 1, Setting 2, and Setting 3,
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FIGURE 6.14: Epidemic model-Setting 3: Time evolution of the com-

partment masses (first row) and mean opinions (second row) com-

puted from the SEIR kinetic model (6.2) for T = 0.8,10, 102, us-

ing (6.32), with an estimated graphon from the soc-Epinions-1 net-

work. The domain [0,1] x [—1,1] is discretized with Ny = 30,

Ny = 10, At = 0.08, over [0,30], with ¢* = 1073/4, B = 0.5, and
n=1

while columns represent the susceptible, exposed, infected, and recovered compart-
ments. These simulations are performed with T = 10, At = 0.2, and time horizon

[0,30].

FIGURE 6.15: Time evolution of the marginal opinion distributions

for susceptible (first column), exposed (second column), infected

(third column), and recovered (fourth column) compartments. Rows

correspond to Setting 1, Setting 2 and Setting 3, computed from the

Fokker—Planck model (6.24) with T = 10. The domain [0,1] x [—1,1]

is discretized with N, = 30, N, = 15, At = 0.2, over [0,30], with
0?2 =10"3/4and B = 0.5.

In conclusion, we consider a bounded confidence model (6.6) in which the inter-

action function depends explicitly on the fraction of infected individuals p;(t) in the
population. The confidence rule is defined as

Pw,w.) = x(jw—w.] < Ai(),  ww, € [-11],

(6.34)



6.4. Numerical Tests 231

where x(-) denotes the indicator function and A(p;(t)) is a time-dependent confi-
dence threshold driven by the epidemic dynamics. This coupling allows social in-
teractions to adapt to the stage of the outbreak, reflecting behavioral changes such
as increased caution and alignment on preventive actions as infection levels rise. We
assume that higher values of p;(t) promote consensus formation, mimicking the ten-
dency of individuals to adopt protective attitudes in response to elevated epidemic
risk. Specifically, we define

Al/ if Pl(t> S €r
Alpi(t)) = . (6.35)
As, lfpl(t) > £g,

with0 < A; < Ay < 2. For low infection levels (p;(t) < ¢;), interactions occur within
a narrow confidence bound Aj, favoring opinion clustering. When the infection ex-
ceeds the threshold ¢;, the confidence bound expands to A;, enabling interactions
among agents with more heterogeneous opinions and fostering consensus. To eval-
uate the SEIR Fokker—Planck model (6.24) under this epidemic-driven confidence
mechanism and in the presence of graphon interactions, we prescribe the initial con-
ditions
fa(x,w,0) = p7(0) xg(w) Z(x),
with
1/2, wel[-1,1], forJ € {S,E},

x7(w)=1<1, w e [0,1], forJ €{I, R},
0, otherwise,

and a uniform connectivity profile Z(x) for x € (0,1). The initial mass fractions are
set as

pe(0) = p1(0) = pr(0) =102, ps(0) =1 — pg(0) — p;(0) — pr(0).

We investigate the effect of the epidemic-dependent threshold for e; = 5 x 1072, 3 x
1072, 1 x 1072, fixing A; = 1/10 and A, = 1/2. In all simulations we set f = 0.5,
v=1/12,0p = 05,7 =1, T = 1, with time step At = 0.5 over ¢ € [0,50]. Figure 6.16
reports the total marginal opinion density obtained using the non-separable graphon
(6.33), Figure 6.17 shows the same analysis using the graphon estimated from the ca-

FIGURE 6.16: Graphon 14 case. Total marginal opinion density
obtained with the bounded confidence model (6.34) and infection-
dependent threshold A(p;). Columns correspond to e; = 5 x 1072,
3 x 1072, and 1 x 1072, respectively. The domain [0,1] x [—1,1] is
discretized with Ny = 30, N, = 15, using At = 0.5 over t € [0,50].

AstroPh network. Finally, Fig. 6.18 reports the results obtained using the graphon
estimated from the soc-Epinions-1 network.
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FIGURE 6.17: ca-AstroPh network. Total marginal opinion density

obtained with the bounded confidence model (6.34) and infection-

dependent threshold A(pj), using the graphon estimated from the

ca-AstroPh data. Columns correspond to e; = 5 X 1072, 3 x 1072,
and 1 x 1072, respectively.

FIGURE 6.18: soc-Epinions-1 network. Total marginal opinion

density obtained with the bounded confidence model (6.34) and

infection-dependent threshold A(pj), using the graphon estimated

from the soc-Epinions-1 data. Columns correspond to e; = 5 x 1072,
3 x 1072, and 1 x 1072, respectively.

6.5 Conclusion

In this work, we proposed a novel modeling framework that couples classical epi-
demiological models with social behavior and opinion formation dynamics over
heterogeneous social networks represented through a graphon structure. This in-
tegrated perspective provides deeper insight into how infectious diseases propagate
in societies, where information spreads rapidly and social influence is shaped by
complex and diverse network architectures.

By modeling individual connectivity through a graphon, the proposed approach
captures heterogeneous interaction patterns. This allows social effects to emerge
naturally from the intrinsic heterogeneity of the network, rather than from ad hoc
or time-varying structural assumptions. In particular, the classical SEIR model is
extended by incorporating a kinetic description of opinion formation on protective
measures, evolving over this graphon-based connectivity structure.

Numerical experiments performed on real network data show that opinion dy-
namics driven by social interactions can significantly affect epidemic outcomes. In
particular, positive influencers promote the adoption of protective behaviors, miti-
gating disease spread, while negative influencers promote resistance and may trig-
ger recurring outbreaks.

Future work will focus on incorporating additional mechanisms of disease trans-
mission, such as explicit physical contact processes and multilayer social interac-
tions, within the graphon-based framework, thereby further improving the model
predictive capability.
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Chapter 7

Phase transition in interacting
opinion and disease dynamics over
multiplex networks

As it was evident during the last COVID-19 pandemic outbreak, disease trans-
mission is heavily influenced by the opinions and beliefs of the population.
This is especially important now that the spread of ideas and information is
not only confined to physical interactions but instead happens mainly through
exchanges on social platforms, leading to a faster evolution of opinions. There-
fore, it becomes important to understand how information and opinions on
protective measures, such as vaccination or social distancing, evolve during
epidemics because, in a population, individual interaction can amplify or mit-
igate both the spread of information and disease. In this work, we present an
SIS opinion model in the presence of social and physical contacts. We start
from the microscopic description of the interactions on a multiplex network,
then we pass to the kinetic description. We show that, fixing the epidemi-
ological parameters, for different levels of overlap factor between the social
and physical network, it is possible to witness a phase transition between the
epidemic and the healthy phase. Some numerical simulations for the kinetic
model are in process.

7.1 Introduction

Network theory has emerged as a fundamental tool for the study of complex sys-
tems across a wide range of disciplines, including biology [174, 202], sociology [121],
epidemiology [84, 188], and computer science [194, 244]. Real-world contact net-
works are inherently heterogeneous, exhibiting features such as variable connection
strengths, clustering, and non-trivial degree distributions. These structural proper-
ties play a crucial role in shaping the dynamics of biological and social processes,
making network-based models particularly suitable for capturing individual-level
interactions in a realistic and detailed manner. Beyond biological applications, net-
work theory has proven highly effective in the analysis of social dynamics, espe-
cially in the context of opinion formation and diffusion [8, 104, 111, 6, 85, 179],
the underlying network topology strongly influencing the speed and outcome of
opinion spreading and consensus formation. In parallel, epidemic dynamics on net-
works have been extensively investigated through compartmental models such as
SIS (Susceptible-Infected-Susceptible), SIR (Susceptible-Infected—Recovered), STAR
(Susceptible-Infected—Asymptomatic-Recovered) and many others [131, 253, 26]. In
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the these frameworks, individuals transition between health states according to in-
teraction patterns encoded by the network structure. Indeed, the topology of the
contact network, and in particular its degree distribution, can dramatically affect
disease propagation. For example, highly heterogeneous networks with hub nodes,
often display reduced epidemic thresholds, making them more susceptible to out-
breaks, whereas clustered networks may slow down disease spread by confining
infections within localized groups [216, 234, 253]. On the other hand, the interac-
tion between social behavior and epidemic spreading has recently attracted grow-
ing attention [276, 307, 258, 301]. The COVID-19 pandemic clearly demonstrated
the pivotal role of public opinion in shaping epidemic outcomes. Beliefs regarding
vaccines, social distancing, and perceived disease severity significantly influenced
individual behavior and compliance with public health measures, thereby affecting
the overall epidemic trajectory. Social influence can thus modify disease transmis-
sion, while the epidemic state itself feeds back into opinion formation, generating
complex coupled dynamics.

Multiplex networks offer a natural and flexible framework for modeling this
interplay [287]. In a multiplex network, multiple layers represent different types
of interactions among the same set of individuals. In this paper, in the context of
coupled opinion—epidemic dynamics, one layer models social interactions through
which opinions are exchanged, while another layer represents physical contacts re-
sponsible for disease transmission. These layers are correlated, reflecting the fact
that social and physical interactions often overlap, yet they can also exhibit distinct
structural properties. The coupling between layers enables a bidirectional feedback
mechanism, whereby health states influence opinions and opinions affect individual
behavior and infection risk. More in details, we propose a mathematical framework
describing the interplay between an opinion dynamics model and a Susceptible—
Infected—-Susceptible (SIS) epidemic model which takes into account physical con-
nections evolving on distinct but correlated networks. The social layer represents
interactions through which individuals exchange information and influence each
other’s beliefs, while the physical layer accounts for contacts leading to disease
transmission. We explicitly consider correlations between these networks, captur-
ing the realistic scenario in which individuals belonging to the same social group are
more likely to interact physically. We assume that both networks are stationary, with
fixed topologies and prescribed degree distributions. In particular, following [6], the
distribution of social contacts is modeled by a lognormal law, while physical contacts
are assumed to follow a Weibull distribution, as suggested in [99]. These assump-
tions are consistent with empirical observations of real-world social and physical
contact networks as discussed later.

The rest of the paper is organized as follows. In Section 7.2, we introduce the
multiplex network structure, consisting of two fixed networks defined on the same
set of agents, and describe the microscopic interaction rules governing opinion ex-
change and disease transmission. In Section 7.3, we associate a mesoscopic kinetic
description of the same phenomena using Boltzmann-type approaches and obtain
a corresponding Fokker-Planck approximation in the quasi-invariant opinion limit.
We emphasize that in the proposed model, at the mean-field level, the detailed mul-
tiplex structure is replaced by a statistical representation of the dynamics based on
the number of connections and not on the specific network structure. Finally, in
Section 7.4, we present numerical experiments illustrating the construction of mi-
croscopic networks and analyze how different levels of overlap between social and
physical layers influence the epidemic evolution.
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7.2 Physical and social interactions on multiplex networks:
the discrete case.

Starting from the microscopic level, we consider a system composed of N > 0
individuals and introduce a two-layer structure consisting of a social contact net-
work and a physical contact network. This setting will be referred to as a multiplex
network. For each individual i, i = 1,..., N, we associate a pair (w;,d;), where
w; € [—1,1] = Q represents the individual opinion and d; € {0,1} denotes the dis-
ease status. In particular, w; = —1 corresponds to a strongly negative opinion, while
w; = 1 indicates strong agreement with a given idea; moreover, d; = 0 identifies a
susceptible individual and d; = 1 an infected one. To formalize the network struc-
ture, we introduce a generic unweighted graph G = (V, £), where V(G) denotes the
set of vertices (nodes) and £(G) the set of pairwise distinct edges connecting them.
The adjacency matrix associated with G is defined as

1, if(i,j) € £(G),

0, otherwise,

A(G) e {0, 13V, Ay(G) =

where N = |V(G)| is the number of nodes. Adjacency matrices can be conveniently

visualized as pixel images on the unit square [0, 1] x [0, 1], discretized into an N x N

grid of squares of size  x . Each entry A;j(G) corresponds to a pixel located at

(%, %), which is colored black if .A4;;(G) = 1 and white otherwise, namely

black, ifxe [, &), yve [ 4), Aij(G) =1,

Pixel(x,y) =
white, otherwise.

Figure 7.1 illustrates the correspondence between a 6 x 6 adjacency matrix and its
pixel-based representation.

010101
111000
01 0101
101010
000111
101010

FIGURE 7.1: 6 x 6 adjacency matrix and corresponding pixel visual-
ization.

The multiplex network is described by two N x N adjacency matrices as above
described, S = (s;;) and C = (c;j), encoding social and physical interactions, re-
spectively. In particular, s;; = 1 if individuals i and j are socially connected and
sij = 0 otherwise, while ¢;; = 1 if they are physically connected and c¢;; = 0 other-
wise. Both networks are assumed to be undirected, so that s;; = s;; and ¢;; = ¢j; for
alli,j = 1,...,N. We denote by £° and £ the corresponding sets of edges. The
two layers share the same set of nodes but may differ in their connectivity patterns.
The degree of overlap between the social and physical networks is quantified by a
parameter q € [0, 1], representing the fraction of links common to both layers. The
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extreme cases 4 = 1 and ¢ = 0 correspond to fully coupled and completely un-
coupled networks, respectively. Formally, the overlap is measured by the so-called
Jaccard index [159]:

_|ESNE
“EsuecT

q9(S,C)

Social Network

Contact Network

Coupled Network

FIGURE 7.2: Schematic representation of a coupled network model-
ing opinion formation and disease spreading.

Within this two-layer framework, the social network governs the exchange of
opinions among individuals, while the physical contact network regulates disease
transmission through face-to-face interactions. Figure 7.2 illustrates the coupled
structure obtained by superimposing the social layer (upper layer) and the physical
contact layer (middle layer), resulting in the combined network shown in the bottom
layer. Solid lines denote social connections, whereas dashed lines indicate physical
contacts. In the social layer, each node is characterized by an opinion variable w € (),
while in the physical contact layer nodes are labeled by their epidemiological state,
susceptible (0) or infected (1). As shown in Figure 7.2, nodes i and j are connected
by both types of links, indicating simultaneous opinion exchange and potential dis-
ease transmission. Nodes j and k interact only socially, exchanging opinions without
physical contact, whereas nodes i and k share only a physical link, allowing disease
transmission without opinion exchange.

We consider in this setting a scenario in which two individuals interact on a daily
basis, for instance by meeting at work or socially, and exchange opinions on vari-
ous topics. In this case, they are both socially and physically connected. However,
when one of the two individuals becomes infected, we assume that their level of
social interaction decreases, reflecting common behavioral changes such as staying
at home, hospitalization, or the adoption of social distancing measures. As a conse-
quence, face-to-face interactions are reduced or interrupted. This effect is modeled
by assigning a probability equal to 1 for social interactions when both individuals
are healthy, while reducing it to a value IP;, < 1 when at least one of the two in-
dividuals is infected. Conversely, if two individuals interact only socially and not
physicallymeaning that they exchange opinions exclusively through remote com-
munication channels, the disease state does not affect their interaction. In this case,
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the probability of social interaction and opinion exchange remains equal to 1, inde-
pendently of the health status of the individuals. Therefore, sickness reduces social
interactions only along physical contact links, while remote or electronic interactions
in the social network remain unaffected.

We further assume that individuals who are both socially and physically con-
nected are more likely to interact in person when their opinions are similar. In par-
ticular, when the distance between their opinions is small, the probability of physical
interaction (and hence of disease transmission) is set equal to 1. Conversely, when
individuals hold very different opinions, the probability of physical contact is re-
duced to a value IP; < 1. As a result, individuals who meet daily and share similar
views transmit the disease with probability B, whereas for individuals with dissimi-
lar opinions the probability of transmission is reduced to fIP; < B. The update rules
for opinion dynamics and disease transmission are schematically illustrated in Fig-
ure 7.3. As before, social interactions are represented by solid lines, while physical
contacts are depicted by dashed lines.

Without Coupling

-0
Without Coupling
. . B

With Coupling With Coupling

(a) Update of opinion dynamics (b) Update of disease dynamics

FIGURE 7.3: Schematic representation of the update rules for opinion
formation and disease spreading.

7.2.1 The microscopic process of opinion formation

We assume that the two networks are given and fixed in time. Moreover, as N — oo,
we suppose that the degree distribution of the social network S converges to a log-
normal distribution, as in [6], while following [99] we assume that the degree dis-
tribution of the physical contact network C converges either to a standard Gamma
or to a Weibull distribution. This, as already claimed, is consistent with empirical
observation about social and contact real-world networks [46]. Throughout the evo-
lution, the total number of agents is assumed to remain constant. Notice that, as dis-
cussed in [160], the maximal attainable overlap between two networks depends on
their respective degree distributions. As a consequence, for any prescribed choice
of distributions there exists an upper bound dy; < 1 for the overlap factor. We
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now formalize the microscopic dynamics described previously. Let P, = i € [0,1)
and P; =7 € [0,1). Similarly to [277], given two agents i,j = 1,..., N with pre-
interaction opinions w; and wj, their post-interaction opinions are defined by

w; = w; + IX(ZUZ‘, Wi, Sij, Cij)(w]‘ — wi) + CiD(wi),

(7.1)
w]/ = w] + a(w]'r wi, Sji/ Cji)(wi - w]) + g]D<w])/
where the compromise function a(w;, w;, s;j, ¢jj) € [0,1/2] is defined as
'&P(wi,wj), Sijzl,Ci]':O,
EP(ZUZ‘,ZU]‘), Sl‘j:1,Cl‘j:1,di:dj:0,
a(wi, wj, sij, ¢ij) = _ (7.2)

],t(xP(wi,w]-), Sijzl,cijzl,(di:101‘11]':1),
0, Sl']' =0.

Herea € [0,1/2] and
P(wj, wj) = x(|lwi —w;| < A),

with A € [0,2] modeling bounded confidence interactions. In (7.1), the random
variables ¢; and {; represent self-thinking or external information effects, and satisfy

@)=0, (&)=c">0.

The function D(w) depends only on the opinion variable and is assumed to vanish
at the boundaries, namely D(+£1) = 0. Since opinions must remain in the bounded
interval [—1,1], we impose the physical admissibility of the interaction rule (7.1).
Taking absolute values and applying the triangle inequality yields

i < (1 —aj)|wi| + aglw;| + [D(w;)Gil-
Using |w;| < 1, we obtain
[wi| < (1 — ajj)|wi| + ai + D(w;)|Ei-
Therefore, a sufficient condition to ensure |w}| < 1is

(1= Jw;|) (1 — ai;)
D(w;) ’

18] <

for all w; € (—1,1) such that D(w;) # 0. This constraint prevents random fluc-
tuations from pushing opinions outside the admissible range. We now define the
disease transmission mechanism. The transmission rate g(w;, wj, s;;, c;;) € [0,1] is
given by

,3, Cij = 1,Sl'j =1, ]wi — w]\ <A,

nB, cij=1s;=1|w—wj| > A,

,B(wi, ZUj, Sij/ Cij) = (7.3)
I’],B, Cz']' = 1, Si]' = 0,

0, Cl']' =0.

Thus, physical contact is required for disease transmission, while opinion similarity
modulates the effective transmission probability. Finally, each infected agent recov-
ers independently with probability -, transitioning from d; = 1 to d; = 0, regardless
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of network structure. This resulting coupled opinion-epidemic dynamics give rise
to behaviors that are not observed in isolated models. In particular, both opinion
agreement and disease transmission depend in a nontrivial way on the joint opinion
and health states of connected individuals across the two network layers, highlight-
ing the importance of incorporating social effects into epidemic modeling as shown
later on.

7.3 A mesoscopic model of opinion formation and disease
spread

When passing from the microscopic to the kinetic description, the detailed informa-
tion on the structure of the coupled networks is necessarily lost, and only statistical
information on social and physical contacts can be retained. As a consequence, a
kinetic description based on Boltzmann-type equations cannot fully capture key mi-
croscopic features, such as the exact coupling between the two network layers or the
fine structure of binary interactions induced by the multiplex topology. Neverthe-
less, it is still possible to introduce a kinetic model that provides an effective, albeit
approximate, description of the system in the limit as the number of agents N — co.

We take a different point of view and we assume that the social and physical
contact variables take values in the positive real line R . We therefore consider the
evolution of the density of agents with opinion w € (), number of social connections
s € R4, and number of physical connections ¢ € R at time ¢ > 0, described by

szf((w/S,C,t)/ fg:QXIR+XIR+XR+—>IR+,

with ¢ € C. For simplicity, we normalize the total population to one and assume that
the number of social and physical contacts remains constant in time, so that

/ 2f(w,s,c,t)dwdsdc:l, Vt>0,
OxRL

where f = fs + f;. The marginal distributions of social and physical contacts are
assumed to be fixed and given by

hS :/ ///tdd/ hC :/ ///tdd/
(s) QXIR+f(wsc ) dwdc (c) QX]R+f(wsc ) dwds

which describe the degree distributions of the networks S and C, respectively. The
joint distribution of social and physical contacts is

/Qf(w,s,c,t) dw = g<S,C).

The degree of correlation between social and physical connectivity is now quantified
by the correlation coefficient

g— Covsc(g) ’
V' Vars(g) Vare(g)

where

Covsc(g) = /]RZ g(s,c)(s —ms(g)) (c —mc(g)) dsde,

+
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with mean values
s = ’ dsdc, c :/ ’ dsdc,
mi(g) /Rig<sc>s sde,  melg) = [ gls,0)edsde
and variances

Vars(g) = /1RZ g(s,0) (s—ms(g))zdsdc, Var.(g) = /]RZ g(s,c)(c—mc(g))zdsdc.

+

We then suppose that the time evolution of the densities fs and f; is governed by
the SIS-type kinetic system

difs = —K(fi)(w,s,c,t) fs + vfr + % Y Qfs, fr)(w,s,c,t),

JeC

affl = K(fl)(w,s,c,t)fs _7f1+ % Z Q(fl,f])(w,s,c,t),

JeC

(7.4)

where the infection operator is defined as

K(fr)(w,s,c,t) = / B1(w,ws,s,sx,c, cx) f1(ws, 5, Cx, t) dw, ds, d..
QxR%

Here 57 € [0,1] accounts for the modulation induced by opinions and network con-
nectivity, v > 0 denotes the recovery rate, and Q(-, -) is a collision operator modeling
opinion exchanges.

In weak form, the operator Q reads

/me Q(fe, fm)(w,s,¢,t) ¢(w) dwds de = </Q 6(s,s4,¢,Cx)

2 o R4
xR

(7.5)
X (p(w') — @(w)) fo(w, s, c,t) fu(ws, sx,cx, t) dw dw, ds ds, dc dc*>,

for any smooth test function ¢ : O — R, where 6(s, s, ¢,c.) > 0 denotes the inter-
action frequency and (-) denotes expectation with respect to the random variables ¢
and ¢.. The parameter T > 0 controls the relative time scales of opinion formation
and epidemic spreading, with smaller values of T corresponding to faster opinion
dynamics.

Remark 7.1. A possible definition of the interaction frequency 6(s, s, ¢, ¢« ) is

6(s,s4,¢,¢x) = g(s,¢)g(s%,¢x), (7.6)

where g is the joint distribution function of social and physical contacts. In the same
way, a possible definition of a(w,w.,s,ss,c,c,) that verifies the conditions intro-
duced in Section 7.2 about the opinion formation, reads

a(w, Wy, S, S4,¢,¢x) = &P (w, w.)0(s,s4,¢,¢x),

where 0 < & < 1 is a constant, P(w, w,) is the same interaction kernel used in (7.2)
and 0(s, sy, ¢, ¢, ) is the one defined in (7.6).
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7.3.1 A Fokker-Planck limit model for the opinion formation process with
physical and social connections

The process of opinion formation involves multiple mechanisms, including the de-
velopment of personal beliefs shaped by factors such as family, media, and indi-
vidual experiences. Within this framework, a single interaction contributes only
marginally to the overall outcome; rather, the final opinion distribution emerges
from the cumulative effect of many small interactions. For this reason, starting
from the model derived above, we consider a quasi-invariant opinion variation limit,
which leads to a Fokker-Planck—-type model obtained from the Boltzmann equations
(7.5).

In order to get to this limit, we rescale both the interaction frequency and the
magnitude of microscopic opinion exchanges by introducing a small parameter € >
0. In particular, we consider the scaling

1

Xe = €q, kS = oK ((&9)?) = ed™.

This regime corresponds to interactions producing very small opinion changes, but
occurring at a very high frequency, so that macroscopic effects are preserved as € —
0.

To derive a reduced Fokker-Planck description from the Boltzmann operator
(7.5), we define the scaled binary interaction rules as

w = w+ ac(w,wy, s, c)(w, —w) + D(w)E,
W, = Wy + ae(Ws, W, 54, ) (W — ws) + D(w,) 5.

Using a Taylor expansion of ¢(w’) around w, we obtain

(9 = pla)) = en(w, w.,5,6) (0. — ©)dup(w) + 2-Dw)22p(w) + R(e),

7.7)
where the remainder term R(e) is given by
e/ s 292
R(w,w,,s,c,€) :?(a (w,w.,s,c¢)(w, —w)dp(w)
1
+ goc(w, w,,s,c)(w, — w)DZ(w)ag,(p(u‘)D (7.8)

+ 20(@) (€ (ww,,5,0) (. — ) + (E)D* @),

with @ = {w + (1 — {)w’ for some { € [0,1]. Notice that R(e) = O(€?).
Substituting (7.7) into the weak formulation of (7.5), we obtain

[ QU fud 5., )g(w) dwds de
QxR%
R(e)

c .

2
= o 2
N Q><]Ri <g[fm]awq) + 2 D[fm]aw(P)fl dwdsdc +

where

Elfm|(w,s,c,t) = / . (s, 54, ¢, cx)a(w, ws, s, ) (Ws — W) frn (Ws, Sx, Cx, t) dw, ds. des,
QxR
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and

Dlfm|(w,s,c, t) = Dz(w)/ 6(s, 54, ¢, Cx) fin(Ws, Sx, Cx, t) dw, ds, de.
QxR%

Here R (e) denotes the integrated remainder term, which vanishes as € — 0.
Performing integration by parts and letting € — 0, we obtain the reduced Fokker—
Planck operator Q in weak form:

2

/Qle%rQ(flrfm)quWdecz‘/Qsz |:aw (_g[fm]fl)+%ai) (D[fm]fl):|§0dZUdeC

+

This corresponds to the strong Fokker—Planck equation 7
i =~ (Elfulf) + S (DIflf), 7:10)
supplemented with the boundary conditions
o2
—E[fmlfi + an (Dlfulfi) =0, w==£1, (7.11)

Dlfulfi =0, w=+1.

Finally, the SIS-type kinetic model coupling opinion formation and epidemic
spreading in the case of the quasi-invariant opinion limit reads

afs = ~K(f)fs + i+ ¥ Ofs fu)
L (7.12)
Afr = K(f)fs = fi+ = L QUfi fu),

meC

where the parameter 7 > 0 controls the relative time scale between opinion for-
mation and epidemic dynamics: smaller values of T correspond to faster opinion
evolution.

7.4 Numerical simulations

In this section, we perform several numerical simulations to assess the behaviors of
the microscopic model described in Section 7.2 and of the kinetic model discussed
in Section 7.3.

7.4.1 Construction of the adjacency matrices

We performed our numerical simulations on coupled N x N networks. To construct
the adjacency matrices S and C, we employed the configuration model algorithm
(see, e.g., [217]), which is summarized in Algorithm 4.

Once the adjacency matrices of the two networks are obtained, we apply a cross-
rewiring procedure (see [160]) to induce a prescribed level of overlap between the
graphs. The procedure is described in Algorithm 5.
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Algorithm 4 Configuration model algorithm

Sample a vector K = {ky, ..., ky} of integers from the prescribed degree distri-
bution.
Ensure that YN | k; is an even integer.
Construct a stub list, i.e., a vector containing k; copies of node i for each i =
1,...,N.
while length(stub list) > 0 do
Uniformly at random select an element j from the stub list and remove it.
Uniformly at random select an element k # j from the stub list and remove
it.
Add an undirected edge between nodes j and k.
end while

Algorithm 5 Cross-rewiring algorithm

Let G and G’ be two networks, and let § denote the desired overlap factor.
Compute the Jaccard index g(G, G’) between the two networks.
while q(G,G') < g do
Randomly select a pair of edges (a,b) and (c,d) in G such that:
1. (a,b) and (c,d) are not edges of G/;
2. (a,c) and (b,d) are not edges of G;
3. (a,c) is an edge of G'.
Replace edges (a,b) and (c,d) with (a,c) and (b,d) in G.
Interchange the roles of G and G'.
end while

7.4.2 Numerical simulations for the microscopic model

We consider two different settings. In the first case, both layers are random graphs,
while in the second case the social network follows a lognormal degree distribution
while the physical contact network follows a Weibull degree distribution. We set
N = 10% and fix the mean degree of the social network to m; = 25, while the mean
degree of the physical contact network is set to m, = 20. We emphasize that these
two values are not expected to coincide: individuals typically interact with a larger
number of people on social media platforms than in face-to-face encounters, which
motivates our choice mg > m,.

Figure 7.4 (left panel) shows a comparison between the normalized degree dis-
tributions of S and C. For the opinion interaction step, in (7.2) we set y = 0, & = 0.5,
and A = 2. The variance ¢ of the random variable ¢ is fixed to 10~3, while we choose
D(w) = 1 — w?. For the epidemic dynamics, in (7.3) we set 7 = 0 and consider a
range of transmission rates B > 0.5, with the recovery rate defined as v = 1 — B.
At the initial time, 50% of the nodes are assigned to the infected compartment. We
report the final fraction of infected individuals once a stationary state is reached.
The value of p; is obtained by averaging over five independent realizations for each
value of B. This setting is used for running simulations for different values of the
overlap factor q ranging from 0.1 to 0.6. Figure 7.5 shows that, starting from lower
values of g(S, C), the system undergoes a transition from a healthy phase, where the
stationary fraction of infected individuals is zero, to an endemic phase, character-
ized by a strictly positive stationary fraction of infected individuals. This transition
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occurs for transmission rates larger than 0.5, which corresponds to the critical thresh-
old in the classical SIS model. Figure 7.6 displays analogous results obtained with
the same set of parameters, except for the bounded confidence interval which is set
toA =0.5.

For the second case, we retain the same values of m; and m, used in the random
graph simulations. This choice yields a lognormal degree distribution for the so-
cial network with logarithmic scale parameter equal to 2.8989 and shape parameter
0.8, and a Weibull degree distribution for the physical contact network with scale
parameter 17 and shape parameter 1.1765. Figure 7.4 (right panel) shows a compar-
ison between the normalized degree distributions of S and C. Figure 7.7 presents a
comparison of the stationary fraction of infected individuals for different values of
the transmission rate § and various overlap factors, in the case of lognormal (social
contacts) and Weibull (physical contacts) networks. We finally consider the same
setting while modifying the bounded confidence parameter to A = 0.5. Figure 7.8
reports the resulting final fraction of infected individuals (left panel) together with
the corresponding phase diagram as functions of q(S,C) and B (right panel). A
last Figure 7.9 shows a comparison of the final opinion distributions for g = 0.5,
B = 0.58, and B = 0.66, and for different values of the overlapping factor.

o -+~ Social contacts 0045 .- Social contacts
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FIGURE 7.4: Comparison between normalized degree distributions of

S and C in the case of random graphs (left) and in the case of social

contacts distributed as a lognormal and physical contacts distributed
as a Weibull (right).
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FIGURE 7.9: Bounded confidence parameter A = 0.5. Final time opin-
ion distributions for various values of the parameter g(S,C), in the
case 5 = 0.5 (left), B = 0.58 (center), § = 0.66 (right).

7.5 Conclusion

In this work, we have investigated the coupled dynamics of opinion formation and
epidemic spreading on multiplex networks, explicitly distinguishing between social
interactions and physical contacts. Starting from a microscopic agent-based descrip-
tion, we have proposed a mesoscopic kinetic formulation based on Boltzmann-type
equations, and subsequently obtained a Fokker—Planck approximation in the quasi-
invariant opinion limit mimicking the multiple network structure of the correspond-
ing microscopic approach. The two proposed models allow for a consistent connec-
tion between individual-level interactions and macroscopic observable, providing a
flexible framework to analyze the interplay between social behavior and epidemic
dynamics.

A key outcome of our analysis is the identification of the overlap between social
and physical networks as a crucial control parameter. Numerical simulations show
that varying the overlap factor can induce a phase transition between a disease-free
(healthy) state and an endemic regime. In particular, lower overlap levels tend to
increase the effective epidemic threshold, delaying or suppressing disease spread.

Several extensions of the present work are worth exploring. From a modeling
perspective, allowing the network layers to evolve in time or considering more
complex epidemic compartments could further increase realism. From an analyti-
cal standpoint, an investigation of the passage from the microscopic to the kinetic
description would be of great interest.






249

Appendix A

Derivation of fractional differential
system schemes

Here we write the formulation of all schemes used in the chapter 3.

Fractional Forward Euler Scheme (FFE)

The numerical scheme we proposed here is presented in [245]. Suppose we take the
initial value problem (IVP)

{?Dgu(t) :G(t,u(t))/ 0<N<1 (A1)

u(0)=up>0, 0<t<T.

where the given function G (f,u(t)) is solved in the Caputo sense. u(t) is the exact
solution, N is the fractional order of derivative, and T is the final time. Given function
G (t,u(t)) satisfied some smooth characteristics [175]. It's necessary to understand
that this procedure will not provide the function y(t), which satisfies the IVP (A.1).
Rather, we will calculate an estimate of it at as many points as necessary. The time
interval [0 T] is split into sub-intervals [t; t; + 1] with step size h=T/N using the
nodes t; = hi wherei =1,2,3,....n.

Apply FDO_ RonIVP (A.1), we get

u(t)=uo+ DN u(t), (A2)

€Dy ™ u (t) is evaluated by left fractional integral formula s.t

hN

u(th) = Ug + ) i Ui n41 G (tl-,u (l)) , (A.3)
i=0

F(1+R

where
Vinp1 = [(n +1-i)N—(n— i)N] .

Now, we implement the application of this numerical scheme for our model (3.22)
given below as
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CDRS(t) = a1 + ayaz R(t) — app a7 A(£)S(t) — (ag + ag) S(t),
CDNE(t) = anpay A(t)S(t) — (ag + ag) E(t),

CDNA(t) = ayga9 E(t) — (ag + as + apy) A(t),

CDED(t) = as A(t) + any (1 — ayo) A(t) — (ag + a3 + ag) D(1),
CDER(t) = (1 — a14) ag E(t) + ag D(t) + a1y a1o A(t) — (ag + a3) R(t),
“DRQ(t) = a S(t) + (1 — a2) a3 R(t) — as Q(t).

For this purpose, we formulate the model, which is given below

CDYS(t) = 1(S,E, A,D,R,Q),
“DYE(t) = (S, E, A,D,R,Q),
CDRA(t) = J3(S,E,A,D,R,Q),
“DYD(t) = Ja(S,E, A,D,R,Q),
“DR(t) = J5(S,E, A,D,R,Q),
CDRQ(t) = Js(S,E,A,D,R,Q).

Implementing the scheme, we get

where

hN n
= — Y 1II; i,S,E,A,D,R
S(tn-‘rl) SO + T (1 ¥ N) Z;O in+1 ]1(t1/ S/ , 4, L, /Q)/

hN n
E =E — Y II; .,S,E,A,D,R
(tn+l> 0 + F (1 + N) ;} in+1 ]Z(tl/ S/ s 41, L, /Q)/

hN n
A =A — ) I .,S,E,A,D,R
(tn-i-l) 0 + F (1 + N) lgo in+1 ]3(tl/ S/ s 41, By /Q)/

hN n
D(t =D - I, t;,S,E,A,D,R,Q),
( n+l) o+ F(l n N) 1;) in+1 ]4( i Q)

o
R t = R A N H t'/S/E/A/D/R/ 7
( n+1) 0+ T (1 T N) l;) in+1 ]5( i Q)

hN n
Q(tny1) = Qo+ Ta+R) ;)Hi,n+l Jo(ti,S,E,A,D,R,Q),

T e1 = [(n 11— (- i)N] .

Adams-Bashforth Molten Scheme (ABM)

This section looks at the numerical approach for the suggested model (3.22). To find
the numerical solution of the model, we used the generalized Adams-Bashforth-
Moulton method [213]. We build a numerical scheme for solving nonlinear fractional-
order differential equations using the predictor-corrector technique. To find the ap-

proximate solution using this method, consider the following nonlinear fractional
differential equation.
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GDFP() = u(t,g(t)), 0<t<T, (A4)
along with the IC’s

¢ (0)=¢) j=01,23..[8 -1

The fractional integral operator is applied on the eq.(A .4), then the solution ¢(t) can
be determined by the equation given below

N]-1 o
o(t) = E?ij””r(lm [ =t g))as, (A5)

j=0

which is equal to the Volterra integral equation. Diethelm et al. [94] integrated
(A.5) using the predictor-corrector method based on the Adams-Bashforth-Moulton
algorithm. Letting h = %, ty = nh,and n =0,1,2,..,N € Z", the equation (A.5)
can be discretized as follows

[R]— 4)6 . hN hN n
Pntni1) = Y, I B+ R12) u(tnr1, ¢ (tns1)) + R+2) Y cmnst 4t P (tm)),
j=0 J° m=0
(A.6)
where
M (n=R)(n4+1), if m=0,

Cunt1 = (M—m+2)" 4+ (n—m)™ —2(n —m+ ¥, if 0<m <,

(A7)
and the predicted value ¢; (t,41) determined by
[N]— 14)0 A
P (tns1) = Z f Bt Ty NS Z 1 (b, On (En) ), (A.8)
=
with
d _n (n+1—m)¥ (A9)
mmn+1 — N (1’1 m ) .
- ((n - m)N> . (A.10)

The error estimate is
max ¢ (tw — ¢p (tm)) | = O (h*),

in which Z = min(2,1 + R). We utilize the application of the Adams-Bashforth-
Moulton method to solve numerically the nonlinear Caputo fractional order model
(3.22) given as
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Using the ABM approach, the numerical scheme for the suggested model (3.22) is
provided as follows:

hN

S(t) :So+m

HS(tpHI Si(t;ﬂrl)/ Ei(t;ﬂrl)r A];z(thrl)/ Dg(t;ﬂrl)/ Rﬁ(t;ﬂrl)r Qﬁ(%ﬂ))"’

iz 2, Tt T8 (o Sa(tn) Bt At Dabn, R (1), Qa(1)

I

E<t) = Eo+ ) HE(tpH/ SZ(thrl)/ Ez(tpﬂ)/ Ali{z(tpﬂ)r DZ(thrl)/ Rllcz(tpﬂ)/ Qlli(tp-kl))"‘

T(R+2
hN
T(R +2)

hN
mnfx (tps1, Sk (tp1), ER(tps1), Al (pi1), D (Fp1), RE (Epin), Qp (Fps1)) +

i am,p+1 HE (tm/ Sh (tm)/ Eh(tm)r Ah(tm)/ Dh(tm)/ Rh(tm)/ Qh(tm)) ’
m=0
A(t) = AO +

F(Nhiz) io Am,p+1 114 (tm, Sp(tm), En(tm), An(tm), Di(tm), Ru(tm), Qu(tm)) ,

hN
D(t) = Do+ WHD(%H/ Sk(tp41), Ef (tps1), Ak (tpi1), D (tpsn), RE(Fps1), Qb (Fp1) )+

1"(Nhiz) i Amp+1 11 (tm, Su(tm), En(tm), An(tm), Di(tm), Ry (tm), Qn(tm))
m=0

N

R(t) =Ro+ ) HR(tp—HI Sﬁ(tp—s—l)r Elli(tp—s-l)r Alli(tp—s-l)r Dlﬁ(tp—irl)/ R]I;(tp—s-l)r Qﬁ(trfﬁ-l))'f'

T(R+2

hN

TR+2) mi‘,o Am,p+1 LIR (tm, Su(tm), En(tm), An(tm), Di(tm), Rin(tm), Qu(tm))

hN
Q(t) = Qo+ ) HQ(tpHr 5ﬁ<tp+1), E;]Ktpﬂ)r A}fz(t;ﬂﬂ)/ Dﬁ(tpﬂ)r Rﬂt;ﬂrl)f Qllﬁ@pﬂ))*’

T(R+2

N p
F(Nh+ 2) ZO am,erl HQ (tm/ Sh(tm)rEh(tm)r Ah(tm)/ Dh(tm),Rh(tm), Qh(tm)> ,
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with
Amp+1 =

where

Sz(fpﬂ) =
Elfl(fpﬂ) =
All;(tpﬂ) =
Dﬁ(twl) =
Rﬁ(fpﬂ) =

Qli{z(tp-i-l) =

with

Further, the

and

P = (p=R)(p+ 1Y, if m=0,
(p=m+2)" 4 (p—m)* ! —2(p —m+ )", if 0<m<p,
1, if m=p+1.

1

SO+F(N)

Z bm,p+1HS (tm/ Sh(trn)r Eh(tTn)r Ah(trn>r Dh(tm)r Rh(tm)r Qh(tm)) 7
m,p+1

1

EO+F(N)

2 bm,p+1 Ig (tm/ Sh(trn)/ Eh(tm)r Ah(trn)/ Dh(tm)r Rh(tm)/ Qh(tm)) 7
m,p+1

1

Aot = Y bupr1 1A (b, Sp(tm), En(tm), An(tm), Di(tm), Ri(tm), Qu(tm))

F(N) m,p+1

1
DO + m Z bm,erl HD (tmr Sh(tm), Eh(tm), Ah(tm)/ Dh(tIﬂ)/ Rh(tm), Qh(tm)) s
m,p+1

(
b

Ro+ e

Z bm,p+1 [1g (tm/ Sh(tm)/ Eh(tm)/ Ah(tm)/ Dh<tm)r Rh<tm)r Qh(tm)) ’
m,p+1

Qo+ L Z bm,p+1 HQ (tm' Sh(tm)/ Eh(tm)/ Ah(tm)/ Dh(tm)/ Rh(tm)/ Qh(tm)) ’
F(N) m,p+1

bupis = (1= m) = (p=m)*).

quantities

HQ (tm/ Sh(tm), Eh (tm)r Ah(tm)/ Dh(tm)/ Rh(tm)/ Qh (tm))

are computed from the following functions

Ilg = a1 + [lz(lg,R(t) — 1112(17A(t)5<t) - (ll6 + LZ4) S(t),
HE = a12a7A(t)S(t) — (ll9 -+ El4) E(t),
II4 = a14a9E(t) — (a4 + a5+ Eln) A(t),

Ip = asA(t) +a11 (1 — a10) A(t) — (as + @13 +as) D(¢), (A.11)
Il = (1 - b‘l14) agE(t) + agD(t) + b‘lllaloA(t)
— (as +a3) R(¢),

ITo = aeS(t) + (1 —a2) a3R(t) — asQ(t).
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In addition, the quantities
Hs( p1, Si(tpi1), Ef(tp1), AR (tp1), D (tps1), Ry (tp11), Q5 (Fp1)

tp1, Si(tp41), Ex(tpr1), Af(tpa1), D (tp11), Ry (tp11), Qi (Epa )
I1a (tP'H’Sh tp+1), Ef(tps1), Af(tp1), D(tp), R (bpe1), Q (1 )
Ip (trH-l/Sh tpi1), Ef(Epin), AR (Ep11), D (Ep11), Ry (Fpi1), Qi (Epa )

Ig tpHISh tp+1 Eh(tpH) Ah(tpH) Dh(tpﬂ) Rh(tpH Qh tp+1

g <tp+1r5£(tp+1)/E;’i(trﬂrl)/Alfz(tpﬂ)rD;’i(thrl)/R’;(z(thrl)/ Qlli(tpﬂ)) /

are computed from equation (A.11) respectively, at the points t, 11, p = 1,2,3,...,m

Toufik-Atangana Scheme (TAS)

In this subsection, we present a numerical approach that is utilized in [279] to solve
the differential equations of type ABC fractional derivatives. Consider the given
equation

ABCDRn(t) = g(t,h(t)), h(0) =0. (A.12)

The fractional integral form of the above equation is obtained using the fundamental
theorem of calculus, given below:

h(t) —h(0) = Mg(t,h(t)) + A]B(I\?)F(N) /Otg(u,h(u))(t —u)® 1du. (A.13)

Atpointt =t,;1,n =0,1,2,... the above equation becomes

hltni1) =h(0) = Ailg(;z)g(t”“'h(t))ﬂw(ﬁ)r(m /Ot”+1 g, h(u)) (b1 —u)* AR,

(A.14)
Using a two-step Lagrangian polynomial for g(u, (1)) on the interval [t,,, t;41], we
get the following expression:

Ko (1) =g (u, h(u))

U=ty U= tm B
T b —t 1 t}ﬂflg(tmrh(tm)) o — 1 tm,lg(tm L h(tm-1)) (A.15)
— g(tm};h'”) (U — 1) — g(t’"—ll; fin-1) (1 — ty).

So, (A.14) becomes

Tus1 = h(0>+21];(§0g(tn,h(tn)) + AB(QF(N) f(g(t’”,;h’”) /tt (1=t 1)

m=0

t, ’h _ bt _
(tpo1 — )N tdu — 8ltw1,fn 1) /t (= t) (bpgr — )™ du).

7
(A.16)
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After simplification, we get,

B n I
Hysr =h(0) + AilB(?l)g(tn'h(tn)) + AI];N) pR (hrfg’:_’;ly)

0
h g(m 1/ m— 1) (A17)

(n+1—m)®

(m—m+2+4+R) —(n—m)¥(n—m+2+42R)) —

r(N+2)
(n4+1-—m® = n—m®(n—m+1+R)))+R.
where R is the remainder term given as
N toptnet (u—ty) (U — tyq) 92 _
N m L \R-1
R} = RBaor L /. 3 1800 () umg, (b1 — )"

(A.18)
The model (3.22) is given as

(ABEDYS(t) = ay +ayaz R(t) — appay A(t)S(t) — (as +a4) S(t),
PPEDYE(t) = anpay A(1)S(t) — (a9 + ag) E(t),

ABCDNA(t) = ajqa9 E(t) — (ag + as + apy) A(t),

PMPEDED(t) = as A(t) + an (1 — ay) A(t) — (as + a13 + as) D(1),
ZAIBGDO (1) = (1 —a14) a9 E(t) + ag D(t) 4+ a1 a10 A(t) — (a4 + a3) R(¢),
PPEDFQ(t) = a6 S(t) + (1 — a2) a3 R(t) — a4 Q(t).

For this purpose, we look at the model in the form below

ABCDNS(t) = Fi(S,E,A,D,R,Q),
PPEDGE(t) = F(S,E, A, D,R,Q),
ABCDNA(t) = F3(S,E,A,D,R,Q),
ABCDND(t) = F4(S,E, A,D,R,Q),
PPEDER(t) = F5(S,E, A, D, R, Q),
ABCDYQ(t) = Fs(S,E, A,D,R, Q).

By implementing the numerical technique at pointt = t,,1, p = 1,2,3... with sub
interval [t; t,,1], we have model becomes

S :S(0)+ﬂP(t (t)) Zp: i tq’y") (p+1—q)%(p—q+2+R)
p+1 AIB(N) 1p, Y(lp N+2 p q) \Pp—4

—<p—q>N<p—q+z+zN>>—h F;Etg‘j’j’;‘“<<p+1—q>“

— (=) (p—q+1+ 1)),

1-% P hNF tq,yq) N
Epi1 —E(O)+m1:z(tp,y(tp qz TR +2) (p+1—9)(p—q+2+R)

—<p—q>“<p—q+z+zm>—h P (41 g

—(p—9)"(p—g+1+ 1)),
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1-X " (Bl ) X
Apir =A0) + Zprg Bl y(t) + Z fnga) (1= =424

—<p—q)N<p—q+z+zN>>—h F;ng’j)”((wl—q)“

—(p—(p—g+1+R))),

1- P, hE tquq) N
11
- Np—gr2ean) - F;i((tgj’;’; “<<p+1—q>N

—(p—9)"(p—g+1+ 1)),

Rpi1 —R(0)+mFs(tp,y(tp Z N+2 (p+1-q) (p—q+2+R)

N
—<p—q>N<p—q+z+2N>>—’“ F;Eg‘j’g"‘“<<p+1—qw

— (=" (p—q+1+ 1)),

1—N N p hN E-(t ,
Qp+1 =0Q(0) + m&(trhy(tr))) + a5 P 6(tg,Yq)

<
N
~(p= M- g2z - R (g

—(p—(p—g+1+N))).

Adams type Predictor-Corrector Scheme (ATPC)

In this section, we evaluate the approximate numerical results for the model. We
develop a numerical technique as used in [18]. For this objective, the numerical
iterative formula is designed utilizing the Adams-type predictor-corrector rule for
Atangana-Baleanu (AB) fractional integral operator. The model is given as

ABCDNS(t) = a1+ apaz R(t) — arpay A(t)S(t) — (ag + ag) S(t),
PMPEDYE(t) = aay A(t)S(t) — (a9 + as) E(t),
tA]BCDN t = 14 A9 E( ) (El4+(l5+ﬂ11)A(t),

)
t)

(

gA]BCDN (

FEEDIR(1)
(t

( )+1111 (1—&10) ( ) (ﬂg+tl13+a4)D(t),
(1 — El14) ag E(f) + ag D( ) + aq1 a1 A(t) — (614 + a3) R(t),

6 S(t) + (1 —a2) as R(t) —as Q(1).

For this purpose, we look at the model in the form below.

ABC
\ t DOQt

Yty (PH1=9) (P —g+2+R)
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ABEDES(t) = Hy(S,E, A,D,R,Q),
ABCDNE(t) = Ho(S,E, A,D,R,Q),
ABCDYA(t) = H3(S,E, A,D,R,Q),
ABCDND(t) = Hy(S,E, A, D, R,Q),
ABCDNR(t) = Hs(S,E, A,D,R,Q),
| ABEDEQ(t) = He(S,E, A,D,R,Q).

Applying the ABC —fractional integral operator on both sides, we get

1-R
AB(R)
N

S(t):SO+ Hl(t,S,E,A,D,R,Q)

t
+A]B(N)1"(N)/O (f—S)N*1 Hi(u,S,E,A,D,R,Q)du,

1—-N

E(t) = EO + MHZ(tI S/ E/ AI D/ R/ Q)
N ! R-1
+@MW[) (t—S) Hz(M,S,E,A,D,R,Q)du,
Alt) = A +QH(tSEADRQ)
— 0 AIB(N) 3\tyo, L, 4,0, N,
N ' R-1
+ ABE /O (t— )1 Hy(u,S,E, A, D,R,Q)du,
D(t) = Dy + 1R Hy(t,S,E, A,D,R,Q)
= L)y AIB(N) 4\t,o, L, 1, VU, I\,
N ! R-1
+AAJB(}\2)]"(}2)/(J (t_s) H4(M/S/E/A/D/R/Q)du/
R(t) =R +iH(t5EADRQ)
= o AIB(N) 5\tyo, L, 40, U, 1\,
N t R-1
+A]B(N)I’(N)/o (t—s)* ' Hs(u, S, E, A,D,R,Q)du,
Q(t) = Qo + 1R Hq(t,S,E, A,D,R,Q)
= o AB(N) 6\t,o, L, 0, U, I\,
N

TABNIT(Y) .

t
/ (t—s)"1 He(u,S,E, A, D, R, Q)du.
0

Using an adaptation of the Adams type predictor-corrector scheme tool, as shown
in [18], to get approximate values of the system’s right-hand side. In the algorithm’s
first step, it is assumed that the closed interval [0, T| contains the solution, and this
interval setting ish = T/N, t, = hn(n = 0,1,2,...,N). Thus, the variable order
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integral form corrector schemes of the ABBC — fractional derivative are provided as
follows

(1— X))t

Snl = 50T ARRT(R+2)

P p p P P p
Hy (t”+1’ Sn+l’ EnJrl’ An+l’ Dn+1’ Rn+1’ Qn+l)

AN

TABRIT(R 1 2)

Z‘Z;:O‘Eq,n—i-l Hl (tq/ Sq/ Eq/ Aq/ Dq/ Rq/ Qq)/

(1—N)p®
AB(N)T(R +2)

En+1 = EO + HZ(tn+1/ Sp Ep AZJ'_lI Dp Rp+1l QZ-H)

n+1’ “n+1’/ n+1’" n
N

TABMII(R+2)

ZZZOEq,ﬂ-i-l HZ(tq/ Si]l EC// Aq/ Dq/ Rqr QCI)/

(1—R)nt
Aner = Aot Fparm 2y e S Er Au Dy R, Q)

YA
AB(R)T(R +2)

+ Zgzoaq,nJrl HS(tq/ Sq/ Eq/ Aq/ Dq/ Rq/ Qq)r

(1) n® PpP AP P P OP
Dyt1 = Do+ A]B(N)F(N + 2) H4(t”+1/ Sn+1/ En+1’ An+1’ DnJrl’ Rn+1’ Qn+1)

AN

TABRIT(R 1 2)

ZZ;:OEQ,VH-l H4(tq/ Sq/ Eq/ Aq/ Dq/ Rq/ Qq)l

(1—N) AN

Rut1=Ro+ AT+ 2)

P P P P P P
Hs(tn+1, Sn+1’ En+1’ An+1’ Dn+1’ Rn—H’ Qn+1>

A

TABMII(R+2)

Z‘Z:O‘Eq,ﬂ-i-l HS(tE]/ Sq/ Eo// Aq/ Dq/ R&/I QEI)/

(1— X))t
Qui1 = So+ ABR)T(R +2) He(tns1, S,’ZH, Eﬁw A5+1/ D,’ZH, sz+1/ Q5+1)

N K _
TABR)II(R 1 2) Zg—0Zqn+1He(tg, Sq, Eq, Ag, Dy, Ry, Qq),

where

_ W — (= R)(n+ 1), if g=0,
PR =g+ )M (=M =2 (n— g+ DM, if 1<g<n.

[x]

Further, the predictor terms are defined as

1-N
SZ+1 = S0+ SAIB(N; Hl(tn/ Su, En, Au, Dy, Ry, Qn)
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+AIB(N1\;T2(N) Zi—0 Wan+1 Hi(tg, Sq, Eq, Ag, Dg, Rq, Qq),
B, = Eot+ O (;‘; Ha(ts,Sur Ens A, Dy Ry Q)
+AIB(£T2(N) Z=0 Wont1 Ha(tg, S, Eq, Ag, Dy, Ry, Qg),
AL = S0+ G (§§ Hs (b S, Ens Aus Dy Ry Q)
+AIB(I~§F2(I~2) Z—0 Wynt1 Ha(tg, Sq, Eq, Ag, Dy, Ry, Qq),
DY, = So+ M Hi(ta, S, En, An, D, Ry Q)
+AIB(§;T2(N) =0 Wan+1 Ha(tg, Sq, Eq, Ag, Dg, Ry, Qq),
R = S0+ e (§§ Hs (s, Su, Ens Aws Dy Ruy Q1)
+AMB(NI\;1“2(I~I) Z—0 Won+1 Hs(tg, Sq, Eq, Ag, Dy, Ry, Qq),
Q=S+ m He(tn, S, En, A, D, R, Qu)
+AIB(I\§F2(N) Z—0wqn+1 He(tg, Sq, Eq, Ag, Dy, Rg, Qq),

where

h® X X
wq,n+1=§((n+1—q) —(n—9) ) 0<g<n
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Appendix B

Steady states and polynomial
coefficients

Here we present the relevant coefficients of polynomials described in stability theo-
rems and steady states for chapter 5.

Values of [; in EEP

L=0((1-r)¢pr+a)ra+ A1 ((2+nu)0+uq))v+Arg (P +a),

h=((vr—m+1)0+q+p1+Pp2tpu+a)y+(p1+¢2+tpu+a)f+(q+¢1+a)
+ (1 +a)(g +¢2)),

L=(((-m(-p+(n-Dpr—pp—a)v—(m—1) (1 + P2+ p+a)f+(q+¢
+a)p+ (1 +a)(q+¢2))7 + (2 + 1)0 + qu) (¢1 + ),

Iy =(AMv &+ (AMv 0+ (AMp — Aa(rg — 1)1+ (A1 — A2)g + poAs +a Ao)v +gA)
E—v(=Mu+2A(r1 —1)p1 — oA — a A)0 + q(AMpv + Az (1 + ),

=((—q—0—-p1—po—p—B—a)y+(-p1—p2—p—B—a)0+(—q— ¢
—B—a)pu+(—g—¢2—B)p1+ (=B —a)g+ (=2 — Bla — o),

le=(((-p1—pp—p—Pp—a)0+ vl +(—g—g1—B—a)u+(—qg—¢— B
+(=B—w)g+(=p2—Bla—g2B)y + (=1 —B—)u+ (=2 — B)p1+
(=2 = Bla = 2p)0 + ((—q — B)p1 + (=B —a)g — pa)u — B (P + a)(q + ¢2)),

l7 =((MvI+ (=1 —B—a)p+ (=2 — B)p1 + (—¢2 — B)a — $2B)0 + (Ap — Aa(r1—
D1+ (M1 —A2)q + poAr +a A)Tv+ ((—g — B)p1 + (=B —a)qg — Ba)u
—B(q+¢2)p1+ (T A2 — Ba)g — 2P a)y — ((¢2 + 1)0 + qu) (¢1 + a)B)

g =((=(=Mp+A2(r1 — D)1 — oA —aA2)Tv — B (2 + ) (¢1 + )0 + g(AMuTv

+ (T A2 = Bu)(pr+a))),
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Coefficients of polynomials (5.6)-(5.7)
The coefficients of (5.6) is given as

az=a+y+pu+¢1+¢2—q+3C

ay = a7y +ap +apy — ag + 208 + ypu + yvmid + yPr + ypo — Yyl — yq +29¢ + udr
— 248 + 192 — $1q + 2918 — $aq + 228 — 395 + 3¢

ap = ayp+ ayvmd +aydy — aymwd —ayq +ay§ — apq + apd — adyq + aga — 2a4¢
+ af® + YPu 0 — YU — yuq + YUE + Y0 + Yvda il + 2q9v & + Yo
— YP1710 — Y19 + YP1E — YP270 — Yaq + VoG — 27O — 2948 + &~
1 + i — 21q6 + uG* — raq + p1ag — 2148 + $18” — 26248+
20”3987+ °

ag = ayuvmt — ayund — ayuq + 2ayvPowl + ayv ol — aypatd — aydoq — aywod
— 4G — apqé — agogl — aql? + o pvd1 0 + Yui 710g + yuvpr 70 + yuv o
— YUP1 70 — Ypprq — YUTOT — YU + 2yvP1a 70 + yvp1 7T + YV TG+
YOG — Y1270 — YPr12q — YP17OE — YP198 — VPa7TO — YpaqE—
Y0E — ¥q8” — p1qs — uag® — 192q¢ — $198° — g8 — q¢°

The coefficients of (5.7) is given as
by =ME+MB+B+y+¢+o0,
by = I1S'AZ + DS'A Ay + Sy Ay — ITyAy — Dyds — By — B — Bo — vy — o
— 2L A& — 2L M08 — 2BE — 29E — 2¢¢ — 20¢ — 382,

bo = 1S'AY + IS A2 + I} STyAZ(1 +v) + B SMyA Ax (1 +v) + [} STATE+
[3S'A1A28 — TA1 (v + Y0 + &P + &0 + ¥E + ME%) — LAz (¢
+ 90 + &P+ 0+ YE + Al?) + S ByAv — B(yp + yo + Ep + Eo+
YE+E) — (P& + 0T + &) — ¢p&* — & — .
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