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Abstract
We consider the problems of weighted constrained sampling andweightedmodel counting, where we are given a propositional
formula and a weight for each world. The first problem consists of sampling worlds with a probability proportional to their
weight given that the formula is satisfied. The latter is the problem of computing the sum of the weights of the models
of the formula. Both have applications in many fields such as probabilistic reasoning, graphical models, statistical physics,
statistics, and hardware verification. In this article, we propose quantumweighted constrained sampling (QWCS) and quantum
weighted model counting (QWMC), two quantum algorithms for performing weighted constrained sampling and weighted
model counting, respectively. Both are based on the quantum search/quantum model counting algorithms that are modified to
take into account the weights. In the black box model of computation, where we can only query an oracle for evaluating the
Boolean function given an assignment, QWCS requires O(2

n
2 + 1/

√
WMC) oracle calls, where n is the number of Boolean

variables andWMC is the normalized between 0 and 1 weighted model count of the formula, while a classical algorithm has a
complexity of �(1/WMC). QWMC takes �(2

n
2 ) oracle calss, while classically the best complexity is �(2n), thus achieving

a quadratic speedup.

Keywords Quantum search · Quantum counting · Weighted model counting · Weighted constrained sampling ·
Most probable explanation · Maximum a posteriori

1 Introduction

Given a Boolean formula and functions assigning weights
to assignments of values to the Boolean variable, we
consider the problems of weighted constrained sampling
(WCS) and weighted model counting (WMC). The first, also
called distribution-aware sampling (Chakraborty et al. 2014),
involves sampling assignments to the Boolean variables with
a probability proportional to their weight given that the for-
mula is satisfied. The latter (Sang et al. 2005) consists in
computing the sum of the weights of the models of the for-
mula, i.e., the weighted model count.

WCS has important applications in a variety of domains,
including statistical physics (Jerrum and Sinclair 1996),
statistics (Madras and Piccioni 1999), hardware verification
(Naveh et al. 2006), and probabilistic reasoning, where it can
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be used to solve the problem of most probable explanation
(MPE) and maximum a posteriori (MAP). MPE (Sang et al.
2007) involves finding an assignment to all variables that
satisfies a Boolean formula and has the maximum weight.
The related MAP problem means finding an assignment of
a subset of the variables such that the sum of the weights of
the models of the formula that agree on the assignment is
maximum.

WMC was successfully applied, among others, to the
problem of performing inference in graphical models
(Chavira and Darwiche 2008; Sang et al. 2005). In particular,
other graphical model inference algorithms (Lauritzen and
Spiegelhalter 1988; Zhang and Poole 1996; Dechter 1999;
Darwiche 2001) take time �(n2w), where n is the num-
ber of variables and w is the treewidth (Bodlaender et al.
1993) of the network, a measure of the complexity of the
network. WMC instead takes time O(n2w), i.e., exponential
in the treewidth in the worst case (Chavira and Darwiche
2008). This is possible because WMC exploits the structure
of graphical models in the form of context-specific indepen-
dence and determinism.
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In this paper, we propose to use quantum computing for
performing WCS and WMC. We call QWCS and QWMC
the resulting algorithms. The first is based on a quantum
search using Grover’s algorithm (Grover 1996a, b, 1997).
The latter on quantum model counting (Boyer et al. 1998;
Brassard et al. 1998). We modified these algorithms to take
into account weights. In particular, the proposed algorithms
modify the algorithms for unweighted search and counting
by replacing the Hadamard gates with rotation gates, with
the rotations depending on the weights.

QWCS and QWMC work under a black box computation
model where we don’t know anything about the proposi-
tional formula, we only have the possibility of querying an
oracle giving the value of the formula for an assignment of
the propositional variables. QWCS take O(2

n
2 +1/

√
WMC)

oracle calls to solve WCS with a probability of at least√
1
2 ≈ 0.707, where WMC is the weighted model count nor-

malizedbetween0 and1 (cf. Theorem10) andn is the number
of variables, while any classical algorithm takes�(1/WMC)

oracle calls.
QWMC takes �(2

n
2 ) oracle calls (cf. Theorem 14), to

bound the error to 2− n+1
2 with probability 11

12 , while any clas-
sical algorithm takes �(2n) oracle calls, thus achieving a
quadratic speedup.

Existing approaches for WMC (knowledge compilation
(Darwiche and Marquis 2002; Lagniez and Marquis 2017;
Huang et al. 2006), backtracking search (Bacchus et al.
2009), reduction to unweighted counting (Chakraborty et al.
2015), see also (Fichte et al. 2021) for a recent competi-
tion among solvers) assume a white box computation model
where the formula is known and can be manipulated.

QWMC may be useful for probabilistic inference from
models with high treewidth: supposing the cost of imple-
menting the oracle is linear in n, if the treewidth is larger
than half the number of variables, then QWMC performs
better than classical inference algorithms in the worst case
because they take time O(n2w) while QWMC takes time
�(n2

n
2 ).

QWMC can also be used as a subroutine for probabilistic
inference systems over graphical models. For example, in the
junction tree algorithm (Shenoy and Shafer 1990; Lauritzen
and Spiegelhalter 1988), it can be used after the probabilities
are propagated in the tree to compute the marginals of the
variables in tree nodes.

This article extends (Riguzzi 2020) by adding the QWCS
algorithm. Moreover, it fixes an error in the QWMC algo-
rithm.

The paper is organized as follows. Section2 presents the
WCS and WMC problems. Section 3 describes quantum
search and Section 4 compares it with classical algorithms in
terms of cost. Section5 presents QWCS, whose complexity
is discussed in Section 6 and compared with classical algo-

rithms. The algorithm for quantum counting is discussed in
Section 7. Section8 compares the complexity of the algo-
rithm to that of classical algorithms. Section9 illustrates the
QWMC algorithm and Section 10 compares it with classical
algorithms. Related work is described in Section 11. Finally,
Section 12 presents a discussion of the work and Section 13
concludes the paper.

The Supplementary material includes a brief introduction
to the quantum computing concepts used in the paper, the
code for the quantum algorithms in Q# and Qiskit, and the
result of a run of the algorithms applied to the problem of
WMC, MPE, and MAP.

2 Weighted constrained sampling
and weightedmodel counting

Let X be a vector of n Boolean variables [X1, . . . , Xn] and
let x be an assignment of values to X , i.e., a vector of n
Boolean values [x1, . . . , xn]. We call x a world, a config-
uration, or an assignment. Consider a propositional logic
formula φ over X built from the standard propositional con-
nectives [¬,∧,∨,→,↔,⊕] (not, and, or, imply, iff, xor).
If an assignment x of variables X makes formula φ evaluate
to true, we write x |	 φ and we say that x satisfies φ or that
x is a model of φ. Let us call M the number of models. We
can also see φ as a function from B

n to B, where B = {0, 1},
and express that x makes φ evaluate to true by φ(x) = 1.

The satisfiability problem (SAT) is the problem of decid-
ing whether a formula φ has a model, i.e., whether M > 0.
The functional satisfiability problem (FSAT) is defined as:
given a formula φ, return an assignment x that is a model of
φ or answer NO if no such assignment exists. The problem of
model counting (#SAT) (Gomes et al. 2009) is the problem
of computing M .

The problem of constrained sampling (CS) (Meel et al.
2016) consists of sampling configurations x with a uniform
distribution given that φ(x) = 1. In other words, we want to
sample following this distribution

P(x) =
{ 1

M if φ(x) = 1
0 if φ(x) = 0

In some cases, we want to sample a configuration q of a
subset Q of the variables X with a probability proportional to
the number ofmodels inwhichq can be extended. Supposing,
without loss of generality, that Q is equal to the first l bits,
then we want to sample configurations q with probability

P(q) =
∑

y:qy|	φ

1

M
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where qy is a world where variables in Q take value q and
variables in Y = X \ Q take value y and the sum is over all
values y of Y such that qy |	 φ.

In this article, we are concerned with weighted Boolean
formulas which are pairs (φ,W ) where φ is a Boolean for-
mula over variables X and W : B

n → R≥0 is a weight
function over the configurations of X , i.e., it assigns a weight
W (x) to a configuration x , that we abbreviate withWx . Then,
the weighted model count (WMC) is defined as the sum of
the weights of all satisfying assignments:

WMC(φ,W ) =
∑

x :x |	φ

Wx .

When φ and W are clear from the context, we simply
indicate WMC(φ,W ) with WMC. Weighted model count-
ing (WMC) (Chavira and Darwiche 2008) is the problem of
computing WMC.

We restrict our analysis to factorized weight functions,
i.e., weight functions expressible as a product ofweights over
the literals built on X (Boolean variables or their negation).
Seeing a configuration x as a set of literals (e.g., [0, 1, 0, 1] =
[¬X1, X2,¬X3, X4], we can compute the weights Wx with
a function w : L → R≥0, where L is the set of literals, such
that

Wx =
∏
l∈x

w(l).

An important special case is that in which w(Xi ) +
w(¬Xi ) = 1, where the weights can be considered as the
probabilities of the Boolean literals of being true and WMC
is then the probability that φ takes value 1 assuming that the
Boolean variables are independent random variables.

Weighted constrained sampling (WCS) or distribution-
aware sampling (Chakraborty et al. 2014) is the problem of
sampling a configuration x with a probability proportional to
its weight given that the formula is satisfied, i.e.:

P(x) =
{∝ Wx if φ(x) = 1
0 if φ(x) = 0

=
{

Wx∑
x :φ(x)=1 Wx

if φ(x) = 1

0 if φ(x) = 0
=
{ Wx

WMC if φ(x) = 1
0 if φ(x) = 0

(1)

It is a special case of the problem of sampling a set of
query variables Q with a probability proportional to the sum
of the weights of the models in which q can be extended:

P(q) =
∑

y:φ(qy)=1 Wqy∑
q,y:φ(qy)=1 Wqy

=
∑

y:φ(qy)=1 Wqy

WMC)
(2)

WCS can play a role in the following problems. The most
probable explanation (MPE) (Sang et al. 2007) problem
involves finding the model that has the maximum weight.
The maximum a posteriori (MAP) problem means finding
an assignment of a subset of the variables such that the sum

of the weights of the models that agree on the assignment is
maximum.

Given a formula φ and a weight function w : L → R≥0,
the most probable state (most probable explanation, MPE)
of the variables is

MPE(φ,w) = argmax
x :x |	φ

Wx

Let MPEw(φ,w) be the weight of MPE(φ,w), i.e.,

MPEw(φ,w) = max
x :x |	φ

Wx .

Given formula φ, a weight function w : L → R≥0 and a
set of query variables Q, the most probable state of the query
variables (Maximum A Posteriori, MAP) is

MAPQ(φ,w) = argmax
q

∑
y:qy|	φ

Wqy

Let MAPw
Q(φ,w) be the sum of the weights of the models

that agree on the assignment MAPQ(φ,w):

MAPw
Q(φ,w) = max

q

∑
y:qy|	φ

Wqy .

Clearly, MPE is a special case of MAP when Q = X .

Example 1 Let us consider an example inspired by the
sprinkler problem of Pearl (1988): we have three Boolean
variables, S, R, and W representing propositions “the sprin-
kler was on,” “it rained last night,” and “the grass is wet,”
respectively. We know that: if the sprinkler was on, the grass
is wet (S → W ); if it rained last night, the grass is wet
(R → W ); and the sprinkler being on and rain last night

cannot be true at the same time (S ∧ R →). The formula for
this problem is:

φ = (¬S ∨ W ) ∧ (¬R ∨ W ) ∧ (¬S ∨ ¬R).

Suppose the weights of literals are w(S) = 0.55,
w(¬S) = 0.45, w(R) = 0.3, w(¬R) = 0.7, w(W ) = 0.7,
and w(¬W ) = 0.3. Table 1 shows the worlds together
with the weight of each world. The WMC of φ is thus
WMC(φ,w) = 0.0945+0.2205+0.0945+0.2695 = 0.679.

The MPE is MPE(φ,w) = [1, 0, 1] with MPEw(φ,w) =
0.2695. The MAP of query variables S and W is MAPSW
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Table 1 Worlds for Example 1

S R W φ weight

0 0 0 1 0.45 · 0.7 · 0.3 = 0.0945

0 0 1 1 0.45 · 0.7 · 0.7 = 0.2205

0 1 0 0 0.45 · 0.3 · 0.3 = 0.0405

0 1 1 1 0.45 · 0.3 · 0.7 = 0.0945

1 0 0 0 0.55 · 0.7 · 0.3 = 0.1155

1 0 1 1 0.55 · 0.7 · 0.7 = 0.2695

1 1 0 0 0.55 · 0.3 · 0.3 = 0.0495

1 1 1 0 0.55 · 0.3 · 0.7 = 0.1155

(φ,w) = [0, 1] with MAPw
SW (φ,w) = 0.2205 + 0.0945 =

0.315.
So the most probable state of S is 1 when we look for

the overall MPE state and is 0 when we look for the most
probable state of S and W .

WCS can be used to obtain an approximate algorithm for
performingMPE andMAP. Given an algorithm forWCS, we

can execute it for o iterations. At each iteration, we obtain
a sample q. After o iterations, we return the value that was
found most frequently.

In fact, P(q) of Eq. (2) is a categorical distribution. Exe-
cuting the algorithm o times is equivalent to extracting a
sample d from a multinomial distribution P(d; o, p) with o
trials, set of events {q|∃y, φ(qy) = 1} and event probabili-
ties P(q). Let us rename the elements of the set of events as
q1, . . . , qk and the event probabilities as [p1, . . . , pk] and let
us reorder them so that the event probabilities are in ascend-
ing order: p1 ≤ p1 ≤ . . . ≤ pk . So qk is MAPQ(φ,w). Let
di be the count associated to even qi in the sample d.

We obtain a correct solution of the overall algorithm if
dk > d1 ∧ . . . ∧ dk > dk−1. The probability that this event
happens in a sample from amultinomial distribution has been
studied in Gupta and Nagel (1967). The authors consider a
worst case scenariowhere the event probabilities are all equal
to a common value p except for the last one which is equal to
Apwith A ≥ 1 so the event probabilities are [p, . . . , p, Ap].
The authors do not present a closed formula for computing

Fig. 1 Probability of event E in
a set of samples from a
multinomial random variable
with distribution
[p, . . . , p, Ap]. k is the number
of values of the random variable,
o is the number of trials and A is
the multiplier of the probability
of the most probabile value

123



Quantum Machine Intelligence             (2024) 6:73 Page 5 of 24    73 

the probability of the event E = (dk > d1∧ . . .∧dk > dk−1)

but tabulate the probability P(E) for various values of A, o,
and k.

Unfortunately, the tables in Gupta and Nagel (1967) do
not include values of interests for us so we performed a
simulation using probabilistic logic programming (Riguzzi
2022) and the MCINTYRE system in particular (Riguzzi
2013), for the set of values: k = 50, 100, 150, 200, o =
2500, 5000, 7500, 10000 and A = 1.5, 2, 2.5, 3. The results
are shown in Fig. 1. We can see that the probability of the
event E , and so of the success of the algorithm, goes rapidly
to 1 for increasing values of o and A.

3 Quantum search

CS can be seen as a search problem: find a satisfying assign-
ment of bits. A quantum algorithm for solving this problem
was proposed in (Grover 1996a, b, 1997). Here, we follow
the exposition of Nielsen and Chuang (2010) and Hirvensalo
(2013).

We assume we have a black box quantum circuit that eval-
uates φ, called an oracle O , that is such that

|x〉 O→ (−1)φ(x)|x〉

i.e., the oracle marks solutions to the search problems by
changing the sign of the state. The oracle may use extra
ancilla bits to do so.

Figure2 shows the circuit performing quantum search
operating on an n-qubit register X and the oracle ancilla
qubits Ancilla. All qubits of register X start in state |0〉.

The circuit includes a gate G that is called the Grover
operator and is implemented as shown in Fig. 3.

The first gate of the search circuit applies the H gate to
each qubit in register X . Since all qubits in register X start as
|0〉 and the effect of H is to transform |0〉 to the state |0〉+|1〉√

2
,

then register X is transformed to

|ψ〉 = |0〉+|1〉√
2

⊗ |0〉+|1〉√
2

· · · ⊗ |0〉+|1〉√
2

= |00〉+|01〉+|10〉+|11〉√
22

· · · ⊗ |0〉+|1〉√
2

= |000〉+|001〉+|010〉+|011〉+|100〉+|101〉+|110〉+|111〉√
23

· · · ⊗ |0〉+|1〉√
2

= 1
N1/2

∑N−1
x=0 |x〉

X = |0〉
Ancilla

n

q

H⊗n

G G · · · G

R

Fig. 2 Quantum search algorithm

X

Ancilla

n

q

oracle

x〉 → (−1)f(x) |x〉
H⊗n

phase
|0〉 → |0〉

|x〉 → − |x〉
for x > 0

H⊗n

Fig. 3 Grover operator G

where N = 2n . This state is also called the uniform super-
position state.

The Grover operator can be written as

G = H⊗n(2|0〉〈0| − I )H⊗nO

Since H† = H , G can be rewritten as

G = H⊗n(2|0〉〈0| − I )(H⊗n)†O

=
(
2H⊗n|0〉〈0|(H⊗n)† − H⊗n I (H⊗n)†

)
O

= (2|ψ〉〈ψ | − I )O

We now show that the Grover operator is a rotation.

Lemma 1 The Grover operation applied to the uniform
superposition state |ψ〉 rotates it by angle 2 arcsin

√
M/N

where M is the number of solutions of φ(x) = 1.

Proof Consider the two states

|α〉 = 1√
N − M

∑
x :φ(x)=0

|x〉

|β〉 = 1√
M

∑
x :φ(x)=1

|x〉.

These two states are orthonormal because they do not
share any computational basis state. The uniform superposi-
tion state |ψ〉 can be written as a linear combination of |α〉
and |β〉:

|ψ〉 =
√

N − M

N
|α〉 +

√
M

N
|β〉

so |ψ〉 belongs to the plane defined by |α〉 and |β〉. In this
plane, the effect of the oracle operation O is to perform a
reflection about the vector α because O(|α〉 + |β〉) = |α〉 −
|β〉, see Fig. 4.

The other component of the Grover operator, 2|ψ〉〈ψ |− I ,
also performs a reflection in the plane defined by |α〉 and |β〉,
about the vector |ψ〉. The overall effect is that of a rotation
(Aharonov 1999). If we define cos θ = √

(N − M)/N and
sin θ = √

M/N , then |ψ〉 = cos θ |α〉 + sin θ |β〉.
From Fig. 4, we can see that the rotation applied by G is

by angle 2θ , so

G|ψ〉 = cos 3θ |α〉 + sin 3θ |β〉

��
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Fig. 4 Visualization of the effect of Grover operator (Figure 6.3 from
Nielsen and Chuang (2010))

Repeated applications of G take the state to

Gk |ψ〉 = cos(2k + 1)θ |α〉 + sin(2k + 1)θ |β〉.

These rotations bring the state of the system closer to |β〉.
If we perform the right number of rotations, a measurement
in the computational basis will produce one of the outcomes
superposed in |β〉, i.e., a solution to the search problem, with
a non-zero probability. Moreover, since the weights of the
computational basis states superimposed in |β〉 are all equal,
then the measurement produces one of solutions with equal
probability, solving CS when Q = X .

Theorem 1 (Theorem 5.2.1 in Hirvensalo (2013)) Let φ :
B
n → B be such that there are M elements x ∈ B

n satisfying
φ(x) = 1. Assume that 0 < M ≤ 3

4N. and let θ ∈ [0, π/3]
be chosen such that sin2θ = M

N ≤ 3
4 . After

⌊
π
4θ

⌋
iterations

of G on an initial superposition

1

N 1/2

N−1∑
x=0

|x〉

the probability of seeing a solution is at least 1
4 .

Proof The probability P of seeing a solution is given by

P = sin2((2k + 1)θ)

To maximize P , we must find the least positive integer k so
that P is as close to 1 as possible. This implies that

(2k + 1)θ = π

2

so

k = π

4θ
− 1

2

. Using the approximation θ2 ≈ sin2 θ = M
N we have that

θ ≈
√

M

N

and after

R =
⌊

π

4

√
N

M

⌋

rotations, P is close to 1. Let us now compute P . We can
observe that

R = π

4θ
− 1

2
+ δ

with |δ| ≤ 1
2 . Therefore

(2R + 1)θ = π

2
+ 2δθ

The distance between (2R + 1)θ and π
2 is thus |2δθ | and,

since θ ∈ [0, π
3 ], |2δθ | ≤ π

3 . P then becomes

P = sin2((2R + 1)θ) ≥ sin2
(π
2

− π

3

)
= 1

4

��
Consider now the cases M > 3

4N and M = 0. In the first
case, we can guess a solution and the probability that it is
correct is 3

4 . In the latter case G does not alter the initial
superposition.

This leads to Algorithm 1, where lines 6–8 are imple-
mented by the quantum circuit of Fig. 2.

Algorithm 1 Grover’s algorithm
Require: Ablackbox functionφ : B

n → B andM = |{x ∈ B
n |φ(x) =

1}|
Ensure: φ(x) = 1
1: if M > 3

4 N then
2: Choose x ∈ B

n with uniform probability
3: return x
4: else

5: R ←
⌊

π
4

√
M
N

⌋

6: Prepare the initial superposition 1
N1/2

∑N−1
x=0 |x〉

7: Apply operator G R times
8: Measure to get x ∈ B

n

9: return x
10: end if

Theorem 2 Algorithm1 solves FSATwith probability at least
1
4 and O(

√
N ) queries to φ when M is considered constant.

123
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Proof If M ≥ 3
4N , line 2 finds a solution with probability at

least 3
4 .

Otherwise, in each application of G, we query φ and the

number of applications is R ≤ π
4

√
N
M , so R ∈ O(

√
N ) ��

A notable value of M is N/4 for which k = π/3
2π/6 = 1 and

R = 1, so one rotation is enough to find a solution with
certainty. For N/4 ≤ M < N/2, we have that R = 1 and,
for decreasing M , R grows.

We can use this as a probabilistic algorithm: if we have an
algorithm A that returns the required x with probability p,
with 0 < p ≤ 1, and returns “no answer” with probability
1− p, we can obtain an algorithm that fails to find the solution
with a probability smaller than a given constant ε > 0. This
is achieved by running A multiple times: after o executions
of A, the probability of not finding a solution is (1 − p)o.
Since (1− p)o ≤ e−op and we want to achieve (1− p)o ≤ ε,
picking o such that o = − log ε

p guarantees that the algorithm
fails to find a solution with probability smaller than ε.

In the case of the Grover algorithm, this means running
it for −4 log ε times to obtain a solution with probability
smaller than εwhile still requiringO(

√
N ) calls to the oracle,

when M and ε are held constant.
When the number of solutionsM is not known, Algorithm

2 can be used (Hirvensalo 2013). Let us first present two

Algorithm 2 Quantum search when the number of solutions
is not known
Require: A blackbox function φ : B

n → B

Ensure: φ(x) = 1
1: Pick an element x ∈ B

2: if φ(x) = 1 then
3: return x
4: else
5: m =

⌊√
N
⌋

+ 1

6: Choose an integer R uniformly in [0,m − 1]
7: Prepare the initial superposition 1

N1/2

∑N−1
x=0 |x〉

8: Apply operator G R times
9: Measure to get x ∈ B

n

10: return x
11: end if

lemmas.

Lemma 2 (Lemma 5.3.1 in Hirvensalo (2013)) For any real
α and any positive integer m

m−1∑
R=0

cos((2R + 1)α) = sin(2mα)

2 sin α

Lemma 3 (Boyer et al. 1998) Let φ : B
n → B be such

that there are M elements x ∈ B
n satisfying φ(x) = 1.

Assume that M ≤ 3
4N. And let θ ∈ [0, π/3] be defined by

sin2 θ = M
N . Let m be any positive integer and R ∈ [0,m−1]

chosen with uniform distribution. If G is applied to initial
superposition

1

N 1/2

N−1∑
x=0

|x〉

R times, then the probability of seeing a solution is

Pm = 1

2
− sin(4mθ)

4m sin(2θ)

Proof After R iterations of G, the probability of seeing a
solution is sin2((2R + 1)θ). So if R is chosen uniformly in
[0,m − 1], the probability of seeing a solution is

Pm = 1

m

m−1∑
R=0

sin2((2R + 1)θ)

= 1

2m

m−1∑
R=0

(1 − cos((2R + 1)2θ))

= 1

2
− sin(4mθ)

4m sin(2θ)

due to Lemma 2 ��
Now, we can present the main theorem.

Theorem 3 (Hirvensalo 2013) Algorithm 2 solves CS with
probability at least 1

4 and O(
√
N ) queries to φ.

Proof If m ≥ 1
sin(2θ)

, then

sin(4mθ) ≤ 1 = 1

sin(2θ)
sin(2θ) ≤ m sin(2θ)

so
sin(4mθ)

4m sin(2θ)
≤ 1

4
.

By Lemma 3, then Pm ≥ 1
4 . Given that 0 < M ≤ 3

4N
then

1

sin(2θ)
= 1

2 sin θ cos θ
= N

2
√
M(N − M)

≤
√

N

M
≤ √

N .

So, if we pick m ≥ √
N , we ensure that m ≥ 1

sin(2θ)
.

Choosing m =
⌊√

N
⌋

+ 1, we have that Pm ≥ 1
4 and the

number of applications of G is O(
√
N ). ��

Again, the probability of success can be made arbitrary close
to 1 by repeating the algorithm.

An alternativa approach to make sure that M
N ≤ 3

4 , it is to
consider an extra qubit Xn+1, with X ′ = [X1, . . . , Xn+1] and
x ′ = [x1, . . . , xn+1] being two vectors of Boolean variables
and values respectively, and defining a new formula φ′ that is
true only if bothφ and Xn+1 are true, i.e.,φ′ = φ∧Xn+1. This
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Algorithm 3 Alternative quantum search when the number
of solutions is not known
Require: A blackbox function φ : B

n → B

Ensure: φ(x) = 1

1: m =
⌊√

N
2

⌋
+ 1

2: Choose an integer R uniformly in [0,m − 1]
3: Prepare the initial superposition 1

N1/2

∑N−1
x=0 |x〉

4: Apply operator G R times
5: Measure to get x ∈ B

n

6: return x

leaves M unchanged but multiplies N by 2 so that sin2 θ =
M
2N . We thus obtain Algorithm 3.

Lemma 4 Let φ : B
n → B, φ′ be defined as φ′ = φ ∧ Xn+1

and be such that there are M elements x ∈ B
n satisfying

φ(x) = 1. Let θ ∈ [0, π/4] be defined by sin2θ = M
2N . Let

m be any positive integer and R ∈ [0,m − 1] chosen with
uniform distribution. If G is applied to initial superposition

1√
2N

2N−1∑
x ′=0

|x ′〉

R times, then the probability of seeing a solution is

Pm = 1

2
− sin(4mθ)

4m sin(2θ)

Proof The proof is the same as than of Lemma 3. ��
Theorem 4 Algorithm 3 solves CS with probability at least
1
4 and O(

√
N ) queries to φ.

Proof Wecan follow the proof of Theorem3with N replaced
by 2N . By Lemma 4, if m ≥ 1

sin(2θ)
, then Pm ≥ 1

4 . Since

sin θ =
√

M
2N and M

2N ≤ 1
2 , then θ ∈ [0, π

4 ] and we have that

1

sin(2θ)
= 1

2 sin θ cos θ
= 2N

2
√
M(2N − M)

≤
√

N

2M
≤
√

N

2
.

So choosing m =
⌊√

N
2

⌋
+ 1, we have that Pm ≥ 1

2 and

the number of applications of G is O(
√
N ). ��

In general, adding other extra qubits reduces the number of
applications of G.

4 Comparison of quantum search
with classical algorithms

Let us discuss classical algorithms for solving FSAT under a
black boxmodel of computation (Nielsen andChuang 2010),

where the only knowledgewe have of the Boolean functionφ

is the ability to evaluate it given an assignment of the Boolean
variables, i.e., we have an oracle that answers queries over φ

of the form “given assignment x , is φ(x) equal to 1?”
Consider first the case that M = 1. A deterministic algo-

rithm for finding the single configuration x of n bits such
that φ(x) = 1 under the black box model clearly requires
N = 2n evaluations of φ in the worst case.

Let us consider a probabilistic algorithm, i.e., an algorithm
that returns the solution of the problem with probability p,
with 0 < p ≤ 1, and returns “no answer” with probability
1 − p.

A classical probabilistic algorithm for solving the search
problem with M = 1 is the following: take s samples of
configurations of X with uniform probability. This can be
performed by sampling each Boolean variable uniformly and
combining the bit samples obtaining a configuration. Then,
for each configurations, test whether it is a solution. If it is
a solution, return it and stop. The probability of finding the
single solution x is s

N so we need at least pN queries to find
x with a probability at least p.

We may think that using a sampling distribution different
from uniform we may do better, but the following lemma
proves that this is not true.

Lemma 5 Let N = 2n andφ be a black box function. Assume
that Aφ is a probabilistic algorithm that makes queries to φ

and returns an element x ∈ B
n. If, for any non-constant φ,

the probability that φ(x) = 1 is at least p > 0, then there is
a function φ′ such Aφ′ makes at least pN queries.1

Proof The proof of this lemma is included in the Supplemen-
tary material. ��

When M > 1, the probabilistic algorithm that samples
uniformly has probability sM

N of sampling a solution by tak-

ing s samples sowewould need at least pN
M samples to obtain

a solution with probability at least p. Again, using a non uni-
form sampling distribution does not provide improvements,
as the next lemma shows.

Lemma 6 Let N = 2n and φ be a black box function with M
configurations x for which φ(x) = 1. Assume that Aφ is a
probabilistic algorithm that makes queries to φ and returns
an element x ∈ B

n. If, for any φ with M solutions, the proba-
bility that φ(x) = 1 is at least p > 0, then there is a function
φ′ such Aφ′ makes at least p N

M queries.

Proof The proof of this lemma is included in the Supplemen-
tary material. ��

1 This lemma differs from Lemma 5.1.1 in Hirvensalo (2013) because
the bound on the number of queries here is pN rather than pN − 1,
thus providing a tighter bound.
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We can now present the main result.

Theorem 5 Any classical algorithm for solving the FSAT
problem with probability at least 1

4 requires �(N ) queries
to the oracle, when considering M fixed.

Proof By Lemma 6 a classical algorithm that solves FSAT
with probability 1

4 makes at least 1
4
N
M queries. ��

So quantum search offers a quadratic improvement over clas-
sical search.

If we consider the CS problem, sampling non-uniformly
is not an option. The result thus is the same.

Theorem 6 Any classical algorithm for solving the CS prob-
lem with Q = X and probability at least 1

4 requires �(N )

queries to the oracle, when considering M fixed.

5 Quantumweighted constrained sampling

Suppose first that the literal weights sum to 1, i.e., that
w(Xi ) + w(¬Xi ) = 1 for all bits Xi .

Given a Boolean function φ : B
n → B, a weight function

w : L → [0, 1] and set of variables Q, we want to sample
values for the variables Q so that the probability of sampling
configuration q is

P(q) =
∑

y:φ(qy)=1 Wqy

WMC(φ,w)

Suppose, without loss of generality, that the query bits Q
comefirst and there are l of them,while there are and there are
n− l bits in Y . Assume also that we add an extra bit Xn+1 so
X ′ = [X1, . . . , Xn+1], x ′ = [x1, . . . , xn+1], φ′ = φ ∧ Xn+1.
Let Y ′ be Y with the extra bit Xn+1, so overall Y ′ has n−l+1
bits.

We perform quantum WCS by modifying the algorithm
for quantum search, obtaining QWCS. The circuit for per-
forming QWCS differs from the one in Fig. 2 because
the Hadamard operations applied to the lower register are
replaced by rotations Ry(θi )where i is the qubit index except
for the extra qubit for which the Hadamard operator is kept.
Overall the gate H⊗n+1 is replaced by gate Rot shown in
Fig. 5. θi is computed as

θi = 2 arccos
√
1 − wi

Fig. 5 Circuit for gate Rot Ry(θ1)
Ry(θ2)

· · ·
Ry(θn)

H

where wi = w(Xi ).
So

cos θi/2 = cos arccos
√
1 − wi = √1 − wi

and

sin θi/2 =
√
1 − (cos θi/2)2 = √

wi

The effect of the rotation on the i th bit is

Ry(θi )|0〉 =
[
cos θi

2 − sin θi
2

sin θi
2 cos θi

2

] [
1
0

]
=
[
cos θi

2
sin θi

2

]

=
[√

1 − wi√
wi

]
= √1 − wi |0〉 + √

wi |1〉

Therefore the rotations prepare the state

|ϕ〉 =
n⊗

i=1

(
√
1 − wi |0〉 + √

wi |1〉) ⊗ 1√
2
(|0〉 + |1〉)

=
2n+1−1∑

x1...xn+1=0

√
w′
1 . . . w′

n+1|x1 . . . xn+1〉

where w′
i is

w′
i =
{

wi if xi = 1
1 − wi if xi = 0

for i = 1, . . . , n and w′
n+1 = 1/2. |ϕ〉 can be rewritten as

|ϕ〉 =
∑

x ′:φ′(x ′)=0

√
w′
1 . . . w′

n

2
|x ′〉 +

∑

x ′:φ′(x ′)=1

√
w′
1 . . . w′

n

2
|x ′〉

where the first summation is over all configurations x ′ of
the n + 1 bits such that φ′(x ′) = 0 and the latter over all
confgurations x ′ of the n+1 bits such that φ′(x ′) = 1. Then,

|ϕ〉 =
∑

x,xn+1 :xn+1=0∨φ(x)=0

√
w′
1 . . . w′

n

2
|x ′〉 +

∑
x ′ :φ′(x ′)=1

√
w′
1 . . . w′

n

2
|x ′〉
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Fig. 6 Weighted Grover
operator WG

because φ′(x ′) is 0 if xn+1 is 0 or φ(x) = 0. Moreover

|ϕ〉 =
∑

x,xn+1 :xn+1=0∨(xn+1=1∧φ(x)=0)

√
w′
1 . . . w′

n

2
|x ′〉

+
∑

x ′ :φ′(x ′)=1

√
w′
1 . . . w′

n

2
|x ′〉

=
∑

x,xn+1 :xn+1=0

√
w′
1 . . . w′

n

2
|x ′〉 +

∑
x,xn+1 :xn+1=1∧φ(x)=0

√
w′
1 . . . w′

n

2
|x ′〉 +

+
∑

x ′ :φ′(x ′)=1

√
w′
1 . . . w′

n

2
|x ′〉

=
∑
x

√
w′
1 . . . w′

n

2
|x0〉 +

∑
x :φ(x)=0

√
w′
1 . . . w′

n

2
|x1〉

+
∑

x :φ(x)=1

√
w′
1 . . . w′

n

2
|x1〉

where the last equation is obtained by setting the xn+1 bit in
the quantum state.

Define Wx as w′
1 · . . . · w′

n and normalized states

|γ 〉 = 1√
1+∑x :φ(x)=0 Wx

2

⎛
⎝∑

x

√
Wx

2
|x0〉 +

∑

x :φ(x)=0

√
Wx

2
|x1〉
⎞
⎠

|δ〉 = 1√∑
x :φ(x)=1 Wx

2

∑

x :φ(x)=1

√
Wx

2
|x1〉,

then |ϕ〉 can be expressed as

|ϕ〉 =
⎛
⎝
√
1 +∑x :φ(x)=0 Wx

2

⎞
⎠ |γ 〉 +

⎛
⎝
√∑

x :φ(x)=1 Wx

2

⎞
⎠ |δ〉

so the initial state of the quantum computer is in the space
spanned by |γ 〉 and |δ〉

Let cos θ =
√

1+∑x :φ(x)=0 Wx

2 and sin θ =
√∑

x :φ(x)=1 Wx

2
so that

|ϕ〉 = cos θ/2|γ 〉 + sin θ/2|δ〉.
Note that, correctly, cos2 θ + sin2 θ = 1 since

∑
x :φ(x)=0 Wx

+∑x :φ(x)=1 Wx = 1. Gate Rot replaces H⊗n+1 also in the
Grover operator G that becomes the weighted Grover oper-
ator WG shown in Fig. 6:

WG = Rot(2|0〉〈0| − I )Rot†O

= (2Rot |0〉〈0|Rot† − Rot I Rot†)O

= (2|ϕ〉〈ϕ| − I )O

The overall circuit for performing QWCS is shown in
Fig. 7, where the Grover operator of quantum search is
replaced by the Weighted Grover operator WG shown in
Fig. 6 and the initial H⊗n+1 gate is replaced by gate Rot
of Fig. 5.

The initial state |ϕ〉of the quantumcomputer is in the space
spanned by |γ 〉 and |δ〉 which are orthonormal since they
do not share computational basis states. As for the Grover
algorithm, the application of WG rotates |ϕ〉 in the space
spanned by |γ 〉 and |δ〉 by angle θ .

Fig. 7 The complete QWCS
circuit

Q

|0〉⊗l

Y ′

|0〉⊗n−l+1

Ancilla
|0〉⊗a

Rot

WG WG · · · WG

· · ·

R
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Repeated applications of WG take the state to

WGk |ϕ〉 = cos((2k + 1)θ)|γ 〉 + sin((2k + 1)θ)|δ〉.

These rotations bring the state of the system closer to |δ〉.
Now, we measure only the query qubits. Let us see what

is the result of this measurement. The density operator for
the system is

ρ = (cos((2k + 1)θ)|γ 〉 + sin((2k + 1)θ)|δ〉)
(cos((2k + 1)θ)〈γ | + sin((2k + 1)θ)〈δ|)

For the distributivity of matrix multiplication, we can
rewrite ρ as

ρ = ρ1 + ρ2 + ρ3 + ρ4

with

ρ1 = sin2((2k + 1)θ)|δ〉〈δ|
ρ2 = cos((2k + 1)θ) sin((2k + 1)θ)|γ 〉〈δ|
ρ3 = sin((2k + 1)θ) cos((2k + 1)θ)|δ〉〈γ |
ρ4 = cos2((2k + 1)θ)|γ 〉〈γ |

We now trace out bits Y ′ obtaining the reduced density
operator for q

ρQ = tr
Y ′(ρ1 + ρ2 + ρ3 + ρ4)

= tr
Y ′(ρ1) + tr

Y ′(ρ2) + tr
Y ′(ρ3) + tr

Y ′(ρ4)

= ρ
Q
1 + ρ

Q
2 + ρ

Q
3 + ρ

Q
4

for the linearity of the partial trace operator.
Let us consider first ρ1 We rewrite |δ〉 as

|δ〉 = 1√∑
x :φ(x)=1 Wx

2

∑
x :φ(x)=1

√
Wx

2
|x1〉

= 1

Z1

∑
x :φ(x)=1

√
Wx

2
|x1〉

with Z1 =
√∑

x :φ(x)=1 Wx

2 .
The density operator for ρ1 is

ρ1 = sin2((2k + 1)θ)

⎛
⎝ 1

Z1

∑
x :φ(x)=1

√
Wx

2
|x1〉
⎞
⎠
⎛
⎝ 1

Z1

∑
x :φ(x)=1

√
Wx

2
〈x1|
⎞
⎠

Writing a bit configuration x as qy, ρ1 becomes

ρ1 = sin2((2k + 1)θ)

⎛
⎝ 1

Z1

∑
qy:φ(qy)=1

√
Wqy

2
|qy1〉

⎞
⎠

⎛
⎝ 1

Z1

∑
qy:φ(qy)=1

√
Wqy

2
〈qy1|

⎞
⎠

= sin2((2k + 1)θ)

⎛
⎝ 1

Z1

∑
qy:φ(qy)=1

√
Wqy

2
|qy1〉

⎞
⎠

⎛
⎝ 1

Z1

∑
r z:φ(r z)=1

√
Wrz

2
〈r z1|
⎞
⎠ (3)

= sin2((2k + 1)θ)
1

Z2
1

⎛
⎝∑

q

∑
y:φ(qy)=1

√
Wqy

2
|qy1〉

⎞
⎠

⎛
⎝∑

r

∑
z:φ(r z)=1

√
Wrz

2
〈r z1|
⎞
⎠ (4)

= sin2((2k + 1)θ)
1

2Z2
1

∑
q,r

∑
y,z:φ(qy)=1,φ(r z)=1√

WqyWrz |qy1〉〈r z1| (5)

where we get Eq. (3) by renaming q and y in the second
factor as r and z, Eq. (4) by splitting the sums and Eq. (5)
by multiplying the two factors and rearranging the terms.We
now trace out bits Y ′ obtaining the reduced density operator
for Q:

ρ
Q
1 = tr

Y ′(ρ1)

= sin2((2k + 1)θ)

2Z2
1

∑
q,r

∑
y,z:φ(qy)=1,φ(r z)=1

√
WqyWrz tr

Y ′(|qy1〉〈r z1|) (6)

= sin2((2k + 1)θ)

2Z2
1

∑
q,r

∑
y,z:φ(qy)=1,φ(r z)=1

√
WqyWrz |q〉〈r | tr(|y1〉〈z1|) (7)

= sin2((2k + 1)θ)

2Z2
1

∑
q,r

∑
y,z:φ(qy)=1,φ(r z)=1

√
WqyWrz |q〉〈r |〈z1|y1〉 (8)

= sin2((2k + 1)θ)

2Z2
1

∑
q,r

∑
y:φ(qy)=1,φ(r y)=1

√
WqyWry |q〉〈r | (9)

where we get Eq. (6) for the linearity of the partial trace
operator, Eq. (7) for the following property of the partial
trace operator

tr
B
(|a1〉〈a2| ⊗ |b1〉〈b2|) = |a1〉〈a2| tr(|b1〉〈b2|), (10)

and Eq. (9) because

〈a|b〉 =
{
0 if a �= b
1 if a = b

(11)
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when |a〉 and |b〉 are computational basis states.
Let us consider ρ2. We rewrite |γ 〉 as

|γ 〉 = 1√
1+∑x :φ(x)=0 Wx

2

⎛
⎝∑

x

√
Wx

2
|x0〉 +

∑

x :φ(x)=0

√
Wx

2
|x1〉
⎞
⎠

= 1

Z2

⎛
⎝∑

x

√
Wx

2
|x0〉 +

∑

x :φ(x)=0

√
Wx

2
|x1〉
⎞
⎠

with Z2 =
√

1+∑x :φ(x)=0 Wx

2 .
The density operator ρ2 is

ρ2 = cos((2k + 1)θ) sin((2k + 1)θ)
1

Z2⎛
⎝∑

x

√
Wx

2
|x0〉 +

∑
x :φ(x)=0

√
Wx

2
|x1〉
⎞
⎠
⎛
⎝ 1

Z1

∑
x :φ(x)=1

√
Wx

2
〈x1|
⎞
⎠

Rewriting x as qy and r z, ρ2 becomes

ρ2 = cos((2k + 1)θ) sin((2k + 1)θ)

Z1Z2⎛
⎝∑

qy

√
Wqy

2
|qy0〉 +

∑
qy:φ(qy)=0

√
Wqy

2
|qy1〉

⎞
⎠
⎛
⎝ ∑

r z:φ(r z)=1

√
Wrz

2
〈r z1|
⎞
⎠

= cos((2k + 1)θ) sin((2k + 1)θ)

2Z1Z2

∑
q,r⎛

⎝ ∑
y,z:φ(r z)=1

√
WqyWrz |qy0〉〈r z1|

+
∑

y:φ(qy)=0,z:φ(r z)=1

√
WqyWrz |qy1〉〈r z1|

⎞
⎠

We now trace out bits Y ′ obtaining the reduced density
operator for Q:

ρ
Q
2 = tr

Y ′(ρ2)

= cos((2k + 1)θ) sin((2k + 1)θ)

2Z1Z2

∑
q,r⎛

⎝ ∑
y,z:φ(r z)=1

√
WqyWrz tr

Y ′(|qy0〉〈r z1|)

+
∑

y:φ(qy)=0,z:φ(r z)=1

√
WqyWrz tr

Y ′(|qy1〉〈r z1|)
⎞
⎠ (12)

= cos((2k + 1)θ) sin((2k + 1)θ)

2Z1Z2

∑
q,r⎛

⎝ ∑
y,z:φ(r z)=1

√
WqyWrz |q〉〈r |〈z1|y0〉)

+
∑

y:φ(qy)=0,z:φ(r z)=1

√
WqyWrz |q〉〈r |〈z1|y1〉

⎞
⎠ (13)

= cos((2k + 1)θ) sin((2k + 1)θ)

2Z1Z2

∑
q,r

⎛
⎝ ∑

y:φ(qy)=0,z:φ(r z)=1

√
WqyWrz |q〉〈r |〈z1|y1〉

⎞
⎠(14)

= cos((2k + 1)θ) sin((2k + 1)θ)

2Z1Z2

∑
q,r

⎛
⎝ ∑

y:φ(qy)=0,φ(r y)=1

√
WqyWry |q〉〈r |

⎞
⎠ (15)

where we get Eq. (12) for the linearity of the partial trace
operator, Eq. (13) for Eq. (10) and Eq. (14) and Eq. (15)
because of Eq. (11).

For ρ
Q
3 , we similarly get

ρ
Q
3 = tr

Y ′(ρ3)

= cos((2k + 1)θ) sin((2k + 1)θ)

2Z1Z2

∑
q,r

⎛
⎝ ∑

y:φ(qy)=0,φ(r y)=1

√
WqyWry |r〉〈q|

⎞
⎠

The density operator ρ4 is

ρ4 = cos2((2k + 1)θ)

Z2
2

⎛
⎝∑

x

√
Wx

2
|x0〉 +

∑
x :φ(x)=0

√
Wx

2
|x1〉
⎞
⎠

⎛
⎝∑

x

√
Wx

2
〈x0| +

∑
x :φ(x)=0

√
Wx

2
〈x1|
⎞
⎠

Rewriting x as qy and r z, ρ4 becomes

ρ4 = cos2((2k + 1)θ)

2Z22

⎛
⎝∑

qy

√
Wqy

2
|qy0〉 +

∑

qy:φ(qy)=0

√
Wq y

2
|qy1〉

⎞
⎠

⎛
⎝∑

r z

√
Wrz

2
〈r z0| +

∑

r z:φ(r z)=0

√
Wrz

2
〈r z1|
⎞
⎠

= cos2((2k + 1)θ)

2Z22

∑
q,r

⎛
⎝∑

y,z

√
WqyWrz |qy0〉〈r z0|

+
∑

y,z:φ(r z)=0

√
WqyWrz |qy0〉〈r z1|

+
∑

y:φ(qy)=0,z

√
WqyWrz |qy1〉〈r z0|

+
∑

y:φ(qy)=0,z:φ(r z)=0

√
WqyWrz |qy1〉〈r z1|

⎞
⎠
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Tracing out bits Y ′ obtaining the reduced density operator
for Q, we get:

ρ
Q
4 = tr

Y ′(ρ4)

= cos2((2k + 1)θ)

2Z22

∑
q,r

⎛
⎝∑

y,z

√
WqyWrz tr

Y ′(|qy0〉〈r z0|)

+
∑

y,z:φ(r z)=0

√
WqyWrz tr

Y ′(|qy0〉〈r z1|))

+
∑

y:φ(qy)=0,z

√
WqyWrz tr

Y ′(|qy1〉〈r z0|)

+
∑

y:φ(qy)=0,z:φ(r z)=0

√
WqyWrz tr

Y ′(|qy1〉〈r z1|)
⎞
⎠

= cos2((2k + 1)θ)

2Z22

∑
q,r

⎛
⎝∑

y,z

√
WqyWrz |q〉〈r |〈z0|y0〉

+
∑

y,z:φ(r z)=0

√
WqyWrz |q〉〈r |〈z1|y0〉

+
∑

y:φ(qy)=0,z

√
WqyWrz |q〉〈r |〈z0|y1〉

+
∑

y:φ(qy)=0,z:φ(r z)=0

√
WqyWrz |q〉〈r |〈z1|y1〉

⎞
⎠

= cos2((2k + 1)θ)

2Z22

∑
q,r

⎛
⎝∑

y

√
WqyWry |q〉〈r |

+
∑

y:φ(qy)=0,φ(r y)=0

√
WqyWry |q〉〈r |

⎞
⎠

Let’s apply the measurement {Mm = |qm〉〈qm |} to system
Q where qm is one of the computational basis state for Q.
This is a measurement in the computational basis state of
system Q so M†

mMm = Mm and

P(m) = tr(MmρQ)

= tr
(
|qm〉〈qm |(ρQ

1 + ρ
Q
2 + ρ

Q
3 + ρ

Q
4 )
)

= tr(|qm〉〈qm |ρQ
1 ) + tr(|qm〉〈qm |ρQ

2 )

+ tr(|qm〉〈qm |ρQ
3 ) + tr(|qm〉〈qm |ρQ

4 )

Let us define Pi (m) = tr
(
|qm〉〈qm |ρQ

i

)
for i = 1, . . . , 4.

Then,

P1(m) = tr

⎛
⎝|qm 〉〈qm | sin

2((2k + 1)θ)

2Z2
1

∑
q,r

∑
y:φ(qy)=1:φ(ry)=1

√
WqyWry |q〉〈r |

⎞
⎠

= tr

⎛
⎝ sin2((2k + 1)θ)

2Z2
1

∑
q,r

∑
y:φ(qy)=1:φ(ry)=1

√
WqyWry |qm 〉〈qm |q〉〈r |

⎞
⎠

Since 〈qm |q〉 = 0 if qm �= q and 〈qm |q〉 = 1 if qm = q
then

P1(m) = tr

⎛
⎝ sin2((2k + 1)θ)

2Z2
1

∑
r

∑
y:φ(ry)=1,φ(qm ,y)=1

√
Wqm yWry |qm〉〈r |

⎞
⎠

= sin2((2k + 1)θ)

2Z2
1

∑
r

∑
y:φ(ry)=1,φ(qm ,y)=1

√
Wqm yWry tr (|qm〉〈r |)

= sin2((2k + 1)θ)

2Z2
1

∑
r

∑
y:φ(ry)=1,φ(qm ,y)=1

√
Wqm yWry〈r |qm〉

= sin2((2k + 1)θ)

2Z2
1

∑
y:φ(qm y)=1

√
Wqm yWqm y

= sin2((2k + 1)θ)

2Z2
1

∑
y:φ(qm y)=1

Wqm y

= sin2((2k + 1)θ)
2
2

∑
x :φ(x)=1 Wx

∑
y:φ(qm y)=1

Wqm y

= sin2((2k + 1)θ)∑
x :φ(x)=1 Wx

∑
y:φ(qm y)=1

Wqm y

= sin2((2k + 1)θ)

∑
y:φ(qm y)=1 Wqm y

WMC

For P2(m), we have:

P2(m) = tr

⎛
⎝|qm〉〈qm |cos((2k + 1)θ) sin((2k + 1)θ)

2Z1Z2

∑
q,r

∑
y:φ(qy)=0,φ(r y)=1

√
WqyWry |q〉〈r |

⎞
⎠

= cos((2k + 1)θ) sin((2k + 1)θ)

2Z1Z2

∑
q,r

∑
y:φ(qy)=0,φ(r y)=1

√
WqyWry tr(|qm〉〈q|qm〉〈r |)

= cos((2k + 1)θ) sin((2k + 1)θ)

2Z1Z2

∑
r

∑
y:φ(qm y)=0,φ(r y)=1

√
Wqm yWry tr(|qm〉〈r |)

= cos((2k + 1)θ) sin((2k + 1)θ)

2Z1Z2

∑
r

∑
y:φ(qm y)=0,φ(r y)=1

√
Wqm yWry〈r |qm〉

= cos((2k + 1)θ) sin((2k + 1)θ)

2Z1Z2

∑
y:φ(qm y)=0,φ(qm y)=1

√
Wqm yWqm y

= 0
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because there is no y such that φ(qm y) = 0 and φ(qm y) = 1.
Similarly P3(m) = 0. For P4(m), we have:

P4(m) = tr

⎛
⎝|qm 〉〈qm | cos

2((2k + 1)θ)

Z2
2

∑
q,r

⎛
⎝∑

y

√
WqyWry |q〉〈r |

+
∑

y:φ(qy)=0,φ(r y)=0

√
WqyWry |q〉〈r |

⎞
⎠
⎞
⎠

= cos2((2k + 1)θ)

Z2
2

∑
q,r

⎛
⎝∑

y

√
WqyWry tr (|qm 〉〈qm |q〉〈r |)

+
∑

y:φ(qy)=0,φ(r y)=0

√
WqyWry tr (|qm 〉〈qm |q〉〈r |)

⎞
⎠

= cos2((2k + 1)θ)

Z2
2

∑
r

⎛
⎝∑

y

√
Wqm yWry〈r |qm 〉

+
∑

y:φ(qm y)=0,φ(r y)=0

√
Wqm yWry |qm 〉〈r |qm 〉

⎞
⎠

= cos2((2k + 1)θ)

1 +∑x :φ(x)=0 Wx

⎛
⎝∑

y
Wqm y +

∑

y:φ(qm y)=0

Wqm y

⎞
⎠

= cos2((2k + 1)θ)
Wqm +∑y:φ(qm y)=0 Wqm y

2 − WMC

If sin((2k + 1)θ) = 1, this algorithm returns one of the
configurations of query bits qm that are superimposed in |δ〉
with a probability that is proportional to

∑
y:φ(qm y)=1 Wqm y .

This leads to Algorithm 4, where lines 3–5 are imple-
mented by the quantum circuit of Fig. 7.

Algorithm 4 WCS when WMC is known
Require: A blackbox function φ : B

n → B, normalized weight func-
tion w, query qbits Q and WMC

Ensure: q ∈ B
l sampled from distribution (2)

1: θ ← arcsin
√

WMC
2 with θ ∈ [0, π/4]

2: R ← ⌊ π
4θ

⌋
3: Prepare the initial superposition Rot |x ′〉
4: Apply operator WG R times
5: Measure Q to get q ∈ B

l

6: return q

The properties of this algorithm are described by the the-
orem below.

Theorem 7 Let φ : B
n → B Let θ ∈ [0, π/4] be chosen such

that sin2 θ = WMC
2 . After

⌊
π
4θ

⌋
iterations of WG on an initial

superposition

Rot |x ′〉
the probability of sampling exactly from the distribution in

Eq. (2) is at least
√

1
2 ≈ 0.707.

Proof We can repeat the reasoning of Theorem 1: the proba-
bility P of sampling from the distribution in Eq. (2) is given
by

P = sin2((2k + 1)θ)

Maximizing P implies that

(2k + 1)θ = π

2

so

k = π

4θ
− 1

2
.

From θ ≈
√

WMC
2 , we obtain

R =
⌊

π

4

√
2

WMC

⌋

for the required number of applications of WG. Thus

(2R + 1)θ = π

2
+ 2δθ

with |δ| ≤ 1
2 . SinceWMC ≤ 1, sin θ ≤

√
1
2 , θ ≤ π

4 , |2δθ | ≤
π
4 . So

P = sin2((2R + 1)θ) ≥ sin2
(π
2

− π

4

)
=
√
1

2
≈ 0.707

��
We can now present the main result.

Theorem 8 Algorithm 4 samples from the distribution in Eq.

(2) with probability at least
√

1
2 and O( 1√

WMC
) queries to φ.

Proof By reasoning as in the proof of Theorem 2, in each
application of WG, we query φ and the number of applica-

tions R is R ≤ π
4

√
2

WMC, so R ∈ O( 1√
WMC

) ��
WhenWMCis not known,Algorithm5canbeused,where

Wmin is theminimumweight of a configuration, i.e.,Wmin =∏n+1
i=1 w′

i,min and w′
i,min = min (w′(Xi ), w

′(¬Xi )) for i =
1, . . . , n + 1..

Lemma 7 and Theorem 9 are analogous to Lemma 4 and
Theorem 4.

Lemma 7 Let φ : B
n → B and weight function w be such

the weighed model count is WMC. Let φ′ be φ′ = φ ∧ Xn+1.
Let θ ∈ [0, π/4] be defined by sin2 θ = 2

WMC . Let m be
any positive integer and R ∈ [0,m−1] chosen with uniform
distribution. If WG is applied to initial superposition

⎛
⎝∑

x

√
Wx

2
|x0〉 +

∑

x :φ(x)=0

√
Wx

2
|x1〉
⎞
⎠+

∑

x :φ(x)=1

√
Wx

2
|x1〉
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Algorithm 5 WCS when WMC is not known
Require: A blackbox function φ : B

n → B, normalized weight func-
tion w, query qubits Q

Ensure: q ∈ B
l sampled from distribution (2)

1: m =
⌊

1√
Wmin

⌋
+ 1

2: Choose an integer R uniformly in [0,m − 1]
3: Prepare the initial superposition 1

N1/2

∑N−1
x=0 |x〉

4: Apply operator G R times
5: Measure to get x ∈ B

n

6: return x

R times, then the probability of seeing a solution is

Pm = 1

2
− sin(4mθ)

4m sin(2θ)

Proof The proof of Lemma 3 still applies. ��
Theorem 9 Algorithm 5 samples from Eq. (2) with probabil-
ity at least 1

4 and O( 1√
Wmin

) queries to φ′.

Proof If m ≥ 1
sin(2θ)

, then

sin(4mθ)

4m sin(2θ)
≤ 1

4
.

By Lemma 7, then Pm ≥ 1
4 . Assuming φ is satisfiable, then

0 < Wmin ≤ WMC ≤ 1. Since sin θ =
√

WMC
2 , we have:

1

sin(2θ)
= 1

2 sin θ cos θ
= 1

2
√

WMC(2−WMC)
4

= 1√
WMC(2 − WMC)

≤ 1√
WMC

≤ 1√
Wmin

So, if m ≥ 1√
Wmin

, then m ≥ 1
sin(2θ)

. Choosing m =⌊
1√
Wmin

⌋
+ 1, we have that Pm ≥ 1

4 and the number of

applications of G is O( 1√
Wmin

). ��
If the literal weights do not sum to 1, i.e.,w(Xi )+w(¬Xi ) �=
1, we normalize them by considering the new weights
ŵ(Xi ) = w(Xi )

w(Xi )+w(¬Xi )
and ŵ(¬Xi ) = w(¬Xi )

w(Xi )+w(¬Xi )
. Let

Vi be w(Xi ) + w(¬Xi ) for i = 1, . . . , n. Then, we perform
the algorithmswith ŵ replacingw. The overall normalization
factor

∏n
i=1 Vi gets canceled out in P(m).

Let the normalized weighted model count ŴMC be
defined as

ŴMC =
∑

x :φ(x)=1

Ŵx

where Ŵx is
∏n

i=1 ŵ′
i and

ŵ′
i =
{

ŵ(Xi ) if xi = 1
1 − ŵ(Xi ) if xi = 0

Then,

ŴMC =
∑

x :φ(x)=1

Ŵx =
∑

x1...xn :φ(x1...xn)=1

ŵ′
1 . . . ŵ′

n

=
∑

x1...xn :φ(x1...xn)=1

w1

V1
. . .

wn

Vn

=
∑

x1...xn :φ(x1...xn)=1

1∏n
i=1 Vi

w1 . . . wn

= 1∏n
i=1 Vi

∑
x1...xn :φ(x1...xn)=1

w1 . . . wn

= 1∏n
i=1 Vi

∑
x :φ(x)=1

Wx

= 1∏n
i=1 Vi

WMC (16)

Theorems 7 and 8 still hold for Algorithm 4 provided
that WMC is replaced by ŴMC, while Lemma 7 and The-
orem 9 still hold for Algorithm 5 provided that WMC
is replaced by ŴMC, and Wmin is replaced by Ŵmin =∏n

i=1 min(ŵ(Xi ), ŵ(¬Xi )).
In Sect. 9, we will see the QWMC algorithm that com-

putes WMC in �(
√
N ) queries to φ. Since min(ŵ(Xi ),

ŵ(¬Xi )) ≤ 1
2 , then Ŵmin ≤ 1

2n = 1
N , so

1√
Ŵmin

≥ √
N .

Moreover, 1√
Ŵmin

≥ 1√
̂WMC

, so it is more convenient to

apply QWMC (Algorithm 9) and then Algorithm 4, obtain-
ing Algorithm 6 that we call QWCS.

Algorithm 6 Algorithm QWCS
Require: A blackbox function φ : B

n → B, normalized weight func-
tion w, query qbits Q

Ensure: q ∈ B
l sampled from distribution (2)

1: Call Algorithm 9 to obtain WMC
2: Call Algorithm 4 to obtain q
3: return q

We are now ready to state our main result for WCS.

Theorem 10 QWCS samples the distribution from Eq. (2)

with probability at least
√

1
2 and O(

√
N + 1√

̂WMC
) queries

to φ′.

Proof Immediate from theorems 14 and 8. ��

6 Comparison of QWCSwith classical
algorithms

For classical probabilistic algorithms under a black box
model of computation, we have the following results.
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Theorem 11 Any classical probabilistic algorithm for solv-
ing WCS under the black box model of computation with
probability at least p with p > 0, takes �( 1

̂WMC
) oracle

queries.

Proof A classical algorithm for WCS needs a number of
queries s at least p 1

̂WMC
to succeed with probability at least

p. In fact, suppose s < p 1
̂WMC

. If we set all weights to 0.5,

then ŴMC = M
N and we could solve FSAT by returning the

solution found. By Lemma 6, an algorithm for FSAT makes
at least pM/N queries to return a solution with probabil-
ity p, obtaining a contradiction. So a classical probabilistic
algorithm takes �( 1

WMC ) queries. ��

7 Quantummodel counting

The algorithm for quantummodel counting uses the quantum
Fourier transform and phase estimation, so we review those
first.

7.1 Quantum Fourier transform

The discrete Fourier transform computes a vector of complex
numbers y0, . . . yN−1 given a vector of complex numbers
x0, . . . , xN−1 as follows

yk = 1√
N

N−1∑
j=0

x j e
2π i jk/N

The quantum Fourier transform (Coppersmith 2002) is sim-
ilar, it takes an orthonormal basis |0〉, . . . , |N − 1〉 and
transforms it as:

| j〉 → 1√
N

N−1∑
k=0

e2π i jk/N |k〉

It is a Fourier transform because the action on an arbitrary
state is

N−1∑
j=0

x j | j〉 →
N−1∑
k=0

yk |k〉

with yk as in the discrete Fourier transform.
Assuming N = 2n , the quantum Fourier transform can be

given a product representation (Cleve et al. 1998; Griffiths

and Niu 1996):

| j1 . . . jn〉 →
1

2n/2

∑2n−1
k=0 e2π i jk/2

n |k〉
= 1

2n/2

∑1
k1=0 . . .

∑1
kn=0 e

2π i j
(∑n

l=1 kl2
−l
)
|k1 . . . kn〉

= 1
2n/2

∑1
k1=0 . . .

∑1
kn=0
⊗n

l=1 e
2π i jkl2−l |kl〉

= 1
2n/2

⊗n
l=1

[∑1
kl=0 e

2π i jkl2−l |kl〉
]

= 1
2n/2

⊗n
l=1

[
|0〉 + e2π i j2

−l |1〉
]

=
(|0〉+e2π0. jn |1〉)⊗

(
|0〉+e2π0. jn−1 jn |1〉

)
⊗···(|0〉+e2π0. j1 j2 ··· jn |1〉)

2n/2

(17)

where the state | j〉 is written using the binary representation
j = j1 j2 . . . jn and 0. jl jl+1 . . . jm represents the number
jl/2+ jl+1/4+. . .+ jm/2m−l+1. The quantumFourier trans-
form requires �(n2) gates (see Nielsen and Chuang (2010)
for the derivation of this formula).

7.2 Quantum phase estimation

In the problem of quantum phase estimation (Cleve et al.
1998), we are given an operatorU and one of its eigenvectors
|u〉 with eigenvalue e2π iϕ and we want to find the value of ϕ.
We assume thatwe have black boxes that can prepare the state
|u〉 and perform controlled-U 2 j

operations for non negative
integers j .

Phase estimation uses two registers, one with t qubits ini-
tially in state |0〉 and the other with as many qubits as are
necessary to store |u〉 that is also its initial state.

The first stage of phase estimation is shown in Fig. 8. A
controlled-U 2 j

operation on control qubit b and target regis-
ter in an eigenvector state |u〉 ofU acts as follows. If b is |0〉,
U 2 j

is not applied and the output is |0〉|u〉. If b is |1〉, then
U 2 j

is applied to |u〉. Since |u〉 is an eigenvector ofU , |u〉 is
brought to e2π i2

jϕ |u〉 and |1〉|u〉 becomes e2π i2
jϕ |1〉|u〉.

The result of the controlled-U 2 j
operation on (H |0〉)|u〉 =

|0〉+|1〉√
2

|u〉 is
(

|0〉 + e2π i2
jϕ |1〉√

2

)
|u〉

Thus the final state of the first register after the first phase
of phase estimation is

1
2t/2

(
|0〉 + e2π i2

t−1ϕ |1〉
)

⊗
(
|0〉 + e2π i2

t−2ϕ |1〉
)

. . .
(
|0〉 + e2π i2

0ϕ |1〉
)

(18)
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Fig. 8 First stage of phase estimation. On the right we have omitted normalization factors of 1√
2

If the phase can be represented with exactly t bits as ϕ =
0.ϕ1 . . . ϕt , Eq. (18) can be rewritten as

(|0〉 + e2π i0.ϕt |1〉)⊗ (|0〉 + e2π i0.ϕt−1ϕt |1〉)⊗ · · · (|0〉 + e2π i0.ϕ1 ···ϕt |1〉)
2n/2

(19)

This form is exactly the same as that of Eq. (17) so, if
we apply the inverse of the Fourier transform, we obtain
|ϕ1 . . . ϕt 〉. The inverse of an operator is its adjoint so the
overall phase estimation circuit is shown in Fig. 9.

Ifϕ cannot be represented exactlywith t bits, the algorithm
provides approximation guarantees: if we want to approxi-
mate ϕ to m bits with probability of success at least 1 − ε

we must choose t = m + �log2
(
2 + 1

2ε

)� (see Nielsen and
Chuang (2010) for the derivation of this formula).

7.3 Quantum counting

With quantum countingwewant to count the number of solu-
tions to the equation φ(x) = 1 where φ is a Boolean function
as above. In the notation, we are using, it means comput-
ing M . An algorithm for quantum counting was proposed in
(Boyer et al. 1998; Brassard et al. 1998).

Suppose |a〉 and |b〉 are the two eigenvectors of the Grover
operator G in the space spanned by |α〉 and |β〉. Since G is
a rotation of angle 2θ in such a space, the eigenvalues of |a〉
and |b〉 are ei2θ and ei(2π−2θ). If we know θ , we can compute
M from sin2(θ) = M/N . Since sin(θ) = sin(π − θ), it does
not matter which eigenvalue is estimated.

Let us consider an extra qubit Xn+1 as presented in Section
5, so that sin2 θ = M

2N .

Thus quantum counting is performed by using quantum
phase estimation to compute the eigenvalues of the Grover
operator G. The circuit for quantum counting is shown in
Fig. 10.

The upper register in Fig. 10 has t qubits while the lower
register n + 1. θ is estimated to m bits of accuracy with
probability at least 1−ε if t = m+�log2(2+1/2ε)� because
of the use of quantum phase estimation.

Theorem 12 The quantum counting algorithm of Fig.10,
using t = �n/2� + 5 qubits in the upper register, performs
�(

√
N ) applications of the Grover operator and returns a

count M estimated with m = �n/2�+2 bits of accuracy that,
with probability 11/12, has error |�M | = O(

√
M).

Proof The error on the estimate of the count M is given by
Nielsen and Chuang (2010):

|�M |
2N

=
∣∣∣sin2 (θ + �θ) − sin2 θ

∣∣∣ =
(sin (θ + �θ) + sin θ) |sin (θ + �θ) − sin θ |

Since |sin(θ + �θ) − sin θ | ≤ |�θ | and |sin(θ + �θ)| <

sin(θ) + |�θ | from calculus and trigonometry respectively,
we get

|�M |
2N

< (2 sin θ + |�θ |) |�θ |

Fig. 9 The complete phase estimation circuit
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|0〉⊗t

|0〉⊗n+1

H⊗t

H⊗n+1
G20 G21

· · ·

G2t−1

FT †

Fig. 10 Circuit for quantum counting

Using sin2(θ) = M/2N and |�θ | ≤ 2−m we obtain

|�M | < 2N

(
2

√
M

2N
+ 1

2m

)
2−m

= 2

(√
2MN + N

2m

)
2−m

=
(√

8MN + N

2m−1

)
2−m

Consider this case: let m = �n/2� + 2 and ε = 1/12.
Then, t = �n/2� + 5. The number of applications of the
Grover operator is �(

√
N ) and so is the number of oracle

calls. The error, if n is even, is

|�M | <

(√
8M2n + 2n

2n/2+1

)
2−n/2−2

=
(√

2M2n/2+1 + 2n/2−1
)
2−n/2−2

= √M/2 + 1/8 = O(
√
M)

If n is odd:

|�M | <

(√
8M2n + 2n

2n/2+1/2+1

)
2−n/2−1/2−2

=
(√

M2n/2+3/2 + 2n/2−3/2
)
2−n/2−5/2

= √
M/2 + 1/16 = O(

√
M)

��

8 Comparison of quantum counting
with classical algorithms

Let us now discuss the advantages of quantum counting with
respect to classical counting under a black boxmodel of com-
putation where we only have an oracle that answers queries
over φ. We want to know what is the minimum number of
evaluations that are needed to solve counting problems.

A classical algorithm for probabilistically solving amodel
counting problem proceeds by taking s samples uniformly

from the search space. For each sample x , we query the oracle
and we obtain a value Fi with i = 1, . . . , s, where Fi is 1 if
φ(x) = 1 and Fi is 0 if φ(x) = 0. Then, we can estimate the
count as

S = N

s
×

s∑
i=1

Fi = NF

s

where F = ∑s
i=1 Fi . Variable F is binomially distributed

with s the number of trials and probability of success M/N
where M is the model count of φ. Therefore the mean of F
is sM/N and the mean of S is (N/s)s(M/N ) = M , so S is
an unbiased estimate of M .

The following theoremappears asExercise 6.13 inNielsen
and Chuang (2010). Here we present it together with a proof
that is absent in Nielsen and Chuang (2010).

Theorem 13 The complexity of the classical algorithm for
estimating M with a probability of at least 3/4 within an
accuracy of

√
M is �(N ) oracle calls.

Proof We must prove that

P(s
M − c

√
M

N
≤ F ≤ s

M + c
√
M

N
) ≥ 3

4
(20)

We have

P(s
M − c

√
M

N
≤ F ≤ s

M + c
√
M

N
) = P(F ≤ s

M + c
√
M

N
)

− P(F < s
M − c

√
M

N
)

For a binomially distributed random variable k with num-
ber of trials s and probability of success p, we have that
(Feller 1968):

P(k ≥ r) ≤ r(1 − p)

(r − sp)2
(21)

if r ≥ sp. Moreover

P(k ≤ r) ≤ (s − r)p

(sp − r)2

if r ≤ sp. Since P(k ≥ r) = 1 − P(k < r), from (21), we
have

1 − P(k < r) ≤ r(1 − p)

(r − sp)2

P(k < r) ≥ 1 − r(1 − p)

(r − sp)2
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So

P(F ≤ s
M + c

√
M

N
) − P(F < s

M − c
√
M

N
)

≥ 1 − s M+c
√
M

N (1 − p)
(
s M+c

√
M

N − sp
)2 −

(
s − s M−c

√
M

N

)
p

(
sp − s M−c

√
M

N

)2 =

= 1 −
M+c

√
M

N (1 − M
N )

s
(
M+c

√
M

N − M
N

)2 −
(
1 − M−c

√
M

N

)
M
N

s
(
M
N − M−c

√
M

N

)2 =

= 1 −
M+c

√
M

N
N−M
N

s
(
M+c

√
M−M

N

)2 −
(
N−M+c

√
M

N

)
M
N

s
(
M−M−c

√
M

N

)2 =

= 1 −
(
M + c

√
M
)

(N − M)

s
(
c
√
M
)2 −

(
N − M + c

√
M
)
M

s
(
−c

√
M
)2 =

= 1 − MN + cN
√
M − M2 − cM

√
M − NM + M2 − cM

√
M

sc2M
=

= 1 − cN
√
M − 2cM

√
M

sc2M
=

= 1 − N − 2M

sc
√
M

= 1 − N

sc
√
M

+ 2
√
M

sc

and

1 − N − 2M

sc
√
M

≥ 3

4

−N − 2M

sc
√
M

≥ −1

4
1

4
≥ N − 2M

sc
√
M

s ≥ 4N − 8M

c
√
M

s ≥ 4N

c
√
M

− 8
√
M

c

So (20) is true if s ∈ �(N ). ��
One may think that using an algorithm that chooses non-
uniformly the next assignment to test could provide a better
bound. However, the algorithmwould not be correct, because

the probability of sampling a solution would depend on the
black box function and the estimate F would be biased, in
a way that would not be possible to correct without more
information on the function. The fact that this is the best
bound, in the sense that any classical counting algorithmwith
a probability at least 3/4 for estimating M correctly to within
an accuracy c

√
M for some constant c must make �(N )

oracle calls, was previously stated without proof (Nielsen
and Chuang 2010, Exercise 6.14), (Mosca 1999, Table 2.5).
So quantum computing gives us a quadratic speedup.

9 Quantumweightedmodel counting

We now present the QWMC algorithm. For the moment sup-
pose that the literal weights sum to 1, i.e., that w(Xi ) +
w(¬Xi ) = 1 for all bits Xi .

We can repeat the reasoning used for quantum counting:
the application of the weighted Grover operator rotates |ϕ〉
in the space spanned by |γ 〉 and |δ〉 by angle θ and eiθ and
ei(2π−θ) are the eigenvalues of WG. θ can be found by quan-
tum phase estimation. The overall circuit is shown in Fig. 11.

From sin2(θ) = WMC
2 , we obtain

WMC = 2 sin2(θ)

If the literal weights do not sum to 1, we consider the nor-
malized weights as in Section 5. Then, we perform QWMC
with ŵ replacing w. We get a normalized count ŴMC from
which we obtain WMC using Eq.16:

WMC = ŴMC
n∏

i=1

Vi

Let us consider the complexity of the algorithm.

Theorem 14 QWMC on n bits requires �(
√
N ) oracle calls

to bound the error to 2− n
2− 1

2 with probability 11/12 using
t = �n/2� + 5 bits.

Register 1
|0〉⊗t

Register 2
|0〉⊗n+1

Ancilla
|0〉⊗q

H⊗t

Rot
WG20 WG21

· · ·
WG2t−1

FT †

Fig. 11 Circuit for quantum weighted model counting
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Proof We can repeat the derivation of Theorem 12 where M
is replaced by N × ŴMC. We get

|�ŴMC|
2

< (2 sin θ + |�θ |) |�θ |

Using sin2(θ) = ŴMC/2 and |�θ | ≤ 2−m , we obtain

|�ŴMC| <

(√
2ŴMC + 2−m+1

)
2−m

Since ŴMC ≤ 1, we have

|�ŴMC| <
(√

2 + 2−m−1
)
2−m < 2−m+ 1

2 + 2−2m−1

If we choose m = �n/2� + 2 and ε = 1/12, then t =
�n/2� + 5 and the algorithm requires �(

√
N ) oracle calls.

For n even, m = n/2 + 2 and the error becomes:

|�ŴMC| < 2− n
2−2+ 1

2 + 2−n−5 <

2− n
2− 3

2 + 2− n
2− 3

2 < 2− n
2− 1

2

For n odd, m = n/2 + 1/2 + 2 = n/2 + 5/2, so

|�ŴMC| < 2− n
2− 5

2+ 1
2 + 2−n−3−1 <

2− n
2−2 + 2− n

2−2 < 2− n
2−1 < 2− n

2− 1
2

Thus overall the error is bounded by 2− n
2− 1

2 . ��

10 Comparison of QWMCwith classical
algorithms

Let us now discuss the advantages of QWMC with respect
to WMC under a black box model of computation.

For WMC, consider the following classical algorithm:
take s assignment samples by sampling each bit according
to its normalized weight. For each assignment sample, query
the oracle obtaining value Fi with i = 1, . . . , s and estimate
theWMC as for the unweighted case: S = N

s

∑s
i=1 Fi .Vari-

able Ss/N is again binomially distributed with s the number
of trials and probability of success ŴMC. In fact, the prob-
ability P(Fi = 1) is given by P(Fi = 1) = ∑x P(Fi =
1, x) =∑x P(Fi = 1|x)P(x) where P(Fi = 1|x) is 1 if x

is a model of φ and 0 otherwise. So

P(Fi = 1) =
∑

x :φ(x)=1

P(x) =
∑

xn ...xn :φ(x1...xn)=1

P(x1 . . . xn) =
∑

xn ...xn :φ(x1...xn)=1

P(x1) . . . P(xn) =

∑
xn ...xn :φ(x1...xn)=1

n∏
i=1

ŵ′
i =

∑
xn ...xn :φ(x1...xn)=1

n∏
i=1

wi

Vi
=

WMC∏n
i=1 Vi

= ŴMC

Theorem 15 The complexity of any classical algorithm for
estimating ŴMC under a black box model with a probability
of at least 3/4 within an accuracy of 2−� n

2 � is �(N ) oracle
calls and this is the best bound for a classical algorithm.

Proof We can repeat the reasoning performed in the proof
of Theorem 13 by considering ŴMC in place of M

N and

2−� n
2 �N = 2−� n

2 �+n = 2� n
2 � in place of c

√
M . We obtain

s ≥ 4N

2� n
2 � − 8

√
NŴMC

c

Therefore k = �(N ). This is also the best bound for
a classical algorithm, as otherwise we could solve model
countingwith a better bound than�(N )by setting allweights
to 0.5. ��

Thus QWMC offers a quadratic speedup over classical
computation in the black box model.

11 Related work

Since its proposal by Richard Feynman Feynman (1982),
quantum computing is receiving an increasing attention
(Nagata et al. 2022).Many algorithmshavebeenproposed for
solving a variety of tasks, from computing the prime factors
of a number (Shor 1994) to solving linear systems of equa-
tions (Harrow et al. 2009). Recently, quantum parallelism
was exploited for evaluating Boolean functions in parallel
(Nagata andNakamura 2020), for storing logical functions in
a Boolean algebra in quantum-gated computers (Nakamura
andNagata 2021), and for performing arithmetic calculations
in binary systems (Nagata and Nakamura 2024).
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Recently, quantum computing has found applications
in artificial intelligence. Ying (2010) presents a survey of
these applications. The author says that quantum search was
believed to be the one of the first quantum computing tech-
niques to play an important role in AI but few successful
applications of quantum search in AI have been reported
in the ’00 s, the decade preceding the publication of Ying
(2010). In this paper, we try to remedy this and provide an
application of quantum search to the important AI problems
of WMC and WCS.

Knowledge compilation (Darwiche and Marquis 2002;
Lagniez and Marquis 2017; Huang et al. 2006) solves WMC
classically by compiling the Boolean formula to a represen-
tation such as deterministic Decomposable Negation Normal
Form (d-DNNF) where counting is linear in the size of the
representation. Here the expensive part is the compilation
one.

WMC is an instance of a “sum of products” problem,
i.e., evaluating the sum of products of values from some
semiring, a general framework that encompasses many prob-
lems in artificial intelligence and that has been much studied.
Bacchus et al. (2009) use a modified Davis, Putamn, Loge-
mann, Loveland (DPLL) procedure to solve these problems
bymeans of backtracking. Friesen andDomingos (2016) pro-
pose conditions under which the problems become tractable
and Eiter and Kiesel (2021) study their complexity. Ganian
et al. (2022) present algorithms for Weighted Counting for
Constraint Satisfaction with Default Values, a specialization
of “sum of products” that still encompasses WMC. These
algorithm are polynomial once the incidence treewidth, a
more general version of treewidth, is bounded.

Chakraborty et al. (2015) present a transformation from
a WMC problem to an unweighted model counting problem
so that unweighted model counters can be applied. Since
these are usually better engineered, this approach leads to
significant improvements on many problems.

A classical algorithm for weighted model counting is
proposed by Fichte et al. (2018) and exploits a dynamic
programming algorithm on a tree decomposition and can be
parallelized using GPUs.

All these approaches require knowledge of the structure of
the formula that, furthermore, should have a small treewidth,
while our approach is targeted to problemwith high treewidth
(more than half of the number of variables).

Approximate classical algorithms for counting are sur-
veyed in Chakraborty et al. (2021). Chakraborty et al. (2016)
present an approximate algorithm that uses a logarithmic
number of calls to a SAT oracle. Chakraborty et al. (2014)
propose approximate algorithmsWeigthMC andWeightGen
for WMC and WCS respectively, both using a polynomial
number of calls to a SAT oracle. We differ from these work
because in our case the oracle is the evaluation of the Boolean
function which is much cheaper than a SAT call.

SampleSAT (Wei et al. 2004) is an algorithm for sampling
solutions to SAT problems nearly uniformly. It combines
WalkSAT with simulated annealing. QWCS generalize this
algorithm to the case where we also consider weights.

Quantum computing has been applied to SAT and MaxSAT
in Bian et al. (2020), where the authors use a quantum
annealer.

The complexity of the MAP problem for Bayesian net-
works has been studied in Park and Darwiche (2004). The
authors show that exact MAP is complete for NPPP. Approx-
imate algorithms for MAP in Bayesian networks are taken
into acocunt in Kwisthout (2015). The author considers var-
ious types of approximations: value-approximations, where
the result has a value close to the optimal value; structure-
approximations, where the result has a small Hamming
distance from the optimal solution; rank-approximations,
where the result belongs to the best m solutions, and
expectation-approximations, where the result is the optimal
solution with high probability. Kwisthout (2015) proves that
all these approximations are intractable unless P = NP or
NP ⊆ BPP.

Kwisthout (2015) then considers fixed-parameter tractabil-
ity, where the problem becomes tractable if a limit is imposed
on parameters of the input data. For Bayesian networks an
important parameter is treewidth: Kwisthout (2015) shows
that limiting the treewidth is necessary to obtain tractable
value-approximations, structure-approximations and rank-
approximations, while it is not necessary for expectation-
approximations. A particular, constrained version of MAP
can be efficiently approximated under expectation-approxi-
mations if the probability of the MAP explanation is high.

These results carry over to the weighted propositional
problems we consider, as they can be encoded with Bayesian
networks (and viceversa). However, these results require
knowledge of the formula (and Bayesian network), while
we require only an oracle that returns the value of the propo-
sitional formula given the value of the variables: we use a
black box model of computation. As such, our results are
complementary to these.

12 Discussion

The idea of using rotation gates to represent weights was
first proposed in Riguzzi (2020) but the QWMC algorithm
there contained an error: it used the regular Grover opera-
tor instead of the weighted Grover operator where H gates
are replaced by Rot . This article fixes this problem and pro-
poses one more algorithm, QWCS, for solving the weighted
constrained sampling problem. This algorithm exploits the
same trick of using rotations to represent weights and basi-
cally combines weighted searching together with projection
on the variables of interest.
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Table 2 Comparison of the
complexity of the algorithms

Algorithm Complexity Probability Error

Classical WCS �(1/WMC) p : p > 0 -

WMC �(N ) 3
4 2−� n

2 �

Quantum QWCS O(2
n
2 + 1/

√
WMC)

√
1
2 -

QWMC �(2
n
2 ) 11

12 2− n
2 − 1

2

We have shown that QWMC has a complexity of �(2
n
2 )

evaluations of the Boolean formula, while QWCS solve its
problem with a complexity of O(2

n
2 + 1/

√
WMC), where

WMC is the normalized weighted model count of the for-
mula. We have also shown that if we consider the Boolean
formula as a black box that we can only query asking for
the value of the function given the inputs, QWMC provides
a quadratic speedup over classical algorithms with the same
limitation. The black box setting may be of interest when the
Boolean formula is given by a quantum physical system of
which we don’t know the internals. In that case the quantum
algorithms can plug in the system directly, improving over
classical algorithms.

In the majority of cases where we want to perform WMC
or WCS, we know the Boolean formula and, assuming the
cost of implementing the circuit is linear in the number n of
variables, the complexity will be worse than classical algo-
rithms for WMC, QWCS unless the treewidth of the model
is larger than n/2.

However, QWMC can also be used as a subroutine in the
junction tree algorithm (Shenoy and Shafer 1990; Lauritzen
and Spiegelhalter 1988): after the probabilities are propa-
gated in the tree, the nodes, whose maximum size minus 1
is the treewidth, have to be processed to find the marginals
of the individual variables. In this QWMC can help with a
complexity of �(2

n
2 ) with n the number of variables in the

node.
WMC and WCS are important problems in AI and have

applications in many areas. WMC is at the basis of inference
in probabilistic logic programming (Riguzzi 2022) that, in
turn, is a fundamental tool in neuro-symbolic artificial intel-
ligence (Marra et al. 2024) that combines neural networks
with probabilistic logical reasoning. Recently (Maene et al.
2024), WCS (called Weighted Model Sampling there) was
proposed as an unbiased gradient estimator for improving the
tractability of learning neuro-symbolic models.

In general, the algorithms exploit quantum parallelism: all
the models of the formula are superimposed in the quantum
state of the system. Unfortunately, however, the state is not
directly accessible and several applications of the Grover
operator are required to extract a model or phase estimation
is required to extract the count.

Table 2 summarizes the complexities of the algorithms.
For each algorithm, the table reports its complexity together
with the probability of success and, in the case of counting
algorithms, the maximum error of the result.

13 Conclusions

Wehave proposed quantum algorithms for performingWMC
and WCS. The algorithms modify the quantum search and
quantumcounting algorithms by taking into accountweights.

Using the blackboxmodel of computation,QWMCmakes
�(

√
N ) oracle calls to return a resultwhose errors is bounded

by 2− n+1
2 with probability 11/12. By contrast, the best classi-

cal algorithm requires�(N ) calls to the oracle. ThusQWMC
offers a quadratic speedup that may be useful, for example,
for computing marginals for the variables of a tree node in
the junction tree algorithm.

Similarly, QWCS requires O(2
n
2 + 1/

√
WMC) ora-

cle queries, while classical probabilistic algorithms take
�(1/WMC) oracle queries under the black box model of
computation, again providing a quadratic improvement.

In the future, we plan to investigate the influence of noise
on the quality of the results.
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