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ABSTRACT

We are facing an era where future Cosmic Microwave Background (CMB)
experiments, both satellite and ground-based, together with Large-scale
structure (LSS) surveys, will reach unprecedented precision. These future
achievements, while exciting in terms of the advanced physics that can be ex-
tracted, will pose new challenges [Alonso et al., 2021] to extract the maximum
amount of information from upcoming data and fulfil the synergy between
different experiments. In this thesis, I study a physically motivated model
of extragalactic emissions, which are, on the one hand, contaminants of the
primary CMB signal, on the other hand, contain a great deal of information,
both about the formation and the evolution of the LSS of the Universe, and
about astrophysics. My objective is to find a model capable of describing
these emissions at all frequencies and angular scales, so as to fully exploit the
synergy between different experiments and to gain a better understanding of
the small angular scales of the CMB power spectrum, which are the primary
target of upcoming ground-based experiments.

After an introductory part that sets out the cosmological basis of my work,
the second part of this thesis is devoted to the introduction of the main
elements behind the modelling I have developed. In the third part I present
the details of the modelling of the extragalactic emissions, starting with a
focus on the Cosmic Infrared Background (CIB) only, where the novelty is a
two—galaxy—population description of the CIB within the Halo Model (HM)
framework [Zagatti et al., 2024]. I constrain the free parameters of the model
using existing datasets from Planck [Planck Collaboration, 2014b] and Her-
schel-SPIRE [Viero et al., 2019]. However, this first analysis highlights a tension
between the two, which I am not yet able to resolve; specifically, the open
question is whether the issue lies in the modelling, in the datasets, or in
both. With current data, it is not possible to answer this question. In the near
future, high-precision data from Simons Obervatory (SO) Large Aperture
Telescope (LAT) [Abitbol et al., 2025; Ade et al., 2019] will help answer this
question, but in order to exploit them, other extragalactic emissions must
be included in the modelling. For this reason, I extend the CIB modelling
to other extragalactic emissions, such as the Sunyaev-Zel’dovich (57) effect,
both thermal and kinetic, the cross-correlation between CIB and thermal
Sunyaev-Zel’dovich (t5Z), and the contributions coming from radio sources
and Galactic cirrus. With this comprehensive modelling in hand, I create
a dataset which mimics the upcoming SO LAT data — theoretical Cys gen-
erated from my model, together with a power-spectrum-based covariance
matrix built from the SO LAT noise curves (including beams and sky frac-
tion). Starting from this dataset, I first go through a Fisher analysis that aims



to evaluate the correlations among the model parameters, to forecast the
constraining power of the upcoming data, and to estimate, from a qualitative
point of view, the impact that this extragalactic-emission modelling will have
on cosmological inference. After this part, I then perform an Markov Chain
Monte Carlo (MCMC) analysis, finding promising results in terms of the
constraining power that future SO LAT data will have on the different models
of the extragalactic emissions.

This study is accompanied by the code I developed to generate the theo-
retical predictions of my modelling. This code is public, available at https:
//github.com/giorgiazagatti/CIB_halomodel.git and will be used by the
SO collaboration, of which I have been a member since 2024.

SOMMARIO

Stiamo entrando in un’epoca in cui i futuri esperimenti di CMB - sia da
satellite sia da terra —insieme alle survey di LSS raggiungeranno una pre-
cisione senza precedenti. Questi progressi, per quanto entusiasmanti dal
punto di vista della fisica avanzata che potremo estrarre, comporteranno
nuove sfide [Alonso et al., 2021] per riuscire a trarre la massima informazione
dai dati in arrivo e realizzare la piena sinergia tra esperimenti diversi. In
questa tesi studio una modellizzazione delle emissioni extragalattiche che, da
un lato, contaminano il segnale primario di CMB e, dall’altro, racchiudono
un’enorme quantita di informazione sia sulla formazione ed evoluzione della
LSS dell’Universo, sia sull’astrofisica delle sorgenti. Il mio obiettivo e costrui-
re un modello capace di descrivere tali emissioni a tutte le frequenze e scale
angolari, cosi da sfruttare appieno la sinergia fra esperimenti e comprendere
meglio le piccole scale dello spettro di potenza di CMB, che sono il principale
target dei prossimi esperimenti da terra.

Dopo una parte introduttiva che pone le basi cosmologiche del lavoro, la
seconda parte di questa tesi & dedicata alla presentazione degli elementi
principali alla base della modellizzazione che ho sviluppato. Nella terza parte
presento i dettagli del modello delle emissioni extragalattiche, iniziando dal
solo CIB, il quale modellizzo a partire dal HM e in cui la novita consiste in
una descrizione a due popolazioni di galassie [Zagatti et al., 2024]. Dopo
aver implementato il modello, il mio obiettivo & quello di vincolare i para-
metri liberi utilizzando i dataset esistenti di Planck [Planck Collaboration,
2014b] e Herschel-SPIRE [Viero et al., 2019]. Questa prima analisi evidenzia
tuttavia una tensione tra i due dataset che al momento non sono in grado di
risolvere; in particolare, resta aperta la questione se 1’origine del problema
risieda nella modellizzazione, nei dati, oppure in entrambi. Con i dati attuali
non ¢ possibile rispondere in modo definitivo. Nel prossimo futuro, saran-
no disponibili dati ad alta precisione di SO LAT [Abitbol et al., 2025; Ade
et al., 2019], i quali potranno aiutare a chiarire questo punto; per sfruttarli



appieno, pero, € necessario includere nella modellizzazione anche le altre
emissioni extragalattiche. Per questo motivo, ho esteso il modello del CIB ad
altre componenti quali 'effetto SZ (termico e cinetico), la cross-correlazione
CIB-tSZ, e i contributi da radio—sorgenti e cirri Galattici. Con questa mo-
dellizzazione completa ho costruito quindi un dataset che riproduce i dati
di SO LAT - C; teorici generati dal mio modello, insieme a una matrice di
covarianza basata sullo spettro di potenza e costruita a partire dalle curve di
rumore di SO LAT (includendo beam e frazione di cielo). A partire da questo
dataset, svolgo innanzitutto un’analisi di Fisher per valutare le correlazioni
tra i parametri del modello, prevedere il potere vincolante dei dati in arrivo
e stimare, in termini qualitativi, I'impatto che questa modellizzazione delle
emissioni extragalattiche avra sull'inferenza cosmologica. Successivamente
eseguo un’analisi MCMC, ottenendo risultati promettenti in termini di potere
vincolante che i futuri dati SO LAT potranno fornire sui diversi modelli di
emissione extragalattica.

Questo studio e accompagnato dal codice che ho sviluppato per genera-
re le predizioni teoriche del mio modello. Il codice € pubblico, disponibi-
le all’indirizzo https://github.com/giorgiazagatti/CIB_halomodel.git, e
verra utilizzato dalla collaborazione SO, di cui faccio parte dal 2024.
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PREFACE

OSMOLOGY has become a precision science, and one of the pillars is
C the study of the Cosmic Microwave Background (CMB). The CMB
represents a unique scientific target since its primary anisotropies encode the
physics of the early Universe, while secondary anisotropies probe the matter
distribution and physical processes at late times.

Beyond these, a variety of extragalactic emissions (e.g. the Cosmic In-
frared Background (CIB), radio sources) contribute additional microwave
and infrared sky signals. These are neither primary nor secondary CMB
anisotropies, but they trace the Large—scale structure (LSS), and therefore
act both as astrophysical foregrounds in CMB analyses and as cosmological
probes in clustering studies.

A deep investigation into the modelling of these extragalactic emissions is
the central focus of this thesis.

The work is organised as follows:

FIRST CHAPTER introduces the A—Cold—-Dark-Matter cosmological model,
outlining the composition and background evolution of the homoge-
neous Universe. The chapter then relaxes homogeneity to present linear
perturbations, establishing the theoretical foundations used in the sub-
sequent chapters for modelling CMB anisotropies and LSS.

SECOND CHAPTER presents the CMB. It follows the evolution of photon
perturbations up to recombination, derives the temperature anisotropy
power spectrum — separating the large-scale and acoustic—peak regimes
— and then introduces CMB polarisation, explaining its generation by
Compton scattering and its description in harmonic space.

THIRD CHAPTER develops the linear theory to explain structure formation
and serves as the bridge between primordial perturbations and present—
day matter clustering. It examines the growth of cold dark matter
perturbations across horizon entry in radiation- and matter-dominated
epochs. This framework leads to the prediction of the linear matter
power spectrum.

FOURTH CHAPTER introduces the Halo Model (HM) as the tool used to de-
scribe non-linear matter and galaxy clustering. Combining the ingre-
dients of the HM, it derives the prescription for the evaluation of the
power spectrum between two generic fields, and applies it to matter
and galaxy power spectra.

FIFTH CHAPTER defines all non-CMB signals relevant at small scales (Cosmic
Infrared Background (CIB), thermal Sunyaev-Zel'dovich (t5Z), kinetic

XXttt
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Sunyaev-Zel'dovich (kSZ), CIBxtSZ, radio sources, Galactic cirrus) and
describes how they project into angular power spectra.

SIXTH CHAPTER builds a HM two—-galaxy—population description of the CIB,
then fits it to current observations of the CIB power spectra. A persistent
tension between the datasets prevents a joint fit, hinting at either data
systematics or model incompleteness.

SEVENTH CHAPTER builds a unified, HM-based and template-based frame-
work for all major extragalactic emissions, and generates a multi-frequency
dataset mimicking upcoming observations to forecast the expected con-
straining power of next-generation experiments.



CONVENTIONS

Even though sometimes I will keep the fundamental constants explicit
in the equations, in this work I will largely adopt the so-called natural

units:c =h =kg = 1.

Useful conversions are

1 kg = 5.610 x 10?° GeV ¢ 2

1 m =5.068 x 10'° GeV~!(hc)

1s=1.519 x 10** GeV~'h

1K =286x10"1 GeV

1 Mpc = 3.08 x 102 m = 1.56 x 10%® GeV !

while useful physical constants are

speed of light in vacuum= ¢ = 2.9979 x 108 ms~!

Planck’s constant= # = 1.05457 x 1073* Js

Electron volt= 1eV = 1.6022 x 107 |

Boltzmann’s constant= kp = 1.380 x 1023 JK~!

Newton’s constant= G = 6.674 x 10~ m3kg~1s2

Planck mass= m,; = v/hc/G = 1.220 x 10* GeV

Reduced Planck mass= M, = v/ic/87G = 2.435 x 10'® GeV
Planck length= lpl = VhG/® =1.616 x 107® m

Planck time= tp = VEG/c® =5391 x 10 # s

and in particle physics

Some useful cosmological parameters, using the values from the best fit of

Electron mass= m, = 0.510 MeV

Proton mass= m, = 938 MeV

Neutron mass= m,, = 939 MeV

Proton—-neutron mass difference= Q = 1.293 MeV
Neutron lifetime= 17,, = 879 s

Deuteron mass= mp = 1875 MeV

Thomson cross section= o7 = 0.665 x 10728 m?

Fermi’s constant= Gr = 1.116 x 1075 GeV 2.

Planck 2018 for the 6-parameter ACDM model, are

CMB temperature today= Tp = 2.7255 K
Number density of photons= 1, = 410.7 cm 3
CMB density= Q, = 5.38 x 107>

XXV
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o Number density of baryons= 1, = 2.515 x 1077 cm ™2
e Baryon density= (), = 0.0493
e Dark matter density= (), = 0.265
e Matter density= ), = 0.315
e Dark energy density= () = 0.685
o Hubble expansion rate= Hy = 100k kms~!Mpc~?
e Hubble parameter= h = 0.674
e Critical density= p; = 8.532 X 1030 gcm*3
Some important epochs in the universe are
o BBN— zppy = 4 x 108 (3min)
o Electron—positron annihilation— z,+,- = 2 x 10° (6s)
o Neutrino decoupling— z, goc = 6 x 10° (1)
e Matter-radiation equality— z,; = 3402
e Recombination— z,,. = 1270
e Photon decoupling— z, = 1089
e Last scattering— zyss = 1089
e Baryon decoupling— zpz.. = 1060
e Half reionisation— z,, = 7.7
Throughout this thesis, I use the following derivative conventions:
o the overdot, ¥, indicates the derivative with respect to cosmic time, t:
X =dx/dt;
e the derivative with respect to the conformal time # is indicated with a
prime: x' = dx/dn;
o the partial derivatives with respect to a specific component, x, are
indicated with a comma: x; = dx/dx".



Part |

FUNDAMENTALS

This part of the thesis reviews the key elements of the standard
cosmological model. I introduce the fundamental ingredients de-
scribing our Universe and then discuss the linear perturbation
theory of its components. This framework sets the starting point
for understanding the physics of the Cosmic Microwave Back-
ground (CMB) and the formation of Large—scale structure (LSS)
in the linear regime.






STANDARD COSMOLOGICAL
MODEL

N this chapter, I introduce the standard cosmological model, ACold Dark
Matter (CDM), which assumes a Universe that is homogeneous and
isotropic on sufficiently large scales and whose energy budget today is
dominated by a cosmological constant A and CDM. The model has proven
remarkably successful at explaining a broad range of observations, from the
anisotropies of the Cosmic Microwave Background (CMB) to Large-scale
structure (LSS), Baryon Acoustic Oscillations (BAO), to the Hubble diagram
of Type la supernovae.

Throughout this chapter, in section 1.1, I first establish the kinematic and
geometric framework for a homogeneous and isotropic spacetime, and in
section 1.3, I derive the background dynamics governed by the Einstein
equations and the Friedmann equations, and introduce the main cosmic com-
ponents and their equations of state. I then relax homogeneity in section 1.4
to outline linear perturbation theory, the Newtonian-gauge description, and
the Boltzmann equation for photons.

The background ACDM model must be supplemented by a specifica-
tion of the initial perturbations. Observations favour nearly Gaussian and
adiabatic fluctuations. The most quoted mechanism that explains these prop-
erties is cosmic inflation: a brief phase of accelerated expansion in the early
Universe that not only sets the initial conditions to study the evolution of
perturbations, but also solves causal problems, as for example the horizon
problem. In practice, inflation provides the initial conditions for the gravi-
tational potentials ®,Y and the species perturbations at early times; these
are then evolved with the coupled Einstein—Boltzmann system developed
in this chapter and used in chapter 2 and chapter 3. The initial conditions
for linear perturbations are commonly specified by the statistically homoge-
neous, isotropic curvature perturbation R (k) generated during inflation. For
nearly Gaussian fluctuations, all the information is encoded in the two—point
function, (R(k) R*(K')) = (271)35p(k — k') Pr (k). It is convenient to use the
dimensionless spectrum A% (k) = %PR(k), which observations show is well
described by a power law,

ns—1
kP

with amplitude A and spectral index 15 defined at a pivot scale k;, (commonly
0.05 Mpc ™! or 0.002 Mpc ™).
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Figure 1.1: Alexander
Friedmann.

| STANDARD COSMOLOGICAL MODEL

KINEMATICS: COSMOLOGICAL PRINCIPLE, REDSHIFT AND
THE HUBBLE LAW

The minimal ACDM model rests on the following main elements:

1. The cosmological principle, asserting that on large scales (2
100 Mpc) the Universe is statistically homogeneous and isotropic
[Maartens, 2011].

2. The second important element is General Relativity (GR), since
gravity is described by Einstein’s field equations with a cosmo-
logical constant A.

3. Lastly, the constituents of the Universe: cold (pressureless) dark
matter, baryons, photons, (nearly) massless neutrinos, and dark
energy modelled as A (with w = —1).

A convenient parameter set for a proper description of our Universe is
{, O, Qp, Qk, Ho, As, 115, Treio }, with Qg the spatial curvature (van-
ishing in a flat Universe), As and n, the amplitude and tilt of primor-
dial scalar perturbations, and T,;, the optical depth to reionisation.
Details concerning these three central points are provided in the
following sections.

Cosmological principle

The cosmological principle asserts statistical homogeneity and isotropy of
the matter distribution on sufficiently large scales (see e.g. Maartens, 2011).
Homogeneity means spatial averages are independent of position; isotropy
means no preferred directions for those averages. Under these assumptions,
the most general spacetime metric is the Friedmann—Lemaitre-Robertson—
Walker (FLRW) metric (see section 1.2).

Redshift, scale factor and the Hubble law

Another important aspect when dealing with the description of our Universe
is the Hubble law, an empirical law that relates the velocities and distances of
observed galaxies and provides evidence that the Universe is expanding.
The theoretical idea that we live in an expanding Universe arose in 1922
when Alexander Friedmann derived the so-called Friedmann equations,
starting from Einstein’s field equations. I analyse them in the following
sections. However, the experimental proof arrived in 1929 from Hubble and,
independently, from Lemaitre. The relation between velocity and distance
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can be visualised in the Hubble diagram (see figure 1.2). Since galaxies are
characterised by spectra with absorption and emission lines, it is possible to
constrain the velocity of a galaxy by measuring the redshift of the spectral
lines. For this reason, the Hubble diagram sometimes presents the relation
between redshift and distance, rather than velocity and distance.

1,000 [~

500 -

Radial velocity (km s™)

| | |
0 0.5 1.0 1.5 2.0

Distance (Mpc)

Figure 1.2: Hubble diagram for small distances [Freedman and Madore, 2010].

If the Universe were not expanding, we would expect to observe as many
redshifted (receding) galaxies as blueshifted (approaching). The Hubble
observations show that most galaxies are redshifted, leading to the conclusion
that we live in an expanding Universe.

The relation between the velocity of galaxies and their distance from us (as
well as the redshift-distance relation) is provided by the so-called Hubble
parameter, H(t). To better understand the Hubble parameter, let us start by
introducing the scale factor, a(t), needed when dealing with an expanding
Universe since it quantifies how fast the Universe is expanding at a given
cosmic time, t. Define the scale factor a(t) such that a(tp) = 1 today. The
redshift of light emitted at t.,, and observed at ty is

a (to) . 1
a(tem)  altem)
The Hubble parameter,

1+z=

p = 21 (1.1)

sets the fractional expansion rate; its present value is the Hubble constant
Hy = H(tp). For nearby galaxies (z < 1), the recessional velocity satisfies
v ~ Hod, i.e., the linear Hubble law (see figure 1.2; [Freedman and Madore,
2010]). The empirical dominance of redshifts (over blueshifts) is clear evidence
for cosmic expansion.

Thanks to these two fundamental background elements, I can now move to
the following section and explain why the FLRW metric can indeed describe
the separation between two events in spacetime for a homogeneous, isotropic,
and expanding Universe.
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GEOMETRY: THE FLRW METRIC

The most general metric consistent with homogeneity and isotropy (and
signature —, +, 4, +) is

dr?

Tkt r2(d6? +sin®0dg?) | , (1.2)

ds* = —dt* +a*(t) [

where K € {—1,0,+1} encodes constant spatial curvature (open, flat, closed).
In conformal time, dy = dt/a, this becomes

ds* = a®(1) {— dn? + 'yijdxidxj} = gudx!dx", (1.3)

with 7y;; the metric of a maximally symmetric 3-space of curvature K, and g,
the rank-2 metric tensor describing the metric of a curved spacetime, with
gravity already incorporated in the metric itself, and defined as

—a*(y) 0 0 0
_ 0 a*(n) 0 0
Suv 0 az(ﬂ) 0 (1.4)
0 0 0 a%(n)

The metric determines the Christoffel symbols I';, (via equation 1.5 below),
geodesics, and all curvature tensors. In local inertial patches the metric
reduces to Minkowski, but globally the curvature induced by matter—energy
and expansion cannot be neglected.

The metric is the starting point for understanding how particles move in
spacetime. Specifically, a free particle moving in a given spacetime always
follows the geodesic, defined as the straightest possible curve between two
points. For a flat spacetime, as we are going to see later in this section, the
geodesic is a straight line and the orientation of a vector parallel transported
along it does not change. On the contrary, when dealing with a curved space-
time, the geodesic is not a straight line anymore and this has implications
for the orientation of a parallel transported vector. This can be visualised
in figure 1.3. A key quantity for describing the motion of particles within a
given spacetime are the Christoffel symbols, detailed in the following.

CHRISTOFFEL SYMBOLS AND GEODESICS.  The parallel transport of a vector
in a curved spacetime has implications for the computation of derivatives.
The different orientation of the vector due to its parallel transport translates
into a change of its coordinates, encoded through an additional term when
computing derivatives, related to the Christoffel symbols. Furthermore, since
this additional term results from a curved spacetime only, the Christoffel
symbols have to be related to the metric tensor, g,,,. Specifically, the Christoffel
symbols are defined through

[ 1 o
T =38 P (8w + Supu — Suvp) (1.5)
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Figure 1.3: Parallel transport of a vector along geodesics of a sphere; after its parallel
transport along a closed path, the final orientation of the vector is different from the
initial one [Ohanian and Ruffini, 2013].

where ¢*F is the inverse of the metric tensor, g,p, defined in equation 1.4, and

the comma indicates the partial derivative, i.e., ggu = % Thanks to the
above equation, it is possible to obtain a direct way to compute the Christoffel
symbols for an expanding, homogeneous, and isotropic Universe with flat

spatial sections (K = 0):
T =0,

0 _ 10 __
1—‘Oi_l—‘iO_ ’

0 _ 5,5..
l“ij = aa&l],

, - a

1 —_— 1 —_ ..
i

jk — 0.

It is important to notice that for the specific case of a flat Minkowski metric
all Christoffel symbols are identically zero.

Having defined the Christoffel symbols, the geodesic equation, which
describes the motion of particles within spacetime, can be obtained starting
from the variational principle, which asserts that the action is stationary
along the geodesic of the spacetime, ¢ [ ds = 0. Starting from the variational
principle and by making use of the Euler-Lagrange equation resulting from
the variational principle itself, it is possible to obtain the generic formulation
of the geodesic equation

d2xH  dx® dxP

oz Tl — 9 (1.6)

where A is an affine parameter which has no physical meaning, but is used
to label the trajectory in the four-dimensional spacetime. Instead of A it is
also possible to use the proper time, dt, which is a natural parametrisation

7
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with a specific physical meaning. Furthermore, it is also possible to define A
in terms of the comoving momentum, P*, as

_dx®

[\
P iR (1.7)

As for all the comoving quantities, the comoving momentum refers to the
momentum that the observer measures and is fixed; these quantities have to
be distinguished from the physical quantities, which grow with the expansion.
Focusing on the momentum, the physical and the comoving momenta are
related through

pt = a(t) P". (1.8)

Since P* is the comoving four-momentum, its relation to the physical one is:
, p!
Pt = (P, P = (E,%), (1.9)
a
where E is the energy, p' is the physical three-momentum, and a is the scale
factor.
Starting from the geodesic equation, we can clearly see why a free particle
moving within a flat spacetime follows a straight line. As already said, the
Christoffel symbols for a flat metric are all zero, therefore the only remaining
term of the geodesic equation is the first one

d>xt

Az
The above equation represents the equation of motion of a free particle in a
flat spacetime and indeed such a particle follows a straight trajectory.

Before going on with the final expression of the geodesic equation for the

expanding, homogeneous, and isotropic Universe, a rewrite of the geodesic
equation in a different formulation, where the comoving momentum explicitly
appears, is needed.
To end up with the required formulation I make use of the relation between
the affine parameter A and the comoving momentum (see equation 1.7), to
obtain

=0. (1.10)

M
Eddit + rgjﬁpapﬁ =0. (1.11)

Written in these terms, we can write the two general geodesic equations for the
temporal and the spatial components, separately. For the y = 0 component,
the only non-zero Christoffel symbol with upper index o is F?j = a(t)a(t)o;
while for the y = i component, the only non-zero Christoffel symbol with

a(t)

upper index i is Fj‘o = ﬁéi]u Adding all pieces together we obtain
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dp' a4 i
W—I—;p =0. (1.13)

It is important to underline that both geodesic equations are based on the
Christoffel symbols, which are computed from the metric of the given space-
time. As I am going to show at the end of this chapter, the introduction of
linear perturbations in the spacetime requires a different metric, therefore
different Christoffel symbols associated with the perturbed metric have to be
computed, and so we expect to end up with a different geodesic equation, or,
in other words, a different motion of particles within the perturbed spacetime.

DYNAMICS: EINSTEIN EQUATIONS, FRIEDMANN EQUA-
TIONS AND DISTANCES

By looking at the geodesic equation, it is possible to appreciate the connection
between the physical description and the geometry of spacetime. This is
because it has been derived starting from the Christoffel symbols, which are
strictly related to the metric. The Einstein equations make this connection
even more explicit, since they relate the metric to the constituents of the
Universe. The general expression is

Gy =8nG Ty, (1.14)

with Gy = Ry — %ng being the Einstein tensor. In its definition R;, and R
are the Ricci tensor and the Ricci scalar, respectively. Both of these objects are
defined in terms of Christoffel symbols and therefore, they depend on the

metric, as
Ruv = Ty o = Thiaw + i T — T30 Tl (1.15)
R = g""Ryy. (1.16)

Both the Ricci tensor and the Ricci scalar are completely determined once the
Christoffel symbols are known and, since they have already been computed,
their evaluation is straightforward and leads to

i(t)

Rop = —3—<

a(t)’
Rijo = Ro; =0,
Rij = (i(t)a(t) + 2a(t)*)d,
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For a perfect fluid in an FLRW spacetime, the energy-momentum tensor is

—p 0 0 0
0 P 0 O

T;w_ ’ (1'17)
0 0 P O
0 0 0 P

with p the energy density, and P the pressure of all the species in the Universe,
including dark energy.

In a Universe described by the FLRW metric, the computation of the time
and space components of the Einstein equations leads to the following two
relations:

¢ 00 component of the Einstein equations

GOQ = 87TGT00, (1.18)

2
where Gyy = 3 (Zg%) and Tpp = —p. Making this explicit gives

(1) o, o

¢ ij component of the Einstein equations
Gij = 87TGTZ']', (1.20)

where Gjj = —(2i(t)a(t) + a(t)*)d; and T;; = P 6, so that the second
relation becomes

1/a(H)\> it
5 (a(t)) + m = —4nGP. (1.21)
The 0i component is zero.

The time component of the Einstein equations represents the first Fried-
mann equation, while in order to obtain the usual form of the second Fried-
mann equation we have to combine the two relations. In their final formula-
tion, the Friedmann equations for the scale factor are

$7G K A

2

H = ——=p——5+73, (1.22)
i 4G A
E = —T (p+3P)—|—§, (1.23)

where H is the Hubble parameter defined in equation 1.1. These two equa-
tions describe the expansion of the Universe and its evolution with time.
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Specifically, the first equation gives the expansion rate (or in other words,
the “speed” of expansion), while the second provides information about the
acceleration or deceleration of that expansion.

To conclude, by imposing energy-momentum conservation, we end up with
another important law regulating the Universe, the continuity equation:

p+3H(p+P) =0. (1.24)

CRITICAL DENSITY AND () PARAMETERS. The critical density is the refer-
ence energy density that yields a spatially flat Universe in the Friedmann
equation. At any epoch it is

2
pez) = 2, (1.25)

and in particular today p.0 = pc(z=0) = 3H2/(87G). It is customary to work
with dimensionless density parameters (or density fractions) defined with
respect to p¢0:

O, = @, Qp = L, Qg = — L, (1.26)
0c,0 3H? a%Hj3
where i € {b,¢c,m,1,v,...} refers to baryons, cold dark matter, total matter,
radiation, neutrinos, etc., K € {—1,0,+1} is the constant spatial curvature
parameter, and ap = a(z=0) = 1.
The first Friedmann equation evaluated today gives the closure relation

Qr + Qm + QA + QK = 1/ (1-27)

and, more generally, at any redshift z one may define time-dependent density
parameters

(z . z)3(1+w;)
Qi(z) = EZEzi = 01(1;(2) . , E(z) =

where w; = P;/p; is the (assumed constant) Equation of State (EoS) parameter

(1.28)

of component i (w = 0 for non-relativistic matter; w = 1/3 for radiation;
w = —1 for a cosmological constant). In the minimal ACDM model the
Hubble rate can be written as

H(z) = Ho\/Qe(14+2)* + Qm(1+2)° + Q(1+2)? + Qp, (1.20)

with O, = () + Q¢ and ), including photons and (relativistic) neutrinos.*
It is often convenient to express curvature in terms of an effective density:
K (@) K(l +z )2

Ok(z) = T@2H?2 T E2(z) (1:30)

For practical work it is useful to split (), = (), + (). The photon density today is fixed by the
CMB temperature T, o = 2.7255 K [Fixsen, 2009], giving Q,h? ~ 2.47 x 107(T,, n/2.7255 K)*.
For standard-model neutrinos that are still relativistic today, (3, ~ 0.2271 Nefs Q, with
Ness ~ 3.044. Here h = Hy/ (100 km s~ Mpc1h).
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1

Ho+/ Qx|

which characterises the comoving scale at which spatial curvature becomes
manifest if Qg # 0.

and to associate a curvature radius R.ypy =

(in units with ¢ = 1),

Numerical scales. For reference, the present-day critical density is
Pc0 =~ 1.879 x 10~26 2 kg m 3 ~ 1.054 x 10* h? eV ecm 3, so that Q;h?
directly sets the physical density of component i.

COSMOLOGICAL DISTANCE MEASURES  In a Robertson-Walker spacetime
the line element can be written as ds> = —dt? + a(t){dx* + S%(x) dQ?},
where x is the comoving radial coordinate and Sk () encodes the constant
spatial curvature.” The line-of-sight comoving distance to redshift z is

z d/
x(z) = ; H(ZZ,) (1.31)

and the transverse comoving distance (often denoted D) is

sin (\/R X)
JE

Dm(z) = Sk(x(2)),  Sk(x) =1 4, K=0 (flat), (132

sinh(yv/—K

M, K <0 (open),

\ \/ _K

where K € {+1,0,—1} in the usual normalisation. It is often convenient
to re-express equation 1.32 in terms of the present-day curvature density

Qk = —K/(a3H3):

K >0 (closed),

1
inh( Hyv/ Q) QO
Hov/Ox si ( 0V KX)/ k>0,

DM(Z) - X/ QK - O/ (133)

sin(Ho | Qx| ), Qg <0,

1
Ho/|Qk]

which makes the dependence on curvature explicit.
The two most commonly used observables are the angular—-diameter dis-
tance and the luminosity distance, defined by

Dum(z
Da) = 242, Die) = (142) Ducz), (139
and related by Etherington’s reciprocity relation,
Di(z) = (1+2)*Da(2), (1.35)

which holds in any metric theory of gravity with photon number conservation
and photons travelling on null geodesics [Hogg, 1999; Peacock, 1999].

2 Throughout this section I set ¢ = 1.
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Useful derivatives follow directly from the definitions:

cos(VKyx),  K>0,

dx . 1 dD _ 1

dz H(Z), dz H(z) “\ L K=0, (1.36)
cosh(v—-Kyx), K<O0,

and hence 424 = ;1 9Du _ (131\;)2' At low redshift, expanding H(z)

around z = 0 yields the series

Z 1 1 o\
Di(z) ~ Ho 1451 —q0)z — 8(1 —q0—3q0)z" + -+ |, (1.37)
where g is the present-day deceleration parameter.
The comoving volume element per redshift and solid angle is

v, D3,(z)

i2d0 ~ H() (1.38)

which is simply the volume measure encoding for Universe expansion.

LINEAR PERTURBATIONS: NEWTONIAN GAUGE AND THE
BOLTZMANN EQUATION

The aim of this section is to appreciate the implications of the presence of
perturbations, without going into detail with calculations.

At linear order, perturbations to the metric and to the energy—-momentum
tensor can be decomposed into scalar, vector, and tensor parts. In Fourier
space these three classes evolve independently. Scalar modes are sourced by
density and pressure perturbations and by velocity potentials; in Newtonian
gauge they are described by the two gravitational potentials ® and ¥ that
appear in the perturbed metric. Vector modes represent vorticity; in standard
cosmology they decay with the expansion and are usually negligible. Tensor
modes are transverse—traceless perturbations of the metric, i.e. gravitational
waves. The introduction of perturbations implies a spatial dependence of the
metric. The following description is done within the so-called Newtonian
gauge framework, where the spatial dependence of the metric is provided by

13
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the presence of two gravitational potentials, ¥ (¥, t) and ®(X, f). The metric
tensor for the perturbed Universe becomes

—1-2% 0 0 0
0 a*(1+2P) 0 0

Suv = ” ’ (139)
0 0 a*(1+29) 0
0 0 0 a?(1+2®)

where the time and space dependence of the potentials is implicit. These
gravitational potentials are of the order of 10~4/-93, 50 in order to describe
the Universe through this deviation from the FLRW metric it is possible to
work in the framework of first-order perturbation theory. In the absence of
anisotropic stress from matter and radiation, GR implies ® = Y. At linear
order, spatial gradients and time derivatives of ®, ¥ lens and redshift photons,
and source structure growth.

GEODESICS AND MOMENTA  Perturbations modify the timelike and space-
like components of geodesics. Having the new expression of the metric, the
Christoffel symbols associated with a perturbed Universe can be computed
by making use of equation 1.5. As already stated in the previous section,
different Christoffel symbols also imply a different geodesic equation. For a
particle with comoving momentum P* = (E,p/a)

1-® ;

Pt = ((1 —-Y)E; apl>. (1.40)
The spatial dependence of the metric and the presence of the two gravitational
potentials complicate the calculations to end up with the Einstein equations,
even if their general structure is left unchanged.

Left-hand side of the Einstein equation (time-time component)

kZ
G) = —6H®,g +6H*Y — 25®. (1.41)

Left-hand side of the Einstein equation (space component)

Pfcf—zkch ¥
jj—gai( +Y), (1.42)

where:

* k appears when moving from real space to Fourier space, since % — ik,
and represents the Fourier modes.

During recombination the relation

AT 1
— >~ =P,
T 3
holds. The observed temperature anisotropies are of order AT/T ~ 105, which leads to

d ~3x107°.
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o Pji is the projection operator, defined as Pj; = IeikAj — %&j, and it is
introduced in order to absorb all terms multiplied by ¢;; and simplify a
lot the calculations.

I only compute the left-hand side of the Einstein equation since the evaluation
of the right-hand side requires the Boltzmann equation, detailed in the
following.
At first order

dx' _p dp _ / 5i

diy_Ep(l O+Y), - (H+®")p—Ep'o;¥, (1.43)
where H = a’/a and a prime denotes d/dy. The first correction encodes
lensing; the second shows cosmological and gravitational redshifts.

EINSTEIN CONSTRAINTS  In Fourier space (9; — ik;), the linearised 00 and
traceless—ij Einstein equations read

*® +3H (@' +HY) = 4nGa* bp, (1.44)
K (® —¥) =121nGa? (o + P) 0, (1.45)

with Jp the total density perturbation and ¢ the total anisotropic stress (zero
if only perfect fluids are present).

BOLTZMANN EQUATION AND coLLISIONS In order to describe the compo-
nents of our Universe, we are interested in their macroscopic behaviour, so
a statistical description is required. The mathematical tool that allows for
this macroscopic description is the distribution function, f(X, g, t), implicitly
defined through the following relation:

3 3
N@ﬁwzfmiwmgg?), (1.46)

where N(X, 7,t) is the number of particles within the volume (Ax)3(Ap)3 in
the 6-dimensional phase space.

Therefore, the distribution function allows one to infer the macroscopic
behaviour of each species, and the equation that evaluates the distribution
function itself is the Boltzmann equation, indeed. In an exactly homogeneous
and isotropic FLRW background the phase—space distribution is angle- and
space-independent: f = f(p,t). Hence df /0x' = 0 and 9f /9p = 0. We will
decompose f = f + éf, where the perturbation acquires spatial and angular
dependence, 6f = 0f(x,p, p, t).

The most general formulation of the Boltzmann equation encodes for
interactions among particles. In order to account for these interactions we have
to introduce the collision term, C[f], which is a functional of the distribution
function itself. The Boltzmann equation in the case of collisions reads

7 —crp), (147
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so the total derivative with respect to time is equal to the collision term,

df _ of | dx'of | dpof
whereﬁ—§+ﬁﬁ EZTﬁ

of the Boltzmann equation for a homogeneous, isotropic, and expanding
Universe the following two elements are needed:

. In order to end up with the final expression

o the expression of the total derivative of the distribution function;

o the expression of the collision term.

The total time derivative of the physical momentum p splits in two parts;
the derivative of the magnitude of the momentum, and the derivative of the
direction of the momentum. Since we do not expect any dependence on the
direction, the latter is zero and the total derivative reduces to
df _af dxaf dpof
dt ot dtoxi  dtop’
In the background limit, f = f(p,t) so f /dx’ = 0 and the operator reduces
to

(1.48)

df  of
ar o T

dp of
dt dp’
The missing terms in order to end up with the final expression of the left-hand
side of the Boltzmann equation are % —which can be inferred starting from
equation 1.7- and ‘Zi—f which can be evaluated starting from the geodesic

equation—

dx!

dx' _ pdp'

it E a’ (1.49)
dp _

ar = H®p. (1.50)

In order to define the collision term, a proper characterisation of the scattering
process is needed. Specifically, I work assuming a two-body elastic scattering,
where both the energy and the momentum are conserved. Furthermore, to
end up with the required characterisation, one has to define also the reaction
rate as the difference between the backward and forward reactions. For a
general reaction of the type

(Dp +(2)g & B)y + (4)g

for which we are interested in the distribution function of particle 1, C[f1(p1)],
the reaction rate, neglecting quantum-mechanical effects, is proportional to

(fafa — fifo)-

Enforcing the energy and the momentum conservation, the general formula
for the collision term is

a1 g dp' dq’
C[fl(m”_za/ (27'()32]52/ (27'[)32]53/ (271)32154“\/”(2")4

S(Ev+Ex—Es—E))*(F+G—p' —q)(fsfa— fif2), (1.51)
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and we end up with the Boltzmann equation for a homogeneous, isotropic,
and expanding Universe as

of  piof of _
S EE L - Hpg =i (152)

Now it is possible to write the Boltzmann equation for a perturbed Universe,
recalling that we are working at first order in perturbation theory, so all
second-order terms are already neglected in the following equation:

Al
Z+Z’Z§£—¥[(H+¢)p+fﬁ“ﬂi] = Clfl. (153)
The key point in order to describe the observed CMB anisotropies is to encode
for perturbations of the distribution function associated to each species.

For the unperturbed Universe case, the distribution function is only a function
of the time and the magnitude of the momentum; when perturbations are
present, 6 f = 6f(x, p, P, t) acquires positional and angular dependence.

In order to describe the CMB anisotropies we have to solve the Boltzmann
equation for photons with a non-zero collision term. However, there also are
many interactions among all the components of the Universe — as shown in
figure 1.4 —, including the metric itself. Specifically,

» photons are affected by gravity — the metric — and they are coupled to
electrons via Compton scattering;

e electrons are affected by gravity and they are coupled to protons via
Coulomb scattering;

e protons are affected by gravity;

e the metric is influenced by all the components, including neutrinos and
dark matter.

From this general picture it is clear that, if the final goal is the evaluation
of the distribution function of a single species, it is required to solve the
Boltzmann and Einstein equations associated to all the components.
Focusing on the Boltzmann equation for photons, in order to allow for
perturbations in their distribution function, I introduce anisotropies to the
background temperature. In other words, the overall photon distribution
can be seen as the summation of a zeroth-order term, representing the back-
ground and homogeneous temperature, and a first-order term, representing
the linear perturbation around the background temperature itself, in a way
such that we move from T to T 4 6T.
The unperturbed distribution function of photons, being bosons, at equilib-
rium follows the Bose-Einstein distribution function

- = 1
fxpt)=——: (1.54)
et —1
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Figure 1.4: Interactions among different components of the Universe [Dodelson and
Schmidt, 2020].

and introducing a perturbation in the temperature,

% =0(%,p,t), (1.55)

where 0(X, p, t) is the fractional temperature perturbation and represents the
inhomogeneous part of the photon distribution. So, once we introduce this
fractional temperature variation, the overall distribution function of photons
changes maintaining the same shape, but with a temperature that depends
on the direction. We can indeed expand the distribution function up to first
order distinguishing the unperturbed distribution function and the perturbed
one.
The starting point in order to appreciate the couplings between photons and
all the other species is the Boltzmann equation for photons in a perturbed
Universe. Recalling that photons are massless particles, so we can replace
E = p in equation 1.53, obtaining

of [ Pof  of by Py ] =
5t ax Vo |(HH @)+ s | =ClA) (1.56)

The Boltzmann equation can be split as:

¢ a zeroth-order Boltzmann equation, which encodes for the homoge-
neous and isotropic part of the photon distribution and so presents no
collision term.
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e a first-order Boltzmann equation, where now we are looking for devia-
tions of the photon distribution from its zeroth-order temperature. At
first-order perturbation we expect a non-zero scattering term, and such
a scattering term is the source of the couplings between the different
components of the Universe.

With regard to photons, they are affected by Compton scattering, that is the
scattering process between a photon and an electron which can be regarded
as a nearly elastic scattering process.

In the evaluation of the collision term needed in order to solve the first-order
Boltzmann equation for photons, I apply the general definition provided by
equation 1.51, ending up with the following expression

L)) = —mrp L=l — 0(p) + i, (157

where:
e 1, is the electron number density;
e or is the Thomson scattering* cross section;

o ) is the zeroth-order distribution function of photons —so, the unper-
turbed one—;

e 0 is the radiation monopole, defined as an average over all the possible
directions

00(%, ) = ﬁ [aove,z.); (1.58)

e pU, is the radiation dipole term and v, represents the velocity of elec-
trons, which is assumed to be equal to the baryonic one due to the tight
coupling between these two components via Coulomb scattering.

In order to study perturbations to the photon distribution we need to solve
the Boltzmann equation also for baryons, which are influenced and influence
gravity; while gravity is affected by all the other species.

We are indeed supposed to solve the following set of Boltzmann equations
for both matter and radiation (assuming a negligible contribution coming
from dark energy since at this level we are mainly interested in the early
Universe and non-interacting neutrinos, but still relativistic).

Photons:

0 +ikuo = —® — iku¥ — v'[0g — 0 + uvy).

4 Thomson scattering is a low-energy elastic scattering process between electromagnetic radia-
tion and a free electron, in the regime where hv < m,c?, such that the photon energy remains
unchanged in the electron rest frame.
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Cold dark matter

8 +iku, = -39/,

a/
ul + —u. = —ik¥.
a

Baryons

5+ iku, = -3¢/,

/

, a . T,
—up = —ikY + < [3i6 .
ub+aub 1 —|—R[11+I/lb]

Neutrinos

N+ ikuN = -’ — iku¥.

This set of Boltzmann equations contains quantities defined in the Fourier

space, where:

the primed quantities are derived with respect to the conformal time.

The conformal time is a time variable defined as dy = % ;

0 is the fractional temperature variation;

k is the photon wave vector, pointing in the direction along which the
temperature is changing;

i is a quantity defined as y = % and it describes the direction of
propagation of photons. Working under the assumption of irrotational
velocity of matter, during the calculations it is possible to make use of
the fact that po;, = uvy;

7’ is defined through the relation: 7" = —n.0ra and is the derivative of
the optical depth, T;

0’ is the derivative of § = %, so the ratio between the perturbation in

the baryonic distribution and the unperturbed baryonic distribution;
u. is the velocity of cold dark matter;

uy is the baryon velocity;

R is the ratio between baryon and radiation densities;

6, is the dipole of radiation. The radiation dipole appears in the Boltz-
mann equation for baryons, making the coupling between photons and
baryons explicit;

N is the linear order expansion of the neutrinos temperature.
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Since all the constituents move within the spacetime, their motions follow the
geodesic equation —governed by the metric— and the metric is determined by
the constituents themselves. To solve the full set of the Boltzmann equations
we also need two equations for the gravitational potentials. These two equa-
tions can be derived by evaluating the time and the space components of the
Einstein equation.

Gravitational potentials

/ /
o + 3% <q>’ - i?) = 471G (pcde + Pody + 40,00 + 40 ND),  (1.50)

K (®+¥) = —3271G (620, + Napy), (1.60)

where 6, and N; are the quadrupoles of the photon and the neutrino back-
grounds.

We now have the eight equations needed to properly describe an expanding
and perturbed Universe. Having specified the metric perturbations and their
constraints, we now turn to the dynamics of species perturbations via their
phase-space evolution. Let f(x, p,#) be the photon phase-space distribution.
At linear order,

g{;—kgﬁl aaj; —gi [(’H—I—q)/)p%—Eﬁ’iki‘P} = C[f], (1.61)
with C[f] the collision term. Perturbing the blackbody as T — T(1+ 6)
and expanding in multipoles yields the familiar photon hierarchy [Hu and
Dodelson, 2002; Ma and Bertschinger, 1995]. Thomson scattering off free
electrons of density #, gives (schematically)

o)
Clf) = aneor p°L= [6(p) ~ 60— p- i), (1.62)

where ot is the Thomson cross—section, 6y the monopole (directional aver-
age), and v, the baryon velocity. The tight-coupling era (pre-recombination)
tightly links photons and baryons, producing acoustic oscillations in the
photon-baryon fluid that seed the CMB acoustic peaks.

FLUID EQUATIONS FOR MATTER. Although our immediate target is the
photon distribution, the gravitational potentials (®,¥) that lens and redshift
photons are sourced by the total stress—energy. CDM dominates the clustering
matter density and thus drives the potentials, while baryons are dynamically
coupled to photons before recombination. For this reason the photon hierar-
chy must be evolved together with the CDM and baryon continuity/Euler
equations to obtain a closed, self-consistent system. For CDM and baryons,
linear continuity and Euler equations (in Fourier space) read

S+ ikv. = =3, vl + Ho. = —ik ¥, (1.63)
S, + ik v, = -39/, v, + Hop = —ik' ¥ + T (301 + vp), (1.64)
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where T = —an.or, and 6; is the photon dipole. Together with equa-
tions (1.44)—(1.45) and the photon hierarchy, these form a closed linear system

solved by Einstein—-Boltzmann codes (e.g. CLASS, CAMB) [Blas et al., 2011;
Lewis et al., 2000].



COSMIC MICROWAVE
BACKGROUND

N this chapter I describe the Cosmic Microwave Background (CMB), starting
from the temperature anisotropy power spectrum, and then moving to the
polarisation field of the CMB.

Regarding the anisotropy power spectrum, we have to distinguish between
what happens to the perturbations at the last scattering surface, and how
these perturbations propagate from the last scattering surface to us, since
what we actually observe are photons that have propagated through the
entire expanding Universe. This is detailed in section 2.1.

In evaluating these two parts, I also split the description of photon behaviour
into the large—scale anisotropy region (section 2.1.1) and the acoustic—peak
region (section 2.1.2).

Once I obtain the theoretical predictions for the CMB power spectrum in
section 2.2, and note a very good agreement with observations, in section 2.3, I
move on to describing the polarised CMB, to explain the Compton-scattering
mechanism that explains the origin of polarisation and its formal description.

Review: Key epochs of pre-recombination cosmology

Tightly coupled photon-baryon plasma Photons, electrons and pro-
tons behave as a single fluid due to rapid Thomson and Coulomb
scattering (T > 1). Acoustic waves propagate with sound speed
cs =~ ¢/4/3(1+R) (with R = 3p,/4p,), while diffusion damping
erases small-scale anisotropies. Temperatures are ~eV (> 10* K); red-
shifts z 2 1100.

Matter-radiation equality At z,; ~ 3400 (T, ~0.75eV ~ 8700K), the
Universe transitions from radiation to matter domination. Gravita-
tional potentials stop decaying, setting the overall envelope of the
acoustic spectrum and sourcing the early Integrated Sachs-Wolfe
contribution near the first peaks.

Recombination and last scattering Hydrogen recombines and the
free—electron fraction drops rapidly; the photon mean free path jumps,
defining the (finite-width) last-scattering surface. This occurs at z, ~
1080—1100 with T, ~ 0.26 eV =~ 3000 K.

Before detailing the ingredients of the power spectra, it is useful to sum-
marise the thermal history of the photon field relevant for the CMB. At
early times, frequent Thomson scattering off free electrons keeps photons,
electrons and protons in a tightly coupled plasma that supports acoustic
oscillations; on sufficiently small scales, repeated scatterings lead to diffusion

23
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damping. As the Universe cools to T, ~ 3000K (z, ~ 1080—1100), recom-
bination reduces the free—electron fraction and the photon mean free path
rises: photons last scatter in a narrow epoch (the last-scattering surface), after
which they free-stream to us. Much later, the first luminous sources reionise
the intergalactic medium (6 < z,, < 10), introducing an optical depth T,
that suppresses primary small-scale anisotropies by e~2% and generates a
characteristic large-angle EE “reionisation bump”. Between last scattering
and today, additional late-time effects (such as gravitational lensing) fur-
ther modify the primary anisotropies. This qualitative picture underlies the
calculations in sections 2.1 to 2.3.

PHOTON PERTURBATIONS

As already mentioned, in this chapter I describe how perturbations to the
photon distribution evolve up to recombination. We obtain a general idea
of what we expect to see at the last scattering surface, as photons thermally
decouple from baryons.

Large-scale anisotropies

Large—scale anisotropies are the anisotropies predicted by studying the
evolution of perturbations of super-horizon modes. For a given photon
wavenumber k, super-horizon modes are those with ki < 1 (or equivalently
k < H=aH), and therefore they show very little evolution.

The starting point for evaluating the large—scale anisotropies is the relation
between the radiation monopole and the gravitational potentials, provided
by the initial conditions set by inflation:

1
GT,O(k/ 771) = Ecb(k/ 7’]1‘), (2'1)

where 7; refers to the conformal time at the end of inflation.

By substituting this relation in the time-time Einstein equation for the grav-
itational potentials (equation 1.59), and using the fact that recombination
takes place during the matter-dominated era, one obtains

2
91’,0 (k/ ﬂrec) = ng(k/ 77rec)- (2-2)

However, we also have to account for the Sachs-Wolfe (SW) effect, which
describes the loss of energy of photons when travelling out of the potential
wells. Thus, the observed anisotropy must encode the gravitational redshift
as

(90 + ‘P) (k/ ﬂrec) = %T(k/ Urec)- (23)
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2.1.2 Acoustic peak region

Now I move to the evaluation of sub-horizon modes, i.e. those with ki 2 1.
Sub-horizon modes are expected to evolve, depending on the wavenumber,
before recombination.

Since they are sub-horizon, they are coupled to electrons via Thomson scat-
tering, and electrons are coupled to protons via Coulomb scattering. Before
recombination occurs, it is possible to work under the assumption of a high
optical depth (7 > 1).

Photons are massless particles, so in principle all the moments of the
Boltzmann equation are relevant in order to describe them. However, as they
are tightly coupled to electrons — and so to baryons — it can be shown that
they can be described as a fluid, the so—called baryon—photon fluid, where
only the monopole and the dipole are relevant.

In order to describe the behaviour of photons with a sub-horizon wavenumber
k, only two expressions, one for the monopole and the other for the dipole,
are needed. However, as already said, the dipole term contains the coupling
with baryons. In order to get the overall behaviour of sub-horizon modes it
is therefore required to solve a set of three equations; one for the monopole,
another for the dipole and the third for the baryon velocity.

The solution of this system leads to the tight-coupling equation for the
radiation monopole:

/
" EL R / 220
0y + . 1+R90—|—k cs60 = F(k,n), (2.4)
where:
e R= i‘%, with p, the baryon density and p., the radiation density;
® (s = b is the sound speed within the baryon—photon fluid
> T \[3(1+R) P yonp

and depends on the baryon density. This dependence indicates that
baryons have a non-negligible effect, since they lower the sound speed
of the baryon—-photon oscillations;

o F(k,n) = —%Z‘I’ — %,HLRQD’ — @ is the driving term, which contains the
gravitational potentials sourced by dark matter. Since it is only related
to the gravitational potentials, it enhances compressions (overdensities)
and opposes rarefactions.

The overall behaviour of the baryon—photon fluid is an oscillatory behaviour
of the radiation monopole both in k—space and conformal time.

Up to recombination the baryon—photon fluid oscillates, and the observed
peaks and troughs correspond to those modes that have reached a maximum
(compression) or minimum (rarefaction) at recombination. This mechanism
can be better appreciated in figure 2.1. To get the final equation for the
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Figure 2.1: Evolution of different k-modes up to recombination. Super-horizon
modes (black solid line) show very little evolution. The red dotted line represents the
mode which has reached its maximum at recombination (1st peak), so a compression
phase of the baryon—photon fluid. The green dotted line represents the mode with
an amplitude close to zero at recombination (1st trough). The blue line represents a
k—mode with enough time to be compressed and then rarefied (2nd peak) [Dodelson
and Schmidt, 2020].

monopole as a function of k and 7, initial conditions provided by inflation
are required.

Inflation only excites cosine modes, which are the only modes that survive, so
it is possible to evaluate the positions of peaks, which are well predicted from
the solution to the tight-coupling equation. By contrast, the amplitude of
the expected oscillation cannot be properly described assuming that photons
behave as a fluid at all scales.

The optical depth is indeed high, but not infinitely high; in other words, the
mean free path — that is, the path travelled by a photon between two different
scattering events — is small, but not zero. Therefore, on scales smaller than
the mean free path photons begin to free—stream, higher moments become
important, and diffusion damping suppresses power.

At small scales we have the so—called diffusion damping process, which
can be described starting from the same system of three equations for the
monopole, the dipole and the baryon velocity, with the assumption that on
small scales the contributions coming from the gravitational potentials are
negligible. What changes is that it is no longer possible to neglect higher—order
moments, so in the equation for the dipole there is the additional contribution
coming from the quadrupole moment of the radiation and, in principle, also
from even higher orders.

The full k—~dependence of the monopole encodes a real part associated with
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the oscillation of the baryon—photon fluid and an imaginary one related to
the damping process, going as

: _E2
By ok [ esdn o i3, , (2.5)

where kp is the damping wavenumber, and it depends on the baryon density
and the expansion rate of the Universe.

Free stream

In the previous section I provided the basic elements to describe the behaviour
of photons up to recombination. This allowed us to arrive at a picture of the
expected perturbations on the last scattering surface. In order to understand
the actual observations one has to propagate these inhomogeneities from the
last scattering surface to us.

From a general point of view, photon perturbations do not grow after
decoupling since the gravitational potential wells are too weak to trap them,
so they preserve the perturbation at the level of decoupling.

However, as they decouple from baryons, they move freely, so all the higher—
order moments must be included, 6,(k, 70). In order to understand what we
are expected to observe, we have to go through the following two main steps:

o express the generic moments 6, (k,70) as functions of the monopole
and the dipole, since we know their theoretical expressions at the
last scattering surface (via the line—of-sight integral and the visibility
function);

e relate the 8y moments, which are abstract quantities, to the observable
anisotropy pattern, T(X, p, o).

In order to end up with the expression of a generic /-th moment, 6, I start
from the Boltzmann equation for photons and, assuming that the surface of
last scattering is indeed a thin surface — that is, neglecting its finite thickness
— I obtain

00 (k,10) =[00(k, 1rec) + ¥ (k, 11rec) 1 e[k (170 — rec) |+

361 (k, ) Jo1 (k0o — )] — (€ + 1) 121U )]

k(110 = 1frec) (26)

™ et (¥ = @)tk - ),

where:

o the term [6o(k, 1rec) + ¥ (k, rec)] represents the observed monopole
anisotropy, so both the temperature anisotropy and the gravitational
redshift;

e 0 is the dipole;

27
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e the last term contains time—-dependent potentials and it becomes rele-
vant after recombination, providing the Integrated Sach-Wolfe (ISW)-
briefly analysed in the following section;

e the J; and J,_; are the spherical Bessel functions, and they play a
crucial physical role since they project plane-wave perturbations of
wavenumber k onto angular multipoles ¢, with a contribution peaking
around ¢ ~ k(o —1).

It is possible to conclude that the anisotropies today are a convolution of
the monopole, the dipole and the spherical Bessel functions, and in order to
solve them the knowledge of the monopole, the dipole, and the potentials at
recombination is required.
All three required quantities are known from the previous section, where I
evaluated the behaviour of the monopole —and of the dipole as a consequence
— up to recombination.

At this point, it is possible to relate the multipoles to the observed anisotropy
pattern:

T(%, p,m0) = T(n) [L+0(X, p,1m0)], (2.7)

where T(#) is the background temperature, while (X, p, 7o) is the fractional
temperature perturbation defined in equation 1.55 as 6 = 5—T

Moving to harmonic space, where the spherical harmomcs Yy, form the
complete set of eigenfunctions on the 2D celestial sphere, we expand the

fractional temperature perturbation in terms of scalar spherical harmonics

+oo0 +/4

(X, p.1 Z Y TimYeu(p (2.8)
=0m=—¢

The Ty, coefficients provide all the information about the temperature field.
One basic assumption regarding these coefficients is that they are Gaussian
random variables with a zero ensemble average, (Ty,,) = 0, but a non-zero
variance. The variance is the quantity that corresponds to the anisotropy
power spectrum in harmonic space.

Assuming that the cosmological principle holds for the anisotropy pattern,
we expect rotational invariance, so no dependence on the azimuthal number
m. The variance tells us the correlation between two different points in the
sky, separated by a given angle «; due to rotational invariance, the variance
only depends on the angular separation and not on the position of the points
under scrutiny. The variance C(a) can be defined both in real and harmonic
spaces as

Cla) = (0(p1)0(p2)),
<T@mTﬂ*’m’> = CZ(SM’(Smm’r

where in the last formulation I make use of the fact that no m—dependence
is expected, so the variance only depends on ¢, and tells us how much
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anisotropy there is at a given angular scale.
The variance is the actual observable, thus the final target is to relate the
variance — the observable quantity — and the multipoles, 8,, via

0(k)
0

2
, (2.9)

—+00
Cimeo == [ kI Pk
7T Jo

where P(k) is the primordial power spectrum (introduced at the beginning

0 (k)

of chapter 1) and —’ is the transfer function.

o(k)
This sets the needed relation between the multipoles and the observable

quantities, so I now move to the description of the CMB power spectrum.

CMB POWER SPECTRUM

As for the photon perturbations, the expected CMB power spectrum naturally
separates into the large-angular—scale regime and the acoustic—peak region.

Large anqular scales

Large angular scales refer to modes that entered the horizon only recently,
meaning those modes that remain close to their primordial form. In the
small-¢ region, applying the definition of the C, coefficients as functions of
8 leads to an approximately constant variance of temperature anisotropies
per logarithmic interval in ¢: ¢({ +1)C;, = D; = const.

As I will show shortly, this region is also affected by the late-ISW effect,
which breaks the expected constant behaviour.

The overall behaviour, including deviations from the flat trend, can be appre-
ciated in figure 2.2.
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Figure 2.2: Low-/ region of the CMB power spectrum [Dodelson and Schmidt, 2020].
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Acoustic peak region

In the acoustic—peak region the 6, are provided by the monopole, the dipole,
and the evolution of the gravitational potentials. As already touched upon,
the time evolution of the gravitational potentials leads to the ISW effect.
Each time the Universe changes its EoS — meaning when the Universe became
matter dominated (tgy ~ 4.7 x 10* yr) and, more recently, when it became
dominated by the cosmological constant (fy;a =~ 9.8 Gyr) — there is a time evo-
lution of the gravitational potentials. In general, the larger the conformal-time
interval over which the potentials evolve, the lower the affected multipoles;
the net effect on those scales is a boost in power.

It is possible to distinguish two different types of ISW effect:

1. The early—ISW effect, associated with the transition from radiation to
matter domination, affecting the acoustic—peak region.

2. The late-ISW effect, associated with the recent transition to a Universe
dominated by the cosmological constant, which affects the large angular
scale region.

In the acoustic—peak region (see figure 2.3), the leading contribution comes
from the oscillating monopole, damped at small angular scales; then there
is the contribution from the boost of power of the early-ISW, which adds
coherently to the monopole, and the contribution coming from the dipole,
which does not add coherently. The contribution coming from the dipole is
mostly appreciable in troughs, since it pushes them away from zero.
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Figure 2.3: Acoustic—peak region of the CMB power spectrum [Dodelson and
Schmidt, 2020].

On angular scales ¢ 2> 10° the finite photon mean free path before recom-
bination erases anisotropy, producing the damping tail of the spectrum: C,
is suppressed roughly as e/, where (p =~ kp(17x) (170 — 17+) projects the
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comoving diffusion scale at last scattering. The damping increases when the
photon mean free path is larger (smaller 1,) and when the expansion rate
is higher, both of which increase the diffusion damping length and reduce
high-¢ power.

The temperature anisotropy power spectrum can be visualised in figure
2.10.

POLARIZED CMB

Now we have all the elements in order to understand why the CMB shows a
polarisation pattern, what is the mechanism responsible for such a polarisa-
tion and what are the expectations in terms of observations.

The polarisation field of the CMB can be described on the celestial sphere
through its tensorial formulation as

P(ﬁ>:1( Q(h) —U(#) sin(0) ) (2.10)
U(#)sin(8) —Q(i)sin?(6)

Therefore, the polarisation field can be written as a real, symmetric and
trace—free tensor on the celestial sphere. Instead, its decomposition by making
use of tensor harmonics is

+o00 m=+/{

”b ﬁ Z Z Emeﬁm b+BFmY[m( ) ] (2.11)
=2m=—/

where:

e E;y, and By, are the tensor spherical-harmonic coefficients and are the
so—called E-modes and B-modes, respectively. The E-modes are parity
even, while B-modes are parity odd.

o YL and Y2 are the gradient and the curl tensor harmonics and they
are related to spin-weighted harmonics through the relations

B,*,ab~/B
Yfm Yy (—ZYZW oY + +2Y2<m +2Y£/m/)/ (2.12)

NI~

m'ab —

E,x,aby/E _ i
Yo" Yoimay = §(+2Y2<m +2Yorm — —2Yiy, —ZYZ'm/)' (2.13)

Now I move to the description of the mechanism responsible for the CMB
polarisation pattern, Compton scattering.

31

N

/1N
\/_\\

N/

Figure 2.4: Parity even E-
modes.

\B(O\
_\‘
e S
IN—

Figure 2.5: Parity odd B-
modes.



32

Review: basic concepts about polarisation

From a general point of view, given an electromagnetic wave, the
electric field can be decomposed into its x and y components. If the
two components are correlated in phase and amplitude, then the
radiation is polarised.

X component:

E, = ax(t) cos[wot — 0x(1)],
Yy component:

The Stokes parameters are the mathematical tools to quantify the
polarisation of an electromagnetic wave and they are related to the
intensity of the radiation itself as follows:

I = (a2) + (a),

Q= (a3) — (a}),
U = (axay cos(0; — 6y)),
V = (ayaysin(6x — 6y)),

where the (-) brackets denote time averages. The first Stokes parameter,
I, provides information about the intensity of the radiation. The two
parameters that describe the state of the linear polarisation are Q and
U; if both Q = U = 0 the radiation is unpolarised. The last parameter
V refers to circular polarisation, which is expected to be zero since in
the framework of the standard model there is no mechanism capable
of providing circular polarisation in the early Universe.

The I and V Stokes parameters are scalar quantities, whereas Q and U
are not scalars; they are the two components of a spin-2 polarisation
field. In particular, the combinations

(Q+il),

transform as spin-2 quantities. Intuitively, Q and U describe a headless
vector at each sky position. A headless vector is a bar, so the polari-
sation field can be seen as a collection of bars and, since they are not
scalar quantities, when moving to harmonic space their decomposi-
tion requires the use of spin—-weighted spherical harmonics instead of
scalar ones (as for the case of the temperature field).
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Compton scattering

From a general point of view, Compton scattering is a mechanism capable of
generating polarised radiation. In order to capture the fundamental mech-
anism I focus on a very simple and unrealistic case of an electron which
scatters, along the Z direction, an incoming unpolarised electromagnetic wave.
From an intuitive point of view, unpolarised radiation can be visualised with
equally long components, while if the two components have different lengths,
then we can conclude that we are dealing with polarised radiation.

Since electromagnetic waves are transverse, they can only oscillate in the
plane perpendicular to the propagation direction. Figure 2.6 shows the basic
mechanism capable of generating a polarised outgoing radiation, representing
the scattering of a single plane wave along the Z direction. Since the oscillation
is forced to be in the plane perpendicular to the direction of propagation,
only one component survives after the scattering process and the outgoing
radiation is clearly polarised. However, the case of a single incoming plane

Figure 2.6: Compton scattering of a sin- Figure 2.7: Compton scattering of a
gle plane wave [Dodelson and Schmidst, radiation monopole [Dodelson and
2020]. Schmidt, 2020].

wave is not realistic; in order to understand how CMB polarisation can be
generated we shall examine the cases of a radiation monopole, dipole and
quadrupole.

For the monopole, considering two incoming unpolarised electromagnetic
waves, they have the same amplitude. Firstly, there is the selection of the
J—component for the plane wave coming from the £ direction; secondly, the
selection of the £ component for the plane wave coming from the # direction
(as shown in figure 2.7), but the length of the two selected components is
the same, so the outgoing radiation is unpolarised. The monopole cannot
generate the observed polarisation pattern.

Moving to the dipole, the electron scatters two incoming unpolarised electro-
magnetic waves with different amplitudes. However, as shown in figure 2.8,
the outgoing wave is still unpolarised. From the positive £ direction the
incoming wave is hotter than the average, while from the negative £ direction
the wave is colder. From the £ direction there is the selection of the y com-
ponent, so the net result is an average to the mean background temperature.
From the y direction the electron receives radiation with the average back-
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ground temperature and then there is the selection of the x component. Both
the selected components have the same amplitude, that is the one provided
by the average temperature, so the outgoing radiation is not polarised.

IV i
d v
N Vs «
e Y | e~ Yy
-+ F

Figure 2.8: Compton scattering of a ra- Figure 2.9: Compton scattering of a
diation dipole [Dodelson and Schmidt, radiation quadrupole [Dodelson and
2020]. Schmidt, 2020].

Since the dipole also cannot explain the polarisation pattern of the CMB, I
now move to the quadrupole, even if it is mostly negligible before decoupling.
Figure 2.9 shows how the radiation quadrupole looks like: along the x axis
there are two incoming unpolarised waves with a temperature colder than
the average, while along the y axis the two incoming unpolarised waves
show a temperature hotter than the average. In the case of a quadrupole, the
selected components from the x axis and the y axis are different, providing
an outgoing polarised radiation.

To conclude, in order to obtain a polarisation pattern of the CMB, the photon
distribution has to show a quadrupole anisotropy at last scattering.

Because photons and baryons are tightly coupled before recombination,
the radiation quadrupole 6,—the piece that Thomson scattering converts
into linear polarisation—is strongly suppressed. As recombination proceeds,
the photon mean free path increases rapidly while a residual free—electron
fraction still exists. Immediately afterwards the free-electron density drops as
electrons bind into neutral hydrogen, Thomson scattering effectively switches
off, and no further primary polarisation is produced. This thin temporal shell
both limits the conversion efficiency and explains why the polarisation signal
is much weaker than temperature anisotropies.

Polarisation modes

The description of the polarisation pattern of the CMB requires the intro-
duction of the Boltzmann equation for polarisation in the set of Boltzmann
equations introduced in the previous chapter.

From a general point of view, we could both have E-modes and B-modes on
the last scattering surface. However, B-modes are parity odd and, since the
underlying physics of the observed polarisation pattern is electromagnetism
— 50, parity conserving — B-modes can only couple to tensor perturbations.
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While E-modes, being parity even, can couple to both scalar and tensor
perturbations.

The relation between scalar and tensor perturbations can be parametrised
through the tensor—to—scalar ratio parameter, r, defining the ratio of the am-
plitude of the primordial gravitational waves (meaning tensor perturbations
for what stated in section 1.4) and the amplitude of primordial density fluctu-
ations (scalar perturbations) in the early Universe. Recent study from Tristram
et al., 2022 have constrained the tensor-to-scalar ratio to be ¥ < 0.032. Tensor
perturbations are much smaller than scalar ones and, since pure B-modes
have not been observed yet, from this point I work under the assumption of
dealing only with scalar—generated E-modes on the last scattering surface.
This assumption allows for the employment of only one additional Boltzmann
equation to describe CMB polarisation,

0 + ikubr = —7' [b(1 — u*)62 — 0g], (2.14)

where the coupling with the radiation quadrupole 6, is clear, since it explicitly
appears in the Boltzmann equation. Inside the square brackets there are two
different contributions: the source term, where the quadrupole appears and b
is simply a numerical factor encoding the Compton scattering kernel, and
the loss term, encoding the loss of polarisation information after a certain
number of scatterings.

The polarisation field can be decomposed in harmonic space by making
use of spherical harmonics, where the coefficients of the expansion are the
scalar quantities E;,, and By,," (see equation 2.11), and they can be seen as
random Gaussian variables with zero average, but non-zero variance, as for
the case of the expansion coefficients of the temperature field.

As already said for temperature anisotropies, the actual observed quantity is
the variance, so the correlation between different points in the sky. With the
introduction of polarisation in the overall scenario, we expect to be able to
observe different power spectra from the possible cross—correlations between
Tgm, Egm and Bgm.

The possible cross—correlations are:

T} Tom) = CL 0008 mmy,

E}wEom) = CEES 00 S,
T} Eim) = CLES0ur Sy,
T}y Bom) =0,
E}wBem) =0,

B} Bim) = CPB8up S,

(
{
{
(
(
(

1 Since the Ey,, and By, coefficients describe the polarisation field, / = 0 and ¢ = 1 are not
defined, so ¢ > 2.
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where the spectra that are expected to be zero are zero because we are working
in a scenario where parity is not violated. Recalling also the discussion about
tensor perturbations and B-modes, the BB—spectrum is assumed to be zero
too during this analysis.

The non—zero fiducial power spectra can be visualised in figure 2.10. The
presented power spectra are in band power, that is: Dy = é(gjrl) Cr.

In the analytic discussion above I set the primordial BB spectrum to zero
(i.e. ¥ = 0) and work in a parity-conserving scenario, which implies (TB) =
(EB) = 0. However, even with r = 0 the late-time gravitational lensing of E-

modes by large-scale structure inevitably converts part of E into B, generating
a lensing CPP £ 0 peaking at £~10°. The BB curve shown in figure 2.10 is
this lensing-induced component; it is not an inflationary (tensor) signal and
does not contradict the r = 0 assumption used for the equations.
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Figure 2.10: CMB power spectra from fiducial maps: C/T, CEE, CPB, C[E.

To conclude this chapter entirely devoted to the CMB, it is possible to visu-
alise the CMB maps measured by the Planck satellite [Planck Collaboration,
2020a] for the temperature and polarisation fields in figures 2.11 and 2.12,
respectively.
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Figure 2.11: CMB temperature map from Planck Collaboration, 2020a.
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Figure 2.12: CMB polarisation field from Planck Collaboration, 2020a.






STRUCTURE GROWTH IN LINEAR
THEORY

HIs chapter provides a first step into the wider description of the Large-
T scale structure (LSS) of the Universe, which is responsible for distortions
and contamination of the CMB power spectra.

This entire part of the thesis is focused on the linear regime; therefore, the
very first step in approaching LSS is the study of the evolution of dark matter
perturbations, detailed in section 3.1. I conclude this chapter by making use
of concepts introduced in chapter 1, and arrive at a prediction of the linear
matter power spectrum in section 3.2.

MATTER PERTURBATIONS

As already noted, the very starting point is the understanding of the growth
of dark matter perturbations, whose seeds reside in primordial gravitational
instability. At this point it is important to keep in mind how the various
components of the Universe are closely intertwined with one another (see
figure 1.4). Specifically, dark matter is coupled via gravity to all the other
components; while being self-gravitating, and therefore not influenced by
photons, it influences baryons. Gravity amplifies matter inhomogeneities,
whereas inflation provides the initial curvature perturbations (i.e. the primor-
dial gravitational potential) from which growth proceeds; these define our
initial conditions.

From a general point of view, matter tends to accumulate in initially
overdense regions. This growth process is regulated by a competing force
represented by the thermal pressure. There are two main factors to take into
account in order to properly describe the growth of perturbations:

o first, the balancing of these two forces happens within the horizon,
therefore, modes lying inside or outside the horizon are expected to
show different behaviour in the growth of perturbations;

o the competing force, i.e. the thermal pressure, depends on the dominant
component contributing to the energy budget of the Universe at horizon
crossing. This means that we also expect different behaviour depending
on whether the Universe is radiation- or matter-dominated.

Having all this in mind, since we observe the matter distribution at late
epochs, a crucial point is to relate the potential today to the primordial
one. Specifically, we expect a distortion of the behaviour of gravitational
perturbations because of both the expansion of the Universe and the pressure
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of a given dominant component in the overall energy budget. To account for
these aspects, it is possible to write

®(k,a) = Op(k) x T (k) x G(a), (3.1)

where ®p(k) is the primordial potential, and 7 (k), and G (a) are the transfer
and growth functions, respectively, which are the subjects of the two following
subsections.

In order to predict the evolution of dark matter perturbations, we need the
two Boltzmann equations for the radiation monopole and dipole, the linear
continuity and Euler equations for Cold Dark Matter (CDM), and the first
Einstein equation for the gravitational potential (see chapter 1 for the detailed
derivation of these equations). Given the full system of five equations

9}/,,0 + kgr,l — _®/
ok k

rl §9r,0 = —gq)

oL + iku, = -39
p L@ .
u.+ e = —ik®

(3-2)

/ /
o + 3% (cp’ + ‘;cp) = 471G a* (PO + 4010r0)

it is possible to numerically find solutions for every mode. However, in the
following section, I focus on the behaviour of § and ® for four specific cases,
namely

1. super-horizon waves;
2. waves crossing the horizon during matter domination;
3. waves crossing the horizon before equality;

4. waves crossing the horizon soon after equality.

3.1.1  Transfer function

The transfer function describes the evolution of perturbations through the
epoch of horizon crossing if that happens before or soon after matter-radiation
equality.

By convention, it is normalised at the value of the gravitational potential at
late times, so that today it is equal to unity and the evolution of perturbations
is solely driven by the growth factor (see section 3.1.2). Therefore, the transfer
function is defined as

(D(k/ alate)
T(k) =
( ) qDLarge—scale(kr alate)

s Alate => Oeg- (3-3)
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As stated at the end of the previous section, in the following I describe
the behaviour of § and @ in four different regimes, to better understand the
effects of the transfer function.

1. The case of super-horizon modes refers to large modes lying outside the
horizon. On these scales k/(aH) < 1, so gradient terms ( k, k) and
the velocity sourced by —ik® are suppressed (ikv = O[(k/H)?]) and
can be neglected. Therefore, by looking at the set of equations presented
in 3.2, it is possible to neglect all terms multiplied by the wavenumber &,
the dipole, and the fluid velocity, so as to obtain the following reduced
system of equations

;,0 =@
oL = -39
‘. , (3-4)
By introducing the parameter y defined as
=4 _Om
V= T o (3:5)
the Einstein equation can be written as
a a 41
3; (CD’ + aCD) = 471Ga?00m <1 + 3y>. (3.6)
The solution of the system can be computed in terms of the parameter
y and is
D(0) 1
@zl(o)yS[l&/l +y 4+ 9y° 4+ 21> — 8y — 16]. (3.7)

In a matter-dominated Universe, the parameter y is large and dominates

the brackets, leading to ® — 19—0<I>(0). This tells us that the potential

drops by a factor 1/10 as the Universe becomes matter-dominated,
even in the case of modes outside the horizon. The factor 9/10 is the
normalisation factor used to normalise the transfer function to large-
scale values.

2. When considering horizon-crossing in a matter-dominated Universe,
it is safe to neglect the first two equations of 3.2 since they refer to
radiation. The solution of the system

.+ © e = —ik®
e g te = (3-8)

/ /
o + 3% <q>/ + ‘;<I>> = 472G 0yl
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leads to a constant potential. The transfer function for all modes with
k < keg = 0.073 Mpc ! Q,,h? is equal to unity, with keq being the comov-
ing wavenumber of the mode that enters the horizon at matter-radiation
equality.

. If the horizon-crossing happens in the radiation-dominated era, it is

now possible to neglect the equations describing matter perturbations
ending up with
67/‘,0 + k@m — —®/

k k
r R __"
11— 300 3% (3.9)

/ /
Ko + 3% <c1>/ + ‘;cD) = 167Ga0,6,0.

After some calculations, the solution for the potential is

sin (kn/V3) — (ki //3) cos (kn / V3) ) 5.10)

(kn/+/3)3

This solution tells us that if the horizon-crossing happens in the radia-
tion dominated era, the potential starts a decaying phase followed by an
oscillating behaviour. The amplitude of the oscillation decreases with
the square of the conformal time (i.e., ® ~ 6y/ 7).

During this time, the matter perturbations, using the equations in 3.2,
can be written as

CI>:3<1>p<

dc(k, ) = ADpIn(B) + ADpIn(ky), (3.11)

where A and B are two constants. It is possible to conclude that, despite
the decaying potential, the matter perturbations are still experiencing a
growth, even if suppressed with respect to the matter-dominated case.

. Soon after equality, the Universe is not fully matter-dominated, and

there is still a non-negligible amount of radiation. However, within this
picture, because of radiation pressure, radiation perturbations do not
grow. On the contrary, matter perturbations do and, at some point, they
become larger than radiation perturbations and start evolving with the
potential, unaffected by radiation. The evolution of matter perturbations
in this regime is regulated by the Meszaros equation [Meszaros, 1974]

> 2y(y+1)aoy 2yy+1)"°

where vy is the same parameter defined in equation 3.5. The solution to
the Meszaros equation is

0, (3.12)

oc(k,y) = CiD1(y) + CoDa(y), y > ym. (3.13)



In the above equation yp is obtained by dividing the scale factor at the
horizon entry by the scale factor at equality. The C; and C, constants

are determined so that they match the solution of the previous case.

The matter perturbations now evolve as the sum of a linearly evolving

mode, Di(y) =1+ %y, and a decaying mode, D (y) o y~3/2.

3.1.2  Growth function

The growth function describes the evolution of the potential at late times.

Therefore, it does not depend on the wavelength, since it simply provides the
time evolution because of the expansion of the Universe.
As in the case of the transfer function, the growth function is normalised as

D(k,a) Dy (a)
90 = o) =

,a > Alate- (314)

In the equation above, D (a) is the so-called growth factor, defined as the
potential evaluated in an epoch after the regime where the transfer function
dominates, divided by the potential in a flat matter-dominated scenario.

At redshifts z < 10 it is possible to observe that all scales within the
horizon evolve in the same way. This happens because the smoothing of
modes due to radiation pressure is now negligible. In this regime, the transfer
function tends to unity and the growth of perturbations is driven by the
growth function and, more specifically, the growth factor. Specifically, after
modifying the Meszaros equation so as to encode the contribution from dark
energy too, it is possible to find the expression for the growth factor at a
specific epoch as

50, H(a) /‘Z da’ (3.15)
T2 Hy Jo (@H(@)/Hy)? 315
In the specific case of a flat, matter-dominated Universe, the growth factor is

simply the scale factor. However, because of the presence of dark energy, the
evolving modes experience a suppression at late times.

D (a)

To conclude this section, it is possible to explicitly write the equation that
relates the gravitational potential at a given epoch to the primordial one as
9 D (a)

D (k,a) = ECDP(k)T(k)Tr a > Ajgte- (3.16)

Figure 3.1 summarises the evolution of the gravitational potential, in the left
panel, and the matter perturbations, in the right panel, for different values of
wavenumber k. Specifically, from the left panel of figure 3.1 it is possible to
appreciate different behaviours depending on the specific time and the value
of the wavenumber:

at very early times, the gravitational potential tends to be constant for
any wavenumber. This is because all modes are outside the horizon.
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o For the higher k-modes, we see the oscillatory behaviour describing the
way in which radiation influences gravity.

¢ During matter domination, each mode follows a constant behaviour.

¢ At matter-radiation equality we observe a drop-off of the potential. This
drop-off can also be observed at late times, due to the change in the
EoS when entering the epoch dominated by the cosmological constant.
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Figure 3.1: Left panel: evolution of the gravitational potential as a function of the
scale factor for different k-modes. Right panel: evolution of the matter perturbations
as a function of the scale factor for different k-modes. [Dodelson and Schmidt, 2020]

Analogous observations can be made for the right panel of figure 3.1,
describing the evolution of matter perturbations:
e at early times all modes are normalised at the same amplitude.

¢ During the matter-dominated epoch the modes evolve linearly.

e At very late times we appreciate a slight suppression of the linear
growth.

3.2 LINEAR MATTER POWER SPECTRUM

In the previous section I provided a description of how to relate matter pertur-
bations to both the primordial power spectrum and the late-time observations.
At this point, it is possible to end up with a prediction of the linear matter
power spectrum. To do that, the starting point is the first Einstein equation
which, evaluated in a matter-dominated Universe, reads

K@ (k,a) = 41Ga0mbm. (3.17)

From equation 1.25, we can write the matter density, p,;, in terms of the
critical density, p.0, as

O 3H2Q)
fm = 7;”%0 B 87(23 aig' 318)
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By substituting the above expression for the matter density in the first Einstein
equation, we end up with
_3H;

ROk, a) = 52005, (k ), (519)

or, making the matter perturbation explicit,

2 ka
From equation 3.16, we can rewrite the expression for the matter perturbations
in terms of the primordial gravitational potential

k2

3
Om(k,a) = —®p(k) ——
" Q, H}

z T(k)D(a). (3.21)

The above expression is the starting point for the evaluation of the matter
power spectrum.

2
(Om(k,a)o, (k,a)) = <g¢P(k)Q:H€)

k2
Qm[{gmmw}

9 K

(on(k0)3350)) = 35 30 73 T (0D (@)@ (95(0))

T(k)D. (a) x

~ (k)

The angular brackets in the right-hand side of the last equation represent the
power spectrum of the gravitational potential, which goes as

ns—1
@@ < 3 (1) 622
P
where the above power-law form is the standard inflationary prediction, with
A; and n; defining the amplitude and scale dependence of the primordial
scalar spectrum at a chosen pivot scale, k, (e.g. k, = 0.05Mpc™).
Employing the formulation above for the power spectrum of the primordial
gravitational potential allows us to end up with the expression of the matter
power spectrum

k'
ng—1"
kP

As

Pon(6) & o 1

T?(k)D? (a) (3-23)
Figure 3.2 shows the predictions for the matter power spectrum at different
redshift values. The peak represents the modes that entered the horizon at
matter-radiation equality. For small-k modes we observe the expected linear
growth, while for larger-k modes the spectrum decreases.
It is important to stress that this expression describes the linear matter
power spectrum, meaning the matter power spectrum in a regime where
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Figure 3.2: Linear matter power spectrum, computed using the CAMB Boltzmann
solver. The linear matter power spectrum is shown for four different redshifts. The
peak in the power spectrum represents the modes that enter the horizon at equality.

matter perturbations are < 1. As é,, ~ 1, the density fluctuations become
significant and we enter the non-linear regime. The next chapter provides a
prescription to add non-linearities to the overall picture.

Throughout this chapter we have implicitly followed the total matter field,
but it is important to recall that CDM and baryons do not evolve identically.
Before recombination, baryons are tightly coupled to photons and undergo
acoustic oscillations with diffusion damping, while CDM grows essentially
pressureless. After decoupling, baryons fall into dark-matter potential wells,
yet a small residual offset imprints oscillatory features—the Baryon Acoustic
Oscillations (BAO)-in the late-time transfer functions. These appear as the
wiggles in Py, (k) right after the peak and can be visualised in figure 3.2.

From an observational perspective, the total matter power spectrum is not
directly accessible. In practice we measure tracers of the matter field. This
motivates the transition in the next chapter: we will relate the dark-matter
distribution to its tracers within a physically motivated framework to connect
theoretical predictions to data.



Part I

EXTRAGALACTIC EMISSIONS

This part of the thesis moves beyond linear theory to describe
structure formation in the non-linear regime using the Halo
Model (HM) framework. Within this setting, I model the main
extragalactic emissions that contaminate the primary Cosmic Mi-
crowave Background (CMB) signal: the Cosmic Infrared Back-
ground (CIB), the thermal and kinetic Sunyaev-Zel'dovich (57)
effects, and contributions from radio sources and Galactic cirrus.






4.1

| THE HALO MODEL FRAMEWORK

N this chapter I provide a detailed description of the Halo Model (HM), a
tool capable of predicting the matter — and its tracers’” — distribution, cap-
turing their intrinsic non-linear behaviour. Section 4.1 provides a description
of the spherical collapse model, which explains how dark matter haloes are
distributed in our Universe starting from the primordial perturbations in the
matter density field. In section 4.2, I delve into the details of the three main
ingredients of the HM, while section 4.3 is devoted to the computation of
non-linear power spectra in the HM framework.

SPHERICAL COLLAPSE MODEL

I use the spherical collapse model [Cooray and Sheth, 2002; Gunn and Gott,
1972] as a first step to relate the abundance of non-linear objects to the initial
perturbations of the matter density field.

Let us start at an initial time fo with a region of comoving Lagrangian size
Rp and initial overdensity within that radius, é;. Within the spherical collapse
model, the root-mean-square (rms) of the initial Gaussian fluctuations on
scale Ry is small (meaning ¢(Ry) < 1), ensuring J; < 1 for typical fluctua-
tions'. Given these initial assumptions, the mass M, within the Lagrangian
region is

4
My = gnRgp(l +6;) ~

where p is the comoving background density.
As the Universe evolves, the size of the region changes accordingly. Specifi-
cally, there is a deterministic relation between the size R(t) at a generic time t,
the initial size Ry, and the overdensity of the perturbation ¢. This relation can
be obtained by equating the mass inside the region at the initial time t; from
equation 4.1 with the one at a generic time ¢:

Q| W~

TR3p, (4-1)

M= %nR(t)3p(1 +6), (4.2)
so that
3
(é%) — 144 (43)
1 The fact that §; < 1 comes from its definition evaluated at the initial time, i.e.
5= PD=P g,
P
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Assuming a flat Universe described by a FLRW metric, it is possible to obtain
a parametric solution for R(z) as a function of 6:
R(z) 1+z 1—cosf

Ro  5/3|0] 2 ' (4-4)

where Jy is the initial overdensity J; extrapolated at the present time using
the linear perturbation theory. Using the relation

1 /3 2/3(9—sin0)2/3 (4.5)
11z \4 5/300| +>
equation 4.4 can be written as
R 62/3 (6 — sin9)?/3
o &4 ) (4.6)

R(z) 2 (1—cosh) ’

f has no physical meaning, rather it is a parameter describing the
stages of the collapse in the spherical collapse model which appears
when evaluating its parametric solutions. Specifically, there are five
different phases in the spherical collapse model identified by the
different values assumed by this  parameter.

1. 8 = 0, beginning of expansion;
2. 0 < 0 < 7, expansion phase;

3. 6 = 7, turnaround, characterised by zero velocity and maximum
radius;

4. ™ < 8 < 27, collapse phase;

5. 0 = 27, collapse to a point, but replaced in reality with virialisa-
tion.

Equation 4.4 tells us how the size of the overdense region evolves. Specif-
ically, in the spherical collapse model framework, the collapse starts with
a phase of expansion at § = 0, then at § = 7 there is a "turnaround", and
the initial perturbation completely collapses at 6 = 271. From a theoretical
viewpoint, at collapse R(z.;) = 0 and the density inside the perturbation
is infinite. However, this does not happen in practice because, instead of
vanishing, it virialises at some non-zero size, forming a bound object.

In practice, the formal collapse to zero radius is prevented by virialisation:
non-linear gravitational interactions lead the system to a stable, bound equi-
librium configuration satisfying the virial theorem. Assume now that the
initial perturbation virialises at a radius that is half of the turnaround radius
in order to provide an estimate of the average density of the final virialised
object. If this is the case, since the density scales as R~3, the final object is
8 times denser than the perturbation at the turnaround, p,i; = 8ps. In the
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meantime, the background is expanding. Specifically, evaluating equation

4.5 both at the turnaround (6 = ) and at collapse (6 = 27), it is possible to

. . 14z

infer that the background Universe expanded by a factor 1—'—7;” = 22/3 and,
col

consequently, the density at the turnaround was 4 times that at z,;,, meaning

pb, = 4pb. , where the superscript b stands for ‘background’. This allows us to
determine the so-called density contrast, meaning the density of the virialised
object with respect to the background density, as

Puoir Spta Pta R?)
Npiy = = =" Xx4x8= x4 x8, (4.7)
" pZir 1/4p?a p?{z R(Ztﬂ)S
and evaluating equation 4.4 at the turnaround, we obtain
Ayiy = (1967r2> x 8 x 4 = 187°. (4-8)

This means that the density of the bound object after it virialised is 187
times the background density.

To conclude, it is also possible to infer the initial overdensity at the time of
collapse by imposing 6 = 27 in Equation 4.5:

5(z) 373\
1+z 5(27() ' (4-9)

If evaluated today — i.e., at z = 0 — the critical overdensity at collapse is
dc = 1.686.

In the spherical collapse model framework, because of equation 4.3, there
exists a relation between the actual overdensity J, the one predicted by linear
theory, ép, and this relation does not depend on Ry. In other words, the ratio
R/Ry is determined by §;, rather than R itself. Given that M « R3, the critical
density for collapse J. is the same for all objects and does not depend on
their mass.

Recap of the different overdensity notation used within this section.
d; is the initial overdensity at the initial time;

dp is the initial overdensity extrapolated at present time using
linear theory;

J¢ is the critical overdensity for collapse;

J is the overdensity evaluated at any time ¢ > .

MAIN INGREDIENTS

In the previous section I described a model providing a way to relate the
initial perturbations in the matter density field to the actual virialised object.
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The HM framework identifies those bound objects as dark matter haloes and
relies on three main ingredients: the Halo Mass Function (HMF), the halo
bias, and the halo density profile.

The HMF describes the comoving number density of bound objects of mass
m at redshift z; the halo bias relates the dark matter halo overdensity to the
matter overdensity, and the halo density profile describes the dark matter
distribution around the halo centre.

In the following, I provide a detailed description of these ingredients as well
as of the main models present in the literature, explaining their limitations
and possibilities.

Halo Mass Function

The HMF, representing the comoving number density of bound objects —
i.e. dark matter haloes — per unit mass at a given redshift, is related to the
number of regions in the initial matter density field which were dense enough
to start the collapse. Therefore, in order to estimate the number of bound
objects, we first have to estimate the number density of regions in the initial
matter density field that were dense enough to collapse. This can be done
through a function describing the mass fraction of matter in peaks of a given
height defined as:
(52
V= U’ZE;Si), (4.10)

where J, is the critical overdensity at collapse evaluated at present time (so
5c0 = 1.686 from the previous section), and ¢ (m) is the variance of the initial
1/3
3
density field when smoothed with a top-hat filter of scale R = <47r;;)
extrapolated to present time through linear theory:

o %kBPlin (k)

- k 2772 |W(kR)‘21 (4'11)

Tl (M)
where Pj;,, (k) is the linear matter power spectrum (described in section 3.2 of
the previous chapter) and W (kR) is the spatial filter defined as

W(x) = <j'3> [sin(x) — x cos(x)]. (4.12)

A first model to relate the HMF, dn/dm(m,z), to the function describing the

number density of peaks, vf(v), is provided in Press and Schechter, 1974 as:
m?dn/dm(m,z) dm

dv
K P —Vf(V)T-

(4.13)

The function describing the number density of peaks in equation 4.13 is what
actually predicts the shape of the specific HMF under study. There are several
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analytical or semi-analytical models for the HMF present in the literature.

Existing HMF formulations can be broadly classified into two categories:

models motivated by excursion-set theory, which provide an analytic frame-
work for halo formation but rely on simplifying assumptions, and empirical
or semi-empirical fitting functions calibrated on N-body simulations, which
offer higher accuracy over specific mass and redshift ranges at the expense
of reduced theoretical transparency. In practice, the choice of a given HMF
depends on the target mass and redshift ranges, as well as on the required
accuracy for a specific application. In the following, I list and briefly discuss

the main HMF models proposed in the literature, focusing mainly on the

halo mass and redshift ranges of validity of the various HMF formulations.

An excursion-set-motivated extension of Sheth and Tormen, 1999 pro-
pose an HMF modelling effective for a halo mass range of ~ 101! Mo h~1
to ~ 1015M@h*1, and for 0 < z < 4. Outside these mass and redshift
ranges, the validity of their formulation degrades quickly.

Empirical fits to N-body simulations Jenkins et al., 2001 present a
universal HMF. The halo mass range at z = 0 goes from 3 x 101! M h~!
to 5 x 10 M, h~! and their universal fit has been tested in the redshift
range 0 — 5.

Warren et al., 2006 provide a high-precision calibration of an HMF
at z = 0 only, without giving a redshift-dependent calibration. At
z = 0 the halo mass over which their parametrisation is effective is
~ 1019 — 10" M, h~!. Other works use the results of Warren et al., 2006;
specifically, Peacock, 2007 present an HMF based on a fit of their HMF,
while Crocce et al., 2010 uses a functional form of Warren et al., 2006.

Reed et al., 2007 provide a high-redshift, low-mass parameterisation
of the HMF. Specifically, their formulation covers mass and redshift
ranges of 10° — 10'2M /! and 10 — 30, respectively.

The HMF model proposed in To8 and T1o — Tinker et al., 2008 and Tin-
ker et al., 2010a respectively — cover a halo mass range from 10"' M h~!
to 101° M h~! and redshift from o to 2.5. Outside this redshift range, the
universality of the HMF does not hold and an extrapolation is needed.
The difference between To8 and T10 only lies in the parametrisation
of the HMEF: To8 uses ¢ as the mass parameter, while T10 presents the
HMEF in terms of v.

Watson et al., 2013 explores a wide redshift range — from o up to 30 -
and halo masses ranging from 7.3 x 10¥Muh~! to ~ 10 Mgh L.

Despali et al., 2016 introduces a cosmology-dependent overdensity
threshold in their HMF evaluation. The mass and redshift ranges of
validity are 10° — 10'°Mh~! and 0 — 1.25, respectively.
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e Similarly, the HMF presented in Del Popolo et al., 2017 is a semi-
analytical model based on a mass-dependent threshold.

e In Bocquet et al., 2020 the principal components of the HMF are directly
emulated; the halo masses range from 108Moh~! to 10° Mo k™1, and
the redshift range is 0 — 2.

In this work, I adopt the To8 HMF because it provides a robust and widely
used calibration based on large-volume N-body simulations, with explicit
dependence on the halo overdensity definition. This feature is particularly
important in the present analysis, where different overdensity thresholds (e.g.
A =200 and A = 500) are required for consistency between CIB and thermal
Sunyaev-Zel’dovich (t5Z) modelling. While more recent HMF formulations
and emulator-based approaches exist, they are typically optimised for specific
cosmological parameter spaces or restricted mass and redshift ranges, and
do not offer a clear advantage for the mass scales and redshifts relevant to
this work. In To8, the authors evaluate the HMF in a set of cosmological
simulations of flat A-CDM cosmology, deriving fitting functions for a wide
range of overdensities A. To obtain the To8 expression, one has to express
equation 4.13 in terms of ¢ instead of v>, so that:

dn
dlnm

Eallna2
mdlnm’

= —%f(cr,z) (4.14)

The expression of the function f(c,z)? — representing the shape of the HMF
— is expected to be universal with respect to redshift and cosmology and is
parametrised as (see Tinker et al., 2008)

—a(z)
fo =46 (55)  +1]e, 415
where ¢ has been defined in equation 4.11. The other parameters that appear
in the above equation —i.e. A, b, a, and ¢ — are constants which define the HMF
shape and which have to be calibrated using simulations. In particular, the A
parameter determines the overall amplitude of the HMF; the parameters a
and b set the slope and the amplitude of the low-mass power law, respectively;
and c represents the cut-off scale at which the dark matter halo abundance
exponentially decreases.

From simulations, it is evident that the HMF shows a redshift evolution,

In the formulation of the HMF, it is more convenient to use either ¢ or v as mass variables,
instead of the mass itself. The reason is that the first two variables are more stable and exhibit
close-to-universal behaviour with respect to cosmology and redshift (see Asgari et al., 2023;
Jenkins et al., 2001 as reference).

Details on how to move from the function describing the number density of peaks, vf(v), to
the functional form in terms of ¢ are provided in chapter a.
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which is encoded in the redshift dependence of the parameters entering the
definition of the f(c, z) function:

A(z) = Ap(1 +z) 014
a(z) = ag(1 +z) 0% (4-16)
b(z) =bo(1+2)7"%,

where the power-law coefficient « depends on the density contrast A as

12
0.75
1 A)=———F—2=]| - .
The values of Ay, ag, by and ¢y at redshift z = 0 for A = 200 dark matter
haloes, calibrated through simulations, are

Ag = 0.186, ag = 1.47, by = 2.57, cg = 1.19.

However, there is a slight dependence of the density contrast on cosmology,
since A = 200/, (z). For this reason, To8 considered a wide range of density
contrasts and, in order to obtain the values of Ay, 4y, by and ¢y at different A,
an interpolation over the different density contrast values is required*.

In the main work of this thesis, I implemented the To8 HMEF. In figures 4.1
and 4.2, I show the To8 HMF predictions for different redshift values as a
function of the mass, and for different halo mass values as a function of the
redshift, respectively. It is possible to notice how the cut-off scale changes
depending on both redshift and mass. Specifically, recalling that the cut-off
scale determines the exponential decrease of dark matter halo abundance,
from figure 4.1 we notice that the higher the redshift, the lower the cut-off
mass is. If, instead, we look at figure 4.2, showing the HMF for fixed values
of the mass as a function of redshift, we notice that the higher the mass, the
earlier in redshift the cut-off is. Intuitively, going to higher redshifts implies
that we see less massive dark matter haloes.

Halo Bias

From the previous section we obtain a tool telling us the comoving number
density of dark matter haloes of mass m at a given z. I now move to the
description of how to relate dark matter halo overdensities with matter
overdensity, with dark matter being a biased tracer of the underlying matter
density field.

Let us start by dividing the space into cells of comoving volume V. From
the most general point of view, these cells have different masses and so
different densities, so that M/V = p(1+ 6). Let N(m,z1|M, V,zp) be a func-
tion describing the average number of haloes of mass m that collapsed at z;

4 To8 considered the following values of density contrast: A = 200,400, 800, 1600 and 3200.
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Figure 4.1: HMF as a function of the Figure 4.2: HMF as a function of the
halo masses for different redshift values. —redshift for different halo masses. m =
z=0.14inred, z = 1.5 in orange, and  10""Mgh ™! in red, m = 10°Moh~! in
z =45 in yellow. orange, and m = 10° Mgk~ ! in yellow.

and occupy cells of size V and mass M today, i.e. zg. The dark matter halo
overdensity in such cells can therefore be written as
N(m,z1|M,V,zp) 1

dn/dm(m,z;) V L (4-18)

5}1(77/1, Z1 |M/ V/ ZO) ==

The denominator of equation 4.18 is known from the previous section, so one
has to find an expression for N(m,z1|M,V, z).

Dark matter haloes are regions that were dense enough to collapse, so the
number of haloes in a cell of size V equals the volume of the cell times the
number density of regions within the cell that were sufficiently dense to
collapse and form haloes, meaning

N(m,z1|M,V,zp) = dn/dm(m,z1|M,V,zy)V(1+9). (4.19)

In the above equation, dn/dm(m,z1|M,V,zg) is the HMF conditioned on the
fact that the haloes under scrutiny have to occupy the cell we are considering.
In this case, the HMF is a function of the critical overdensity required for
a collapse at that time, so its computation comes after replacing J.(z) with
dc(z1) — 0(6, z0) (see Mo and White, 1996). Here 6y(J, zg) represents the initial
overdensity extrapolated with linear theory that a region must have in order
to have overdensity ¢ at z.

An estimate of the conditioned HMF which appears in equation 4.19 can be
obtained by replacing J.(z) in equation 4.13 by

m?dn/dm(m,z1|M,V,zo) dm dvi

5 s vi,0f (v1,0) o (4.20)

where

Oc —0o(9, 2
o= B~ b8 0 -
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At this point, it is interesting to consider two limits.

e The small cell limit, meaning V — 0, § — oo, and dy — d.(zp); if we
consider a region of mass M, that region is what we defined to be a
halo of the same mass M. Therefore, N(m,z1|M,V = 0,z) represents
the average number of the halo progenitors of mass m which eventually
merged to form the dark matter halo of mass M. In other words, the
small cell limit provides information related to the halo evolution.

o The large cell limit, satisfying the conditions that V' — co and M — oo,
leads to 0(M) — 0 and |6| — 0. In this regime, equation 4.20 reduces
to dn/dm(m,zy).

Focusing on the large cell limit, and working under the assumptions that
0?(M) — 0 and |5| — 0, we can expand equation 4.20 as

dn _dn d(dn/dm(m,zy))
%(m,ZﬂM, V/ZO) ~ %(mlzl) _50(5120) < aéc 55(21)/ (4'22)
which, in terms of halo overdensity, is
1
Sp(m,z1|M,V,zo) = & — (1+6)é0(6,z0) (8 n(dn/ad(;ﬂ(m, Zl))) . (4-23)
c 56(21)

If we now focus on the lowest order in the expansion and explicitly replace
the expression of the HMF in the above equation, we obtain a relation of the

type
On(m,z1|M,V,zy) = b(m,z1)9, (4.24)

where b(m, z1) is the halo bias, representing the relation between dark matter
haloes and matter overdensities.

Similarly to the HMF, there are various formulations of the halo bias. For
the sake of coherence, I now focus on the T10 formulation, which is also the
one employed in my work. Specifically, the halo bias reads

a

b(mz)=1-—A + Bt + Cf, (4-25)

v+ 68

where the constants in equation 4.25 depend on the density contrast under
consideration. Taking the specific case of a halo with density contrast A = 200,
the constants in equation 4.25, calibrated with simulations, are:

A=1.04a=0132, B=0.183,b=15C =0262, c =24.

In figures 4.3 and 4.4, I show the predictions for the halo bias for the T10
model. Figures 4.3 and 4.4 show the halo bias for different redshift values as
a function of the halo masses, and for different halo masses as a function of
the redshifts, respectively.

It is clear from both figures that the higher the halo mass, the larger the
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halo bias. In particular, since b(m) > 1 for the most massive haloes, as a
consequence, it is possible to state that the most massive haloes also occupy
the densest cells. Furthermore, in linear theory the halo bias quantifies how
the spatial fluctuations of haloes trace those of the underlying matter field.
In particular, the two-point correlation function of haloes is amplified with
respect to that of matter by a factor b2, implying that haloes residing in
denser regions exhibit stronger spatial clustering. As a consequence, the most
massive haloes, which are characterised by large bias values, are also the
most strongly clustered objects.

104 — 7=0.14 — m=10"Myh"1
z=15 102 m=108Moh"?
z=4.5 m=105Mh?
€ 10! 3
N N ot
Q0 Keo)
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Figure 4.3: Halo bias as a function of the

halo masses for different redshift values.

z = 0.14 in red, z = 1.5 in orange, and
z = 4.5 in yellow.

Figure 4.4: Halo bias as a function of the
redshift for different halo masses. m =
10" Mok~ in red, m = 1083Moh~ 1 in
orange, and m = 10> Mz h~! in yellow.

Halo Density Profile

The halo density profile describes the radial distribution of dark matter
around the halo centre.

Previous works, such as those by Bertschinger, 1985; Fillmore and Goldreich,
1984, suggest that the radial density profile of a dark matter halo, which
describes its inner structure, depends on its formation time and on the initial
density distribution of the region that collapsed. Since in this framework
dark matter haloes are identified as peaks in the initial matter density field,
the more massive the halo, the higher the peak in the initial fluctuation
field. Furthermore, the density around a high peak is shallower than the
one around a smaller peak (see Bardeen et al., 1986). This explains the
prediction, confirmed by Navarro et al., 1996, that more massive haloes are
less concentrated than low-mass haloes.

The last aspect which is worth considering in order to better capture the
inner structure of dark matter haloes is that the halo density at turnaround is
proportional to the density of the Universe at its formation. As a consequence,
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early-forming structures are more concentrated, while late-time structures
tend to be larger and less concentrated.

To describe the density profile of a dark matter halo as a function of its
radius, the most commonly used functional form, able to capture the expected
behaviour of the density around the halo centre, is

Os
r/rs) (1 +r/rs)B’

plrm) = ¢ (4.26)
where r; and ps define the scale radius and the density evaluated at that scale
radius, respectively.

Depending on the values of («, ) we have different halo profiles. Specif-
ically, (a,8) = (1,3) corresponds to the prescription of Hernquist, 1990,
(a, B) = (3/2,3/2) is the formulation presented in Moore et al., 1999, while
(0, B) = (1,2) corresponds to the so-called Navarro-Frenk-White (NFW)
profile, which is the functional form presented in Navarro et al., 1996, and
employed in this work.

Therefore, for a NFW profile, equation 4.26 becomes

_ s
P(r|m) - (7’/1"5>(1 +7’/1’5)2‘ (427)

The NFW profile scales as ~ r~3, leading to a logarithmic divergence of the
mass, computed as m = [ 47tr?p(r|m)dr, at large radii. In order to prevent
the logarithmic divergence, the edge of a dark matter halo is its virial radius,
and the computation of its mass is therefore truncated at r,;, so that

Tir

m = 4rtr?p(r|m)dr. (4.28)
0

By substituting equation 4.26 in the above expression, we obtain

c
1+c|’

m = 4mpsr? [ln(l +c) — (4-29)
where ¢ = 1, /75 is known as the concentration parameter.

Simulations (see Bullock et al., 2001a; Jing, 1999) show that for haloes of the
same mass, their concentration is well described by a log-normal distribution
with mean ¢(m,z) and width ¢?:

dinc o f c/cnal)

2702 202

p(c|m,z)dInc =

(4-30)

The mean concentration ¢ depends on both the halo mass and redshift, while
the width of the distribution does not.

For a NFW profile, the mean concentration parameter is parametrised follow-
ing Bullock et al., 2001b as

) 9 17013
c(m,z) = T2 [m*(z)} , (431)
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where m.(z) is a characteristic scale so that v(m, z) = 1. In the parametrisation
of Bullock et al., 2001b the distribution width is taken as (762 ~ 0.25. Equation
4.31 confirms what was stated at the beginning of this section, i.e. that the
higher the halo mass, the smaller the concentration.

For reasons that will be clear in the next section, it is useful to have the
expression of the normalised Fourier Transform (FT) of the density profile

N fd%p(ﬂm)eii%f

where the numerator represents the unnormalised FT, u(E]m) Assuming
spherical symmetry, the above equation simplifies to

,sinkr p(r|m)

R (433)

and, computing the integral for the specific case of a NFW profile, we obtain

ii(k,m) = .A{sin(krs)[Si(krs[l +c]) — Si(krs)] — lfrlrl((l(:lzsc))
| (4.34)
+ cos(krs)[Ci(krs[1 4 c]) — Ci(krs)] },
where A is the NFW profile amplitude evaluated as ! - and
In(1+c¢)— Tre

Si(x), Ci(x) are the sine and cosine integrals defined as

Si(x) = /0 S0 4y Cix) = — /0 cos(t) 4y

t t

Figures 4.5 and 4.6 show the predictions for the FT of the NFW profile
evaluated at a fixed halo mass of m = 102Muh~! for three different red-
shift values, and at a fixed redshift z = 1.5 for three different halo masses,
respectively.

Figures 4.5 and 4.6 present the FT of the normalised NFW profile p(r|m) —
meaning p(r|m) = p(r|m)/m —, such that

| / 4rer?drp(rim) = 1. (4-35)

As a consequence of equation 4.35, ii(k — 0|m) = 1, and this explains the
behaviour we observe at k — 0. In other words, at large scales a halo acts as
a point mass, i.e. assuming a constant behaviour in Fourier space.

SPATIAL POWER SPECTRA COMPUTATION

In this section, I present how it is possible to obtain predictions for non-
linear power spectra within an HM framework. In the first part, I follow the
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Figure 4.5: Fourier transform of the
NFW profile at a fixed halo mass of
m = 10"2Myh~! for different redshift
values. z = 0.14 in red, z = 1.5 in or-
ange, and z = 4.5 in yellow.
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Figure 4.6: Fourier transform of the
NFW profile at a fixed redshift z =
1.5 for different halo masses. m =
101°Mo k=1 in red, m = 1083Moh~ ! in
orange, and m = 10> My h~! in yellow.

approach of Asgari et al., 2023 and present the HM predictions for the power
spectrum between two generic fields, # and v.

Let us start from a generic field in real space u, identified with 6,(%).
Working under the HM assumption that everything in the field is contained
within haloes distributed in the Universe with a density profile p(¥|m) then

Z Nipu,i( (4.36)

where the sum runs over all the volume elements and N; = {0,1} depending
on whether there is a halo in the volume element under scrutiny.
The correlation between two fields in real space, # and v, is

(6 (X)6o (X))

with &y, (]X — ¥'|) being the two-point correlation function between the fields
u and v, which depends only on the separation |¥ — ¥'|.
Moving the discussion to Fourier space, equation 4.36 becomes

= Xi|[m),

(4-37)

= ng(lf_ X' )

0u(F) = [0 5 =N [ puillF = Fllme % (439)
Replacing ¥ — ¥; = 7, the above expression reads
0, (k) = ¥ Nje % / 7, 5(|r])e 7, (4-39)

i

The integral corresponds to the numerator of equation 4.32, which is the
unnormalised FT of the density profile, u(z, m), so that

A

= ZNie’iE"?iu(E, m). (4-40)
i
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In the same way, equation 4.37 in Fourier space reads
(6u(K)05 (K)) = (277)6p (K = K') Puo(K), (4.41)

where P, (k) is the power spectrum. In order to find an HM expression for it,
we replace the expression of the FT of a generic field from equation 4.40 in
the above equation, obtaining

—

(0, (k)6 (k")) = <ZNNe KL KTy (k) (K, m)). (4-42)
ij

We split the sum into the contributions from i = j and i # j. The first term
describes the field correlation within a single halo and is therefore called the
One-halo (1h) term. The second encodes the contribution of field correlation
between distinct haloes and is the Two-halo (2h) term.

ONE-HALO TERM  When considering i = j, equation 4.42 reads

—

(0,(k)0: (K)) = <Z:N2 —ik%j g 4K Ty, (k, m) o (K, m))

(4-43)
_ <ZN1‘€_ k—k)‘xiuu(k,m)uv(k,m)>, o

where in the last equality  used N? = N;. Rewriting the ensemble average,

with N; = [ dmj—m(m,z)AVi (with V; denoting the volume element) and,

consequently, writing the sum over the volume elements as an integral over
the volume, then

(0,,(K) 0 (k")) dm— (m, z)uy, (k, m)u,(k /dsxe i(k=F') %
(4-44)
— / dm%(m,z)uu(k, )y (k, m) (270)36p (k — ).

The expression for the 1h term in an HM framework can be obtained by
equating the above equation with equation 4.41, so that

(271)36p (k — k') P (k) = / dm;l:llq(m,z)uu(k, m)uy(k,m)(27)36p (k — k'),
(4-45)

and, consequently, obtain

P = [ am S 2y () k). (446)

It is interesting to note that, as k — 0, the dependence on the halo profile
vanishes (see last part of the discussion in section 4.2.3); therefore, at large
scales the 1h term only contributes as a constant P (k). This behaviour can be
visualised in figure 4.8 in the next section for the matter power spectrum.
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TWO-HALO TERM  Moving now to the 7 # j case, equation 4.42 becomes
(0u ()05 (k) = (L Y NiNje * e Guy (k, mn Juo (K, m2)). - (447)
i

Rewriting the ensemble average and the volume integral as in the 1h case,
we obtain

(0,( E ) E dm1 ml,z)/dng;ll(mz,z)uu(k,ml)uv(k/,mz)
L (4-48)
/d3x/d3x ¢~k Zotik % (N(my,X)N(mp, X)),

where in the angular brackets we also considered the correlation between the
halo positions. Now, noting that

/ B / PreF TR T N (1 R)N (o, 7)) = (N (i, )R (1ma, )
(27T 35D(k k )Phh(mllmZIk)/

(4-49)

where in the last equivalence we used the definition of power spectrum in
equation 4.41, and Py, (my, my, k) is therefore the power spectrum of the halo
centres. Replacing equation 4.49 in equation 4.48, and equating the latter with
4.41, we obtain the expression for the 2h term evaluated in an HM framework
between two generic fields, # and v, as

dn dn
P2 (k) = / / iy 5 (1, 2) 5 (1, ) (K, 01t (k12 P (1, 2, ).
(4.50)

Haloes are biased tracers of the underlying matter density field, so that
Pu (11, m2, k) = b(my)b(ma) Py (k), (4.51)

with PL" (k) being the linear matter power spectrum and b(m) the halo bias
introduced in section 4.2.2. Therefore the 2h term is

PEAK) = Pl k) [ s 32 (o, 2)b (a5, ) ¢
(4.52)
/dmz— my, z)b(my)uy(k, my).

The final expression of the power spectrum between two generic fields u
and v in an HM framework is therefore obtained by adding together the 1h
and 2h terms as

Py (k) = Pl (k) + P2 (k). (4-53)

In figure 4.7 I show an intuitive representation of the contributions arising
from the 1h and the 2h terms when the two generic u and v fields are both
represented by the galaxy field.
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2h term

1h term

Figure 4.7: Schematic representation of the 1h and 2h terms contributions in case
the u and v fields are the both the galaxy field.

In the following, I present the HM predictions for two significant cases. In
section 4.3.1, I present the calculations when u,v = m, m, i.e. the case where
both fields are the continuous matter density field, leading to the formulation
of the matter power spectrum. The other case worth noticing is presented
in section 4.3.2, where the two fields involved in the HM framework are the
discrete galaxy field, i.e. u,v = g, g.

Matter Power Spectrum

Matter is a continuous field and, in order to have a prediction of its 1h and
2h terms starting from the most general expressions in equations 4.46 and
4.52, we only have to set the proper definition of the FT of the NFW profile
in the case where u,(k,m) = u,(k,m) = u,(k,m). Recalling that u,,(k, m)
represents the unnormalised FT of the NFW profile, then it can be written as
an amplitude multiplying the normalised profile, so that

m._
U (k,m) = Eum(k,m). (4.54)
Making the above expression explicit in equations 4.46 and 4.52, we obtain
P (k /dm (m, z)m*ii%,(k, m), (4.55)
and
2
P2 (k) = Plin (k [ / dm Vo (m)mii (k, m) | . (4.56)

In the case of the matter distribution, the HMF and the halo bias must satisfy
two conditions for the HM predictions to hold.

The first one makes explicit the HM assumption, ensuring that all matter in
the Universe is contained in dark matter haloes:

d
/dmﬁ(m,z)m =p. (4-57)
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The second condition is that matter is an unbiased tracer with respect to itself;

d"l ) ‘5

By making use of this last property, it is possible to clearly see that for k — 0,
P2t (k) — Plin (k)5. As we will see in the next sections, this property does not
apply to the other cases, since galaxies are biased tracers of the underlying
matter density field.

Figure 4.8 shows the HM predictions for P (k) and P2 (k). At large
scales, i.e. when k — 0, it is possible to appreciate the flat behaviour in
Fourier space of the 1h term, and the 2h term approaching the linear matter

power spectrum.

Pmm(K)[Mpc3h—3]

P (k)  —— Pmm(k)
Pih (k) - Pl (k)
107110'3 102 10t 100 10\1
k[hMpc~!]

Figure 4.8: Prediction of the matter power spectrum evaluated in an HM framework
at redshift z = 0.5. The 1h and 2h terms are displayed in yellow and orange,
respectively; the total matter power spectrum given by the sum of the two is in red,
while the grey dashed line represents the linear matter power spectrum computed
using the CAMB Boltzmann solver.

Galaxy Power Spectrum

The case of galaxies requires a bit more attention. Galaxies are a discrete
tracer of the matter density field; therefore, instead of just defining a proper
FT of their density distribution, we have to account for the auto-correlation
that a discrete field has with itself at zero separation r = 0. In Fourier space,

5 The normalised FT of the NFW profile appears inside the integral, therefore i, (k — 0,m) = 1.
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this translates into a constant contribution over all wavenumbers k, which
acts as a shot noise term given by

1
Peg ==, (4-59)

with 71 the average number density of galaxies. Given the galaxy field in real
space defined as

0s(%) = ZNg,i(m)Pg(‘f_ X

,m), (4.60)

with N, () the number of galaxies in a halo with mass m, the galaxy number
density 7i, can be obtained by averaging the galaxy field:

(0g(¥)) = () Ngi(m)pg(|% — ¥'|,m))

l (4.61)
d
- /dmfd;;(m,z)/d%pg(x,m).

Rewriting the density profile in terms of its normalised version, pg(x, m) =
N, (m)pg(x, m), we obtain

(05(%)) = / dmj:;(m,z)Ng(m) / g (x, m)

dn _
= /dm%(m,z)Ng(m) = 7.

In order to properly write the 1h term, we have to separate the cross-galaxy

(4.62)

term from the auto-galaxy term by removing an N (m )iy (k, m) dan contribu-

dm

) o . dn .
tion, and replace it with a shot noise Ng(m)—-—, so as to obtain

dm

1 d
P (k) = = / = N2 ()2 (K, 1) — N (m)7e2 (k, nt) + No(m)]
1 d ) 1 d
= 1 [ AN (N ) = 1) k) + 25 [ N (4.6
1

_ %/dm;’;z\rg(m)(z\zg(m) — 1)@ (k,m) + i
where in the last equivalence we make use of the definition of the average
galaxy number density provided in equation 4.62. The last term is the shot
noise. As explained in Asgari et al., 2023, this term is usually removed from
datasets. Therefore, in the following expressions of the 1h terms, it will not
be included.

In galaxy population modelling, it is a usual choice to separate galaxies
into central, N;, and satellite, N;, galaxies, assuming that the first galaxy
populating a dark matter halo is a central one, and that all the other galaxies
are satellite galaxies®. This implies that the number of central galaxies is

Details about the prescription to model the number of both central and satellite galaxies based
on the halo mass is encapsulated in the Halo Occupation Distribution (HOD) and is fully
described in section 4.3.2.1
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N: = 0,1. I provide details about the modelling of galaxy clustering in dark
matter haloes later in section 4.3.2.1. For now, let us focus on equation 4.63
and explicitly write the number of galaxies as Ng(m) = N(m) 4+ Ns(m) .

N (m) (Ng (m) — 1)itg (k, m) =[N, (m)iic(k, m) + N (m) s (k, m)]
[Nc(m)iic(k,m) + Ns(m)iis(k, m) — 1]
=N.(m)iic(k,m)[Nc(m)i.(k,m) — 1]+ (4.64)
N (m)iis(k, m)[Ns(m)is(k,m) — 1]+

Now assuming that

N¢(m)(Nc(m) — 1) = 0, because the number of central galaxies is either
Oorl,

the satellite galaxies follow Poisson statistics so that N;(m)(Ns(m) —
1) =~ N2(m),

the FT of the density profile of a central galaxy is just unity, 7i.(k, m) = 1,

e we can equate the density profile of satellite galaxies to that of matter
as iis(k,m) = ui(k, m),

then the above equation becomes
N (1) (Ng () — 1)iig (k, m) = 2Ne(m)Ns (m) i (k, m) + N (m)? (k, m). (4.65)

Replacing this expression in equation 4.63, we finally obtain the expression
of the 1h term for the galaxy field as

P (k / [N (m)Ns (m) 7 (k, m) + N2(m) i (k,m)). (4.66)

The computation of the 2h term for the galaxy field in an HM framework
is more straightforward because there is no auto-correlation term to be
considered. Therefore, the final expression can be obtained from the most

N,
general equation 4.52 by replacing u, (k,m) — ‘;(m)ﬁ(k, m):
8

2

P2 (k) = Pl (k) [nlg / dm%b(m)wg(m)a(k,m . (4.67)

The final galaxy power spectrum in this scenario is then obtained by the sum
of the 1h and 2h terms as

Peg (k) = Pglg(k) + P§§(k)- (4.68)
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The HM predictions for the galaxy power spectrum are shown in figure 4.9.
The dashed line serves as a reference and represents the linear matter power
spectrum. It is possible to notice that, in this case, the 2h term does not
overlap with the linear matter power spectrum as k — 0 as it does for the case
of matter (see figure 4.8). This happens because galaxies are a biased tracer
of the underlying matter density field, while the matter power spectrum in
the HM framework has been computed by imposing that matter is unbiased
with respect to itself (see equation 4.58).

Pglg(k) — Pgglk)
P2k Pln(K)

104

Pgal(K)IMpc>h~3]

102 E
%o 102 10T 10°

k[AMpc~1]

Figure 4.9: Prediction of the galaxy power spectrum evaluated in an HM framework
at redshift z = 0.001. The 1h and 2h terms are displayed in yellow and orange,
respectively, and the total galaxy power spectrum given by the sum of the two is
shown in red. The grey dashed curve represents the CAMB output of the linear matter
power spectrum and serves as a reference to better visualise the fact that galaxies
are a biased tracer of the underlying matter density field.

An interesting case which will be relevant for the work presented in this
thesis is the one encoding for two different discrete fields — e.g., two distinct
galaxy populations. In this case, also the computation of the 1h term naturally
comes from the most general HM predictions of equation 4.46, because the
auto-correlation term is no more present. When evaluating the 1h and 2h
terms in an HM framework between two discrete tracers, ¢ and g’, we end
up with

11
1h
Pl (k) =

oo [ S (NS )N )+ NS )N (), o)+
878

NE (m)NE (m) 2 (k, m)),

(4.69)
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for the 1h term, and

P2, (k) = Plin, (k) [nlg / dm;:;b(m)Ng(m)ﬁ(k,m)] x -
4.70

[ 1 /dm:ii;ib(m)Ng/(m)ﬁ(k,m)}

7 <
for the 2h term.

4.3.2.1  Halo Occupation Distribution

One of the predictions of the HM is the fact that baryonic gas cools and,
consequently, forms stars only in virialised dark matter haloes. Thus, the
number of galaxies within a dark matter halo is related to the mass of the
host halo itself. Furthermore, the HM framework assumes that the first galaxy
forms at the centre of the hosting halo and it is what I previously called the
central galaxy. All the other galaxies are satellite galaxies.

The information on how central and satellite galaxies populate dark matter
haloes of a given mass m is provided by the HOD. The proposed models
for the HOD in the literature are numerous. In the following, I list the main
features of the several models, but I am going to focus on the prescription
provided in Tinker and Wetzel, 2010 since it is the functional form most used
in the literature.

e Zehavi et al., 2005 model encodes a simple central step and a Poisson
distribution of satellite galaxies.

e Scoccimarro et al., 2001 does not explicitly model a central-satellite split
of the galaxies populating dark matter haloes.

o In Berlind et al., 2003 there is the central-satellite split, but their results
depend on simulations.

Tinker and Wetzel, 2010 model the number of central galaxies as

(Neent| M) = 1 1 +erf<10gM — IOngin>], (4.71)
alogM

2

and the number of satellite galaxies as

<Nsat|M> =5

1 log M — 10g 2Min M\
1+ erf . .72
2 < UlogM > ] <Msat> (4 7 )

In the equations above, Mp,n represents the mass of a halo with 50% proba-
bility of having a central galaxy. The factor of 2 before M, in equation 4.72
is to avoid dark matter haloes having a larger probability of hosting satellites
than central galaxies; 0jog p regulates the transition in the dark matter halo
from having no galaxies to having one central galaxy; Ms,; is the minimum
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mass for a dark matter halo in order to host a satellite galaxy, and « is the
power-law index regulating the number of satellite galaxies.

Figure 4.10 shows the prediction for the number of central and satellite
galaxies as functions of the halo masses.

N
102 Ns
Ng

10t

N gal

10°

107!

1012 105 1014
miMoh=1]

Figure 4.10: HOD predictions for the number of central (orange) and satellite
(yellow) galaxies. The red curve shows the total number of galaxies as a function
of the halo mass. The parameters used to obtain these predictions are: 0jog 1 = 0.1,
Mt = 20M,i,, & = 1.55, and log M, = 12.0.

This chapter provides an introduction to the basics of the HM. One of the
most evident aspects is that there are many different prescriptions for the
basic elements of the HM — i.e. the HMF, the halo bias, the NFW profile,
and even the HOD. The wide range of possibilities reflects a fundamental
uncertainty in the modelling of these elements. The choice of one prescription
over another depends on several factors, according to the requirements of the
specific analysis being performed.

To conclude, this chapter has introduced many ingredients which form the
starting point for the modelling of numerous matter tracers, as well as one of
the main concepts that I employ during the development of my original work
presented throughout this thesis. Therefore, to better guide the reader into
the following chapters, figure 4.11 schematically illustrates the idea behind
the HM formalism.
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Halo mass function
Halo bias
Halo density profile

how dark matter is
distributed in our Universe

how galaxies populate dark
matter haloes, i.e. how they
are distributed in our
Universe

Halo Occupation
Distribution
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Figure 4.11: Schematic of the HM framework, showing the main ingredients and

the steps leading to predictions for non-linear power spectra.
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EXTRAGALACTIC EMISSIONS

Hi1s chapter is devoted to the description of extragalactic emissions, dif-
ferent from the CMB, relevant in the small-scale and millimetre/sub-
millimetre regimes. Specifically, I describe the contributions from the Cosmic
Infrared Background (CIB), the thermal Sunyaev-Zel’dovich (t5Z), and their
cross-correlation, CIBxtSZ, the kinetic Sunyaev-Zel’dovich (kSZ), and radio
sources. In addition, Galactic cirrus is included in the modelling, as its
emission contributes to the same observables and angular scales probed by
extragalactic foregrounds and must therefore be accounted for in order to
avoid biases in the inference of extragalactic components.

COBE/FIRAS Space mission measuring the absolute CMB spectrum;
FIRAS established its near—perfect blackbody and provided the
tirst robust CIB detection and spectrum. [Fixsen et al., 1996;
Puget et al., 1996]

PLANCK All-sky microwave/sub—-mm survey (30-857 GHz); delivered
multi—frequency CIB anisotropy maps, t5Z catalogues and power
spectra with full-sky coverage. [Planck Collaboration, 2014b;
2016€]

AcT Ground-based arcminute-resolution CMB experiment operating
at 98, 150, and 220 GHz; measured small-scale power including
clustered /Poisson CIB, radio sources, and t5Z/kSZ. [Dunkley
et al., 2013]

spT 10m South Pole Telescope (95/150/220 GHz); precise small-scale
band powers used to constrain tSZ, kSZ, radio and CIB compo-
nents; provides the kSZ template adopted in this work. [George
et al., 2015]

HERSCHEL-SPIRE ESA  space telescope’s sub-mm camera
(250/350/500 ym); mapped CIB anisotropies and number
counts with high sensitivity over degree scales. [Viero et al.,
2013]

Before moving to the detailed description of each component, it is important
to emphasise that millimetre-wave measurements are reported in different
units depending on the experiment and frequency band:
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» some experiments (e.g., Planck, Atacama Cosmology Telescope (ACT),
South Pole Telescope (SPT)) often provide power spectra in CMB tem-
perature units (uK?),

e others, or some external source catalogues, report results in flux density
units (]yzsrfl).

In order to obtain a self-consistent description of the various emissions, it is
crucial to understand how to convert between CMB and flux units, and vice
versa. This is also essential when combining data from multiple instruments
or comparing theoretical predictions (usually in CMB temperature units)
with templates provided in flux units.

The conversion factors can be computed analytically. Specifically, the fre-
quency—dependent conversion factor relating a change in temperature, 6T,
to a change in specific intensity, B, is

9B, \ !
oT, = < a;) 0B, (5.1)
Tcmp
where (‘2—%) is
dB, 2 <kTCMB>2 xte® Lo hv (5.2)
oT Tcms ¢z h (ex - 1)2’ N kTCMB' >

This expression is simply the derivative of the Planck function

2hB 1

B,(T) = 2 /KT _ 1

with respect to temperature, evaluated at the CMB temperature Tcyp =

2.7255 K. The factor (%%) converts temperature fluctuations in CMB

Tems
units to brightness fluctuations in physical flux units.

To summarise:

e to convert from CMB units to flux units, assuming that the same fre-
quency channel is involved, the spectrum in xK? has to be multiplied by

2
JB,
JaT
Tems

two different frequency channels, v and 1/, because of the frequency

to obtain Jy?sr~1. If the power spectrum is computed across

dependence of the conversion factor in equation 5.2, two different con-
version factors will be involved, so that the power spectrum will be

multiplied by (aaBT” ) X <a§¥/ )

e to convert from flux units to CMB units, the spectrum must be divided
by the same factor.

7

Tems

Tems
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These conversion factors will be used throughout this work in section 5.4
and section 5.5, to consistently have all the results presented in this intro-
ductory part in CMB units, and in chapter 6 and in chapter 7, to switch
from CMB to flux units, depending on the datasets involved in the particular
analysis.

Table 5.1 shows the conversion factors computed from equation 5.2 for the
most used frequency channels throughout my work.

Table 5.1: Conversion factors (CF) for the most used frequency channels throughout
my work.

Band [GHz] CF [Jy - sr'uK™1]

27 21.980
39 44.936
93 213.515
145 385.327
217 483.469
225 482.525
280 428.903
353 296.423
545 57.038
857 1.432

COSMIC INFRARED BACKGROUND

The Cosmic Infrared Background (CIB) represents the emission from Dusty
Star-Forming (DSF) galaxies across cosmic history, appearing as a diffuse,
cosmological background. The CIB was first detected by Puget et al., 1996
with FIRAS on the COBE satellite [Fixsen et al., 1996], and partially resolved
into light from individual galaxies using SCUBA on the James Clerk Maxwell
Telescope [Eales et al., 1999; Hughes et al., 1998; Smail et al., 1997].

Detailed studies of CIB anisotropies have been conducted using, for exam-
ple, power spectra measured from the SPT [Hall et al., 2010], Planck [Planck
Collaboration, 2014b], and Herschel-SPIRE [Viero et al., 2013] data. These ob-
servations provide valuable cosmological and astrophysical information that
both complements and extends beyond observations of individual sources,
since at high redshifts most of the light originates from sources at or below
the confusion limit. Moreover, there is a relation, which can be modelled
through a HM formalism, between the DSF galaxies and the dark matter
haloes in which they reside. In particular, anisotropies in this cosmological
background trace the underlying dark matter halo distribution, thus probing
the clustering properties of galaxies. Starting from the perturbations in the
initial density field and through the spherical collapse model, the HM pre-
dicts how dark matter haloes are distributed in the Universe. Integrating this
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framework with information on how galaxies populate dark matter haloes
(see section 4.3.2.1) links observations of the CIB with the LSS of the Universe.

In section 4.3.2, I have already introduced how to obtain a prediction in
the HM framework for the galaxy distribution across the Universe. At this
point, in order to obtain a model of the CIB power spectrum, once we have
defined their spatial distribution through a proper choice of the HOD (see
section 4.3.2.1), we have to describe how these galaxies emit.

The information on how galaxies emit is encapsulated in the emissivity
functions, describing the redshift distribution of sources falling below the

detection limit of the observing experiment, Slj’”, and is defined as
. S BN(S,,z)
@) = | ity SudS (53)

In the above definition enter the following elements:

e S, representing the flux density at a given frequency v of a source at
redshift z, which Hogg, 1999 defines as

(1+z)Ly
Sy = —F—,
41D5 (z)
where v/ = v(1 4 z), and Dy (z) the luminosity distance.
d®*N(S,,z) . . . .
° 45,dzd0) defining the surface density of sources per unit flux density

and redshift interval. This quantity is defined as
dBN(S]/, Z) . CD(log LV/,Z) dLV/ dZV

dS,dzdQ) L,In10 dS, dzdQ)’

2
with ®(log L,/, z) the luminosity function (LF), and didi) the comoving
volume corresponding to a redshift slice between z and z + dz per unit
solid angle. The specific modelling of the LF depends on the galaxy
population—or populations—one wants to describe. For this reason,
a detailed discussion is postponed in chapter 6, where I present my

specific model of the CIB emission.

Figure 5.1 shows a prediction of the emissivity function for three different
frequencies, chosen among Planck channels, i.e. 217,353, and 545 GHz, and it
serves only for visualisation purposes since, as already introduced, a more
detailed modelling and presentation will be provided in chapter 6. From the
figure it is possible to have an intuitive hint on how DSF galaxies emit at
different redshifts.

At this point, we have all the elements to compute the CIB power spectrum,
given the fact that we have a way to model both the distribution and the
emission of DSF galaxies. Specifically, the CIB power spectrum is modelled
as the sum of two different contributions:

CIB __ ~CIB,lus CIB,SN
CZ,VXV’ - Cé,vxv’ + Cl,vxv’ ’ (5'4)

where
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217GHz
353GHz
—— 545GHz

10?

1 2 3 4 5 6 7

Figure 5.1: Emissivity functions as a function of redshift computed for a single-
galaxy population model for three different frequency channels: 217 GHz in yellow,
353 GHz in orange, and 545 GHz in red. The flux cuts applied in the computation of
the integral of equation 5.3 are S/ = 225,315,350 mJy, respectively, according to
Planck prescriptions.

CIB,clus

Ty is defined as

e the clustering term C

"dz dz
CIB,clus __ ; ; —
fe = |52 i @@ Pk = £/x.2), 5)

ju(z) are the emissivity functions describing how galaxies emit, Py¢(k, z)
has been defined in equation 4.68 and uses the Limber approximation
[Limber, 1953; Limber, 1954] to project the three-dimensional galaxy
power spectrum to obtain the angular one, and x represents the comov-
ing distance. Since from chapter 4 and, specifically, from equation 4.68,
we know that the power spectra evaluated within a HM framework
encode both the 1h and 2h terms, also the clustering term of the CIB
emission, given its dependence on the galaxy power spectrum, shows
1h and 2h terms so that we have

Chw = Crymt + Cryoat, (5.6)
where
dz dz 1 dn
CIB,1h . ) ~
o= == (z) = —12 k,
Ce,vxv /X2 d)(]V(Z)]V () ﬁé /dmdm[ Nc(m)Ns(m)ii(k,m) (5.7)

+ N2 (m)a? (k, m)],
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for the 1h term, and
2

CIB2h dzdz . .. i 1 dn 3
C = [ a @i P | 5 [ dm b Ng(myatkom)|
(5.8)

for the 2h term. Figure 5.2 shows these contributions in orange and
yellow, respectively. The prescriptions for the HMF, dn/dm, and the
halo bias, b(m), are the same presented in chapter 4 in equations 4.15
and 4.25.

e The Shot Noise (SN) term, Cgi’i’f,N , accounts for the contribution of
sources falling below a certain detection limit—specific for the con-
sidered experiment and frequency channel—, modelled as a Poisson
term independent of the scale. Its computation is based on the galaxy
number counts and reads as

glim
CCIBSN — /0 svggdsv. (5.9)

Its flat contribution in Cys is depicted in brown in figure 5.2.

1072

C[CIB[IJKZ]

CIB1h —— CIBSN
CIB2h —— CIBtot

10t 102 10°

/

Figure 5.2: Predictions of the different components contributing to the CIB power
spectrum evaluated in an HM framework. For illustrative purposes, I show the auto-
frequency power spectrum evaluated at 280 GHz. The orange and yellow curves
show the 1h and 2h terms contributing to the clustering part, and the brown flat
contribution represents the SN term.

Figure 5.2 illustrates the different contributions to the CIB power spectrum.
On the one hand, the 1h and 2h terms—shown in orange and yellow— con-
tribute to the clustering part of the CIB power spectrum, which is the leading
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contribution at large angular scales. On the other hand, the flat contribution
of the unresolved sources falling below the detection limit, described by the
SN term and shown in brown, starts to be relevant on smaller angular scales.
The information on how galaxies are distributed across the Universe and their
emission is encapsulated in the clustering term; therefore, large-scale observa-
tions are more effective in constraining parameters and discriminating among
different modelling of galaxy clustering. On the contrary, small-scale observa-
tions provide additional information on the SN term. Chapter 6 is devoted
to a wide discussion on a physically-motivated CIB modelling, exploring
observations covering different scales and frequencies.

SUNYAEV-ZEL'DOVICH EFFECT

This results in an energy transfer from the electrons to the photons, dis-
torting the blackbody spectrum of the CMB: photons are shifted from the
Rayleigh—Jeans part of the spectrum to the Wien tail. Two distinct contribu-
tions arise: the thermal (t5Z) and the kinetic (kSZ) Sunyaev-Zel'dovich effects.
tSZ affects the intensity of the CMB blackbody spectrum only, and arises
when the CMB photons are scattered off by the high-energy electrons in
the SZ clusters. The kSZ effect happens when the free high-energy electrons
present in the SZ clusters also have bulk peculiar velocities along the line of
sight. A sketch of the two mechanisms explaining the tSZ and kSZ effects
is shown in figure 5.5, while the spectral distortions of the CMB radiation
induced by these effects are shown in figure 5.4.

The intensity variation depends on the physical properties of galaxy clus-
ters:

hv
kTems

AT(X) = ATyhermal (x/ y) + ATkinetic(xr T, vp)/ X = (5'10)
The physical quantities defining the intensity variation are the Compton-y
parameter, i, the Thomson scattering depth, 7, and the peculiar velocity of the
intracluster medium (ICM), ;. Details about these effects and their physical
properties are provided in the following.

Thermal Sunyaev-Zel'dovich Effect

The thermal Sunyaev-Zel’dovich (t5Z) effect corresponds to the spectral
distortion of the CMB intensity spectrum produced by the thermal energy of
the ICM. The relative CMB temperature fluctuation due to the t5Z is

0Tisz(v,y)

T yg(v), (5.11)
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Figure 5.4: Spectral distortion of the CMB spectrum (dotted line) due to the tSZ
(solid line) and kSZ (dashed line) effects. (From figure 2 of Carlstrom et al., 2002.)
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Figure 5.5: Illustration showing the mechanism originating the tSZ and the kSZ
effects, from figures 1 and 3 of Mroczkowski et al., 2019

where y is the Compton-y parameter and g(v) encodes the frequency depen-
dence of the distortion,

hV ehv/kTCMB _|_ 1

g(v) = KTons & FToms —1 4, (5.12)

The above equation holds in the non-relativistic limit only. For the sake of
simplicity, the relativistic corrections are neglected throughout this thesis.
This choice is supported by the fact that Planck Collaboration, 2016e do not
report highly significant relativistic distortions to the tSZ power spectrum.
For a recent synthesis of the cosmological information content of the tS5Z
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power spectrum and its scale dependence, see Douspis et al., 2022.
The Compton-y parameter is

[0k [0k
= / Arn kT, = / P, (5.13)
. e .

where ot is the Thomson cross-section, m, the electron mass, 7, the electron
number density, and P, the electron pressure profile (modelled here with an
empirical template).

The spatial power spectrum of the SZ clusters generating the tSZ can
be computed employing a HM formalism, specifically from equations 4.46
and 4.52, where the FT of the density profile is taken to be the FT of the
Compton-y parameter, i, so that

Plh /dm ij(k,m)?, (5.14)
dm 500
for the 1h term, and
2
P2 (k) = Py, [ / a2\ by (m)g(k,m) | (5.15)
1500

for the 2h term. The total power spectrum is then given by the sum of these
terms

Pyy (k) = Pyy (k) + Py (k). (5.16)

A couple of elements require a deeper analysis. In both equations 5.14
and 5.15, the HMF shows a "500” subscript. The reason is that SZ clusters are
expected to populate more massive and more clustered dark matter haloes
than those hosting DSF galaxies; therefore the HMF has been computed
using a density contrast A = 500 rather than the A = 200 employed in the
CIB calculations. Figure 5.6 compares the predictions in terms of comoving
number density of haloes capable of hosting DSF galaxies in red, and of
haloes hosting SZ clusters in orange, for z = 1.5 and z = 4.0 in the left and
right panels, respectively. The comoving number density of haloes hosting SZ
clusters is always lower than the one for the DSF galaxies, and this difference
is more pronounced for higher redshift values.

In equation 5.15 the bias is denoted as b;sz for the same reason: the SZ
clusters populate more massive and more clustered haloes. Therefore, to
describe the bias entering the 2h term, I employed the same functional form
presented in equation 4.25, but using different values for the coefficients,
evaluated in table 2 of Tinker et al., 2010a and reported below

A =1.0+0.24ye” /)",

a = 0.44y — 0.88,

B =0.183,

b=15,

C =0.019 +0.107y + 0.19¢~4/v)*
c=24,

(5.17)

81



82

| EXTRAGALACTIC EMISSIONS

10-12

10726
10-28) —— A=200 1028] — A=200
A =500 A =500
10-30 10-30
10™ 1072 1013 10 101 10% 1013 10
m[Moh™!] m[Moh=1]

Figure 5.6: HMF predictions for A = 200, in red, and A = 500, in orange, dark
matter haloes, at redshift z = 1.5 (left panel), and z = 4.0 (right panel).

with y = log,, A
The FT of the 3D Compton-y profile is

- . or 47'[7’5()0 2Sll’1 Ex/€500)
gl z) = 7S C [ e ST R (), (5.18)

with
o x =r/rs00,
e U500 = Da/rs00,
e P,(x) the electron pressure profile, modelled as a generalised NFW
profile':
P,(x) = (cs00x) ™ [1 + (cs00x)"] 7P/«

I use the best-fit values obtained by Planck Collaboration, 2014a analysis
for the parameters defining the electron pressure profile. Specifically

cso0 = 1.81, v = 0.31, « = 1.33, p = 4.13.

¢ C a mass-dependent normalisation defined as

2
1 h\2 H 8/3 (h/0.7) Msoo §+0.12
0.7 Hy 3 x 104M, ’
which is proportional to the hydrostatic mass Msg0. The hydrostatic
mass differs from the true mass because of non-thermal pressure sup-
port, observational systematics, and model uncertainties®. The relation

1 Hydrodynamical simulations and X-ray/SZ observations have shown that cluster pressure
profiles exhibit an approximately universal shape when expressed in scaled radial coordinates,
which is well described by a generalised NFW functional form. For this reason, and because
of its empirical success in reproducing both resolved cluster profiles and tSZ power spectrum
measurements, I adopt this parametrisation calibrated on observations.

2 At a very first level of approximation, part of the bias induced by relativistic distortions to the
tSZ spectrum is already encoded in the hydrostatic mass bias.
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is parametrised by the hydrostatic mass bias B, such that Msyy = BMsy.
Following Planck Collaboration, 2016¢, I use the notation b with B =
(1—b)~1. As f500 & 1/7500, and 750 o Méég’ , this bias affects not only the
normalisation but also the angular dependence of the tSZ power spec-
trum. Observational constraints on the possible mass/redshift evolution
of the hydrostatic mass bias from gas—mass fraction measurements are
presented in Salvati et al., 2019; Wicker et al., 2022.

The starting point in order to obtain the final prediction of the tSZ power
spectrum is equation 5.11; specifically, the temperature variation caused by
tSZ is

6Ty = Temsg(v)y,
therefore the tSZ power spectrum is
57 4 /
Civew = Temp 75928 (V) By (k = £/x), (5.19)

where Py, (k) is computed using the Limber approximation, and its expression
has been provided in equation 5.16. Therefore, also in this case, the tS5Z power
spectrum can be split into the two contributions coming from the 1h and 2h

terms:
CE,SVZX v = Césvzxy’l + Césvzx%/}’l' (5.20)
where
dv
tSZ,1h 2
CZVXV’ TCMB dz ng /dmdm 500 k m) (5'21)
for the 1h term, and
dv 2
Césvzxi}fl Temp 7 ——dzg(v)g(v') P (k [/ dm——|  bisz(m)j(k,m)| ,
500

(5.22)

for the 2h term.

Figure 5.7 shows the prediction for the tSZ power spectrum. The 1h and
2h terms are shown in orange and yellow, respectively, while the total t5Z
signal is depicted in red. It is possible to notice that, because of the scarcity
of high-mass SZ clusters, the 1h term dominates across all scales.

Kinetic Sunyaev-Zel'dovich Effect

The kinetic Sunyaev-Zel’dovich (kSZ) effect originates from the Doppler
shift induced by electrons with bulk velocities along the line of sight. The
corresponding temperature fluctuation is

0Temp(x,T,0p) = —PBT, (5.23)
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Figure 5.7: Predictions of the different components contributing to the tSZ power
spectrum evaluated in an HM framework. For illustrative purposes, I show the auto-
frequency power spectrum evaluated at 280 GHz. The orange and yellow curves
show the 1h and 2h terms, while the red one represents the total tSZ signal.

where B and T are the two parameters regulating the amplitude of this effect.
The first one is the line—of-sight peculiar velocity (positive if approaching
the observer), defined as B = ©v,/c. The second parameter represents the
Thomson scattering depth, and it is defined as T = o7 [ d¢n,.

The kSZ signal is not well modelled by an HM formalism; instead, a
template-based approach is used. The reason for this choice is that an HM
description cannot fully capture the dominant contributions to the kSZ3. More
precisely, the kSZ signal depends on large-scale, coherent velocities, and on
the free-electron density, much of which lies outside haloes. Specifically, in
kSz
0,¢

my work I use the angular template D , from George et al., 2015, which

includes:

¢ a homogeneous contribution arising after reionization (z < 8) in a fully
ionized Universe, calibrated from hydrodynamical simulations [Shaw
et al., 2012],

e a patchy contribution sourced by ionized regions during reionization
(8 < z < 11) [Zahn et al., 2012].

3 For a consolidated review of the homogeneous and patchy kSZ components and their cosmo-

logical/reionization dependences, see Gorce et al., 2022
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The scaling of this template with cosmological parameters is given by

17 47 21 04 ~02
DE? o h 8 Oy Qi N | (5.24)
0.71 0.80 0.044 0.264 0.96

where the amplitude of the template is normalised at 1uK? at £ = 3000,
and assumes that reionization starts at z = 11 and ends at z = 8. However,
more recent CMB polarisation measurements indicate a lower redshift of
reionization, with zyej, >~ 7-8 [Planck Collaboration, 2020b]. As a consequence,
the assumed reionization history underlying the template does not fully
reflect current constraints, which constitutes one of the intrinsic limitations
of a fixed-template description of the kSZ signal.

The final kSZ power spectrum is then given as the template rescaled by an
amplitude often left as a free parameter to be constrained with data:

27
ChsZ = mAkszD’&Z. (5.25)

In the above equation, the prefactor is used to have consistency

27
(L+1)
across this chapter and report the final power spectra of the various extra-
galactic emissions in units of Cys despite the modelled template being given

in band-power units—i.e. Dys.

107t
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Figure 5.8: Prediction of the kSZ signal in Cys units using the George et al., 2015
template and setting the free amplitude to their best-fit value, Azs; = 1.6uK2. This
power spectrum is the same independent of the frequency channels involved.

Figure 5.8 shows the prediction of the kSZ power spectrum employing
the angular template previously described and setting an amplitude A5z =
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1.61K? for the sake of visualisation. Given the fact that the kSZ signal consists
of a Doppler shift of the CMB black-body spectrum, it does not show any
frequency dependence. Therefore, the contribution shown in figure 5.8 is the
same across all frequency channels considered.

CIB AND TSZ CROSS CORRELATION

The CIB, originating from the unresolved DSF galaxies, and the tSZ effect,
resulting in a distortion of the CMB photons caused by the high-energy
electrons in the ICM in galaxy clusters, are tracers of the same underlying
matter density field, leading to a natural correlation between these two fields,
as argued in Planck Collaboration, 2016d.

The HM framework provides a way to predict the signal arising from the
CIBxtSZ correlation without the need to introduce extra parameters as done
in Dunkley et al., 2013 and George et al., 2015. Specifically, Dunkley et al.,
2013 and George et al., 2015 used a template-based approach, introducing a
free parameter regulating the degree of correlation, assumed to be the same at
all angular scales. Describing this signal within a HM framework, apart from
the fact that it does not require the introduction of an additional parameter,
is more physically motivated.

From the most general point of view, the power spectrum of the CIBxtSZ
correlation is given in terms of an emission kernel, ¢(v, z)—describing how
the two tracers emit as a function of frequency—and the spatial power
spectrum P(k) computed in a HM framework as

av ,
C/C{/Bmx/’tsz = / Edz(,‘(v,z)é‘(v ,2) Poy(k = £/ x). (5.26)

The computation of the Py, (k)-where again the Limber approximation has
been used in its computation— in a HM framework can be done from the
most general equations for the 1h and 2h terms presented in 4.46 and 4.52,
where the two fields are the DSF galaxies and SZ clusters, and the FT of the
NFW profiles are the ones used in section 5.1 and section 5.2.1. Therefore, the
1h term reads as

P (k /d

the 2h term as

n—ug(k m)ij(k,m), (5-27)
500 g
P2V (k) =Py (k dm—b N gk
ciB( )n iig(k,m)x

g
/ am ™ by (m) gk, m) o
= tSZ 7 7

dm | 5o
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and the final spectrum is simply the sum of 5.27 and 5.28.
The emission kernel has to encode the emission of both tracers and can be
modelled as

(,9) = 24 Toyng(v) (520

where the first term contains the information about the frequency dependence
of the DSF galaxies” emission, and the second term describes the emission de-
pendence of the tSZ effect. Note that the denominator in the term describing
the CIB emission appears in order to have consistency among the integration
variables.

The computation of the final power spectrum requires a multiplication of the
emission kernels at the two frequency channels involved. The multiplication
leads to four different terms:

6v,2)6(v,2) :d]‘v/(/zc)lz d];//(/zd)z + Tems d]‘;(/zc)lzg(V/)+

Tcms d];//(/d) 8(v) + Téypg(v)g (V).

(5-30)

However, the first and the last terms represent the CIB and tSZ only contri-
butions, respectively. Therefore, the emission kernel describing the CIBxtSZ
cross-correlation is simply

(1,8, 2) = Tewmn Jo 00 g(/) + Tewn Jo'=) g(v). (531

The final prediction within a HM framework of the CIBxtSZ signal from
equation 5.26 is given by the sum of the 1h and 2h terms, reflecting the
structure of the spatial power spectrum, Py, (k):

CIBxtSZh _ Jv / ju(z)
CE X! / [dV/ng(V ) + dV/ng(V):|
N, _ (5-32)
dm —dig(k,m)j(k,m)
/ dm 500 g
CIBXtSZ,2h av ju(z) / ju(2) lin
CE vxv! TCMB dz dz dV/ng(V ) + dV/ng(V) Pmm(k)
/dmf bCIB ) g (k/ m)>< (5-33)
ng
/ am ™ s, (m) gk, m)
N tSZ 7 .
dm | 5o

From a practical point of view, the 1h term describes the signal arising from
CIB sources and SZ clusters belonging to the same dark matter halo, while
the 2h term arises from the correlation between a DSF galaxy in one dark
matter halo and a SZ cluster present in another dark matter halo.
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Figure 5.9: Predictions of the different components contributing to the CIBxtSZ
power spectrum evaluated in a HM framework. For illustrative purposes, I show
the auto-frequency power spectrum evaluated at 280 GHz. The orange and yellow
curves show the 1h and 2h terms, while the red one represents the total CIBxtSZ
signal.

Figure 5.9 shows the prediction for the CIBxtSZ power spectrum. The 1h
and 2h terms are depicted in orange and yellow, respectively, while the total
signal is the red curve. It is possible to notice a similar behaviour of the power
spectrum to the one presented in figure 5.2 for the CIB-only case, but with
lower power. This can be understood by noting that the leading contribution
comes from the DSF galaxies, but is suppressed by the condition of looking at
more massive dark matter haloes—meaning those that can host SZ clusters,
too. Furthermore, also in this case the 2h term is subdominant, but not
negligible as for the tSZ case. This can be explained by the case of a massive
halo with no DSF galaxy in it: in this scenario, there is no contribution from
the 1h term, but there can still be a contribution coming from the 2h term,
arising from some overlap in the redshift distribution between DSF galaxies
and SZ clusters. Another thing worth noticing is that, because the frequency
dependence of the tSZ for low frequency channels can be negative (see figure
5.4 as a reference), for low frequencies involved in the analysis, the CIBxtSZ
signal could also be negative.
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RADIO SOURCES

The contribution from radio sources can be modelled as a Poisson term
[Mauch et al., 2003; Mocanu et al., 2013], since their clustering is subdominant
compared to the shot-noise component at the scales of interest (i.e. £ > 1000).
The angular power spectrum is described by

. 27.[ . UV/ Kradio g 2
radio __ radio ,
CZ,VXI/’ - E(g + 1) A Epy < 1/% > <3000> ’ (534)

where:

2
o the W‘Zl) prefactor is used to have consistency throughout this
chapter and obtain all power spectra in Cys units,
e 1 is the normalisation frequency set to vy = 150.2 GHz from George
et al., 2015,

o A" jg the amplitude of the radio sources contribution measured at
¢ = 3000 in CMB units, at the normalisation frequency vg. From George
et al., 2015 I fix it at A" = 1.28uK?,

e ¢, is defined as

aB| aB
dT| dT
€y = ‘VOVU (535)

45| dB
dT | dT

to obtain the final spectrum in CMB units,

1//

® 400 is the effective spectral index of the radio—source population, fixed
at the best-fit obtained by George et al., 2015, a,44i, = —0.945,

o the last factor provides the angular template, normalised at ¢ = 3000.

This phenomenological model reflects the fact that unresolved radio galax-
ies, dominated by Active Galactic Nuclei (AGN), produce approximately
scale-independent shot noise in C; (hence « ¢2 in Dy).

The effective spectral index «,,4;, characterises the frequency dependence
of the emission and is typically negative (e.g. 44, ~ —0.7 for synchrotron—
dominated sources), though the precise value depends on the relative mix of
flat-spectrum and steep—spectrum radio populations.

The amplitude A’ adio js calibrated at ¢ = 3000, a scale chosen to match
previous analyses (e.g., ACT, SPT, Planck) where the radio contribution is
most clearly measured. For lower multipoles the radio term rapidly becomes
subdominant compared to clustered CIB or tSZ.

Figure 5.10 shows the prediction for the power spectrum coming from the
emission of radio sources, modelled as a Poisson contribution. It is important
to notice that, although Equation 5.34 is given in C, units, figure 5.10 is in
units of band powers, Dy, for visualisation purposes.
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Figure 5.10: Predictions of the radio sources power spectrum evaluated using a
template-based approach with vy = 150.2 GHz, Aradio — 1.28;11(2, and a4, =

—0.945. For illustrative purposes, I show the power spectrum evaluated at 280 GHz,

1
in band—-power units, i.e. Dy = e(gzijr)q.

GALACTIC CIRRUS

The final component entering this section is the emission from Galactic cirrus,
i.e. diffuse thermal emission from interstellar dust grains within the Milky
Way. Although of Galactic origin, this foreground contaminates extragalactic
measurements at sub-millimetre frequencies and must be included in the
modelling.

As for radio sources, I adopt a phenomenological template-based de-
scription in terms of an amplitude and separable angular and frequency
dependencies [Fixsen et al., 1998]. The cirrus power spectrum is modelled as

. 271 . Ny Myt / Xcirrus
cirrus  __ Cirrus , .
CZ,VXI// - g(g + 1) A eVV 1750 (3000 7 (5 36)

where:
2
o the W—Tl) prefactor is again used to have consistency throughout this

chapter and obtain all power spectra in C; units;

e 19 is the normalisation frequency for Galactic cirrus set to vy = 220.0
GHz;

o A is the amplitude of the cirrus power spectrum at £ = 3000 in flux
units;
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e €, is the same factor defined in Equation 5.35 to obtain the final
spectrum in CMB units;

» 7, encodes the frequency dependence of the cirrus emission, modelled
as a modified blackbody;

® gy is the effective angular spectral index, describing the ¢ depen-
dence of the cirrus fluctuations.

The modified blackbody spectrum 7, is typically parametrised as

Ny & V'BBV(Tcirrus)/ (537)

where B, (Tj;ys) is the Planck function at a reference cirrus temperature of
Teirrus = 17.6K, and B is the cirrus emissivity index.

The angular dependence of cirrus emission is well described by a power
law in multipole, C; & ¢~7 (thus D, « £2>~7). Observations generally find
¥ ~ 2.5-3, corresponding to & ;s >~ —0.5 to —1in D,.

In summary, this template captures the essential properties of cirrus contam-
ination: (i) a strong modified blackbody frequency dependence, and (ii) a
power-law angular scaling. The amplitude A" is empirically calibrated at
£ = 3000.
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Figure 5.11: Predictions of the Galactic cirrus power spectrum evaluated using a
template-based approach with Acirrus — 0.65;41(2, vp = 220.0 GHz, T,j,us = 17.6K,
B = 1.8, and aj;ys = —1.2. For illustrative purposes, I show the power spectrum
evaluated at 280 GHz, represented in band-power units.

Figure 5.11 shows the prediction for the power spectrum coming from the
emission of Galactic cirrus, modelled using a template-based approach. It is
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important to notice that, as in the previous case for radio sources, although
Equation 5.36 is given in C; units, figure 5.11 is in units of band powers, D,
for visualisation purposes.
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A PHYSICALLY MOTIVATED MODELLING OF THE
EXTRAGALACTIC EMISSIONS

This last part presents my original work on modelling the extra-
galactic emissions. I first develop and test a physically motivated
model of the Cosmic Infrared Background (CIB) and fit it to
three key CIB data sets. I then extend the framework to build
a unified, self-consistent description of all major extragalactic
components discussed in this thesis, and use it to forecast the
constraining power of future high-precision Cosmic Microwave
Background (CMB) measurements.






THE COSMIC INFRARED
BACKGROUND MODEL

N this chapter, I present the study of a physically motivated model of
the Cosmic Infrared Background (CIB) emission. This deep focus on this
signal serves as a first step in my wider study and modelling of all other
extragalactic emissions in the Universe, exploiting the strong connection with
the underlying matter density field.

In section 6.1, I summarise the features of the model I implemented to
provide a physically motivated description of the CIB emission. Because some
of the model parameters cannot yet be robustly predicted from first principles,
and are only loosely constrained by theory or simulations, I determine them
by fitting the model to available CIB data sets, described in section 6.2. The
results and the conclusions are presented in section 6.3 and section 6.4.

THE MODEL

As already introduced in the previous chapter, the CIB is the emission from
Dusty Star-Forming (DSF) galaxies across cosmic history. Anisotropies in
this radiation background trace the underlying matter distribution. Working
under the very first assumption of the HM — i.e. the fact that all matter in the
Universe is contained in dark matter haloes — I modelled the relation between
DSF galaxies and the dark matter haloes in which they reside using the HM
formalism.
Previous works in the literature followed this approach, and the crucial and
most important aspect is the choice of the specific model for the distribution
of galaxies in the dark matter haloes. Most previous studies used single-
population models; however, in my work I followed the approach of Cai et al.,
2013, hereafter C13, which distinguished DSF galaxies into two different
populations: late-type (LT) galaxies and the progenitors of early-type (ET)
galaxies.
The reason for this distinction mainly comes from observations. Specifically,
by drawing different galaxies in a colour-magnitude diagram, galaxies dis-
tribute in the red sequence and in the blue cloud presented in figure 6.1,
without populating the so-called green valley. These observations suggest a
bimodal distribution of galaxies, motivating therefore C13 — and this work —
following this approach.

In the following, I review the model of the two galaxy populations before
plugging it into a full-shape HM formalism — see section 4.3 of chapter 4
and, specifically, section 4.3.2 for the full computation of the galaxy power
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Figure 6.1: Galaxy distribution in a colour-magnitude diagram. Actual data do
not observe galaxies populating the green valley, rather they appreciate a bimodal
distribution between the red sequence and the blue cloud.

spectrum in the case of two different discrete tracers of the matter density
field.

Modeling of the two galaxy populations

I populate dark matter haloes with two different galaxy populations. LT
galaxies are characterised by young stellar populations (< 7 — 8 Gyr), cor-
responding to formation redshifts z < 1 — 1.5; they have low-to-moderate
star formation rates (< 10 M, yr—!), and reside in less massive dark matter
haloes. ET galaxies exhibit an old stellar population (2 8 — 9 Gyr), indicative
of formation redshifts z 2 1.5; they have low-to-null star formation rates,
and reside in more massive haloes. However, during their formation phase,
ET galaxies experience intense star formation activity (star formation rate
up to 100-1000 Mg, yr~—!) and are characterised by a high dust content, thus
showing up as dust-obscured star-forming objects, which dominate the peak
of the cosmic star formation activity in the Universe at z ~ 2. It is this early,
highly star-forming, dust-obscured phase that I consider here for ET galaxies.
Although, for simplicity, I keep using the acronym ET to refer to the proto-
spheroidal galaxies.
The choice of populating dark matter haloes with ET and LT galaxies, to-
gether with the fact that the HM formalism naturally predicts the correlation
between the two galaxy populations at the level of the galaxy power spectrum-—
and, consequently, of the CIB-is crucial to achieving a more realistic and
coherent description of the CIB emission over a wide range of frequencies
and angular scales.

The main outcome of the HM is the spatial distribution of dark matter
haloes and, after a proper choice of the HOD, of the galaxies across the
Universe. In the following, I describe how I arrive at a prediction of the
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CIB power spectrum for a more specific modelling with respect to the most
general approach described in section 5.1.

In chapter 5 section 5.1 I detailed the general approach and described the
main quantities required to obtain the CIB power spectrum. However, when
dealing with two distinct galaxy populations, there are three contributions to
be encoded in the formalism and computed in the HM framework:

1. the contribution coming from ET galaxies only, to be computed anal-
ogously to the case of the galaxy power spectrum computation for a
single galaxy population;

2. the contribution coming from LT galaxies only, to be computed as the
previous one, but using different HOD parameters;

3. the contribution coming from the cross-term between the two galaxy
populations. For this case, the galaxy power spectrum comes from
Equations 4.69 and 4.70 since I am dealing with two distinct discrete
tracers.

It is crucial to stress the fact that, aside from the different emission properties
that will be detailed in the following, since I am dealing with two different
populations, I also expect them to show different clustering properties. This is
reflected in a different set of HOD parameters for the two galaxy populations.
For the sake of clarity, with reference to section 4.3.2.1, when dealing with ET
and LT galaxies I expect to have

log M — log MET
(NEL M) = 214 erf( 28M =108 Mmn ) | 6.)
2 Ulog M
(NET|M) = ! 1+ erf log M — log 2Mp, M\ (6.2)
sat 2 UlogM MSEa'It* ’ .
for the ET galaxies, and
1 log M — log ML
(NELIM) = 5 |1+ exf [ =82~ 06 T min | || 63)
2 Olog M
XLT
1 log M — log 2MLT M
NEOIM) = 2 |1+ erf min , 6.
< sat| > 2 UlogM Mng;: ( 4)
for the LT.

When plugging this information into equations 4.66 and 4.67, for the
evaluation of the ET and LT contributions only, and into equations 4.69 and
4.70 for the mixing between the two populations, I obtain

2
P (k) ) / dm L [NETNFTi(m, k) + (NFT) "k, m)?), (6.5)

97



98

| THE COSMIC INFRARED BACKGROUND MODEL

2
PZi(k) = Plin ( [ / dm (k m)], 6.6)

for the ET galaxies.

LT A7LT ~
pl ) / dm - NEINa(m, k) + (NIT) a(k, m)?), (67)
gal
2
Pi(k) = Plin (k l/ dm—b ﬁ(k,m)], 6.8)

for the LT galaxies only. And

PK) = ey [ i [(NETNET -+ NETNET ), )+
n dm
g (6.9)
NETNLT (k m) ]
p# (k) = plin / dm (k m)] X
(6.10)

o]

for the mixing between the two galaxy populations. Therefore, the galaxy
power spectrum computed within a HM framework with two different galaxy
populations reads as

Pyai (k) = Per(k) + Prr(k) + Puix (k), (6.11)

where each term is given by the sum of its 1h and 2h terms.

Values of the clustering parameters of the two galaxy populations estimated
in different analyses from Ade et al., 2011b (hereafter P11), Xia et al., 2012
(hereafter X12), and C13, are reported in table 6.1. The main difference
between these previous works is in the modelling of the galaxy populations.
P11 fits for one single galaxy population, allowing the clustering parameters
to vary depending on the frequency channel (this frequency dependence
explains the reason why in table 6.1, for P11, I report a range of values for the
clustering parameters rather than a single estimate). X12 and C13 consider
two galaxy populations, but use different frequency ranges to constrain the
clustering parameters. Specifically, X12 works in the 150-1200 GHz frequency
range, while C13 in the 600-3000 GHz frequency range. Pushing to higher
frequencies, C13 was able to constrain the minimum mass for the LT galaxies.
Both works keep the ayr clustering parameter fixed to unity to reduce the
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Table 6.1: Clustering parameters from previous analyses.

X12 P11 Ci3
log(MEL /Moh~1) 12.09 +0.06 11.95+2.10— 12.00 £ 0.04
12.21 4051
XET 1.814+0.04 1.024+0.87— 1.55 +0.05
1.30+1.16
log(MEL /Moh™1)  =10.85 - 10.85 £ 0.06
QLT =1 - =1

Notes. Constraints on key clustering parameters from previous analyses in X12, P11 and C13.

number of free parameters in the fit. As stated in P11, the other clustering
parameters which I do not report in table 6.1-i.e., 0155 » and Msa—are not
critical parameters for the fit. I tested this assumption by taking a wide range
of possible values for Tlog M and Mg, [Ade et al., 2011b; Tinker et al., 2010Db]
and calculating the CIB power spectrum for different frequencies and found
no visible impact from these two clustering parameters. For this reason, I also
fix them to Ologm = 0.1 and Mgy = 20M51TH<LT, respectively, for both galaxy
populations.

In figure 6.2 I show the different components contributing to the galaxy
power spectrum computed within my modelling at redshift z = 0.001. Contri-
butions from ET, LT, and the mixing between the two populations are shown
in red, yellow, and orange, respectively. The dashed lines are the 1h terms,
the dotted ones show the 2h terms, while the sum of the two is represented
by solid lines. The black curve is the total galaxy power spectrum, as written
in equation 6.11.

With the full expression of the galaxy power spectrum in hand, in or-
der to arrive at the prediction of the CIB power spectrum based on this
two-population modelling, as already presented in section 5.1 and, more
specifically, in equation 5.5, one has to incorporate the information contained
in the emissivity functions, j,(z) (see equation 5.3).

The emissivity functions encapsulate the information on how galaxies
emit as a function of redshift. They depend on the LF and, because of the
implemented two-galaxy-populations modelling, one has to model differently
the LF depending on whether I am dealing with ET or LT galaxies. In
the following I review the two different modellings implemented in this
framework.

6.1.1.1  Modelling of the Luminosity Function for Early-type galaxies

From N-body simulations, ET galaxies are expected to populate more massive
and more static dark matter haloes, for which it is easier to model the
evolution. In fact, it is possible to extract an analytic model for the bolometric
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Figure 6.2: Predictions of the different components contributing to the galaxy power
spectrum in a two-galaxy-populations HM framework. Specifically, the black curve
is the galaxy power spectrum computed at redshift z = 0.001 as the sum of the
contributions coming from ET and LT galaxies only, in red and yellow, and from the
mixing between the two, in orange. Each single contribution is given by the sum of
its own 1h and 2h terms, represented with the same colour legend, but with dashed
and dotted curves, respectively.

LF of ET galaxies, obtained as a convolution of the halo formation rate,
dn/dtyi,, with the galaxy luminosity distribution, P(logL, z). To obtain the
expression for the halo formation rate I follow the approach described in
C13 and, in particular, a rewriting of the analytical expression of the HMF
to explicitly encode the redshift evolution of the critical density for the
collapse, d.(z), is required. To do that, I start from the Seth & Tormen (ST)
parametrization of the HMF. I remind the reader of chapter a for a detailed
description of how to move from a ¢ to a v parametrization for the HMF. The
starting point is equation 4.13

p dlnv
Myir dIn Myjr .

dn(myy, z)
dmvir

=vf(v)

(6.12)
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The redshift evolution of the critical density for the collapse is given by

5u(2) = 50(35)(0) (6.13)

where 6y(z) and D(z), which are the extrapolated initial density and the linear
growth factor, respectively, are approximated following the prescriptions of
Lahav et al., 1991; Nakamura and Suto, 1997 and Carroll, 2001 as

bo(z) ~ %(1271)2/3[1 +0.01231og O (2)], (6.14)
50,(2) [1, 209 1, N
D(z) ~ 2(1+2) |70 + 140 m(z) mﬂm(z) + Q" (2)| . (6.15)

The redshift evolution of the critical density at the collapse enters the def-
inition of the peak height, v = (8:(z)/c(my;,))?. Bardeen et al., 1986 and
Sugiyama, 1995 also provide an analytical approximation for o (1,;,) as

o (yiy) ~ ﬁ[14.110393 — 1.1605397x — 0.0022104939x2
0.84 (6.16)

+0.001331746x° — 2.1049631 x 10~ °x*],

with x = log my;, / M. This information about the redshift evolution enters
the function describing the number density of peaks which, following ST
formalism, is

av 172
for = vf) = AL+ @) M) (52 ) e, 617

with A = 0.322, p=03, and a = 0.707.
The halo formation rate, dn/dt,;, is then computed as the time derivative
of the halo mass function:

dn dn(mey, z) d1n fsr()

dtvir dmvir dt
6.18
_ dn(myir, z) av p dinv|dz (6.18)
T dmy, 2 1+ (av)P| dz |dt|

with dz/dt = —Hp(1 +2)/Qa0 + Qumo(1 + z)3.

The second term I implemented for this modelling is the luminosity distri-
bution computed at redshift z, inside a halo of mass m,;, which virialised at
redshift z,;,, i.e. P(log L, z, Myiy, Zyir). The total luminosity of a galaxy encodes
the contributions arising from the stellar component and the active nucleus.
For both components, the model I follow assumes a log-normal luminosity
distribution

e(—logZ(L/E)/Zaz)

P(logL|logL)dlogL = dlogL, (6.19)
2102
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where ¢ is the dispersion around the mean luminosity L, and it is different
depending on whether I am considering the stellar component, L,, or the
active nucleus, L ogn, contributions. The distribution of the total luminosity,
Lot = Ly 4+ Lagn, is therefore given by

P(log List|log Ly, 10g Lagn)d log L = dlog Lyt

lo Lo L
X/ 8 Leot dax Lyt o (x—log L.)?/202 (6.20)
—0o 2700 aGN Lot — 10%

X ef[log(melo’()flog EACN]Z/ZUAGN‘

At this point, I have both elements required to obtain a prediction of the LF of
ET galaxies, obtained as a convolution of the halo formation rate, in equation
6.18, and the galaxy luminosity distribution, in equation 6.20. The comoving
differential LF, meaning the number density of galaxies per unit luminosity
interval at a given redshift, is given by

mmax Zm‘ax
oir or
P(logL,z) = /mm / Azyir
My z

dn
dtvir

dtvir

dzvir

P(log L, z|Myir, Zoir ). (6.21)

6.1.1.2 Modelling of the Luminosity Function for Late-type galaxies

LT galaxies are expected to populate less massive dark matter haloes, which
more likely merge with other low-mass dark matter haloes. This makes the
modelling more challenging [Lapi and Cavaliere, 2011], and for this reason
LT galaxies require an empirical parameterisation of their bolometric LF.
Specifically, for the empirical parametrization I follow the C13 prescription,
where LT galaxies are further divided into two sub-populations: warm star-
burst galaxies and cold LT galaxies. The functional form adopted for both
sub-populations is the one suggested by Saunders et al., 1990:

1—a > N
®(log Lir,z)dlog Lig = ®* (%f) exp{—log ( 42-;11%/]4 ) }dlog Lir,

(6.22)

where ®* and L* are the characteristic density and luminosity, respectively,
« is the slope in the low-luminosity regime, and ¢ is the dispersion of the
galaxy population (see table 1 of C13 for the values of these parameters).

6.1.1.3 Emissivity functions for the two galaxy populations model

Here I expand on what was already introduced in section 5.1 about the emis-
sivity functions. Specifically, the emissivity function, defined in equation 5.3,
depends on the LF involved in the calculations. Therefore, in this two galaxy
populations modelling, I have two different predictions of the luminosity
functions depending on whether I am dealing with ET or LT galaxies. Before
moving to a more detailed description of the predictions in terms of the
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emissivity functions for this modelling, it is important to underline the fact
that the LFs reported in equation 6.21 and 6.22 are the bolometric expressions,
meaning no frequency dependence is encoded. In order to move from the
bolometric to the frequency-dependent expression of the LF I use templates
Spectral Energy Distribution (SED)s for the two galaxy populations so that

Ly = vf(v)Lpo- (6.23)

The Spectral Energy Distribution (SED) represents a reconstruction
of the spectrum of a galaxy as a superposition of different points
obtained through photometric measurements. Specifically, it is a plot
of energy versus frequency or wavelength of electromagnetic radiation.
It is used in astronomy to characterise sources of galaxy populations.

I report figure 4 of C13 in figure 6.3 to show the template SEDs used for
both ET galaxies—orange curve—and LT galaxies—given by both warm and
cold sub-populations in blue and red, respectively.

— T —— — T -
E Near—IR Mid—IR Far—IR Sub—mm =
OF —
- o mENa, ]
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E 2 l%, A W ]
- ~ T L AR N\ N -
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Figure 6.3: SED templates adopted for the two galaxy populations, as reported in
C13. The orange curve represents the SED for ET galaxies, the blue and red curves
describe the SEDs for the warm and cold galaxies, contributing to the LT population.
Plot of the SEDs from figure 4 of C13.

At this point, I have all the elements needed in order to compute the LF
for a specific frequency channel for both galaxy populations, and therefore to
obtain predictions for the emissivity functions. For visualisation purposes, in
tigure 6.4 I show the emissivity functions computed for the 217, 353, 545, and
857 GHz frequency channels of the Planck satellite, computed for both galaxy
populations. From figure 6.4 it is possible to appreciate how the different
galaxy populations peak and contribute at different redshifts. Specifically,
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LT galaxies have their emission peak at redshifts smaller than 2 and then
decay fast, while ET galaxies do not contribute at redshifts below 1, but have
a much broader extension at higher redshifts.

217GHz
353GHz
—— 545GHz
—— 857GHz
ET

105

103

10?

Figure 6.4: Emissivity functions for ET (solid) and LT (dashed) galaxy populations
computed at 217 (yellow), 353 (orange), 545 (red), and 857 (brown) GHz frequency
channels.

Modelling of the shot noise term

Even if from a theoretical point of view the SN component of the CIB power
spectrum is obtained by integrating the contribution of sources falling below
the flux cut (see equation 5.9 in section 5.1), at this level of my study I do not
rely on computations based on the number counts. This is because number
counts tend to be overestimated for the higher frequency channels due to
resolution effects (see Bethermin et al., 2012), leading to much higher values
of the SN with respect to those expected or measured.

Thus, I obtain the prediction for the SN power spectrum between two
frequency channels by imposing a certain SN level for the single frequency
channel, SN,, as

Ckg,lyxw = Cyxw v/ SNy X SNy, (6.24)

where Cy, xy, accounts for the possible correlation between emissions at
different frequencies.
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Within this first part of my work, I treat the SN level in each frequency
channel as a free parameter of the model, to be constrained by comparison
with the data. Specifically, the datasets described in the next section provide
measured SN amplitudes for the different (auto- and cross-) spectra. I use
these measurements to define informative priors for the SN parameters and
as a benchmark for assessing the consistency of the inferred values with
observations.

With the emissivity functions in hand, the complete two galaxy populations
description of the galaxy power spectrum (see Equations 6.5-6.11), and the
empirical parametrisation for the SN term employed in this work, I have
all the elements to arrive at a prediction of the CIB power spectrum (see
equations 5.6-5.9).

AVAILABLE CIB DATA

To constrain the parameters describing the clustering properties of the two
galaxy populations, I fit my model to three datasets: the CIB power spectrum
measurements from Planck Collaboration, 2014b (denoted as P14 in this
work), the CIB power spectrum obtained from a re-analysis of Planck data
by Lenz et al., 2019 (hereafter L19), and the angular power spectra from
Herschel-SPIRE data presented by Viero et al., 2019 (hereafter V19).

Planck data

The Planck satellite, operated by the European Space Agency (ESA) in col-
laboration with National Aeronautics and Space Administration (NASA),
was designed to map the entire sky at microwave and sub-millimetre wave-
lengths with unprecedented precision [Ade et al., 2011a; Planck Collaboration,
2011]. It observed in nine frequency channels, spanning 30 to 857 GHz, using
two instruments: the Low Frequency Instrument (LFI) (30—70 GHz) based
on radiometers, and the High Frequency Instrument (HFI) (100-857 GHz)
employing bolometric detectors. Launched in May 2009, Planck conducted
multiple full-sky surveys between 2009 and 2013, providing the most accurate
measurements of the CMB temperature and polarisation anisotropies to date
[Planck Collaboration, 2020a; b].

Beyond its primary cosmological target, Planck also delivered a wealth of
information on Galactic and extragalactic emissions. The wide frequency
coverage of the HFI channels enabled the separation of the CMB from fore-
ground components such as thermal dust, synchrotron, and the CIB, while
the highest-frequency bands (353-857 GHz) are dominated by the latter once
the CMB is removed. These data therefore provide a unique opportunity to
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study the statistical properties of the unresolved dusty galaxy population
responsible for the CIB [Ade et al., 2011b; Planck Collaboration, 2014b].

In particular, P14 presented measurements of the CIB angular power spec-
tra over five HFI frequencies (143, 217, 353, 545, and 857 GHz), using a total
sky area of 2240deg®. Flux-density cuts were applied at the map level to
remove bright sources, with thresholds of Si™ = 350, 225, 315, 350, and 710
m]y for the 143, 217, 353, 545, and 857 GHz channels, respectively (see table 1
of P14). In this study, I use ten CIB power spectra from P14, selecting only
four frequency channels (217, 353, 545, and 857 GHz). Following P14, the
143 GHz data are excluded from the model fits, since this channel remains
heavily contaminated by the CMB-its power spectrum at ¢/ = 100 being
orders of magnitude higher than that of the CIB. Although one could apply
significant corrections to mitigate this contamination, neither P14 nor the
present analysis attempts such an approach.

The P14 dataset covers the multipole range from ¢ = 150 to ¢ = 2500,
with logarithmic binning, A¢/¢ = 0.3. Across this range, P14 provides 8 data
points for each CIB frequency auto- and cross-spectrum, resulting in a total
of 8o data points in the dataset available for the model fit that is described in
section 6.3. The error bars associated with each point account for both cosmic
variance and instrumental noise. Since P14 data come without a covariance
matrix, I conduct my analysis by building a diagonal covariance matrix from
the spectra error bars and therefore neglecting possible correlations between
different multipoles, as well as different frequency channels.

Data from Planck have been calibrated in two different ways, depending on
the frequency channel. Specifically, the calibrator for the 217 and 353 GHz
channels is the CMB orbital dipole, which boasts superior accuracy, while
the 545 and 857 GHz channels are calibrated using planetary measurements.
The calibration method generates a frequency-dependent uncertainty, with
all values reported in table 6 of Planck Collaboration, 2016a and used in later
sections when fitting the spectra. Additionally, updates to the calibrations
were introduced between the first and the second Planck Public Releases, i.e.
PR1 and PR2. The CIB spectra of P14 come from PR1 and to account for these
calibration updates here I correct them with

CIB,PR1
Ly xv
CCIB — V1 XV2 (6 25)
g/ . .
VIXV2 o corry, X corty,
In the above equation C%fx ,, Tepresents the calibration-corrected data fed
CIB,PR1

as input to the fit, C; "/ = are the original CIB power spectra presented in
P14, and corr,, are the calibration corrections for each frequency, as detailed
in Planck Collaboration, 2016a, equal to 0.991, 0.997, 1.018, 1.033 for the 217,
353, 545 and 857 GHz frequency channels, respectively.

As detailed in the next section, to compare the model predictions with the
data I also need to apply colour corrections.



Colour correction coefficients account for the mismatch between the
assumed reference spectrum used to calibrate an instrument and
the actual SED of the CIB. Instruments such as Planck or Herschel-
SPIRE are calibrated assuming a reference spectrum (e.g. I, & v},
vl, = const). The CIB, however, is produced by DSF galaxies with
a modified blackbody SED, so the effective signal differs from what
would be measured for the reference spectrum. Colour correction
coefficients cc, are therefore introduced to convert the measured band-
averaged intensity into a monochromatic intensity at the nominal band

frequency consistent with the true CIB SED.

Specifically, P14 compute the colour corrections for each frequency channel
using the CIB SED from Bethermin et al., 2012, ending up with colour-
correction factors of 1.119, 1.097, 1.068 and 0.995 for the 217, 353, 545 and 857
GHz frequency channels, respectively.

Lenz data

The second dataset explored in my study is L1g (from Lenz et al., 2019),
which provides six CIB power spectra using the 353, 545 and 857 GHz Planck
maps-L19 excludes both 143 and 217 GHz channels on the basis of CMB
contamination. As described in their paper, the authors of L19 employed
a method based on neutral atomic hydrogen data to remove Galactic dust
from the Planck intensity maps. This procedure allows one to extract the CIB
power spectra down to lower multipoles compared to P14, reaching ¢ ~ 75
(extending the P14 CIB power spectra starting from ¢ ~ 150). L1g CIB data
are also presented with a different and less aggressive binning scheme than
P14’s. Specifically, the authors apply a linear binning, including 64 multipoles
in each bin, which results in a dataset with a total of 186 data points.

From the L19g dataset, I decide to exclude the first three bandpowers of
each spectrum. I do this for two reasons: to better allow for a straightforward
comparison with P14 data, and noting that the P14 data exhibit more power at
lower multipoles compared to the L19 bandpowers (see figure 11 of L19). This
could be due to a more aggressive dust cleaning procedure adopted in L1g,
but the consistency of the two datasets is beyond the scope of this work and
not fully addressed in other literature for me to fully trust those additional
bandpowers. I explore a few assumptions, including an investigation of the
impact of the dust contamination in the L19 analysis in section 6.3.2.1.

As for P14, I apply to the L1g dataset colour corrections and the calibration
factors, using the same values quoted in the previous section.

Similarly to P14, L19 spectra have been released without a covariance
matrix. Once again, here I build a diagonal covariance of the bandpow-
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ers, neglecting possible correlations between bands. Again, I explore this
assumption in section 6.3.2.1.

Hershel-SPIRE data

The third dataset used in my work is the Vig CIB measurement from Herschel-
SPIRE observations. The V19 dataset also includes auto- and cross-spectra
involving SPT frequencies (95, 150 and 220 GHz) which could be beneficial for
constraining the clustering parameters of ET galaxies. However, incorporating
SPT data would have necessitated extending the modelling to additional
extragalactic foregrounds which is outside the scope of this first part of
the work. The comprehensive modelling of the extragalactic emission is the
subject of the next chapter. The Herschel Space Observatory [Pilbratt et al.,
2010], launched by the ESA in 2009, was equipped with a 3.5 m diameter
mirror and operated over the far-infrared to sub-millimetre range (55-672 ym,
corresponding to ~ 450-5400 GHz). Among its three instruments, the Spectral
and Photometric Imaging Receiver (SPIRE; Griffin et al., 2010) provided imaging
and photometry in three broadband channels centred at 250, 350 and 500
pum (or 1200, 857, and 600 GHz, respectively), with beam Full Width Half
Maximum (FWHM) of 18.1”, 24.9”, and 36.6"”." SPIRE'’s high sensitivity and
angular resolution make it particularly suited to studies of the CIB, as it
probes fainter dusty galaxies and smaller angular scales where the signal
transitions from clustered to SN-dominated. Building upon these capabilities,
several analyses—including V19— have exploited SPIRE maps to measure the
CIB anisotropies at higher frequencies and multipoles than those accessible to
Planck, providing complementary constraints on the emission and clustering
properties of dusty star-forming galaxies.

More specifically, SPIRE observations approached the THz regime, covering
600, 857 and 1200 GHz from 90 deg®. V19 applied a common flux density
cut to the three frequency bands of Si" = 300 m]y. The CIB spectra span
multipoles from ¢ = 600 to ¢ = 11000. Following the binning scheme of
Amblard et al., 2011, the bandpowers are linearly binned for ¢ < 1950, and
for higher multipoles a logarithmic binning with A¢/¢ = 0.72 is applied. In
total, this dataset consists of 132 data points.

The maps are calibrated with an uncertainty of 5% for each frequency
channel. The colour corrections needed at 600, 857 and 1200 GHz are 0.9988,
0.9929 and 0.9957, respectively [Lagache et al., 2003].

SPIRE spectra are accompanied by a covariance matrix which is, however,
not well characterised®. In analogy with other studies (see e.g., Maniyar et al.,

These correspond to effective angular resolutions of roughly 0.3-0.6 arcmin, higher than those
of the Planck HFI channels at similar frequencies.

I started this work using the full, published covariance matrix and encountered a number of
problems. After performing some tests, I concluded that this matrix exhibits a pathological
behaviour. I found it to be occasionally negative-definite, thus not invertible. This was also
noted by Maniyar et al., 2021.
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2021) to overcome issues with the available covariance, I revert to assuming
uncorrelated error bars also for V19 data, using a simple diagonal covariance
matrix.

MODEL FIT TO DATA

Here I bring together the full model described in chapter 4, chapter 5, and
more specifically in section 6.1, with the three datasets presented in section 6.2.
I explore the model against the multi-frequency, multi-scale observations
from Planck and Herschel-SPIRE individually. I discuss the results in the
context of previous literature findings, and show that even this extended,
two-population model-built to capture an extended frequency range-is not
able to solve a tension between P14 and V19 CIB measurements which was
reported in Maniyar et al., 2021 with a single-population model. This prevents
me from achieving a joint fit using both datasets.

To compare the predictions of the model to the observed data, I correct the
theory to account for instrument-specific corrections as follows:

CIB,data __ CIB,model
Crvrsr, = Avxay X ey X ey, x Cp 0 (6.26)
Here, Cécf’xrﬂfdel is the CIB power spectrum as predicted by the model;

a1 X foa accounts for the absolute calibration uncertainties,

AV1><V2 =\ f:l X fo2
ie. f.! for each different frequency channel; cc,, is the colour correction per
frequency channel.

To explore the parameters of the model, I perform a Markov Chain Monte
Carlo (MCMC) analysis using the emcee ensemble sampler presented in
Foreman-Mackey et al., 2013. The multi-dimensional parameter space is

explored by sampling a Gaussian likelihood:

1 Cdata o Cmodel 2
logﬁ(cziata‘cgwlodd) ”; _E Z ( 4 = L ) , (6.27)
¢ l

where 07 represents the error bars associated with the points of each dataset
(i.e., representing a diagonal covariance matrix for all three datasets).

The analysis considers different scenarios and the numbers of fixed or
varied model parameters are set accordingly in each case as I describe below
and in the individual subsections.

I perform the analyses covering two scenarios for the SN term modeled as
in equation 6.24:

e In one case, I assume maximal correlation between the SN contributions,
with the correlation coefficients in equation 6.24 all set to 1.

¢ In another case, the correlation coefficients are treated as free parameters
in the MCMC analysis.
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The data considered in this part of my study are able to constrain, with
different degrees of sensitivity, the clustering parameters for both the early
and the late galaxy populations, i.e., MEEH, XET, MII;;Fin and «rT; the SN levels
for the considered frequency channels, SN,,; and the calibration factors, f:;;l
However, the datasets covering Planck frequencies and multipole ranges are
not able to constrain the agr clustering parameter (see section 6.3.1 and figure
6.11), which I then fix to 1 for P14 and L19. On the other hand, as I show later,
all datasets considered in this work can constrain «y7 (either unconstrained or
only weakly constrained in previous works), and this parameter is therefore
always varied in the runs.

The choice of the prior distributions assigned to the free parameters, and
the discussion and implications of the results from the individual model fits,
are discussed in the following sub-sections.

P14 data analysis

For P14 I sample 10 and 16 free parameters for the two scenarios, respectively,
with prior ranges listed in the second column of table 6.2. As mentioned
above, since I expect no constraining power from Planck, in the baseline case
I fix agr = 1. I vary the calibration factors with a Gaussian prior centered
on 1 and with errors taken as twice the uncertainty in table 6 of Planck

Collaboration, 2016a, except for the calibration factor at 217 GHz, which I

217 __
cal —

Planck measurement at 217 GHz, and it has been verified by extracting results

fix to 1. This choice is driven by the very small uncertainty of the
treating f2} as a free parameter and finding perfect agreement with the case
in which it is fixed to unity. The clustering parameters and the SN levels are
sampled from uniform distributions. When correlation coefficients are treated
as free parameters, these are also sampled from uniform prior distributions.

Results (1o confidence level) for the two model scenarios with fixed /varied
correlations are reported in the third and the fourth columns of table 6.2.
I obtain x*> = 81 with 70 degrees of freedom when fixing the correlation
coefficients, and XZ = 45 when the correlation coefficients are free to vary
(when the number of degrees of freedom is 64), with Probability To Exceed
(PTE) of 17.9% and 96.9% for the two cases, respectively. I show how the
best-fit model compares with the ten P14 CIB spectra in figure 6.7.

In figure 6.8, I report the full triangle plot showing the 1-dimensional
posterior distributions and the 2-dimensional correlations (at 68 and 95%
confidence) of all the parameters sampled in the MCMC analysis. Left panel
of figure 6.9 shows again the 1-dimensional posterior distributions and the
2-dimensional correlations, but of the clustering parameters only, for the two
scenarios considered in this work. Looking at both figures, I find that the two
cases are in good agreement, and as expected I recover tighter constraints
for some parameters due to the higher number of degrees of freedom in the
MCMC when leaving correlations free to vary.
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Table 6.2: Best-fit parameters from the model fit to P14 data.

Parameter Prior Results Results
Cvl xv; = 1 Cv1><v2 open
log(MEL /Moh™!)  [10.7,12.8] 11451018 11.12£0.19
log(MLYE /Moh™!)  [10.5,12.8] 1118703} 11.567021
LT [0.2,3.5] 1.33779063 14367507
SNa17[Jy?/St] [0,50] 6.72+£0.76 22+4
SNss3[Jy?/ Sr] [50,500] 273 +16 276 + 20
SNsys []yz/Sr] [400,4000] 1296 + 120 1247 + 100
SNss7[Jy?/St] [200,8000] 1827 4300 18997400
353 1+0.0156 0.999 £0.014 1.010 £0.015
545 140.122 1.096 £ 0.032 1.094 £ 0.032
87 140.128 1.289 4 0.076 1.200 4 0.072
C17x353 [-1, 1] - 0.64870.9%8
(,'217><545 [—1, 1] - 0.469 + 0.054
CZ]7><857 [-1, 1] - 0.562 + 0.070
Cs53x545 [-1,1] - 0.9467 003
Cas3x857 [-1, 1] - 0.937+0.9%
Cs45x857 [-1,1] - 0.934709%8

Notes. First column: model parameters sampled for the fit to P14 data. Second column: priors
and ranges of variation imposed on the model parameters. I adopt uniform priors for all
parameters (ranges are within square brackets), except for the calibration factors for the 353,
545 and 857 GHz frequency channels, which are varied with Gaussian priors centered on 1.
Third and fourth columns: mean and standard deviation of the model parameters for the case
in which the correlations for the SN are fixed to one and the case in which they are free to
vary, respectively. In the former case, I obtain x> = 81 with 8o points and 10 free parameters.

The latter case has the same number of points, 16 free parameters, and Xz = 45.

The relative impact seen here on the best-fit values for the minimum mass
of the ET and LT galaxies is likely due to the fact that, within the multipole
range probed by P14 data, the contribution to the CIB power spectrum from
clustering dominates, while the SN is expected to dominate at smaller angular
scales. Therefore, the different treatment of the SN levels does not have a
significant impact on the clustering parameters.

Motivated by the results found on the L19g dataset (see next section), I re-run
the analysis removing the spectra involving 217 GHz and note much closer
agreement between the two scenarios as shown in the right panel of figure 6.9.
To understand this, it is possible to look at the full parameter space explored
by the fit. I find a tension in the two scenarios for the value of the SN level of
the 217 GHz frequency channel, shown in figure 6.10. Specifically, I obtain
a value for the SN level which is higher in the case with free correlations
than in the case with fixed correlations at ~ 4c¢ level. I also see that the
correlation coefficients involving the 217 GHz frequency channel, i.e., Cy17x;
with i = 353,545, 857 (see fourth column of table 6.2), are significantly lower
than unity. I explain this behaviour by noting the degeneracy between the
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Figure 6.7: Comparison between P14 data and the model predictions obtained with
the best-fit parameters in Table 6.2. The CIB power spectrum, the clustering term,
and the SN term predicted by the model are represented with the solid black, the
dashed grey, and the dot-dashed grey curves, respectively. P14 data with their error
bars are represented in red.

SN level and the correlation coefficients at 217 GHz (see figure 6.10), which
P14 data are not able to break. Specifically, they are anti-correlated, meaning
that a shift of the SN level toward a lower value, closer to the one obtained in
the first scenario, leads to higher values of the Cy17;.

When comparing the results with other literature findings, I note signifi-
cant deviations between the values for the minimum masses of both galaxy
populations extracted here and those found in the literature, more evident for
the ET galaxies. Specifically, I find the minimum mass, log(MEL /Moh™1),
to be lower than previously reported values (see table 6.1). In particular,
when comparing the value I obtain when fixing the correlation coefficients
for the SN to unity, log(MEL /Moh™1) = 11.45f8:%g, with the ones of C13,

min
log(MEL /Moh=1) =12.00700;, and X12, log(MEL /Moh™1) = 12.09100¢, 1

min
find a tension at the level of ~ 4¢. In contrast, my analysis shows a higher
value of the minimum mass for LT galaxies than the expected value found in

C13 of log (MLT /M@hfl) = 10.85 £ 0.06, but it is still compatible with the

min
current constraint within ~ 1¢. This discrepancy raises a critical point as far

as the model is concerned: my results suggest that the minimum mass for
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Figure 6.8: Posterior probability distributions of the free parameters of the model fit
to P14 data for the two scenarios where the correlations for the SN are fixed to unity
(in purple) and where they are free parameters in the fit (in green). I fix agy = 1.

ET galaxies is not higher than that for LT, contrary to prior assumptions. I
speculate that this inconsistency may stem from the limited frequency and
multipole ranges covered by P14 data. These ranges may not be sufficiently
wide to effectively distinguish between the contributions of the two galaxy
populations to the CIB spectrum, and, consequently, break the degeneracies
among all three clustering parameters (see left panel of figure 6.9). Concern-
ing ay1, as already mentioned, previous analyses only considered it fixed to
unity. Here, ayy is a free parameter of the model fit and is constrained at the
best-fit values of ajr = 1.3377005 and arr = 1.436 0% for the case where
the correlation coefficients are fixed and free to vary, respectively.

I now comment on the SN correlation coefficients, in the scenario where

they are free to vary (fourth column of table 6.2). To ease the comparison with

113



114 | THE COSMIC INFRARED BACKGROUND MODEL

B P14 Cyyy=1
B P14 C,x, =1, no 217 GHz
P14 C, . open
\ P14 C,x open, no 217 GHz
‘\ /// \
/ /
- L N
M 12.0 ~
115
:EE :EE 115
N 2 :
<110
10.5 \ /
L N 7/
1.6 ~ ~
g /\ 1.6 \
1.5 ( \
514 N [\ 5
s A / \ S14
1.3 /
o\ y 4 / \ \
/ \ / \
12 / N 12 Y N\
11.0 115 105 11.0 115 12 1.4 1.6 110 115 110 115 13141516
logMf, logM{T, ar logMz, logM§T,, ar

Figure 6.9: Same as figure 6.8 for the clustering parameters only. Left panel shows
the 2-dimensional posteriors for the baseline case, while right panel explores the
case when the 217 GHz frequency channel is excluded in the analysis. The posterior
distributions for the two cases are in agreement, exploring the same regions of the
parameter space. The agreement is even more pronounced when excluding the 217
GHz frequency channel.

previous Planck analyses, I also report in table 6.3 the values of the correlation
coefficients extrapolated from table 6 of P14, as

Planck

£, .
Coyxvy, = V1XV2 ,withvy # 1o, (6.28)
Planck CPlanck
Ly Xy Ly X 1o

Planck * represent the entries of table 6 of P14. I observe that the
V1 XV2

correlation coefficients involving the 217 GHz frequency channel, Cy17.; with
i = 353,545,857, are always lower than the values reported in table 6.3,
even though they are still compatible within ~ 2¢. On the other hand, the
remaining correlation coefficients are compatible with the values in table
6.3 within ~ 1c. The observed low correlation coefficients are likely due to
non-trivial degeneracies between the free parameters of the model, which the

where C

specific data are not able to efficiently break. In other words, the number of
free parameters for this second scenario is too high and the model overfits the
data, and this is confirmed by the low x? obtained in this scenario (x> = 45).

I also report the results of the fit to P14 in an extended model where agr
is free to vary. I sample agt from a uniform distribution in the range [o.2,
3.5]. The priors on the remaining parameters are the same as those reported
in table 6.2. Figure 6.11 shows the posterior distributions of the clustering
parameters.

P14 does not fully constrain agr beyond setting an upper bound of agr <
1.14 at 95% CL. In addition, this parameter does not show significant correla-
tion with the other clustering parameters. These considerations justify my
choice of fixing agr = 1 in the baseline results.
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Figure 6.10: Posterior probability distributions of the SN levels for the scenario where
the correlation coefficients are fixed to unity (in purple), and posterior probability
distributions for the SN levels and the correlation coefficients for the scenario where
the latter are free to vary (in green). This figure highlights the movement in the 217
GHz SN and shows the degeneracies with parameters characterising the spectra
including at least one leg of the 217 GHz channel.

Table 6.3: P14 correlation coefficients.

217 353 545 857
217 1 098+024 088+021 0.72+0.17
353 - 1 0954023 0.814+0.20
545 - - 1 0.93 +0.23
857 - - - 1

Notes. Correlation coefficients for the SN cross-spectra evaluated from equation 6.28 using the

SN levels presented in table 6 of P14.

L19 data analysis

In this section, I present the analysis of the Lig dataset. I note that, as
explained in more detail later, the model fits to L19 for both scenarios of
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Figure 6.11: Posterior distributions of the clustering parameters from the analysis
of the P14 dataset when allowing agr to vary freely.

Table 6.4: Best-fit parameters from the model fit to L19 data.

Parameter Prior Results Results
Coyxiy =1 Cy, xv, Open
log(MEL /Moh™)  [10.7,12.8] 11.50570.9%7 11.48870.983
log(MEL /Moh™)  [10.5,12.8] 10751015 10.80 +0.16
arT [0.2,3.5] 1.25410023 12611092
SN3s3[Jy?/ S7] [50,500] 261.846.9 264.1+7.1
SNsys[Jy?/ S7] [400,4000] 1396 + 45 1396 + 46
SNgs7[Jy?/ S [200,8000] 2391 4120 2425 4130
2% 1£0.0156 0.965 £ 0.015 0.966 = 0.015
o 1£0.122 1.174 4 0.020 1.175 +0.021
0.042 0.048
857 140.128 1.46810038 1.46070 083
C353><545 [—1, 1] - 0.9838 + 0.0076
Cs53x857 [, 1] - 0.9970" 0003
Cs45x857 [1, 1] - 0.9851 5053

Notes. Same as table 6.2 but for the L19 dataset.

correlations result in a poor x2. I, therefore, do not attempt to interpret the
goodness of fit to this dataset and present results in this section only as a
qualitative outcome.

The choice of the free parameters in the model fit and their prior distribu-
tions mirror what was described in the previous section and are listed in the
first and second column of table 6.4, respectively. As done for the analysis of
P14 data, agr is fixed to unity, and the priors for the calibration factors of the
353, 545, and 857 GHz channels are based on Planck uncertainties.

In table 6.4, I also report the 1o confidence interval results in both the
scenarios of fixed (third column) and variable (fourth column) SN correlation
coefficients. In figures 6.12 and 6.13, I show the posterior distributions of all
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Figure 6.12: Same as figure 6.8 for L1g data.
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Figure 6.13: Same as figure 6.9 but for the L19 CIB dataset.

the parameters, and the clustering parameters only, for the two scenarios
of SN correlation coefficients fixed to unity (in purple), and free-to-vary
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correlation (in green). Focusing on the clustering parameters, the results show
perfect agreement between the two scenarios, with only a minor broadening
of the distributions in the case of increased degrees of freedom in the fit.
Specifically, I note that the posterior distributions deviate much less than
those of P14 seen in the left panel of the same figure, confirming that the
exclusion of the 217 GHz frequency channel-not included at all in the L1g
dataset-makes the results of the fits more stable among the two scenarios.

The model fits to the L1g data result in poor goodness-of-fit metrics, in
particular exceedingly high x? values (specifically I obtained a x? of 655 and
650 for 159 and 156 degrees of freedom, respectively). However, I cannot
definitively conclude that this is caused by deficits in the model. Section
6.3.2.1 is devoted to a detailed and closer examination of the L19 dataset; I
show there how a smooth theory cannot meet the bandpowers as published,
and that changing assumptions in the dataset is also not enough to improve
the x?, and that the qualitative results presented here remain valid.

Without focusing on the exact results from Lig, in the following I do a
qualitative exploration of how the posteriors compare to those of P14. The
clustering parameters for the two scenarios explored in this study are shown
in the left and right panels of figure 6.14. The overlap between the two
datasets is good (the largest shift is noted in the 1D posterior distribution
of the minimum masses for the LT galaxies in the right panel of figure 6.14,
approaching a ~ 3¢ difference).
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Figure 6.14: Left panel: Comparison of the posterior distributions of the clustering
parameters for P14 (dark yellow) and Lig (dark purple) data in the case in which the
correlation coefficients of the SN are fixed to unity. Right panel: Same as left panel,
but for the case in which the correlation coefficients of the SN are free to vary.

In figure 6.15, I show the qualitative comparison between L19 bandpowers
and the theoretical predictions for the CIB spectra obtained using the best-
fit values reported in table 6.4 for the scenario where the SN correlation
coefficients are fixed to unity. From this figure it is possible to immediately
infer that, in the absence of strong correlations between points, the fit will
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not have a good x?. A striking feature of this figure is the oscillating pattern
of the L1g dataset which cannot be easily captured by the smooth predictions
of the model.
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Figure 6.15: Same as figure 6.7, for the L19 dataset (red points) and using the best-fit
parameters from table 6.4.

6.3.2.1 Investigating the high x>

To understand the L19 results further, I ran various tests on the L19 dataset
taking the CIB intensity maps that they use and deriving from scratch CIB
spectra. In the following I detail all the tests and further investigations I
carried on, specifically

e Ibuild a covariance matrix from scratch and run few MCMC analyses;

e I investigated the response in terms of model fit for single-frequency

analyses.

COVARIANCE MATRIX CONSTRUCTION  As an initial step, I implement L19’s
pipeline to compute the CIB power spectra and extend it to build a Gaussian
covariance matrix. I do this to explore the impact of possible bin-to-bin
correlations in the fit and in the x2. The covariance matrix that I obtain is
shown in figure 6.16, while figure 6.17 reports the correlation matrix. From
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these, it is possible to note that there is no significant correlation among

different multipoles, but there is very significant correlation between the
same bin at different frequencies. However, as I detail below, re-running the
analysis including this new matrix showed no impact on the x? of the fit.

Figure 6.16: Covariance matrix of the Figure 6.17: Correlation matrix of the
L19 CIB measurements. L19 CIB measurements.

This covariance matrix accompanied three different configurations of the
spectra:

o The first version of the dataset was obtained applying the same neutral
hydrogen column density (Ng;) threshold of 2.5 x 10%cm 2 across all
three frequency channels (blue curve in figure 6.18, named L19 v1).

o The second dataset applied a lower Ny threshold of 1.5 x 10%cm 2
across all channels to explore the impact of dust and in particular of
dust residuals in the analysis (green curve in figure 6.18, named L19
v2).

o The third dataset has been obtained following the prescription of L1g
and imposing a different threshold for each frequency channel. Specif-
ically I set Ny; = 2.5 x 10%em~2, 2.0 x 10¥%cm~2 and 1.8 x 10¥cm 2
for 353, 545 and 857 GHz respectively (orange curve in figure 6.18,
named L19 v3).

Figure 6.18 compares these three datasets with the publicly available L1g CIB
power spectra (shown as black data points with error bars).

I start the tests by using the first dataset to investigate the impact of
different covariance choices on the goodness of fit. To do this I go through:

1. Running a MCMC with the full covariance matrix;

2. Using the full covariance matrix but limiting the analysis to the infor-
mation from the frequency auto-spectra only;
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Figure 6.18: CIB power spectra from Lig (black points) compared to the spectra
obtained after a re-analysis of the maps and applying different neutral hydrogen
column density thresholds. Blue: threshold 2.5 x 1020cm 2 across all three frequency
channels; green: 1.5 x 102%cm~2 for all channels; orange: different thresholds per
channel following L19 (Ny; = 2.5,2.0,1.8 x 10?%cm~2 for 353, 545 and 857 GHz
respectively).

3. Employing only the diagonal of the covariance matrix;

Full covariance, full spectra The first run concluded that even when using
the full covariance matrix, the model does not attain a good X% continuing to
find values of ~ 700. Furthermore, I also observed very different behaviours
in the posteriors and best-fit values compared to the fiducial run presented
above. Specifically, the run using the full covariance matrix yielded very
similar values for the minimum masses of ET and LT galaxies, compared to
differences of ~ 3¢ in the nominal case. Comparing the parameter posteriors
with those obtained in the fiducial case presented previously (see figure 6.13
for the clustering parameters only and figure 6.12 for the full triangle plot),
I noted that the minimum mass for the ET galaxies is no longer degenerate
with the other clustering parameters. In contrast, the minimum mass for the
LT galaxies and the ayr, and all the remaining free parameters of the fit, show
the same degeneracies as the fiducial case.

Full covariance, auto-frequency spectra only The runs that employed the
full covariance with the frequency auto-spectra only and that using only
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the diagonal of the covariance matrix produced results that aligned more
closely with the original L19 dataset findings, both in terms of best-fit values
and parameter space degeneracies. This better alignment with the main
findings, especially when considering the run employing only the diagonal
of the covariance matrix, was expected as it closely resembles the scenario

presented previously. However, none of these tests led to better values of the
2

X
Diagonal of the full covariance matrix, auto-frequency spectra only When
using the full covariance matrix but limiting the analysis to the information
from the frequency auto-spectra only and employing only the diagonal of
the covariance matrix, I observe that the agreement with the fiducial case is
stronger for the clustering parameters and slightly worse for the SN levels
and the calibration factors, especially for the highest frequency channel. This
led me to explore a possible dust residual which would be more important at
higher frequencies. For this reason, I further investigated the model fit using
single-frequency data.

SINGLE-FREQUENCY ANALYSES  None of the single-frequency MCMC anal-
yses could effectively constrain the minimum mass of the LT galaxies or the
SN levels. The upper panel of figure 6.19 compares the recovered clustering
parameters and shows a strong tension in the minimum mass of the ET
galaxies between the 353 GHz frequency channel and the 545 and 857 GHz
frequency channels. Specifically, the two higher frequency channels result in
much higher best-fit values for the minimum mass of ET galaxies, both when
compared to the best-fit value for the single-frequency run involving the
353 GHz frequency channel, and when compared to the best-fit value of the
minimum mass found in my fiducial case and reported in table 6.4. Recalling
that this clustering parameter acts as a re-scaling of the power spectrum, the
high values could possibly be hinting at an excess of power coming from
dust residuals.

To better explore this hypothesis, I evaluate the model fit to single-frequency
data from the second version of the dataset (see lower left panel of figure 6.19)
which employs a more aggressive mask and therefore should have smaller
contamination. I do not find a difference in the constraining power for the
minimum mass of LT galaxies and for the SN levels. However, the behaviour
of the posterior distributions of the clustering parameters changes signifi-
cantly. In particular, there is no tension between the minimum masses of ET
galaxies, supporting the hypothesis of a dust residual impacting the results
from higher frequencies in the previous dataset.

Finally, the third dataset, which used different thresholds for the three
frequency channels, showed no significant differences from the second dataset
(see lower right panel of figure 6.19), except for the 353 GHz frequency
channel which provided more constraining power due to more data retained.
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Figure 6.19: Upper: Comparison of the posterior distributions of clustering param-
eters from the single-frequency MCMC using the first L19 dataset. 353, 545 and
857 GHz frequency channels are represented in green, blue and pink, respectively.
Lower left: Same as the upper panel for the second L1g dataset. Lower right: Same
as the upper panel for the third L1g dataset.

This exploration highlights that the performance of the model in the
multipole region where clustering terms dominate is highly sensitive to
dust presence. Ensuring a dataset free from foreground contamination is
crucial for testing the model and achieving reliable predictions.

V19 data analysis

I now move to discuss the results from the V19 Herschel-SPIRE dataset.

The model parameters and the prior distributions adopted in the analysis
are reported in the first and second column of table 6.5, respectively. Unlike
the previous datasets, the SPIRE data allow to constrain the agr clustering
parameter. I therefore let it be free to vary along with the other clustering
parameters. The calibration factors for the three frequency channels, f | with
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i = 600,857,1200, are varied with a Gaussian prior centered on 1 and a 1c
width determined as twice the calibration accuracy reported in Valtchanov,
2017. As done for the P14 and L1g analyses, I consider two scenarios of fixed
and free-to-vary SN correlation coefficients.

The results of the model fit (68% confidence level) for the two cases under
study are reported in the third and the fourth columns of table 6.5. I obtain
x> = 101 for 122 degrees of freedom, when fixing the correlation coefficients
for the SN, and x? = 80 for the scenario where the correlation coefficients are
free to vary and the number of degrees of freedom is 119. The spectra—model
comparison is shown in figure 6.20, for the case where the correlation coef-
ficients for the SN are fixed to unity across all the V19 spectra. Specifically,
V19 data start to be sensitive not only to the information coming from the
clustering part, but also to the SN contribution. I find good agreement both
in the multipole region where the clustering dominates and in the region
where the SN dominates, at all frequencies.
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Figure 6.20: Same as figure 6.7 but for the Vig dataset and using the best-fit
parameters from Table 6.5.

Figures 6.21 and 6.22 show the posterior distributions of the free model
parameters and the clustering parameters only when fixing the correlation
coefficients for the SN to unity (purple) and when letting them free to vary
(green).
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Table 6.5: Best-fit parameters from the model fit to V19 data.

Parameter Prior Results Results
Cvl Xvp = 1 C]/l X Vo open
log(MEL /Moh™t)  [10.7,12.8] 12.40+£0.11 12387022
T [0.2,3.5] 0.67£0.23 112 4+0.31
log(MLYE /Moh™')  [10.5,12.8] 1179702 11.91703¢
arr [0.2,3.5] 1.253 £ 0.044 1.311+0.071
SNeoo[Jy?/St] [300,3000] 11174139 1788 £ 300
SN857[]y2 /Sr] [2000,7000] 3739 + 340 5153 4530
SN1ogo[Jy?/ Sr] [5000,13000] 8506 =710 9688 + 900
1o 1+0.11 1.055 + 0.071 1.046 4 0.084
857 140.11 1.072 £ 0.064 0.973 £ 0.066
1200 1+£0.11 0.962 £ 0.066 0.907 = 0.069
Co00x857 [-1, 1] - 0.983 0013
6600x1200 [-1, 1] - 0.885 +0.032
Cg57x1200 [1, 1] - 0.9558 + 0.0092

Notes. Same as Table 6.2 but for the V19 dataset. When the correlation coefficients are fixed
to unity, I obtain x*> = 101 with 132 points and 10 free parameters. In the case where the

correlation coefficients are free to vary, I have 13 free parameters and obtain x> = 80.

The best-fit values which I obtain for the minimum mass of the ET galaxies
are higher than those obtained in the analysis conducted on P14 data. They
are also higher than the ones previously found in C13 and X12 (and reported
in table 6.1). Similarly, the minimum mass for LT galaxies in both scenarios
explored in this work appears to be higher than the value found in C13
(log(MEL /Moh™') = 10.85 £ 0.06), amounting to a ~ 40 tension between
this work and previous literature. This difference could be explained by the
fact that I am exploring an extended model compared to C13, who fixed
apr = 1. In fact, from figure 6.22 it is possible to note that, due to the positive
correlation between log(MII;;rm) and apt, values of ayy closer to unity will pull
log(MLL ) toward lower values.

These results also showcase the ability of V19 data to distinguish among
the two galaxy populations and therefore their sensitivity to agr, which is
unconstrained by Planck. The constraints on agr are in agreement with semi-
analytical models [Gao et al., 2004; Hansen et al., 2009], predicting agr < 1.0.
However, these results are not in agreement with the estimated values of
apr = 1.55+0.05 and apr = 1.81 £ 0.04 found in C13 and X12, corresponding
to a tension of ~ 40 and 50 respectively. The discrepancy between the
findings of my work and those of C13 and X12 reduces when considering
the correlation coefficients of the SN as free parameters. Specifically, the agr
clustering parameter in that scenario is compatible with the values of C13
and X12 within 1o and 20, respectively. I can explain this better agreement
looking at how the model parameters act on the spectra. The agt clustering
parameter (as well as ar) re-scale the overall power, similarly to calibration
factors. From table 6.5, I see that in the case of free correlations, the SN
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Figure 6.21: Same as figure 6.8 the V19 dataset.
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Figure 6.22: Same as figure 6.9 but for the V19 CIB dataset.

values change and carry with them the correlation factors, which go low
and reduce power in the spectra. This is then compensated by power added
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back in by higher clustering parameters. Concerning the spectral index of
LT galaxies, a previous study conducted by C13 shows that a;t was only
weakly constrained and therefore kept fixed at unity. Here I show that the
V19 data are capable of constraining this parameter at ayr = 1.253 £ 0.044
and ar = 1.311 + 0.071 for the two scenarios.

SN levels depend on the scenario under scrutiny. When assuming maximal
correlation between frequencies (correlation coefficients fixed to unity), the
SN values are a factor of ~ 2 smaller than the levels predicted by the model of
Bethermin et al., 2012 and reported in table 4 of Lagache et al., 2020. Allowing
SN correlation coefficients to vary, i.e. giving more freedom to the model
fit, leads the parameters to move toward values that are closer to the ones
reported in the literature.

Concerning the calibration factors, they are generally consistent with 1
within 1o regardless of the treatment of the SN correlation coefficients. I
only report a low value of the 1200 GHz factor 3%, which deviates from
1 at 20 in the case of free-to-vary correlations between SN levels. This may
compensate for a lower value of the SN level at 1200 GHz with respect to the
value found in the case of fixed SN correlations.

P14 and V19 comparison

Given the general agreement between the posterior distributions of P14 and
L19 shown in section 6.3.2 and given the qualitative nature of the L19g results,
in this section I compare the results between Planck and Herschel-SPIRE data
taking the P14 and V19 results.

Figure 6.23 show the posterior distributions of the clustering parameters
for Vig (in dark blue) and P14 (in dark yellow) for the case in which the
correlation coefficients of the SN are fixed to unity and the case in which they
are free to vary, in the left and right panel respectively. From the inspection of
these figures, it is possible to note a tension between the two datasets in the
best-fit values of the minimum mass of the ET galaxies, at the level of ~ 5¢
for both scenarios. I find better agreement for the log(MrIfin / M@h”) and aqT
clustering parameters. Specifically, the best-fit values for the minimum mass
for LT galaxies from the two datasets are in agreement within ~ 20 when
fixing the correlation coefficients, and ~ 1c¢ for the case where the correlation
coefficients are free to vary. Lastly, the best-fit values for the ait clustering
parameter are in agreement within ~ 1¢ for the two datasets and for both
the scenarios explored in this study. I remind the reader that the P14 data do
not allow me to provide significant constraining power for agt, which is thus
fixed to 1.

I performed a number of tests to verify this comparison and to understand
the impact of method and model assumptions on the agreement/disagree-
ment. In particular, for P14 I tried excluding the 217 GHz frequency chan-
nel and fixing the agr clustering parameter to values different from 1 (e.g.
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Figure 6.23: Comparison of the posterior distributions of the clustering parameters
from P14 (dark yellow) and V19 (dark blue) data for the case in which the correlation
coefficients of the SN are fixed to unity (left panel), and the case in which they
are free to vary (right panel). For both cases, the posterior distributions of the two
datasets are in tension, not exploring the same regions of the parameter space.

apr = 0.5 and agr = 1.5). For V19, I performed the MCMC fixing the agr
clustering parameter in order to recover the same setup used for P14. None
of these tests improved the agreement between the two datasets.

Given the tension between the two datasets, I do not perform a joint
analysis. The tests I have done and the fact that the common scales of the
two datasets are not sufficiently wide to allow for a comparison of the results
in a region observed by both of them, do not allow me to clearly identify
the source of the discrepancy between the datasets. The tension may equally
point at inherent differences in the datasets or a failure in the ability of this
model to capture the complexity of the physics under scrutiny. For example,
I am not including the luminosity dependence of the HOD, as done in Viero
et al., 2013; an investigation of the role this luminosity dependence could
have on the results is left to a future work. The analysis of independent data
from other surveys may help shed light on this tension.

CONCLUSIONS ABOUT THE CIB MODELLING

In this first part of my work, I applied a HM formalism to derive a physically
motivated model of the CIB emission. The model includes contributions to
the CIB emission generated by two different types of galaxy populations,
namely ET and LT galaxies, which show different halo distribution and
emission characteristics. For the first time, the mixing terms between these
populations have also been fully integrated into the calculations. In the
model, I distinguish between a contribution from the clustering of matter
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to the CIB power spectrum (dominating at larger angular scales) and a SN
contribution (dominating at smaller scales). I populate dark matter halos with
two galaxy populations to explain two phenomena. Firstly, galaxy number
counts exhibit a bimodal distribution, suggesting different behaviours for
different galaxies. Secondly, previous attempts to model the CIB power
spectrum using a single galaxy population have failed to fit all data accurately.
I compare the model against three state-of-the-art datasets—-data from the
official Planck release (P14), a reanalysis of Planck data by Lenz (L19), and data
from Herschel-SPIRE (V19). The datasets have been chosen so as to cover two
observational regimes: lower frequency and lower multipole ranges (Planck);
high-frequency, high-multipole ranges (Herschel-SPIRE). The two regimes
map onto different sensitivities to the model parameters and contributions
from galaxy populations. As I summarise below, despite this extension, the
model still faces challenges in describing all these datasets. I tried to better
explore issues related to my modelling by confronting it with simulations,
but the simulations currently available cannot help in this kind of analysis.
I provide a more detailed review of tests conducted using simulations in
chapter b.

I found that P14 data provide information on the clustering parameters.
However, the frequency range probed with P14 is not wide enough to effec-
tively distinguish between contributions from the two galaxy populations.
Qualitatively, L19 data tell the same story. The same does not apply to V19.
In this case, the analysis allows me to constrain the clustering parameters of
both ET and LT galaxies.

When comparing the results from P14 and V19, I report—in agreement with
previous analyses (see e.g., Maniyar et al., 2021)—a tension between the two
datasets. This discrepancy is severe enough to prevent me from performing
a joint fit. At this stage, I am also unable to clearly pinpoint the source of
this discrepancy, which might be due to either the data themselves or to
model assumptions (or both). If I assume that the two-population model
is a correct and complete description of all CIB emission, the difficulty in
fitting the data may be due to, for example, other signals contaminating
what I consider a CIB-only dataset or a mistreatment of other experimental
factors (such as beams or calibrations). In section 6.3.2.1, I demonstrate how
possible dust residuals affect the clustering parameters for the L19 dataset.
Alternatively, if I take current data at face value and assume that they are
a clean measurement of the CIB emission, the tension might indicate that
the model is still incomplete. However, at present, there are no additional
astrophysical signatures guiding me in refining the model further.

This work also highlights that the results are highly dependent on the
choices made in the analysis and on which priors and external information
are imposed on the parameters. I performed a long list of tests during this
work, but found limitations in the constraining power of the datasets at hand;
I need new observations to be able to lock in further the model.
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The tension observed between the low- and high-frequency/multipole
range experiments suggests that surveys spanning wider frequency/angular-
scale coverage could help shed light on the current discrepancies, as well as
advance our understanding of the physics of CIB emission.

The use of data spanning a wider range of angular scales and frequencies
would improve constraints on the model parameters, but would also require
a consistent modelling of the additional extragalactic emission components.
In particular, the approach used here for the CIB can be extended to provide a
physical description of the SZ effect. Furthermore, being CIB and SZ tracers of
the same underlying matter distribution, the extension of the HM approach to
the SZ effect will also allow one to properly predict the correlation between
the two tracers (building on other existing literature). The next chapter
is entirely devoted to the extension of this modelling to a comprehensive
representation of the extragalactic emissions.



COMPREHENSIVE MODELLING OF
THE EXTRAGALACTIC EMISSIONS

HIs chapter extends the description of the Cosmic Infrared Background
(CIB) emission to other extragalactic signals, such as Sunyaev-Zel'dovich

(5Z) — both thermal Sunyaev-Zel'dovich (t5Z) and kinetic Sunyaev-Zel dovich
(kSZ) -, the correlation between CIB and tSZ, radio sources, and Galactic
cirrus.
Extragalactic signals arise from the emission of astrophysical sources tracing
the underlying matter density field, contributing across cosmic history at
different redshifts and angular scales. In the context of CMB studies, these
emissions are typically treated as contaminants — foregrounds — to the primary
CMB signal, and substantial effort has been devoted to remove them to
maximise the cosmological information encoded in the CMB power spectrum
[Dunkley et al., 2009; Planck Collaboration, 2020b; Reichardt et al., 2021].
Yet, these same signals are also a rich source of information about galaxy
formation, feedback processes, and the LSS of the Universe [Cooray et al.,
2010; Lagache et al., 2005]. Secondary CMB anisotropies — such as the thermal
and kinetic SZ effects or gravitational lensing — have been shown to contain
unique information about cosmological parameters, astrophysical processes,
and, in particular, the kSZ effect provides a direct handle on the epoch of
reionization [Aghanim et al., 2008; Battaglia et al., 2012; 2013; George et al,,
2015]. Understanding these secondary signals and their correlations with LSS
tracers can provide constraints on the sum of the neutrino masses [Carbone
et al., 2016; Louis et al., 2017], dark energy evolution [Bolliet et al., 2018], and
feedback in galaxy clusters [Hill, 2018; Planck Collaboration, 2016b].
In this part of my work, I implement a unified framework that describes the
extragalactic emissions with both a Halo Model (HM)-based and a template-
based approach. Building on Zagatti et al., 2024 and specifically on what was
presented in the previous chapter, I extend the HM description to the CIB,
tSZ, and their cross-correlation, while treating the kSZ effect, radio sources,
and Galactic cirrus with a template-based approach. The overall framework
is briefly described in section 7.1.

Of particular relevance for this study is the new-generation ground-based
CMB experiment, the Simons Obervatory (SO) [Ade et al., 2019], located
in the Atacama Desert in Chile. SO will observe the sky with two comple-
mentary instruments: a 6-metre Large Aperture Telescope (LAT), optimised
for small-scale temperature and polarisation anisotropies over a wide range
of multipoles, and an array of Small Aperture Telescope (SAT)s, designed
to target large angular scales with high sensitivity to primordial B-modes.
Together, LAT and SATs cover multiple frequency bands between 27 and 280

Figure 7.1: Simons Obser-
vatory site in the Atacama
Desert, Chile.
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GHz, enabling efficient separation of Galactic and extragalactic components
and cross-checks of systematic effects. Operating over multipoles roughly
in the range 30 < ¢ < 9000, SO will deliver high-precision measurements
in a foreground-dominated regime, providing an ideal data set to test the
physical modelling of the extragalactic emissions developed in this work. For
this reason, while waiting for actual observed data to come, I generate the
theoretical data set mimicking SO LAT observations described in section 7.2,
spanning ¢ € [1500,8000] at the six LAT frequency channels. Using this data
set, I first perform Fisher forecasts in section 7.3.1, to explore parameter
degeneracies and identify which quantities are well constrained, so as to
focus on them and, consequently, reduce the parameter space. In section 7.3.2
I carry out a MCMC analysis to evaluate the constraining power of an SO-like
experiment on foreground parameters.

Although I employ publicly available information to reproduce the ex-
pected performance of a SO-like experiment, the results of this chapter
should not be considered an official SO result.

MODELLING OF THE EXTRAGALACTIC COMPONENTS

This section provides a very brief description of the modelling of the different
emissions, since it follows what was already introduced in chapter 4, chapter 5,
and chapter 6. Therefore, it serves as a summary and guide throughout this
chapter.

CIB modelling

For the CIB modelling, I do not change the HM-based approach presented
in chapter 6, which encodes two galaxy populations, i.e. early-type (ET) and
late-type (LT) galaxies. Therefore, the clustering term contributing to the total
CIB power spectrum is given by equation 5.5 and reported below:

dz dz . .
Cfc,llxli'f/{us - / ?ﬁh(z)]v’ (2)Pgg(k =€/, 2), 71)

with Pge evaluated following equation 6.11, which encodes the contributions
from ET, LT, and the mixing between the two galaxy populations.



A recap of the different formulations for the SN adopted in this thesis.

In chapter 5 I presented the expression for the SN based on the
number counts;

S AN
CCIBSN _ / alN g
Ly 0 Sy ds, v
However, when dealing with actual observed data, this prescrip-
tion leads to higher SN levels than those observed.

When dealing with the model fit to CIB data, in order to avoid
overestimating the contribution of the SN, I evaluate the SN
contribution between two frequency channels as

CIB,SN
Cl,vxv’ = CVXV/\/SNV X SNV/,

where SN, is a certain SN level for the single frequency channel,
treated as a free parameter.

This chapter introduces a slightly more physical description of
the SN term, presenting it as a template rescaled by an amplitude.
The main reason for this third modelling is to reduce the number
of free parameters.

A different approach is adopted for the modelling of the Shot Noise (SN).
However, because of the lack of data or precision in the number counts across
all frequencies of interest, and in order to avoid adding a free parameter for
each frequency channel — as done in the previous chapter for the P14 and
V19 analyses — I adopt a simplified modelling that follows a template-based
approach, so that:

27T / 14 2
SN _ iy
Cf,vxv’ - £(£+1)"45N€VV — <3000> ’ (7.2)

where:
the prefactor is to express the final result in C/’s;
Asy is the amplitude of the CIB SN signal;
€, allows for the conversion from flux to CMB units;

11y represents a modified blackbody emission, given by 17, = B, (T,;)vPsn?,
and provides the information on the frequency dependence of the sig-
nal;

1 Here T; and vg represent the dust temperature and frequency, which are set to T; = 20K and
v§ = 153.8GHz.
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o the term in parentheses sets the angular template of the CIB SN emis-
sion.
The above expression for the SN describes a template which rapidly ap-

proaches a scale-independent (flat) behaviour.

tSZ modelling

The modelling of the tSZ signal follows precisely the prescription provided
in section 5.2.1 of chapter 5.

Cz:gvzxv’ TCMB dzg / dm m) +

y(k,
500

av 2 (7.3)
T2 5 I “——dzg(v)g(v')Phn (k </ dm——

btsz(m)g(k,m)> .
500

CIB-tSZ cross correlation

As already detailed in chapter 5, the correlation between the CIB and tSZ,
being tracers of the same underlying matter distribution, can be described
within a full HM framework. However, the description of this correlation must
now take into account the fact that there are two different galaxy populations
in the overall picture. In the following, I provide the final expressions for the
1h and 2h terms for the sake of simplicity, whereas in section a.2 of chapter a,
I present the full calculations, making the contributions from the two galaxy
populations explicit.

CISZXCIBIN _ Ty / dz— Su(2) + ()8, (2)]
dn Ngul( ) - (7.4)
% /dm dm I500 Mlgal wgal (m, K) Ge(m, 2),
while the two-halo term is
X av in
CEZ1P2 = Tep [ 42 [g(1)Su(2) +8(v)S.(2)] Pl (k)
X /dmdn bisz(m) ie(m, z)
dm |50 152\ YAl (7:5)
dm — gul( )u a(m, k)|,
[/ ngul g l( )

where in both equations N, and 74, account for the sum of the contributions
from the ET and LT galaxy populations.
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kSZ, radio sources, Galactic cirrus modelling

The kSZ signal, and the emissions from radio sources and Galactic cirrus
are all modelled exactly using the template-based approach described in
chapter 5. For completeness, I report the equations used to compute their
power spectra.

271

kSZ __ kSz

Cr” = 6(£+1)A"SZ Dog’s
. 27.[ . 1/1/, Kradio g 2

radio __ radio ,

Clvsr = 0+ 1)“4 v < v > <3000> ’ 7:6)
. 271- i ;71/ 171// g Keirrus

Ccirrus cirrus , )

Lyxv f(f T 1) A €Evy 1750 3000

CREATION OF A SMOOTH DATASET

In this section, I describe how I create the smooth theory dataset used for this
work, meaning I create a dataset which mimics the upcoming SO LAT data —
theoretical Cys generated from my model, together with a power-spectrum-
based covariance matrix built from the SO LAT noise curves (including beams
and sky fraction).

Smooth power spectra

The aim is to build a dataset that mimics the instrumental characteristics
of the Simons Obervatory (SO). The dataset therefore spans the SO LAT
frequency channels, namely 27, 39, 93, 145, 225, and 280 GHz.

As a first step, I fix fiducial values for the model parameters (see table 7.1)
and compute the 21 auto— and cross—frequency spectra over the multipole
range 1500 < ¢ < 8000. The theoretical model introduced in the previous
section is largely independent of observational inputs, with the exception of
the emissivity functions, which enter the clustering part of the CIB. These
functions rely on galaxy number counts measured at specific frequency bands.
Direct measurements of the differential number counts for the individual
galaxy populations at the SO LAT frequencies are not yet available. As a
temporary but practical solution, I extrapolate the counts at SPT frequencies
to the SO channels. This approach is justified because SPT operates in over-
lapping millimetre/sub-millimetre bands (95, 150, 220 GHz).

During this extrapolation, I encounter unphysical negative values of the
differential number counts for the two lowest SO channels (27 and 39 GHz).
These arise because the extrapolation extends far outside the frequency range
directly probed by SPT, where the fitted spectral models are poorly con-
strained. To maintain physical consistency, I impose a physical prior that
number counts must be non-negative, setting them to zero where extrapo-
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lations fail. Lastly, I fix the adopted flux cut at §" = 7m]y, consistent with
the SO forecast paper [Ade et al., 2019]. The final emissivity functions used
in this work for the computation of the CIB clustering term are shown in
figure 7.2. The figure illustrates the frequency dependence of j,(z) for all SO
channels after applying the flux cut and extrapolation procedure.

27GHz

N —— 39GHz
1 \ =~ 93GHz
I ==\ —— 145GHz

0 VA —— 225GHz
17 \\ —— 280GHz

late-type

Jvllylsr]

Figure 7.2: Emissivity functions for the SO LAT frequency channels, computed
using differential number counts extrapolated from SPT measurements and applying
a 7m]y flux cut.

A similar approach is adopted for the SN component of the CIB power
spectrum. The SN arises from the Poisson distribution of unresolved galaxies
below the flux cut. In principle, it can be computed directly from measured
dN /dS. However, due to the same lack of data at SO frequencies, I extrapolate
the expected amplitudes from SPT measurements. In this case, rather than
fixing the SN levels directly from the extrapolation, I use the extrapolated
values as a reference to define physically motivated parameter ranges for the
SN parameters in equation 7.2, i.e. Asy and Bsn, which are then treated as
free parameters in the MCMC analysis.

To produce the final dataset used in the analysis, I bin the theoretical
{-by-{ power spectra following the SO binning scheme implemented in the
multifrequency likelihood for the LAT, MFLike?. Given the binning matrix
By, the binned power spectra C,, are obtained from the theoretical spectra C,
as

Cp =) _BuCy. (7.7)
7

2 https://github.com/simonsobs/LAT_MFLike.git
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Table 7.1: Values of the model parameters employed for the creation of the smooth
power spectra.

Parameter Value
Amdio 1.28
Xradio -0.945
-Acirrus 0.65
Xeirrus -1.2
,Bcirms 1.8
Arsz 1.9
b 0.53
log(MET /Moh™1) 12.8
log(MLL /Moh™1) 10.85
XET 1.55
A&rT 1.0
Asn 9.0
Bsn 1.1

Notes. Values of the parameters for constructing the smooth theory dataset.

I then restrict the dataset to the range 1500 < ¢ < 8000. For visualisa-
tion, figure 7.3 shows both the unbinned ¢-by-¢ spectra and the binned
auto-frequency spectra, with the associated error bars computed from the
diagonal of the covariance matrix described in the following section.

Smooth covariance matrix

I start with the computation of a Gaussian (power—spectrum-based) covari-
ance matrix of the form

1

V12 V3lVg\ __
HEET) = G,

CZ1V4C2/2V3 + Cle/a CZZV4) , (7.8)
with fg, = 0.4 as the assumed sky fraction. The total spectra entering the
covariance are

XY
Nf

XY _ ~XY,theo

where N are the noise spectra and By are the beam transfer functions. Since
I aim to construct an SO LAT-like dataset, the noise curves N, for each fre-
quency channel are computed using the publicly available so_noise_models
package? provided by the SO collaboration.

This covariance is Gaussian in the sense that it neglects contributions from
higher—order statistics (e.g. trispectra). However, I note that, as analysed in
Louis et al., 2025, extragalactic foregrounds are expected to be non-Gaussian.
Louis et al., 2025 state that the impact of including non-Gaussian contributions
in cosmological analyses for ACT frequencies is at the sub-10% level. For

3 https://github.com/simonsobs/so_noise_models.git
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Figure 7.3: Auto-frequency spectra of the various components, represented in units
of Dys, entering the model. CIB contributions are shown in orange: total CIB (solid),
CIB clustering (dashed), and CIB SN (dotted). tSZ, tSZx CIB, and kSZ are plotted in
blue, pink, and purple, respectively. Radio sources and Galactic cirrus are displayed
in green and brown, while the CMB signal is in gray. The total signal is shown in
black, and its binned version (using the MFLike scheme) along with the error bars
inferred from the covariance matrix are in red. Note that the 27 x 27 and 39 x 39
GHz power spectra are truncated to lower multipoles for visualisation purposes
because of very large error bars.
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Figure 7.4: Noise curves for the auto-frequency channels computed with the
notebook and specifications provided by the SO collaboration.

the SO LAT frequency channels I expect a slightly larger impact, but the
following results are presented using this Gaussian covariance matrix.
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As in the previous section, both the theoretical spectra and the covariance
matrix are binned using the MFLike scheme. To summarise, denoting the
binning matrix by By, the binned power spectra and covariance are

Cy =Y BuCi,  Zpw = BJ,Zew Buy. (7.10)
7

RESULTS

The goal of this section is to explore the parameter space of the comprehensive
model presented above, identifying which parameters can be constrained,
which remain unconstrained, and where degeneracies appear. As a first step, I
perform a Fisher forecast, which provides an approximate but fast assessment
of parameter sensitivities. A more detailed exploration with MCMC methods
is left to section 7.3.2.

Fisher Forecasts

The Fisher formalism is a standard tool for forecasting how well a given
dataset can constrain model parameters, without requiring simulated data
realisations.

For a set of N model parameters {6;}, the Fisher matrix F is an N x N
symmetric matrix defined as

F=Dx !'D7, (7.11)

where L is the covariance matrix defined in equation (7.8), and D is the
derivative matrix of dimension N x m, with m the length of the data vector.
Each row of D contains the derivatives of the power spectra with respect to a
single model parameter:

9C;, /30, --- 9C, /06y

d0Cy, /0N --- 9Cy, /00N
I evaluate the derivatives numerically using a finite—difference scheme,

an N Cg(@i,() + AQ) — Cg(eilo — AQ)

8791' >~ AD ’ (7.13)

where 6, is a fiducial starting point and A0 = €60,y with e = 0.07. I verified
that the results are stable against variations of the step size, testing € = 0.1
and € = 0.5. In practice, this means that for each parameter I recompute the
theoretical spectra at slightly shifted values around the fiducial point and use
the difference to approximate the derivative.
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In the following I present both the Fisher correlation matrix and the Fisher
Signal-to—Noise Ratio (SNR) evaluated as SNR(6;) = /F;; for three progres-
sively more complex scenarios:

1. Foreground parameters only: I first vary the 17 parameters describing the
foreground model, keeping the cosmology fixed. Figures 7.5 and 7.6

show the Fisher correlation matrix and the Fisher SNRs for this setup.
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Figure 7.5: Fisher correlation matrix for the 17 foreground parameters only. Strong
correlations are visible among radio parameters, cirrus parameters, and among those
regulating the CIB emission.

As expected, radio parameters are highly correlated, as are cirrus pa-
rameters, and the subset of CIB parameters entering the two — galaxy —
population modelling, both SN and clustering. Turning to the SNRs, I
find that the minimum halo mass of ET galaxies is well constrained. In
general, ET parameters show higher SNR than LT ones, consistent with
the fact that SO LAT frequencies are more sensitive to ET contributions.
I remind the reader that higher frequencies observe the nearby Universe,
therefore a region where the dominant contribution comes from the LT
galaxies; SO LAT frequencies are dominated by the ET contribution. In
this work I am modelling within the same HM framework the CIB, the
t5Z, and their cross-correlation. The latter naturally comes without the
need to introduce any additional free parameters, leading to a good
constraining power on the hydrostatic mass bias b. Radio parameters
are also well constrained, thanks to the dominance of radio emission in
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Figure 7.6: Fisher SNR for the foreground parameters. The vertical red line marks
SNR= 1, used as a reference threshold.

the two lowest SO frequencies (27 and 39 GHz). Finally, the amplitude
of the kSZ effect is measurable with SNR> 1 even in this conservative
setup, where all parameters are allowed to vary freely without external
priors.

2. Adding cosmological parameters, fixed cosmology in foregrounds: In the sec-
ond setup, I open the cosmological parameters affecting the theoretical
predictions at the level of CMB spectra, while keeping them fixed in
the foregrounds modelling. Upper and lower panels of figure 7.7 show
the results for this scenario. In this setup, the correlations among fore-
ground parameters remain unchanged relative to the previous case.
While noticing correlations among the cosmological parameters them-
selves, I see essentially no coupling between foreground and cosmolog-
ical parameters. Foreground constraints remain unchanged compared
to the previous case.

3. Cosmological parameters with varying cosmology in foregrounds: Finally, I
allow the cosmology to vary consistently both in the CMB and in the
foreground model. Upper and lower panels of figure 7.8 show the re-
sulting correlations and Fisher SNRs. In this more realistic scenario,
overall it is possible to appreciate slight correlations appearing between
cosmological and foreground parameters. Among all these correlations,
it is worth noticing the high degree of correlation the hydrostatic mass
bias, b, shows with the background cosmology — which was not present
in the previous case. The fact that b becomes correlated with cosmology
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Figure 7.7: Upper panel: Fisher correlation matrix with cosmological parameters
varied, but with a fixed cosmology in the foreground model. Lower panel: Fisher
SNR for the case with cosmological parameters varied but fixed in the foreground
model.

is because it effectively rescales the halo masses in a way that mimics
the impact cosmological parameters have on the LSS. Specifically, an
increase of b reduces the effective halo masses and hence the overall fore-
grounds amplitude. This effect can be compensated by increasing all the
cosmological parameters that act on the amplitude of the spectrum such
as As, T, and h — this is confirmed by the positive correlation observed.
Conversely, the negative degree of correlation observed between b and
0=}y, is easily explained by the fact that higher values of these two
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cosmological parameters enhance the halo abundance and gas pressure,
thereby increasing the foreground signal, requiring a decrease in b to
compensate the effect. The Fisher SNRs for cosmological parameters
decrease compared to the previous case, reflecting the degeneracies
introduced by allowing cosmology to affect both the primary CMB and
the foreground model. The foreground parameters themselves remain
broadly consistent with the earlier scenarios.
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To highlight the distinction between the second and the third case, figure 7.9
directly compares the Fisher SNRs of the cosmological parameters in cases
(2) and (3). When all parameters are varied simultaneously, the inclusion of
cosmology—dependent foregrounds introduces additional degeneracies that
reduce the marginalised Fisher SNRs of cosmological parameters relative to
case (2). However, if one restricts the Fisher analysis to the cosmological sub-
space alone, the effective constraining power improves in case (3), since the
information content of the foreground model is now coherently tied to the un-
derlying cosmology. In other words, although degeneracies with foreground
parameters degrade the fully marginalised errors, a cosmology—dependent
foreground treatment captures additional information that can tighten con-
straints within the cosmological sector itself. This underlines the importance
of a consistent physical modelling of extragalactic foregrounds when deriving
cosmological parameter forecasts.

W Case 3 (full cosmology open) Case 2 (fixed cosmology in FG modeling)

ﬂm- l
AS- -

—TT T T T T
10° 10!
S/N

Figure 7.9: Comparison of the Fisher SNR of the cosmological parameters in
the case of fixed cosmology in the foreground model (blue) and the case with
varying cosmology in the foreground model (red). Allowing cosmology to propagate
consistently into the foregrounds enhances the constraining power.

It is important to stress that this constitutes only a preliminary analysis. A
more detailed assessment of the quantitative impact on cosmological parame-
ter inference will require going beyond Fisher forecasts and incorporating
more realistic data—driven tests, which I leave to future work.

MCMC analysis

I now present the results of a MCMC analysis performed with the Cobaya
ensemble sampler [Torrado and Lewis, 2021]. The goal of this step is to
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explore the multidimensional parameter space of this foreground model
and to assess the constraining power of an SO-like experiment on these
parameters.

The parameter space is explored using a Gaussian likelihood built from
the power—spectrum covariance matrix of equation (7.8):

log £(C™| o) o —2 AL S Ag, (7.14)
where Ac, = C;l‘”” — C’gmd” is the difference between the simulated SO-like
data vector (see section 7.2) and the theoretical predictions, considering all 21
auto- and cross-frequency spectra, and X is the covariance matrix. Both data
and the covariance matrix are binned with the binning scheme introduced in
section 7.2.

This likelihood treats the bandpowers as Gaussian—distributed and neglects
non-Gaussian covariance terms from higher—order correlations.

To reduce computational cost and avoid exploring poorly constrained direc-
tions, I use the Fisher—forecast results of section 7.3.1 as a guide. Parameters
that (i) are strongly degenerate with others or (ii) exhibit very low Fisher
SNR are fixed to their fiducial values. This reduces the dimensionality of the
parameter space while retaining the most informative degrees of freedom. As
a consequence, the resulting forecasts should be interpreted as conditional
constraints, reflecting the information content of the data on the retained pa-
rameters rather than fully marginalised constraints over the complete model
parameter space.

Specifically, for the baseline case:

o because of strong degeneracies, I fix the power—law slope of the radio
sources (X,qgdio);

o because of the low Fisher SNR and the strong mutual correlations, I fix
all cirrus Pafameters (AcirruS/ Keirruss ,Bcirrus)/'

e I also fix four CIB HOD parameters (cer, opr, MEL, MLL

their low Fisher SNR;

) because of

e because of the high degree of correlation in the two parameters regulat-
ing the SN, I keep the power-law coefficient fixed during the MCMC

analysis (Bsn).

After these reductions, the baseline run explores eight free parameters. Their
priors — motivated by previous analyses (SPT, ACT, Planck) or physically
reasonable ranges — are listed in the second column of tables 7.2 and 7.3,
along with the resulting posterior constraints.

To test the stability of the constraints and study parameter degeneracies, I
also run three alternative configurations:

o Case A: Fixing the hydrostatic mass bias b.
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Table 7.2: Best-fit parameters from the model fit to the smooth data set for the
baseline and case A presented in this study.

Parameter Prior Results
Baseline Case A

Ayadio 1.28 £0.19 1.2796 =+ 0.0090 1.2799 = 0.0087
Aisz [0,4] 1.8070% 1.92 +0.33
b [0.2,0.7] 0.527 £0.015 -
AT [0.0,3.0] 1.6270% 1597033
arr [0.0,2.1] 0.851038 0.921028
log(MEL /Moh™')  [11,12.8] 11867031 11.837031
log(MYL /Moh™!)  [10.0,12.0] 11187538 11.2279%8
Asn [7.0,11.0] 8.995 + 0.051 8.994 4 0.051

Notes. First column: model parameters sampled for the model fit to SO-like smooth data.
Second column: priors and ranges of variation imposed on the model parameter. I impose a
Gaussian prior only on the amplitude of the radio sources emission motivated by previous
studies; I let all the other parameters free to vary within a flat prior. Third and fourth columns:
best fit values within 1o confidence levels for the model free parameters of the baseline and

case A presented in this analysis.

Table 7.3: Best-fit parameters from the model fit to the smooth data set for cases B
and C presented in this study.

Parameter Prior Results
Case B Case C

Avadio 1.28 +0.19 1.2798 4 0.0090 1.2798 + 0.0086
Apsz [0,4] 1.97 +0.25 1.96 +0.19
b [0.2,0.7] 0.532 +£0.013 -
AT [0.0,3.0] 1.60 £ 0.27 1.58 +0.24
arT [0.0,2.1] - -
log(MEL /Moh™')  [11,12.8] 11.8775% 11.887022,
log(MLL /Moh™)  [10.0,12.0] 11147552 11117047
Asn [7.0,11.0] 8.992 4+ 0.051 8.991 4+ 0.051

Notes. Same as table 7.2 for cases B and C.

o Case B: Fixing the power—law slope for the LT satellite population, ayr.

e Case C: Fixing both b and ;7.

These tests are motivated by the significant correlations observed between
b, arr, the kSZ amplitude, and the radio foreground parameters (see sec-
tion 7.3.1). Since SO frequencies are expected to be less sensitive to LT galax-
ies, cases B and C probe whether freeing a;r meaningfully degrades the
constraints. All other priors remain identical to those of the baseline run.

Sampling convergence is assessed with the Gelman—-Rubin statistic, requir-
ing R —1 < 0.01. A burn-in fraction of 30% is applied to all chains before
computing the posteriors.
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Tables 7.2 and 7.3 list the best—fit values and 1o uncertainties for the
four scenarios considered, while figure 7.10 presents the corresponding
one—-dimensional marginalised posteriors and two—dimensional parameter
correlations at the 68% and 95% confidence levels.

Across all configurations, the results are mutually consistent, confirming that
the Fisher—based parameter selection was robust. As expected, progressively
fixing additional parameters in cases A—C narrows the posterior widths
relative to the baseline run, demonstrating the anticipated gain in constraining
power.

The amplitude of the radio-source signal, A,,4;,, is very well constrained
and matches its fiducial value in all cases, reflecting the dominance of radio
sources in the lowest SO frequency channels (27 and 39 GHz) and their
significant contribution even at 93 GHz on small angular scales.

The kSZ amplitude, Aysz, is likewise well constrained and consistent with its
fiducial value, but its precision noticeably improves when either b or ayr (or
both) are fixed, as visible in the triangle plot. This behaviour agrees with the
positive correlations between Ays; and these parameters already evident in
the Fisher forecasts (i.e., see figure 7.5).

The hydrostatic mass bias, b, is tightly constrained in the baseline and case B
runs, again matching the fiducial value and consistent with its high Fisher
SNR; fixing art alone produces no significant additional gain in b’s precision.
Parameters describing ET—galaxy clustering are moderately well constrained,
and their posterior widths decrease substantially when a7 is fixed (cases B
and C), which reduces degeneracy between ET and LT populations. By
contrast, LT-galaxy clustering parameters remain poorly constrained in all
configurations. Even when a7 is fixed, there is little improvement in the
constraints on log MLL | and its posterior peak shifts toward higher values
compared with the fiducial, suggesting that SO-like frequency coverage
provides only limited sensitivity to the LT population, which is subdominant
at these frequencies. Finally, the amplitude of the CIB SN contribution, Agy,
remains stable and in excellent agreement with its fiducial value across all
four scenarios, consistent with its weak correlations observed in both the
Fisher analysis and the two—dimensional posteriors.

CONCLUSIONS AND FUTURE PROSPECTS

In this work I have extended the modelling of extragalactic foregrounds
developed in Zagatti et al., 2024 and presented in chapter 6, to include
additional components: the thermal and kinetic Sunyaev-Zel’dovich (t5Z and
kSZ) effects, the cross—correlation between the CIB and tSZ (CIBxt5Z), and
the contributions from radio sources and Galactic cirrus. I provide a modular
and publicly available Python code that implements these components in a
unified framework. In particular, the CIB, tSZ, and CIBxtSZ power spectra
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Figure 7.10: Posterior probability distributions for the four MCMC configurations.
The baseline case is shown in purple, and cases A, B, and C in teal, pink, and
yellow, respectively. Diagonal panels show one-dimensional marginalised distribu-
tions with fiducial values indicated by dashed vertical lines. Off-diagonal panels
show two—dimensional contours at 68% and 95% confidence levels, highlighting
correlations between parameters.

are described using a full HM formalism, while radio sources, Galactic cirrus,
and the kSZ effect are treated with a template-based approach.

Using these ingredients, I generated a smooth theoretical dataset designed
to mimic the instrumental features of the SO LAT. The dataset covers six SO
frequency channels and spans multipoles ¢ € [1500, 8000]. Noise curves were
computed following the official SO prescriptions, and the resulting power
spectra and covariance matrix were binned using the MF_Like scheme. This
smooth dataset was then employed to forecast the constraining power of
an SO-like experiment on foreground parameters and to explore potential
degeneracies between foregrounds and cosmology.

The Fisher forecasts suggest that a physically motivated, cosmology-
dependent foreground model will be crucial once SO data probe small an-
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gular scales with unprecedented sensitivity. Although a full exploration of
cosmological parameter impacts is beyond the scope of this work, the results
in section 7.3.1 indicate that neglecting cosmology—foreground correlations
may degrade cosmological constraints in the low—variance, high—foreground
regime. A more detailed study of these effects — including the joint estimation
of cosmological parameters — will be a key direction for future work.

Regarding foreground parameters, SO frequency coverage and sensitivity
will not be sufficient to tightly constrain the clustering properties of both
galaxy populations. In particular, LT galaxies — being subdominant at SO
frequencies — remain poorly constrained. By contrast, the strong contribution
of radio sources at low frequencies leads to precise constraints on their
amplitude, motivating future efforts to develop a HM description for the
radio population. Such a framework would not only be more physically
motivated than a purely phenomenological template, but would also allow for
a natural prediction of correlations between radio sources and DSF galaxies
(responsible for the CIB), as well as between radio sources and tSZ clusters,
in a manner analogous to our treatment of the CIBxtSZ correlation.

Finally, the forecasts indicate that the amplitude of the kSZ effect should
be well constrained by an SO-like experiment, especially when degeneracies
with the hydrostatic mass bias and LT galaxy parameters are mitigated. These
findings reinforce the importance of self-consistent modelling of all major
extragalactic foregrounds when interpreting forthcoming high-resolution
CMB observations. Future analyses combining SO data with measurements
from other surveys (e.g., ACT, SPT, Vera Rubin Observatory (VRO) [Ivezi¢
et al., 2019], or CCAT-Prime [Aravena et al., 2023]) could further improve
parameter constraints and provide independent tests of the physical models
presented here.
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His thesis presented a physically motivated model of the extragalactic
T emissions relevant for current and forthcoming high-precision Cosmic
Microwave Background (CMB) experiments [Ade et al., 2019; Aiola et al,,
2020; Balkenhol et al., 2023]. In particular, their increasing sensitivity pushes
the exploration of the CMB power spectrum towards foreground-dominated
regions. Therefore, a consistent, physically motivated description of these
emissions is required in order to maximise the cosmological information that
can be extracted from CMB analyses, avoid biasing cosmological inference,
and exploit the information these signals can provide in terms of galaxy
evolution and Large—scale structure (LSS) formation.

The first main part of this work focused on the Cosmic Infrared Back-
ground (CIB), whose modelling was developed in a Halo Model (HM) formal-
ism. Within this framework, I populated dark matter haloes with two distinct
galaxy populations, early-type (ET) and late-type (LT) galaxies, showing dif-
ferent emission and clustering properties. For the first time, the contribution
from the correlation between the two galaxy populations has been coherently
modelled in this framework. The HM allows us to obtain a prediction of the
clustering term contributing to the CIB power spectrum. Furthermore, I also
accounted for the contribution of the Shot Noise (SN) signal to obtain the full
prediction of the power spectrum of the first extragalactic signal studied in
this work.

Once the theoretical setup was built, I tested the model predictions against
available datasets; Planck CIB power spectra (P14, from Planck Collaboration,
2014b), a re-analysis of Planck data from Lenz et al., 2019 (L19), and Herschel-
SPIRE data (V19, from Viero et al., 2019).

P14 data explore angular scales dominated by the contribution from the clus-
tering of the CIB. However, the frequency range covered by this experiment
turns out to be too narrow to disentangle the contribution from the two
different galaxy populations. By contrast, V19 extends to higher frequencies
and smaller angular scales; this allows for a better constraining power on
the clustering parameters of both ET and LT galaxies, as well as a better
exploration of the SN signal. However, when comparing the results for the
two datasets, a significant tension emerges which prevented me from per-
forming a joint model fit to the data, and, consequently, from ending up with
a unique model capable of describing the CIB signal over wide frequency
and multipole ranges. The observed tension between the P14 and V19 results
may originate from limitations in the adopted modelling assumptions, from
residual systematics in the data sets, or from a combination of both. On
the modelling side, the tension could reflect an overly restrictive parame-
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terisation of the galaxy populations, simplified prescriptions for the halo
occupation or Spectral Energy Distribution (SED)s, or residual degeneracies
between clustering and SN contributions that are treated differently across
angular scales. On the data side, differences in frequency coverage, angular
resolution, foreground treatment, and calibration between Planck and Her-
schel-SPIRE could lead to effective inconsistencies when the same physical
model is applied to both data sets. Disentangling these effects would require
targeted consistency tests, such as varying specific modelling assumptions,
performing scale- or frequency-restricted fits, or jointly analysing CIB data
with complementary tracers, in order to isolate whether the tension is driven
primarily by modelling choices or by data-related systematics.

For this reason, in the second part of the thesis, I presented the extension
of the modelling to a comprehensive description of the major extragalactic
components. Within a unified framework, I modelled CIB, thermal Sunyaev-
Zel’dovich (t5Z), and their correlation using a common HM description, while
employing a template-based approach for kinetic Sunyaev-Zel’dovich (kSZ),
radio sources and Galactic cirrus. I then constructed a dataset based on my
theoretical predictions for these emissions which mimics upcoming Simons
Obervatory (SO) Large Aperture Telescope (LAT) observations. Employ-
ing these data, I carried out Fisher forecasts and Markov Chain Monte
Carlo (MCMC) to assess how well a new-generation experiment like SO can
constrain these model parameters and to understand how a proper modelling
of the interplay between extragalactic emissions and background cosmology
affects cosmological inference. From this analysis I found that, even if the
two galaxy populations are not equally accessible, for upcoming SO data I
expect a high constraining power in the detection of the parameters regu-
lating radio-source emission and, more interestingly in terms of the physics
that can be explored, the detection of the amplitude of the kSZ signal. Ad-
ditionally, preliminary results suggest that when foreground modelling is
properly propagated in cosmological inference, there is an improvement in
the constraining power on cosmological parameters. This confirms the central
role extragalactic emissions have in future cosmological analyses.

The work developed within this thesis confirms that extragalactic fore-
grounds are not only contaminants to be removed from the primary CMB,
but also signals that must be modelled coherently with cosmology. In particu-
lar, neglecting or inaccurately modelling these components can lead to biased
cosmological parameter estimates, due to degeneracies between foreground
amplitudes and cosmological parameters that project onto similar angular
and frequency dependences. Moreover, jointly modelling foregrounds and
cosmology allows the full information content of the data to be exploited,
leading to more robust and, in some cases, tighter constraints than approaches
that treat foregrounds as fixed or purely nuisance contributions.
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This thesis provides:
¢ a two-galaxy-population, HM CIB framework;
¢ ajoint HM description of CIB, tS5Z, and their cross-correlation;

¢ a modular implementation of additional extragalactic compo-
nents;

e forecasts and constraints for SO-like data.

The work done during my PhD is just a first step into a much wider
investigation and opened several possibilities. While detailed studies and
re-analyses related to the CIB modelling will be carried out, extending the
HM description to other extragalactic components will lead to a unified
and coherent framework which is currently missing. Furthermore, the HM
also naturally predicts bispectra and trispectra, therefore an extension of the
HM predictions to higher order statistics will make future analyses more
robust. Additionally, this type of approach offers a unique window for the
exploration of cross-correlation science.
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HALO MODEL CALCULATIONS

This appendix provides useful calculations not fully described within the
main text of this thesis.

DIFFERENT HALO MASS FUNCTION PARAMETRISATION

There is no unified choice in terms of the parametrisation of the Halo Mass
Function (HMF); either one may parametrise it in terms of peak height v or
variance of the matter density field ¢ is acceptable. In the following, I provide
the full calculations to move from the To8 HMF expressed in terms of ¢ to
the same expression as a function of v, and vice versa.
Equation 4.13 provides the relation between the comoving number density of
dark matter haloes and the function describing the number density of peaks,
vf(v). I report the same equation below for the sake of simplicity,
2
m dn/d_m(m,z) dm _ Vf(v)d—v

P m v

(a.1)

Simulation results from Jenkins et al., 2001 show that, when moving from
mass parametrisation to o (m) parametrisation, the following relation holds:

m dn

flo) = Em~ (a.2)

In order to understand how vf(v) relates to f(c), starting from equation a.1
I obtain

dv

T;dn = vf(v)7. (a.3)
At this point, recalling that v = 62/02, I rewrite the dv/v term as

dv 1

o= —2dlnoc =2dlnoc ", (a-4)
so that

m -1

Edn =2vf(v)dlno—". (a.5)
Moving the last term on the right-hand side to the left, I obtain

m dn

Ao 2vf(v), (a.6)
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and by equating the above equation with a.2 I end up with the relation
between vf(v) and f(0) as

flo) =2vf(v). @7)

Having this relation in hand, moving from equation 4.13 to equation 4.15 is
simply a matter of changing variables.

CIB-TSZ POWER SPECTRUM: FULL CALCULATIONS

Here I detail all the calculations needed to obtain the power spectrum of
the cross-correlation between CIB and tSZ when working with the two-
galaxy-populations model. In particular, Sunyaev-Zel’dovich (5Z) clusters
can correlate with both ET and LT galaxies.

The power spectrum of the two tracers evaluated in a HM framework is

Png(k) pll’l + PZh

Xy gXy* (a8)

However, because of the two-galaxy-populations model, both the One-halo
(1h) and Two-halo (2h) terms are given by the contributions of both galaxy
populations so as to have

Pyl (k) = Py (k) + Pl (), (a.9)

and

Pg2}>1<y(k) PETXy(k) PLTxy(k) (a.10)

The expressions of the 1h and 2h terms in both cases of ET and LT galaxies
naturally follow the generalised expressions provided in chapter 5 in equa-
tions 5.27 and 5.28. For completeness, below I report the specific cases when
the different galaxy populations are involved:

ET
PETXy /dmdm _ET iy (k,m)ij(k,m), (a.11)
500 g
pik /dm Niﬁ (k, m)ij(k, m) (a.12)
& 500 1 o o
NET
PETXy =plin (k /dm— beig(m) ngT iig(k,m)x
8 a.1
/dm "N by (m)ig(k,m) )
g tSZ 7 7
dm |50,
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NLT
P2, (k) =Plir (k /dm—bag )= g ()
8 a.1
/dmdn brsz (m)ii(k, m) e
am s tSZ yiK,m).

When adding together the two terms contributing to the 1h part, and the two
contributing to the 2h, we obtain,

PJET PJLT
Py /dm g (k, m)g(k, m) [ + ] (a.15)
Xy dm |y, ngET néT
for the 1h term, and
PCIB><y =Py (K /d bisz (m)y(k, m)x
M {500
NET  NLT (a.16)
g g
/dm— berp(m )ug(k,m)[ —=r + _LT}
g hg

At this point, to obtain the final expression of the power spectrum describing
the CIBxtSZ signal, we have to properly define the emission kernel described
from the most general point of view in equation 5.29 of chapter 5. Specifically,
let me define the emission associated with the CIB as

_ Ju(2)
Ev(z) = Ve (a.17)

Because of the two galaxy populations and the different predictions in terms
of the emissivity functions, j,(z), we expect to have different expressions for
the emission kernel (v, z), depending on whether we are dealing with the
cross-correlation SZ clusters have with ET or LT galaxies. Accordingly, the
two emission kernels to describe this emission are

& (v,2) = EFT(2) + Tempg (v), (a.18)
and

¢t (v,2) = &/ (2) + Tempg (v)- (a.19)
The general computation of the power spectrum for two tracers u and v

requires

Lyxv

Cyrv —/ —dz¢(v,z)E(V, 2) Py (k). (a.20)

As already explained in chapter 5, when considering the product between two
emission kernels describing the CIB—tSZ cross-correlation, only two terms
among the total four of the product survive, so that

¢(v,2)8(V,z) = Temp[Ev(2)g(V') + € (2)8(V)], (a.21)
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for both galaxy populations. However, when summing the two contributions
from ET and LT galaxies, we can further simplify the integral defining the
product between the emission kernels as

(v, 2)E(V,2) = Temp €8 (2)g(v') + E87 (2)8(v)], (a.22)

with £5” (z) = EFT(z) + ELT(z). At this point, the entire structure to obtain
the power spectrum describing the CIBxtSZ signal is set and we can write

CCIBXISZAN _ dVd (€8 (2)g(v )+Sgal( )g(v)]

Lyxv dz
NET  NILT (a.23)
[ astm 22| G+ 5 |
500 Mg g

CEIBISZ2h — Ty / dz[E5" (2)g(v) + £5" (2)g(v) Bl (k)

Lyxv!
dm—
/ mdm
NET NLT:|

/dmibCIB ug(m,z)[ ~ET fT
g 8

SOObtsz(m)]?(m/Z) (a.24)




WEBSKY SIMULATIONS FOR CIB
MODELLING

After the results presented in chapter 6 pointing to a tension between the
datasets employed in the analysis, and before moving to the comprehensive
description of chapter 7, I focus on simulations of the CIB.

Since current datasets cannot help to understand whether the issue comes
from the data, the modelling, or a combination of both, the idea is to focus as
a first step on simulations, to better investigate the modelling. This is because,
from a theoretical point of view, simulation products should describe the
background signal without the complications coming from the modelling
of experimental features such as bandpasses, calibration factors, and colour
corrections. For this purpose, I use the simulation products of Websky [Stein
et al., 2020].

In order to better study the model of the CIB I implemented, Websky
simulations provide maps of the CIB only for the Planck frequency channels.
The aim is to create a set of simulated data to use as a reference for the model
tit. The logical steps to follow in order to end up with the dataset to use in
the MCMC analysis are

1. downgrade the CIB maps' to end up with products at a resolution of
NSIDE=2048;

2. from the downgraded maps of the CIB at the different Planck frequency
channels, obtain the associated masks by applying the flux cut of 7m]y
(left and right panels of figure b.1 show the CIB map and the associated
mask for the 353, GHz frequency channel only);

Mask apodization

I do not apodize the masks employed in this analysis. After
numerous tests, I find that the results are very insensitive to
whether or not the mask is apodized. The same behaviour has
been found by Ade et al., 2011b.

The order matters

In order to obtain the correct results at the desired resolution,
one has to follow in the same order the steps I just described.
Evaluating the mask over the full-resolution map and then down-
grading the mask and the map to compute power spectra does
not work.

1 Websky products come at a resolution of NSIDE=4096, and I want to reproduce Planck observa-
tions with a resolution of NSIDE=2048.
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Table b.1: Temperature sensitivity for Planck HFI frequency channels.

Frequency [GHz] o [deg] o [rad] o [Jy/sr] Nt [1y/ Sr]?
143 0.55 uK - deg 0.009601K - rad 3.021 x 1075 9.126 x 10~10
217 0.78 1K - deg 0.01361K - rad 2.814 x 1075 7.896 x 10710
353 2.56 uK - deg 0.4468uK - rad 15.5 x 1075 2402 x 1078
545 0.78 kJy - deg/Sr 0.01361k]y - rad/Sr 13.61 185.23
857 0.72 kJy - deg/Sr 0.01257k]y - rad/Sr 12.57 158.00

Notes. Second column; values of the temperature sensitivities for Planck High Frequency
Instrument (HFI) frequency channels. For the three lowest frequency channels they are
provided in CMB units, while the sensitivities for the 353, and the 545 GHz channels are in
flux units. Third and fourth columns show the same sensitivities converted to radians and in

flux units, respectively. Last column lists the instrumental noise levels for auto-frequency only.

3. having both the maps and the masks, use the NaMaster Python module
[Alonso et al., 2019] to compute the associated power spectra;

4. compute the noise curves for the different auto- and cross-frequency
spectra using the instrumental noise levels presented in table 6 of Planck
Collaboration, 2016a and reported in the second column of table b.1
for the sake of simplicity. In order to end up with the noise curves
associated with these sensitivities, I first convert all the values reported
in the Planck paper from degrees to radians (third column of table b.1).
Because the final spectra are in flux units, I employ the conversion
factors described in the introduction of chapter 5 to move from CMB to
flux units (fourth column of table b.1). The noise curves follow

Nyyxy = 0y - Oy

Values for the auto-frequency spectra are reported in the last column of
table b.1 and are in agreement with the findings of McCarthy, 2024;

5. compute the covariance matrix, encoding the Planck noise curves and
the effect of the mask. This last step is carried out employing the
NaMaster Python module.

After step 5, I end up with the simulated data needed to perform an MCMC
analysis.

Figure b.2 shows the auto-frequency spectra only obtained from Websky
simulations, compared with the available datasets.

Unfortunately, this analysis does not lead to useful results. As can be seen
from the figure, results from simulations are never in agreement with the
observed data. Even if I do not expect a perfect agreement, this behaviour
suggests that simulations are not actually reproducing the CIB signal.
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Figure b.1: Left panel: map of the CIB from Websky simulations. Right panel: mask
associated with the CIB evaluated after imposing a flux cut of 7mJy.
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Figure b.2: Auto-frequency spectra only evaluated starting from Websky simulations
in yellow, compared with actual CIB observations from P14 and Li9 in red and
orange, respectively.

This hypothesis is confirmed by a very poor MCMC analysis. Preliminary
results show a complete inability of the simulated data to capture the model;
many parameters are unconstrained, and many others fall well below their
expected values.

The results of the MCMC analysis, along with the comparison of the power
spectra from Websky against the observed CIB data, are sufficient to lead me
to abandon this path of analysis. When more reliable simulations, such as
the ones under development presented by Bayer et al., 2025, are available, I
will resume this analysis.
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C.2

ANISOTROPIC COSMIC
BIREFRINGENCE

Although this thesis focuses on extragalactic foregrounds, here I summarise
separate work on anisotropic Cosmic Birefringence (CB) based on Planck PR3
and PR4 (NPIPE) data. The goal is to provide a concise record of methodology
and results; full details, derivations, validation, and extended figures are in
the published paper and its appendices.

INTRODUCTION

The CMB is linearly polarised at the 1-10% level due to Thomson scattering.
In the standard scenario, Maxwell electromagnetism preserves parity,

1
LM — —ZFWF’“’, (c.1)

implying vanishing TB and EB cross-correlations. Recent Planck-based anal-
yses [Diego-Palazuelos et al., 2022; Eskilt, 2022; Eskilt and Komatsu, 2022;
Minami and Komatsu, 2020a], using techniques that disentangle instrumental
angle from CB [Minami, 2020; Minami and Komatsu, 2020b; Minami et al.,
2019], hint at an isotropic CB angle § ~ 0.3° at ~2.5-30, while anisotropic
CB remains compatible with null [Bianchini et al., 2020; Bortolami et al., 2022;
Contreras et al., 2017, Gruppuso et al., 2020; Namikawa et al., 2020] (see
[Komatsu, 2022] for a review).
A parity-violating Chern-Simons extension,

Lom = LM ;}qﬁwﬁ”f, (c.2)

with a (pseudo-)scalar field ¢, produces an isotropic CB if ¢ is homogeneous
and anisotropic CB from its fluctuations [Carroll et al., 1990; Gubitosi et al.,
2011; Kamionkowski, 2009; Li and Zhang, 2008]. This motivates updated
constraints on anisotropic CB and its cross-correlations with CMB fields (see
also [Caldwell et al., 2011]).

HARMONIC ESTIMATOR

Observed polarisation is the sum of primordial modes and rotation-induced
modes [Kamionkowski, 2009]:

Etot _ _E E
Appy = gy + 005, 3)
Btot __ B B . 5.B ’
aém = + 5a€m - 5a€m'
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assuming negligible primordial B at last scattering. For the CB field a(71) =

YmaLmYLm,
B E LM L
(Saém =2 Z Z DéLMﬂ[/mlgémglm/Hgél,
LM {'m! (C 4)
E . E L L :
0y =20 Y 0rMfC i Hipr

LM {'m!

with the Wigner-3j kernels C%ﬁ, . and H b, as in Kamionkowski, 2009. The
resulting (parity-violating) cross-correlations can be written via rotational

invariants
X,tot X' totx\ __ LM, XX’
(@ A ) = 2 Dy Elmbrmt
LM / (c.5)
LM, XX’ XX 7L
Dé[’ = 20‘LMZZE’ Hf@/,

where ZM, depends on the primordial spectra [Gluscevic et al., 2009]. In-
cluding a Gaussian window function Wy,

LM,XX' ma /
Dy, P = 20p M ZXX HE W, W) (c.6)

Two equivalent estimators follow [Gluscevic et al., 2009; Pullen and Kamionkowski,

2007]:
A LM, XX’ ,ma
DZE’ P — - 20(LMZ[// Héﬁ/W[ng
LM, XX  map Xmap X', map* (c.7)
DM/ GU’ Z Dot gfm(’m”
mm’
/
with Gy = %. For each (¢,0'),
DLM,XX/,map
_ XX’ 17 LXX' XX gL
(DCLM)ZW = — Lxx Fé[’ = 2Z€(/ HZZ/WEW@. (C8)
FN’
An inverse-variance combination yields
XX’ 2\ XX’
Z(‘XLM)M/ /(UL)ZZ’ CM/
—_Xx' 2\A AA'
XM = XX’ ’ (UL)EE’ - LApLA"" (c:9)
Y. 1/(o1)i GeoFy Fyy
o

c.2.1  EB-only implementation

Since EB has higher Signal-to-Noise Ratio (SNR) than TB for Planck, I use EB
only. Using

E tot B oty EExLM 1L
(agnay) =2 armCr 8 Hip, (c.10)
LM

the fast, un-normalised form is

TN = /dﬁYLM(ﬁ)z(QELIB —uEQh), (c.11)
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with map-like objects

E,map

a
E 17E __ EE—-E —Ex __ Im
Q +iU" = %(Cé ﬂgm>i2Y€mr Aoy = 7CEE,mapW€’
BE (c.12)
gBmap
B -1 1B -—B —B 4
QB +iU :Z<iza£m) Yon, Ty = —H W,
= +2 c)”

and Cfx’map = C?XWZ? + N g(X. The normalised estimates and mean-field
subtraction are

(EUN’*)*
XM = %, Brp = ®rm — (XLM) sims- (c.13)
L

POWER SPECTRUM AND DE-BIASING

From the de-biased coefficients,

N 1 1
CH* = —— N ArmATag. c.1
L Faw2L 41 % LMAT (c.14)

The final estimate removes an isotropic and a Monte Carlo bias:
C%a _ C%& _ (Cgias,iso + CEias,MC)’ (c.15)

where CP'° selects the diagonal £ = ¢/ part analytically [Gluscevic et al.,
2012] and CElaS’MC captures off-diagonal contributions from mask, inhomoge-
neous noise, and lensing using simulations:

CIL)ias,MC _ < C%& _ CEias,iso> (C.16)

sims”

EE,ma BB,ma
PC o P often

In data, C%& is large pre-debias because it scales like ~ C,
noise-dominated.

DATA AND SIMULATIONS

I use Planck PR3 [Planck Collaboration, 2020a] and PR4/NPIPE [Planck
Collaboration, 2020c] CMB polarisation maps at HEALPix Nside=2048, cleaned
with commander for the main results and compared with SMICA, NILC, and
SEVEM. NPIPE provides 400 E/B simulations for commander and 600 for SEVEM;
PR3 supplies 1000 CMB MC plus noise simulations (splits and full mission).
Masks correspond to fg, =~ 78% (NPIPE) and 75% (PR3). Unless stated, I
take (CMB — 50, (CMB — 2000, and L € [0,1500].

min
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RESULTS

In the following sections, I briefly list and describe the main results of this
work, starting from the results of the NPIPE full-mission data, and moving to
a short description about the different component separations tested in this
analysis, the consistency checks of the estimation procedure, to end up with
the cross-correlations of the CB field with the three CMB temperature and
polarisation fields.

Full-mission NPIPE

The de-biased C* is consistent with zero (Probability To Exceed (PTE) =
84.35%) and yields a 95% upper limit on a scale-invariant spectrum in D} =
L(L+1)Cr/(27) of Acp < 0.09 deg?, compatible with Bortolami et al., 2022.
Results agree with ACT-Pol and SPT-Pol null detections [Bianchini et al., 2020;
Namikawa et al., 2020].
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Figure c.1: De-biased CB power spectrum from Planck PR4/NPIPE full-mission data
(black), with 1, 2, 30 bands from fully de-biased simulations. Binning: 100 multipoles
per bin (first 8 multipoles excluded).

Figure c.1 shows these results. Specifically, the upper panel represents the
L-by-L power spectrum, and the shaded areas are the 1,2, and 3¢s confidence
levels. While the lower panel shows the binned version of the CB power
spectrum, after applying a linear binning scheme with 100 multipoles per
bin.
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C.5 RESULTS |

PR3/NPIPE results agree across different component separation methods, as

shown in figure c.2.
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Figure c.2: Left panel: De-biased aa power spectrum after binning with 100 multi-
poles per bin and excluding the first 8 multipoles using Planck NPIPE full mission
data. We compare the different component separation methods; commander in red
and SEVEM in green. Right panel Same as the left panel, but for Planck PR3 data and
for the four component separation methods available for PR3; in blue we show the
power spectrum obtained using SMICA component separation method, in orange

NILC, in green SEVEM and in red commander.

I also evaluate the stability of the results against different combination of
data splits. Specifically, PR3 is divided into half-mission 1, hereafter HM1, and
half-mission 2, HM2, while NPIPE is composed of data split A and B.
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Figure c.3: Left panel: De-biased ax power spectrum after binning with 100 mul-
tipoles per bin, excluding the first 8 multipoles from the analysis, obtained auto-
correlating ay ) estimates from data split A (blue), data split B (orange) and cross-
correlating estimates from the two data splits (green) of Planck NPIPE data products.
Right panel Same as the left panel, for the auto-correlation of a5 estimates from
half mission 1 (blue), half mission 2 (orange) and for the cross-correlation from the two
half missions (green) of Planck PR3 data products.

Specifically, left and right panels of figure c.3 show the results for the differ-
ent combinations of data splits for NPIPE (left) and PR3 (right), confirming
the CB power spectrum compatible with zero.
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c.5.3 Consistency checks

In figures c.4 and c.5 I also show that varying 6&%3 € 10,30,50, 100, 61%3 S

1500, 2000, 2500, and masks with fsky € 78,59,40,20% yields stable results.
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Figure c.4: CB power spectrum evaluated from Planck NPIPE full mission data
products, binning with 100 multipoles per bin and excluding the first 8 multipoles.
Left panel Power spectra for different values of E%\ZIB included in the analysis and

(EMB — 2000 for all cases. We indicate in blue the power spectrum obtained with
(EMB — 10, in orange the one with (SMB = 30, in green the one with (MB = 50
and in red the one with (3&%3 = 100. Right panel Power spectra for different values

of £5MB included in the analysis and ¢(CMB = 50 for all cases. We indicate in blue,

orange and green the CB power spectra obtained including CMB multipoles up to
(EMB = 1500, (SMB = 2000 and £5MB = 2500, respectively.
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Figure c.5: CB power spectrum evaluated from Planck NPIPE full mission data
products, binning over 100 multipoles per bin and excluding the first 8 multipoles,
for different masks applied to Planck maps. In blue we show the power spectrum
obtained with the standard mask, corresponding to a fs, = 78.0%; in orange, green
and red we show the power spectrum obtained applying masks corresponding to
fsky = 59.2%,39.7%,20.3% respectively.
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Cross-correlations

The last interesting result of this work is the evaluation up to small scales
of the cross-spectra between CB and CMB fields. I build de-biased x maps
(smoothed at 1° FWHM) and measure «T (in D), «E, and aB (in Cp).
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Figure c.6: Cross-spectra between the CMB fields (temperature and polarisa-
tion) and the CB field for NPIPE, in green, and PR3, in red, data products.
Upper panel aT cross-spectrum in band-powers; Lower left panel aE cross-spectrum;
Lower right panel aB cross-spectrum.

In figure c.6, the upper panel illustrates the cross-correlation between CB
and the CMB temperature field (aT) displayed in band-powers, for both
Planck NPIPE (green points) and PR3 (red points) datasets. The lower panels
display the cross-correlation of the CB field with the CMB polarisation fields
(«E and aB).

BIREFRINGENCE—GALAXY CROSS-CORRELATION AND CON-
STRAINTS ON AXION-LIKE FIELDS

In complementary work [Arcari et al., 2025], I contributed to the first mea-
surement of the cross-correlation between anisotropic CB and the large-scale
distribution of galaxies, using Planck PR4/NPIPE data and the Quaia quasar
catalogue [Dustin, 2014; Meisner et al., 2019; Vallenari et al., 2023]. The anal-
ysis builds directly on the EB-based CB reconstruction summarised in this
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appendix, and extends it by correlating the reconstructed «(7) field with
tracers of the underlying matter density.

The theoretical framework assumes a pseudo-scalar (axion-like) field ¢
coupled to electromagnetism via a Chern-Simons term,

1 -
LD _18¢7¢FWFWI (c.17)

so that spatial fluctuations of ¢ induce anisotropic CB, while the same field,
through its coupling to metric perturbations, is correlated with the late-
time matter distribution. This naturally generates a non-zero cross-correlation
between the CB field and galaxy number counts, C;*, whose shape and ampli-
tude depend on the axion mass, initial misalignment angle, and axion—photon
coupling gy .

On the data side, the CB map is obtained by applying the harmonic
EB estimator (with mean-field subtraction and debiasing) to Planck NPIPE
polarisation maps, as described above. The galaxy field is constructed from
the latest Quaia quasar sample, providing a high-redshift, wide-area tracer
of the LSS. The cross-spectrum C;* is then measured combining a Quadratic
Maximum-Likelihood (QOML) estimator on large scales with a pseudo-Cy,
estimator at higher multipoles, using consistent masks and a covariance
matrix calibrated on simulations of both probes.
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Figure c.7: Left panel: Planck NPIPE cross Quaia angular power spectrum between
anisotropic birefringence and galaxy number counts. Right panel: Corresponding

Gaussian x? distribution from the 400 realisations. The dotted vertical line refers to
the data x? of the left panel.

The measured birefringence—galaxy cross-correlation is found to be statis-
tically consistent with zero over the full multipole range, with PTE values
in broad agreement with the null hypothesis for all robust binning choices
(see left and right panels of figure c.7). This null result is then interpreted
in terms of the axion-like scenario above. Using a Gaussian likelihood for
C;%, the analysis explores the three-dimensional parameter space of axion
mass, initial misalignment, and gy,. Because very small misalignment an-
gles suppress the signal independently of the coupling, there is a strong
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degeneracy that prevents a single, model-independent bound when fully
marginalising over all parameters. Instead, the study derives an upper limit
on gy, at each point in the (mg,6;) plane, shown in figure c.8, identifying
regions where the cross-correlation would be large enough to be excluded by
the data. In the most favourable part of parameter space, this yields compet-
itive and, in the targeted ultralight mass range, unprecedented constraints
on the axion—photon coupling, significantly improving upon straightforward
extrapolations of existing bounds at higher masses.

CAST
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This work
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Figure c.8: Best achievable upper bound, at 95% confidence level, on the axion-
photon coupling, ¢4, as a function of the axion mass, myp, as derived from the
cross-correlation analysis of Planck PR4 CB and Quaia galaxy number counts. The
result is compared with the extension to lower masses of current bounds, derived in
a higher mass range.

From the anisotropic CB perspective, this work demonstrates how birefrin-
gence maps, originally developed and validated in the analysis summarised in
this appendix, can be turned into a powerful probe of parity-violating physics
when combined with LSS tracers. While current data are noise-dominated,
the methodology and first constraints highlight the potential of future high-
sensitivity CMB polarisation experiments and deep galaxy surveys to either
detect a birefringence—galaxy correlation or to further tighten constraints on
axion-like fields in a mass range otherwise very difficult to access.

CONCLUSIONS

In this work I implemented a harmonic EB estimator for the CB spherical
harmonic coefficients, including mean-field subtraction and a two-term debi-
asing at the power-spectrum level. Applied to Planck PR3 and PR4/NPIPE
data (full mission and splits), I find C#* consistent with zero at ~2¢ across the
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range, with an upper limit Acp < 0.09, deg”. Results are robust to component
separation, multipole cuts, and masks, and I also report aT, «E, and «B
cross-spectra up to L = 1500. Forecasts (not shown here) indicate substantial
sensitivity gains for upcoming experiments, with LiteBIRD and CMB-S4 ex-
pected to improve constraints by factors ~25 and ~1000, respectively, at the
power-spectrum level.

In parallel, I contributed to a complementary analysis correlating the re-
constructed anisotropic CB field with the Quaia quasar catalogue, targeting
the cross-spectrum Cig as a probe of axion-like fields coupled to photons.
Also in this case the measurements are consistent with null, but they trans-
late into new, competitive constraints on the axion—photon coupling in the
ultralight mass regime, under well-defined model assumptions. Together,
the Planck-only birefringence reconstruction and its cross-correlation with
LSS demonstrate that current data already probe parity-violating physics
beyond the standard model, and they establish a framework that future high-
sensitivity CMB and galaxy surveys can exploit to either detect anisotropic
CB or significantly tighten constraints on axion-like scenarios.

The estimator and pipeline, along with CB spectra, cross-spectra products,
and the birefringence maps used in these analyses, are publicly available (see
https://github.com/paganol/alpha_1lm for the code, and https://github.
com/giorgiazagatti/CB_Planck maps_spectra.git for the products).



ACRONYMS

1h One-halo
2h Two-halo

ACT  Atacama Cosmology Telescope
AGN  Active Galactic Nuclei

BAO  Baryon Acoustic Oscillations
CB Cosmic Birefringence

CDM Cold Dark Matter

CIB  Cosmic Infrared Background
CMB  Cosmic Microwave Background
DSF  Dusty Star-Forming

EoS  Equation of State

ESA  European Space Agency

ET early-type

FLRW Friedmann-Lemaitre—

Robertson-Walker
FWHM Full Width Half Maximum

FT Fourier Transform

GR General Relativity

HFI  High Frequency Instrument
HM  Halo Model

HMF Halo Mass Function

HOD Halo Occupation Distribution
ICM  intracluster medium

ISW  Integrated Sach-Wolfe

kSZ  kinetic Sunyaev-Zel’dovich
LAT  Large Aperture Telescope
LF luminosity function

LFI Low Frequency Instrument
LSS  Large-scale structure

LT late-type
MCMC Markov Chain Monte Carlo

NASA National Aeronautics and Space

NFW
PTE
QML
rms
SAT
SED

SNR
ST
SO
SPT
SW
5z
tSZ
VRO

Administration
Navarro-Frenk-White
Probability To Exceed
Quadratic Maximum-Likelihood
root-mean-square

Small Aperture Telescope
Spectral Energy Distribution
Shot Noise

Signal-to—Noise Ratio

Seth & Tormen

Simons Obervatory

South Pole Telescope
Sachs-Wolfe
Sunyaev-Zel'dovich

thermal Sunyaev-Zel’dovich

Vera Rubin Observatory
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