
Advances in Mathematics 431 (2023) 109235
Contents lists available at ScienceDirect

Advances in Mathematics

journal homepage: www.elsevier.com/locate/aim

On the unirationality of quadric bundles

Alex Massarenti
Dipartimento di Matematica e Informatica, Università di Ferrara, Via Machiavelli 
30, 44121 Ferrara, Italy

a r t i c l e i n f o a b s t r a c t

Article history:
Received 13 December 2022
Received in revised form 2 July 2023
Accepted 19 July 2023
Available online xxxx
Communicated by Karen Smith

MSC:
primary 14E08, 14M20
secondary 14M22, 14J26

Keywords:
Quadric bundles
Unirationality

We prove that a general (n − 1)-fold quadric bundle Qn−1 →
P1, over a number field, with (−KQn−1)n > 0 and discrim-
inant of odd degree δQn−1 is unirational, and that the same 
holds for quadric bundles over an arbitrary infinite field pro-
vided that Qn−1 has a point, is otherwise general and n ≤ 5. 
As a consequence we get the unirationality of any smooth 
quadric surface bundle Q2 → P2, over an algebraically closed 
field, with δQ2 ≤ 12.
© 2023 The Author(s). Published by Elsevier Inc. This is an 

open access article under the CC BY license (http://
creativecommons .org /licenses /by /4 .0/).

Contents

1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
2. Quadric bundles and the Enriques’s unirationality criterion . . . . . . . . . . . . . . . . . . . . . . . 4
3. Divisors in products of projective spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
4. Quadric bundles with positive volume . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
5. Quadric bundles over finite fields . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

E-mail address: msslxa@unife.it.
https://doi.org/10.1016/j.aim.2023.109235
0001-8708/© 2023 The Author(s). Published by Elsevier Inc. This is an open access article under the CC 
BY license (http://creativecommons .org /licenses /by /4 .0/).

https://doi.org/10.1016/j.aim.2023.109235
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/aim
http://crossmark.crossref.org/dialog/?doi=10.1016/j.aim.2023.109235&domain=pdf
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
mailto:msslxa@unife.it
https://doi.org/10.1016/j.aim.2023.109235
http://creativecommons.org/licenses/by/4.0/


2 A. Massarenti / Advances in Mathematics 431 (2023) 109235
1. Introduction

An n-dimensional variety X over a field k is rational if it is birational to Pn
k , while 

X is unirational if there is a dominant rational map Pn
k ��� X. The Lüroth problem, 

asking whether every unirational variety was rational, dates back to the second half of 
the nineteenth century [32]. These two notions turned out to be equivalent for curves 
and complex surfaces. Only in the 1970s examples of unirational but non rational 3-folds, 
over an algebraically closed field of characteristic zero, were given by M. Artin and D. 
Mumford [1], V. Iskovskih and I. Manin [24], and C. Clemens and P. Griffiths [12].

The problem of determining whether a variety is rational or unirational is in general 
very hard and unirationality is very poorly understood. For instance, the rationality of 
certain smooth cubic 4-folds has been proved only recently [9], [40], and even today not 
many examples of unirational non rational varieties have been worked out. Also due 
to this difficulty, unirationality has gradually been replaced by the notion of rational 
connection [11], [27]. A variety X is rationally connected if two general points of X
can be joined by a rational curve. We refer to [3] for a comprehensive survey on the 
subject.

Moreover, the set of rational points of a unirational variety, over an infinite field, is 
dense. This fact makes unirationality over a number field an interesting property not 
only in birational geometry but also in number theory.

When dealing with unirationality questions ad hoc constructions are often needed. 
In this paper we introduce instead a unifying strategy that can be applied to quadric 
bundles and more generally to fibrations π : X → Y over a field k when Y is unirational 
and the generic fiber of π is unirational over k(Y ).

The heart of our approach lies in the Enriques’s unirationality criterion which states 
that X is unirational if and only if π has a unirational multisection. In order to produce 
such multisection we proceed as follows:

- either we construct unirational subvarieties of X mapping dominantly onto Y as 
intersections of special divisors on X; or

- we consider birational transformations X ��� X ′ where X ′ → Y ′ is a fibration whose 
general fiber F ′ is unirational and such that the strict transform of F ′ in X maps 
dominantly onto Y .

All the arguments presented in the paper rely on this general approach. More specifically, 
we apply the above strategy to quadric bundles X over P 1 seen as hypersurfaces embed-
ded in splitting projective bundles. In this case, taking advantage of the toric quotient 
construction of such splitting projective bundles, we can write down the equation of X
in Cox coordinates. This way we are able to describe explicitly special unirational sub-
varieties of X and also the birational transformations that X inherits from the ambient 
projective bundle.
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Once this is done we investigate quadric bundles over higher-dimensional projective 
spaces by studying their restrictions to a general line and applying to these our results 
for quadric bundles over P 1.

Rationality of conic bundles has been extensively studied and we have a precise con-
jectural rationality statement, we refer to [39] for a comprehensive survey. Moreover, 
quadric bundles have recently received great attention especially concerning stable ra-
tionality [18], [45], [2], [41], [10], [20], [22], [42], [43], [35], [8], [33]. We recall that a variety 
X is stably rational if X × Pm

k is rational for some m ≥ 0. Hence, a rational variety is 
stably rational, and a stably rational variety is unirational. As an application of one of 
our main results together with [20], [22] we will derive new examples of unirational but 
non stably rational quadric bundles.

On the contrary unirationality is still widely open and not much is known. Classically, 
conjectures on unirationality of conic bundles take into account the degree of the discrim-
inant and, mimicking what is known abut rationality, conic bundles with discriminant 
of large degree are not expected to be unirational [39, Section 14.2].

We will denote an h-fold quadric bundle over Pn−h by π : Qh → Pn−h. Its discrim-
inant DQh ⊂ Pn−h is the divisor parametrizing the singular quadrics in the fibration 
π : Qh → Pn−h. We will denote by δQh the degree of DQh .

By [26, Corollary 8] smooth conic bundles over P 1 such that (−KQ1)2 > 0 are uni-
rational as soon as they have a point. The positivity condition (−KQ1)2 > 0 translates 
into δQ1 ≤ 7. We will investigate this problem for higher-dimensional quadric bundles.

Let n ≥ 2. As a consequence of a result due to C. Tsen [46] and S. Lang [31, Corollary 
on page 378] all quadric bundles Qn−1 → P 1 over an algebraically closed field are 
rational. Furthermore, J. Kollár proved that any smooth quadric bundle Qn−1 → P 1

over a local field is unirational if and only if it has a point [28, Corollary 1.8]. We will 
prove results of this type over more general fields. As a sample over number fields we 
have the following:

Theorem 1.1. Let π : Qn−1 → P 1 be a general quadric bundle over a number field. If 
(−KQn−1)n > 0 and δQn−1 is odd then Qn−1 is unirational.

We refer to 2.6 for the notion of generality we will adopt throughout the paper. 
Furthermore, in Corollary 4.16 we will extend Theorem 1.1 to an arbitrary infinite field 
provided that either δQn−1 ≤ 3n + 1 or n ≤ 5 and Qn−1 has a point.

Theorem 1.1 and Corollary 4.16, whose proofs rely on the strategy outlined in the first 
part of the introduction, are the core of the paper, and starting from them we will de-
rive several unirationality results for quadric bundles over higher-dimensional projective 
spaces. For instance, by Corollary 4.11 for quadric surface bundles over the projective 
plane we have the following:

Theorem 1.2. Let π : Q2 → P 2 be a smooth complex quadric surface bundle. If δQ2 ≤ 12
then Q2 is unirational.
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Moreover, in Corollary 4.8 and Remark 4.9 we extend Theorem 1.2 to quadric bundles 
π : Qh → Pn−h over more general fields and with h, n − h ≥ 2.

Theorem 1.2, together with [8, Corollary 1.3], yields that a very general quadric bundle 
π : Q2 → P 2 with discriminant of degree 10 ≤ δQ2 ≤ 12 is unirational but not stably 
rational.

For a special class of quadric bundles, namely divisors of bidegree (d, 2) in Pn−h ×
Ph+1, in Propositions 3.2, 4.13, Corollary 3.3 and Remark 3.4 we give more refined 
results. In particular, when k is the field of complex numbers as a consequence of our 
results and [20], [22] we have that a very general divisor of bidegree (2, 2) in P 2 × Ph+1

for h = 1, 2 is unirational but not stably rational.
The situation is very different when δQn−1 is even. For instance, the quadric bundles, 

over a real closed field, of a fixed multidegree and without points form a semialgebraic set 
containing an open ball in the Euclidean topology. However, in Corollary 4.6 we prove 
a unirationality result over a quadratic extension of the base field which in particular 
implies the potential density of the rational points.

Note that Theorem 1.1 and Corollary 4.6 imply [21, Conjecture 1.3] for quadric bun-
dles over P 1. We recall that [21, Conjecture 1.3] predicts that if X is a smooth projective 
variety with ample anti-canonical divisor over a number field k then for some finite 
extension k′ of k the set X(k′) of k′-rational points of X is Zariski dense.

Finally, in Section 5 we will apply the techniques introduced in the previous sections 
to give unirationality results for quadric bundles over finite fields.

Conventions on the base field and terminology. All along the paper the base field k will 
be of characteristic different form two. In Sections 3, 4 k will be an infinite field while in 
Section 5 k will be a finite field.

Let X be a variety over k. When we say that X is rational or unirational, without 
specifying over which field, we will always mean that X is rational or unirational over 
k. Similarly, we will say that X has a point or contains a variety with certain properties 
meaning that X has a k-rational point or contains a variety defined over k with the 
required properties.

Acknowledgments. I would like to thank the referee for the careful reading and the 
suggestions that helped me to improve the paper.

2. Quadric bundles and the Enriques’s unirationality criterion

In this section we introduce the notation and a version of the Enriques’s unirationality 
criterion for quadric bundles.

Definition 2.1. Let W be a smooth (n − h)-dimensional variety, E a rank h + 2 vector 
bundle over W , π : P (E) → W the associated projective bundle with tautological bundle 
OP(E)(1), and L a line bundle over W . A quadratic form with values in L is a global 
section
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σ ∈ H0(W, Sym2 E∨ ⊗ L) ∼= H0(P (E),OP(E)(2) ⊗ π∗L).

An n-dimensional quadric bundle over W is a variety of the form Qh := {σ = 0} ⊂ P (E)
where σ ∈ H0(P (E), OP(E)(2) ⊗ π∗L) is a generically non degenerate quadratic form, 
endowed with the projection π : Qh → W induced by π. A conic bundle is a quadric 
bundle with h = 1.

The discriminant of π : Qh → W is the divisor DQh ⊂ W where σ does not have full 
rank. When W = Pn−h the discriminant DQh ⊂ Pn−h is a hypersurface and we will 
denote by δQh := deg(DQh) its degree.

Remark 2.2. Hence, a general fiber of π : Qh → W is a quadric hypersurface in Ph+1. 
Note that in Definition 2.1 the map π : Qh → W is not required to be flat. Often quadric 
bundles are defined as morphisms π : Qh → W whose fibers are isomorphic to quadric 
hypersurfaces of constant dimension and with Qh smooth. Then π is necessarily flat and 
there exists a rank h + 2 vector bundle E → W , a line bundle L → W , and a section 
σ ∈ H0(P (E), OP(E)(2) ⊗ π∗L) as above such that Qh identifies with the zero locus of σ
in P (E) and π = π|Qh [39, Theorem 3.2], [4, Proposition 1.2].

Let a0, . . . , ah+1 ∈ Z≥0, with a0 ≥ a1 ≥ · · · ≥ ah+1, be non negative integers, and 
consider the simplicial toric variety Ta0,...,ah+1 with Cox ring

Cox(Ta0,...,ah+1) ∼= k[x0, . . . , xn−h, y0, . . . , yh+1]

Z2-grading given, with respect to a fixed basis (H1, H2) of Pic(Ta0,...,ah+1), by the fol-
lowing matrix ⎛⎜⎝ x0 . . . xn−h y0 . . . yh+1

1 . . . 1 −a0 . . . −ah+1
0 . . . 0 1 . . . 1

⎞⎟⎠
and irrelevant ideal (x0, . . . , xn−h) ∩ (y0, . . . , yh+1). Then

Ta0,...,ah+1
∼= P (Ea0,...,ah+1)

with Ea0,...,ah+1
∼= OPn−h(a0) ⊕ · · · ⊕OPn−h(ah+1). The secondary fan of Ta0,...,ah+1 is as 

follows

vh+1vhv0 H2

H1

where H1 = (1, 0) corresponds to the sections x0, . . . , xn−h, H2 = (0, 1), and vi = (−ai, 1)
corresponds to the section yi for i = 0, . . . , h + 1.
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Definition 2.3. A splitting h-fold quadric bundle π : Qh → Pn−h is given by an equation 
of the following form

Qh :=

⎧⎨⎩ ∑
0≤i≤j≤h+1

σi,j(x0, . . . , xn−h)yiyj = 0

⎫⎬⎭ ⊂ P (OPn−h(a0) ⊕ · · · ⊕ OPn−h(ah+1))

(2.4)
where σi,j ∈ k[x0, . . . , xn−h]di,j

is a homogeneous polynomial of degree di,j , and

d0,0 − 2a0 = d0,1 − a0 − a1 = · · · = di,j − ai − aj = · · · = dh+1,h+1 − 2ah+1. (2.5)

The multidegree of a splitting quadric bundle is (d0,0, d0,1, . . . , dh+1,h+1) ∈ Z(h+3
2 ).

Note that the discriminant of a splitting quadric bundle of multidegree (d0,0, d0,1, . . . ,
dh+1,h+1) has degree δQh = d0,0+· · ·+di,i+· · ·+dh+1,h+1. Note that a0 ≥ a1 ≥ · · · ≥ ah+1
and (2.5) yield d0,0 ≥ d1,1 ≥ · · · ≥ dh+1,h+1. Furthermore, the degrees di,i of all the 
σi,i �= 0 must have the same parity.

2.6. About the notion of generality

Let kN(n−h,di,j), with N(n − h, di,j) =
(
di,j+n−h

n−h

)
, be the vector space of degree di,j

homogeneous polynomials in n − h + 1 variables. Then splitting quadric bundles of 
multidegree (d0,0, d0,1, . . . , dh+1,h+1) over Pn−h correspond to the elements of

V n−h
d0,0,...,dh+1,h+1

= kN(n−h,d0,0) ⊕ kN(n−h,d0,1) ⊕ · · · ⊕ kN(n−h,dh+1,h+1)

up to multiplication by a non zero scalar. We will say that a splitting quadric bundle 
Qh is general if it corresponds to a general element of V n−h

d0,0,...,dh+1,h+1
. When referring 

to a general splitting quadric bundle satisfying certain properties we will mean that the 
quadric bundle is general among those satisfying the required properties.

Remark 2.7. By the Birkhoff–Grothendieck splitting theorem [19, Theorem 4.1] all 
quadric bundles Qn−1 → P 1 are splitting.

2.7. From quadric bundles over Pn−h to quadric bundles over P 1

Let π : Qh → Pn−h be a quadric bundle Qh ⊂ P (E). Take a point p ∈ Pn−h and 
set Qp = π−1(p). Let πp : Pn−h ��� Pn−h−1 be the projection from p, W the blow-up 
of Pn−h at p, Q̃h the blow-up of Qh along Qp, and π̃p : W → Pn−h−1 the morphism 
induced by πp. By the universal property of the blow-up [17, Chapter II, Proposition 
7.14] the morphism π : Qh → Pn−h induces a morphism π̃ : Q̃h → W . Note that a 
general line Lp through p intersects DQh in δQh points counted with multiplicity. Set 
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Qh
Lp

= π−1(Lp). Then Qh
Lp

→ Lp
∼= P 1 is a quadric bundle Qh

Lp
⊂ P (E|Lp

) and hence 
by Remark 2.7 it is splitting. We sum up the situation in the following diagram

Q̃h Qh

W Pn−h Pn−h−1.

π̃ π

π̃p

πp

The generic fiber Q̃h
η of π̃p ◦ π̃ : Q̃h → Pn−h−1 is a quadric bundle Q̃h

η → P 1
F over 

F = k(t1, . . . , tn−h−1). Note that δQ̃h
η

= δQh .

Lemma 2.8. If Q̃h
η is F -unirational then Qh is k-unirational.

Proof. If Q̃h
η is F -unirational then Q̃h is k-unirational, and since Q̃h is a blow-up of Qh

we conclude that Qh is k-unirational as well. �
The following fundamental results will be our main tools to investigate the birational 

geometry of quadric bundles over the projective space.

Remark 2.9. (Lang’s theorem) Fix a real number r ∈ R≥0. A field k is Cr if and only 
if every homogeneous polynomial f ∈ k[x0, . . . , nn]d of degree d > 0 in n + 1 variables 
with n + 1 > dr has a non trivial zero in kn+1.

If k is a Cr field, f1, . . . , fs ∈ k[x0, . . . , nn]d are homogeneous polynomials of the same 
degree and n + 1 > sdr then f1, . . . , fs have a non trivial common zero in kn+1 [38, 
Proposition 1.2.6]. Furthermore, if k is Cr then k(t) is Cr+1 [38, Theorem 1.2.7].

Let π : Qh → Pn−h be a quadric bundle over a Cr field k with generic fiber Qh
η . If 

h > 2r+n−h − 2 we have that Qh
η has an F -point, where F = k(t1, . . . , tn−h). Projecting 

from such F -point we see that Qh
η is F -rational and hence, arguing as in the proof of 

Lemma 2.8, we get that Qh is rational.

Remark 2.10. (Chevalley–Warning’s theorem) Let k be a finite field and f1, . . . , fs ho-
mogeneous polynomials in n + 1 variables of degree d1, . . . , ds with coefficients in k. If 
n + 1 > d1 + · · · + ds then f1, . . . , fs have a non trivial common zero in kn+1 [13], [47].

Furthermore, we will extensively make use of a unirationality criterion due to F. 
Enriques [25, Proposition 10.1.1].

Proposition 2.11. Let π : Qh → W be a quadric bundle over a unirational variety W . 
Then Qh is unirational if and only if there exists a unirational subvariety Z ⊂ Qh such 
that π|Z : Z → W is dominant.
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Proof. Assume that Qh is unirational. Then there exists a dominant rational map ψ :
Pn ��� Qh. If H ⊂ Pn is a general (n − h)-plane then Z = ψ(H) ⊂ Qh is unirational 
and transverse to the fibration π : Qh → W that is π|Z : Z → W is dominant.

Now, assume that there exists a unirational subvariety Z ⊂ Qh such that π|Z : Z → W

is dominant. Consider the fiber product

Qh ×W Z Qh

Z W

π

π|Z

and note that Qh ×W Z → Z is a quadric bundle admitting a rational section Z ���
Qh ×W Z. Such rational section yields a point of the quadric Q := Qh ×W Z over the 
function field k(Z), and by projecting from this point we get that Q is rational over 
k(Z), and hence Qh ×W Z is birational to Z × Ph over k. Since Z is unirational then 
Qh ×W Z is unirational, and since Qh is dominated by Qh ×W Z we conclude that Qh

is unirational as well. �
Remark 2.12. Consider a quadric bundle of the form (2.4) and assume that one of the 
σi,i, say σ0,0, is identically zero. As noticed in [42, Definition 21] {y1 = · · · = yh+1 = 0}
yields a rational section of Qh → Pn−h and hence Qh is rational. Furthermore, if di,i < 0
then σi,i = 0 and hence we have, from the previous discussion, that Qh is rational. So 
all through the paper we will assume that di,i ≥ 0 and σi,i �= 0 for all i = 0, . . . , h + 1.

Next we derive some explicit formulas for the anti-canonical divisor of a quadric 
bundle.

Proposition 2.13. Let π : Qh ⊂ P (E) → Pn−h be a quadric bundle with discriminant of 
degree δQh . Then

−KQh = (n− h + 1)(h + 2) − hc1(E) − δQh

h + 2 H1 + hH2

where H1 = π∗OPn−h(1)|Qh and H2 = OP(E)(1)|Qh .

Proof. First note that Qh ⊂ P (E) is a divisor of class

Qh ∼ δQh − 2c1(E)
h + 2 H1 + 2H2 (2.14)

where H1 is the pull-back to P (E) of OPn−h(1) and H2 is the divisor class corresponding 
to OP(E)(1). To conclude it is enough to use the relative Euler’s sequence on P (E) and 
the adjunction formula. �
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Proposition 2.15. Let π : Qh ⊂ P (E) → Pn−h be a quadric bundle with discriminant 
of degree δQh . Denote by ci = ci(E) the Chern classes of E, and define recursively the 
polynomials

gi(c1, . . . , ci) = c1gi−1 − c2gi−2 + · · · + (−1)i−1cig0

setting g0 = 1. Then

(−KQh)n =
n−h∑
i=0

(
n

n− h− i

)(
δQh − 2c1
h + 2 gi−1 + 2gi

)

×
(

(n− h + 1)(h + 2) − hc1 − δQh

h + 2

)n−h−i

hh+i.

Proof. Note that Hi
1 = 0 for i > n − h and Hn−h

1 Hh+1
2 = 1. Now, set gi(c1, . . . , ci) :=

Hn−h−i
1 Hh+i+1

2 . Since

Hn−h−i
1 Hh+i+1

2 = c1H
n−h−i+1
1 Hh+i

2 − c2H
n−h−i+2
1 Hh+i−1

2 + · · ·+ (−1)i−1ciH
n−h
1 Hh+1

2

we get that gi = c1gi−1 − c2gi−2 + · · · + (−1)i−1cig0 and so the gi can be computed 
recursively from g0 = Hn−h

1 Hh+1
2 = 1. Therefore, plugging-in (2.14) we have

H
n−h−j

1 H
h+j

2 = Hn−h−j
1 Hh+j

2

(
δQh − 2c1(E)

h + 2 H1 + 2H2

)
= δQh − 2c1

h + 2 gj−1 + 2gj

where we set g−1 = 0. Finally, Proposition 2.13 yields the claim. �
Remark 2.16. Let π : Qn−1 → P 1 be a quadric bundle with discriminant of degree δQn−1 . 
Then Proposition 2.15 yields

(−KQn−1)n = 2n(n− 1)n−1

n + 1 (2n + 2 − nc1 + c1 − δQn−1) + (n− 1)n δQn−1 + 2nc1
n + 1

= (n− 1)n−1(4n− δQn−1).

For n = 2, that is when Q1 is a conic bundle, we get that (−KQ1)2 = 8 − δQ1 [30, Page 
5].

3. Divisors in products of projective spaces

In this section we study the unirationality of divisors of bidegree (d, 2) in P 1 × Pn. 
This will be crucial in the proof of Theorem 1.1.

Proposition 3.1. Let π : Qn−1 → P 1 be a divisor of bidegree (d, 2) with 1 < d < n defined 
by an equation of the form
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Qn−1 =
{

d∑
i=0

xd−i
0 xi

1fi = 0
}

⊂ P 1
(x0,x1) × Pn

(y0,...,yn)

with fi ∈ k[y0, . . . , yn]2. Consider the matrix

M(z0,...,zd−1) =

⎛⎜⎜⎜⎜⎜⎜⎝
0 z0 f0

−z0 z1 f1
...

...
...

−zd−2 zd−1 fd−1
−zd−1 0 fd

⎞⎟⎟⎟⎟⎟⎟⎠
and let X(z0,...,zd−1) = {rank(M(z0,...,zd−1)) < 3} ⊂ Pn be the complete intersection of 
the d −1 quadrics defined by the 3 ×3 minors of M(z0,...,zd−1) for a fixed (z0, . . . , zd−1) ∈
kd \ {(0, . . . , 0)}.

If for some (z0, . . . , zd−1) ∈ kd \ {(0, . . . , 0)} the complete intersection X(z0,...,zd−1) ⊂
Pn is unirational then Qn−1 is unirational.

Proof. By [34, Theorem 1.1 (ii)] if Qn−1 is normal and Q-factorial then it is a Mori 
dream space and its Mori chamber decomposition is as follows

H1

H2

−H1 + 2H2

where the effective, movable and nef cones are given by

Eff(Qn−1) = Mov(Qn−1) =
〈
H1,−H1 + 2H2

〉
, Nef(Qn−1) =

〈
H1, H2

〉
and the chamber delimited by H2 and −H1+2H2 corresponds to a small transformation 
Qn−1

+ of Qn−1. The variety Qn−1
+ ⊂ Pd−1

(z0,...,zd−1) × Pn
(y0,...,yn) is defined by

Qn−2
+ = {rank(M(z0,...,zd−1)) < 3} ⊂ Pd−1

(z0,...,zd−1) × Pn
(y0,...,yn).

Consider the rational map

ρ : P 1
(x0,x1) × Pn

(y0,...,yn) ��� Pd−1
(z0,...,zd−1)

([x0 : x1], [y0 : · · · : yn]) 
→ [ρ0 : · · · : ρd−1]

where ρi([x0 : x1], [y0 : · · · : yn]) = xi
0x

d−i−1
1 f0 + xi+1

0 xd−i
1 f1 + · · · + xd−1

1 fi for i =
0, . . . , d − 1. The small transformation ψ : Qn−1 ��� Qn−1

+ is given by the restriction to 
Qn−1 of the map
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P 1
(x0,x1) × Pn

(y0,...,yn) ��� Pd−1
(z0,...,zd−1) × Pn

(y0,...,yn)
([x0 : x1], [y0 : · · · : yn]) 
→ (ρ([x0 : x1], [y0 : · · · : yn]), [y0 : · · · : yn]).

We sum up the situation in the following diagram

Qn−1 Qn−1
+

P 1
(x0,x1) P 2

(z0,...,zd−1)

ψ

π π̃

where π̃ : Qn−1
+ → P 2

(z0,...,zd−1) is the restriction of the first projection. Now, by hypothe-
sis there exists a fiber X(z0,...,zd−1) = π̃−1([z0 : · · · : zd−1]) ⊂ Pn of π̃ that is unirational. 
We have zi �= 0 for some i, say z0 �= 0. So

X(z0,...,zd−1) = {z2
0f1 + (z2

1 − z0zi)f0 − z0z1fi = 0; for i = 2, . . . , d} ⊂ Pn
(y0,...,yn).

The strict transform X̃(z0,...,zd−1) ⊂ Qn+1 of X(z0,...,zd−1) via ψ is cut out in 
P 1

(x0,x1) × Pn
(y0,...,yn) by the equation of Qn+1 together with the relations coming from 

rank(M̃(z0,...,zd−1)) < 2 where

M̃(z0,...,zd−1) =
(

xd−1
1 f0 x0x

d−2
1 f0 + xd−1

1 f1 . . . xd−1
0 f0 + xd−2

0 x1f1 + · · · + xd−1
1 fd−1

z0 z1 . . . zd−1

)
.

Then

X̃(z0,...,zd−1)∩{x1 �= 0} =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
zd−1x

d−1
1 f0 − z0(xd−1

0 f0 + xd−2
0 x1f1 + · · · + xd−1

1 fd−1) = 0;
...
z1x1f0 − z0(x0f0 + x1f1) = 0;
xd

0f0 + · · · + xd
1fd = 0.

Therefore, X̃(z0,...,zd−1) is unirational and π|X̃(z0,...,zd−1)
: X̃(z0,...,zd−1) → P 1

(x0,x1) is dom-
inant. Hence, Proposition 2.11 yields that Qn−1 is unirational as well. �
Proposition 3.2. Let π : Qn−1 → P 1 be a divisor of bidegree (3, 2) in P 1 × Pn with a 
point and otherwise general. If n ≥ 4 then Qn−1 is unirational.

Proof. We will adopt the notation of Proposition 3.1. Up to a change of coordinates we 
may assume that p = ([0 : 1], [0 : · · · : 0 : 1]) ∈ Qn−1, so that fd must be of the form

fd = A(y0, . . . , yn−1) + ynL(y0, . . . , yn−1)

with A ∈ k[y0, . . . , yn−1]2 and L ∈ k[y0, . . . , yn−1]1. The fi are otherwise general. Note 
that
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ψ(p) = ([f0(0, . . . , 0, 1) : f1(0, . . . , 0, 1) : · · · : fd−1(0, . . . , 0, 1)], [0 : · · · : 0 : 1])

and since the fi are general the point q = ψ(p) ∈ Qn−1
+ is well-defined. Now, set

[z0 : · · · : zd−1] = π̃(q) = [f0(0, . . . , 0, 1) : f1(0, . . . , 0, 1) : · · · : fd−1(0, . . . , 0, 1)].

By Proposition 3.1 to conclude it is enough to prove that X(z0,...,zd−1) ⊂ Pn is unirational. 
Since the fi are general the variety X(z0,...,zd−1) ⊂ Pn is a smooth complete intersection 
of two quadrics with a point q ∈ X(z0,...,zd−1). If n = 4 then X(z0,...,z2) is a del Pezzo 
surface of degree four with a point and hence it is unirational [38, Summary 9.4.12]. If 
char(k) = 0 the unirationality of a smooth complete intersection of two quadrics with a 
point for n ≥ 4 follows from [14, Proposition 2.3].

If n > 5 and char k > 0 we take general hyperplane sections of X(z0,...,zd−1) through q ∈
X(z0,...,zd−1) until we get a surface S with a point. Since k is infinite [16, Corollary 3.4.14]
yields that S is a smooth del Pezzo surface of degree four and hence it is unirational. 
The strict transform S̃ of S via ψ is a unirational surface dominating P 1

(x0,x1). �
Corollary 3.3. Let π : Qn−1 → P 1 be a smooth divisor of bidegree (3, 2) in P 1 × Pn over 
a Cr field k with char(k) = 0. If n > 2r − 1 and n ≥ 4 then Qn−1 is unirational.

Proof. Since n > 2r − 1 and k is Cr all fibers of π have a point. The general fiber of π is 
a smooth quadric and hence the set of its rational points is dense. So, the set of rational 
points Qn−1(k) of Qn−1 is also dense.

Then ψ(Qn−1(k)) is dense in Qn−1
+ and since the smooth locus of π̃ is open there is 

a point q ∈ ψ(Qn−1(k)) such that the fiber X(z0,z1,z2) of π̃ through q, where [z0 : z1 :
z2] = π̃(q), is smooth at q.

Hence, [14, Proposition 2.3] yields that X(z0,z1,z2) is unirational and to conclude it is 
enough to apply Proposition 3.1. �
Remark 3.4. A divisor of bidegree (1, 2) in Pn−h × Ph+1 is rational. Furthermore, if 
Qn−1 ⊂ P 1 ×Pn is a divisor of bidegree (2, 2) the variety X(z0,...,zd−1) in Proposition 3.1
is a quadric hypersurface. So arguing as in the proof of Proposition 3.2 we get that Qn−1

is unirational provided it has a point.
Now, let Qh ⊂ Pn−h×Ph+1 be a divisor of bidegree (2, 2) having a point p ∈ Qh, and 

L ⊂ Ph+1 a general line through the image of p. The preimage π−1
2 (L) of L via the second 

projection is a divisor of bidegree (2, 2) in Pn−h × P 1 with a point. Hence, by the first 
part of the remark π−1

2 (L) is unirational and since it dominates Pn−h Proposition 2.11
yields that Qh is unirational.

4. Quadric bundles with positive volume

Let π : Qn−1 ⊂ Ta0,...,an
→ P 1 be a quadric bundle of multidegree (d0,0, . . . , dn,n) cut 

out by an equation as in (2.4) and set
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Qn−j−2
j = Qn−1 ∩ {y0 = · · · = yj = 0} ⊂ Taj+1,...,an

for j = 0, . . . , n − 2. Then Qn−j−2
j → P 1 is a quadric bundle with discriminant of degree 

δQn−j−2
j

= dj+1,j+1 + · · · + dn,n. Note that by Proposition 2.11 if Qn−j−2
j is unirational 

for some j = 0, . . . , n − 2 then Qn−1 is also unirational.
We will denote by σ = σ(x0, x1, yn−2, yn−1, yn) the polynomial defining Q1

n−3 in 
Tan−2,an−1,an

and by ρ = ρ(x0, x1) the discriminant polynomial of the conic bundle 
π|Q1

n−3
: Q1

n−3 → P 1.
We will assume that σ does not have a factor of positive degree depending just on 

x0, x1 in order to rule out the cases in which the conic bundle Q1
n−3 splits as the union 

of some fibers of the projective bundle in which it is embedded and a conic bundle with 
discriminant of smaller degree.

Lemma 4.1. Let π : Qn−1 → P 1 be a quadric bundle. Assume that one of the following 
holds:

(a) n ≥ 3 and either σ splits as the product of two polynomials both depending on 
yn−2, yn−1, yn or σ does not have a factor of positive degree depending just on x0, x1
and either
(i) δQ1

n−3
{0, 2, 4, 6} and Q1

n−3 has a smooth point; or
(ii) δQ1

n−3
∈ {1, 3, 5, 7};

(b) n = 2 and either σ splits as the product of two polynomials both depending on 
yn−2, yn−1, yn or σ does not have a factor of positive degree depending just on x0, x1, 
the discriminant polynomial ρ is not identically zero and either
(i) δQ1

n−3
{0, 2, 4, 6} and Q1

n−3 has a smooth point; or
(ii) δQ1

n−3
∈ {1, 3, 5, 7}.

Then Qn−1 is unirational.

Proof. Assume that σ splits as the product of two polynomials both depending on 
yn−2, yn−1, yn. Then Q1

n−3 splits as a union of surfaces S1, S2 such that S1 ∩ S1 is a 
rational section of π : Qn−1 → P 1. Now, assume that σ does not split as the product of 
two polynomials both depending on yn−2, yn−1, yn.

If δQ1
n−3

= 0 then Q1
n−3 = P 1 × C where C is smooth conic. Consider the projection 

π2 : Q1
n−3 → C. If p ∈ Q1

n−3 is a point then P 1 × π2(p) is a section of Q1
n−3 → P 1 and 

hence Q1
n−3 is rational.

If δQ1
n−3

= 1 then one of the σi,i must be zero and by Remark 2.12 Qn−1 is rational.
If δQ1

n−3
= 2 then dn−2,n−2 = 2, dn−1,n−1 = dn,n = 0. If the point of Q1

n−3 lies on 
{yn−2 = 0} then Q1

n−3 ∩ {yn−2 = 0} is rational. Assume that the point of Q1
n−3 does 

not lie on {yn−2 = 0}. Note that there is a blow-down morphism Q1
n−3 → Q ⊂ P 3 onto 

a quadric surface contracting Q1
n−3 ∩ {yn−2 = 0}. If Q1

n−3 has a smooth point then Q
also has a smooth point and hence it is rational.
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If δQ1
n−3

= 3, keeping in mind Remark 2.12, we must have dn−2,n−2 = dn−1,n−1 =
dn,n = 1. Then Q1

n−3 is a surface of bidegree (1, 2) in P 1 × P 2 and hence it is rational 
by Remark 3.4.

If δQ1
n−3

= 4 we have the following two possibilities:

⎛⎜⎝ dn−2,n−2 dn−2,n−1 dn−2,n
dn−2,n−1 dn−1,n−1 dn−1,n
dn−2,n dn−1,n dn,n

⎞⎟⎠ =

⎧⎪⎨⎪⎩
⎛⎜⎝ 4 2 2

2 0 0
2 0 0

⎞⎟⎠ ,

⎛⎜⎝ 2 2 1
2 2 1
1 1 0

⎞⎟⎠
⎫⎪⎬⎪⎭ .

If the point of Q1
n−3 lies on {yn−2 = 0} then Q1

n−3 ∩ {yn−2 = 0} is rational. Otherwise 
we proceed as follows: consider the case

⎛⎜⎝ dn−2,n−2 dn−2,n−1 dn−2,n
dn−2,n−1 dn−1,n−1 dn−1,n
dn−2,n dn−1,n dn,n

⎞⎟⎠ =

⎛⎜⎝ 4 2 2
2 0 0
2 0 0

⎞⎟⎠ ; (an−2, an−1, an) = (2, 0, 0).

The divisor H2 induces the morphism

Q1
n−3 −→ S ⊂ P 4

(ξ0,...,ξ4)
([x0 : x1], [y0 : y1 : y2]) 
→ [x2

0y0 : x0x1y0 : x2
1y0, y1, y2]

contracting Q1
n−3 ∩ {yn−2 = 0} where

S = {ξ2
1 − ξ0ξ2 = P (ξ0, . . . , ξ4) = 0}

with P ∈ k[ξ0, . . . , ξ4]2. Set Lv = {ξ0 = ξ1 = ξ2 = 0}. The smooth point of Q1
n−3 yields a 

smooth point q ∈ S. Up to a change of variables we may assume that q = [1 : 0 : 0 : 0 : 0]. 
The projection of S from q is a cubic surface S′ ⊂ P 3

(z0,...,z3) containing a line L given by 
the projection of Lv and singular at a 0-dimensional cycle of length two supported on L
given by the projection of Lv ∩ {P = 0}.

Assume that S′ has a triple point p ∈ S′. Up to a change of variables we may assume 
that p = [0 : 0 : 0 : 1]. Then the equation of S′ does not depend on z3 and hence the 
equation of Q1

n−3 ⊂ T2,0,0 does not depend on y2. In particular, ρ is identically zero. 
If n = 2 this contradicts the hypotheses. Therefore S′ does not have a triple point and 
hence [29, Theorem 1.2] yields that S′ is unirational. If n ≥ 3 the singular locus of Q1

n−3
yields a section of π : Qn−1 → P 1 and hence Qn−1 is rational.

Now, consider the case

⎛⎜⎝ dn−2,n−2 dn−2,n−1 dn−2,n
dn−2,n−1 dn−1,n−1 dn−1,n
d d d

⎞⎟⎠ =

⎛⎜⎝ 2 2 1
2 2 1
1 1 0

⎞⎟⎠ ; (an−2, an−1, an) = (1, 1, 0).

n−2,n n−1,n n,n



A. Massarenti / Advances in Mathematics 431 (2023) 109235 15
If the point of Q1
n−3 lies on {yn−2 = yn−1 = 0} then σn,n = 0 and hence Q1

n−3 is rational. 
So we can assume that the point of Q1

n−3 lies either in the chart {yn−2 �= 0} or in the 
chart {yn−1 �= 0}.

Since the roles of yn−2 and yn−1 are completely symmetric we can assume without loss 
of generality that the point is in the chart {yn−1 �= 0}. Dehomogenizing the polynomial 
of Q1

n−3 with respect to x1 and yn−1 and homogenizing the resulting polynomial by 
adding a new variable we get a quartic surface Y ⊂ P 3

(x0,yn−2,yn,z) that is birational to 
Q1

n−3 and has a point p ∈ Y \ {z = 0}.
Writing down the equation of Y we see that its singular locus consists of two double 

lines L1, L2 ⊂ {z = 0} intersecting at [0 : 0 : 1 : 0]. The projections from these two lines 
show that Y admits two conic bundle structures: one is the conic bundle structure with 
started with and the other one is induced by projecting Q1

n−3 onto P 1
(y0,y1). A fiber of one 

of these conic bundle structure it then transverse to the other conic bundle structure.
If δQ1

n−3
= 5 then⎛⎜⎝ dn−2,n−2 dn−2,n−1 dn−2,n

dn−2,n−1 dn−1,n−1 dn−1,n
dn−2,n dn−1,n dn,n

⎞⎟⎠ =

⎛⎜⎝ 3 2 2
2 1 1
2 1 1

⎞⎟⎠ ; (an−2, an−1, an) = (1, 0, 0)

and arguing as in the first subcase of the case δQ1
n−3

= 4 one sees that there is a morphism 
Q1

n−3 → S ⊂ P 3 where S is a cubic surface containing a line. If S has a triple point then 
we find a contradiction as in the case δQ1

n−3
= 4. If S does not have triple points then 

by [29, Theorem 1.2] it is unirational.
If δQ1

n−3
= 7 we have two possibilities:⎛⎜⎝ dn−2,n−2 dn−2,n−1 dn−2,n
dn−2,n−1 dn−1,n−1 dn−1,n
dn−2,n dn−1,n dn,n

⎞⎟⎠ =

⎧⎪⎨⎪⎩
⎛⎜⎝ 5 3 3

3 1 1
3 1 1

⎞⎟⎠ ,

⎛⎜⎝ 3 3 2
3 3 2
2 2 1

⎞⎟⎠
⎫⎪⎬⎪⎭ .

When⎛⎜⎝ dn−2,n−2 dn−2,n−1 dn−2,n
dn−2,n−1 dn−1,n−1 dn−1,n
dn−2,n dn−1,n dn,n

⎞⎟⎠ =

⎛⎜⎝ 5 3 3
3 1 1
3 1 1

⎞⎟⎠ ; (an−2, an−1, an) = (2, 0, 0)

note that C = Q1
n−3 ∩ {yn−2 = 0} is a curve of bidegree (1, 2) in P 1 × P 1 and hence it 

is rational.
Now, consider the second subcase. If the point p = {y0 = y1 = σn,n = 0} ∈ Q1

n−3
is smooth then the projection onto P 1

(y1,y2) yields an elliptic fibration. The elliptic in-
volution yields on Q1

n−3 a birational automorphism called the Bertini’s involution of 
Q1

n−3. Arguing as in [26, Section 4] one gets that such involution does not preserve the 
conic bundle structure and maps the fiber of the conic bundle through p to a rational 
multisection.
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Assume that p ∈ Q1
n−3 is singular. The curve C = Q1

n−3 ∩ {yn−2 = 0} lies on a 
Hirzebruch surface F1 and is mapped via the blow-down morphism F1 → P 2 onto a 
nodal cubic curve, and hence C is rational.

If δQ1
n−3

= 6 and Q1
n−3 has a smooth point, following [26, Section 8], we can consider 

the conic bundle with discriminant of degree seven constructed by blowing-up such point. 
Such conic bundle is unirational thanks to the previous analysis for the case δQ1

n−3
= 7.

Finally, to get the unirationality of Qn−1 it is enough to apply Proposition 2.11. �
Remark 4.2. The existence of a smooth point in Lemma 4.1 is necessary. For instance, 
consider the conic bundle

S = {x2
0y

2
0 + x2

0y
2
1 + x2

1y
2
2 = 0} ⊂ P 1

(x0,x1) × P 2
(y0,y1,y2)

over k = Q. Note that S is singular at ([0 : 1], [0 : 0 : 1]) and along {x0 = y2 = 0}, and 
that S is not unirational. Indeed, if it were the set of rational points of S would be dense in 
S. However, setting x0 = y2 = 1 we get the conic fibration {y2

0+y2
1+x2

1 = 0} ⊂ A3
(x1,y0,y1)

and the conic Ct = {y2
0 + y2

1 + t2 = 0} does not have points for all t �= 0.

Proposition 4.3. Let π : Qn−1 → P 1 be a quadric bundle of multidegree (d0,0, . . . , dn,n). 
Assume that the polynomial σ defining the conic bundle

Q1
n−3 = Qn−1 ∩ {y0 = · · · = yn−3 = 0} ⊂ Tan−2,...,an

does not have a factor of positive degree depending just on x0, x1 and that if n = 2 then 
ρ is not identically zero. If

(i) either dn−2,n−2 + dn−1,n−1 + dn,n ∈ {1, 3, 5, 7}; or
(ii) dn−2,n−2 + dn−1,n−1 + dn,n ∈ {0, 2, 4, 6} and Q1

n−3 has a smooth point;

then Qn−1 is unirational.

Proof. Since δQ1
n−3

= dn−2,n−2 + dn−1,n−1 + dn,n ≤ 7 the claim follows from 
Lemma 4.1. �
Lemma 4.4. Let π : Q2 → P 1 be a smooth quadric surface bundle. Then σ does not have 
a factor of positive degree depending just on x0, x1.

Proof. If σ has a factor of positive degree depending just on x0, x1 we may write

Q2 =

⎧⎨⎩y0

3∑
i=0

σ0,iyi + α(x0, x1)
∑

σi,jyiyj = 0

⎫⎬⎭ ⊂ Ta0,...,a3 .

1≤i≤j≤3
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Hence, {y0 = α(x0, x1) =
∑3

i=1 σ0,iyi =
∑

1≤i≤j≤3 σi,jyiyj = 0} ⊆ Sing(Q2) and so Q2

would be singular. �
Theorem 4.5. Let π : Qn−1 → P 1 be a quadric bundle. Assume that (−KQn−1)n > 0 and 
δQn−1 is odd. If either

(i) n ≤ 5, Qn−1 has a point and is otherwise general; or
(ii) δQn−1 ≤ 3n + 1 and Qn−1 is general;

then Qn−1 is unirational. Furthermore, if n ≤ 3 the above statements hold for any smooth 
quadric bundle.

Proof. By Proposition 2.15 we have that (−KQn−1)n > 0 if and only if δQn−1 ≤ 4n − 1. 
If n = 2 then δQn−1 ≤ 7 and we conclude by Proposition 4.3. Assume that n ≥ 3.

If dn−2,n−2+dn−1,n−1+dn,n > 7 then dn−2,n−2 ≥ 4 unless (dn−2,n−2, dn−1,n−1, dn,n) =
(3, 3, 3). If dn−2,n−2 = 4 then dn−1,n−1 ≥ 2 and dn,n ≥ 2. So δQn−1 ≥ 4(n − 1) + 2 + 2 =
4n > 4n − 1, a contradiction. If dn−2,n−2 ≥ 5 then dn−1,n−1 ≥ 1 and dn,n ≥ 1. So 
δQn−1 ≥ 5(n − 1) + 1 + 1 = 5n − 3 > 4n − 1 for n > 2, a contradiction.

Since Qn−1 is general we may assume that Q1
n−3 satisfies the hypotheses of Propo-

sition 4.3. Moreover, since δQn−1 is odd all the di,i are odd and hence dn−2,n−2 +
dn−1,n−1 + dn,n is also odd. Then dn−2,n−2 + dn−1,n−1 + dn,n ∈ {1, 3, 5, 7} unless 
(dn−2,n−2, dn−1,n−1, dn,n) = (3, 3, 3) and by Proposition 4.3 Qn−1 is unirational.

Now, consider the case (dn−2,n−2, dn−1,n−1, dn,n) = (3, 3, 3). Since n ≤ 5 the quadric 
bundle Qn−1 is a divisor of bidegree (3, 2) either in P 1 × P 4 or in P 1 × P 5 and since by 
hypothesis it has a point we conclude by Proposition 3.2.

If δQn−1 ≤ 3n + 1 we will show that the case (dn−2,n−2, dn−1,n−1, dn,n) = (3, 3, 3) can 
be ruled out and so we will not need the existence of a point anymore.

First, note that d0,0 + · · ·+ dn,n ≤ 3n +1 implies dn−2,n−2 + dn−1,n−2 + dn,n ≤ 7. For 
n = 2 the claim is trivial. We proceed by induction on n ≥ 2. If d0,0 = 2 then di,i ≤ 2
for all i = 0, . . . , n and then dn−2,n−2 + dn−1,n−2 + dn,n ≤ 6. Similarly d0,0 = 1 yields 
dn−2,n−2 + dn−1,n−2 + dn,n ≤ 3, and d0,0 = 0 implies dn−2,n−2 + dn−1,n−2 + dn,n = 0. 
So we may assume that d0,0 ≥ 3.

Now, d0,0+ · · ·+dn,n ≤ 3n +1 and d0,0 ≥ 3 yield that d1,1+ · · ·+dn,n ≤ 3n +1 −d0,0 ≤
3n + 1 − 3 = 3(n − 1) + 1 and by induction we get that dn−2,n−2 + dn−1,n−2 + dn,n ≤ 7. 
Since δQn−1 is odd to conclude it is enough to apply Proposition 4.3. Finally, if n ≤ 3 it 
is enough to apply Lemma 4.4 when n = 3 and [26, Corollary 8] for n = 2. �
Corollary 4.6. Let π : Qn−1 → P 1 be a general quadric bundle over an infinite field k. 
If (−KQn−1)n > 0 then there exists a quadratic extension k′ of k such that Qn−1 is 
unirational over k′. Furthermore, if n ≤ 3 the above statement holds for any smooth 
quadric bundle.
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Proof. In (2.4) set x0 = y0 = · · · = yn−2 = 0, x1 = 1. Then we get a homogeneous 
polynomial f(yn−1, yn) of degree two with coefficients in k. Set f(yn) = f(1, yn) and 
let k′ be the splitting field of f over k. Then Qn−1 has a point over k′. Arguing as in 
the proof of Theorem 4.5 we have that dn−2,n−2 + dn−1,n−1 + dn,n ≤ 7 with the only 
exception (dn−2,n−2, dn−1,n−1, dn,n) = (3, 3, 3). Hence, to conclude it is enough to apply 
Propositions 3.2 and 4.3. �
Definition 4.7. When n −h ≥ 2 we will say that a quadric bundle π : Qh ⊂ P (E) → Pn−h

satisfies condition † if Qh
|L is general as a splitting quadric bundle, where L ⊂ Pn−h is a 

general line.

Corollary 4.8. Let π : Qh → Pn−h be a quadric bundle with discriminant of odd degree 
δQh and satisfying condition †. If either

(i) δQh ≤ 3h + 4; or
(ii) δQh ≤ 4h + 3, h ≤ 4, k is Cr and h + 2 > 2r+n−h−1;

then Qh is unirational. Furthermore, if h ≤ 2 the above statements hold for any smooth 
quadric bundle.

Proof. By Lemma 2.8 it is enough to prove that the quadric bundle Q̃h
η → P 1

F is uni-
rational over F = k(t1, . . . , tn−h−1). Recall that by the construction in Section 2.7 we 
have that δQ̃h

η
= δQh . If δQ̃h

η
= δQh ≤ 3h + 4 we conclude by Theorem 4.5.

When δQh ≤ 4h + 3 and h ≤ 4 in order to apply Theorem 4.5 we need to produce a 
point on Q̃h

η . Fix a general hyperplane H ⊂ Pn−h. Keeping in mind the construction in 

Section 2.7 notice that Q̃h
η has a point if and only if Qh

|H → H has a rational section. 
Finally, since k is Cr and h + 2 > 2r+n−h−1 Remark 2.9 yields that such a rational 
section exists. �
Remark 4.9. By Corollary 4.8 we have that a quadric bundle Qh → Pn−h with discrim-
inant of odd degree δQh ≤ 4h + 3 satisfying † is unirational in the following cases:

(i) k is algebraically closed and n − h = 2, h ∈ {1, 2}, or n − h = 3, h ∈ {3, 4};
(ii) k is C1 and n − h = 1, 1 ≤ h ≤ 4, or n − h = 2, h ∈ {3, 4};
(iii) k is C2 and n − h = 1, h ∈ {3, 4}.

Corollary 4.10. Assume that k is algebraically closed and let Q1 → P 2 be a smooth conic 
bundle. If the discriminant curve DQ1 has a point p ∈ DQ1 of multiplicity mp and 
δQ1 ≤ mp + 7. Then Q1 is unirational.

Proof. Consider the conic bundle Q̃1
η over F = k(t) in Section 2.7 constructed by pro-

jecting from the point p ∈ DQ1 of multiplicity mp. Assume that mp ≥ 2. The conic 
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bundle Q̃1
η has then a multiple fiber Fp defined over k with two A1 singularities on it 

also defined over k.
By blowing-up these two singular points and then blowing-down the strict transform 

of Fp we get a conic bundle Q1
η with a new reducible fiber whose components are defined 

over k. So we may blow-down one of these components to get a conic bundle Q̂1
η with 

seven reducible fibers which is therefore unirational by [26, Corollary 8].
If mp = 1 then Q̃1

η is already in the form Q1
η and to conclude we may proceed as in the 

last part of the proof for the case mp ≥ 2. Let L ⊂ P 2 be a general line. By Remark 2.9
Q1

L → L has a section and hence Q̃1
η has a point. Therefore, by Proposition 4.3 Q̃1

η is 
unirational and to conclude it is enough to apply Lemma 2.8. �
Corollary 4.11. Assume that k is algebraically closed and let Q2 → P 2 be a smooth 
quadric surface bundle. If δQ2 ≤ 12 then Q2 is unirational.

Proof. Fix a point p ∈ P 2 and consider the quadric bundle Q̃2
η in Section 2.7. Then Q̃2

η

is smooth and δQ̃2
η
≤ 12. Arguing as in the proof of Theorem 4.5 we get that the conic 

bundle Q̃1
η,n−3 ⊂ Q̃2

η, as defined in the beginning of Section 4, has discriminant of degree 

δQ̃1
η,n−3

≤ 8. Now, Q̃1
η,n−3 spreads to a conic bundle Q1 → P 2 which is contained in Q2.

We distinguish two cases: either DQ1 contains p with multiplicity mp and δQ1 =
mp + 7, or DQ1 does not contain p and δQ1 = 8. In the first case arguing as in the 
proof of Corollary 4.10 we get that Q̃1

η,n−3 is unirational. In the second case we project 
from a smooth point q ∈ DQ1 and proceeding as in the proof of Corollary 4.10 we 
construct a conic bundle Q̂1

η with seven reducible fibers birational to Q̃1
η,n−3. Finally, 

by Corollary 4.10 we get that Q̃1
η,n−3 is unirational and Proposition 2.11 yields the 

unirationality of Q2. �
Remark 4.12. Corollaries 4.10 and 4.11 hold for all smooth conic and quadric surface 
bundles, with no generality assumption, since their proofs rely on Theorem 4.5 which 
holds for all smooth quadric bundles as long as n ≤ 3. The proof of Theorem 4.5 relies in 
turn on [26, Corollary 8], which holds for all smooth conic bundles, and on Lemma 4.4
which says that if Q2 → P 1 is smooth then the polynomial σ defining the conic bundle

Q1
0 = Q2 ∩ {y0 = 0} ⊂ Ta1,a2,a3

can not have a factor of positive degree depending just on x0, x1.

Proposition 4.13. Let Qh ⊂ Pn−h × Ph+1 be a divisor of bidegree (3, 2). Assume that k
is Cr with h + 2 > 2r+n−h−1 and h ≥ 3. If either Qh is general or Qh is smooth and 
char(k) = 0 then Qh is unirational.

Proof. The quadric bundle Q̃h
η is a divisor of bidegree (3, 2) in P 1 × Ph+1 over F =

k(t1, . . . , tn−h−1). Arguing as in the proof of Corollary 4.8 we produce a point of Q̃h
η . So 
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Proposition 3.2 and Corollary 3.3 imply that Q̃h
η is unirational and Lemma 2.8 yields 

the unirationality of Qh. �
Finally, we consider quadric bundles π : Qn−1 → P 1 over a number field.

Lemma 4.14. Let π : Qh → Pn−h be a smooth quadric bundle over a number field k with 
discriminant of odd degree. If h ≥ 3 then Qh has a point.

Proof. For a place v of k we will denote by kv the completion of k at v. Consider a 
general line L ⊂ Pn−h and the quadric bundle π|L : Qh

|L → L. Then δQh
|L

is odd and 

Qh
|L has a point over the reals and hence Qh

|L(kv) is not empty for all real places of k. 
Therefore, also Qh(kv) is not empty for all real places of k.

Now, a general fiber Qh
q = π−1(q) ⊂ Ph+1 is a quadric hypersurface of dimension 

h ≥ 3 over k. By [44, Chapter IV, Theorem 6] Qh
q has a point over all the p-adic places 

of k. We conclude that Qh has a point over kv for all places v, both real and p-adic, of 
k. Finally, [14, Proposition 3.9] yields that Qh has a point over the base field k. �
Theorem 4.15. Let π : Qn−1 → P 1 be a general quadric bundle over a number field. If 
(−KQn−1)n > 0 and δQn−1 is odd then Qn−1 is unirational. Furthermore, if n ≤ 3 the 
above statement holds for any smooth quadric bundle.

Proof. Note that the only case in the proof of Theorem 4.5 for which the existence of a 
point is needed is (dn−2,n−2, dn−1,n−1, dn,n) = (3, 3, 3). In this case we have dn−3,d−3 =
dn−4,n−4 = 3 otherwise δQn−1 > 4n −1. So Q3

n−4 is a divisor of bidegree (3, 2) in P 1×P 4.
By Lemma 4.14 a smooth divisor of bidegree (3, 2) in P 1 × P 4 has point, and hence 

the claim follows by Propositions 2.11, 3.2. �
We sum up the main results of this section as follows:

Corollary 4.16. Let π : Qn−1 → P 1 be a quadric bundle over an infinite field k. Assume 
that (−KQn−1)n > 0 and δQn−1 is odd. If either

(i) n ≤ 5, Qn−1 has a point and is otherwise general; or
(ii) Qn−1 is general and δQn−1 ≤ 3n + 1; or
(iii) Qn−1 is general and k is a number field;

then Qn−1 is unirational.

Proof. It is enough to apply Theorems 4.5 and 4.15. �
Corollary 4.17. Let π : Qn−1 → P 1 be a general quadric bundle over a number field k. 
If (−KQn−1)n > 0 and δQn−1 is odd then there exists an ε > 0 such that for any open 
subset U ⊂ Qn−1
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N(U,B) = 
{p ∈ U(k) | ht(p) ≤ B} ≥ cQn−1Bε

for B 
→ ∞, where cQn−1 depends on Qn−1, and ht is the multiplicative height [5, Defi-
nition 1.5.4].

Proof. By Theorem 4.15 there is a dominant rational map θ : Pn ��� Qn−1 ⊂ PN given 
by polynomials of a certain degree, say d. Then points of Pn of height at most B 1

d are 
mapped to points of X of height at most B.

Let V ⊂ Qn−1 be the subset over which θ is finite. Then the number of points of 
height at most B of U grows at least as the number of points of height at most B 1

d of 
θ−1(U ∩ V ) which in turn grows at least as the number of points of height at most B 1

d

of Pn minus the number of points of height at most B 1
d of a closed subset Z ⊂ Pn.

Now, to conclude it is enough to observe that N(Pn, B
1
d ) grows as c(n)B n+1

d [36, 
Theorem 2.1] while N(Zi, B

1
d ) grows as c′(dim(Zi), ai, n)B

1
d (dim(Zi)+ 1

ai
+ε) where Zi is 

an irreducible component of Z of degree ai and 0 < ε � 1 [37, Theorem B]. �
Recently, the distribution of rational points on divisors in products of projective spaces 

has been much investigated, see for instance [6], [7].

5. Quadric bundles over finite fields

In this section k = Fq will be a finite field with q elements. Let X ⊂ Pn be a smooth 
complete intersection of c quadric hypersurfaces and Fc−1(X) ⊂ G(c − 1, n) the variety 
parametrizing (c − 1)-dimensional linear subspaces contained in X, where G(c − 1, n) is 
the Grassmannian of (c −1)-dimensional linear subspaces of Pn in its Plücker embedding.

Remark 5.1. Thanks to the study of the geometry and of the canonical class of Fc−1(X)
in [15], and arguing as in the proof of [23, Theorem 2.1] we have that if n ≥ c(c + 1)
then Fc−1(X) has a point and X is rational.

Lemma 5.2. Let X ⊂ Pn be a complete intersection of two quadric hypersurfaces. Assume 
that n ≥ 4. If either X is singular but not a cone or X is smooth and contains a line 
then X is rational. Furthermore, if X is smooth then X is unirational.

Proof. Write X = Q1∩Q2 with Qi ⊂ Pn quadric hypersurface. Since n ≥ 4 Remark 2.10
yields that X has a point p ∈ X.

First assume X to be smooth and that there is a line L through p intersecting X in at 
least three points counted with multiplicity. Then L is contained in both Q1 and Q2. So 
L ⊂ X and Remark 5.1 yields that X is rational. If all the lines through p intersect X in 
at most two points counted with multiplicity then the image of the birational projection 
of X from p is a cubic hypersurface Y ⊂ Pn−1 with no triple points. Since n ≥ 4
Remark 2.10 implies that Y has a point and hence by [29, Theorem 1] Y is unirational.
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If X has a double point p ∈ X the projection of X from p is a quadric Y which again 
by Remark 2.10 has a smooth point, and if X has a triple point p ∈ X the projection of 
X from p is a hyperplane Y . In both cases Y is rational. �
Proposition 5.3. Let Qn−1 ⊂ P 1 × Pn be a divisor of bidegree (d, 2). If d = 1 then Qn−1

is rational. Furthermore, in the same notation of Proposition 3.1, if either d = 2 or

(i) d = 3 and for some [z0 : z1 : z2] ∈ P 2 the complete intersection X(z0,z1,z2) is not a 
cone; or

(ii) d ≥ 4, n ≥ d(d − 1) and for some [z0 : · · · : zd−1] ∈ Pd−1 the complete intersection 
X(z0,...,zd−1) is smooth;

then Qn−1 is unirational.

Proof. The case d ∈ {1, 2} follows from Remark 3.4. Assume that d = 3. Then X(z0,z1,z2)
is a complete intersection of two quadrics and the claim follows from Proposition 3.1 and 
Lemma 5.2. If d ≥ 4, n ≥ d(d − 1) then X(z0,...,zd−1) is a complete intersection of d − 1
quadrics and the claim follows from Remark 5.1. �
Proposition 5.4. Let Qn−1 → P 1 be a quadric bundle with δQn−1 ≤ 4n − 1. In the 
notation of Section 4 assume that ρ does not vanish at all points of P 1, σ does not 
have a factor of positive degree depending just on x0, x1 and Q1

n−3 has a smooth point; 
and if dn−4 = dn−3 = dn−2 = dn−1 = dn = 3 assume in addition, in the notation of 
Proposition 3.1, that there exists [z0 : z1 : z2] ∈ P 2 such that X(z0,z1,z2) is irreducible 
and not a cone. Then Qn−1 is unirational.

Proof. For the first part it is enough to argue as in the proof of Theorem 4.5. Assume 
that dn−2 = dn−1 = dn = 3. Then n ≥ 3 and dn−4 = dn−3 = dn−2 = dn−1 = dn = 3. 
So Q3

n−5 ⊂ P 1 × P 4 is a divisor of bidegree (3, 2) and to conclude it is enough to apply 
Proposition 5.3. �
Remark 5.5. Over a finite field k = Fq the conic bundle S in Remark 4.2 is unirational. 
Indeed, the fiber {y2

0 + y2
1 + y2

2 = 0} over [x0, x1] = [1 : 1] is smooth and hence has q + 1
points which by the description of Sing(S) in Remark 4.2 are smooth points of S.
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