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Abstract
Random Batch Methods (RBM) for mean-field interacting particle systems enable the reduc-
tion of the quadratic computational cost associated with particle interactions to a near-linear
cost. The essence of these algorithms lies in the random partitioning of the particle ensemble
into smaller batches at each time step. The interaction of each particle within these batches
is then evolved until the subsequent time step. This approach effectively decreases the com-
putational cost by an order of magnitude while increasing the amount of fluctuations due to
the random partitioning. In this work, we propose a variance reduction technique for RBM
applied to nonlocal PDEs of Fokker-Planck type based on a control variate strategy. The
core idea is to construct a surrogate model that can be computed on the full set of particles
at a linear cost while maintaining enough correlations with the original particle dynamics.
Examples from models of collective behavior in opinion spreading and swarming dynamics
demonstrate the great potential of the present approach.

Keywords Random batch methods · Control variate methods · Surrogate models ·
Collective behavior · Nonlocal PDEs

1 Introduction

Meanfield equations are derived as reduced complexity models describing the dynamics of
large systems of interacting particles [27]. Typically, the trajectories of systems of particles
are governed by stochastic differential equations for the position xi ∈ R

d and velocity vi ∈
R

d of the ith particle and are translated in systems of stochastic differential equations of the
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form
⎧
⎪⎪⎨

⎪⎪⎩

dxi = vidt,

dvi =
⎛

⎝
1

N

N∑

j=1

P (xi, xj , vi, vj )(vj − vi)

⎞

⎠dt +√2D(vi)2dWt
i , i = 1, . . . ,N,

(1)

where P (·) ≥ 0 is a suitable interaction function. In the limit of a large number of particles
N , the individual trajectories become irrelevant, and we have the opportunity to describe the
average behavior of the system. In such a situation, the strength of the individual interactions
becomes small, and each particle feels the effect of the force field created by all the other
particles. Therefore, the statistical behavior of the system of particles is obtained by studying
the evolution of the particles’ density f (x, v, t) which obeys a nonlocal PDE of Fokker-
Planck type

∂t + v · ∇xf = ∇v · [B[f ](x, v, t)f (x, v, t)] + �v(D
2(v)f ), (2)

where the term D(v) :Rd → R expresses the local relevance of the diffusion and the nonlo-
cal drift term B[f ](x, v, t) is defined as follows

B[f ](x, v, t) =
∫

Rd×Rd

P (x, y, v,w)(v − w)f (y,w, t)dw dy.

The derivation of the mean-field model (2) is essential to investigate mathematically the long
time behavior and the formation of collective structures and self-organisation features of the
multi-agent system (1). Indeed, since the trajectory of each particle is influenced by all the
other particles, the computational complexity of the particle model is O(N2) and makes the
microscopic approach rapidly infeasible for N � 0.

In this direction, Random Batch Methods (RBM) have gained increased popularity in the
community of interacting particle systems since they are capable to efficiently reduce the
computational complexity to O(MN), where M is the size of the batch, at the cost of intro-
ducing an additional error in the dynamics [12, 28, 29, 32]. In the context of many-particle
systems, RBM methods have been proposed in [30]. Earlier approaches based on analogous
Monte Carlo strategies were developed in [1] and [7, 11] in the presence of uncertain quan-
tities. The core of these algorithms is to randomly divide the set of particles into smaller
batches at each time step, a technique closely resembling the batch methods of stochastic
gradient descent algorithms. The interaction of each particle within these batches is then
evolved until the subsequent time step. This approach significantly reduces the computa-
tional cost by an order of magnitude, albeit at the expense of heightened fluctuations due to
the random partitioning.

In contrast with random search algorithms were the increase of fluctuations may also
have a positive impact on the overall process, in RBM methods, since we aim at computing
as accurate as possible the O(N2) summation, reducing the variance of the batch algorithm
is of paramount importance and represents one of the main challenges. In this paper, in-
spired by similar ideas in the field of uncertainty quantification for kinetic and mean-field
equations [15, 16, 34], we propose a control variate strategy based on a simpler surrogate
model to reduce batch variance. However, compared to uncertainty quantification, where due
to the static nature of stochastic samples it is easy to obtain correlations, here the samples,
although initially correlated, naturally decorrelate as a consequence of their temporal evolu-
tion. For this purpose, we employ a reduced-complexity surrogate that can be calculated at
the cost of O(N), sharing the same asymptotic state as the original model.
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We show that the present strategy permits obtaining a significant reduction in the variance
of the batch, leading to a further speed-up in computational cost for a given accuracy. This is
illustrated using models of collective behavior in opinion spreading and swarming dynamics.

The rest of the manuscript is organized as follows. In Sect. 2, we revise some nonlocal
Fokker-Planck models that will be used as prototype examples to illustrate our approach and
to test the numerical schemes. Next, Sect. 3 is devoted to presenting the reduced variance
RBM methodology. Several numerical examples are then given in Sect. 4. The last section
contains some concluding remarks.

2 Vlasov-Fokker-Planck Models

In this section we survey some examples of multi-agent systems whose mean-field limit
corresponds to a Vlasov-Fokker-Planck model of the type (2). First, we define the classical
model for transport-aggregation-diffusion. Hence, we discuss the recent extensions of this
model to kinetic alignment models in R

d . In the space homogeneous setting, we also sur-
vey recent examples presented in opinion dynamics that have attracted great interest in the
mathematical community studying systems of interacting particles.

2.1 The Classical Vlasov-Fokker-Planck Equation

Fokker-Planck-type collision operators are commonly introduced to define reduced com-
plexity models for collisional dynamics, see [39, 41]. The classical Vlasov-Fokker-Planck
equation can be obtained from (2) with the choice

D2(v) = σ 2 ∈ R+, P (x, y, v,w) ≡ 1,

such that

B[f ](x, v, t) = v − u,

where

u =
∫

R2d

vf (x, v, t)dv dx, σ 2 = 1

d

∫

R2d

|v − u|2f (x, v, t)dv dx,

are the conserved global mean and temperature respectively. We may express the global
Maxwellian as follows

f ∞(x, v) =
(

1

2πσ 2

)d/2

exp

{

−|v − u|2
2σ 2

}

,

where we assumed that the total mass is normalized to one. The study of equilibration rates
on the velocity space, given a initial distribution f0, is a key problem in kinetic theory,
see e.g. [3, 6, 39]. The trends to equilibrium are determined in terms of the Boltzmann
H-functional

H [f ](t) =
∫

R2d

f logf dv dx.

In particular, starting from an initial distribution with finite entropy, f (x, v, t) converges in
relative entropy to the equilibrium solution exponentially fast.
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2.2 Vlasov-Fokker-Planck Models in Collective Dynamics

Vlasov-Fokker-Planck-type equations have been used more recently to understand long-rage
interactions in collective phenomena. In this direction, a key role has been played by the so-
called swarming dynamics in which large systems of agents tend to share the same velocity
for large times, see [14]. The next example focuses on a kinetic equation for swarming
dynamics. The kinetic equation can be obtained from (2) with the choice

P (x, y, v,w) = K(v − w)
(
ξ 2 + |x − y|2)β

,

such that the nonlocal drift assumes the form

B[f ](x, v, t) =
∫

R2d

K(v − w)
(
ξ 2 + |x − y|2)β

f (y,w, t)dw dy.

The resulting PDE corresponds to the mean-field limit of the well-known Cucker-Smale
model [8, 9, 23, 24, 38]. Several results provide conditions for the asymptotic alignment of
velocities under suitable assumptions on the coefficients of the model. In particular, if β <

1/2 we have the large time collapse of the support of the emerging Maxwellian distribution
and therefore asymptotic alignment of the agents’ velocities [19].

The emergence of collective structures by means of space-dependent interaction forces
can be also observed in multi-agent models for milling [10, 17] and synchronization [13].

2.3 Alignment Models in Consensus Dynamics

The mathematical modelling of consensus formation has seen a growing interest in recent
years [21]. Classical methods of statistical mechanics served as a powerful basis to model
interactions in cooperative multi-agent systems and to reduce the complexity linked to in-
teraction forces. The study of alignment dynamics has produced a heterogeneity of models,
see [2, 18, 20, 21, 25, 33, 40] and the references therein. More recently these approaches
have found interesting applications in optimization and data science [26, 37].

We consider the bounded confidence model for opinion formation

∂tf (v, t) = ∂v

[∫

[−1,1]
P (|v − w|)(v − w)f (w, t)dwf (v, t)

]

, v ∈ [−1,1], (3)

where

P (|v − w|) = χ(|v − w| ≤ δ) (4)

being χ(·) the indicator function and being δ > 0 a given threshold. The large time behaviour
of the model is a sum of Dirac delta distribution which express clusterization of the society
towards a finite number of asymptotic opinions.

The corresponding version in presence of noise is given by

∂tf (v, t) = ∂v

[∫

[−1,1]
P (|v − w|)(v − w)f (w, t)dwf (v, t)

]

+ σ 2∂2
v (D2(v)f (v, t)), (5)
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where v ∈ [−1,1] and where D(v) = √
1 − v2. In the simplified scenario where δ = 2 we

get P ≡ 1 and we may compute the large time behaviour of the model which corresponds to
the Beta distribution

f ∞(v) = (1 + v)
1+m

σ2 −1
(1 − v)

1−m

σ2 −1

2
2

σ2 −1B
(

1+m

σ 2 , 1−m

σ 2

) ,

where m = ∫ 1
−1 vf (v,0)dv is the conserved mean opinion of the system. If 0 < δ < 2 the

explicit computation of the asymptotic state is difficult to obtain. A possible strategy to get
some insight on the large time trends is based on the construction of structure preserving
numerical approximations [35].

3 Reduced Variance RBM

Let f = f (x, v, t) : Rd × R
d × R+ → R+ be a distribution function whose evolution is

given by the Vlasov-Fokker-Planck model with nonlocal flux defined in (2) with a constant
diffusion D(v) = σ . The evolution of observable quantities is obtained by rewriting the
equation in weak form.

Let ϕ(·, ·) be a test function, then the Vlasov-Fokker-Planck model defined in (2) can be
written in weak form as follows

d

dt

∫

R2d

ϕ(x, v)f (x, v, t)dv dx +
∫

R2d

v · ∇xϕ(x, v)f (x, v, t)dv dx

=
∫

R4d

∇vϕ(x, v) · P (x, y, v,w)(w − v)f (x, v, t)f (y,w, t)dx dy dv dw+
∫

R4d

�v(D
2(v)ϕ(x, v))f (x, v, t)f (y,w, t)dx dy dv dw,

provided f (x, v, t) ≥ 0 is such that for all t ≥ 0

B[f ](x, v, t) + ∇v(D
2(v)f (x, v, t))

∣
∣
∣
|v|→+∞

= 0,

D2(v)f (x, v, t)

∣
∣
∣
|v|→+∞

= 0.

Hence, by choosing ϕ(x, v) ≡ 1 we may observe that the total mass is conserved since

d

dt

∫

R2d

f (x, v, t)dv dx = 0.

The positivity for all t ≥ 0 of the kinetic distribution f (x, v, t) may be proven under suitable
assumptions on the drift term and the diffusion function. Furthermore, for ϕ(v) = v we have
that the evolution of the mean velocity is given by

d

dt

∫

R2d

vf (x, v, t)dv dx = −
∫

R2d

B[f ](x, v, t)f (x, v, t)dv dx.

Therefore, the mean velocity is conserved if P is a symmetric function in both x ∈ R
d and

v ∈R
d .
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Given a set of sample positions and velocities {(xi, vi)}N
i=1 at time t ≥ 0, the kinetic

distribution f (x, v, t) is recovered from the empirical density function

fN(x, v, t) = 1

N

N∑

i=1

δ(x − xi(t)) ⊗ δ(v − vi(t)), (6)

where δ(·) is the Dirac delta function and the particles evolution follows (1). Therefore, for
any test function ϕ(x, v), if we denote by

(ϕ,f )(t) =
∫

Rd

ϕ(x, v)f (x, v, t)dv,

we have

(ϕ,fN)(t) = 1

N

N∑

i=1

ϕ(xi(t), vi(t)).

If f (x, v, t) is a probability density function
∫

R2d f (x, v, t)dv dx, we have

(ϕ,f ) = EX,V [ϕ],

being EX,V [ϕ] the expectation of the observable quantity ϕ. The following result holds [5]

Theorem 1 The root-mean square error is such that for each t ≥ 0

EX,V

[|(ϕ,f ) − (ϕ,fN)|2]1/2 = σϕ

N1/2
,

where σ 2
ϕ = Var(ϕ) and

Var(ϕ) =
∫

R2d

(ϕ(x, v) − (ϕ,f ))2f (x, v, t)dv dx.

Since f is a probability density, we observe that the nonlocal drift operator may be
thought as an expectation with respect to the kinetic distribution f (x, v, t) and in particular
as the evaluation of the expected quantity of P (x, y, v,w)(w − v) with respect to the pair
(y,w). Hence, we have

∇v · (B[f ](x, v, t)f (x, v, t)) = ∇v · (Ef [P (x, ·, v, ·)(v − ·)]f (x, v, t)
)
,

where Ef [·] is the expectation with respect to the probability density f and is defined as

Ef [g(x, y, v,w, t)] =
∫

Rd×Rd

g(x, y, v,w, t)f (y,w, t)dy dw.

Therefore, the initial model in (2) is equivalently written as

∂tf + v · ∇xf = ∇v · [Ef [P (x, ·, v, ·)(v − ·)]f + σ 2∇vf
]
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3.1 Standard RBM Method

Equation (2) can be obtained as the mean-field limit of the particle system (1). Let us con-
sider the empirical distribution (6) and rewrite the second equation in (1) as follows

dvi = Ef N [P (xi, ·, vi, ·)(· − vi)]dt +
√

2σ 2dWt
i ,

being

Ef N [P (xi, ·, vi, ·)(· − vi)] = 1

N

N∑

j=1

P (xi, xj , vi, vj )(vj − vi).

For any N � 0 the we may observe that

Ef [P (x, ·, v, ·)(v − ·)] ≈ Ef N [P (xi, ·, vi, ·)(· − vi)].
As a result, we obtain a particle dynamics with complexity O(N2). The random batch idea
is based on the use of subsets SM of samples of size M 
 N sampled uniformly from the
set of indices {1, . . . ,N} to further approximate

Ef N [P (xi, ·, vi, ·)(· − vi)] ≈ 1

M

∑

j∈SM

P (xi, xj , vi, vj )(vj − vi), (7)

for all i = 1, . . . ,M . This fast summation strategy has an overall cost of O(MN) instead
of O(N2) and therefore substantially alleviate computational burden linked to the particle
approach. In the following, we concentrate on the dynamics of the particle system given by
the following system of SDEs for (xi, vi)

⎧
⎪⎨

⎪⎩

dxi = vidt,

dvi = 1

M

∑

j∈SM

P (xi, xj , vi, vj )(vj − vi)dt +
√

2σ 2dWt
i

(8)

such that the empirical measure

f M
N (x, v, t) = 1

N

N∑

i=1

δ(x − xi(t)) ⊗ δ(v − vi(t))

converges towards f (x, v, t) solution to (2). Indeed, the following result can be established

Theorem 2 The root-mean square error of the RBM method is such that for each t ≥ 0

EX,V

[∣
∣(ϕ,f ) − (ϕ,f M

N )
∣
∣2
]1/2 ≤ σϕ√

N
+ θϕ

√
1

M
− 1

N
,

where

σ 2
ϕ =

∫

R2d

(ϕ(x, v) − (ϕ,f ))2f (x, v, t)dv dx

and

θ2
ϕ =

∫

R2d

(ϕ(x, v) − (ϕ,fN))2fN(x, v, t)dv dx
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Algorithm 1 Random Batch Method
1: Sample N particles from the initial distribution f (x, v,0)

2: Set M ∈N, 1 < M < N

3: for each particle i do
4: select a random batch SM

5: update (xi, vi) by solving a time discretization of (8)
6: end for
7: Reconstruct the kinetic density using a kernel density estimator of (6).

Proof For any test function ϕ we have

EX,V

[∣
∣(ϕ,f ) − (ϕ,f M

N )
∣
∣2
]

≤

2EX,V

[|(ϕ,f ) − (ϕ,fN)|2]+ 2EX,V

[∣
∣(ϕ,fN) − (ϕ,f M

N )
∣
∣2
]
.

Hence, we may pursue the same strategy presented in [7] to get the following estimate

EX,V

[∣
∣(ϕ,fN) − (ϕ,f M

N )
∣
∣2
]1/2 ≤ θϕ

√
1

M
− 1

N
,

from which we get thanks to Theorem 1

EX,V

[∣
∣(ϕ,f ) − (ϕ,f M

N )
∣
∣2
]1/2 ≤ √

2
σϕ√
N

+ √
2θϕ

√
1

M
− 1

N
. �

From the above theorem we can conclude that the computation of the average defined in
(7) approximates the original one with an accuracy O((1/M − 1/N)1/2).

At the computational level, the RBM method, as it has been presented in [1, 11, 30], can
be summarized as in Algorithm 1.

3.2 The Reduced Variance Strategy

In this section we want to define a suitable strategy to reduce the variance of the RBM
method. To this end, we will develop a control variate approach which is based on the con-
struction of simpler linear models which define a compatible asymptotic distribution with
respect to the full model. We describe the method using a nonlocal PDEs of Vlasov-Fokker-
Planck-type introduced in (2).

We define a new drift term as follows

P λ(x, y, v,w)(w − v) = P (x, y, v,w)(w − v) − λ(P̃ (x, v)(w − v) − Q̃(f )(x, v, t)), (9)

where λ ∈R and Q̃(x, v, t) is a reduced complexity collision operator having the form

Q̃(f )(x, v, t) = Ef [P̃ (x, v)(· − v)] =
∫

R2d

P̃ (x, v)(w − v)f (y,w, t)dy dw

= P̃ (x, v)(U − v),
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being P̃ (x, v) ≥ 0 a simplified interaction function. Hence, (9) may be rewritten as

P λ(x, y, v,w)(w − v)

= P (x, y, v,w)(w − v) − λ(P̃ (x, v)(w − v) − P̃ (x, v)(U − v))

= P (x, y, v,w)(w − v) − λP̃ (x, v)(w − U).

(10)

We can notice that we have

Ef [P λ(x, ·, v, ·)(· − v)] = Ef [P (x, ·, v, ·)(· − v)] = Q(f )(x, v),

so that the solution of our original problem can be obtained by the evaluation of the expec-
tation of the new term P λ(x, ·, v, ·)(· − v). In order to determine the optimal value of the
scalar value λ a common strategy relies on the minimization of the variance [15, 16, 22]. In
particular, the variance of the above expression is given by

Varf (P λ(x, ·, v, ·)(· − v)) =
∫

R2d

(P λ(x, y, v,w)(w − v) − Q(f )(x, v))2f (y,w)dw dy.

From (9) we get

Var(P λ(x, ·, v, ·)(· − v)) =Var(P (x, ·, v, ·)(· − v)) + λ2
Var(P̃ (x, v)(· − U))

− 2λCov(P (x, ·, v, ·)(· − v), P̃ (x, v)(· − U)),

where

Covf (P (x, ·, v, ·)(· − v), P̃ (x, v)(· − U)) =
∫

R2d

(P (x, y, v,w)(w − v) − Q(f )(x, v))

(P (x, v)(w − U) − Q̃(f )(x, v))

f (y,w)dw dy.

We can minimize the variance by direct differentiation with respect to λ and obtain the
optimal value. The following result holds

Theorem 3 The quantity

λ∗ = Covf (P (x, ·, v, ·)(· − v), P̃ (x, v)(· − U))

Varf (P̃ (x, v)(· − U))
. (11)

minimizes the variance of P λ(x, y, v,w)(w − v) and is such that

Var(P λ∗
(x, y, v,w)(w − v)) = (1 − ρ2)Var(P (x, y, v,w)(w − v)), (12)

being ρ ∈ [−1,1] the Pearson’s correlation coefficient.

Furthermore, provided that P̃ (x, v) defines a consistent surrogate model, meaning that
the particle system defined by a surrogate interaction is correlated with the one originated
by full interaction function and ρ → ±1, we have

lim
ρ→±1

λ∗ =
√
Var(P (x, y, v,w)(w − v))

Var(P̃ (x, v)(w − U))
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Algorithm 2 Reduced Variance Random Batch Method (rvRBM)
1: Sample N particles from the initial distribution f (x, v,0)

2: Set M ∈N, 1 < M < N

3: for each particle i do
4: select a random batch SM

5: evaluate λ∗ from (11)
6: update (xi, vi) by solving a time discretization of (14)
7: end for
8: Reconstruct the kinetic density using a kernel density estimator of (6).

which leads from (12)

lim
ρ→±1

Var(P λ∗
(x, y, v,w)(w − v)) = 0.

On the other hand, in the absence of correlation, corresponding to the case ρ → 0 we get

lim
ρ→0

Var(P λ∗
(x, y, v,w)(w − v)) = Var(P (x, y, v,w)(w − v)).

Let us assume now to evaluate in (9) the exact expectation P̃ (x, v)(U − v) of the surrogate
linear model using N samples

P̃ (xi, vi)(U − vi) ≈ P̃ (xi, vi)(UN − vi)

where

UN = 1

N

N∑

j=1

vj .

We can improve the standard Monte Carlo random batch estimate based on M samples (8)
using

1

M

∑

j∈SM

P λ∗(xi, xj , vi, vj )(vj − vi) = 1

M

∑

j∈SM

P (xi, xj , vi, vj )(vj − vi)

− λ∗
(
P̃ (xi, vi)(UM − UN)

)
.

(13)

Hence, we get the following system of SDEs for (xi, vi)

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

dxi = vidt,

dvi =
⎡

⎣
1

M

∑

j∈SM

P (xi, xj , vi, vj )(vj − vi)

−λ∗
(
P̃ (xi, vi)(UM − UN)

)]
dt + √

2σ 2dWt
i ,

(14)

where as usual {Wi}, i = 1, . . . ,N defines a set of independent Wiener processes and λ∗ is
computed as in (11). A global in time error analysis can be obtained following the approach
presented in [31, 42]. After a surrogate interaction model P̃ (xi, vi) has been selected, the
reduced variance strategy can be summarised as in Algorithm 2.
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Remark 1 We may observe that Covf (P (x, y, v,w)(w − v), P̃ (x, v)(w − U)) and
Varf (P̃ (x, v)(w − U)), which define λ∗, are not known and must be estimated starting
from a sample of size N . In particular, the following unbiased estimators can be defined

Ef N (P̃ (x, v)(w − U)) = 1

N

N∑

i=1

P̃ (x, v)(wi − UN),

Varf N (P̃ (x, v)(w − U))

= 1

N − 1

N∑

i=1

(
P̃ (x, v)(wi − UN) −Ef N (P̃ (x, v)(w − UN))

)2
,

Covf N (P (x, y, v,w)(w − v), P̃ (x, v)(w − UN))

= 1

N − 1

N∑

i=1

(
P̃ (x, v)(wi − UN) −Ef N (P̃ (x, v)(wi − UN))

)

(
P (x, yi, v,wi)(wi − v) −Ef N (P (x, yi, v,wi)(wi − v))

)
,

which lead to the estimated optimal λ∗ as

λ∗
N = Covf N (P (x, y, v,w)(w − v), P̃ (x, v)(w − UN))

Varf N (P̃ (x, v)(w − UN))
.

With reference to the computational cost, the rvRBM method requires the computation of
λ∗

N , which can be done at a cost of O(N) and is independent of the batch size. Therefore,
the rvRBM method has the same computational cost as a standard RBM method.

Remark 2 If we consider a linear surrogate operator, i.e. Q̃
(∑K

k=1 fk

)
= ∑K

k=1 Q̃(fk),

where

Q̃(fk)(x, v, t) = P̃ (x, v)(Uk − v), k = 1,2,

and Uk = ∫
R2d vfk(x, v, t)dvdx with

∑K

k=1 Uk = U , we can define

P λk (x, y, v,w)(w − v) = P (x, y, v,w)(w − v) − λkP̃ (x, v)(w − Uk),

which leads to sequence of optimal values

λ∗
k = Covf (P (x, ·, v, ·)(· − v), P̃ (x, v)(· − Uk))

Varf (P̃ (x, v)(· − Uk))
. (15)

Remark 3 More generally, a reduced variance approach can be obtained also in the presence
of a nonlocal drift term

B[f ](x, v, t) =
∫

Rd×Rd

K(x, y, v,w)f (y,w, t)dy dw = Ef [K(x,y, v,w)]

being K :R4d →R
d , provided that it is possible to define

Kλ(x, y, v,w) = K(x,y, v,w) − λ
(
K̃(x, y, v,w) − Q̃(f )(x, v, t)

)
(16)
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such that

Ef [K̃(x, y, v,w)] = Q̃(f )(x, v, t),

and K̃(x, y, v,w) in (16) is a suitable reduced complexity interaction kernel.

4 Numerical Tests

In this section we present several numerical examples to show the performances of the intro-
duced reduced variance RBM. In the following we will recall both deterministic and stochas-
tic models. In all the subsequent tests, we reconstruct the particle densities through a regu-

larization of the empirical distribution f N(x, v, t) = 1

N

∑N

i=1 δ(x − xi) ⊗ δ(v − vi) based

on a kernel density estimator obtained through the evaluation of
〈
ϕ,f N

〉
, being ϕ(xi, vi) the

normal density centered in (xi, vi) and having fixed variance �2 = 10−5.
In the following numerical tests we will focus on the definition of suitable RBM and

rvRBM methods pointing the reader to the nonlocal PDE models introduced in Sect. 2.

4.1 Test 1: Alignment Models

4.1.1 Test 1a: Bounded Confidence Model

We consider the bounded confidence opinion model introduced in Sect. 2.3 in the case D ≡
0. We recall that it is possible to prove that (3) corresponds to the mean-field limit of the
following particle system

d

dt
vi(t) = 1

N

N∑

j=1

P (|vi − vj |)(vj − vi), i = 1, . . . ,N, (17)

where P (|vi − vj |) = χ(|vi − vj | ≤ δ), δ > 0, see e.g. [4, 36] and the references therein.
Hence, the RBM method corresponds to the following reduced complexity model

d

dt
vi(t) = 1

M

∑

j∈SM

P (|vi − vj |)(vj − vi), i = 1, . . . ,N, (18)

being SM a uniform subsample of size M > 1 obtained from the {vi}N
i=1. A rvRBM method

can be therefore obtained by considering in (13) the interaction function P̃ (vi). In particular,
we will consider the cases P̃ (vi) ≡ 1 (denoted by case 1) and P̃ (vi) = 1 − v2

i (denoted
by case 2). Therefore the rvRBM method corresponds in considering the evolution of the
following particle system

d

dt
vi(t) = 1

M

∑

j∈SM

P (|vi − vj |)(vj − vi) − λ∗P̃ (vi)(uM − uN), (19)

where

uM = 1

M

∑

j∈SM

vj , uN = 1

N

N∑

j=1

vj ,
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Fig. 1 Test 1a. Evolution of the densities for the deterministic BC model in (3) by means of a particle
approach defined in (17) with interaction function with threshold δ = 1 (top row), δ = 0.5 (bottom row). We
considered N = 105 particles with initial distribution defined in (20) and we compare the evolution of the
approximated densities obtained with RBM and rvRBM with a subset of interacting particles of size M = 5
or M = 10. The surrogate interaction function is here considered P̃ (vi ) ≡ 1

and λ∗ = λ∗(t) is computed as in (11). We remark that, since uN is a conserved quantity of
the model it is sufficient to compute uN from the initial sample, whereas uM is affected from
the error induced by the uniform subsampling.

In Fig. 1 we report the evolution of the particle density at time t = 1 and t = 5 and by
considering M = 5 or M = 10. As initial distribution we considered a sample of the uniform
distribution of the interval [−1,1], i.e.

f (v,0) =
{

1
2 v ∈ [−1,1],
0 elsewhere.

(20)

We compare the evolution of the particle density obtained with a standard RBM together
with the one obtained with rvRBM, from which we may notice good agreement in describing
the transient behaviour of the distribution both in the case δ = 1 (top row) and in the case δ =
0.5 (bottom row). In this latter case the emerging equilibrium density displays clusterization
towards the values ± 1

2 .
We consider the following absolute error for the mean

Error =
∣
∣
∣
∣
∣

1

N

N∑

i=1

vi − m

∣
∣
∣
∣
∣
, (21)

where {vi}N
i=1 is obtained either from RBM, as in (18), or from rvRBM, as in (19). In Fig. 2

we show the evolution in time of the introduced absolute error in the case δ = 1 (top row)
and δ = 0.5 (bottom row) by both the standard RBM and the introduced rvRBM method.
We will refer to case 1 if P̃ (vi) ≡ 1 whereas with case 2 we will refer to P̃ (vi) = 1 − v2

i .
We may observe how in the case δ = 1 the method rvRBM leads to a significant advantage
since the emerging distribution function is highly correlated with the one characterising the
reduced variance method. Indeed, as shown in Fig. 3 (left plot) the optimal λ∗ is such that

λ∗ → 1, t → +∞.
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Fig. 2 Test 1a. Evolution of the absolute error defined in (21) for the bounded confidence model solved
through RBM and rvRBM with M = 5 (left column) or M = 10 (right column). We considered δ = 1 (top
row) and δ = 0.5 (bottom row)

Fig. 3 Test 1a. Evolution of λ∗ for the model (3) approximated through a rvRBM strategy with M = 5,10
and δ = 1 (left), δ = 0.5 (right)

On the other hand, for the case δ = 0.5 the error produced by the rvRBM strategy is compa-
rable with the one of RBM. Indeed, the computed λ∗ → 0, since the emerging distribution
has no correlation with the one of the considered for the reduced variance method.

In Fig. 4 we depict the evolution of the error produced by fixed batch M = 5 (left) or
M = 10 (right) and a variable N ∈ {100, . . . ,104}. The error (21) is here computed at time
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Fig. 4 Test 1a. Comparison of the errors produced by RBM and rvRBM with surrogate models obtained with
P̃ ≡ 1 (case 1) or P̃ (vi ) = 1 − v2

i
(case 2). We considered a fixed batch size M = 5 (left) and M = 10 (right)

and variable size of the sample N ∈ {10, . . . ,104}. The error is computed from the bounded confidence model
(17) with δ = 1 at time T = 5

T = 5. Since the cost of the reduced variance approach is compatible to the one of a RBM
method O(MN), we may observe how, in the reduced variance approach, we essentially
gain accuracy at the same cost of RBM.

4.1.2 Test 1b: Bounded Confidence Model with Isolated Clusters

The loss of accuracy of the rvRBM method in the case δ = 0.5 is essentially due to the un-
correlated behaviour of the surrogate model with respect to the full one. Indeed, whereas the
considered surrogate models would lead to the formation of global consensus, the bounded
confidence model leads to the formation of local stable clusters [4]. A possible way to over-
come this issue has been addressed in Remark 2. We consider a sample of the initial distri-
bution

f (v,0) =
{

1 v ∈ [ 1
4 , 3

4 ]
1 v ∈ [− 3

4 ,− 1
4 ]. (22)

Now, for δ = 0.5 no interactions are expected from the two initial clusters centered in ± 1
2 .

We computed the optimal λ∗
k , k = 1,2, exploiting two surrogate models, the first is P̃ (vi) ≡ 1

(case 1) whereas for the second we considered a surrogate model defined by

P̃ (vi) =
(

vi − 1

2

)(

vi + 1

2

)

In the following, we will refer to this choice as case 2. In Fig. 5 we report the evolution of
the rvRBM method where we defined a sequence of optimal λ∗

k as in (15) with k = 1,2 such
that Uk = ± 1

2 . We may observe that the evolution in time of the obtained rvRBM method
is consistent with the one defined by the standard RBM method. Furthermore, from the
evolution of the absolute error (21) we can observe that the method is capable to achieve
much higher accuracy than RBM.

4.2 Test 2: Stochastic Opinion Formation Model

We now consider a stochastic bounded confidence model defined in Sect. 2.3 in (5), where
the interaction function is defined as in (4) and that is obtained from the meanfield limit of
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Fig. 5 Test 1b. Top row: comparison of the reconstructed distributions at time t = 1 and t = 5 for the bounded
confidence model with δ = 0.5 using RBM or rvRBM with P̃ (vi ) ≡ 1 (case 1) or P̃ (vi ) = (vi − 1

2 )(vi + 1
2 ).

The batch size is M = 10 and the initial sample has been obtained from (22). Bottom row: evolution of the
absolute errors (21) for the bounded confidence model solved through RBM and rvRBM with M = 5 (left)
or M = 10 (right)

the following system of stochastic differential equations

dvi(t) = 1

N

N∑

j=1

P (|vi − vj |)(vj − vi)dt +
√

2σ 2D2(vi)dW t
i , (23)

with D2(vi) = 1 − vi(t) and {Wi}N
i=1 a set of independent Wiener processes. In the follow-

ing, we fixed the parameter σ 2 = 10−1. Therefore, the RBM approximation is obtained by
considering

dvi(t) = 1

M

∑

j∈SM

P (|vi − vj |)(vj − vi)dt +
√

2σ 2D2(vi)dW t
i ,

where SM is a uniform subsample of size M > 1 from the {vi}N
i=1. Similarly, rvRBM strategy

is obtained as

dvi(t) =
⎡

⎣
1

M

∑

j∈SM

P (|vi − vj |)(vj − vi) − λ∗P̃ (vi)(UN − UM)

⎤

⎦dt +
√

2σ 2D2(vi)dW t
i .
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Fig. 6 Test 2. Evolution of the densities for the stochastic bounded confidence model (5) with interaction
function (4) and δ = 1 (top row), δ = 0.5 (bottom row). We considered N = 105 particles with initial distri-
bution (20) and we compare the evolution of the approximated densities obtained with RBM or rvRBM with
a subset of interacting particles of size M = 5 or M = 10. We fixed the diffusion constant σ 2 = 10−1

In the following, the methods defining RBM and rvRBM share the same set of Wiener pro-
cesses of the complete model (23). The set of SDEs is solved through the Euler-Maruyama
scheme.

In Fig. 6 we report the evolution of the particle density at time t = 1 and t = 5 in the
stochastic setting and obtained with M = 5,10. As initial distribution we considered the
one introduced in (20). In each plot, we compare the evolution of the approximated den-
sity obtained with N = 105 particles and either RBM or rvRBM algorithms. In Fig. 6 we
considered the case δ = 1.

In Fig. 7 we show the evolution in time of the introduced absolute error in the case
δ = 1 (top row) obtained through the standard RBM and the introduced rvRBM method.
We may observe how rvRBM leads to a substantial advantage if the emerging distributions
are highly correlated, as in the case δ = 1. At variance with the deterministic model, the
asymptotic level of accuracy of rvRBM is influenced by the total number of particles due
to the presence of the stochastic component in the dynamics. In the second row we report
the error produced by a fixed batch of size M = 5 (left) or M = 10 (right) and an increasing
total number of particles N ∈ {10, . . . ,104}. The error is computed at time T = 5. We may
observe how the reduced variance approach is capable to achieve higher accuracy with the
same number of particles, and therefore of cost, of the RBM method.

4.3 Test 3: Cucker-Smale Model

We consider the second order model for swarming introduced in Sect. 2.2. We recall that
it is possible to prove that this model corresponds to the meanfield limit of the following
particles’ system

d

dt
xi = vi,

d

dt
vi = 1

N

N∑

j=1

P (|xi − xj |)(vj − vi), i = 1, . . . ,N,
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Fig. 7 Test 2. Stochastic bounded confidence model. Top row: evolution of the absolute error defined in (21)
for the stochastic bounded confidence model solved through RBM and rvRBM with M = 5 (left) or M = 10
(right). Bottom row: errors of RBM and rvRBM for a fixed batch size M = 5 (left) or M = 10 (right) and
variable size of the sample N ∈ {10, . . . ,104}. In all the presented tests we considered δ = 1 and N = 105

particles

where P (|xi − xj |) = 1
(ξ2+|xi−xj |2)β

, we will always consider ξ = 1 and β = 10−1, for which

unconditional alignment emerges asymptotically. Hence, the RBM algorithm corresponds
to consider

d

dt
xi = vi,

d

dt
vi = 1

M

∑

j∈SM

vj − vi

(ξ 2 + |xi − xj |2)β
, i = 1, . . . ,N,

(24)

where SM is a uniform subsample of size M > 1 obtained from {(xi, vi)}N
i=1 ∈ R

2d . In the
following, we construct a rvRBM method by considering

d

dt
xi = vi,

d

dt
vi = 1

M

∑

j∈SM

vj − vi

(ξ 2 + |xi − xj |2)β
− λ∗(xi, vi)P̃ (xi, vi)(uM − uN), i = 1, . . . ,N,

(25)
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Fig. 8 Test 3. Evolution of the kinetic distributions obtained with RBM (left) or rvRBM (right) at time t = 1
(top row) and t = 10 (bottom row). For both methods we considered a subsample of size M = 10. In the
bottom row we report the marginal densities obtained at time t = 1 and t = 2. The initial size of the particle
system is N = 105 with initial distribution as in (26)

and P̃ ≡ 1, being

uM = 1

M

∑

j∈SM

vi, uN = 1

N

N∑

j=1

vi,

where uN(t) ≡ uN(0) being P (|xi − vi |) a symmetric interaction function. Hence, the opti-
mal value of λ(xi, vi) is computed as in (13).

In Fig. 8 we show the evolution of the reconstructed distribution functions in the phase
space obtained with RBM (left panels) and rvRBM (right panels). We considered N = 105
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Fig. 9 Test 3. Evolution of the absolute error for the Cucker-Smale model solved through RBM as in (24)
and rvRBM as in (25) with M = 5 (left) or M = 10 (right)

Fig. 10 Test 3. Evolution of the
average optimal weight
1
N

∑N
i=1 λ∗

i
(t) for the

Cucker-Smale model
approximated through rvRBM
strategy with either M = 5 or
M = 10

particles having uniform initial distribution in both space and velocity, i.e.

f0(x, v) =
{

1
4 (x, v) ∈ [−1,1] × [−1,1]
0 elsewhere.

(26)

Hence, we considered a RBM/rvRBM methods fixing a subsampling of size M = 10. We
may observe how the obtained distributions consistent between the two methods also at the
level of marginal distributions (bottom row).

We report in Fig. 9 the evolution of the error obtained with RBM and rvRBM. In detail,
we fixed N = 105 initial particles and a subsample of size M = 5 (left plot) or M = 10
(right plot). In both cases, we can observe the advantages produced by the reduced vari-
ance strategy. In Fig. 10 we report the evolution of the average optimal λ∗ computed for
the Cucker-Smale model with either M = 5 or M = 10. We can observe how, due to the
transport term the surrogate model lose the initial correlation with the full model.

5 Conclusions

The computational challenges associated with the O(N2) complexity of particle models for
large systems with nonlocal interactions have driven the adoption of Random Batch Methods



Reduced Variance Random Batch Methods for Nonlocal PDEs Page 21 of 23 4

(RBM). While these methods, using batches of size M 
 N , efficiently reduce the compu-
tational burden to O(MN), introducing an additional error becomes an inevitable trade-off.
Addressing this challenge, our paper proposes a control variate strategy inspired by ideas
from uncertainty quantification. By leveraging a reduced complexity surrogate model, we
successfully mitigate batch variance, achieving a substantial reduction and, consequently,
an improved computational cost-to-accuracy ratio.

Of course, the effectiveness of our proposed strategy is strongly dependent on the pos-
sibility to construct a surrogate model which keeps correlations with the original model.
Nevertheless, even in the worst case scenario when the surrogate model looses correlations
our methodology will never deteriorate its accuracy below standard RBM methods. This is
demonstrated through numerical examples, particularly in the context of models depicting
collective behavior in opinion spreading and swarming dynamics. This not only showcases
the practical utility of our approach but also underlines its versatility across different sce-
narios.

Looking ahead, our work opens directions for further research, particularly in refining
control variate strategies and optimizing the implementation of Random Batch Methods in
various computational contexts. For example, one could also explore the use of a multilevel
strategy as an alternative to a surrogate model [22]. In this sense, the present approach marks
a promising step towards bridging the gap between the microscopic complexity of interact-
ing particle systems and the computational feasibility required for meaningful simulations,
with potential implications for a broad spectrum of applications.
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