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Abstract: In this paper, the notch effect in weldments has been investigated, and the optimal config-
uration of different types of welded joints has been analysed using the implicit gradient approach.
By considering this implicit gradient method, it is possible to calculate the effective stress related to
fatigue damage, with the effective stress being a continuous scalar function of the real stress tensor
components, even in the presence of sharp edges. Hence, the search for the optimal configuration
that maximises fatigue life can be tackled as the condition of minimum effective stress obtained by
changing the weld shape and geometrical parameters. Both load-carrying cruciform joints and spot
welds made of steel have been considered. The structural details have been studied by modelling
actual shapes without any geometric simplification. Moreover, the same numerical procedure has
been considered independently of the size, shape or load condition without imposing restrictive rules
on the FE mesh.
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1. Introduction

Welded joints are characterised by sharp V-notches at the weld toe or root, so that
the linear elastic peak stress tends to infinity. The fatigue strength of welded structures
is typically assessed using the nominal stress approach [1]. This approach is the main
method used and is straightforward in its methodology: for a specific structural component,
within the wide ranges of the welded details included in technical standards, its fatigue
strength class is directly given by the standards and is expressed in terms of nominal stress.
Consequently, the standards provide a collection of fatigue resistance curves, each having
similar qualities but corresponding to structurally distinct details. The nominal stress
method, specified by Eurocode 3 [1], proposes fatigue resistance curves as a function of
nominal stress and is applicable to arc welding with different possible thicknesses of the
main plate. The designer has control over the nominal stress and any drawbacks due to
using thicknesses exceeding 25 mm or any other critical parameter or defect.

However, when dealing with large, complex welded structures, the application of
nominal stress could present some difficulties. One of the possible problems could be
the definition of actual or applicable nominal stress, particularly when joined structural
elements are not simply beams or trusses [2,3]. Other problems could arise if the welded
geometry is not in the collection given by design standards. Alternatively, a method related
to local stresses should be employed to extend the resistance curves to a joint with a shape
that is not classified by Eurocode. There are several methodologies in the literature that
summarise fatigue resistance data for joints of a generic shape, and they are linked to a
linear elastic approach [2]. These include the structural stress and hot spot methods [3–7],
the notch stress approach [8–12], energetic approaches [13–16] and the peak stress method
that simplifies the numerical approach [17,18]. Conversely, the authors have proposed the
implicit gradient method, which solves the problem of calculating the effective stress σeff
at every point of the weld bead using a single numerical post-processing of the Cauchy
tensor operating in two- or three-dimensional components [19,20]. The method has been
proven to be able to sum up several hundred pieces of experimental data related to different
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welded joints by considering different main plate thicknesses and shapes gathered together
into a single scatter band [19,21]. The unique SN curve that is obtained for steel joints and
its related scatter band have a slope equal to 3 and a reference value at 2 × 106 cycles equal
to 151 MPa at 97.7% survival probability. For aluminium alloys, the SN curve slope turns
out to be 3.75, and the reference value at 2 × 106 cycles is equal to 80 MPa. Moreover, as
shown in reference [22], the effective stress σeff obtained with the implicit gradient method
can be used to tackle the fatigue life assessment of spot-welded joints with thicknesses of a
few millimetres or less. This result was achieved without modifying the general approach
proposed in [19]. The spot weld is treated as a three-dimensional stress concentration
problem. The effective stress is calculated around the entire contour of the welding point,
highlighting how the areas of maximum effective stress concentration are a likely initiation
point for fatigue cracks.

The continuous development of software tools and the improvement of computer
performance allow for relatively fast three-dimensional Finite Element (FE) analyses of
components, even in complex cases of welded details. This provides designers with the
opportunity to use FE data for accurate structural verification and potentially improve
existing solutions by leveraging optimisation concepts and mathematical techniques. The
resolution of structural design problems is linked to the minimisation or maximisation
of certain physical quantities of interest, primarily following three types of processes:
topological optimisation, shape optimisation and parametric optimisation. In optimisation
processes, it is customary to define an objective function to rationally evaluate the results of
the process. Typically, the objective function represents the value of a characteristic quantity
of the problem under consideration, such as the maximum principal stress induced by
loads, the weight of the structure or its stiffness [23]. In most cases, the objective function
is maximised or minimised by acting on the values of design variables that define the
dimensions of the component (thickness of a plate, area of a section, position of a hole,
etc.), either alternatively by acting on the properties of the material used (elastic modulus,
yield strength, density, etc.) or by modifying any other quantity that defines the mechanical
behaviour. However, constraints on control quantities must be defined to obtain physically
acceptable results that are consistent (for example, a dimensional parameter must fall
between a minimum and maximum value, a generic section must be greater than an
assigned value, etc.). Additionally, a genetic algorithm should be used to optimise the
structure of the artificial neural network related to fatigue life [24,25]. This innovative
approach aims to reduce the number of required tests and the associated costs of conducting
destructive tests while maintaining satisfactory reliability.

In this work, as an example of a two-dimensional optimisation of the weld size,
cruciform load-carrying welded joints under tensile loading will be analysed. Furthermore,
as a three-dimensional study, some examples of spot-welded joints will be studied to show
the capabilities of the implicit gradient method in solving an optimisation problem within
a predefined range of parameters. These structural configurations have been carefully
examined without resorting to any geometrical simplifications, ensuring a comprehensive
understanding of their fatigue behaviour. The analyses performed will refer to steel under
mainly linear elastic behaviour without considering, at this preliminary stage, the contact
problem related to the secondary bending or deflection of the joined plates.

2. The Fatigue Strength Curve for Welds with the Implicit Gradient Method

The implicit gradient method posits that the fatigue behaviour of the material will
be correlated with the average across the entire body of a physical quantity linked to the
damage. A decreasing weight function ψ(P,Q) assigns greater importance to what happens
in the immediate vicinity of a point than to what occurs at a distance. This approach makes
it possible to overcome the issue of the singularity of the stress field near sharp edges.

The procedure is the following: when considering a continuous body of homogeneous
material, loaded and constrained, with volume V, at each point of volume V, the internal
forces induce a local stress tensor σ. For the strength assessment, the tensor is usually
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reduced to a local equivalent scalar value, σeq, according to a convenient strength criterion.
The main principal stress value of the local stress tensor σ is generally suitable under
simple uniaxial loading on a welded structure; such an assumption is assumed in this
paper. Under more complex, generally multiaxial, loadings, a different definition of σeq can
be given by assuming a multiaxial criterion; the procedure can be easily upgraded.

At this point, a continuous local scalar with an equivalent value, σeq, is available all
over the domain V. Depending on the geometry and boundaries, there could be singularities
and/or general local stress raisers that are not directly related to overall strength. The
implicit gradient, as well as any notch strength theory, deals with such a problem. In
particular, it is possible to define an effective stress σeff at the generic point P in volume V.
Such an effective value is usually defined as non-local because it depends on the gradients
and stress values in the material surrounding point P.

In our case, the effective value is the integral average of local stress σeq, weighted by
an appropriate weight function ψ(P,Q), which takes into account the distance s between
the considered point P and the surrounding points Q (s = ∥PQ∥) [26,27].

The effective stress is defined as:

σe f f (P) =

∫
V

Ψ(P, Q) σeq(Q) dV∫
V

Ψ(P, Q) dV
(1)

where Q is any point inside volume V. Since any suitable choice of function ψ(P,Q) decreases
with increasing distance s, the stress values too far from P are actually meaningless.

This “integral approach” of Equation (1) is a common approach to several “notch
strength approaches”.

The peculiarity of the implicit gradient is that, in order to calculate σeff, instead of solv-
ing Equation (1) point by point as previously formulated, the integration is approximated
by a Helmholtz differential equation within volume V of the component [28–30]:

σe f f − c2∇2σe f f = σeq in V (2)

The parameter c that appears in Equation (2) is a characteristic length that governs
the influence zone of the weight function ψ and is assumed to depend only on the material
characteristics. For steel welds, c takes the value of 0.2 mm, whereas for aluminium alloys,
c is equal to 0.15 mm [21]. ∇2 represents the Laplace operator.

To solve the non-homogeneous Helmholtz differential equation, the Neumann bound-
ary condition is considered [21,29]:

∇ σe f f · n = 0 su ∂V (3)

where n represents the outward normal to the boundary of V and ∇ denotes the gradient
operator (see Figure 1).
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This approach opens up the opportunity to use the same calculation procedure for
welds regardless of geometry, welding type and joint complexity without necessarily
introducing simplifications in three-dimensional models, thus reducing design problems
and costs [19,21,22].

After creating the three-dimensional model of the weld with a solid modelling tool,
it is possible to perform FE analysis. Since the stress analysis is simply linear elastic for
high-cycle fatigue strength assessment, the base metal, heat-affected zone and weld are
considered to have the same elastic physical characteristics as is usually the case in the
methods proposed in the literature [2,3]. Subsequently, using the same mesh, Equation (2)
can be solved automatically with numerical integration software. For instance, in this paper,
Comsol multiphysics software has been used.

Being an averaged value, σeff has smother gradients, so the numerical convergence of
Equation (2) is easier than the initial linear elastic stress evaluation in the domain. Once
the stress fields have been solved, σeff is substantially mesh-independent, or at least less
mesh-dependent than the stress field evaluation.

In general, raw mesh is sufficient, and stable results are obtained with a low number
of elements since an acceptable value of σeff can be obtained even if the stress components
are not estimated exactly at every point of the considered domain at a local level. As a
general rule, the size of the mesh in critical positions should be close to the characteristic
length value c [22].

Figure 2 illustrates the profile of the effective stress in a non-load-carrying cruciform
joint subjected to tensile loading, along with its corresponding computational mesh. The
mesh has been refined only within the region of maximum gradient. As is well known, the
peak stress of the maximum principal stress tends to be infinite [31]. On the contrary, at the
weld toe, the effective stress assumes a discrete value because the effective stress results in
a continuous function [29,32].

For welded joints, assuming that the maximum principal stress is damaging and
using various sets of experimental data from the literature in reference [19], a universal
scatter band for steel welds with a fatigue life ranging between 104 and 5 × 106 cycles
has been obtained, as shown in Figure 3. The range of effective stress is found to be
independent of the joint type, main plate size and load type. The slope of the Wöhler
curve is approximately 3, and the reference value at 2 × 106 cycles with a 97.7% survival
probability is about 150 MPa. This particular slope reflects the intrinsic material behaviour
and the mechanistic response of steel welds under constant cyclic loading conditions, as
found by Haibach [33]. Once the fatigue strength is defined, it becomes straightforward
to calculate the maximum value of the effective stress range to be applied to the joint
for fatigue lives that are not lower than the imposed limit. Notably, the Wöhler curve,
corresponding to a 97.7% survival probability, aligns closely with the design curve typical
for joints created by automatic heat cutting, characterised by a FAT class of 140.
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Figure 3. Scatter band of steel welded joints (reprinted from Ref. [14]) of about 600 experimental
points in terms of maximum effective stress range (scatter bands related to mean values plus/minus
2 standard deviations; NLC: non-load-carrying joint, LC: load-carrying joint, BW: butt-welded joint).

3. Optimisation of the Weld Bead Shape in Load-Carrying Cruciform Joints

For welded joints subjected to fatigue loading at constant amplitude, the value of
the maximum effective stress range can be applied; consequently, the expected fatigue
life is quickly calculated by means of the Wöhler SN curve in Figure 3. Needless to say,
the fatigue life of welded joints increases when the effective stress decreases; therefore,
geometry optimisation is related to the ability to keep the value of the effective stress low
under the same applied external load.

The example of parametric structural optimisation considered in this section concerns
typical load-carrying cruciform joints under tensile loading. One or more geometric pa-
rameters can optimise the shape of the weld and determine the initiation point of the
fatigue cracks.

The analysed welded joints are shown in Figure 4a. In these cases, three-dimensional
FEM analysis can be replaced by a two-dimensional analysis, assuming that the stress
gradients in the thickness direction are negligible. Specifically, a plane-stress state is
adopted. Furthermore, considering the constraints and geometric symmetries, only a
quarter of the entire domain is modelled, as reported in Figure 4b. This allowed for
advantages in terms of computational time.

Using the implicit gradient method mentioned above, a geometric configuration is
now sought. It is adjusted by one or more parameters, which maximise the fatigue life of
the analysed welded components. All simulations will use the maximum principal stress
evaluated under linear elastic assumptions as the damaging stress, assuming a value of C
equal to 0.2 mm for the material (steel) [21]. Furthermore, the presence of residual stresses
induced by the welding process is neglected.
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Figure 4. (a) Load-carrying cruciform joints under tensile loading; (b) Quarter model considered in
the FE analysis.

3.1. Weld Bead Optimisation in a Load-Carrying Cruciform Joint with Constant Weld Leg Length
under Tensile Loading

In the first example considered, parameter α modifies the slope of the weld bead,
relative to the main plate (see Figure 5). The objective of the optimisation is to evaluate the
influence of angle α on the fatigue strength of the specimen in the case of a load-carrying
configuration with constant weld leg length. The potential crack initiation points for fatigue
are the three points indicated in Figure 6a: the two points at the weld toe (points 1 and
2) and the point at the weld root (point 3). With the implicit gradient method, the crack
initiation zone is not predefined, but it is sufficient to check where the maximum value of
the effective stress is obtained. This point is the preferred site for fatigue crack initiation.
The mesh in Figure 6a has smaller elements with sizes around half a tenth of a millimetre
and is sufficiently accurate to ensure a rapid calculation of the fatigue life in terms of
effective stress σeff. It is not necessary to define a restrictive element size, but the operator
shall lead the meshing program to have the smallest elements with sizes around a tenth
of a millimetre near the toe or the root of the weld bead. In the example in Figure 6b, the
maximum effective stress, which is normalised by the nominal tensile stress σnom, is 2.27 at
the toe of the bead and 2 at the root. This means that the fracture initiation condition is
more critical at the toe and that the crack is more likely to nucleate in that area.
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Based on the FEM analyses performed on the joint in Figure 5, Figure 7 (left) shows
that a value of parameter α of about 40◦ divides two zones: for α values less than 40◦, the
maximum effective stress is at the root, while for α values greater than 40◦, the maximum
shifts to the toe. The geometric configuration that equalises the effective stress at the toe
of the weld bead with that at the root is shown in Figure 7 (right). Therefore, the optimal
condition that minimises the effective stress while maintaining L involves an angle α close
to 40◦.
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3.2. Weld Bead Optimisation in a Load-Carrying Cruciform Joint with a Constant Area of the Weld
under Tensile Loading

This optimisation case refers to the model shown in Figure 8, subjecting the structure
to tensile stress in the load-carrying configurations similarly to the previous case. The
weld area is determined by the leg length L and height h of the horizontal side of the weld
bead. Therefore, L is considered an independent variable, and h is calculated based on a
predetermined weld area of 50 mm2. This constraint forces alterations in the bead geometry
to ensure a consistent volume of filler material used throughout the welding process.
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In the load-carrying weld configuration, the optimal condition is achieved when the
value of parameter L is close to 14 mm. The critical zone is at the root of the weld, where
the value of effective stress σeff, normalised to nominal stress σnom, equals 1.94, as shown in
Figure 9. For L values between 3 and 11 mm, however, the critical zone for fatigue cracking
shifts to the toe.
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4. Optimisation of Spot-Welded Joints

The fatigue analysis of spot-welded joints is critical in enhancing the performance
of lightweight structures subjected to tensile and bending loadings [34–36]. These types
of joints are extensively used across various industrial sectors, including automotive,
aerospace and construction, due to their efficiency in force transmission and their ability to
rapidly assemble different materials and components. Understanding the behaviour of spot-
welded joints under cyclic loads is essential for predicting the lifespan of structures and
preventing premature failure. This analysis encompasses the study of stress distribution,
crack initiation, and propagation mechanisms at the micro and macro levels. By improving
our knowledge of fatigue behaviour, it is possible to optimise the design and welding
process, select appropriate materials and apply suitable treatments to extend the service
life of lightweight structures while maintaining or reducing their weight.

The shape of the weld point, as normally outlined in three-dimensional models, is
shown in Figure 10. Note that in Figure 10, no geometric exemplification has been applied
in order to eliminate the singular stress field around the weld point [22]. On the contrary,
the notch stress approach has to introduce a small tip radius in order to remove the stress
singularity and then for the fatigue evaluation to reformulate the fatigue curve [9].
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4.1. Lap Joint with a Single Weld Point

As a starting and preliminary test, the single spot weld is considered; the optimisation
of a single spot position is actually reasonably easy. Figure 11 shows the specimen and the
frame of reference considered for optimising the position of the weld point. The model
reproduces the typical connection used in the literature to simulate the strength of spot-
welded joints under external loadings [37–40]. The main size and shape of the model are
shown in the figure. The weld spot position has free coordinates (x, z), and it is inevitably
limited within the overlap area of the two plates. To simplify the analysis, the range for
parameter x was divided into 7 intervals, while for the z direction, 10 discrete values were
adopted in order to consider a total of 70 configurations.
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The configuration with the lowest effective stress is obtained when the weld point
is located in the central area of the overlap between the plates (x = 14 mm, z = 24 mm).
Furthermore, it is clear that parameter z has a greater influence, as even modest variations
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in z result in significant increases in effective stress σeff. Conversely, a geometrical variation
in the x direction causes smaller increments of the effective stress value. This effect is clearly
visible in Figure 12. In other words, to achieve maximum strength, the weld point should
be located on the longitudinal midline axis of the specimen so that no bending effects in
the plane of the specimen occur.
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The effect of the plate thickness is considered in Figure 13. Regarding the optimal
configuration, the variation in thickness leads to a progressive reduction in σeff.
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4.2. Lap Joint with Two Spot-Welded Points

In real applications, the actual problem is usually the position of several spots, so the
second considered case is the optimisation of two spots. The specimen in Figure 14 has two
weld points on the overlap area of the plates that can be moved by adjusting the parameters
(xi, zi). Clearly, overlapping the two weld points should be avoided. In order to simplify
the calculation, only three positions in both the x and z directions have been considered.
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Figure 14. Specimen size and typical mesh for two spot welds (d: spot weld diameter = 4 mm; t: plate
thickness = 1 mm; σnom: tensile nominal stress).

As in the previous case, the specimen is subjected to simple tensile loading.
The values of the maximum effective stress relative to nominal stress σeff/σnom ob-

tained in the numerical analyses vary from a maximum of about 9 to a minimum of
about 5.4. Only 4 of the combinations considered result in an σeff/σnom ratio lower than 6.
Figure 15 shows the positions of the best four pairs of points.
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Figure 15 illustrates that the optimal condition is achieved through a symmetric
distribution of weld points along the longitudinal axis of the specimen, which is cru-
cial for preventing in-plane bending. Notably, the effective stress values obtained from
pairs of points 1, 2 and 3 are remarkably similar, highlighting the significance of this
symmetrical arrangement.

Subsequent research has revealed that the optimal positioning of the points along the
z-axis involves setting their distance apart to half the width of the specimen for each pair
(1, 2 and 3). Table 1 presents the results, using accurate meshes similar to those employed
in determining the optimal positions shown in Figure 14. The distances documented in the
table correspond to the analysis of configuration 1, where the separation between the weld



Metals 2024, 14, 613 13 of 16

points is roughly 50% of the width of the specimen. Specifically, from Table 1, the distance
between the points is approximately 15 mm for a sheet with a width of 30 mm.

Table 1. Optimal position for configuration 1 in Figure 15 to minimise the σeff/σnom ratio.

Position

x [mm] 7
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4.3. Tubular T Joints under Bending

The structures reported in Figures 16 and 17 show the cases of a T-joint obtained by
spot-welding; the weld points are positioned at the same distance from the axis of the tube
(tube perpendicular to a sheet metal disc).
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As in the previous cases, the optimisation method involves using a solid model with
parametric dimensions, which allows for rapid modification of the arrangement of the
weld points by adjusting the parameters.

To speed up the analysis, the weld points are arranged symmetrically (modifying the
positions of the points in the first quadrant and taking advantage of the symmetry along
the vertical and horizontal axes). This approach yields a series of results corresponding
to a given combination of the geometric parameters αi, evaluating the arrangement that
optimises the structure in terms of fatigue resistance.

Referring to Figure 16, the three weld points, each with a diameter of 5 mm located in
the first quadrant, are transferred along a fixed circumference with a diameter of 150 mm.
Parameters αi are varied, while the external load F at the extremity is kept constant.

The explored angles αi ranged from 5 to 85 degrees, divided into 9 intervals. Within the
limits of the considered discretisation, the optimal configuration was found to be α1 = 5◦,
α2 = 23◦ and α3 = 41◦.

Additionally, the scenario where the first welded point is fixed on the axis of symmetry
(α1 = 0◦ in Figure 18) was analysed. In this case, the optimal condition is achieved with
α2 = 14◦ and α3 = 35◦.
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Figure 18. View of the T-joint subjected to bending with the first welded point positioned on the
symmetry axis (plate thickness and dimensions as indicated in Figure 16, α1 = 0◦, α2 = 14◦ and
α3 = 35◦).

It is worth noting that in both scenarios, the optimal configuration does not coincide
with the configuration that maximises the static moment of the weld points relative to the
bending axis. This is because the three-dimensional FE model is capable of accounting for
the notch effect caused by the weld points.

5. Conclusions

The implicit gradient method has emerged as a highly versatile numerical methodol-
ogy capable of addressing parametric optimisation problems. Its flexibility in calculating
the effective stress at every point of the component under examination enables the identifi-
cation of the optimal configuration for constant-amplitude fatigue loadings. This optimal
configuration is characterised by the geometric arrangement in which the effective stress
reaches its minimum value at the weld toe or root. Specifically, in the case of cruciform
welds, this method facilitates the determination of whether fatigue stress defect nucleation
occurs at the weld toe or root, thereby enhancing fatigue resistance. For spot weld lap
joints subjected to tensile stress, symmetric configurations offer superior fatigue resistance.
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The numerical results obtained are stable and independent of the mesh utilised, achieving
rapid convergence. This opens up the possibility of applying the implicit gradient method
for optimisation calculations regardless of the weld bead shapes and complexity of the
joint without the need for simplifications in three-dimensional models. Consequently, this
approach can significantly reduce the overall cost of design and offers a robust framework
for the design and analysis of welded assemblies with improved fatigue life.
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