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A B S T R A C T

The present paper introduces a novel methodology for accurately modelling differential settlements beneath
the foundations of masonry structures and the resulting crack patterns. In contrast to standard strategies,
which typically impose predefined settlements at the structure’s base, the proposed approach directly accounts
for the soil–structure interaction by coupling the mechanical responses of masonry and soil. Specifically, the
mechanical behaviour of the masonry is accurately modelled using an elastic no-tension approach, while
the soil is represented as an elastic half-plane. The solution to the coupled mechanical problem, satisfying
both equilibrium and compatibility conditions, is obtained through an iterative optimisation-based procedure.
Several 2D numerical applications, considering different geometries and loading conditions, are provided to
demonstrate the proposed procedure’s effectiveness and performance and highlight its potential.
. Introduction

Masonry buildings constitute a significant portion of the historical
entres in Europe and Asia. Nowadays, these structures serve as popular
ourist attractions and as housing for public establishments such as
useums, offices, galleries, and private facilities, including apartments,

haritable organisations, and shops. Therefore, it is essential to assess
heir structural vulnerability to provide correct and reliable information
o the population, stakeholders, administrations, and other relevant
arties, thus enabling informed decision-making while ensuring the
afety and preservation of these valuable assets.

One noticeable phenomenon commonly observed in ancient ma-
onry structures is the occurrence of differential settlements. They
ose a significant risk to the integrity of overhead masonry struc-
ures, leading to potential damages. Furthermore, they can compromise
he structural integrity of the building, thereby reducing its seismic
esilience.

Many scientific contributions (see, for instance, [1–14], and ref-
rences therein) have focused their attention at identifying the most
uitable theoretical and numerical models to predict the actual be-
aviour, considering both in- and out-of-plane problems. A recent
eview of such models is provided in [15]. For instance, in [11], the col-
apse mechanism induced by instability phenomena on masonry walls is
nvestigated by 2D Finite Element (FE) approaches. A 2D model, arising
rom an enhanced kinematic approach for the nonlinear analysis of
asonry walls subjected to in-plane loading conditions, is introduced

∗ Corresponding author.
E-mail address: mlv@unife.it (V. Mallardo).

in [7]. Similar accurate approaches involve fracture and damage-plastic
or other nonlinear mechanisms in bricks and mortar [8,12] as well as
homogenisation techniques [4]. Limit analysis computations have also
been carried out to investigate the out-of-plane behaviour of masonry
walls [16] with particular attention to curved horizontal masonry
structures [17], in combination with homogenisation techniques [18],
under dynamic action by the discrete element modelling [19], and
by applying the Boundary Element Method (BEM) [20,21]. The Fi-
nite/Discrete Element Method (FDEM is another suitable approach that
models problems involving static and dynamic behaviour of systems
with a large number of solid deformable bodies such as bricks in
masonry. An overview of FDEM is provided in [22]. The approach
is also investigated with regard to in-plane and out-of-plane loaded
masonry panels in [23–25], respectively.

Masonry structures usually show high compressive strength cou-
pled with a negligible tensile capacity. Such behaviour is even more
evident in historic buildings where the mortar layers have deterio-
rated with age. No-tension models are a valid alternative to investi-
gate the mechanical behaviour of dry-joint masonry walls. The no-
tension approach stems from the original idea of Heyman [26] and
has been improved since the nineties [27,28] up to the very recent
contributions both regarding vertical bearing piers [29] and for hor-
izontally curved masonry shells [5,30–32]. The effect of highly lo-
calised compressive stress distribution within dry masonry has also
been underlined experimentally [33] and theoretically [34–36].
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Recently, much effort has been devoted to the analysis of the in-
fluence of differential settlements on existing masonry structures. Such
settlements can be either tunnelling-induced or due to natural or man-
made detrimental effects that produce slow support displacements.
Induced crack patterns affect the mechanical response of the masonry
walls and represent a severe risk not only for life safety but also for the
preservation of cultural heritage. Such effects have been investigated
both experimentally [37–39] and numerically (mainly in 2D analyses)
with different approaches: energy methods [40–43], limit analysis [44–
47], rigid block model [48–50], FE method [51–53], finite-discrete
element method [54,55]. All the contributions deal with 2D analysis.

istoric masonry structures can often be regarded as an assemblage of
ndependent 2D walls, especially w.r.t. differential settlements [56].

All of the aforementioned contributions do not consider the inclu-
sion of soil in the structural analysis, i.e. settlement is typically treated
as a predefined boundary condition, and the interfacial interaction
between masonry construction and soil is disregarded. The main goal of
the present paper is to present a novel approach to directly considering
the soil–structure interaction while computing the mechanical response
f masonry walls subjected to general external loading conditions and
n unilateral contact with the underneath soil.

The proposed approach involves the computation of the funda-
mental solution due to unit point loads within the half-plane and its
application to the BEM [57]. The procedure’s advantages are twofold:
the discretisation is limited to the wall-soil interface, and the soil’s
nfinite behaviour is automatically included in the fundamental solu-
ion. The soil is modelled as a semi-infinite elastic domain without loss
f generality, but the approach will be extended to more complicated
onfigurations in future work. The contact between masonry and soil is
odelled as unilateral in the normal direction and following a Mohr–
oulomb associated friction law in the tangential direction. An iterative
olution is developed to apply proper unilateral contact conditions on

the wall-soil interface.
The present paper is organised as follows. Section 2 describes the

rigid, no-tension model for the masonry, and the corresponding bound-
ary value problem is solved through the minimum of the total comple-
mentary energy. The elasticity of the masonry is concentrated at the
brick-brick interfaces. Section 3 details the integral equations governing
he mechanical response of the elastic half-plane under generic bound-

ary conditions and their numerical implementation. Section 4 shows
how masonry and soil’s unilateral (with friction) contact conditions are
numerically computed. In Section 5, numerical examples are presented
and critically discussed to showcase the method’s potential. Section 6
draws main conclusions and future works.

2. Masonry model

The following section outlines the mechanical model adopted for
masonry, which is based on the so-called Normal Elastic No-Tension
(NENT) material [5]. It considers the unilateral contact between bricks
nd includes a finite friction capacity. The model is introduced the-
retically, along with the variational criterion adopted to solve the

associated boundary value problem. Subsequently, the problem is dis-
cretised and formulated as a convex optimisation problem. The NENT
mathematical formulation and its application to masonry have been
studied in different contributions. For instance, constitutive equations
and the existence of an energy function are discussed in [58]. In [59],
the existence of a solution in the case of 2D NENT is demonstrated un-
der the small strain assumption. A detailed study on the compatibility
onditions to be satisfied by the external loads is given in [60]. In [61–

63], the crushing in masonry is modelled for the first time as a perfectly
lastic behaviour, i.e., by considering a convex elastic domain coupled
ith a normality law.
2 
2.1. Theoretical model

The model adopted to describe the mechanical behaviour of the
asonry is an extension of [40,64]. The reader is referred to [65] for

the notation here adopted. A 2D continuum masonry structure 𝛺 ∈ 𝑅2

is partitioned into a finite number of elastic elements 𝛺𝑖 whose interac-
tion is unilateral and follows a Mohr–Coulomb associated friction law
(Fig. 1). Each boundary 𝛤𝐼 of 𝛺𝑗 is assumed regular (i.e. Lipschitz con-
tinuous). The two open, disjoint parts 𝛤𝑈 , 𝛤𝐹 represent the constrained
and loaded part of the boundary of 𝛺, while 𝛤 is the union of the
internal interfaces 𝛤𝐼 for 𝐼 ∈ {1,… , 𝑀}. Either displacements 𝐮 = 𝐮̄
on 𝛤𝑈 or transactions 𝐬(𝐓) = 𝐬̄ on 𝛤𝐹 are prescribed, with 𝐬(𝐓) denoting
the emerging stress tensor on the boundary.

In the case of singular stress crossing the boundary in 𝐱 ∈ 𝜕 𝛺,
the trace has to be written as 𝑠(𝐓) = 𝑃 𝛿(𝐱)𝐭, where the scalar 𝑃 is
he magnitude of the singular stress and 𝐭 is a unit vector directed
s the uniaxial stress 𝐓 [60,66]. This equation also holds on each

internal interface. The spaces of admissible stresses and displacements
re defined so that they have to account for singular stresses and
isplacement jumps, represented by Dirac delta distributions having 𝛤
s support [62,67]. Indeed, to model the unilateral behaviour on the

internal interfaces, it is required that the displacement field 𝐮 can be
singular on each 𝛤𝐼 showing jumps 𝛥𝐮𝐼 that can be decomposed in
their normal 𝛥𝐮𝐼𝑁 and tangential 𝛥𝐮𝐼𝑇 components [40]. With ∣ ⋅ ∣ the
𝐿2 norm, the set of admissible displacements reads:

 = {𝐮 ∈ 𝑆 𝐵 𝑉 (𝛺𝑗 ) for 𝑗 = 1,… , 𝑛 s.t. ∣ 𝛥𝐮𝐼𝑁 ∣≥ 0 on 𝛤𝐼

and 𝐮 = 𝐮̄ on 𝛤𝑈 } , (1)

with SBV the set of functions with bounded variation [68]. Friction
conditions read:

if ∣ 𝐒𝐼𝑇 ∣< 𝜇 ∣ 𝐒𝐼𝑁 ∣ then ∣ 𝛥𝐮𝐼𝑇 ∣= 0 , (2a)

if ∣ 𝐒𝐼𝑇 ∣= 𝜇 ∣ 𝐒𝐼𝑁 ∣ ∃𝜆 ≥ 0 s.t. 𝛥𝐮𝐼𝑇 = −𝜆𝐒𝐼𝑇 and 𝛥𝐮𝐼𝑁 = 𝜇 𝛥𝐮𝐼𝑇 , (2b)

being 𝜇 the friction coefficient and 𝐒𝐼𝑁 and 𝐒𝐼𝑇 the unknown, normal and
tangential force distributions on 𝛤𝐼 . The symmetric stress tensor must
belong to the Mohr–Coulomb cone , i.e., 𝐓 ∈  ⊂ 𝑆 𝑦𝑚−. To allow
for singular stresses, 𝐓 has to belong to 𝑆 𝐵 𝑀 , being 𝑆 𝐵 𝑀 the set of
functions with bounded measures [68]. Therefore, the set of admissible
tress fields reads:

 = {𝐓 ∈ 𝑆 𝐵 𝑀 ∶ div𝐓 + 𝐛 = 𝟎 , 𝑇 ∈ , 𝑠(𝐓) = 𝐬̄ on 𝛤𝐹 } . (3)

A solution of the boundary value problem (BVP) is represented by
 stress 𝐓 ∈ 𝐻 and a displacement 𝐮 ∈ 𝐾 fulfilling Eqs. (2). The

Gauss–Green theorem for an elastic material reads:

𝑎(𝐮,𝐮 − 𝐮∗) = ∫𝛺
𝐛 ⋅ (𝐮 − 𝐮∗)𝑑 𝛺 + ∫𝛤𝐹

𝐬̄ ⋅ (𝐮 − 𝐮∗)𝑑 𝛤 (4)

+
𝑀
∑

𝑖=1
∫𝛤𝐼

[

𝐒𝐼𝑁 ⋅ (𝛥𝐮𝐼𝑁 − 𝛥𝐮𝐼 ,∗𝑁 ) + 𝐒𝐼𝑇 ⋅ (𝛥𝐮𝐼𝑇 − 𝛥𝐮𝐼 ,∗𝑇 )
]

𝑑 𝛤 ,

with 𝑎(𝐮∗,𝐮) a quadratic functional that doubles the elastic energy and
𝐮∗ is the displacement solving the BVP. The model accounts for elastic
nergy in compression. For instance, it may be diffused in the bricks or,

without lack of generality, lumped in with the interfaces as also done
y commercial solvers [69]. In the present paper, the elastic energy

in compression is adopted to model the compressive elastic response
of the masonry and lumped in with the assembly interfaces. From the
problem at hand, it can be easily shown that the following variational
criterion holds:

𝐴(𝐓∗,𝐓 − 𝐓∗) ≥ ∫𝛤𝑈
𝐮̄ ⋅ (𝐓𝐧 − 𝐓∗𝐧)𝑑 𝛤 ∀𝐓 ∈  , (5)

with 𝐴 doubling the complementary elastic energy, and 𝑇 ∗ is the stress
tensor corresponding to a solution of the BVP. Relation (5) is equivalent
o the following minimisation problem:

𝐓∗ = argmin{𝛱𝑐 (𝐓)𝐓∈} with 𝛱𝑐 (𝐓) = 1𝐴(𝐓,𝐓) − 𝐮̄⋅𝐓𝐧𝑑 𝛤 , (6)

2 ∫𝛤𝑈
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Fig. 1. Multiple elastic bodies subjected to body force 𝐛, prescribed boundary displacements 𝐮̄ on 𝛤𝑈 , friction boundary condition on 𝛤𝐼 and surface force 𝐬̄ on 𝛤𝐹 ; 𝐒𝐍, 𝐒𝐓 are
ormal and tangential contact pressure.
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Fig. 2. Numerical discretisation of the interface tractions being 𝑘 and 𝑟 two generic
odes.

which provides the solution to the friction BVP [65], with 𝛱𝑐 (𝐓) the
total complementary energy (TCE).

2.2. Numerical discretisation

This subsection illustrates the numerical discretisation of the TCE
minimum problem (6), considering a masonry domain partitioned into
ry blocks exhibiting a typical interlocked pattern. In many discrete el-

ement modelling strategies [70], a commonly used numerical approach
to account for the blocks’ elastic compressive behaviour is to consider
hem rigid and lump their entire elastic response at the block interfaces,
sing appropriate values for the tangential and normal joint stiffness
see Fig. 2). Various authors have investigated different values for joint
tiffness, considering factors such as block size and interface properties.
he reader is referred to [69] and references therein for more detailed

nformation. It is important to note that once the elastic response has
een concentrated at the interfaces between the elements, the numer-
cal formulation of friction conditions (Eq. (2)) needs to be slightly

rearranged. Let us consider the following additive decomposition of the
displacement jumps over the interfaces between the blocks:

𝛥𝐮𝐼𝑁 = 𝛥𝐮𝐼𝑒𝑁 , 𝛥𝐮𝐼𝑇 = 𝛥𝐮𝐼𝑒𝑇 + 𝛥𝐮𝐼𝑝𝑇 , (7)

being ∣ ⋅ ∣𝑝 and ∣ ⋅ ∣𝑒 the latent and elastic components of the
displacement jumps, respectively. It should be noted that relation (7)1
mplies a purely elastic interface behaviour in compression, while (7)2
ssumes an elastic behaviour along the tangential direction till the

sliding failure 𝛥𝐮𝑖𝑝𝑇 is activated because of the Mohr–Coulomb yielding
riterion. Therefore, relations (2) have to be rewritten (for instance for
ode 𝑘) as :

if ∣ 𝐟𝑘𝑇 ∣≤ 𝜇 ∣ 𝐟𝑘𝑁 ∣ then 𝛥𝐮𝑘𝑒𝑇 =
𝐟𝑘𝑇
𝑘𝐼

and 𝛥𝐮𝑘𝑝𝑇 = 𝟎 , (8a)

if ∣ 𝐟𝑘𝑇 ∣= 𝜇 ∣ 𝐟𝑘𝑁 ∣ ∃𝜆 ≥ 0 s.t. 𝛥𝐮𝑘𝑝𝑇 = −𝜆𝐟𝑘𝑇 and 𝛥𝐮𝑘𝑝𝑁 = 𝜇 𝛥𝐮𝑘𝑝𝑇 , (8b)

being 𝜇 the friction coefficient, 𝑘𝐼 the interface stiffness and 𝐟𝑘𝑁 , 𝐟𝑘𝑇
odal forces occurring on the node 𝑘.
 f

3 
For a fully 3D numerical model, the TCE minimum is modelled
sing the following second-order cone programming (SOCP) in a typical
oncave contact formulation (𝑡 means transpose):

Minimise −𝐁𝑠𝐅𝑡𝐔̄ + 1
2
𝐅𝑡𝐀𝐅 (9a)

s.t. 𝐀𝑒𝑞𝐅 + 𝐛 + 𝐀𝑞𝐪𝑝 = 𝟎 (9b)

∣ 𝐟𝑘𝑇 ∣≤ 𝜇𝐟𝑘𝑁 for 𝑘 = 1,… , 𝑛𝑛𝑜𝑑 𝑒𝑠 (9c)

where 𝐅 is a vector collecting the internal nodal forces 𝐟𝑘𝑁 , 𝐟𝑘𝑇 occurring
at each node 𝑘; 𝐅𝑠 = 𝐁𝑠𝐅𝑡 is the emerging traction vector obtained using
the extract operator 𝐁𝑠; 𝐛 is the vector modelling the volume forces as
lumped in with the block’ centroids, and 𝐪𝑝 is a vector representing
dditional concentrated loads translated to the block’s centroids using

the operator 𝐀𝑞 . Looking at the constraints, Eq. (9b) enforces the
quilibrium of the elements through the equilibrium matrix 𝐀𝑒𝑞 , while

relation (9c) represents the Mohr–Coulomb relation among tangential
nd normal forces scaled down by the friction coefficient 𝜇. Eq. (9c)

represents 𝑛 second-order cone constraints, with 𝑛 the total number of
nodes.

The objective function is the sum of a quadratic and a linear form
nd represents the TCE. Indeed, its linear part models the opposite
f the work of emerging stresses and support displacements. At the
ame time, the quadratic function enforces the interface’s elastic be-
aviour through the compliance matrix 𝐀. The reader should note
hat the matrix 𝐀 accounts for the geometrical distribution of the
nterface properties over the digital domain. Their values are evaluated
ccording to [69]. Due to the quadratic form, the objective function
emains convex but nonlinear. To maintain linearity, the quadratic
orm can be incorporated into the constraints as cones, while additional
lack variables replace its contribution to the objective function. It is
mportant to note that in 2D numerical models, the Mohr–Coulomb
onstraints become linear. Nevertheless, introducing the quadratic form
nto the constraints to model the elastic interface behaviour leaves
he optimisation problem as a SOCP problem. The dual displacements
an be obtained from the Lagrange multiplier associated with the
CE optimisation problem. For more detailed information, the reader
an refer to [29], where a Heymanian-associated flow rule is adopted

without losing generality.

3. Half-plane fundamental solution and numerical implementa-
tion

The stress distribution due to point loads applied within the
sotropic half-plane was presented by Melan [71]. The solution in terms

of stresses generated by a point force normal to an elastic half-plane is
lso known as Flamant solution [72,73]. The implementation of [71]

in the BEM is provided in [57]. The procedure is here briefly described
or the sake of clarity.
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Fig. 3. (a): Unit point load in 𝐱𝑠 within the half plane 𝑋1 = 0, its image 𝐱′𝑠 and field point 𝐱𝑓 . (b): Prescribed displacements or tractions on 𝛤 ∈ 𝛤 .
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First of all, it can be shown that Melan’s fundamental solution is the
um of the classical infinite fundamental solution due to Kelvin plus a
omplementary part:

𝑈𝑖𝑗 = 𝑢𝑘𝑖𝑗 + 𝑢𝑐𝑖𝑗 , 𝑇𝑖𝑗 = 𝑡𝑘𝑖𝑗 + 𝑡𝑐𝑖𝑗 , (10a)

The former is (in Einstein’s notation):

𝑢𝑘𝑖𝑗 (𝐱𝑠, 𝐱𝑓 ) = − 1
8𝜋(1 − 𝜈)𝜇

[

(3 − 4𝜈) log 𝑟𝛿𝑖𝑗 − 𝑟,𝑖𝑟,𝑗
]

(11a)

𝑡𝑘𝑖𝑗 (𝐱𝑠, 𝐱𝑓 ) = − 1
4𝜋(1 − 𝜈)𝑟

{

[

(1 − 2𝜈)𝛿𝑖𝑗 + 2𝑟,𝑖𝑟,𝑗
] 𝜕 𝑟
𝜕𝐧

−(1 − 2𝜈)(𝑟,𝑖𝑛𝑗 − 𝑟,𝑗𝑛𝑖)
}

(11b)

where 𝐭 is the traction in 𝐱𝑠 on the plane with normal 𝐧, 𝜈 and 𝜇 = 𝐸
2(1+𝜈)

re the Poisson’s ratio and the shear modulus, respectively (𝐸 being
Young’s modulus), 𝑟 = (𝑟𝑖𝑟𝑖)

1
2 is the distance between load (or source)

oint 𝐱𝑠 and field point 𝐱𝑓 , 𝛿 is the Kronecker delta, the subscript
, 𝑙 means derivative with respect to 𝑋𝑙. The complementary part is
provided by:

𝑢𝑐𝑖𝑖(𝐱𝑠, 𝐱𝑓 ) =
1

8𝜋 𝜇(1 − 𝜈)

{

(3 − 4𝜈)𝑟2𝑖 + 2𝛾𝑖𝑋1(𝐱𝑠)𝑋1(𝐱𝑓 )
𝑅2

−𝛾𝑖
4𝑋1(𝐱𝑠)𝑋1(𝐱𝑓 )𝑟̄2𝑖

𝑅4
− 8 [(1 − 𝜈)2 − (3 − 4𝜈)] log𝑅

}

(12a)

𝑢𝑐𝑗 𝑘(𝐱𝑠, 𝐱𝑓 ) =
(3 − 4𝜈)

𝑅2
− 4𝛾𝑗𝑋1(𝐱𝑠)𝑥1(𝐱𝑓 )𝑅1𝑟2 + 4𝛾𝑗 (1 − 𝜈)(1 − 2𝜈)𝜃 (12b)

where 𝐱′𝑠 is the image of 𝐱𝑠 with respect to 𝛤 (i.e. the plane 𝑋1 = 0),
̄ = 𝑅 if 𝑖 = 1 and 𝑟̄ = 𝑟 if 𝑖 = 2, 𝛾𝑙 = (−1)𝑙 with 𝑙 = 𝑖, 𝑗 and other terms
are depicted in Fig. 3a. It is worth underlining that such a fundamental
olution automatically satisfies the traction-free condition on 𝛤 when
𝐱𝑠 is located internally. Furthermore, the complementary fundamental
ractions are provided by:

𝑡𝑐𝑖𝑗 (𝐱𝑠, 𝐱𝑓 ) = 𝜎𝑐𝑗 𝑘𝑖(𝐱𝑠, 𝐱𝑓 )𝑛𝑘(𝐱𝑠) , (13)

where the expression of the fundamental stresses 𝜎𝑐𝑗 𝑘𝑖 can be found
in [57,74].

Expressions (11)–(13) refer to plane strain; they are valid for plane
tress too if 𝜈 is replaced by 𝜈̄ = 𝜈∕(1 + 𝜈). The implementation of the

governing boundary integral equation can follow the same pattern of
the classical BEM (i.e. by Somigliana’s identity) by specialising it for
𝐱𝑠 → 𝝃 ∈ 𝛤 :

𝑐𝑖𝑗 (𝝃)𝑢𝑖𝑗 (𝝃, 𝐱𝑓 ) + −∫𝛤
𝑇𝑖𝑗 (𝝃, 𝐱𝑓 )𝑢𝑗 (𝐱𝑓 )𝑑 𝛤 (𝐱𝑓 ) = ∫𝛤

𝑈𝑖𝑗 (𝝃, 𝐱𝑓 )𝑡𝑗 (𝐱𝑓 )𝑑 𝛤 (𝐱𝑓 ) ,

(14)

where −∫ stands for Cauchy principal integral and 𝑐𝑖𝑗 = 𝛿𝑖𝑗∕2 on smooth
surfaces. Singularity issues related to Eq. (14) are discussed in many
contributions (for instance, [75]).

The numerical implementation of Eq. (14) follows the classical
collocation procedure. Due to the special property of the fundamental
 H

4 
solution adopted, only is discretised the loaded part 𝛤 of 𝛤 (either
𝑢𝑖 = 𝑢̄𝑖 or 𝑡𝑖 = 𝑞𝑖, see Fig. 3b). Therefore, the discretisation on 𝛤 involves
only the interface contact zone between masonry wall and soil, imply-
ing the discretisation of the traction-free part of the boundary, i.e. 𝛤−𝛤 ,
to be unnecessary. Finite cavities can be easily included by involving
heir boundary in the discretisation step. It is worth underlining that
he solution automatically satisfies the regularity condition at infinity.
or the present implementation, linear piecewise functions are chosen
o interpolate displacements and tractions over the boundary elements.
fter the collocation technique [75] and application of the boundary

conditions (𝑡𝑖 = 𝑡𝑖) following the iterative procedure described in the
next Section, the final governing system of the equation is:
𝐇𝐮 = 𝐆𝐭 ⟹ 𝐇𝐮 = 𝐛 , (15)

where 𝐇 collects the l.h.s integrals of (14) and 𝐆 the r.h.s. ones. At each
teration of the iterative procedure, pressure and tangential tractions
re imposed, and displacements on 𝛤 are computed. Displacement or
tress in any point inside the half-plane or on 𝛤 − 𝛤 can be computed
s a post-processor step [75]. Fig. 4 shows a comparison between

analytical [76] and BEM vertical displacements under symmetrical
constant load 𝑞1 = 10 applied in 𝑋1 ∈ (−𝑏, 𝑏) with 𝑏 = 5, and
𝐸 = 1000, 𝜈 = 0.3 for the soil, all in compatible units. Four linear
boundary elements (two for each symmetric part) are sufficient to
provide a precise solution. Due to the well-known non-uniqueness
of displacements in 2D analysis, the vertical displacements are given
with reference to the corresponding displacement of the origin. Such
a feature is not an issue as the difference is a rigid body motion that
an be detracted without affecting the compatibility and equilibrium
elations at the interface. For instance, a simple rigid translation can
ransform the solution depicted in Fig. 4 into the one in Fig. 5.

4. Soil–structure interaction: coupled approach

This Section provides detailed information about equilibrium and
compatibility conditions that need to be satisfied over the foundation
line between masonry and soil in order to model their non-smooth me-
chanical interaction accurately. It is worth noting that historic masonry
buildings are typically built by layering the brick–mortar assembly
directly on the soil without interlaying any bending-resistant beam. The
masonry is modelled as an assembly of rigid blocks, as mentioned in
Section 2. Furthermore, the contact between masonry and soil must
omply with unilateral conditions and an associated Mohr–Coulomb
riction law.

To ensure that equilibrium and unilateral contact conditions are
et, the interface between the masonry and soil (referred to as the
oundation line from now on) needs to be appropriately modelled. To
his aim, additional rigid blocks are employed on the foundation line.
he masonry structure is assumed to be subjected to body forces as
ell as contact forces represented by vertical and horizontal actions.
orizontal forces, for instance, may represent seismic actions. Two
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Fig. 4. Comparison of vertical displacements under constant load.
(
a
s
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s

Fig. 5. Uniform pressure applied: undeformed (straight line —) and BEM (𝑢(𝑥, 0) −
(4𝑏, 0)) deformed (—) boundary.

iterative numerical strategies are developed and compared to calculate
the mechanical response of the masonry-soil coupled system.

Remark. The numerical model adopted for masonry is a full 3D model,
hile the soil model is 2D. The soil model can account for either plane

tress or plane strain conditions, and in this paper, the plane strain
ssumption is adopted for all numerical applications. However, the
nvestigation is restricted to 2D symmetric cases under in-plane loading
onditions, such as walls, facades, and arched structures. In such cases,
t is important to highlight that the proposed approach provides a
easonable representation of the actual behaviour as:

• the interface elasticity of the masonry model is concentrated in
normal and tangential springs. Under in-plane loading conditions,
the masonry exhibits only the in-plane response, as the tangential
springs are not activated;

• the forces transmitted to the soil are exclusively in-plane forces;
• the corresponding (plane-strain) solution for the soil provides dis-

placements without any (non-constant) component along the or-
thogonal (out-of-plane) direction. Although out-of-plane stresses
may occur in the soil, they do not manifest on the interface
plane and, therefore, do not affect the displacement boundary
conditions applied to the masonry during the iterative process.
5 
4.1. Non-linear interface conditions

Due to the unilateral nature of the soil–structure interaction, any
contact model must consider potential partial detachments along the
foundation line; hence, it must be unilateral. A bilateral contact ap-
proach cannot accurately represent the unilateral soil–structure be-
haviour, as it fails to capture potential detachments. In the present
research, the unilateral non-smooth contact over the foundation line is
modelled by considering the tractions transferred from the masonry to
the soil as well as the soil deformation, which results in displacements
that must be applied to the masonry and can, in turn, influence the
masonry response and the resulting transferred tractions. This problem
is addressed by defining an iterative procedure that not only accounts
for the unilateral contact between the masonry and the half-plane
soil) but also considers the unilateral response of the masonry. To the
uthors’ knowledge, all contributions related to masonry subjected to
ettlements, such as [37,39,48–52,54,77], do not directly account for

coupled soil–structure behaviour. The following subsections describe
the iterative algorithm implemented to evaluate the non-smooth soil–
structure interaction, considering both the masonry’s unilateral and
the soil’s elastic response. The algorithm calculates the tractions and
displacements exchanged between masonry and soil in each iteration.

wo different strategies are implemented and explored to model these
data.

Specifically, the interaction between masonry and soil is modelled
using additional rigid (red) blocks with negligible height in between
the masonry structure and the soil, which serve as supports for the
masonry structures (Fig. 6).These supporting red blocks are used to
apply displacement-like boundary conditions to the masonry base once
the deformation of the half-plane soil is evaluated. As clarified below,
for the first contact strategy, they are also used to transfer the tractions
exerted by the masonry to the soil.

Referring to the transmission of traction from the masonry to the
oil and remembering that the masonry model is based on a concave

contact formulation (Fig. 2), two contact strategies are implemented
and explored as illustrated by Fig. 6:

• contact strategy 1 directly uses the supporting red blocks beneath
each cyan masonry block. The forces transmitted by each cyan
block are summed at each contact point and then distributed over
the corresponding influence area to evaluate the surface traction
to be applied to the half-plane soil (see Section 4.3.1 for details);

• contact strategy 2 models an additional yellow block between
supports and structure as illustrated in Fig. 6. The two forces
transmitted from the cyan to the yellow block through the two
endpoints are used to model the unilateral contact pressures using
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Fig. 6. Masonry-soil system: the generic masonry block is depicted in cyan, while additional red blocks are adopted as supports to model the soil–structure contact. (For
nterpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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the 3u rule in a post-processing phase (see Section 4.3.2 for
details).

A similar approach is adopted to transfer the displacement field from
he soil to the masonry. As detailed in Section 3, the adopted soil
odel provides a displacement field for the boundary layer of the

oil, represented as a continuous function by the boundary mesh. The
isplacement field on the masonry is thus discretised through a set
f kinematic parameters, i.e., by horizontal and vertical displacements
nd a rotation with respect to the centre of gravity of each red block
see Section 4.2 for details). In this sense, displacement-like boundary

conditions are enforced using a numerical strategy similar to Strategy
 for tractions, as no other strategies are possible. In conclusion,
dditional rigid blocks are introduced at the foundation line for two
urposes:

• to transmit tractions from the masonry to the soil, meaning that
nodal boundary reactions of the wall are computed and then
applied as external tractions to the half-plane model;

• to transfer the imposed displacement field from the soil to the
masonry.

It is worth highlighting that the contact between masonry blocks and
he additional (red and yellow) supports is still modelled as elastic
nilateral in compression and elastic bilateral along the tangential
nterface direction. A finite friction capacity is also assumed based on
he Mohr–Coulomb yielding criterion.

In summary, at each iteration, the masonry mechanical problem
is solved by minimising the discredited version of the minimin of
complementary energy (9), whose solution yields the nodal forces 𝐟 𝑖 =
(𝑓 𝑖

𝑁 , 𝑓 𝑖
𝑇 ), being 𝑓 𝑖

𝑁 and 𝑓 𝑖
𝑇 the normal and tangential components,

espectively. After that, the tractions over the foundation line are
valuated using either contact strategy 1 or 2 and used as data for the
alf-plane model, which yields soil displacements over the foundation
ine. These displacements are discredited as described above and used
o impose foundation settlements on the masonry.

4.2. Compatibility conditions

This Section describes the numerical procedure to transfer displace-
ents from the half-plane to the masonry model. The displacement

olution of the half-plane subjected to prescribed tractions needs to be
ransferred to the masonry model. The half-plane displacement solution
s provided in terms of 𝐮 = (𝑢𝑁 , 𝑢𝑇 ) and is then linearly interpolated and
umped to the masonry supports as shown in Fig. 7. For instance, the

rigid body motion of the red block in between the nodes 𝑙 and 𝑙+ 1 (with
6 
𝑙 = 1,… , 𝑛 being 𝑛 the number of nodes of the half-plane problem) can
be expressed as follows:

𝜹𝑙 =
𝐮𝑙+1 + 𝐮𝑙

2
, 𝜙𝑙 =

𝑢𝑁𝑙+1
− 𝑢𝑁𝑙

𝑎
, (16)

with 𝜹𝑙 the displacement of the 𝑙th support determined by averaging
the displacements of the adjacent nodes; 𝜙𝑙 the rotation of the red
block at node 𝑙, which is obtained by calculating the difference in
normal displacements between the adjacent nodes and dividing it by
the spacing 𝑎 between the nodes. Thus, the boundary displacements to
apply to the masonry supports at the iteration 𝑖-th is:
𝐮𝛤𝑚,𝑖 = (𝜹,𝝓)𝛤𝑖 , (17)

with 𝜹 and 𝝓 the vectors collecting support displacements 𝜹𝑙 and
rotations 𝜙𝑙.

4.3. Equilibrium conditions

Once displacements are defined, the BVP solution is obtained by
olving the SOCP (9). Its solution yields nodal forces 𝐟 𝑖 that must be
ransferred to the half-plane below through proper equilibrium con-
itions. Two different numerical strategies are considered, as outlined
elow.

4.3.1. Contact strategy 1
The first contact strategy, referred to as strategy 1, is obtained by

preading the masonry reactions as tractions in each half-plane node
Fig. 8), that is:
𝐭 = − 𝐟

𝑎 𝑠 , (18)

where 𝑠 is the masonry block’s depth (assumed here as a unit), 𝑎
represents the footprint length of each node (half on the left and half
on the right for internal nodes, just half-length for the end nodes, see
Fig. 8), 𝐟 represents the contact force vector acting on the wall and
𝐭 denotes the contact traction on the half-plane. It is worth recalling
that the half-plane model linearly interpolates the tractions on adjacent
nodes. The normal component is zero when the masonry detaches from
the foundation line, excluding cases of dilatancy.

On the other hand, the tangential traction is locally bounded by the
finite friction capacity as described in Section 2. Thus, the tangential
raction can only be non-zero if the normal component is non-zero,
s illustrated in Fig. 8. Consequently, the local (point-wise) condition

𝑓 𝑖 ≤ 𝜇 𝑓 𝑖 is satisfied throughout the contact area.
𝑇 𝑁



A. Iannuzzo and V. Mallardo

o

m

r

d
t
u
a

t
t

Engineering Structures 323 (2025) 119220 
Fig. 7. Compatibility conditions between the masonry and soil involve the transmission of the half-plane displacement to the supports’ Lagrangian parameters. (For interpretation
f the references to colour in this figure legend, the reader is referred to the web version of this article.)
Fig. 8. Contact strategy 1: force interaction between masonry structure and soil. (For interpretation of the references to colour in this figure legend, the reader is referred to the
web version of this article.)
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4.3.2. Contact strategy 2
The second contact strategy computes the tractions to be trans-

itted to the half-plane differently. For numerical reasons, a layer of
(yellow) blocks of negligible height is placed between the cyan blocks
epresenting the masonry structures and the red blocks representing the

foundation, as depicted in Fig. 9. The solution of minimum problem
(9) yields nodal contact forces 𝐟 between cyan and yellow blocks.
Each cyan block is associated with a single (yellow) block placed
irectly beneath it, as depicted in Fig. 9. The nodal forces 𝐟 are used
o compute the stress state on the yellow block based on a linear,
nilateral contact model. Using this information, a contact (i.e. active)
rea is defined. Referring to Fig. 9, the resultant 𝐑 of the nodal forces

is calculated as 𝐑 = 𝐟 𝑙 + 𝐟 𝑟 with 𝑙 and 𝑟 symbolising the left and right
corners of the blocks, respectively. The tangential component 𝑅𝑇 of 𝐑 is
uniformly distributed over the contact zone of the half-plane interface.
It is important to note that in Strategy 2, the finite friction capacity
applies globally to the entire contact area in an integral sense rather
than locally. The distribution of the normal traction over the half-plane,
resulting from the normal component 𝑅𝑁 = 𝐑 ⋅ 𝐧, depends on the
eccentricity 𝑒 =

𝑓 𝑟
𝑁 𝑏∕2−𝑓 𝑙

𝑁 𝑏∕2
𝑅 with 𝑒 positive if the resultant is located

o the right of the brick’s gravity centre. When ‖𝑒‖ ≤ 𝑏
6 , the compressive

ractions at the left (𝑡𝑙𝑁 ) and right (𝑡𝑟𝑁 ) corner are computed by:

𝑡𝑙𝑁 =
𝑅𝑁
𝑏𝑠

− 6𝑁 𝑒
𝑠𝑏2

, 𝑡𝑟𝑁 =
𝑅𝑁
𝑏𝑠

+ 6𝑁 𝑒
𝑠 𝑏2 , (19)

On the other hand, if ‖𝑒‖ > 𝑏
6 , the normal component 𝑡𝑁 is distributed

linearly over the contact zone 𝑙 = 3 𝑢, where:

𝑢 = 𝑞 𝑏
2
− 𝑒 𝑞 = 1 if 𝑓 𝑙

𝑁 < 𝑓 𝑟
𝑁 else 𝑞 = −1 . (20)

The length 𝑙 is measured from the left corner if 𝑓 𝑙
𝑁 > 𝑓 𝑟

𝑁 , from the right
corner otherwise.
7 
4.4. Iterative algorithm

The interface between the masonry and soil is modelled as a unilat-
ral in compression with a finite friction capacity, similar to problems
ncountered in crack analysis [78]. This coupled problem is inherently

nonlinear and is solved through an iterative procedure that updates the
boundary conditions until the final solution is achieved. The developed
algorithm is summarised in Fig. 10.

The first step is to compute the nodal contact forces 𝐟𝛤0 by solving
the minimum problem (9), considering given external loads and ho-
mogeneous boundary displacements (fixed foundation, i.e., (𝜹,𝝓)𝛤 =
𝟎). These forces are then transferred to the soil interface using either
Eq. (18) or Eqs. (19)–(20), depending on the contact strategy adopted.
The corresponding soil displacement on the half-plane boundary is
omputed using Eq. (15). This displacement field is then discretised

and applied to the masonry supports using Eq. (16). The solution of
the updated masonry BVP thus provides new nodal contact forces.

The procedure continues iteratively, computing the displacement
field on the soil, 𝐮𝛤𝑖 , and the interface forces, 𝐟𝛤𝑖 , transmitted by the
masonry to the soil along the foundation line.

Referring to the generic vector 𝐱 representing data measured over
he foundation line, the error between iteration 𝑖− 1 and 𝑖 is evaluated

using the normalised root mean square error as:

err𝑖𝑥 = 1
∣ max(𝐱𝑖−1) − min(𝐱𝑖−1) ∣

√

∑𝑛
𝑗=1(𝑥

𝑖
𝑗 − 𝑥𝑖−1𝑗 )2

𝑛
, (21)

with 𝑛 the number of nodes of the foundation line, 𝑥𝑖𝑗 the 𝑗th component
f 𝐱 at the iteration 𝑖, and:

max(𝐱𝑖) = max
𝑗=[1,…,𝑛]

𝑥𝑖𝑗 , min(𝐱𝑖) = min
𝑗=[1,…,𝑛]

𝑥𝑖𝑗 . (22)

The iterative loop ends if, at iteration 𝑖, the following four conditions
are simultaneously met:

𝑖 𝑖 𝑖 𝑖
err𝐟N ≤ tol𝐟N , err𝐟T ≤ tol𝐟T , err𝐮N
≤ tol𝐮N , err𝐮T

≤ tol𝐮T , (23)
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Fig. 9. Contact strategy 2: force interaction between masonry structure and soil. (For interpretation of the references to colour in this figure legend, the reader is referred to the
web version of this article.)

Fig. 10. Flowchart of the iterative scheme for the soil–structure interaction.
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where the errors, evaluated by mapping relation (21) to both the
normal and tangential components of the transmitted forces and soil
isplacements, must be smaller than prescribed numerical tolerances
ol(⋅).

To speed the convergence up and improve efficiency, an extension
of the technique proposed in [79], originally designed for linear prob-
lems, is implemented: at each iteration of the algorithm, the boundary
conditions (displacement type on the masonry, traction type on the
soil) are updated as a linear combination (using parameters 𝛼 and 𝛽)
f the 𝑖th and (𝑖 − 1)th values. In the numerical examples, 𝛼 and 𝛽 are

determined through a preliminary parametric analysis.

5. Numerical applications

To highlight the efficiency of the proposed coupled approach with
espect to traditional methods, this Section illustrates the results ob-

tained on two simple but meaningful structural typologies, such as
a panel and a semicircular arch. All computational analyses are per-
formed using an in-house Python code implementing the numerical

odel illustrated in Section 2.2. The solutions are obtained on an agile
laptop with an AMD Ryzen 7 5700U and using Mosek as optimisation
solver [80]. The numerical solutions are obtained adopting 𝑘𝑛 = 109
N/m3, 𝑘𝑡 = 3 ⋅ 108 kN/m3 between bricks, and 𝑘𝑛 = 108 kN/m3,
𝑡 = 5 ⋅ 107 kN/m3 between bricks and soil. It must be pointed out
hat the results are not affected by reducing the brick-brick stiffnesses,
s also shown in [69].

The first application focuses on a rectangular masonry panel resting
on elastic soil and subjected to two loading conditions (Section 5.1).
In particular, by focusing on the contact footprint area between the
masonry panel and the soil, the results explore the differences between
contact strategies 1 and 2 and their deviations from the conventional
scenario of a fixed, undeformable foundation. Section 5.2 looks at a
emicircular arch, focusing on its behaviour under a non-symmetric
oading condition. This application is a pilot case to demonstrate the

proposed strategy’s advantages and relevance in a common yet signifi-
ant case, such as an arch, a paradigmatic example of a masonry curved
tructure.

Before proceeding with the examples described above, it would
be useful to benchmark the adopted masonry model when compared
with the results available in the literature for fixed foundations. A
15-voussoirs semicircular arch is considered. The collapse mechanism
and corresponding value can be computed by applying iteratively the
procedure described in Section 2.2 to maximise the horizontal multi-
lier 𝜆 or by reformulating the problem in a classical limit analysis

sense as detailed in [81]. Fig. 11a shows the collapse mechanism for
n arch with 𝑡∕𝑟 = 0.18 with 𝑡 the thickness and 𝑟 the mean radius.

Fig. 11b shows the behaviour of the horizontal load multiplier versus
∕𝑟. The results are identical to what is presented in [82], demonstrating

the reliability of the adopted numerical masonry model. For further
details and comparisons, the reader is also referred to [81]. It must be
pointed out that, under the assumption of small displacement/strain
fields, the collapse multiplier is not influenced by the elasticity of
he underneath soil. This is why, even for unilateral materials, the

limit analysis solution does not depend on foundation displacements
as long as they are small, i.e., the set of constraints defining the space
of admissible stress states does not change. In contrast, the collapse

ultiplier and the mechanism would change in large displacements.

5.1. Masonry panel

Geometry, discretisation and loading conditions of the example
under analysis are depicted in Fig. 12. Each horizontal layer comprises
6 blocks stacked vertically, defining an interlocked pattern. If the
foundation line were fixed, as all the published contributions have
supposed so far, the soil response under the traction exerted by the
9 
masonry wall would not affect the global mechanical response. Further-
more, any differential settlement could only be prescribed as a known
oundary condition and not determined as an unknown of the coupled
echanical problem. The goal of the numerical example is to show the

fficiency of the proposed integrated approach. The panel’s geometry
s defined by 𝐵 = 1.2 m and 𝐻 = 3.6 m with an orthogonal depth 𝑠 = 1

m and self-weight 𝛾 = 10 kN/m3. The total weight is then 𝑊 = 43.2
kN. The friction angle is assumed as 𝜇 = 35◦.

The mechanical properties of the soil are modelled assuming a
Young moduli 𝐸𝑠𝑜𝑖𝑙 = 500 MPa. Such a value corresponds to a rather
stiff soil (for instance, 𝐸 of a mixture of sand and gravel is 200 MPa)
in order to demonstrate the efficiency of the procedure also for low
soil deformability. The iterative procedure considers 𝛼 and 𝛽 both
equal to 0.1. The horizontal forces are applied incrementally so that,
looking at the panel as a single block in unilateral contact with the soil,
ifferent positions of the neutral axis can be defined. Two different load
ombinations are considered as represented in Fig. 12.

A flat, mass-less horizontal block with negligible height is placed on
top of the panel to properly apply the above loads. The error tolerances
tol(⋅) are set equal to 10−4 if not indicated differently. The numerical
results are obtained by meshing the interface with 108 elements on
the half-plane and 18 red elements on the masonry panel. A factor of
500 is used to scale the deformed configurations up. Looking at the
results obtained with load condition 1, Section 5.1.1 shows that contact
strategy 1 is more efficient than contact strategy 2. Therefore, all the
emaining applications are carried out by adopting strategy 1 only. In
articular, Section 5.1.2 explores the panel’s mechanical response due

to load condition 2 considering only contact strategy 1.

5.1.1. Load condition 1
Load condition 1 intends to highlight the differences in behaviour

mong the classical approach (fixed undeformable foundation) and the
wo proposed contact strategies (see Section 4.3). For comparison, the

panel may also be approximated as a unique rigid block and, hence,
the contact pressure between the panel and the soil to be estimated
by hand calculations (3𝑢 rule). Three levels of horizontal force 𝐹0 are
considered, i.e. 𝐹0 = 0, 5.2, 5.6, 6.0 kN. The distance 𝑑 between the
corresponding neutral axis and the panel’s middle base point would
satisfy the 3𝑢 rule, i.e. 𝑑 = 𝐵∕2 − 3 ∗ 𝑢. Consequently, 𝐹0 = 5.2, 5.6, 6.0
kN would correspond to 𝑑 = 0.10, 0.2, 0.3 m, respectively. Fig. 13
shows the solutions in terms of deformed configurations obtained by
the present approach considering only the self-weight. The solution
obtained assuming a rigid, undeformable foundation is not reported
as deformed and undeformed are coincident. Fig. 14 compares the
deformed configurations using the present approach for different values
of 𝐹0. The mechanical response of the panel as a function of the
increasing horizontal force 𝐹0 shows an increasing global rotation of
the panel together with the deformation of the soil. Fig. 15 shows
he normal traction trends on the foundation line, with positive values

representing compressive action. Fig. 16 depicts the tangential traction
xerted by the masonry on the soil, with positive values indicating

direction towards the right. Figs. 15–16 compare the present coupled
pproach (with both strategies) with the results obtained by modelling
he interface as fixed. Moreover, for 𝐹0 = 0 kN, the results are also
eported by assuming the masonry panel as a unique rigid element in
nilateral contact with the interface (3𝑢 rule in the legend).

The convergence path associated with strategy 1 converges to the
olution within approximately 40–50 iterations versus 100 iterations
equired by contact strategy 2. In the absence of horizontal force, as
llustrated by Fig. 15a, the results show a meaningful stress concentra-

tion towards the panel’s extreme foundation points, which is expected
due to the soil’s deformation. Looking at Fig. 15b–d, for 𝐹0 > 0 kN, the
ontact area provided by the present approach is always larger than the
ne obtained modelling a fixed foundation, which is almost coincident
ith the one obtained using the 3𝑢 rule. Interestingly, looking at

Fig. 16a in the absence of horizontal load (𝐹 = 0 kN), the present
0
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Fig. 11. Collapse mechanism of a semicircular arch subjected to lateral loads (a) and trend of the horizontal multiplier as a function of the thickness t and mean radius r (b).

Fig. 12. Loading conditions applied to the masonry panel. (a): Loading condition 1; (b): Loading condition 2.

Fig. 13. Panel-soil deformed configurations subjected to load condition 1 and obtained through the proposed coupled approach assuming 𝐹0 = 0 kN: (a) contact strategy 1, and
(b) contact strategy 2.
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Fig. 14. Deformed configurations of the panel-soil subjected to load condition 1 assuming contact strategy 1 (left) and contact strategy 2 (right). (a–b) 𝐹0 = 5.2 kN (𝑑 = 0.10 m);
(c–d) 𝐹0 = 5.6 kN (𝑑 = 0.20 m); (e–f) 𝐹0 = 6.0 kN (𝑑 = 0.30 m).
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Fig. 15. Normal tractions [MPa] on the foundation line. Loading condition 1. (a) 𝐹0 = 0.0 kN, (b) 𝐹0 = 5.2 kN (𝑑 = 0.10 m), (c) 𝐹0 = 5.6 kN (𝑑 = 0.20 m), and (d) 𝐹0 = 6.0 kN
(𝑑 = 0.30 m). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
approach shows non-zero symmetric tangential stresses arising between
the masonry panel and soil. Contact strategy 1 shows a smoother trend
than contact strategy 2, which shows a piece-wise constant behaviour
with isolated jumps. In fact, contact strategy 2 models each brick as an
independent unit in contact with the soil beneath it, resulting in a linear
contact pattern between each brick and the foundation. Consequently,
it may allow any brick to be partially in contact with the soil, whereas
the adjacent brick achieves full contact, thus introducing a localised
jump in the contact tractions. Such a response is rather unrealistic and
demonstrates that strategy 1 is more feasible in catching the correct
behaviour. For these reasons, subsequent analyses in Sections 5.1.2 and
5.2 will be carried out with contact strategy 1 only.

5.1.2. Loading condition 2
The mechanical problem is solved under the loading condition

depicted in Fig. 12b (𝑝 = 10 kN/m). Four distinct analyses are per-
formed. The first one looks at the panel’s response considering only
vertical loads. The additional three analyses consider a horizontal
volume force multiplier 𝛾. Each block is then subjected to additional
horizontal forces proportional to its weight through the scale factor
𝛾. The overall horizontal force is denoted by 𝐹0. Three values of the
horizontal multiplier are considered that are 𝐹0 = 12.78 kN (𝑑 = 0.05
m), 𝐹0 = 13.29 kN (𝑑 = 0.10 m), 𝐹0 = 13.80 kN (𝑑 = 0.15 m).
Fig. 17 compares the fixed foundation (left column) with the present
approach (contact strategy 1 - right column). The normal and tangential
traction distributions comparison over the foundation line is shown in
Figs. 18–19, respectively.

When 𝐹0 > 0, the difference in normal traction and contact area
between the present approach and the fixed foundation assumption is
12 
less pronounced with respect to the previous load condition. However,
the difference in crack patterns and differential settlements is evident
as volume forces redirect the internal stress state [81]. Indeed, With
increasing 𝐹0, the present approach captures a diagonal crack, but the
standard one does not. It explains the typical crack pattern in buttresses
subjected to horizontal thrusts exerted by adjacent structures. The order
of the crack openings evaluated with the present approach is about
0.1–1 mm. In the case, 𝐹0 = 13.29 kN, for instance, the differential
settlement is about 0.4 mm, and the ratio between crack openings
evaluated with the present approach (i.e. 0.2 mm) is more than one
order of magnitude higher than the one with a fixed foundation. The
results corresponding to the classical 3𝑢 rule provide a similar contact
zone but with a smoother pressure distribution that underestimates the
pressure peak at the corner.

The effect of slenderness is briefly investigated by applying loading
condition 2 to a square masonry panel with the same base 𝐵 = 1.2 m.
The panel-soil contact line is discretised with the same number (108) of
red masonry blocks and the same stiffness contact values. Considering
as a reference the rectangular panel depicted in Fig. 17b, subjected
to 𝐹0 = 12.78 kN (𝑑 = 0.05 m), which is 78% of its collapse load,
two types of comparisons are performed. The first one evaluates the
square masonry panel’s response when subjected to a horizontal load
of 𝐹0 = 18.33 kN corresponding to 𝑑 = 0.05 m at the base (see also
Section 5.1.1 for an explanation on 𝑑). The second comparison tests the
square masonry panel under the same percentage (78%) of its collapse
load, that is 𝐹0 = 78%18.42 = 14.37 kN where 18.42 kN is its estimated
collapse load. The corresponding deformed configurations of the square
panel are depicted in Fig. 20a–b, respectively. The diagonal crack in
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Fig. 16. Tangential tractions [MPa] on the foundation line. Loading condition 1. (a) 𝐹0 = 0.0 kN, (b) 𝐹0 = 5.2 kN (𝑑 = 0.10 m), (c) 𝐹0 = 5.6 kN (𝑑 = 0.20 m), and (d) 𝐹0 = 6.0 kN
(𝑑 = 0.30 m). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
the square panel is less pronounced with respect to the rectangular
plate (compare with Fig. 17b) and almost separates it into two parts.
Differently from the rectangular panel, the non-active part of the square
panel, defined by the part below the crack, is almost 40%.

5.1.3. Convergence analysis
A convergence analysis has also been conducted to test the sensi-

tivity of the results w.r.t. the number of (red) supporting elements on
the interface, i.e. going from 108 to 216 red blocks. In Figs. 21–22 the
dashed lines depict the results with 108 blocks, while the continuous
lines report the ones obtained by doubling the number of elements.
Specifically, Fig. 21a–b refer to the load condition 1 and consider both
contact strategies, while Fig. 22a–b illustrate the results using contact
strategy 1 only.

As the reader can note, the results do not change while doubling
the number of the elements from 108 to 216. Moreover, based on these
comparisons, the discretisation adopted in Section 5 is sufficient to
obtain reliable results. It is important to note that the consistency of
results, as observed here, extends to all cases discussed in the previous
section, though not explicitly presented to maintain brevity.

5.2. Masonry arch subjected to a non-symmetrical load

The present section showcases the method’s accuracy and reliability
on a semicircular masonry arch subjected to a non-symmetrical vertical
distributed load. The goal is to show the benefit of including soil
deformation in estimating the response of a masonry structure under a
simple but meaningful loading condition. Indeed, this loading condition
13 
has been selected to highlight the effects of differential settlement on
the crack pattern exhibited by the arch. The arch geometry, discredited
with 15 voussoirs, is depicted in Fig. 23. It must be pointed out that
the arch geometry is not realistic as it is not supported by lateral
abutments nor covered by backfill. However, the semicircular arch is a
key example studied by many researchers to benchmark new methods,
as demonstrated by the rich literature in this sector [10,13,14,38,44,82,
83] and references therein. In our case, the arch geometry is selected
to highlight how the proposed procedure can capture the pre-collapse
hinges, which could not have been modelled using a fixed foundation
approach. The arch self-weight is 𝛾 = 18 kN/m3. The applied load
𝑞 = 30 kN/m is far from the collapse load, which is about 70 kN/m.
Twenty supporting elements are placed along the contact interface
𝛤 between each arch’s base and the soil. The arch-soil interaction is
studied by considering the soil is made up of clay with or without
sand percentages. Three values of the Young modulus are adopted:
𝐸𝑠𝑜𝑖𝑙 = 20 MPa corresponding to a soft clay, 𝐸𝑠𝑜𝑖𝑙 = 50 MPa to a mild
hard clay and 𝐸𝑠𝑜𝑖𝑙 = 100 MPa to a hard clay. Opposite to the masonry
panel application, the aim was to show the procedure’s efficiency with
respect to the fixed foundation, even for very stiff soil, where the goal
is to show the performance of the proposed approach for real soil.

Fig. 24 illustrates the deformed configurations of the arch scaled up
by 50. In the same figure, the straight green lines provide the internal
contact forces approximating the thrust line. For obvious reasons, the
deformed configuration of the arch subjected to the same load but
supported on a rigid foundation is not depicted; indeed, in such a
case, the arch does not show any crack patterns, remaining essentially
undeformed. The influence of the soil on the response is evident.
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Fig. 17. Deformed configurations of the panel subjected to load condition 2 with fixed foundation (left) and the present approach with contact strategy 1 (right). (a–b) 𝐹0 = 12.78
kN (𝑑 = 0.05 m); (c–d) 𝐹0 = 13.29 kN (𝑑 = 0.10 m); (e–f) 𝐹0 = 13.80 kN (𝑑 = 0.15 m).

Engineering Structures 323 (2025) 119220 

14 



A. Iannuzzo and V. Mallardo Engineering Structures 323 (2025) 119220 
Fig. 18. Normal tractions [MPa] on the foundation line due to the loading condition 2. (a) 𝐹0 = 0.0 kN, (b) 𝐹0 = 12.78 kN (𝑑 = 0.05 m), (c) 𝐹0 = 13.29 kN (𝑑 = 0.10 m) and (d)
𝐹0 = 13.8 kN (𝑑 = 0.15 m). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
Indeed, as the reader can note, by reducing the value of 𝐸𝑠𝑜𝑖𝑙, the
soil’s deformed configuration, and hence the crack opening amplifies.
It is worth recalling that a collapse mechanism, in the case of non-
symmetric load, is defined by a four-hinge mechanism. In all cases,
the semicircular arch shows two hinges, while two additional ones are
needed to bring the arch to the collapse.

By decreasing the half-plane stiffness from 𝐸 = 100 MPa (Fig. 24a)
to 𝐸 = 20 MPa (Fig. 24c), the effects of soil on the global response
are even more evident, being the size of the crack openings higher.
Indeed, the maximum width of the hinge goes from about 0.9 mm for
𝐸𝑠𝑜𝑖𝑙 = 100 MPa to about 5 mm when 𝐸𝑠𝑜𝑖𝑙 = 20 MPa. The internal force
distribution is compliant with the corresponding crack pattern. It must
be underlined that such a crack pattern would not occur if the model
included the foundation as rigid.

6. Summary and conclusions

The present research proposes a new approach to model differen-
tial settlements beneath masonry foundations and the corresponding
induced crack patterns. It directly considers the influence of soil on the
structural response. Based on the no-tension assumption, the masonry
domain is discretised into a finite number of elastic bodies in unilat-
eral, Mohr–Coulomb-associated friction contact, with the elasticity of
the blocks lumped at the interfaces between them. The correspond-
ing boundary value problem is solved using the minimum of the
complementary energy and framed as an optimisation problem.
15 
The soil is modelled as an elastic half-plane using the appropriate
fundamental solutions of the Melan problem, allowing the discretisa-
tion of only the masonry-soil contact areas. Compatibility is imposed
at the masonry-soil interface by properly modelling the non-linear
contact, while equilibrium conditions are enforced by adopting two
alternative contact strategies. An iterative procedure is set up to solve
the coupled problem, ensuring that the solution simultaneously satisfies
both equilibrium and displacement compatibility constraints.

The two contact strategies were fully explored numerically on a
masonry panel under several loading scenarios. As the main outcome,
the first contact strategy (Section 4.3.1) provided more appropriate
results with faster convergence. Furthermore, the method’s potential
was demonstrated in a practical engineering application involving a
masonry arch under non-symmetric loading conditions, fully captur-
ing the effect of soil deformation on the mechanical response of the
masonry.

From an engineering perspective, the proposed coupled approach
offers new potential to describe complex foundation settlements and
crack patterns, particularly when the load is far from the structure’s
maximum capacity. In such cases, it allows for the description of crack
patterns that other approaches can only capture by considering a priori-
prescribed foundation displacements. Looking at the masonry panel,
it was shown that the crack size revealed by the proposed coupled
approach is at least one order of magnitude larger than that captured
by considering only the elastic compressive response of the masonry.
Additionally, the proposed approach, as shown in Section 5.1.2, pro-
vides an explanation for typical diagonal crack patterns exhibited by
buttresses. This aspect, emphasised by the arch analysis, demonstrates
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Fig. 19. Tangential tractions [MPa] on the foundation line due to the loading condition 2. (a) 𝐹0 = 0.0 kN, (b) 𝐹0 = 12.78 kN (𝑑 = 0.05 m), (c) 𝐹0 = 13.29 kN (𝑑 = 0.10 m) and
(d) 𝐹0 = 13.80 kN (𝑑 = 0.15 m). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 20. Solution of the soil–structure contact problem involving a square masonry panel subjected to load condition 2 and assuming contact strategy 1: deformed configuration
due to 𝐹0 = 18.33 kN (𝑑 = 0.05) (a) and 𝐹0 = 14.37 kN = 78% of its collapse load (b).
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Fig. 21. Convergence analysis related to load condition 1 (𝐹0 = 6.0 kN - 𝑑 = 0.3 m): normal (a) and tangential (b) tractions [MPa] exerted by the masonry panel on the foundation
line discretised with 108 and 216 supporting (red) elements. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this
article.)

Fig. 22. Convergence analysis related to load condition 2 (𝐹0 = 13.80 kN - 𝑑 = 0.15 m): normal (a) and tangential (b) tractions [MPa] exerted by the masonry panel on the
foundation line discretised with 108 and 216 supporting (red) elements.

Fig. 23. The semicircular arch geometry is defined by 𝑟 = 2.7 m, 𝑡 = 0.6 m, while the non-symmetric uniformly distributed load is 𝑞 = 30 kN/m.
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Fig. 24. Arch deformed configuration and internal contact forces for three different values of Young’s moduli of the soil: 𝐸𝑠𝑜𝑖𝑙 = 100 MPa (a), 50 MPa (b), 20 MPa (c). Hinges are
highlighted by red lines. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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the ability to capture phenomena in terms of crack patterns under safe
load conditions that standard approaches cannot.
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