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ABSTRACT
In this paper, it is shown that the static magnetic signature of a propulsor belonging to a ghost ship, whose hull is made of fiberglass, can be
calculated by regarding it as a composite ferromagnetic medium. The calculation of the magnetic signature in the static regime is carried out
using finite-element method simulations and according to a simple analytical model based on the concepts of volume averaged magnetization
arising from a source magnetic field, volume averaged permeability, surface magnetic charges, and the demagnetization tensor applied to a
composite magnetic medium. Using targeted simulations, it is demonstrated that the magnetostatic field of demagnetizing nature forming
inside the propulsor almost cancels the contribution of the volume averaged magnetization. From the interplay between the numerical sim-
ulations and the analytical model, the elements of the demagnetization tensor in the region filled by the propulsor are locally calculated, and
their role in determining the localization effects of the magnetic signature is discussed. By replacing the original ferromagnetic materials with
weakly ferromagnetic ones, it is shown that, in the underwater region outside the propulsor, the magnetic signature drop is 64%. This analysis
suggests an experimental way to use a simple passive method to minimize the magnetic signature of a propulsor as an alternative to more
complex and time-consuming methods, such as the deperming and degaussing methods, widely employed to reduce the magnetic signature
of ships and underwater objects in military applications.

© 2023 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0163553

I. INTRODUCTION

It is well-known that the term signature has been associated,
in the first place, with the acoustic measurement and detection of a
vessel’s underwater sound pressure field.1,2 The underwater sound
produced by a ship has characteristics that are unique to it and
can be used to distinguish it from others. Even though a surface
ship’s or submarine’s magnetic field is not as unique as its corre-
sponding acoustic field, the term signature has been extended to
describe the spatial and temporal distribution of a ship’s electromag-
netic fields. To quantify the magnetic sources of ships, these systems
can be regarded both as magnetic and electric dipole moments. In
addition to the most relevant magnetic dipole contribution induced
by the earth’s magnetic field, which can be detected and accurately

measured by advanced sensor systems with different geometries
(such as different types of magnetometers, both of classical and
quantum type3–15), non-negligible magnetic signature contributions
also arise from magnetic fields of electric origin, such as those caused
by eddy currents, corrosion currents, and currents flowing in the
internal circuits.9,16–18 Therefore, the characterization of the main
sources of magnetic signatures in ships and vessels is crucial, espe-
cially for their detection and identification. To obtain that, in the
first place, first-principle models consisting of analytical calculations
supported by numerical analyses have been developed. In a typi-
cal calculation, the geometry of a ship, the magnetic permeability,
and the magnitude and direction of the earth’s magnetic field con-
tribute to the induction of magnetic signatures are key ingredients.
First-principle models allow calculating the magnetic signatures of
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a moving object based on magnetic scale models. The starting point
is to characterize the magnetic sources and choose the most appro-
priate system of reference, which depends on the object’s shape. It
should be remarked that, among all these sources, the hull of a ship
or of a small-sized vessel is in most cases ferromagnetic (e.g., steel)
and makes an important contribution to the magnetic signature.
However, even when the hull is not ferromagnetic, there are other
magnetic field signatures inside the ship that contribute to the total
magnetic field signature.

A general issue regarding ships and underwater objects is
that the underwater magnetic signature is often high and must be
reduced18–21 to make their detection and localization quite com-
plicated. In this respect, active or passive methods are generally
employed to reduce the magnetic signature of ships and underwa-
ter objects. Active methods consist of different types of degaussing,
a process made to decrease or eliminate the magnetic signature of
a magnetized object by generating an artificial distribution of mag-
netic flux density,18,19 or a re-degaussing process when a part of the
degaussing coils is not operable.20 This artificial distribution of mag-
netic flux density has intensity and geometry equal to and opposite
to the source magnetic signature. Two types of degaussers are uti-
lized: electromagnetic, which uses electrical charges passing through
degaussing coils, and permanent magnets, which are made by rare
earth magnets. In all cases, the superposition of the compensated
and uncompensated fields results in a very low magnetic signature.
On the other hand, passive methods include the use of materials with
low permeabilities and deperming techniques, the latter consisting
of successive hysteresis loops able to demagnetize typical ferromag-
netic materials.21 In addition, magnetic shielding is another method
that can be regarded both as active and passive and was applied
to shield structures at extremely low frequencies. In this context,
analytical and numerical solutions were found for highly conduc-
tive and ferromagnetic materials, showing their different shielding
behaviors.22

For ships and vessels, magnetic signatures resulting from roll
and pitched-induced eddy currents,16,17,23 corrosion currents, and
currents flowing in the internal circuits16,17 might be considerable.
In this respect, ship magnetization numerical modeling to evaluate
the magnetic signature of a ship taking the simple form of a hol-
low cylinder24 and a quantitative analysis of the field radiated by an
electrical propulsor motor generating a magnetic induction on the

order of about 105 nT close to the motor together with a comparison
of the numerical results with signature measurements25,26 have been
carried out. In both cases, for the numerical simulations, one of the
first released versions of the finite element method (FEM) software,
called Flux3D, has been used.

The present analysis focuses on the calculation of the mag-
netic signature of a ghost-ship in the static regime. Therefore, the
magnetic signatures due to eddy currents, corrosion currents, and
internal circuit currents can be safely neglected. Furthermore, since
the hull of the ghost-ship here considered is made of fiberglass, i.e.,
a non-magnetic material, the magnetic signature due to the dipole
source induced by the earth’s magnetic field vanishes. Therefore, the
only appreciable contribution to the magnetic signature results from
the permanent ferromagnetism of its main propulsor system. The
aim of this work is to compute and minimize this type of signature
by regarding the propulsor as a composite ferromagnetic medium
via (1) the formulation of a simple analytical model based on the
definition of volume averaged magnetization and permeability and
on the application of the demagnetization tensor formalism to a
macroscopic object of a few meters of size, and (2) carrying out FEM
simulations on the composite ferromagnetic system through the cre-
ation of a mesh of tetrahedral elements of different sizes for the
whole propulsor and the region outside it. The interplay between the
analytical results and the results of the simulations has allowed us to
determine the local numerical values of the demagnetizing elements
for this type of composite ferromagnetic medium. This combined
analysis has allowed achieving the following two objectives: (i) the
calculation of the external and internal static magnetic signatures of
the ghost-ship propulsor system immersed in water; and (ii) the pro-
posal of a simple passive method to reduce the magnetic signature
in the static regime in the water region surrounding the propul-
sor system and the quantification of this signature reduction. The
first goal was accomplished by considerably simplifying the orig-
inal propulsor system, keeping only the components contributing
for the most part to the magnetic signature, whereas the second one
was carried out via the targeted replacement of some Original Fer-
romagnetic Materials (OFMs) composing the propulsor system with
Weakly Ferromagnetic Materials (WFMs). In addition, this material
substitution was performed by describing the whole propulsor sys-
tem as a composite ferromagnetic system having volume averaged
magnetic properties. Note that, in all the analyses, the propeller is

FIG. 1. (a) Schematics of the in-house-designed propulsor. (b) Simplified version of the propulsor showing the main components here retained: (1) rotating head bearing; (2)
coupling between gear and the electric motor; (3) cooling drive pulley; (4) right-angle head; and (5) propeller. (c) Details of the materials for the components listed in (b) with
the inclusion of the ones for the electric motor.
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TABLE I. Main technical characteristics of the propulsor.

Technical characteristics
of the propulsor Value

Mass 3320 Kg
Volume 0.98 m3

Height 4.60 m
Propeller diameter 0.86 m

Hub diameter 0.19 m
Top coverage area 3.14 m2

Side coverage area 10.20 m2

Connecting plate 9.86 m2

always included in the propulsor system. By regarding the propulsor
as a composite ferromagnetic system, there are two main advantages:
(i) there is a better characterization of the magnetic signature based
on a targeted substitution of the materials constituting the propul-
sor itself, and (ii) the numerical calculations are simplified via the
introduction of volume averaged quantities, a volume averaged mag-
netization, and permeability resulting from the weighted averages of
the saturation magnetizations and of the relative permeabilities of
the materials, respectively.

The paper is organized as follows. In Sec. II, the analytical
model and the numerical approach performed by using FEM soft-
ware are presented. Section III discusses the results of the analysis,
their physical implications, and the interplay between the analytical
and numerical results. In Sec. IV, conclusions are drawn.

II. MODELING AND METHODS
The analysis carried out aims at determining and minimiz-

ing the static magnetic signature of a standard, in-house-designed
propulsor of a ghost-ship like the one shown in Fig. 1(a). There-
fore, the magnetic field due to eddy currents, corrosion currents, and
internal current flowing in the internal circuits of the ship related
to the dynamic regime can be neglected and is not included in the
calculations. Since the hull of the ghost-ship under consideration
is made of fiberglass, a non-magnetic material, the relevant part of
the magnetic signature comes from the contribution resulting from
the ferromagnetic parts of the propulsor contained in the ship and

supposed to be underwater. The analysis was based on numerical
simulations whose input parameters were determined according to
a simple analytical model. In the following, it is first described the
simulation framework, then the analytical model and its interplay
with the numerical simulations.

A. Simulations framework
The static magnetic signature of the propulsor system has been

determined by considering it as a composite magnetic medium via
the definition of a volume weighted averaged magnetization and a
volume weighted averaged permeability. This definition was applied
taking into account the saturation magnetizations and the relative
permeabilities of every component of the propulsor weighted by
their relative volumes.

To maximize the efficiency of the numerical model and reduce
the computational time, a simplified version of the propulsor system
has been considered, taking into account only the relevant com-
ponents of the propulsor that contribute to the magnetic signature
[see Figs. 1(b) and 1(c)]. The origin of the reference frame has been
placed in correspondence with the coupling between gear and the
electric motor. The magnetic signature of the smallest components
has been neglected, being at least one order of magnitude less than
that of the relevant ones. The main components of the propul-
sor considered in the simplified numerical model are represented
in Fig. 1(b) (together with the reference frame) and consist of (1)
rotating head bearing, (2) coupling between gear and the electric
motor, (3) cooling drive pulley, (4) right-angle head, and (5) pro-
peller. The materials constituting them are specified in Fig. 1(c),
including the ones of the synchronous electrical motor made by
both Nd2Fe14B permanent magnets and iron and the motor coat-
ing made by cast iron. Note that, in addition to the contribution
of the mentioned components, the influence of both the electrical
motor and the motor coating on the magnetic signature is remark-
able. The mass and the geometric dimensions of the components are
summarized in Table I.

The static magnetic signature of the propulsor system has been
calculated using the finite-element software (FEM) COMSOL MUL-
TIPHYSICS.27 FEM simulations have been performed to build up a
control volume made up of a cubic box of 10 × 10 × 10 m3 con-
taining the propulsor system, as shown in Fig. 2(a). The mesh of
the cubic box is constituted by tetrahedral non-structural elements
having sides between 0.18 and 1 m, whereas those used to simulate

FIG. 2. (a) Cubic simulation box 10 × 10 × 10 m3 containing the propulsor and the propeller. (b) Tetrahedral non-structural elements of the mesh distributed in the cubic box
and in the propulsor system.
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the propulsor have sides between 0.1 and 0.8 m, depending on the
considered part of the propulsor [see Fig. 2(b)].

B. Analytical model
Simulations have been carried out in the magnetostatic limit,

that is, neglecting the time variations of the electric field, and in a
current-free region, i.e., J = 0 with J the current density. In this limit,
the Ampère circuital law in differential form for a ferromagnet reads
∇ × Hm = 0, where Hm = (Hm x, Hm y, Hm z) is the magnetostatic
field, a conservative vector that can be thus expressed in terms of
the gradient of a scalar magnetic potential Φm, namely Hm = −∇Φm.
In the simulations, the Gauss law ∇ ⋅B = 0, with B = −μ0∇Φm the
magnetic induction and μ0 the vacuum permeability, has also been
considered.

It is useful to subdivide the region filled by the cubic box into
two regions: (i) an inner region, filled by the propulsor constituted by
ferromagnetic materials and characterized by a static magnetization;
and (ii) an outer non-magnetic region, supposed to be totally filled
by water.

In the inner region, the volume averaged magnetiza-
tion has been defined in a rectangular reference frame as
⟨M⟩V = ⟨Mx⟩V î + ⟨My⟩V ĵ + ⟨Mz⟩V k̂ with

⟨Mx⟩V =
Mx
(ci)V(ci) +Mx

(pm)V(pm) +Mx
(s)V(s)

V
, (1a)

⟨My⟩V =
My
(s)V(s)

V
, (1b)

⟨Mz⟩V =
Mz
(ci)V(ci) +Mz

(pm)V(pm)

V
, (1c)

where the superscripts “(ci),” “(pm),” and “(s)” are the symbols
used for cast iron, permanent magnets, and steel, respectively, and
V = V (ci) + V (pm) + V (s) is the total volume. In the special case stud-
ied here, the permanent magnets are made of a special iron alloy,
the Nd2Fe14B alloy. In the calculation of ⟨M⟩V , the ferromagnetism
of the soft iron of the stator and the rotor of the synchronous elec-
tric motor has been absorbed into one of the permanent magnets.
Indeed, the corresponding volume is small and negligible if com-
pared to that of the other parts of the system. Due to the different
spatial orientations of the parts composing the propulsor system, the
contributions to the volume averaged magnetization components
expressed in Eq. (1) are different [see Figs. 1(a) and 1(b)].

The constitutive relation in terms of the volume averaged mag-
netization is expressed as Bin = μ0(Hm in + ⟨M⟩V ) with Bin = (Bin x,
Bin y, Bin z) the resulting nonuniform magnetic induction within
the propulsor system, ⟨M⟩V = (⟨Mx⟩V , ⟨My⟩V , ⟨Mz⟩V ) is the vol-
ume averaged magnetization of the propulsor system uniformly
distributed and defined in Eq. (1), and Hm in = (Hm in x, Hm in y,
Hm in z) is the nonuniform magnetostatic field due to the non-
ellipsoidal shape of the propulsor system. The field Hm in (x, y, z)
has a demagnetizing nature and is calculated from the magnetostatic
scalar potential Φm, Hm in = −∇Φm being Φm = Φm (x, y, z).

By using the constitutive relation and the definition of Hm in,
the well-known flux conservation law can be rewritten in terms of
the volume averaged magnetization as

∇ ⋅ (∇Φm − ⟨M⟩V) = 0. (2a)

Equation (2a) can be cast in the form of a Poisson equation

∇2Φm = ⟨ρm⟩V , (2b)

with ⟨ρm⟩V = ∇ ⋅ ⟨M⟩V , which represents a volume averaged mag-
netic charge density expressed as the divergence of the volume
averaged magnetization.

By assuming that ⟨M⟩V is uniformly distributed throughout
the propulsor system, the surface solution in the presence of a con-
tour surface, represented in this case by the surface of the propulsor
system, reads

Φm(r) = ∫
V

∇′ 1
∣r − r′∣

dr′ ⋅ ⟨M⟩V , (3)

where we have taken into account the divergence theorem

∫
S

n⋅⟨M⟩V
∣r−r′∣ dS′ = ∫

V
∇′ 1
∣r−r′∣ dV′ ⋅ ⟨M⟩V with r = (x, y, z) and

r′= (x′, y′, z′) and n ⋅ ⟨M⟩V , the volume averaged surface magnetic
charge density generated on the propulsor surface by ⟨M⟩V .

The nonuniform magnetostatic field generated by the volume
averaged surface magnetic charge density Hm in = −∇Φm is obtained
from Eq. (3) and, up to first-order terms of demagnetizing effects,28

reads Hm in = −N ⟨M⟩V with N = N (x, y, z), the point function
first-order demagnetization tensor giving a demagnetizing nature
to the magnetostatic field inside the propulsor and locally oppo-
site to the static magnetization. In general, for uniformly magnetized
bodies of different shapes, the demagnetization tensor is a real and
symmetric second-rank tensor with non-negative diagonal elements
(0 ≤ N ii ≤ 1 with i = x, y, z), and the point-function diagonal
components are non-negative obeying the sum rule Nxx (x, y, z)
+ Nyy (x, y, z) + Nzz (x, y, z) = 1 or tr(N ) = 1 with tr denot-
ing the trace28,29 according to a general theorem valid for both the
point-function and the magnetometric demagnetization tensor.28–34

In vector form, the magnetic induction resulting from the volume
averaged magnetization can be thus expressed as

Bin = μ0(I −N )⟨M⟩V , (4)

with I the 3 × 3 identity matrix.
The demagnetizing effect incorporated in Hm in almost totally

cancels the contribution due to the magnetization leading to a very
low Bin intensity. For the non-ellipsoidal geometry under study, the
point-function demagnetization tensor, via the symmetry condition
N ij = N ji, reads

Nij =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

Nxx Nxy Nxz

Nxy Nyy Nyz

Nxz Nyz Nzz

⎤⎥⎥⎥⎥⎥⎥⎥⎦

, (5)

with N ij = N ij (x, y, z) and, in principle, with non-vanishing off-
diagonal components N ij (i ≠ j). Therefore, the components of the
magnetic induction written in compact form read

Bini = μ0(Iij −Nij)⟨Mj⟩V , (6)

where i, j = x, y, z, and the summation over the repeated index j has
been omitted due to the Einstein summation convention. Looking
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at Eq. (6), each component of the magnetic induction depends on all
the components of the volume averaged magnetization.

In the proposed model, another physical quantity directly
related to the volume averaged magnetization has been introduced:
the volume averaged permeability. The volume averaged magne-
tization can be thought of as originating from a source uniform
magnetic field Hs such that ⟨M⟩V = ⟨χ⟩V Hs. In terms of magnitude,
⟨M⟩V = ⟨χ⟩V Hs with ⟨χ⟩V being the volume averaged magnetic sus-
ceptibility and the volume averaged permeability ⟨μ⟩V = ⟨χ⟩V + 1
defined as

⟨μ⟩V =
μr
(ci)V(ci) + μr

(pm)V(pm) + μr
(s)V(s)

V
, (7)

with μr the relative permeability of the considered material. Tak-
ing into account that ⟨μV⟩ ≫ 1, so that ⟨μ⟩V ≈ ⟨χ⟩V , we end up
with ⟨M⟩V ≈ ⟨μ⟩V Hs (⟨M⟩V ≈ ⟨μ⟩V Hs), and the magnetic induc-
tion [Eq. (4)] can be rewritten in the inner region as a quantity
proportional to the source field in the approximated form, namely

Bin ≈ μ0⟨μ⟩V(I −N )Hs. (8)

Equation (8) shows that Bin approximately scales linearly with
⟨μ⟩V , because of the introduction of the source field Hs. Owing to
this description, it is also possible to define the magnetostatic energy
density W =W (x, y, z) of the propulsor in its general form as

W = −μ0

2
⟨M⟩V ⋅Hm in. (9a)

The energy density W can be expressed either in terms of the
volume averaged magnetization or as a function of the source mag-
netic field that generates ⟨M⟩V itself. In the former case, taking into
account that Hm in = −N ⟨M⟩V , simple calculations lead to

W = μ0

2
Nij⟨Mi⟩V⟨Mj⟩V. (9b)

The magnetostatic energy density of Eq. (9b) has the same
form as the energy density entering the magnetostatic self-energy
of the uniformly magnetized body with ⟨Mi⟩V (⟨Mj⟩V ) in place of
Mi (Mj).35 W depends quadratically on the components of the vol-
ume averaged magnetization, and this dependence is weighted by
the demagnetization tensor components.

An approximate expression of W can be deduced, taking addi-
tionally into account that ⟨M⟩V ≈ ⟨μ⟩V Hs. Similar calculations
yield

W ≈ μ0

2
⟨μ⟩2V NijHsi Hsj . (9c)

According to Eq. (9c), the magnetostatic energy density of the
propulsor system roughly scales as the square of the volume aver-
aged permeability and has a bilinear dependence on the source
magnetic field that creates the magnetization distribution on the
propulsor itself.

In the outer region filled by water (relative permeability
μr water = 0.999), it is M = 0, so the magnetic induction takes the sim-
ple expression Bout ≈ μ0 Hm out, where Hm out is the magnetic field of
a magnetostatic source originating outside the propulsor from the
scalar potential Φm out. This magnetostatic field is subjected to the

flux conservation law expressed as a Laplace equation in terms of
the magnetostatic potential, ∇2Φm out = 0. The continuity condition
at the border between the inner region and the outer region ensures
that Hm out depends on both the volume averaged magnetization and
volume averaged permeability defined in the inner region so that
Bout = Bout (⟨μ⟩V ).

Equation (1), the constitutive relation, and Eq. (7) were used
to determine the magnetic signature in the inner region according
to COMSOL simulations. Equation (9a) was used to determine the
corresponding energy density.

In the numerical simulations, magnetic insulation has been
considered a boundary condition at the boundary between the inner
region and the outer region. This condition consists of setting to zero
the normal component of the magnetic induction at the border of
the box in the outer region filled by water, i.e., n ⋅Bout = 0, being n
the normal unit vector. Moreover, the uniform earth magnetic field
has been removed from the total field, so the resulting magnetic sig-
nature is the one associated with the permanent magnetism of the
ferromagnetic materials constituting the propulsor system.

Two analyses of the magnetic signature have been addressed:

(1) in the presence of the OFMs (μr i ≫ 1) and,
(2) with some of the OFMs replaced by WFMs (μr i ≈ 1).

In this latter case, the relative permeabilities are changed,
but the saturation magnetizations for each material are kept fixed.
Indeed, for both types of analyses, the volume averaged magnetiza-
tion has been calculated according to Eq. (1), taking into account
the following materials: (a) carbon steel; (b) AISI 316 L steel; (c)
Nd2Fe14B magnet alloy;36,37 and (d) cast iron. The Nd2Fe14B magnet
is an artificial permanent magnet made by an alloy of neodymium,
iron, and boron forming a tetragonal crystal structure. There can be
two forms of Nd2Fe14B: (1) the bonded form and (2) the sintered
form. While the bonded magnet is made of rapidly quenched mag-
netic powder and binder by “compression or injection molding,”
the sintered one is made by powder metallurgy. Moreover, the two
forms also exhibit different static magnetic properties, such as rema-
nence, magnetic coercivity, saturation magnetization, and energy
density, which are generally higher when dealing with the sintered
form. In the simulations, the Nd2Fe14B magnet has been assumed
in the sintered form considering that permanent magnet motors are
built up using this technique (even though permanent magnets in
this form have higher processing costs and could experience large
losses during processing).

Note that the effect of soft iron, of which the stator and the rotor
of the electric motor are made, has not been considered because
it has been reasonably supposed that the main contribution to the
magnetic signature was given by the permanent magnets that fill the
major part of the electric motor. Moreover, the effects of the vol-
ume elements that have been discarded because of the simplification
of the propulsor have been adsorbed into the magnetizations of the
considered materials.

III. RESULTS AND DISCUSSION
A. Simulations results

For both OFM and WFM types of investigations, two setups (A)
and (B) have been examined to determine the magnetic signature.
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In these setups, the value of the Nd2Fe14B alloy saturation magne-
tization is fixed,38 whereas the saturation magnetization of cast iron
and steel, as known, may vary in a wide range.39,40 For this reason,
in setups (A) and (B), the lower and upper extrema of this inter-
val, respectively, have been considered. This choice has been made
taking into account that, from a practical point of view, different
types of cast iron and steel are chosen to build up propulsor systems
as integral parts of ships or underwater objects, thus being charac-
terized by different static magnetic properties. Of course, especially
the steel saturation magnetization can take other values rang-
ing between the minimum and maximum values considered here,
depending on the type of steel studied, but this change would not
affect the general results obtained for the magnetic signature of the
propulsor.

Due to the circular symmetry of the propulsor under study, the
saturation magnetization of each material has been weighted equally
over the two involved components, either x, z or x, y, depending on
the geometry of the subpart of the propulsor examined. In particu-
lar, the magnetization components assigned to the electric motor are
x and z, while the ones assigned to the propeller are x and y due to
their different orientations (see Fig. 1). In both setups, the volumes
of the three materials considered, namely cast iron, Nd2Fe14B alloy,
and steel are V (ci) = 0.029 m3, V (pm) = 0.080 m3, and V (s) = 0.859 m3,
respectively, and the total volume turns out to be V = 0.968 m3.

In setup (A), for both OFM and WFM types of investigation,
the following saturation magnetizations have been employed: M(ci)

= 0.820 × 106 A/m and M(s) = 1.194 × 106 A/m39 for high-carbon
cast iron and steel, respectively, and M(pm) = 1.273 × 106 A/m
for the sintered Nd2Fe14B alloy taken as a permanent magnet.38

The values of the saturation magnetization components read:
Mx

(ci) = Mz
(ci) = 0.580 × 106 A/m; Mx

(pm) = Mz
(pm) = 0.900

× 106 A/m; Mx
(s) = My

(s) = 0.844 × 106 A/m. The calculation of
the components of the volume averaged magnetization according to
Eq. (1) yields: ⟨Mx⟩V = 0.841 × 106 A/m, ⟨My⟩V = 0.749 × 106 A/m,
and ⟨Mz⟩V = 0.092 × 106 A/m. In this case, the volume averaged
magnetization is ⟨M⟩V = 1.130 × 106 A/m, a value clearly greater
than M(ci) but slightly lower than M(s) and less than M(pm).

Instead, in setup (B), for both OFMs and WFMs types of inves-
tigation, M(ci) = 1.670 × 106 A/m and M(s) = 1.700 × 106 A/m for
low-carbon cast iron and steel, respectively, were employed,40 and
the same value M(pm) = 1.273 × 106 A/m as saturation magnetization
of the sintered Nd2Fe14B alloy for permanent magnets. The values of
the components of the volume averaged magnetization read: Mx

(ci)

= Mz
(ci) = 1.180 × 106 A/m, Mx

(pm) = Mz
(pm) = 0.900 × 106 A/m,

and Mx
(s) =My

(s) = 1.203 × 106 A/m. The calculation of the satura-
tion magnetization components according to Eq. (1) yields: ⟨Mx⟩V
= 1.176 × 106 A/m, ⟨My⟩V = 1.067 × 106 A/m, and ⟨Mz⟩V = 0.110
× 106 A/m. The magnitude of the volume averaged magnetization is
⟨M⟩V = 1.592 × 106 A/m, a value slightly less than M(ci), distinctly
less than M(s) and clearly greater than M(pm).

The analytically calculated volume averaged magnetization
components have been used as input magnetization parameters
for COMSOL simulations to calculate the magnetic signature in
both types of analysis. In turn, the interplay between the numeri-
cal simulations and the analytical model allows the calculation of the
magnitude Hs of the source uniform magnetic field, which gives rise

to the volume averaged magnetization. This approach, based on the
composite magnetic medium description, also offers the consider-
able advantage of simulating such a large composed system with an
affordable computational time.

First, let us discuss the magnetic signature due to the OFMs.
In Table II, the components of the propulsor constituted by the
OFMs are summarized, together with the corresponding materials
and their relative permeabilities. The corresponding relative perme-
abilities are μr

(ci) = 600 for cast iron, μr
(pm) = 360 for the Nd2Fe14B

alloy of permanent magnets, μr
(s) = 100 for carbon steel, μr

(s,Cr) =
350 for 100Cr6 steel, and μr

(s,AISI) = 1.015 for stainless steel. The vol-
ume averaged permeability has been calculated according to Eq. (7)
considering, as unique materials with μr

(s) = 100, the four compo-
nents: (1) the right-angle head; (2) the coupling between gear and
the electric motor; (3) the cooling drive pulley; and (4) the propeller,
leading to ⟨μ⟩V OFMs ≈ 136. In this calculation, the same materials and
the corresponding volumes employed for the calculation of the vol-
ume averaged magnetization were taken into account. In addition,
the small contribution to the volume averaged permeability resulting
from the rotating head bearing (having a relative permeability μr

(s,Cr)

= 350 but a very small volume if compared to the other components
made of steel) and from the remaining parts of the propulsor was
neglected.

Like the volume averaged magnetization, the volume averaged
permeability also has a value slightly higher than that of the carbon
steel permeability. Straightforwardly, the intensity Hs of the source
magnetic field creating the volume averaged magnetization ampli-
tude ⟨M⟩V for the OFMs case can be determined via the relation
Hs ≈ ⟨M⟩V /⟨μ⟩V OFMs. For example, for setup (A), it is Hs ≈ 0.831
× 104 A/m, while for setup (B), it is Hs ≈ 1.171 × 104 A/m. In
the volume averaged model, the source magnetic field is reasonably
assumed to be constant as it passes from OFMs to WFMs. This has
been accomplished by envisioning a rescaling of the volume aver-
aged magnetization, used as an input parameter in the numerical
simulations, to the same entity as that experienced by the volume
averaged permeability.

The distribution of the magnetic induction on the surface
and inside the propulsor (inner region), obtained by means of the

TABLE II. List of the various components of the propulsor together with the indication
of the materials used in the analysis made with the OFMs. The corresponding relative
permeabilities are also shown.27

Component Material
Relative

permeability

Right-angle head Carbon steel 100
Coupling between
gear and the electric motor Carbon steel 100
Rotating head bearing 100 Cr6 steel 350
Cooling drive pulley Carbon steel 100
Permanent magnets Nd2Fe14B alloy 360
Coating electric motor Cast iron 600
Remaining parts
of the propulsor AISI 316 L steel 1.015
Propeller Carbon steel 100
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FIG. 3. (a) Distribution of the magnetic induction on the surface and inside the propulsor (inner region) obtained in the presence of the OFMs obtained according to setup (A).
The regions where the magnetic induction exhibits its maximum values are indicated by the rectangles, and their enlargements are sketched on the left. (b) As in panel (a),
but according to setup (B).

simulations, is shown in Fig. 3: panel (a) for setup (A) and panel
(b) for setup (B). The magnetic induction (on a logarithmic scale)
of the composite ferromagnetic system is not uniform, and Bin has
a rather low intensity even in the presence of high permeability
ferromagnetic materials. The magnetic signature is at least tens or
hundreds of nT throughout most parts of the propulsor system, and
it is on the order of a few μT in some portions of the motor coat-
ing, in the connecting plate above the propeller, and in the propeller
but, in some regions, it takes bigger values. Indeed, Bin exhibits an
intensity peak of a few mT in a narrow region under the left part
of the right-angle head component and of hundreds of μT in the
external circular region of the rotating head bearing, as shown by
the enlarged areas marked by the rectangles and indicated by the
arrows on the left of each panel of Fig. 3. The slight nonuniformity
trend is attributed to the slight nonuniformity of the magnetostatic
field Hm in forming inside and on the surface of the propulsor gen-
erated by the surface magnetic charges. Surface magnetic charges
are due to ⟨M⟩V , which is locally opposite to Hm in. The magneto-
static field counterbalances almost completely in several parts of the
propulsor the volume averaged magnetization, leading to a strong
reduction of the intensity of the magnetic induction and low inten-
sity values in the inner region both inside and on the surface of the
propulsor. It is interesting to note that in the former case, the peak
distribution of Bin is asymmetric, while in the latter case, it is almost
symmetric with a weak spatial inhomogeneity. The magnetic induc-
tion asymmetric distribution observed in the region under the left
part of the right-angle head component has no magnetic origin, but
it can be attributed to the geometry, which influences the magni-
tude of the spatially dependent off-diagonal demagnetizing factors
appearing in the demagnetization tensor of Eq. (5) (see Sec. III B for
further details). Finally, note that, according to setup (B), there is
an enhancement of Bin of about 60% if compared to Bin determined
according to setup (A).

In Fig. 4, the calculated components of the magnetostatic field
[panels (a), (b), and (c)] and of the magnetic induction [panels
(d), (e), and (f)] for setup (A) refer to the rectangular reference
frame employed in the numerical simulations. Each component of
the magnetostatic field takes a negative sign opposite to that of the

volume averaged magnetization, confirming the demagnetizing
nature of the volume averaged magnetostatic field in the inner
region. The magnetostatic field components are weakly nonuniform
and exhibit their highest values in the region under the left part of
the right-angle head component [see the enlarged area at the left of
panels (a), (b), and (c)], and this localization is more accentuated for
the Hm in z component.

The components Hm in x and Hm in y are equal and opposite to
⟨Mx⟩V and ⟨My⟩V , respectively, while Hm in z is almost equal and
opposite to ⟨Mz⟩V depending on the part of the propulsor consid-
ered, and the corresponding components of the magnetic induction
also assume negative values. This means that the point-function off-
diagonal components of the demagnetization tensors Nxy (x, y, z),
Nxz (x, y, z), and Nyz (x, y, z) also play an important role within
the domain filled by the propulsor system (see Sec. III B for a
more detailed discussion). Each component of Bin [Figs. 4(d)–4(f)]
exhibits its maximum value with similar features to those of Hm in
components in the region under the left part of the right-angle head
component [as shown by the enlarged areas on the left of panels (d),
(e), and (f)] as a consequence of the slight spatial nonuniformity of
the magnetostatic field components with special regard to the Hm in z
component having a more accentuated spatial variation [enlarged
areas on the left of panels (a)–(c)].

Similar conclusions about the trend of the magnetostatic field
components and of the magnetic induction components can be
drawn by analyzing the results of setup (B) summarized in Fig. 5.
In this case, the magnetostatic field components assume greater val-
ues if compared to the corresponding ones in setup (A) because of
the higher volume averaged magnetization. As a general considera-
tion, for both analyses, the magnetostatic field (apart from the sign)
is about two orders of magnitude larger than the source magnetic
field Hs, and the lower value of this latter is ascribed to the huge
magnitude of the volume averaged permeability.

Let us discuss the case made by replacing some of the OFMs
with WFMs having μr ≈ 1 and the effects on the magnetic induction
due to this replacement. The components, the corresponding mate-
rials, and the relative permeabilities are summarized in Table III.
The volume averaged permeability, calculated according to Eq. (3)
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FIG. 4. Distribution of the magnetostatic field and of the magnetic induction components on the surface and inside the propulsor (inner region) obtained in the presence of the
OFMs according to setup (A). In detail: (a) Hm in x; (b) Hm in y ; (c) Hm in z. The region where each component of the magnetostatic field exhibits its maximum value is indicated
by the rectangle, and its enlargement is sketched on the left of each panel. (d) Bin x ; (e) Bin y ; (f) Bin z . The region where each component of the magnetic induction exhibits
its maximum value is indicated by the rectangle, and its enlargement is sketched on the left of each panel.
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FIG. 5. Distribution of the magnetostatic field and of the magnetic induction components on the surface and inside the propulsor (inner region) obtained in the presence of the
OFMs according to setup (B). In detail: (a) Hm in x ; (b) Hm in y ; (c) Hm in z . The region where each component of the magnetostatic field exhibits its maximum value is indicated
by the rectangle, and its enlargement is sketched on the left of each panel. (d) Bin x ; (e) Bin y ; (f) Bin z . The region where each component of the magnetic induction exhibits
its maximum value is indicated by the rectangle, and its enlargement is sketched on the left of each panel.
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TABLE III. List of the various components of the propulsor together with the indication
of the materials used in the analysis made with some of the OFMs substituted with
the WFMs. The corresponding relative permeabilities are also shown.27

Component Material
Relative

permeability

Right-angle head AISI 316 L steel 1.015
Coupling between gear
and the electric motor AISI 316 L steel 1.015
Rotating head bearing AISI 316 L steel 1.015
Cooling drive pulley AISI 316 L steel 1.015
Permanent magnets Nd2Fe14B alloy 360
Coating electric motor Cast iron 600
Propeller AISI 316 L steel 1.015
Remaining parts
of the propulsor AISI 316 L steel 1.015

with μr
(s) = 100 and μr

(s,Cr) = 350 replaced by μr
(s,AISI) = 1.015 and

using the same assumptions made for the analysis with OMFs, reads
⟨μ⟩V WFMs = 49.

The volume averaged permeability strongly lowers passing
from the OFMs case to the WFMs case so that ⟨μ⟩V WFMs/⟨μ⟩V OFMs

= 0.36. Note that, in the simulations, the reduction of the vol-
ume averaged permeability due to the substitutions summarized in
Table III has been indirectly introduced by rescaling by 64% the
volume averaged magnetization under the reasonable assumption
that the source magnetic field intensity Hs = ⟨M⟩V /⟨μ⟩V generating
the volume averaged magnetization would remain constant passing
from the OFMs to the WFMs case.

The calculated distribution of the magnetic induction on the
propulsor for the WFMs case is depicted in Fig. 6. In panel (a) are
shown the results according to setup (A), while in panel (b) are dis-
played the results obtained according to setup (B). In the WFMs
case, the distribution of Bin on the surface and inside the propulsor is

nonuniform and has very similar features to the ones determined in
the OFMs case, as shown in Fig. 3. As expected, also for the WFMs
case, the magnetic induction calculated through setup (B) is greater
than the corresponding one determined through setup (A) due to
the greater values of saturation magnetizations employed for cast
iron and steel. For both setups, the magnetic signature reduces by
64% if compared with the corresponding one obtained in the OFMs
case [see Figs. 3(a) and 3(b), respectively, for a comparison]. The
magnetic signature reduction is in accordance with the reduction
experienced by the volume averaged permeability and with Eq. (8)
showing that Bin linearly scales with ⟨μ⟩V . Conclusions similar to
the ones extracted in the OFMs case regarding the regions where
Bin has bigger values (see Fig. 3) can be drawn in the WFMs case, as
shown by the enlarged areas sketched on the left of panels (a) and (b)
of Fig. 6.

In Fig. 7, the distributions on the surface and inside the propul-
sor of the magnetostatic field components [panels (a), (b), and (c)]
and of the magnetic induction components [panels (d), (e), and (f)]
that were determined according to setup (A) are displayed. Consid-
erations similar to the ones drawn for the Hm in and Bin components
in the OFMs case can be made in the WFMs case. The results com-
pared to those summarized in Fig. 4 for the OFMs case indicate
that the magnitude of each Hm in and Bin component is lower in
this latter case. The distribution of the Hm in components is rather
uniform throughout the propulsor with Hm in z exhibiting a higher
degree of nonuniformity albeit being one order of magnitude smaller
if compared to Hm in x and Hm in y. This difference can be more eas-
ily appreciated by looking at the enlarged regions on the left of each
panel that exhibit peaks of intensity in the region under the left part
of the right-angle head component.

In Fig. 8, the distributions of the Hm in and Bin components on
the propulsor surface are shown, obtained according to setup (B). A
comparison with the distributions displayed in Fig. 5 for the OFMs
case confirms that in the WFMs case the magnitudes of the Hm in
and Bin components are lower, but the localization regions at which
the magnetic signature has bigger values are qualitatively the same
as for the OFMs case, as shown on the left of each panel.

FIG. 6. (a) Distribution of the magnetic induction on the surface and inside the propulsor (inner region) obtained in the presence of the WFMs according to setup (A). The
regions where the magnetic induction exhibits its maximum values are indicated by the rectangles, and their enlargements are sketched on the left. (b) As in panel (a), but
according to setup (B).
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FIG. 7. Distribution of the magnetostatic field and of the magnetic induction components on the surface and inside the propulsor (inner region) obtained in the presence of the
WFMs according to setup (A). In detail: (a) Hm in x ; (b) Hm in y ; (c) Hm in z . The region where each component of the magnetostatic field exhibits its maximum value is indicated
by the rectangle, and its enlargement is sketched on the left of each panel. (d) Bin x , (e) Bin y, (f) Bin z . The region where each component of the magnetic induction exhibits its
maximum value is indicated by the rectangle, and its enlargement is sketched on the left of each panel.
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FIG. 8. Distribution of the magnetostatic field and of the magnetic induction components on the surface and inside the propulsor (inner region) obtained in the presence of the
WFMs according to setup (B). In detail: (a) Hm in x ; (b) Hm in y ; (c) Hm in z . The region where each component of the magnetostatic field exhibits its maximum value is indicated
by the rectangle, and its enlargement is sketched on the left of each panel. (d) Bin x ; (e) Bin y ; (f) Bin z . The region where each component of the magnetic induction exhibits
its maximum value is indicated by the rectangle, and its enlargement is sketched on the left of each panel.
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FIG. 9. Vector representation (red arrows) of the magnetic induction, the volume averaged magnetization, and the magnetostatic field. The corresponding intensities distributed
on the surface and inside the propulsor are also shown. (a) xy view of Bin; (b) xy view of ⟨M⟩V ; (c) xy view of Hm in; (d) yz view of Bin; (e) yz view of ⟨M⟩V ; (f) yz view of Hm in.
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In Fig. 9, the vector distributions of Bin [panels (a) and (d)],
⟨M⟩V [panels (b) and (e)], and Hm in [panels (c) and (f)] throughout
the propulsor are depicted for two different views, along the xy plane
and the yz plane, respectively. The calculation has been performed
using the magnetic parameters employed in the OFMs case and
setup (A), but similar results would be obtained in the other cases
investigated. Hm in is approximately anti-parallel to the uniform vol-
ume averaged magnetization ⟨M⟩V in each part of the propulsor
including the propeller because of the generation on the propulsor
surface of surface magnetic charges, giving Hm in a demagnetizing
nature and having approximately the same intensity as ⟨M⟩V . No
volume magnetic charges are generated because of the assumed vol-
ume averaged magnetization uniformity throughout the propulsor
volume. The Hm in nonuniformity is weak and, unlike in the com-
ponent representation, where it is observable, in this analysis, it is
completely masked. Taking into account that the magnitude of Hm in
is comparable to that of ⟨M⟩V , it is also confirmed that a crucial

FIG. 10. Magnetic signature as a function of the distance from the propulsor in
the presence of the OFMs. (a) Black line: magnetic induction as a function of the
distance from the origin of the propulsor along the x direction determined according
to setup (A). Red line: magnetic induction as a function of the distance from the
origin of the propulsor along the x direction determined according to setup (B).
(b) As in panel (a), but along the y direction. (c) As in panel (a), but along the z
direction.

role is mainly played by the off-diagonal components and less by the
diagonal components of the demagnetization tensor in determining
its magnitude (see Sec. III B for further discussion).

The magnetostatic energy density W calculated by means
of Eq. (9a) is weakly nonuniform throughout the propulsor sur-
face and inside the propulsor because of the weak nonunifor-
mity of the magnetostatic field. In particular, for the OFMs case,
W = 8.02 × 105 J/m3 in setup (A) and W = 15.9 × 105 J/m3 in setup
(B). On the other hand, for the WFMs case, W = 1.04 × 105 J/m3

in setup (A) and W = 2.06 × 105 J/m3 in setup (B). For both
OFMs and WFMs cases, W experiences an increase of 98% pass-
ing from setup (A) to setup (B) due to the higher saturation
magnetizations employed in setup (B). Finally, the 87% reduction
experienced by W passing from the OFMs to the WFMs case is
consistent with the scaling of the magnetostatic energy density as
the square of the volume averaged permeability [Eq. (9c)], namely
[⟨μ⟩V WFMs/⟨μ⟩V OFMs]2 = 0.13.

FIG. 11. Magnetic signature as a function of the distance from the origin of the
propulsor obtained by substituting some of the OFMs with WFMs. (a) Black line:
magnetic induction as a function of the distance from the origin of the propul-
sor along the x direction determined according to setup (A). Red line: magnetic
induction as a function of the distance from the origin of the propulsor along the
x direction determined according to setup (B). (b) As in panel (a), but along the y
direction. (c) As in panel (a), but along the z direction.
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The calculation of the magnetic signature behavior as a func-
tion of the underwater distance from the origin of the propulsor
system at various distances from the water surface is crucial to
understand the magnetic behavior in the region outside the propul-
sor system itself. The analysis has been carried out along the propul-
sor axis (y direction) and perpendicularly to the propulsor axis
(x and z directions), and in each direction, it includes both spa-
tial values belonging to the inner region where ⟨M⟩V ≠ 0 and to
the outer region where ⟨M⟩V = 0. In the outer region, the magnetic
induction depends on the magnetostatic field outside the propul-
sor, which no longer has a demagnetizing nature and is locally
parallel to the magnetic induction. Its magnitude decreases with
increasing distance from the propulsor. Note that because of the
continuity condition fulfilled by the magnetostatic field across the
border between the inner region and the outer region, which is placed
at the surface of the propulsor system, the magnetic signature in
the outer region still has a dependence on the volume averaged
magnetization.

As displayed in Fig. 10, the overall trend of the magnetic sig-
nature calculated in the presence of OFMs as a function of the
distance along every spatial direction and displayed, for the sake of
clarity, on a logarithmic scale is a decreasing function with increas-
ing the distance. The curves obtained in setup (B) (red curves) are
slightly upshifted with respect to those determined in setup (A)
(black curves) independently of the spatial direction, confirming
the influence of a greater volume averaged magnetization. Quanti-
tatively, the difference between the magnetic signature according to
setup (A) and setup (B) for fixed values of the distance is not con-
stant for every spatial direction. The non-monotonic behavior is due
to the presence of border effects related to the choice of a finite simu-
lation box. The largest values of the magnetic signature are along the
propulsor y axis direction at any distance if compared to the ones
along the x and z axis directions. Independently of the chosen direc-
tion, the magnetic induction exhibits its maximum on the order of
thousands of nT and up to 104 nT close to the origin of the reference
frame, point O = (0, 0, 0 m), placed at the coupling between gear and
the electric motor and a few meters underwater. However, note that,
from the previous analysis, the magnetic signature at other points of
the propulsor not lying along one of the three axes can take values
of even a few mT. On the other hand, the magnetic induction at a
few meters from the propulsor strongly diminishes becoming on the
order of only tens of nT along each direction.

The magnetic induction as a function of the distance from the
propulsor obtained with WFMs is displayed in Fig. 11 along the
three spatial directions, both for setup (A) (black curves) and setup
(B) (red curves). Again, the red curves are slightly upshifted with
respect to the black curves, and the upshift is nonuniform as a func-
tion of the distance. The strong reduction of the volume averaged
permeability obtained by replacing some of the OFMs with WFMs
leads to a marked decrease in the magnetic signature. Due to the
change in volume averaged permeability, its trend is qualitatively
identical to that obtained in the presence of OFMs but, for both
setups (A) and (B), the magnitude is lower, being about 1/3 of the
one obtained in the presence of the OFMs at any distances reflecting
the decrease in volume averaged permeability of 64% and depend-
ing on the volume averaged permeability ratio [⟨μ⟩V WFMs/⟨μ⟩V OFMs

= 0.36]. This value can be obtained by calculating the percentage
variation of the magnetic signature (magnetic induction),

ΔB% =
BWFMs − BOFMs

BOFMs
× 100 = −64 % , (10)

valid for any directions and any value of the distance considered,
independent of the setup analyzed.

In Fig. 12, the magnetic signature as a function of the distance
along the y direction obtained in the presence of the OFMs (full
black lines) is compared with the one determined by considering
the WFMs (dashed black lines). The comparison is made both for
setup (A) [panel (a)] and for setup (B) [panel (b)]. The magnetic
signature uniformly diminishes by 64% by using the WFMs as a
consequence of the same quantitative reduction of the volume aver-
aged permeability. This result corresponds to a strong reduction of
the underwater magnetic signature obtained by using a very sim-
ple and well-known passive method and facilitated by the composite
magnetic medium description of the propulsor system proposed
here.

Overall, the drop in the magnetic signature obtained with the
passive method under study is not of one order of magnitude as
usually occurs with the usual active method such as the degaussing
technique and with the passive method such as the deperming tech-
nique, but the method here based on the replacement of ferromag-
netic materials has the relevant advantages of being less expensive
and less time-consuming.

FIG. 12. Comparison between the magnetic signature in the OFMs (full black line) case and in the WFMs (dashed black line) case as a function of the distance along the y
direction from the origin of the propulsor for setup (A) [panel (a)] and for setup (B) [panel (b)].
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B. Interplay between the numerical simulations
and the analytical model: Calculation
of the demagnetization tensor components

The aim of this subsection is to present the numerical calcu-
lation of the three diagonal components Nxx, Nyy, and Nzz and of
the three off-diagonal components Nxy, Nxz , and Nyz of the demag-
netization tensor on the surface and inside the propulsor system.
This was accomplished by performing an interplay analysis between
the simulation results and the analytical model in the inner region.
Here, the analysis performed in the OFMs case for setup (B) is dis-
cussed, but very similar conclusions could be drawn by carrying
out the same analysis for setup (A) and for the WFMs case. From
the general expression of the magnetic induction [cf. Eq. (6)], the
components of Bin, by taking into account the symmetry condi-
tion of the demagnetization tensor, viz. N ij = N ji, take the explicit
form

Binx = μ0[(1 −Nxx)⟨Mx⟩V − (Nxy⟨My⟩V + Nxz⟨Mz⟩V)], (11a)

Biny = μ0[(1 −Nyy)⟨My⟩V − (Nxy⟨Mx⟩V + Nyz⟨Mz⟩V)], (11b)

Binz = μ0[(1 −Nzz)⟨Mz⟩V − (Nxz⟨Mx⟩V + Nyz⟨My⟩V)] , (11c)

where each component shows a strict dependence on the off-
diagonal components of the demagnetization tensor and the spatial
dependence has been omitted.

As a preliminary calculation, to fully understand the role of
the off-diagonal demagnetization tensor components in the gen-
eral case studied, three special cases were considered by assuming
that the volume averaged magnetization was aligned either along
x (⟨M⟩V = (⟨Mx⟩V , 0, 0)) or along y (⟨M⟩V = (0, ⟨My⟩V , 0)) or
along z (⟨M⟩V = (0, 0, ⟨Mz⟩V )). In these three special cases, the sum-
mation over the repeated indices in Bini = μ0(Ii j −Ni j)⟨M j⟩V and
Hmini = −Ni j⟨M j⟩V ∀ i, j = x, y, z is restricted to only one addendum.
At a fixed orientation of the magnetization (either along x or y or z),
in these three special cases, the two components of Hm in depending
on the off-diagonal demagnetization tensor components do not van-
ish and give a small contribution to the total magnetostatic field, as
also confirmed by the numerical simulations.

By means of the numerical simulations, it was found that the
magnetostatic field Hm in is almost opposite to the averaged magne-
tization ⟨M⟩V and has approximately the same intensity. This means
that, whatever the direction along which the averaged magnetiza-
tion lies, the diagonal components of the demagnetization tensor are
characterized by very slight local nonuniformities, either Nxx ≈ 1 or
Nyy ≈ 1 or Nzz ≈ 1. In this way, it is reproduced, for each direction,
a condition similar to that of the magnetostatic field computed in
an out-of-plane magnetized thin film lying in the xy plane, com-
posed by three–four monolayers, with the magnetization aligned
along the z direction (Nzz = 1, Nxx =Nyy = 0)41 basing on a procedure
consisting of the direct summation of dipolar fields.42

In these three special cases, the components Bini are rather
small, especially the one depending on the diagonal components
N ii of the demagnetization tensor. As a result, magnetic induction
depends mainly on its off-diagonal components, N ij. The numeri-
cal results of this preliminary calculation are summarized in Fig. 13,
where the magnetic signature obtained in the general case [panel (a)]

is compared with those determined in the special cases [panel (c) for
the averaged magnetization along x, panel (b) along y, and panel (d)
along z] in the region under the right-angle head component. It can
be seen that the asymmetry of the distribution of Bin in this region,
even though, as should be expected, less accentuated with respect to
the general case, is present also in these three special cases, especially
when the averaged magnetization is aligned either along x or along
y. A confirmation of this trend is given by the behavior of the com-
ponents of Bin (not shown), which primarily depend on N ij in the
above-mentioned special cases and exhibit an asymmetric distribu-
tion in the same region. This key result is proof that the asymmetry
of the magnetic signature is mainly due to the off-diagonal compo-
nents of the demagnetization tensor and, to a lesser extent, to the
effect of the diagonal ones.

The analytical 3D system of Eq. (11) consists of three equa-
tions and six unknown quantities, the demagnetizing factors, which
should be solved locally in the inner region. Therefore, due to the
unbalancing between the number of equations and the number of
unknown quantities, the numerical calculation was carried out bas-
ing on an approximated procedure. This procedure consisted of sub-
dividing the analysis into three steps after determining, via numeri-
cal simulations, the components of Bin at some representative points
of the propulsor system.

First, the diagonal components Nxx, Nyy, and Nzz were calcu-
lated. This was accomplished by considering the three 2D equivalent
systems of equations: either the simplified Eqs. (11a) and (11b) by
setting Hm z = 0 implying Nzz = 0 but also Nxz = 0 and Nyz = 0,
or the simplified Eqs. (11a) and (11c) by setting Hm y = 0 implying
Nyy = 0 but also Nxy = 0 and Nyz = 0, or the simplified Eqs. (11b)
and (11c) by setting Hm x = 0 implying Nxx = 0 but also Nxy = 0
and Nxz = 0 and, for each of the three cases, the corresponding
equation given by the sum rule tr(N ij) = 1. In analogy with what
occurs in magnetic nanostructures, the vanishing of the ith compo-
nent of the demagnetizing field (i = x, y, z) and of the corresponding
diagonal and off-diagonal demagnetizing factors would be obtained
by ideally assuming that the size of the system along the ith direc-
tion is much greater with respect to the size along the other two
spatial directions and that the averaged magnetization is oriented
along the ith direction. In this way, the surface magnetic charges
created at the borders by the averaged magnetization would be too
far away to give rise to a non-vanishing demagnetizing field along
the ith direction. The numerical solution of each of the 2D equiva-
lent systems of equations was found by solving simultaneously three
equations in three unknown quantities, the two diagonal compo-
nents (either Nxx and Nyy, Nxx and Nzz , or Nyy and Nzz) and the
corresponding off-diagonal component related to the 2D equiva-
lent system under study. Nzz was obtained as the average of the two
values (almost overlapping) extracted from the two 2D equivalent
systems of equations involving this demagnetizing factor.

Second, the numerical values of Nxx and Nyy obtained by the
simplified Eqs. (11a) and (11b) and by the corresponding sum rule
tr(N ij) = 1 have been proportionally decreased to adapt them to
the case under study: Nyy has been decreased by Nzz/2 × Nyy/Nxx,
while Nxx by (Nzz −Nzz/2×Nyy/Nxx). This operation was performed
taking into account the sum rule tr(N ij) = 1 for i = j = x, y, z.

Third, the obtained numerical values of Nxx, Nyy, and Nzz
were introduced in the system of Eq. (11) under study, and
the off-diagonal components Nxy, Nxz , and Nyz were numerically
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FIG. 13. Distribution of the magnetic induction in the region under the right-angle head component obtained in the presence of the OFMs and according to setup (A), in the
general case (a), for ⟨M⟩V aligned along x (c), along y (b), and along z (d).

determined. The above-mentioned three-step procedure was
repeated at the representative points of the propulsor system.

Table IV summarizes the numerical values of Nxx, Nyy,
Nzz , Nxy, Nxz , and Nyz at the origin of the propulsor system,
(x, y, z) = (0, 0, 0 m) point, and at specific points belonging to the
small regions of the propulsor system at which the magnetic signa-
ture takes maximum values. All components take slightly different
values at the points considered and show numerical differences at
the second decimal place, confirming the weak spatial dependence
of the demagnetization tensor for the propulsor system studied here.
The Nxx and Nyy diagonal components are overall almost two orders

of magnitude larger than Nzz and, in turn, Nxx is bigger than Nyy.
The off-diagonal component Nxy is of the same order of magnitude
as Nxx and Nyy, while the off-diagonal components Nxz and Nyz are
comparable and are one order of magnitude less than Nxy.

In this respect, let us consider the (x, y, z) = (−0.32, −0.50,
0.03 m) point, the central point of the region placed under the
left part of the right-angle head component. At this point and
in the surrounding region, the magnetic signature is much bigger
than in the other parts of the propulsor. Specifically, at this point,
Bin = 1.06 × 106 nT, a value close to the maximum value Bin max
= 3.7 × 106 nT (a few μT) observed in adjacent points of the

TABLE IV. Demagnetizing factors at the origin of the reference frame and at four specific points of the propulsor system (inner
region) corresponding to the maximum values of the magnetic signature. The numerical values of the demagnetizing factors
were extracted from the fit to Eq. (11) following the three-step procedure described in the text.

Coordinates (m) (x, y, z) Nxx Nyy Nzz Nxy Nxz Nyz

(0, 0, 0) 0.5429 0.4475 0.0096 0.4978 0.0585 0.0376
(−0.32, −0.50, 0.03) 0.5441 0.4475 0.0084 0.4973 0.0571 0.0392
(0.32, −0.50, 0.03) 0.5429 0.4475 0.0096 0.4978 0.0585 0.0377
(−0.30, 1.22, 0.16) 0.5426 0.4477 0.0097 0.4978 0.0594 0.0368
(0.30, 1.18, 0.16) 0.5430 0.4474 0.0096 0.4978 0.0598 0.0363
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FIG. 14. (a) Behavior of Bin x , Bin y , Bin z , and Bin along the x direction inside the propulsor in the region under the right-angle head component in the OFMs case and
according to setup (B). The corresponding distribution of the magnetic induction Bin in the region of the propulsor system considered together with the x direction is shown.
(b) Behavior of Bin x , Bin y , Bin z , and Bin along the y direction inside the central part of the propulsor in the region connecting the coupling between gear and the electric motor
and the rotating head bearing in the OFMs case and according to setup (B). The corresponding distribution of the magnetic induction Bin in the region of the propulsor system
considered together with the y direction is also shown.

same region [see the legend of Fig. 3(b)]. At the (x, y, z) = (0.32,
−0.50, 0.03 m) central point of the region placed under the right
part of the right-angle head component, the magnetic signature is
Bin = 4.82 × 103 nT; namely, it is three orders of magnitude less
than at the (x, y, z) = (−0.32, −0.50, 0.03 m) symmetric point (with
respect to the y axis). An important role (even though not absolute)
in determining the big difference in the magnetic signature at the
two symmetric points is played by the Nzz diagonal component and,
to a greater extent, by the off-diagonal components Nxy and Nyz ,
which take lower values at the (x, y, z) = (−0.32, −0.50, 0.03 m)
point leading to an overall increase of the magnetic induction at
this point. Note that numerical differences in the third decimal place
of the demagnetizing factors (see Table IV) could lead to consider-
able changes in the components of the magnetic induction and, as a
result, in Bin itself.

Finally, let us discuss the behavior of the components of the
demagnetization tensor at the other two selected almost symmet-
ric points (with respect to the y axis) at the centers of the nar-
row regions belonging to the rotating heading bear, where Bin has
higher intensity. The two points are placed in the outer part of
the rotating heading bear and Bin is of comparable intensity: at the
(x, y, z) = (−0.30, 1.22, 0.18) point, it is Bin = 4.67 × 105 nT, and at
the (x, y, z) = (0.30, 1.18, 0.16) point, it is Bin = 5.1 × 105 nT. These
values are about one order of magnitude less than the maximum
value of Bin observed in the region placed under the left part of the
right-angle head component. The demagnetizing factors calculated
in correspondence of these two almost symmetric points take very
close numerical values (see Table IV), leading to magnetic signatures
of comparable intensities at these two points. Again, an important
role in determining the higher values of the magnetic signature at
these two points if compared to other points belonging to the inner
region is played by the off-diagonal components.

Figure 14(a) displays the magnetic induction components and
the magnetic induction as a function of the x coordinate in the
region of the propulsor placed under the right-angle head com-
ponent for y = −0.50 m and z = 0.03 m together with the spatial
distribution of the magnetic induction in this region of the propul-
sor system. All components of the magnetic induction (dashed
lines) exhibit their maximum value in a narrow region around the

x = −0.32 m point on the left border, experience a strong decrease
just moving away from it and reduce their intensities (apart
from the sign) by three orders of magnitude leading to a sim-
ilar Bin reduction. As a comparison, to highlight the main dif-
ferences in the magnetic signature distribution, Fig. 14(b) shows
the components of the magnetic induction and of Bin as a func-
tion of the y coordinate along the axis of the propulsor system
(x = z = 0 m) in the portion starting from the coupling between
gear and the electric motor and ending at the rotating head bear-
ing after crossing the electric motor. One notes that Bin y and Bin z are
∼103–104 nT (Bin x is smaller) in the whole interval (0 m ≤ y ≤ 1.20 m)
and that Bin is maximum at y = 0 m reaching almost 104 nT
(Bin = 8.19 × 103 nT), and attains a minimum at y = 0.50 m in
the region filled by the electric motor while still preserving the
same order of magnitude. The spatial distribution of the magnetic
induction in this central part of the propulsor system is also depicted.

IV. CONCLUSIONS
In this work, the magnetic signature of a propulsor system

placed in a ghost ship was calculated in the static regime by using
a finite-element method. This numerical approach was based on
a simple analytical model, according to which the propulsor was
regarded as a composite magnetic system. To reduce the com-
putational cost, a targeted simplification of the original propulsor
system was made by properly removing some components whose
contributions to the magnetic signature are negligible. The propul-
sor was regarded as a composite magnetic system characterized by
a volume averaged magnetization arising from a source magnetic
field and a volume averaged permeability that are close to those
of carbon steel, the most representative material constituting the
propulsor. The composite magnetic system was also characterized
by a magnetostatic field of demagnetizing nature and a spatially
varying magnetic induction. In this way, the propulsor system was
described as being composed of only one material that incorporates
the magnetic and geometric properties of all the different ferromag-
netic materials. This description allowed carrying out an interplay
between the results of the numerical simulations and the analyti-
cal model through the determination of the demagnetizing factors,
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which have been shown to strongly affect the spatial behavior of the
magnetic signature in the inner region filled by the propulsor system
and can partially explain the localization effects. According to the
numerical results, which give a magnetic signature on average of tens
of thousands of nT in the proximity of the propulsor, the propulsor
system can be classified as a low signature magnetic system.

The proposal of treating the propulsor as a composite system
enabled not only the easy determination of the distribution of the
magnetic signature on the propulsor system and inside it but also the
computation in a more efficient way of the reduction of the magnetic
signature via the replacement of some of the original ferromag-
netic materials with weakly ferromagnetic materials. This method,
based on material replacement, is less invasive and has a consider-
able advantage if compared to the usual active method, based on the
degaussing process, which implies the use of coils outside the ship
to compensate the magnetic signature and also to the other widely
employed passive method based on the deperming process, which
would be much more elaborate and time consuming. A generaliza-
tion of this analysis could be the investigation of the dynamic regime
of the propulsor system via the extension of the composite system
description to the other magnetic sources, such as the signatures due
to the eddy currents and the corrosion currents resulting from the
internal currents inside the ship and from the currents in the water.
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