


Vol. 17, no. 9-12, 2023 

                                                         ISSN 1314-7552 

                                                 doi:10.12988/ams 

                                                                      

APPLIED  MATHEMATICAL  SCIENCES 

Journal for Theory and Applications 
 

Editorial Board 

 

K. Abodayeh (Saudi Arabia) 

Mehmet Ali Akinlar (Turkey) 

David Barilla (Italy) 

Rodolfo Bontempo (Italy) 

Karemt Boubaker (Tunisia) 

Roberto Caimmi (Italy) 

Giuseppe Caristi (Italy) 

Massimo Cecchini (Italy) 

Ping-Teng Chang (Taiwan) 

Sirio Cividino (Italy) 

Andrea Colantoni (Italy) 

Maslina Darus (Malaysia) 

Omer Ertugrul (Turkey) 

Francesco Gallucci (Italy) 

Filippo Gambella (Italy) 

Young Hee Geum (Korea) 

Alfio Giarlotta (Italy) 

Luca Grilli (Italy) 

Luca Grosset (Italy) 

Maria Letizia Guerra (Italy) 

Tzung-Pei Hong (Taiwan) 

G. Jumarie (Canada) 

Salah Khardi (France) 

 

Ludwig Kohaupt (Germany) 

Dusan Krokavec (Slovakia) 

J. E. Macias-Diaz (Mexico) 

A. L. Martire (Italy) 

Danilo Monarca (Italy) 

M. A. de Lima Nobre (Brasil) 

B. Oluyede (USA) 

Jong Seo Park (Korea) 

James F. Peters (Canada) 

Qinghua Qin (Australia) 

Z. Retchkiman (Mexico) 

Bruno Ricca (Italy) 

Marianna Ruggieri (Italy) 

Cheon Seoung Ryoo (Korea) 

Ersilia Saitta (Italy) 

D. Santoro (Italy) 

M. de la Sen (Spain) 

Filippo Sgroi (Italy) 

F. T. Suttmeier (Germany) 

Jason Teo (Malaysia) 

Andrea Vacca (Italy) 

David Yeung (China) 

Jun Yoneyama (Japan) 

 

Editor-in-Chief : Andrea Colantoni (Italy) 

 

Hikari Ltd 

 



Applied Mathematical Sciences 

 

 
Aims and scopes: The journal publishes refereed, high quality original 

research papers in all branches of the applied mathematical sciences. 

 

Call for papers:  Authors are cordially invited to submit papers to the 

editorial office by e-mail to: ams@m-hikari.com . Manuscripts submitted to 

this journal will be considered for publication with the understanding that 

the same work has not been published and is not under consideration for 

publication elsewhere.  

 

Instruction for authors:  The manuscript should be prepared using LaTeX 

or Word processing system, basic font Roman 12pt size. The papers should be 

in English and typed in frames 14 x 21.6 cm (margins 3.5 cm on left and 

right and 4 cm on top and bottom) on A4-format white paper or American 

format paper. On the first page leave 7 cm space on the top for the journal's 

headings. The papers must have abstract, as well as subject classification 

and keywords. The references should be in alphabetic order and must be 

organized as follows:  

[1] D.H. Ackley, G.E. Hinton and T.J. Sejnowski, A learning algorithm for 

Boltzmann machine, Cognitive Science, 9 (1985), 147-169.   

[2] F.L. Crane, H. Low, P. Navas, I.L. Sun, Control of cell growth by plasma 

membrane NADH oxidation, Pure and Applied Chemical Sciences, 1 (2013), 

31-42. http://dx.doi.org/10.12988/pacs.2013.3310  

[3] D.O. Hebb, The Organization of Behavior, Wiley, New York, 1949. 

 

Editorial office  

e-mail:  ams@m-hikari.com  

 

Postal address:  Street address:  

Hikari Ltd, P.O. Box 85  Hikari Ltd, Rui planina str. 4, ent. 7/5 

Ruse 7000, Bulgaria  Ruse 7005, Bulgaria 

 

 

www.m-hikari.com 

Published by Hikari Ltd 

 



 

 

Applied Mathematical Sciences, Vol. 17, 2023, no. 9 – 12 

 

  

 

Contents 

 

A.A. Arnao, R. Guarneri, R. Lo Bosco, A. Puglisi,  Project management and 

analysis of investment plans in public works: optimization processes choices 

to maximize resource allocation results                                 399 

Silvia Bertarelli, Chiara Lodi, Stefania Ragni,  Non-renewable input and 

waste stock: optimal transition towards circularity                         413 

Mauro Aliano, Lucianna Cananà, Tiziana Ciano, Massimiliano Ferrara, 

Stefania Ragni,  A nonlinear dynamics for risk contagion: theoretical 

remarks                                                                 421 

Mauro Aliano, Lucianna Cananà, Tiziana Ciano, Massimiliano Ferrara, 

Stefania Ragni,  A nonlinear dynamics for risk contagion: analyzing the 

risk-free equilibrium                                                    429 

Mauro Aliano, Lucianna Cananà, Tiziana Ciano, Massimiliano Ferrara, 

Stefania Ragni,  A nonlinear dynamics for risk contagion: analyzing the not 

risk-free equilibrium                                                    437 

 

Featured Articles published in Vol. 17, 2023, no. 5 – 8 

           ___________________________________________________ 

 

Mohiedeen Ahmed, Abd El-Mohsen Badawy, Essam El-Seidy, Ahmed Gaber,  On 

principal GK2-algebras                                               

Xin Chang, Muyuan Liu, Liang Yan,  The strong convergence for solutions of 

pseudomonotone variational inequality problem in Banach spaces        

Wei-Shih Du,  New integral inequalities and generalizations of Huang-Du's 

integral inequality                                                       



Kishan Singh Shekhawat, Subhash Yadav,  Heat transfer in viscous flow through a 

channel bounded by a flat deformable sheet and a naturally permeable bed                                                           

Menus Nkurunziza, Lea Vermeire,  Review on approximation approach for the 

distribution of the studentized mean                                     

Min-Jen Jou, Jenq-Jong Lin, Guan-Yu Lin,  A characterization of unicyclic graphs 

with the same independent domination number                  

Hasthika S. Rupasinghe Arachchige Don, Lasanthi C.R. Pelawa Watagoda, 

Distribution free bootstrap prediction intervals after variable selection    

Kazuaki Kitahara, Shiki Harada,  Chebyshev systems obtained by transla- tions of 

a single function                                                  

 



Applied Mathematical Sciences, Vol. 17, 2023, no. 9, 437 - 443
HIKARI Ltd, www.m-hikari.com

https://doi.org/10.12988/ams.2023.917467

A Nonlinear Dynamics for Risk Contagion:

Analyzing the Not Risk-Free Equilibrium

Mauro Aliano

Department of Economics and Management
University of Ferrara, Italy

Lucianna Cananà
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Abstract

In this paper we carry out the stability analysis of the not risk-
free steady state which is involved in a financial contagion dynamics.
Starting from an analogy between economic sectors and ecosystems, the
Susceptible-Infected-Recovered (SIR) approach is employed to describe
the risk dynamics by a nonlinear differential system with time delay. A
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main assumption is that contagion phenomenon is modelled by a Holling
Type II functional responce so that an incubation time for risk infec-
tion is accounted for; moreover, after contagion, some agents may be
recovered from high risk and get a temporary immunity for a temporal
period represented by the time delay characterizing the dynamics.
We perform the analysis around the not risk-free equilibrium in terms
of asymptotic stability and point out the crucial role of the incubation
time and the financial immunity period in establishing whether risk cri-
sis continues to exists in the economic sector at the long run or it can
be eliminated.

Mathematics Subject Classification: 91B05, 91B55, 34K04

Keywords: Risk contagion, Financial immunity, SIR model, Delay Differ-
ential equation, Stability analysis

1 Introduction

This study serves as the conclusion to a thorough investigation done on the
differential problem suggested by [2]. The model is based on a compartmen-
tal approach describing the nonlinear dynamics associated with the spread of
risk contagion in a certain economic sector. Precisely, it consists of a SIR
differential system which is revisited according to an analogy existing between
economic systems and ecosystems. An economic player population is divided
into a set of distinct compartments or classes, which are defined in terms of
risk with low and high level: the players with lower risk are susceptible to be
infected by other agents with a risk at an extremely high level. The dynamics
is affected by a time delay τ representing a financial immunity ability reached
by those players which are recovered since they get a capability of risk control
after infection: they remain in a kind of recovery pool for a period of length
τ , after that they may revert to come back being susceptible again.
We suppose that b > 0 and 0 < δ < 1 are the birth rate of new players and
the recovery rate from the high risk, respectively. Moreover, we also assume
that some players indefinitely leave the economic sector at an elimination rate
depending on the risk level of compartments: γL > 0 and γH > 0 represent the
death rates of players with low risk and high risk, respectively. In addition, the
phenomenon of contagion is modelled by a Holling Type II functional response
with attack rate a > 0 and incubation time h > 0.
At any time t we denote by S(t), I(t) and R(t) the densities of susceptible
players, infected and recovered agents, respectively; then, according to the
model in [2], the recovered density R(t) can be explicitly integrated once I(t)
is known. Therefore, it is possible to focus only on investigating the dynamics
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in terms of S(t) and I(t) defined by the following system

dS(t)

dt
= b− γLS(t)− aS(t)

1 + haS(t)
I(t) + δe−γLτI(t− τ), (1)

dI(t)

dt
=

aS(t)

1 + haS(t)
I(t)− (γH + δ)I(t), , (2)

equipped with suitable initial conditions

S(0) = S0 > 0, (3)

I(s) = I0(s) ≥ 0, for all s ∈ [−τ, 0], with I0(0) > 0, (4)

where I0(·) is a continuous function and represents the history of the infected
class in the whole time lag interval [−τ, 0]. In [2] we show that problem (1)-(2)
admits a unique positive solution. Moreover, it is characterized by the risk-free
equilibrium E∗

0 = (b/γL, 0) and one more non-trivial steady state E∗
τ = (S∗

τ , I
∗
τ )

for certain values of the parameters. Precisely, we have

S∗
τ =

γH + δ

a(1− h(γH + δ))
, I∗τ =

γL(γH + δ)

(γH + δ(1− e−γLτ )) a(1− h(γH + δ))
(ρ0−1),

where

ρ0 =
ba(1− h(γH + δ))

γL(γH + δ)
,

is the basic reproduction number of the risk infection. In the following Sections,
we assume that

ρ0 > 1, (5)

which assures that E∗
τ is a feasible steady state. According to the analysis

developed in [3], condition (5) implies that the risk-free equilibrium E∗
0 is un-

stable.
The main focus of this paper consists of discussing both local and global
asymptotic stability related to the not risk-free equilibrium point E∗

τ under
the assumption (5).

2 Local stability of the not risk-free equilib-

rium

With the aim of discussing the local stability of the not risk-free equilibrium,
we focus on the characteristic equation at E∗

τ :

λ2 +

(
γL +

aI∗τ
(1 + haS∗

τ )
2

)
λ+

aI∗τ
(1 + haS∗

τ )
2
(γH + δ − δe−(γL+λ)τ ) = 0. (6)
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When τ = 0, it reduces to the following equation with positive coefficients

λ2 +

(
γL +

aI∗τ
(1 + haS∗

τ )
2

)
λ+

aI∗τ
(1 + haS∗

τ )
2
γH = 0,

which has roots with negative real parts. Therefore, under condition (5) equi-
librium E∗

τ is locally stable when τ = 0.
In the other case when τ > 0, we suppose that λ = iv (v > 0) is a solution of
equation (6) and obtain

−v2 +

(
γL +

aI∗τ
(1 + haS∗

τ )
2

)
iv +

aI∗τ
(1 + haS∗

τ )
2
(γH + δ − δe−γLτe−ivτ ) = 0.

After separating real and imaginary parts, we have

−v2 + (γH + δ) aI∗τ
(1+haS∗

τ )
2 = aI∗τ

(1+haS∗
τ )

2 δe
−γLτ cos(vτ),(

γL + aI∗τ
(1+haS∗

τ )
2

)
v = − aI∗τ

(1+haS∗
τ )

2 δe
−γLτ sin(vτ),

which yields

v4 + p0v
2 +

(
aI∗τ

(1 + haS∗
τ )

2

)2

(γ2H + 2γHδ + δ2(1− e−2γLτ )) = 0, (7)

where we set p0 = p( aI∗τ
(1+haS∗

τ )
2 ) with p(·) corresponding to the following poly-

nomial function
p(ω) = ω2 − 2(γH + δ − γL)ω + γ2L.

Condition p0 ≥ 0 implies that equation (7) cannot be solved; in this respect, it
represents a sufficient condition to garantee that E∗

τ is locally asymptotically
stable. The previous argument proves the following Proposition.

Proposition 2.1 Under condition (5), the not free-risk equilibrium E∗
τ is

locally asymptotically stable for any delay τ ≥ 0 such that the following as-
sumption holds

p

(
aI∗τ

(1 + haS∗
τ )

2

)
=

(
aI∗τ

(1 + haS∗
τ )

2

)2

− 2(γH + δ − γL)
aI∗τ

(1 + haS∗
τ )

2
+ γ2L ≥ 0.

3 Global stability for not trivial equilibrium

The analysis is completed by investigating the global stability at E∗
τ . With

this aim, we introduce new variables defined as

u1(t) = S(t)− S∗
τ , u2(t) = I(t)− I∗τ ;
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and rewrite the problem in the following form

du1(t)

dt
= −γLu1(t)−

aS(t)

1 + haS(t)
(u2(t) + I∗τ ) + δe−γLτu2(t− τ) + (γH + δ)I∗τ ,

du2(t)

dt
=

(
aS(t)

1 + haS(t)
− (γH + δ)

)
(u2(t) + I∗τ ).

We set

ω =
γL + γH + δ

(1− h(γH + δ)) aI∗τ
> 0, (8)

and consider the following functional

V (u(t)) =
1

2
(u1(t) + u2(t))

2 +
1

2
ωu22(t),

in u(t) = (u1(t), u2(t)), whose derivative corresponds to

dV

dt
= (u1(t) + u2(t))

(
−γLu1(t)− (γH + δ)u2(t) + δe−γLτu2(t− τ)

)
+ω

(
aS(t)

1 + haS(t)
− (γH + δ)

)
(u2(t) + I∗τ )u2(t),

According to the results proved in [2], we notice that S(t) > 0 for any t;

therefore, in the previous derivative we may employ the bound 0 < aS(t)
1+haS(t)

≤ 1
h

and alternatively aS(t)
1+haS(t)

− (γH + δ) = au1(1−h(γH+δ))
1+ha(u1+S∗

τ )
≤ au1(1 − h(γH + δ)).

Furthermore, the CauchySchwartz inequality is applied to the term (u1(t) +
u2(t)) · δe−γLτu2(t− τ), so that we get

dV

dt
≤ −γL

2
u21(t) + C1u

2
2(t− τ)− (C2 − ωC3)u

2
2(t),

where

C1 =
δ2(γL + γH + δ)

2γL(γH + δ)
, C2 =

γH + δ

2
, C3 =

1− h(γH + δ)

h
.

Then we consider the Lyapunov functional of the form

U(u(t)) = V (u(t)) + C1

∫ t

t−τ
u22(θ)dθ,

in order to obtain

dU

dt
=
dV

dt
+ C1u

2
2(t)− C1u

2
2(t− τ) ≤ −γL

2
u21(t)− (C2 − ωC3 − C1)u

2
2(t).
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We aim to get C2 − ωC3 − C1 > 0 which is equivalent to ω < (C2 − C1)/C3

that is

(γH + δ)

(
1− γL(γH + δ)

γL + γH + δ
· C2 − C1

C3

(ρ0 − 1)

)
< δe−γLτ , (9)

due to (8). Inequality (9) assures that U is negative definite. Then, a direct
application of the LyapunovLaSalle type theorem (see Theorem 2.5.3 in [4],
p. 30) implies that both u1(t) → 0 and u2(t) → 0 as t → +∞ when (9)
holds. As a consequence, (9) represents a sufficient condition to guarantee
that equilibrium E∗

τ is globally asymptotically stable.
In this respect, a specific case when (9) is satisfied for any time delay τ > 0
corresponds to have the basic reproduction number being sufficiently large such
that

ρ0 > 1 +
γL + γH + δ

γL(γH + δ)
;

as a consequence, in that case the not risk-free equilibrium is globally asymp-
totically stable.

4 Concluding remarks

As already pointed out, the not risk-free steady state is feasible under assump-
tion (5) on the basic reproduction number ρ0. The length of h affects the
feasibility of E∗

τ , indeed requirement (5) results in h small enough to satisfy
h < (ba− γL(γH + δ))/(ba(γH + δ)). Furthermore, we remark that time delay
τ also affects the global stability behaviour according to condition (9). In this
respect, both incubation time and immunity period play a role in the dynamics
at the long run near the not risk-free steady state.

As the last remark, we notice that the dynamics at the long run may
represent a tool to understand whether risk disappears or continues to exists
at the steady state in specific real economic systems. As an example on a toy
simulation problem, the model can be applied to simulate a risk spreading by
exploiting the same data provided in [1] concerning the sector of food industries
in Emilia-Romagna Italian region, which plays a key economic role in the
entire territory of northern Italy. In this respect, as in [1] some parameters are
estimated as b = 0.04, δ = 0.05, a = 0.12. Moreover, we set the elimination
rates at γL = 0.009 and γH = 0.03 in a hypothetical scenario. The differential
system starts from the same initial conditions estimated in [1]. As incubation
time and financial immunity period are not estimated, then it is possible to
choose hypothetical values such as τ = 1 and h = 0.5. The dynamics is
simulated by the built-in function dde23 in MATLAB environment, which
integrates DDEs with constant delays: the result is plot in Figure 1. SIR
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Figure 1: Dynamics of risk contagion. Solid line: susceptible dynamics.
Dashed line: infected dynamics.

trajectory approaches the not free-risk equilibrium, thus risk infection remains
in the economy in the long run.

In this framework, the mathematical model may be a useful tool for predict-
ing and simulating different risk contagion scenarios to support policy makers
on their financial actions to contain a financial distress.
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