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Adaptive TORC Detection for MC-CDMA
Wireless Systems

Barbara M. Masini,Member, IEEE, Andrea Conti,Member, IEEE

Abstract—Multi carrier code-division multiple access (MC-
CDMA) is considered for beyond third generation wireless
systems for its effectiveness in combating both multipath fading
and interference still maintaining high data rate. This paper
investigates MC-CDMA systems adopting an adaptive detection
technique based on threshold orthogonality restoring combining
(TORC). The mathematical framework here developed allows
the evaluation of both the bit error probability and the bit
error outage in downlink with perfect and imperfect channel
state information and the derivation of the TORC threshold that
optimizes the performance. The optimal threshold is analytically
derived as a function of the number of subcarriers, the number
of active users, and the mean signal-to-noise ratio. This enables
an adaptive variation of the threshold following slow processes
fluctuations. Numerical results show very good performanceof
TORC comparing with other combining techniques and demon-
strate that the optimal threshold changes considering perfect
and imperfect channel estimation. Results are shown both in
uncorrelated Rayleigh fading as well as in time and frequency
correlated fading channels.

Index Terms—MC-CDMA, TORC detector, performance eval-
uation, fading channels, adaptive system.

I. I NTRODUCTION

Multi-carrier code division multiple access (MC-CDMA)
technique is gaining interest for beyond third generation (B3G)
mobile radio systems due to its efficiency in supporting high
data rate mobile communication against both frequency selec-
tive fading and multi-user interference [1]–[3]. The suitability
of MC-CDMA as multiple-access scheme derives from the
combination of orthogonal frequency-division multiplexing
(OFDM) and spreading. In this work we consider the system
architecture presented in [2] and [4], where the spreading is
performed in the frequency-domain and Walsh-Hadamard (W-
H) codes are used with spreading factor equal to the number
of subcarriers. The transmitter and receiver block schemesare
depicted in Fig. 1.1

The main impairment of this multiplexing technique is
represented by the multiple-access interference (MAI), which
occurs in the presence of multipath fading propagation due
to loss of orthogonality among the received spreading codes
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1Note that these schemes are useful for the analysis, although typical

implementation uses inverse and direct fast Fourier transform.

in spite of the use of W-H codes. Typically, the MAI mit-
igation is accomplished at the receiver using single-user or
multiuser detection schemes, thus, the choice of the combining
technique becomes critical and drastically affects the system
performance. Several combining techniques with different
complexities have been studied in the literature (see, e.g., [5]–
[7]). In this paper, we address low complexity schemes such
as linear combining, since in the downlink the detection is
performed at the user terminal and we aim at proposing a
simple adaptive combining technique.

Within the family of linear combining techniques, several
schemes based on channel state information (CSI) are known
in the literature (see, e.g., [8]–[10]), for which signals coming
from different subcarriers are weighted by suitable coefficients
gm (m being the subcarriers index). The equal gain combining
(EGC) technique consists in equally weighting each subchan-
nel contribution and compensating only the phases withgm =
h∗m/|hm|, wherehm is themth channel coefficient (notation
∗ stands for complex conjugation). If the system is noise-
limited, (i.e., the number of active users is negligible with
respect to the number of subcarriers), maximal ratio combining
(MRC), for which gm = h∗m, represents the best choice. On
the other hand, this choice totally destroys the orthogonality
between the codes in case of multiple users. For this reason,
when the system is interference-limited, a good choice is given
by restoring the orthogonality between the sequences as with
the orthogonality restoring combining (ORC) technique, for
which gm = h∗m/|hm|2. This implies a total cancellation of
the multiuser interference but emphasizes the noise. This is
corrected with threshold ORC (TORC), where a threshold is
introduced to cancel the contributions of those subchannels
highly corrupted by the noise, allowing good performance
despite the low complexity (see [11]–[13]). Indeed, while
EGC is desirable for its simplicity and MRC for its noise
counteracting capability, neither of these techniques directly
address the interference and the exploitation of the spreading
codes. B3G communication systems intend to multiplex as
many users as possible sharing the same resources, they are
typically interference-limited; this is the reason why TORC is
assuming an increasing interest. Since the orthogonality of the
users is encoded in the phase of each subcarriers, TORC is
mainly beneficial in the downlink where phase distortion may
be more easily corrected rather than in the uplink [2].

Earlier works investigated the performance of MC-CDMA
systems varying the detector; some of these involve TORC
technique: in [4] and [13] the performance was studied by
simulation or through semi-analytical models. In particular,
the bit error probability (BEP) was approximated as the sum
of the binomial distribution of the number of subcarriers
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(a) Transmitter (b) Receiver

Fig. 1. Transmitter and receiver block schemes.

above the threshold, resulting in a cumbersome expression to
be computed in closed form or implemented in upper layer
simulators. In [12] the bit error rate (BER) was obtained
by simulation. In [11] and [14] an analytical framework was
proposed to derive the downlink BEP with TORC detector for
synchronous users: in particular, in [11] decision-directed MC-
CDMA detectors with and without explicit channel estimation
are investigated; they also compared the decision-directed and
pilot-aided approaches and explored the trade-off between
channel estimation overhead and performance to verify how
the channel estimation process affects the performance of MC-
CDMA detectors with Kalman filter to track the channel.

In this paper, we mathematically derive a simple BEP ap-
proximation for downlink frequency selective fading channels
adopting a TORC detector with both perfect and imperfect
CSI. In addition to the BEP, our framework enables the investi-
gation of the bit error outage (BEO), that is the BEP-based out-
age probability and represents a significant performance figure
when small-scale fading is superimposed to large-scale fading
[15]. We also analytically evaluate the optimal threshold and
its relation with slow varying processes, such as the numberof
active users, the number of subcarriers, and the mean signal-to-
noise ratio (SNR) averaged over small-scale fading. Imperfect
CSI is also considered to analyze how the optimum threshold
changes with respect to the case of perfect estimation. Note
that, the number of active users, the number of subcarriers,and
the mean SNR represent slow varying processes with respect
to the variations in the performance perceived by the user,
allowing an optimized and adaptive use of the threshold that
can be changed tracking slow processes variation (for a dis-
cussion on slow and fast processes affecting the performance
of adaptive and non-adaptive wireless communications see,
e.g., [16], [17]). It will be shown that the proposed adaptive
TORC, significantly improves the performance with respect to
others linear combining techniques. Analytical results will be
confirmed by simulations.

The rest of the paper is organized as follows: system model
and methodology are described in Sec. II, the decision variable
is given in Sec. III, and the BEP in Sec. IV. The optimal
threshold is evaluated in Sec. V and the BEO in Sec. VI.

Finally, numerical results and our conclusions are given in
Sec. VII and Sec. VIII, respectively.

II. SYSTEM MODEL AND METHODOLOGY

In the considered MC-CDMA architecture, each data-
symbol is copied over all subcarriers, and multiplied by the
chip assigned to each particular subcarrier. We consider W-
H orthogonal codes and binary phase shift keying (BPSK)
modulation. Hence, the signal transmitted to thekth user can
be written as (see Figg. 1(a)):

s(k)(t) =

√

2Eb

M

+∞∑

i=−∞

M−1∑

m=0

c(k)m a(k)[i]g(t− iTb) (1)

× cos(2πfmt+ φm),

whereEb is the energy per bit,M is the number of subcarriers,
m is the subcarrier index,cm is themth chip (taking values
±1), a(k)[i] is the data-symbol transmitted during the symbol-
time i, g(t) is the pulse with rectangular waveform, duration
[0, T ], and unitary energy,Tb is the bit-time,fm is themth
subcarrier-frequency (with∆f T and f0 T integers to have
orthogonality in frequency), andφm is the random phase uni-
formly distributed within[−π, π). In particular,Tb = T + Tg

is the total OFDM symbol duration, increased with respect to
T by a time-guardTg (usually inserted between consecutive
symbols to eliminate the residual inter symbol interference,
ISI, due to the channel delay spread).

We assume a frequency-domain channel model in which
the transfer function is considered constant in the bandwidth
of each subcarrier and is given by:

hm = αme
jψm , (2)

whereαm andψm are themth amplitude and phase coeffi-
cients, respectively. Eachhm is assumed independent identi-
cally distributed (i.i.d.) complex zero-mean Gaussian random
variable (RV) with variance per dimensionσ2

h , equal to1/2
so thatE

{
α2
m

}
= 1, for all m.2

2
E {·} denotes the statistical expectation, here with respect to realizations

of αm.
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Assuming the coherence bandwidth smaller than the distance
between two adjacent subcarriers (owing, for instance, to
frequency interleaving), eachαm and ψm are considered
independent; we assume that each subcarrier experiences flat
fading. This represents a realistic case when the subcarriers
are sufficiently spaced in frequency or when only a subset
of the amount of subcarriers is used for the transmission
of a symbol. Starting from these common assumptions, we
analytically evaluate the performance in terms of BEP and we
carefully investigate the performance dependencies on system
parameters, then also allowing comparison with previous re-
sults appeared in the literature [3], [18], [19].

In the downlink, the system is assumed synchronous and the
signal components associated to different users experiment the
same fading. Furthermore, since the orthogonality of the users
is encoded in the phase of the subcarriers, the TORC technique
is primarily beneficial in the downlink where phase distortion
for all users can be more easily corrected [2].3 Hence, the
received signal can be written as:

r(t) =

√

2Eb

M

Nu−1∑

k=0

+∞∑

i=−∞

M−1∑

m=0

αmc
(n)
m a(k)[i]g̃(t− iTb)

× cos(2πfmt+

ϑm
︷ ︸︸ ︷

φm + ψm) + n(t), (3)

where summations are on users, symbols, and subcarriers,
respectively,̃g(t) is the response of the channel to the pulse
g(t) with unitary energy and duratioñT , T + Td, being
Td the pulse enlargement due to the overall distortion of
the channel,n(t) is the additive white Gaussian noise with
two-side power spectral densityN0/2, andϑm , φm + ψm
uniformly distributed in[−π, π).

To analyze the performance with imperfect CSI, we assume
a channel estimation error [20] on each subcarrier,em, com-
plex Gaussian distributed with zero-mean and variance2σ2

e ,
thusem ∼ CN (0, 2σ2

e), and we define the normalized channel
estimation error variance asε , σ2

e/σ
2
h . Themth estimated

complex channel coefficient is given by:

ĥm = hm + em , (4)

where,ĥm = α̂me
jψ̂m .

By observing the receiver structure depicted in Fig. 1(b) and
focusing on thelth subcarrier for thenth user (being in

3Note that, in the downlink, power efficient mobile receiverswith low
complexity are required, whereas for the uplink, a high complexity multi-
user detector can be used to cope with the presence of severalusers.

the downlink, perfect synchronization and phase tracking are
assumed), the correlation output at thejth instant is given by:

z
(n)
l [j] =

1√
T

∫ jTb+T

jTb

r(t) c
(n)
l

√
2 cos(2πflt+ ϑ̂l)dt . (5)

Hence, substituting (3) in (5), the termz(n)
l [j] results as in

(6), where:

wm,l[j] =

{

cos(ϑl − ϑ̂l) m = l
0 m 6= l .

Since ISI is avoided, we will remove the time-indexj in the
following. After some manipulation we can write:

z
(n)
l =

√

Ebδd

M
αl cos(ϑl − ϑ̂l)a

(n) (7)

+

√

Ebδd

M
c
(n)
l αl cos(ϑl − ϑ̂l)

Nu−1∑

k=0,k 6=n

c
(k)
l a(k) + nl ,

whereδd , 1/(1+Td/T ) represents the loss of energy caused
by the time-spreading,Td, of the received pulse.
From the received signal expression before the combiner, we
can now proceed to evaluate the performance in terms of
BEP and BEO. The BEP averaged over small-scale fading
is a common performance figure for applications in which
the user’s perceived quality of service (QoS) is related to the
error rate observed in a time interval of several symbol times
(see e.g., [17]). Thus, the variability of processes affecting
the useful signal during this interval has to be carefully taken
into account (e.g., the mean SNR,γ, also varies due to the
shadowing, but slowly with respect to the interval considered
for the BEP evolution). For this reason, the BEO, that is the
probability that the BEP exceeds a maximum tolerable level,is
also an appropriate figure of merit for digital communication
systems where small-scale fading is superimposed on large-
scale fading, such as shadowing [15].

III. D ECISION VARIABLE

The decision variable,v(n), is obtained by a linear combi-
nation of the weighted signals from each subcarrier as follows:

v(n) =

M−1∑

l=0

|gl|z(n)
l . (8)

The TORC detector consists in choosing the complex weight
referring to thelth subcarrier as:

|gl| = u(|ĥl| − ρTH)/|ĥl| = α̂−1
l u(α̂l − ρTH) . (9)

z
(n)
l [j] = 2

r

Eb

MT

+∞X

i=−∞

Z jTb+T

jTb

Nu−1X

k=0

M−1X

m=0

αmc
(k)
m c

(n)
l a

(k)[i]g̃(t − iTb) cos(2πfmt + ϑm) cos(2πflt + ϑ̂l)dt (6)

+

nl[j]
z }| {
Z jTb+T

jTb

√
2
c
(n)
l√
T

n(t) cos(2πflt + ϑ̂l)dt =

r
Eb

M

T

T̃

Nu−1X

k=0

M−1X

m=0

wm,l[j]

z }| {

1

T

Z jTb+T

jTb

2 cos(2πfmt + ϑm) cos(2πflt + ϑ̂l)dt

× αmc
(k)
m c

(n)
l a

(k)[j] + nl[j] =

r
Eb

M

T

T̃

8

<

:

Nu−1X

k=0

αlc
(k)
l c

(n)
l a

(k)[j]ul,l[j] +
M−1X

m=0,m6=l

Nu−1X

k=0

αmc
(k)
m c

(n)
l a

(k)[j]um,l [j]

9

=

;
+ nl[j]



4 IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. XX, NO. YY, MONTH2009

whereu(·) is the unitary-step function andρTH is the positive
threshold introduced to cancel the contributions of those sub-
channels highly corrupted by the noise. Hence, by substituting
(7) and (9) in (8) we can write:

v(n) =

U
︷ ︸︸ ︷
√

Ebδd

M

M−1∑

l=0

u(α̂l − ρTH)αlα̂
−1
l cos(ϑl − ϑ̂l) a

(n)

+

I
︷ ︸︸ ︷
√

Ebδd

M

M−1∑

l=0

c
(n)
l u(α̂l − ρTH)αlα̂

−1
l cos(ϑl − ϑ̂l)

×

in I
︷ ︸︸ ︷

Nu−1∑

k=0,k 6=n

c
(k)
l a(k) +

N
︷ ︸︸ ︷

M−1∑

l=0

nlα̂
−1
l u(α̂l − ρTH) , (10)

where the three termsU , I, and N represent the useful,
interfering, and noise term, respectively.
By defining

Θl(ρTH) , u(α̂l − ρTH)αlα̂
−1
l cos(ϑl − ϑ̂l) , (11)

we can write (10) as in the following:

v(n) = U · a(n) + I +N , (12)

where

U =

√

Ebδd

M

M−1∑

l=0

Θl(ρTH) (13)

I =

√

Ebδd

M

M−1∑

l=0

c
(n)
l Θl(ρTH)

Nu−1∑

k=0,k 6=n

c
(k)
l a(k) (14)

N =

M−1∑

l=0

nlα̂
−1
l u(α̂l − ρTH) . (15)

Hence, in order to derive the BEP, we need the statistic
distribution of v(n) that can be obtained by studying the
statistics ofU , I, and N . By considering that actual and
future multi carrier systems generally have a high number of
subcarriers (e.g., 2k or 8k for digital video broadcasting), we
will adopt the central limit theorem (CLT) and the law of large
number (LLN) to approximate the BEP (the goodness of the
approximation will also be verified by simulation).

A. Useful Term

By applying the CLT,4 the useful termU in (10) results
distributed as5

U ∼ N
(
µU , σ

2
U

)
. (16)

The mean and variance ofU are respectively given by
µU =

√
EbδdM E {Θ(ρTH)} andσ2

U = Ebδd[E
{
Θ2(ρTH)

}
−

(E {Θ(ρTH)})2].6

4CLT has been applied to analyze MC-CDMA systems also, e.g., in [2]
and [4].

5Notation N (µ, σ2) stands for Gaussian distribution with meanµ and
varianceσ2.

6Note thatE {Θ(ρTH)} is independent on indexl.

B. Interference Term

By partitioning orthogonal codes as in [4], after some mathe-
matical manipulation we derive the interference as:

I =

√

Ebδd

M

Nu−1∑

k=0,k 6=n

a(k) (17)

×










Λ1
︷ ︸︸ ︷

M
2∑

h=1

Θxh
(ρTH)−

Λ2
︷ ︸︸ ︷

M
2∑

h=1

Θyh
(ρTH)










,

where indexesxh andyh define the following partitions:

c(n)
xh
c(k)xh

= 1

c(n)
yh
c(k)yh

= −1

{xh} ∪ {yh} = 0, 1, ....,M − 1 .

For large values ofM , we apply the CLT to termsΛ1 andΛ2

in (17), consequently we obtain:

Λ1,Λ2 ∼ N
(√

M

2
E {Θ(ρTH)} , M

2
ζα(Θ)

)

, (18)

where ζα(Θ) = E
{
Θ2(ρTH)

}
− E {Θ(ρTH)}2. Hence, by

exploiting the symmetry of the Gaussian probability density
function (p.d.f.) and the property of the sum of uncorrelated
Gaussian RVs, we have:

a(k) (Λ1 − Λ2) ∼ N (0,Mζα(Θ)) .

Then, the general interference term results distributed as:

I ∼ N
(
0, σ2

I

)
, (19)

whereσ2
I = Ebδd(Nu − 1)

[

E
{
Θ2(ρTH)

}
− E {Θ(ρTH)}2

]

.

C. Noise Term

Since termŝαl andnl in N are independent andnl has mean
equal to zero, the total noise term consists in a sum of i.i.d.
zero mean RVs with variance(N0/2) E

{
(α̂−1u(α̂− ρTH))2

}
.

By applying the CLT, the noise term results distributed as:

N ∼ N
(
0, σ2

N

)
, (20)

with σ2
N = M (N0/2) E

{
(α̂−1u(α̂− ρTH))2

}
.

The expressions ofE {Θ(ρTH)}, E
{
α̂−2u2(α̂− ρTH)

}
, and

E
{
Θ2(ρTH)

}
are derived in the Appendix, and result in:

E {Θ(ρTH)} = e
−

ρ2
TH

2σ2
h (1+ε) − 2ε e

−
ρ2

TH(1+3ε/4)

2σ2
h (1+ε)

(1 − ε2)(4 + 3ε)

E
{
α̂−2u2(α̂− ρTH)

}
=

1

2σ2
h(1 + ε)

Γ

[

0,
ρ2

TH

2σ2
h(1 + ε)

]

E
{
Θ2(ρTH)

}
= e

−
ρ2

TH
2σ2

h (1+ε) − 4ε e
−

ρ2
TH(1+3ε/4)

2σ2
h (1+ε)

(1 − ε2)(4 + 3ε)

+ C(B1 +B2 +B3 +B4) , (21)

where the expressions ofC, B1, B2, B3 andB4 are given in
the Appendix.
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D. Independence between terms

Sincea(k) is zero mean and statistically independent onαl,
(Λ1 −Λ2), andnl, we can write thatE {IN} = E {IU} = 0.
Sincenl andαl are statistically independent, thenE {NU} =
0. MoreoverI, N , andU are uncorrelated Gaussian RVs, thus
also statistically independent.

IV. B IT ERROR PROBABILITY EVALUATION

From the statistical distribution of the termsI and N ,
the total disturbance (interference plus noise) results tobe
Gaussian distributed as:

I +N ∼ N
(
0, σ2

I + σ2
N

)
. (22)

This enables us to derive the BEP approximation as a function
of the mean SNRγ, the TORC thresholdρTH, the number of
subcarriersM , the number of active usersNu, and the channel
estimation error related toε.
The BEP conditioned to the RVU is given by:

Pb|U =
1

2
erfc

{

U
√

2(σ2
I + σ2

N)

}

, (23)

where erfc is the complementary error function. By apply-
ing the LLN, that is by approximating

∑M−1
l=0 Θl(ρTH) with

ME {Θ(ρTH)}, we derive the unconditioned BEP as:

Pb ≃ 1

2
erfc

(√
EbδdM E {Θ(ρTH)}
√

2(σ2
N + σ2

I )

)

. (24)

From the expressions ofσ2
I , σ2

N, and E {Θ(ρTH)} derived
above, the BEP can be written as a function of the signal-
to-interference-plus-noise ratio (SINR) as in the following:

Pb
(
ζ
)
≃ 1

2
erfc

(√

ζ

)

, (25)

whereζ is the mean SINR averaged over small-scale fading
and is given by:

ζ =
γ e

−
ρ2

TH
σ2

h (1+ε) f1(ε, ρTH)

1
(1+ε)Γ[0,

ρ2TH
2σ2

h (1+ε)
] + 2Nu−1

M f2(ε, ρTH)γ
. (26)

In (26), γ , Ebδd2σ
2
h/N0 is the mean SNR averaged over

small-scale fading and

f1(ε, ρTH) =

(

1 − 2ε

(1 − ε2)(4 + 3ε)
e
−

ρ2
TH

8σ2
h (1+ε)

3ε

)2

f2(ε, ρTH) = e
−

ρ2
TH

2σ2
h (1+ε)




1 − 4εe

−
ρ2

TH
8σ2

h (1+ε)
3ε

(1 − ε2)(4 + 3ε)






+ e
ρ2

TH
2σ2

h (1+ε)C(B1 + B2 +B3 +B4)

− e
−

ρ2
TH

σ2
h (1+ε)




1 − 2εe

−ρ2
TH

8σ2
h (1+ε)

3ε

(4 + 3ε)(1 − ε2)






2

.

In case of perfect CSI, (26) reduces to:

ζ =
γ e

−
ρ2

TH
σ2

h

Γ[0,
ρ2TH
2σ2

h
] + 2Nu−1

M

(

e
−

ρ2

2σ2
h − e

−
ρ2

σ2
h

)

γ

. (27)

Remark: Note that the main objective of this work is not only
to assess a tight approximation for the BEP, but mostly to
derive the value of the TORC threshold,ρTH, which minimizes
the BEP depending on the other system parameters. From
this point of view, we will show a good agreement between
simulative and analytical results in Sec. VII.

V. TORC THRESHOLDOPTIMIZATION

We aim at finding the optimum value of the threshold,
ρ
(opt)
TH , defined as the value that minimizes the BEP (hence that

maximizes the SINR since the BEP in (25) is monotonically
decreasing with the SINR):

ρ
(opt)
TH = argmin

ρTH

{Pb} = argmax
ρTH

{
ζ
}
. (28)

A. Optimal TORC with Non-Ideal Channel Estimation

By forcing to zero the derivative of the argument in (28) and
remembering thatγ > 0, Γ[0, 1/[2σ2

h(1+ ε)]] > 0, andρTH ≥
0, we obtain:

(

− 2ρTH

σ2
h(1 + ε)

f1(ε, ρTH) + f ′
1(ε, ρTH)

)

(29)

×




Γ
[

0,
ρ2TH

2σ2
h (1+ε)

]

(1 + ε)
+ 2

Nu − 1

M
f2(ε, ρTH)γ





= f1(ε, ρTH)




Γ′
[

0,
ρ2TH

2σ2
h (1+ε)

]

(1 + ε)
+ 2

Nu − 1

M
f ′
2(ε, ρTH)γ



 ,

where f ′(·) stands for the first derivative off(·) evaluated
with respect toρTH. Let us now define the system load as

η ,
Nu − 1

M
, (30)

and the parameterξ as

ξ , 2γη . (31)

Since

Γ′

[

0,
ρ2

TH

2σ2
h(1 + ε)

]

= − 2

ρTH
e−ρ

2
TH/(2(1+ε)σ

2
h ) ,

the (29) becomes as in (32) (bottom of the next page), where

f ′
1(ε, ρTH) =

ρTH3ε2

σ2
h(1 + ε)(1 − ε2)(4 + 3ε)

e
−

ρ2
TH

8σ2
h

3ε
(1+ε)

×
[

1 − 2ε

(1 − ε2)(4 + 3ε)
e
−

ρ2
TH

8σ2
h

(3ε)
(1+ε)

]

(33)
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and

f ′
2(ε, ρTH) =

ρTH

σ2
h(1 + ε)

e
−

ρ2
TH

2σ2
h
(1+ε)





εe

−
ρ2

TH
8σ2

h (1+ε)
3ε

(1 − ε2)
− 1






+
ρTH

σ2
h(1 + ε)

e
ρ2

TH
2σ2

h
(1+ε)

C (B1 +B2 +B3 +B4)

+
2ρTH

σ2
h(1 + ε)

e
−

ρ2
TH

σ2
h

(1+ε)




1 − 2εe

−
ρ2

TH
8σ2

h (1+ε)
3ε

(1 − ε2)(4 + 3ε)






2

− ρTH

σ2
h(1 + ε)

e
−

ρ2
TH

2σ2
h
(1+ε)

×






3ε2e
−

ρ2
TH

8σ2
h (1+ε)

3ε

(1 − ε2)(4 + 3ε)




1 − 2εe

−
ρ2

TH
8σ2

h (1+ε)
3ε

(1 − ε2)(4 + 3ε)









 . (34)

It is important to note that the parameterξ quantifies how the
system is noise-limited (low values) or interference-limited
(high values) and represents the implicit solution for the
problem of finding the optimum value ofρTH for all possible
values of SNR, number of subcarriers, and number of active
users with non-ideal channel estimation. Thus, for each com-
bination of the system parameters, there is a value ofρTH that
minimizes the BEP. In addition, it is important to observe that
ρTH only depends, throughξ, on processes slowly varying with
respect to the performance perceived by the users. Hence, we
propose and investigate an adaptive TORC detection in which
ρTH is slowly adapted to the optimum value for the current set
of parametersγ, M , andNu, for a givenε.

B. Optimal TORC with Ideal Channel Estimation

In the case of ideal CSI (em = 0 in (4)), thenĥm = hm for
all m. Hence,ε = 0 and (26) becomes

ζ =
γ e

−
ρ2

TH
σ2

h

2Nu−1
M

(

e
−

ρ2
TH

2σ2
h − e

−
ρ2

TH
σ2

h

)

γ + Γ
[

0,
ρ2TH
2σ2

h

]
. (35)

For what concern the minimization of the BEP, the solving
equation giving the optimumρTH results:

ξ = 2

(

σ2
H

ρ2
TH

− e
ρ2

TH
2σ2

h Γ

[

0,
ρ2

TH

2σ2
h

])

. (36)

As can be observed, the expression ofξ as a function ofρTH

given by (32) is rather complex with respect to (36), thus the
evaluation of the optimum threshold is more complicated when
errors on the channel estimation occur. However, as will be
verified in Sec. VII-A, for several situation of interest, the

optimum threshold is almost the same in both cases, with
perfect and imperfect CSI. This means that a system designer
can adopt the value of the threshold in perfect CSI conditions
also in presence of channel estimation errors.

VI. B IT ERROR OUTAGE

In digital wireless communications where small-scale fading
is superimposed to large-scale fading (i.e., shadowing) [21],
another important performance metric is given by the BEO,
defined as the probability that the BEP exceeds a maximum
tolerable level (i.e., the target BEP,P ⋆b ) [15]:

Po , P{Pb > P ⋆b } = P{γdB < γ⋆dB} , (37)

whereγdB = 10 log10 γ, andγ⋆dB is the SNR (in dB) giving
the BEP equal toP ⋆b (i.e., Pb(γ

⋆) = P ⋆b ).
We consider the case of a shadowing environment in which

γ is log-normal distributed with parametersµdB andσ2
dB (i.e.,

γdB is a Gaussian RV with meanµdB and varianceσ2
dB). Hence,

the BEO results in

Po =
1

2
erfc

{
µdB − γ⋆dB√

2σdB

}

. (38)

By inverting (25), the target SINR giving a BEP equal to the
target BEPP ⋆b is

ζ
⋆

=
(
erfc−1{2P ⋆b }

)2
, (39)

where erfc−1 is the inverse complementary error function.
Hence, we derive the required SNR,γ⋆, as a function ofζ

⋆
,

ρTH, andη, as given by:

γ⋆ =
ζ
⋆
Γ
[

0,
ρ2TH

2σ2
h (1+ε)

]

(1 + ε)

[

f1(ε, ρTH)e
−

ρT H
σ2

h (1+ε) − 2ηζ
⋆
f2(ε, ρTH)

] ,(40)

that, in case of perfect CSI reduces to:

γ⋆ =
ζ
⋆

Γ
[

0,
ρ2TH
2σ2

h

]

e
−

ρ2
TH

σ2
h − 2ηζ

⋆

(

e
−

ρ2
TH

2σ2
h − e

−
ρ2

TH
σ2

h

) . (41)

The equation (40) (or (41) with perfect CSI) enables the
derivation of the optimalρTH which minimizes the required
SINR for a targetP ⋆b and a given system loadη. In addition,
given the target BEP and BEO, from (40) (or (41) with perfect
CSI) and (38) we obtain the required value ofµdB that is the
median value of the SNR; this is useful for wireless digital
communication systems design, since it is strictly relatedto
the link budget when the path-loss law is known.

ξ =

1
1+ε

(

2ρTH

σ2
h (1+ε)

f1(ε, ρTH)Γ[0,
ρ2TH

2σ2
h (1+ε)

] − 2f1(ε,ρTH)
ρTH

e
−

ρ2
TH

2σ2
h (1+ε) − f ′

1(ε, ρTH)Γ[0,
ρ2TH

2σ2
h (1+ε)

]

)

f ′
1(ε, ρTH)f2(ε, ρTH) − f1(ε, ρTH)f ′

2(ε, ρTH) − 2ρTH

σ2
h (1+ε)

f1(ε, ρTH)f2(ε, ρTH)
, (32)
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Fig. 2. BEP vs.ρTH varying the mean SNRγ, and the variance of the
channel estimation errors forM = Nu = 1024.

By fixing the target performance in terms ofP ⋆b , starting from
(26) and remembering the expressions ofη, we can derive the
relation betweenη, γ⋆, ρTH, andζ

⋆
as given by

η =
γ⋆f1(ε, ρTH)e−

ρT H
σ

2

h
(1+ε) − ζ

⋆

1+εΓ
[

0,
ρ2TH

2σ2
h (1+ε)

]

2ζ
⋆
γ⋆f2(ε, ρTH)

, (42)

that, in case of perfect CSI reduces to:

η =
γ⋆ e

−
ρ2

σ2
H − ζ

⋆
Γ[0, ρ

2

2σ2
h
]

2ζ
⋆
γ⋆
(

e
−

ρ2

2σ2
h − e

−
ρ2

σ2
h

) . (43)

VII. N UMERICAL RESULTS

In this section, numerical results related to the BEP and the
BEO for the downlink of MC-CDMA systems with optimized
TORC detection are provided and compared with those of
other combining techniques. Both ideal and non-ideal channel
estimation are considered in uncorrelated Rayleigh fadingas
well as in time and frequency correlated channels.

A. Non-Ideal Channel Estimation

We now present analytical results in the presence of channel
estimation error and we compare the BEP obtained with TORC
detector with the BEP given by MRC and EGC.

In Fig. 2, the BEP given by (25) as a function of the TORC
thresholdρTH, is presented when the system is fully loaded
with Nu = M = 1024 as a function of the mean SNRγ. The
optimum value ofρTH minimizing the BEP can be observed.
Moreover, the effect of channel estimation errors is shown and
compared with the case of perfect CSI (ε = 0). In particular,
a normalized variance of channel estimation errors,ε = 0,
10%, and 30% is considered. Note thatρTH strongly affects
the BEP: in fact, focusing on the curves related toγ = 10 dB
andε = 10%, a Pb ≃ 7.3 · 10−2 is given by adopting a value
of ρTH = 0 (ORC), whilePb ≃ 1.7 · 10−2 with ρTH = 0.2.
It is also important to observe that, in spite of the presenceof
channel estimation errors, the optimum value of the threshold

0 5 10 15 20
γ [dB]

10
−3

10
−2

10
−1

10
0

Pb

MRC
EGC
TORC, ρTH=0.2

ε=0,5%,10%,20%,30%

MRC

EGC

Fig. 3. BEP vs.γ in dB varying the variance of the channel estimation error
for M = Nu = 1024 with ρTH = 0.2. A comparison with MRC and EGC
techniques with perfect CSI is also reported.

8 10 12 14 16 18 20
γ [dB]

0.2

0.3

0.4

0.5

0.6

0.7

0.8

ρTH

NU=256
NU=512
NU=M=1024

ε=0,10%

ε=0,10%

ε=0,10%

Fig. 4. Optimum value ofρTH vs. γ in dB giving P ⋆
b = 10−2 when varying

the system load and the variance of the channel estimation error.

minimizing the BEP does not significantly change withε for
a given value of mean SNR. Hence, the optimum value ofρTH

for perfect CSI in (36) represents a good solution also in the
case of channel estimation errors.

In Fig. 3, the BEP as a function of the mean SNRγ, is
shown whenρTH = 0.2 varying the normalized variance of
the channel estimation errorsε. The system is assumed fully
loaded withNu = M = 1024. A comparison with MRC
and EGC techniques (these with perfect CSI) is presented. As
can be observed, TORC detection always outperforms MRC
also whenε is not zero. On the other hand, EGC outperforms
TORC detection for low values of mean SNR due to a sub-
optimum value of the threshold. In fact, as we can see from
Fig. 2, ρTH = 0.2 is optimum whenγ = 10 dB, but the
optimum value changes with the mean SNR. However, asγ
increases, TORC outperforms EGC.

In Fig. 4, the value of the thresholdρTH giving Pb = P ⋆b =
10−2 (which is a typical value for uncoded systems) is plotted
as a function of the mean SNRγ for fully loaded (Nu = M =
1024), half loaded (Nu = 512) and a quarter loaded (Nu =



8 IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. XX, NO. YY, MONTH2009

−25 −15 −5 5 15 25 35
ξ [dB]

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

ρTH

(opt)

analysis
simulationε=0, 5%, 30%

Fig. 5. OptimumρTH as a function ofξ: analytical and simulative results.
Simulations are for the case of perfect channel estimation.

256) system, when varyingε. The strong impact of the choice
of ρTH on the required SNR can be observed; this motivates
the fact that, to achieve the target BEP, a suitable value for
ρTH has to be chosen to avoid an unnecessary increasing ofγ.
Moreover, the low impact of the channel estimation error on
the choice ofρTH with respect to the case of perfect CSI can
be appreciated.

From (32) and (36), for the case of ideal and non-ideal
CSI, respectively, the evaluation of the optimum value ofρTH

is enabled for different combinations ofγ, M , andNu, that is
for different values ofξ, as reported in Fig. 5. In particular,
the figure states that if the system is noise-limited (lowξ),
an optimum TORC detector requires a value forρTH close
to 1, while, if the system is interference-limited (highξ), a
choice close to ORC (i.e.,ρTH = 0) is required. Monte Carlo
simulation results are also provided for the case of perfect
CSI, showing a perfect agreement on the optimumρTH and,
thus, validating our analysis.

B. Ideal Channel Estimation

In Fig. 6 we show the analytical BEP for TORC detection as
a function ofρTH for different values ofγ andM = Nu = 64.
Simulation results are also given showing the goodness of the
presented approach even for a moderate number of subcarriers.
Analysis and simulation are in good agreement especially
for what concern the value ofρTH providing the minimum
BEP. Moreover, it can be noticed that the choice of the
optimum value ofρTH guarantees a significant performance
improvement (which appears more relevant as the mean SNR
increases) confirming the literature [11], [12], [14], [18]. Note
also that, by increasing the mean SNR,γ, the effect of
noise becomes negligible, thus, the optimum value of the
threshold minimizing the BEP approaches zero (remember, in
fact, that the threshold is chosen to neglect those subchannels
contribution highly corrupted by the noise).

In Fig. 7 the performance improvement of an adaptive
TORC detector with respect to classical EGC and fixed TORC
(with thresholdρTH = 0.25 and ρTH = 0.4) is shown for

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
ρTH

10
−3

10
−2

10
−1

10
0

Pb

simulation
analysis

γ=5dB

γ=10dB

γ=12.5dB

Fig. 6. Analytical and simulated BEP as a function of the thresholdρTH for
different values of mean SNRγ, andM = Nu = 64.

0 5 10 15 20
γ [dB]

10
−4

10
−3

10
−2

10
−1

10
0

Pb EGC
TORC, ρTH=0.4
TORC, ρTH=0.25
PC, β(opt)

TORC, ρTH

(opt)

MMSE

Fig. 7. BEP as a function of the mean SNRγ in dB for a fully loaded system
(Nu = M = 1024), when EGC, TORC detector with optimum threshold,
TORC with threshold fixed to0.25 and0.4, optimum partial combining and
MMSE are investigated.

a fully-loaded system (Nu = M = 1024) at various SNRs.
The BEP for MMSE detection from [23] is also plotted for
further comparison. Note that MMSE represents the optimum
among the linear combining techniques always providing the
better performance and it is less than1 dB away from what
obtained using TORC with the optimumρTH. Hence, an
adaptive TORC detector allows to obtain performance very
close to the optimum but more complex MMSE. For further
comparison, the BEP is also plotted for the partial combining
(PC) technique presented in [19] with optimum parameterβ
and it can be observed that TORC outperforms PC as the SNR
increases, when the optimal threshold is used.

The case of time and frequency correlated fading channels
is considered in Fig. 8, where the simulated BER is plotted
as a function ofρTH when Nu = M = 64 for the SUI-
1 three-rays channel model [24] (on the three rays: delays
0, 0.4, and 0.9µs; attenuation 0, 15, and 20 dB referred
to omnidirectional antennas; Ricean factor 4, 0, 0; Doppler
spectrum 0.4, 0.3, 0.5 Hz, respectively). Different valuesof
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Fig. 8. Simulated BER vs.ρTH in time and frequency correlated SUI-1
channel varying the mean SNRγ whenNu = M = 64.

mean SNR,γ, are considered. As can be observed, the BER
achieved in this kind of correlated fading channel is inferior
to that of uncorrelated fading presented in Fig. 6. Moreover,
there is still an optimum value for the threshold giving the
minimum BER and this value almost agree with the optimum
one in uncorrelated fading. This is an important aspect which
highlights how the proposed framework enables to obtain a
good value of the TORC threshold also in these kinds of
channel.

In Fig. 9, the BEO as a function of the median SNR,µdB, is
reported in uncorrelated fading channel for target BEPP ⋆b =
10−2 and different system loads when TORC with optimum
ρTH or EGC are adopted in log-normal shadowing withσdB =
8. Fully loaded EGC is not considered since it can not reach
the target performance in the considered range forµdB. In fact
η = 67% is the maximum tolerable load which guarantees
P ⋆b = 10−2 with EGC (by adopting MRC,P ⋆b = 10−2 can
be reached with a maximum system loadη = 18%). It can
also be observed that, while the BEO is quite sensitive to
the system load for EGC, it is quite insensitive adopting the
optimum threshold (i.e., adaptively changingρTH to µdB and
η variations).

By fixing both BEP and BEO, our framework enables the
derivation of the required median SNR for various system
loads. As an example, in Fig. 10, the value ofµdB required
by different combining solutions to obtain a target BEP equal
to 10−2 and a target BEO equal to1% and 5%, is plotted
versusη for σdB = 8. These results show a strong impact
of the ρTH choice on the requiredµdB. In particular, when a
TORC detector is adopted, the use of the optimum value of
ρTH, following the system load variations, always provides the
better performance with respect to a fixed values ofρTH such
as 0.15 or 0.25. The EGC provides the better performance
only for low values ofη and it is significantly outperformed
by adaptive TORC when the system load increases.

5 15 25 35
µdB [dB]
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EGC,η=67%
EGC,η=50%
ρTH

(opt)
,η=100%

ρTH

(opt)
,η=67%

ρTH

(opt)
,η=50%

Fig. 9. Po vs. µdB for P ⋆
b = 10−2, andσdB = 8 varying the system load

η: comparison among TORC with optimum use ofρTH and EGC.
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Fig. 10. µdB vs. η for P ⋆
b = 10−2 and Po = 1% and 5%: comparison

among TORC with optimum use ofρTH, TORC with fixedρTH equal to0.15
and0.25, and EGC.

VIII. C ONCLUSION

In this paper we analyzed the downlink of a MC-CDMA
system with TORC detector at the receiver side and evaluated
the performance, in terms of both BEP and BEO, with ideal
and non-ideal channel estimation. We derived the value of
the TORC threshold that optimizes the BEP, showing a non-
negligible performance improvement with respect to both the
traditional TORC detection with fixed threshold and other
linear combining techniques, such as EGC and MRC. We
evaluated the optimal threshold as a function of other system
parameters, as the number of subcarriers, the number of
active users, and the mean SNR averaged over small-scale
fading. This opens the way to an adaptive variation of the
threshold following slow processes variations. Adaptive TORC
significantly improves the performance in fast fading and log-
normal shadowing conditions. Moreover, the developed analyt-
ical framework allows to assert that the optimum value of the
TORC threshold does not significatively change considering
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perfect or imperfect CSI, meaning that a system designer
can adopt the optimum value of the threshold in perfect CSI
conditions also with channel estimation errors. The results are
also compared with simulations confirming the validity of the
analytical framework. Both uncorrelated and correlated fading
channel models have been considered.

APPENDIX

TEST STATISTICS WITH CHANNEL ESTIMATION ERROR

We evaluate the following expressions: (i)E {Θ(ρTH)}; (ii)
E
{
α̂−2u2(α̂− ρTH)

}
; (iii) E

{
Θ2(ρTH)

}
; where Θ(ρTH) =

u(α̂− ρTH)αα̂−1 cos(ϑ− ϑ̂) and α̂ is Rayleigh distributed:

pα̂(x) =
x

σ2
h + σ2

e
e
− x2

2(σ2
h +σ2

e ) . (41)

Themth estimated complex channel coefficient isĥm = hm+
em. By decomposing in the real and imaginary parts (hm =
Xm+jYm andem = Xem +jYem , with j imaginary unit), and
sincehm andem are zero mean complex Gaussian distributed,
thenXm andYm, Xem andYem result zero mean Gaussian
distributed with varianceσ2

h andσ2
e , respectively.

For what concern the evaluation ofE {Θ(ρTH)}, it can be
written as in (42) at the bottom of this page. By defining now
the variablesX̃ = X+Xe andỸ = Y +Ye, they are the sum
of independent zero mean Gaussian RVs, thus distributed as

X̃, Ỹ ∼ N
(
0, σ2

h + σ2
e

)
, (43)

then, E
{

X̃Ỹ
}

= 0, E

{

X̃Xe

}

= σ2
e and E

{

Ỹ Ye

}

= σ2
e .

Hence, (42) becomes

E {Θ(ρTH)} = A1 −A2 ,

where (ε = σ2
e/σ

2
h):

A1 = E {u(α̂− ρTH)} =

∫ ∞

ρTH

pα̂(x)dx = e
−

ρ2
TH

2σ2
h (1+ε) . (44)

For what concern the termA2, by passing from cartesian to
polar coordinates, thus by definingr ,

√

X̃2 + Ỹ 2, φ′ =
arctg(Ỹ /X̃), re ,

√

X2
e + Y 2

e andφe = arctg(Ye/Xe), then
it can be written as in (45). By considering that

∫ 2π

0

∫ 2π

0

cos(φ− φe)e
rre cos(φ−φe)

2σ2
h dφdφe = 4π2I1

(
rre
2σ2

h

)

with I1(·) being the modified Bessel function of the first kind
and order one, then:

A2 =

∫ +∞

ρTH

e
− r2

2σ2
h

∫ +∞

ρTH

r2e
e
−

„

1

2σ2
h
+ 1

2σ2
e

«

r2e

σ2
e(σ2

h − σ2
e)

I1

(
rre
2σ2

h

)

dredr

≃
∫ +∞

ρTH

e
− r2

2σ2
h





σ2

eσ
2
h · r · e

r2σ2
e

8σ2
h (σ2

h +σ2
e )

2(σ2
h − σ2

e)(σ2
h + σ2

e)2




 dr

=
4σ4

hσ
2
ee

−
ρ2

TH(4σ2
h +3σ2

e )

8σ2
h (σ2

h +σ2
e )

2(σ2
h − σ2

e)(σ2
h + σ2

e)(4σ2
h + 3σ2

e)
.

Finally we can write:

E {Θ(ρTH)} = e
−

ρ2
TH

2σ2
h (1+ε) − 2εe

−
ρ2

TH(4+3ε)

8σ2
h (1+ε)

(1 − ε2)(4 + 3ε)
. (46)

For what concern the second term to be evaluated:

E
{
α̂−2u2(α̂− ρTH)

}
=

1

2(σ2
h + σ2

e)
Γ

[

0,
ρ2

TH

2(σ2
h + σ2

e)

]

=
1

2σ2
h(1 + ε)

Γ

[

0,
ρ2

TH

2σ2
h(1 + ε)

]

, (47)

beingΓ[0, x] the incomplete Euler Gamma function.
The termE

{
Θ2(ρTH)

}
is given in (48), whereA3 = A1,

whereasA4 andA5 are evaluated in the following. By chang-

E {Θ(ρTH)} = E

{

u(α̂− ρTH)αα̂−1 cos(ϑ− ϑ̂)
}

= E

{

u(α̂− ρTH)αα̂−1(cosϑ cos ϑ̂+ sinϑ sin ϑ̂)
}

= E

{

u(α̂− ρTH)
√

X2 + Y 2
(√

(X +Xe)2 + (Y + Ye)2
)−1 X(X +Xe) + Y (Y + Ye)√

X2 + Y 2
√

(X +Xe)2 + (Y + Ye)2

}

= E
{
u(α̂− ρTH)[(X +Xe)

2 + (Y + Ye)
2]−1[X(X +Xe) + Y (Y + Ye)]

}
. (42)

A2 = E

n

u(α̂ − ρTH)(X̃2 + Ỹ
2)−1(X̃Xe + Ỹ Ye)

o

=

Z +∞

ρTH

Z +∞

ρTH

Z +∞

ρTH

Z +∞

ρTH

(X̃2 + Ỹ
2)−1(X̃Xe + Ỹ Ye)

×
e
− 1

2
[ 1

σ2
h

(X̃2+Ỹ 2)− 1

σ2
h

(X̃Ye+Ỹ Xe)+( 1

σ2
h

+ 1
σ2

e
)(X2

e+Y 2
e )]

4π2σ2
e (σ2

h − σ2
e )

dX̃dXedỸ dYe

=

Z +∞

ρTH

Z +∞

ρTH

Z 2π

0

Z 2π

0

r
−2

rre cos(φ − φe)
e
−

"

r2

2σ2
h

+

 

1
2σ2

h
+ 1

2σ2
e

!

r2
e

#

4π2σ2
e (σ2

h − σ2
e )

e

rre cos(φ−φe)

2σ2
h rredrdredφdφe

=

Z +∞

ρTH

Z +∞

ρTH

r
2
e

e
−

"

r2

2σ2
h

+

 

1

2σ2
h

+ 1
2σ2

e

!

r2
e

#

4π2σ2
e (σ2

h − σ2
e )

 Z 2π

0

Z 2π

0

cos(φ − φe)e
rre cos(φ−φe)

2σ2
h dφdφe

!

drdre . (45)
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ing coordinates into polars, we can write

A4 =

∫ +∞

ρTH

r−1e
− r2

2σ2
h (49)

×






∫ +∞

ρTH

r3e
e
−

„

1

2σ2
h
+ 1

2σ2
e

«

r2e

σ2
e(σ2

h − 2σ2
e)

I1

(
rre
2σ2

h

)

dre






︸ ︷︷ ︸

A′

4

dr ,

where

A′
4 ≃

√
πσ2

ere
σ2

e r2

16σ2
h (σ2

h +σ2
e )

4
√

1
2σ2

h
+ 1

2σ2
e
(2σ2

h + 2σ2
e)3

×
{

12σ4
h + 12σ2

hσ
2
e + σ2

er
2

σ2
h − σ2

e
· I0
[

σ2
er

2

16σ2
h(σ2

h + σ2
e)

]

+
4σ2

h + 4σ2
hσ

2
e + σ2

er
2

σ2
h − σ2

e
· I1
[

σ2
er

2

16σ2
h(σ2

h + σ2
e)

]}

.

ThenA4 results in (50), with

C =

√
π · ε

√
1+ε
2σ2

e
4σ4

h(1 − ε)(1 + ε)2

B1 ≃ 3σ3
h

2

√

2

π
K

(
ε

4(1 + ε)

)

= 3σ2
h

√
π

(
8 + 7ε

σ2
h(1 + ε)

)−1/2

2F1

[
1

4
,
3

4
, 1,

ε2

(8 + 7ε)2

]

B2 ≃ ε

(1 + ε)

2
√
π 2F1

[
3
4 ,

5
4 , 1,

ε2

(8+7ε)2

]

(
8+7ε

σ2
h (1+ε)

)3/2

B3 ≃
√
πσ2

eσh

4(8 + 7ε)

√

1 + ε

8 + 7ε
2F1

[
3

4
,
5

4
, 2,

ε2

(8 + 7ε)2

]

B4 ≃ 3
√
πε2

2(1 + ε)

2F1

[
5
4 ,

7
4 , 2,

ε2

(8+7ε)2

]

(8 + 7ε)
(

8+7ε
σ2

h (1+ε)

)3/2
,

being I0 the modified Bessel function of the first kind and
order zero,K(m) the complete elliptic integral of the first
kind, and2F1[a, b, c, z] the hypergeometric function.

By following the same procedure applied toA4 also for the
termA5, we obtain

A5 =

∫ +∞

ρTH

e
− r2

2σ2
h

∫ +∞

ρTH

r2e
e
−

„

1

2σ2
h
+ 1

2σ2
e

«

r2e

σ2
e(σ2

h − σ2
e)

I1

(
rre
2σ2

h

)

dredr

≃
∫ +∞

ρTH

e
− r2

2σ2
h





σ2

eσ
2
h · r · e

r2σ2
e

8σ2
h (σ2

h +σ2
e )

2(σ2
h − σ2

e)(σ2
h + σ2

e)2




 dr

=
2σ4

hσ
2
e

(σ2
h − σ2

e)(σ2
h + σ2

e)(4σ2
h + 3σ2

e)
e
−

ρ2
TH
8

„

3

σ2
h
+ 1

σ2
h +σ2

e

«

=
2ε

(1 − ε2)(4 + 3ε)
e
−

ρ2
TH
8

„

4+3ε

σ2
h (1+ε)

«

. (51)

Hence,

E
{
Θ2(ρTH)

}
≃ A3 +A4 − 2A5 . (52)

E
˘
Θ2

l (ρTH)
¯

= E

n

u
2(α̂ − ρTH)α2

l α̂l
−2 cos2(θl − θ̂l)

o

= E

n

u
2(α̂ − ρTH)(X̃2 + Ỹ

2)−2[(X̃2 + Ỹ
2) − (X̃Xe + Ỹ Ye)]

2
o

= E

n

u
2(α̂ − ρTH)(X̃2 + Ỹ

2)−2[(X̃2 + Ỹ
2)2 + (X̃Xe + Ỹ Ye)

2 − 2(X̃2 + Ỹ
2)(X̃Xe + Ỹ Ye)]

o

= E
˘
u

2(α̂ − ρTH)
¯

| {z }

A3

+ E

n

u
2(α̂ − ρTH)(X̃2 + Ỹ

2)−2(X̃Xe + Ỹ Ye)
2
o

| {z }

A4

−2 E

n

u
2(α̂ − ρTH)(X̃2 + Ỹ

2)−1(X̃Xe + Ỹ Ye)
o

| {z }

A5

, (48)

A4 ≃

C
z }| {√

πσ2
e

q
1

2σ2
h

+ 1
2σ2

e
(2σ2

h + 2σ2
e )2(σ2

h − σ2
e )

Z +∞

ρTH

e
− r2

2σ2
h

 

1−
σ2

e
8(σ2

h +σ2
e )

!

×

„
3

2
σ

2
h +

σ2
er2

8(σ2
h + σ2

e )

«

I0

»
σ2

er2

16σ2
h (σ2

h + σ2
e )

–

+

„
1

2
σ

2
h +

σ2
e r2

8(σ2
h + σ2

e )

«

I1

»
σ2

er2

16σ2
h (σ2

h + σ2
e )

–ff

dr

= C ·

8

>>>>><

>>>>>:

B1
z }| {

Z +∞

ρTH

3

2
σ

2
he

− r2

2σ2
h

 

1−
σ2

e
8(σ2

h +σ2
e )

!

I0

»
σ2

e r2

16σ2
h (σ2

h + σ2
e )

–

dr +

B2
z }| {

Z +∞

ρTH

σ2
er2

8(σ2
h + σ2

e )
e
− r2

2σ2
h

 

1−
σ2

e
8(σ2

h +σ2
e )

!

I0

»
σ2

e r2

16σ2
h (σ2

h + σ2
e )

–

dr

+

B3
z }| {

Z +∞

ρTH

1

2
σ

2
he

− r2

2σ2
h

 

1−
σ2

e
8(σ2

h +σ2
e )

!

I1

»
σ2

e r2

16σ2
h (σ2

h + σ2
e )

–

dr +

B4
z }| {

Z +∞

ρTH

σ2
er2

8(σ2
h + σ2

e )
e
− r2

2σ2
h

 

1−
σ2

e
8(σ2

h +σ2
e )

!

I1

»
σ2

e r2

16σ2
h (σ2

h + σ2
e )

–

dr

9

>>>>>=

>>>>>;

(50)
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