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Abstract. The fundamental notion of separability for commutative alge-
bras was interpreted in categorical setting where also the stronger notion
of heavily separability was introduced. These notions were extended
to (co)algebras in monoidal categories, in particular to cowreaths. In
this paper, we consider the cowreath (A ® HJ¥, Ha, 1), where Hy is the
Sweedler 4-dimensional Hopf algebra over a field k and A = Cl(«, 3,7)
is the Clifford algebra generated by two elements G, X with relations
G* = a, X? = Band XG4+ GX = v, (o, 3,7 € k) which becomes
naturally an Hs-comodule algebra. We show that, when char (k) # 2,
this cowreath is always separable and h-separable as well.
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1. Introduction

The general theory of separable algebras over commutative rings was intro-
duced by Auslander and Goldmann [1] . This fundamental concept has many
applications in almost all areas of algebra (cf. [10]). The classical notion of
separability for algebras over commutative rings can be interpreted in cat-
egorical terms. This was done in [13] where the notion of separable functor
was introduced and investigated. Recently, motivated by an example related
to the tensor algebra, in [2], a stronger version of separable functor, called
heavely separable, was introduced and investigated.
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The notion of separability can be extended to (co)algebras in monoidal
categories (see [6]). In [12], we investigated h-coseparable coalgebras in
monoidal categories. In particular, we showed that, for a (strict) monoidal
category C with ®@-generator unit object, the forgetful functor F' : C¢ — C is
(heavily) separable if and only if the coalgebra C is (heavily) coseparable i.e.
there exists a morphism B : C' ® C' — 1 in C such that conditions

(C@B)o(A®(C)=(B®(C)o(C®A) (Casimir condition) (1)
B A = ¢, (normalized condition) (2)
(Be®B)- (CoA®C) (3)
=B-(C®e®C) (h-coseparability condition)

hold.

Given an algebra A in a monoidal category C one can construct a new
category Tf. The objects of this category are pair (X, ), where X is an
objectin Cand ¢ : X ® A — A® X is a morphism in C compatible with alge-
bra structure of A. A triple (A, X, ) is called a cowreath in C if (X, ) a coal-
gebra in Tj’é . This is a kind of generalized entwined structure (as introduced
by Brzezinski in [3] in order to develop Galois theory for coalgebras) and its
module category, the category C (z/J)i‘( of entwined modules over cowreath,
include other well-know structures such that relative Hopf modules, Doi—
Hopf modules and Yetter-Drinfeld modules. This structure is fundamental
for developing a Galois theory for quasi-Hopf algebras (see details in [8]).
In [9], separable functors for the category of Doi-Hopf modules were stud-
ied and generalizations for cowreath have been given in [4,5] and for Galois
cowreath in [7]. Then the h-separability was considered in [12]. We proved (
[12, Theorem 3.6]) that for a cowreath (A, X,v) in C, the h-separability of
the forgetful functor F' : C¢ — C is equivalent to the h-separability of the
coalgebra (X, ) in Tf.

In this paper, we continue the study of cowreaths constructed on two-
sided Hopf modules (see [5]). Namely, let H be a Hopf algebra over a field k
and let A be a right H-comodule algebra. Thus A ® H°P is a right H @ H°P-
comodule algebra and H is a H® H°P-module coalgebra and we can construct
a cowreath (A ® H°P, H) in the category of k-vector space. In [12, Theorem
5.1], we determined the separability and h-separability of a cowreath (A ®
He°P H ).

In [11], A. Masuoka classified cleft extensions for the H = Hy the
Sweedler 4-dimensional Hopf algebra over a field k. Naturally, the k-algebra
A = Cl(a, 3,7) generated by two elements G, X and relations G? = a,
X? = 3and XG+GX =+, a generalization of the Clifford algebra appeared
(note that the usual 4 -dimensional Clifford algebra is one of this type).

We shown that the cowreath (A ® H°P, H,4) is always separable and
h-separable. Namely in Theorem 1 (resp. in Theorem 2) we determine all the
conditions the bilinear form B should satisfy.
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2. Preliminaries

In the following we will adopt all definitions and notations in [4] except for
the unit of an algebra A, that we will denote by u : 1 — A.

Let C be a (strict) monoidal category and let (A4, m,u) be an algebra in
C. Recall that a (right) transfer morphism through A is a pair (X,v) with
X € C and

PV: X®A—A® X inC
such that
Yo(X@m)=(X@m)o(A®y)o (Y ® A)
Ypo(X@u)=u®X
The category ’Tf has objects the right transfers. A morphism f: X — Y in
Tj is a morphism f: X — A®Y in C such that
(meY)o(A®@ floyp =(m@Y)o(A®¢)o(f®A)
The composition of two morphisms f: X - Y andg:Y — Z in Tj is
gof=(meZ)o(Aag)of
and
dixy) =u®X.
The tensor product of (X, ¢x) and (Y, 1y ) is
X®Y =(XoY,¢vx Oy = (hx ®Y) o (X @ ¢y))
The tensor product of f: X — X' andg:Y — Y’ is
feog=moX' @Y)o(Agyx @Y')e(f@g).
The unit object is
(l,r;l 0lg: 1A — A®l)
Recall also that a cowreath in C is a triple (A, X,1) where A is an algebra in
C and (X,v) is a coalgebra in Tj. This means that (X, ) € Tj and there
are morphisms

0: X—-AxX®Xande: X — A

such that
MRX®X)o(A®Y®X)o(AX®Y)® (0® A)
=Mme®X®X)o(A®d) o (4)
i.e. § is a morphism in Tf
MRIX®XXRX)o(ARI® X)od
=MmMIXRIXRX)o(ARYRXR®X)o(A®X®d)od  (5)

coassociativity
mo(A®e)oy =mo(e® A) ie. e is a morphism in Tf (6)
(mMRX)o(A®e® X)od =u® X left counit property (7)
(m®X)o(A®Y)o (AR X ®e)od ()

= u ® X right counit property
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We also recall that an entwined module over a cowreath (A, X, ) is a pair
(M,p: M — M ® X) where (M, 1) € C4 satisfying
(p@X)op=(t®X ® X)o(M®?J) o p coassociativity
wo (M ®e)op=1dy counitality
popu=(p®X)o(M®ip)o(p® A) A-linearity

A morphism between entwined modules is a A-linear morphism f : M — N
such that (f® X)op=po f.

The category of entwined modules will be denoted by C (w)f .

Let H be a Hopf algebra, A a right H-comodule algebra. A ® HP is a
right H ® H°P-comodule algebra with

pagHor : AQHP - AQ HP @ H® HP,
paguer(a®h) = (a0 ® h1) ® (a1 ® ha).
H is a right H ® H°P-module coalgebra via
h(n@n”) =n"nw
and H can be seen as a coalgebra in M yggor=p M. We consider
VvV HRARHP? - AQ H? @ H
h®a®@1°P — ag®1l; @ laha;.
Then (H,v) € Tj®HW and (H,1) is a coalgebra in Tj®HW via
0 :H—-AQHP?RH®H
d(h) =14®1g @ h1 @ hy
e :H—A® H?
e(h) =eg(h)1a® 1y
The category of Doi-Hopf modules M(H @ H "p)f® pop 18 isomorphic to the
category g M1 of two-sided (H, A)-bimodules over H.
A Casimir morphism consists of a k-linear map B: H @ H — A ® H°P

with the following properties:
1. Casimir condition

Magror © (AR H? @ B)o (v ® H) o (H ®1)
= (maguor @H)o (AR HP? @) o (AQ HP R H® B)o (6 ® H)
2. Morphism condition
i.e. B is a morphism in Tf®HOP:
Mmagmer © (B® A® HP)
=magmer 0 (AQHP @ B)o(p @ A® H) o (H Q1)

and we consider also the condition
3. Normalized condition

MagHor 0 (AQHP Q@ B)od =¢

We denote by H4 the Sweedler 4-dimensional Hopf algebra. It is gener-
ated by g, z with the relations g? = 1y, 22 = 0 and xg = —gx. The coalgebra
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structure is given by A(g) = g®g, A(z) = z®g+1y®x,€e(9) = 1 and e(x) = 0
and the antipode S(g) = g, S(x) = gz. It is well-know that ¢t = x + gz (resp.
r=ax — gx) is left (resp. right) integral in Hy.

We consider the Clifford algebra A = Cl(«, 3,7) generated by G, X
with the relations G? = «a, X? = 8 and XG+GX = ~ . This Clifford algebra
is a right H = Hy-comodule algebra via 1, — 1, ® 1y,G - G® g, X —
X®g+14®a.

The comultiplication on H4 can be written:

q
Algha) = ge @ gl
1=0
Let H = Hy and A = Cl(«a, 3,7). The H-coaction on A is given by:

q
pa(GPX9) = Z GPXi ' w ngrqflxl
1=0
The bilinear form B: H® H — A® H is given h@ h/ — B(h, h') where
in term of bases
B(g'z’ ® ¢*a') =
1
= Y B(g's) ®ghaliG" X", gPa) G X" ® gPat
m,n,p,q=0
for 0 <i,j5,k, 1 <1.

3. Normalized Condition

The normalized condition is

B(h1 X hg) = E(h)lA ® 1y for all h € Hy.

Hence
B(lg®1lyg) =14 ® 1H, 9)
Bg®g) = 1A ® 1, (10)
B(z®g)+B(ly @) = (1)
B(gz® 1)+ B(g® gz) = (12)

4. Casimir Condition
The Casimir condition is
Magrer 0 (AQHP @ B)o (Y @ H)o (H®1y) =
= (maggor H) o (AQHP )0 (AQH?®H®B)o(d® H)
Thus we get
(magaer @ H) o (AQ H? @ ¢) 0 (A® H” @ H® B))
o (0® H)(g'2’ @ g*a') =
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= (maguer @ H) o (AQ H? ®¢)o (A® H” @ H® B))

MQ

< la®lg®g'a’™ a®gz+3aa®9x>
a=0

= (mA®Hop ®H)O(A®H0p®1/))
0

a=

<

(1a® 1y ®g¢'27"* @ B(g"H 2" @ ¢*h))

g 1
=2 3 (mueww OH) (AR HT &)

m,n,p,q=0
(1a®1lg ®g'a? " @ B(g™a" @ g"x%q; G772 X%, g 2l) (G X" ® gPa?))
Now we compute (g2~ @ G™X" @ gPx?). We have

n

pA(Gan) — ZGan—b ® gm+n—bxb

b=0
and
q
A(gPat) = ngxq—c ® gp-l-q—cxc.
c=0
Hence

blg'a? ™" © GX" @ g"a")

n
ZZGan b®gpxq c®gp+q cxcgzx] angrn b b
b=0 c¢=0
n q
ZZ zc+ (c+j—a)(m+n— b)Gan b ® g Pd—c ®
b=0 c¢=0
® gp+qfc+i+m+nfbxc+jfa+b'

Finally the left side of the equation is:

J 1 n q
> Y E BT o gt g
a=0m,n,p,q=0 b=0 c¢=0
Ganfb ® gpxqfc ® gp+qfc+i+m+nfb$c+jfa+b

where o = ic+ (¢ +j —a)(m+n—b).
The right side of the equation is:

(maguer @ H) 0o (AQ HP @ Be H)o (v ©@ H® H) o (H ®4)
(9'a" @ g*a')
!

= (Magner ® H) o (A® H” @ B® H)
a=0

c(p@H@H)(g'2? ®14® 1y @ g"2! =" @ gFt'~a)
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l
— Z(mA@)HW @H)o (A H? @ B® H)(Y(g's? @ 14 @ 1g)

a=0
®gkxl—a ®gk+l—axa)
1
= (macus ® H) o (A® H? @ B® H)
a=0
(1a®1lp ®g'a? @ g"al~" @ g" 1= "a")
l

= Z(mA(X)HOP ® H)(lA ® 1H ® B(glajj X gkajl a) ® gk-H—axa)
a=0

= Z Z B(gmx” ® gPxlq; Gin,gkifl_a)Gan ® P27 ® g’”l_“x“
a=0m,n,p,q

The final equation is:

J 1 n q
> Y 3BT gt G g
a=0m,n,p,q=0 b=0 c=0
Gan—b ® gpxq—c ® gp+q—c+i+m+n—bxc+j—a+b

= Z Z B(¢'z? @ gkal=e,GmX™, gPx)G™ X"
a=0m,n,p,q=0
®gpxq ® gk-‘rl—axa
where a =ic+ (c+j—a)(m+n—>).
Now we are going to consider the sixteen occurrences of (i, j, k, 1) which will
be subdivided in groups sharing the same ¢ and j.
4.1. Caset =1,5 =0
The left side of the equation is

Z ZZ ong®gkxl Gangxq)Gan b®gpxq (‘®
m,n,p,q=0 b=0 ¢=0
® gm+n+p+q—c—b+1xc+b

where o = ¢+ ¢(m 4+ n — b). The terms with third component 1y are in the
sum

Z Z Z 1)*B(g @ gkzl; GMX™, gPx)G™ X" @ gPri¢ @
m,n,p,q=0 b=0 c=0
® gm+n+p+q—c—b+1mc+b

withc+b=0ie.c=b=0and m+n+p+qg=1,3. Then « = 0 and we
obtain
1
Z B(g® gFz!; GmX™ gPx)GM X" @ gPxl @ 1. (13)
m,n,p,q=0,
ptHg+m+n=1
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The terms with third component g are in the sum

1 n q
Z ZZ(—l)aB(g®gk$l;Gan7gp$q)Gan_b®gp.’17q_c
m,n,p,q=0 b=0 c=0
®gm+n+p+q—c—b+1xc+b

with c+b=0and m+n+p+q=0,2,4. Then « = 0 and we obtain
1
> B(gegthGmX" gPa)GmX T @ gPrl @ yg (14)
m,n,p,q=0,
p+g+m+n=0

The terms with z as the third component are in the sum

1 n q
Z ZZ(—l)aB(g®gk$l;Gan7gpl‘q)Gan_b®gp.’)3q_c
m,n,p,q=0 b=0 c=0
®gm+n+p+q—c—b+1xc+b

there are two cases:
eb=1,¢=0, then n =1 and the sum m + p + ¢ = 1, 3. Therefore the
sum simplifies

1
Z B(g® ¢"a";G™X, gPx")G™ @ gPal @ a

m,p,q=0
= B¢ ,GX, 1) Gl @2+ Blge ¢z, X, g)la@g@z +
—|—B(g®gkxl;X,x)1A ®x®x+B(g®gkxl;GX,gx)G®gx®x

e b=0, c=1, then ¢ =1 and the sum m + n + p = 1, 3. Therefore the
sums simplifies
1

> (=)™ HB(g @ ¢Fad; G X, gPa) G X @ g @
m,n,p=0
=Blg® ¢ G 2) 0ol @z + Blgedd: X, o)X @1y @z +
—Blg® g*ali14,90)1p @ g® 2 — B(g® ¢*2',GX,92)GX @ g @ z
Hence we get
[Blg®g"2';X,9) - Blg® g*a's1a,92)| la@g@
+B(g® gl X, x)lp @z @ a +
+[Blg® g"2" GX,1p) + Blg® g*¢",G,2)| G@ 1y @
+B(g® g"2'; GX, g2)G @ gz @ x +
+B(g@ g X, 0)X @l
—B(g®¢*2";GX,g2)GX @ gz (15)
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The sums of the terms with gz in the third component appear with ¢+b =1
andp+qg+m+n=1,3,

1 n

q
Z ZZ g®g b ;GMX" gPa?)

m,n,p,qg=0, m+n+p+q¢=0,2,4 b=0 c=0
Gan—b ® gpxq—c ® gz

There are two cases:
ehb=1and c=0,thenn=1and aa =0.

1
Z B(g® g"z';G™X, gP2")G™ @ g'x? @ g

m,p,q=0,
m+p+q=0

we obtain
Blg® g"z'; X, 15)14 ® 1y ® gz + B(g ® "2, GX, )G ® g @ g
+B(g®gkxl GX, x)G®x®gm+B(g®gkx X, 92)la ® gz ® gx
ec=1land b=0,theng=1and a=1+m+n.

1
Z (_1)m+n+1B(g ®gk$l;Gan,gp$)Gan ®gp ® gx

m,n,p,q=0,
p+m+n=1,3

and we get

—B(g®g"2'14,2)14 @1y ® gz — B(g® ¢"2"; GX,2)GX @ 1y ® gz
+B(g @ g"2'; G, g2)G © g © gz + B(g @ ¢*a'; X, g2) X © g @ ga
Therefore the terms in gz in the third component are
[Blg® g"z X, 1y) — B(g ® g*a';14,2)] 14 ® 1y @ g

+B(g @ g"¢'; X, g)1a © g @ gz +

+ [B(g@gk:vl;GXg) + B(g®gkml;G,gx)} G®gRgr

+B(g® ¢* 2", GX,2)G ® z @ gx

+B(g @ g" ¢! X, g2) X ® g ® gx — B(g © g"2; GX,2)GX @ 1y © g

(16)

41.1. i =1,j = k =1 = 0. This corresponds to B(g ® 1x).

Z ZZ g@lH,Gan g gjq)Gan b®gpxq c

m,n,p,q=0 b=0 c=0
®gm+n+p+q—c—b+1xc+b

1
Z Blg®1g;G"X", gP2)G" X" @ ¢P2! @ 1y
m,n,p,q

where a = ¢+ ¢(m +n —b).
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By looking at the terms with 15 in the third component and using (13)
we obtain

Blg®1y;Gm X", gP2?) =0 whenpF+qg+m+n=0 (17)

By considering the terms with ¢ in the third component and using both
(14) and (17) we realize that they are already zero. The same holds for terms
with z in the third component. For the terms with gz in the third component
we get, in view of (16)
B(g®1y; X, 1p) = B(g® 1g;1la,2) =0
B(g®1p;GX,9)+ B(g®1m;G,gz) =0
Blg®1y;X,92) =0,B(g®1y;GX,2) =0
Blg®1y; X, gr) =0,B(g®1g;GX,x) = 0.

Finally, we obtain

Blg1ly)=B(g®1lg;la,z)la®g+B(gR1ly;la,x)la®x
+B(g®1H;1A,x)X®1H+B(g®1H;G,1H)G®1H
+B(g®1p;G,92)G®gr — B(g®1p;G,g2) GX ®yg

(18)

41.2. i=1,5 = 0,k = 0,1 = 1. This corresponds to B(g ® x).

1 n q
S S S (1) B(g @ GRX, Pt G X
m,n,p,q=0 b=0 c¢=0

®gpxq—c ® gm+n+p+q—c—b+1$c+b

1
= Z Blg@z;G" X", gP2)G" X" @ g2 ® g

m,n,p,q

1
+ Z B(g®1y;G™X", gP21)G"X" ® gP2? @
m,n,p,q
where a = ¢(1 + m +n — b). By looking at the terms with 1y in the third
component and using (13) we obtain
Blgz;G"X", gPx?) =0form+n+p—+q=1. (19)
Using this relation a straightforward computation, similar to the previous
one, gives us:

Blg®x)=B(g@x;1a,1m)1a® 1y + B(g @ 2514, 92)14 @ gz
+B(g®2;G,9)G®g+ Blg®z;G,2)G@
+B(g®1pg;1la,2)X @+ [B(g @ x;14,9x)
+B(g®@1m;1a,9)] X @ g
+[Blg®1m;G, 1) — B(g®2;G,2)]GX ® 1x
+B(g® 1y;G,92)GX ® gx (20)
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41.3. 1 = 1,57 = 0,k = 1,1 = 0. This correspond to B (g ® g) we now
that it has to be 14 ® 1y by (10) .
41.4. i=1,5 =0,k = 1,1 = 1. This correspond to B(g ® gz).

n q

Z ZZ B(g ® gz; G X", gPx?)GmX "0

m,n,p,q=0 b=0 c=0
®gpxq—c ® gp+q—c+1+m+n—bxc+b

11
- Z Z B(g® gz'=% G™MX", gPx))GM X" @ gPal @ ghti-age
a=0m,n,p,q

where o = ¢(1 + m + n — b). By considering the terms with g in the
third component and using (14) we get

B(g®gx;G" X", gPx?) =0for m+n+p+q=0. (21)
By using both (13), (21) , (15), (16) and (10), a straightforward computation
shows that
Blg®gr) = B(g®grila,9)la®@g+ Blg®grla,z)la®x
+B(g ® g2;G,14)G ® 1y + B(g ® g2; G, 92)G @ g
+Blg®@gr;1a,2)+ 1] X ®1g — Blg® g2;G,92)GX ® g
(22)
4.2. Caset =1,75 =1
The left side of the equation is

1 1 n q
S Y S S BET o gt )
a=0m,n,p,q=0 b=0 c¢=0
Ganfb ® gpxqfc ® gp+q7c+1+m+n7bxc+lfa+b

where a =c+ (¢c+1—a)(m+n—20) ie.

S S -1 By @ gl G g

m,n,p,q=0 b=0 c=0
Ganfb ® gpl,qfc ® gp+qfc+1+m+nfbxc+1+b +

+ Z ZZ 1)’B(gz ® ¢*zl;GmX™, gPx?)

m,n,p,q=0 b=0 c¢=0
Gan—b ® gpxq—c ® gp+q—c+1+m+n—b1,c+b

where a = ¢+ (¢+1)(m+n—>b) and 8 = c+c(m+n—>b). We consider terms
with 1z in the third component: they are in the sum

1 n q
> 3 > (-1)PBgr @ g*al G X, gPa®) G X
m,n,p,q=0 b=0 c¢=0
®gpr*C ® gp+qfc+1+m+nfbxc+b
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with ¢+ b =0 and p+qg—c+1+m+n—-5b = 0,ie. b = ¢ = 0 and
p+ g+ m+n=1. The sum becomes

1

Z B(gz ® gFzl; GMX", gz )G X" @ gP2! @ 1y (23)

m,n,p,q=0
pF+g+m+tn=1

We consider terms with ¢ in the third component. They are in

B(gz ® gFz!; ;GMXT P ) G X T @ gPadTe
b

m,n,p,q=0 b=0 c= 0
®gp+q—c+1+m+n—bxc+b

8 =c+elm+n—2>), withec+b=0and p+tgq+1+m+n = 1, ie.
p+q+m+n=0,then
1
> Blgredidi@m X" g"a) G X" P @ gPat wg  (24)
m,n,p,q=0
p+q+m+n=0

We consider the terms with x in the third component, we have two summands:
(I) in

> 3 Bl g G PG
m,n,p,q=0 b=0 c=0
®gp+q—c+1+m+n—bxc+1+b

withc+b=0andp+qg+1+m+n=0,i,e,p+qg+m+n=1,ie.
1
Z (-1)™ " B(1y ® ¢zl G™X™, gPr))GM X" @ gPal @ x

m,n,p,q=0
pF+g+m+tn=1

(IT) and in

Z Z Z B(gz ® g*zl; GMX™, gPx))GM X" b @ gPai—¢
m,n,p,q=0 b=0 c¢=0
®gp+qfc+1+m+n7bxc+b

with ¢+ b= 1.
Two cases arise:
eb=1,¢c=0,hencen=1and p+qg+m=1, we get

Z B(gz ® gFz'; G™X, g*29)G™ @ ¢P2? @

m,p,q=0
m-+p+qg=1

=Blgz® ¢"2",GX,15)G®1g @z + Blgz ® " 2", X, g)la @ g @ x +
+B(g9z ® ¢F2'; X, 2)14 ® 2 @ z + B(gz @ g*z2'; GX, g2)G @ gr @ =
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eb=0,c=1henceg=1and p+m+n =1, we get

1
Z (=)™ 1 B(gz ® gFat G"X" ¢g’r) " X" Q@ " @x
,n,p=0

mw—li-z—fpzl

=B(gr®¢*2";G,2)G @1y @z +Blgr @ ¢* s, X, 0) X @ 1y @ =
—B(gr @ g"2';14,97)1a @ g @z — B(gr ® g"2';GX, g1)GX 9 g @ x

Thus we obtain from (II):
(B(gr ® g*z';GX, 1) + B9z @ g*2';G,2))G @ 1y @ = +
+(B(gr ® g"z'; X, g) — B(gzr @ g"2';14,92))1a @ g@ @
+B(gr @ g"z"; X, 2)14 @z @ x4+ B(gr @ g*2'; GX, g2)G ® g @ x
+B(gr @ g"2h; X, 2) X @ 1y @ 2 — B(gr @ g"2';GX, g2)GX @ g @ x

In conclusion, we get
1
Z (=)™ B(1y ® gFz'; G™ X", gP2) G X" @ gPxl @ x +

m,n,p,q=0
pt+g+m+n=1

(B(gr ® ¢*2';GX, 1) + B(gr ® ¢"2"; G, 2))G @ 1y @ x +
+(B(gr © g*z'; X, g) — Bgr @ g*a';14,97))1a @ g @ @
+B(gx ®gkxl;X,x)1A ®z®x+ B(gr ® g~z GX, gr)GRgrx
+B(gz ® ¢F2": X, 2) X ® 1y @ © — B(gz @ g*z'; GX, g2)GX ® g ® .
(25)
We consider terms with gz in the third component: they are in the two

following summands.
(I) In

1 n q
S YY) By gt X ety 6 g
m,n,p,q=0 b=0 ¢=0
®gp+qfc+1+m+n7bl,c+1+b

with ¢+b = 0 and p+qg+1+m+n = 1, ie. b = ¢ = 0 and
p+q+m+n=0, we get
1
Z (-1)™ " B(1y @ g*z!; G™X™, gPx))GM X" ® gPa? @ gx

m,n,p,q=0
p+q+m+n=0

(IT) and in

1 n q
Yo D> (-1Blgr@ gt iGN X gPa) G X @ gPat
m,n,p,q=0 b=0 c¢=0
®gp+q7c+1+m+n7bxc+b
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withc+b=1landp+q—c+14+m+n—->b=1iep+g+m+n=1 We
have two cases
(i) b=1 and ¢ = 0, then n = 1, we obtain
1
> Blgz@gaiGM X, gPa")G" @ gPa @ gx

m,p,q=0
p+q+m=0

= Blgr ® ¢*2"; X, 1p)14 © 1y @ gz + +B(gz ® ¢*a'; X, g2)14 © gz @ g
+B(gr ® g*2';GX, 9)G ® g ® gx + B(gz © g*z'; GX,2)G @ 1 ® gz
(ii) b =0 and ¢ = 1, then ¢ = 1, we obtain
1
Z m+n+lB(gJ)®gk$l Gan px)Gan ®g ®g$

m,n,p=0
p+q+m=0

= —B(gz®g¢"z'14,2)14 ® 1y @ gz — Blgz @ ¢*2"; GX,2)GX @ 15 @ gz
+B(g9z ® g*z!; G, 92)G @ g @ gz + B(gr @ gF2'; X, g2) X @ g ® gz

Therefore we obtain
1
Z (-1)™"B(1y ® ¢zl G™X™, gPr))GM X" @ gPa? @ gx +
m,n,p,q=0
p+g+m+n=0

+ [Bgz ® g*a'; X, 15) — B(gz ® g*a';14,2)] 14 © 15 @ g

+B(gz @ gFzl; X, gx)la ® gz @ gx

+ [Blgz @ ¢*a';GX, g) + B(gz ® g*a'; G, go)| G @ g @ g

+B(g9z @ g*2'; GX, )G @ 2 @ gz

+B(gz © g* 2" X, g1) X © g @ g

—B(gzr ® ¢*2";GX,2)GX @ 1y @ gz (26)

421. i=1,j =1,k = 0,1 = 0. This corresponds to B(gx ® 1p).
By (12) we know that B(gz ® 1y) = —B(g ® gx)

422. i =1,7 =1,k = 0,1 = 1. In this case we are computing B(gz®x).

1 1 n q
- " ® x; ,g'T
1 aB 2—a,.a GM X" gPrd

a=0m,n,p,q=0 b=0 c=0

Ganfb ® gpxqfc ® gp+qfc+1+m+n7bxc+lfa+b

1
= Z Z Blgr @ ' 7% G™X", g?2)) G X" @ gPx? @ g'

a=0m,n,p,q

i.e.

m,n,p,q=0 b=0 ¢

1 n
>y i B(ly ® z;G™X™, gPx)Gm X0
®g

®gpxq7 p+q7c+1+m+nfbxc+1+b +
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Z ZZ 1)’B(gz @ 2;G™ X", gP2)G" X" @ gPa?°
m,n,p,q=0 b=0 c¢=0
®gp+q—0+1+m+n—bxc+b
1
Z B(gr @ ;G X", gPx)G" X" @ P21 ® g
m,n,p,q

1
+ Z Blgz @ 1g;G" X", gP2)G" X" @ ¢Pz @ x
m,n,p,q
where « =c+ (¢c+ 1)(m+n—">b) and 8 =c+ c(m+n—0).
By considering the terms with 1y in the third component, in view of
(23) we get
Blgr @x;G" X", gPx?) =0ifm+nt+pF+qg=1. (27)
By considering the terms with g in the third component, in view of (24)
and (27) we do not get any further relation.
The terms with gz in the third component give us, in view of (26),

B(lp®g;G"X" gPx?) =0form+n+p+q=0. (28)

A straightforward computation shows that

B(gr®z) = Blgr®x;14,1g)1a Q@ 1y + Blgr @ x;14,97)14 ® gz
+B(gzr®z;G,9)G® g+ Blgz ®@z;G,z)G @ x
+[Blgz ® 1u;1a,9) + B(gz ® 514, gz)
—B(lg ®a;14,9)] X ®g
+[Blgz®1mg;la,2) —Bl®z;1la,2)]| X @
+[B(9gr®1y;G, 1) — B(gz ® z; G, x)
+B(lg ® ;G,1)|GX ® 1y
+[B(lg ® z; G, gz) + B(gr ® 11; G, g7)] GX ® gz (29)

423. i =1,7 =1,k = 1,1 = 0. This corresponds to B(gz ® g). We have

1 1 n q
> > 3D (-1)B(g " @ g; G X", gPa)
a=0m,n,p,q=0 b=0 c=0
Ganfb ® gpajqfc ® gp+qfc+1+m+n7bxc+lfa+b
1
= Z B(gx ® g;G" X", g?21)G" X" @ gP21 ® g
m,n,p,q

ie.

Z ZZ D)*B(ly ® g;G™X"™, gPx9)

m,n,p,q=0 b=0 c¢=0
Ganfb ® gpzqfc ® gp+qfc+1+m+n7bmc+1+b +
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+ Z ZZ 5ng®g,GmX"gxq)

m,n,p,q=0 b=0 c=0
Gan—b ® gpmq—c ® gp+q—c+1+m+n—b$c+b
1
> Blgr@gG"X", ¢"2)G" X" ® g"2! ® g
m,n,p,q
where a = c+ (¢c+ 1)(m+n—">0) and B =c+c(m+n—10).
By considering the terms with 1y in the third component, in view of
(23) we get
Blgr® g;G" X", gPx?)=0forp+q+m+n=1 (30)

A straightforward computation then shows

Blgz®g) = B(gr ® g;14,1u)1a ® 1g + B(gr ® g;14,97)1a ® gz
+B(gz® 9;G,9)G® g+ B(gr ® g;G,z)G Q=
+[Blgz®g;1a,92) —B(lu ® g;14,9)| X ®g - B(lu ®g;1a,2)X @
+B(1g ® 9;G,92)GX ® gz + [—B(9r ® ¢; G, x)
+B(1g ®¢;G,1,)]GX ® 1y (31)

424. i =1,j7 =1,k = 1,1 = 1. This case corresponds to B(gz ® gzx).

1 1 n q
5 S BT gt g
a=0m,n,p,q=0 b=0 c=0
Gan—b ® gpxq—c ® gp+q—c+1+m+n—bxc+1—a+b

= Z Z B(gr ® gz’ ™% G™ X", g?x))G" X" @ gPx? @ g*a”
a=0m,n,p,q

i.e.

Z ZZ 1H ® gx; Gan qu)Gan b®g zd—¢

m,n,p,q=0 b=0 c=0
®g;v+q—c+1+m+n—b c+1+b+

—+ Z ZZ 1)’B(gz ® gz; G™ X", gPx))GM X"t @ gPai—¢
m,n,p,q=0 b=0 c=0
®gp+qfc+1+m+nfbxc+b

1
= Z B(gx ® gx; G X", gP2)G" X" @ gPax? @ 1
m,n,p,q=0

1
+ Z B(gr ® g;G" X", gP21)GM X" @ gP2? @ gx

m,n,p,q=0

where B=c+c(m+n—>b)and a=c+ (c+1)(m+n —10).



Vol. 33 (2023) Separable Cowreaths Over Clifford Algebras Page 17 of 51 19

We consider the terms with ¢ in the third component and by (24) we
get
B(gz ® gz; G X", g’2?) =0 for p+q+m+n=0. (32)
As far as the terms with x in the third component, in view of (25), we get
B(ly ® go;G" X", gPx?) =0form+n+p+q=1. (33)
By using (23), (32) and (26), a straightforward computation shows
B(gz ® gv) = B(gr ® gw;14,9)1a ® g + B(gr ® gz; 14, )14 ® @
+B(g9x ® gz;G,1g)G ® 1 + B(gx ® gz; G, g2)G ® gz
+[-B(lg ® gr;14,15) + Blgz @ gx;14,2) + B(gr ® g;14,15)] X @ 1y
[-B(ln ® gz; 14, 92) + B(gr ® g; 14, g2)] X ® gz
[B(gr ® g;G,g) + B(1g ® gv; G, g) — B(gr ® ga; G, gv)| GX ® g
[B(gx ® g;G,z) + B(lg ® gz;G,2)| GX @ x (34)

4.3. Caset = 0,7 =0
The left side of the equality is

1 n q
S S B gt G Gt 6 gt
m,n,p,q=0 b=0 c¢=0
®gp+q7c+m+nfb1,c+b.

The terms with 1z in third position appear as
1
> BlyegddiGmX" gPa) G X" @ gPat @ 1y, (35)
m,n,p,qg=0
m~+n+p+q=0

The terms with ¢ in third position are
1
> B(ly@gdtdiGmX", gPa )G X" @ gPat @ g (36)
m,n,p,q=0
m+n-+p+q=1

Now we consider the terms with z in third position. In this case ¢+ b = 1,
and p+ g+ m+n = 1,3. We have two subclasses
ec=1and b =0 and ¢ = 1. The sum is:
1
> (=)™"B(lg ® ¢*; G X gPa) G X @ g @
m,n,p=0
:B(1H®gkxl;1A,x)1A®1H®x—B(1H ®gka:l;X,gx)X®g®x
~-B(lg ® ¢*2,G,g2)G@g@r+ B(lyg @ ¢"2";GX,2)GX @ 14 @ x
(37)
e b=1and c=0, son=1. The sum is:
1
Z B(lg @ g*25,G" X, g'2")G" @ ¢'z* @ x

r,t,u=0
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=B(lg®d s X, 1p)leler+B(ly®da";GX,9)GRgoa+
+B(ly @ ¢*2',GX,2)Gor @z + B(lyg @ ¢*2'; X, gx)1 @ gr @ x
(38)
In conclusion the term with z in third position are
[B(lg ® g*2's14,2) + Blg @ ¢*2"s X, 1y)]| la @ 1lg @ @

+B(lg @ ¢zl X, gr) i@ gz @

+ [B(1g ®g*d',GX,9) — B(ly ®gkxl;G,ga:)] GRgRw

+B(1H®gkxl;GX,x)G®x®x

—B(lg®gra; X, 92) X ® gz + B(ly ® ¢*2";GX, 2)GX @ 1@«
(39)

Now, consider the terms with gz in third position. Then

Z ZZ B(ly ® gkl agmx", P GM X" b

m,n,p,q=0 b=0 c=0
pt+q+m+ne{0,2,4}
c+b=1
®RgPr? ¢ ® gx
Thusc+b=1ie.b=1andc=0orc=1and b=0.
Ifb=1and ¢c=0, thenn=1and m+p+ ¢ = 1,3, the sum is:
B(ly ® g"¢"; GX,14)G ® 1y ® gv + B(1a ® g*2'; X, 9)14 ® g ® go +
B(ly @ g*2'y X, 2)14a @ 2 ® gv + B(1y ® gFa!; GX, g7)G ® gr ® gx.
Ife=1theng=1 m+n+q=1,3, the sum is
~B(lg®gFa!; G 2)Go1ly®gr—B(lg®g¢ah; X, 2) X @1y @gr+ B(ly ®
g" 2l 14, 92)14 @ g@ gz + B(lg ® ¢°2';GX, g2)GX ® g ® ga.
Thus we get
[B(ly ® g*a'i14,90) + B(lp ® g"2'; X, 9)| 1a® g ® g
[B(lg ® ¢*2';GX, 1) — B(lg ® ¢"2'G,2)] G ® 15 ® ga
+B(lg @ g¢*"z'; X, 2)1, @ . ® gr + B(ly @ g"z'; GX, g2)G ® gz @ gz
—Blly ® ¢ X, 2)X @ 1y @ gz + B(ly ® ¢*2'; GX, g2)GX ® g ® g
(40)
43.1. ¢ = 0,5 = 0,k = 0,1 = 0. This corresponds to B(1y,1y) which is
1la® 1y by (9) .

43.2. ¢ = 0,7 = 0,k = 0,1 = 1. This correspond to B(ly ® x). The
equation is:

S S B 6 G )@ X e
m,n,p,q=0 b=0 c¢=0
®gp+qfc+m+nfbxc+b
1
> B(ly®@x;G"X", gP2)G"X" @ gPat @ g
m,n,p,q
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1
+ Z B(lg @ 1g;G™ X", gP2") G X" @ gP2? @ x
m,n,p,q
since, by (9) B(lg ® 1g;G™X", ¢Px?) = 0 except for B(lg ®
1H;1A71H):1. We get

Z ZZ 1H ®x;GmX", pr)Gan_b

m,n,p,q=0 b=0 c=0
®gpxq—c ® gp+q—c+m+n—bxc+b
1
= Z B(lg @ ;G X", gP2x)G" X" @ gP21 ® g
m,n,p,q
+14 ® 1y ® x where a« = ¢(m +n —b).
By using (35) we get
B(lg @ 2;G" X", g’z9)=0and m+n+p+¢g=0 (41)
By using (36), (41), (41) and (39) a straightforward computation shows
Blg®z)=B(lg®2z;14,9)la®@ g+ B(lg®z;1la,2)la @
+B(lg ®@z;G,15)G® 1y
(1-B(lp®x;1a,2)X®@1g+B(lp®x;GX,9)G ® gx
+B(ly @ 2;GX,9)GX @ g (42)

433. ¢ = 0,57 = 0,k = 1,1 = 0. This correspond to B(ly ® g). The
equation is:

Z ZZ B(ly ® g;GMX"™, gPz)Gm X0

m,n,p,q=0 b=0 c=0

®gpl,q—c ® gp+q—c+m+n—bxc+b

1
Z B(lg ® ;G X", gPz)G" X" ® gP2? ® g where «
m,n,p,q
=c(m+n—0>).
By using (35), (28) and (39) a straightforward computation shows
B(ly ©g) = B(ly ® g;14,9)1a @ g+ B(ly ® g; 14, 2)1a @ @

+B(lp ® ¢;G,1g)G® 1
—B(lg ® g;1a,2)X ® 1y + B(1y ® ¢; G, g2)G ® g
+B(ly ® 9;G,92)GX ® g (43)

434. 1= 0,7 = 0,k = 1,1 = 1. We compute B(1g ® gx). We have to
solve the following equation:

Z ZZ 1)*B(ly ® gz; G X", gPa?)Gm X"
m,n,p,q=0 b=0 c=0
®gpl,q7c ® gp+q+m+n7b7c.rc+b
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1
Z B(ly ® gz; G X", ¢P2)G" X" @ gP2! @ 1y
m,n,p,q

1
+ Z B(lg ® g;G™X™, gP21)G" X" @ gP2? @ gx
m,n,p,q
where oo = ¢(m +n — b).
By using (33), (40) and (28) a straightforward computation shows
B(lg ® gz) = B(1lg ® gz;14,10)14a ® 1y + B(1y ® g2;14,92)14 ® g
+B(ly ®g2;G,9)G® g+ B(ly ® gx;G,2)G @ x
+B(lg ® gv;G,z) + B(lg ® ¢; G, 1g)]|GX ® 1y
+B(1lg ® g;1a,9) — B(lg ® gz;1a,92)] X © g
+B(lg®g;1la,2) X @2+ B(lg ® g;G,g2)GX ® gr  (44)

4.4. Caset1 =0,5 =1
The left side of the equality is

Z ZZ aBg@gkIl Gang.Tq)Gan b
m,n,p,q=0 b=0 c=0
®gpxq c ® gp+q+m+n—b—cxc+1+b

1 n g

+ > Y D (-1)B g, GmXT, gPat)Gm X
m,n,p,q=0 b=0 ¢=0

®RgPrI ¢ ® gp+q+m+nfb7cxc+b

where o = (¢+ 1)(m +n —b) and 8 = ¢(m + n — b). The terms with third
component 1y are in

1 n q
Z Z Z(—l)ﬁB(x @ z;GMX", gPr)GM X"l @ gPad—C
m,n,p,q=0 b=0 ¢=0
®gp+q+m+nfbfcxc+b

with ¢+ b=0 (i.e. c=b=0) and p+ g +m +n = 0,2,4. Then it simplifies
to:
1
Z B(z ® ¢zl GmX", gP2)G™M X" @ ¢P2? @ 1y (45)
m,n,p,q=0
m-+n+p+q=0

The terms with third component g are in

1 n q
Z Z Z(fl)ﬁB(z ® gFal; G X" gPa )G X0
m,n,p,q=0 b=0 c¢=0
®gp1,q7c ® gp+q+m+n7b7c1,c+b
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with ¢+b =0 (i.e. ¢ = b =0) and p+g+m+n = 1, 3. Then it simplifies
to:
1
Z Bz ® g"z"; G X", gP2) G X" @ gP2l @ g (46)

m,n,p,q=0
pFg+m+tn=1

The terms in the left side with third component x are either in

1 n q
> Y D (-1)*Blg® grah X", gPat)GM XY
m,n,p,q=0 b=0 c=0
®ngQ—C ® gp+q+m+n—b—cxc+1+b

withc+b=0 (le.c=b=0)and p+qg+m+n=0,2,4 and we get
1
Z (_1)m+7LB(g ®gk$l;Gan,gp.’Eq)Gan ®gp$q Qz

m,n,p,q=0
p+q+m+n=0,2,4

or in

1 n q
Z Z Z(—I)BB(Z‘ @ gFal, GMX", gPa)GM X"l @ gPat—C
m,n,p,q=0 b=0 c¢=0
®gp+q+m+n—b—cmc+b

with c+b=1and p+qg+m+n =13, i.e. we have again two cases:
eb=1landc=0son=1,and m+p+q = 0,2 and since 8 = 0 the
sum is
1

Z B(z ® ¢*z'; G X, gPx)G™ @ ¢Pa? @ x
mia=0.2
=Blzeg¢" 2 X, 1p)la@ 1y @z + Bz @ ¢"2';GX,9)Go g«
+B(z®¢*2',GX,2)G @z + Bz ® ¢" 2", X, gx)ly @ gz @ x
ec=landb=0sog=1and m+p+q=0,2 and the sum is

Zl mop=0 (=)™ B(z @ gFzl; G X gP2)GM X" @ gP @ x

m+n+p=0,2
=Bz ®g*zli14,2)la@1lp @z + Bz ®¢*2,GX,2)GX @ 1y @z
~Br®g¢*2";G,97)Go g2 - Bz, X, gr) X @g®

Thus, we obtain
1
> ()™Bg® ghaiGM X", gPa )G X" @ gl @
m,n,p,q=0
p+q+m+n=0

+Bz®d* 2 X, 1g)la®1lg @z + [B(x@gkxl;X,lH)

+B(z® g a'i14,2)| 14 @1y @2+ Bz @ ¢"2; X, g2)la @ gz @
+ [B(x@gkxl;GX,g) — B(x ®gkxl;G,gaﬂ)] GRgx

+Bz® ¢, GX,2)Gor@r— Bz ® ¢z X, gr) X gz
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+B(zx®g" 2", GX,2)GX @1y @« (47)

The terms with third component gz are either in

1 n q
> Y D (-1)*Blg® gkl G X", gPa®) G X @ gPat e
m,n,p,q=0 b=0 c=0
®gp+q+m+nfb7cxc+1+b

with c+b=0and p+ ¢+ m+n=1,3. Thus in

1
> ()™Bg @ gFai G X" gPat)GM X" @ gPat @ g,
m,n,p,q=0
p+g+m+n=1

or in

1 n q
Z Z Z(—l)ﬁB(x @ x;GM X", gPr)GM X" @ gPa?C
m,n,p,q=0 b=0 c¢=0
®gp+q+m+n—b—cl.c+b

withc+b=1and p+qg+m+n =0,2,4. Two cases arise:
eh=1and c=0, then n =1. We get

1 q
Z ZB(I@gkxl;GmX,gpxq)Gm®gpxq®gm
m,p,q=0, ¢=0
m+p+q=0,2
=Bz® ¢t GX, 1) G @1y ®gr+ Bz ®¢"z"; X, 9)1a @ g ® gz
+B(z®¢"r; X, 2)14 ® x ® gz + Bz ® ¢*z';GX, g2)G @ gr @ g
eb=0and c=1, then ¢ =1. We get
1
> (—)™Baegtd;GTXT, gPa)GT X" @ ¢F @ ga
m,n,p=0
m~+p+n=0,2
= -Bog¢Gr)Goly®gr—Blrz®dz; X, )X @ 1y ® gz
+B(z @ g*ali14,92)14 ® g @ gz + Bz @ ¢g"2'; GX, g2)GX ® g ® gz
Thus we get

1
> ()™ Bg®gFhai G X", gPat )G X" @ gPat @ g +
m,n,p,q=0
prgFmin=1

+ [B(x@gkxl;X,g) +B(w®gkxl;1A,gx)] 1y ®9®gr+

+ [B(z ® ¢*2";GX, 1) — B(z ® ¢"2',G,2)] G ® 1y ® gz +

+Bz@g¢"'; X, 1)1 @2 ® gr + Bz ® ¢*z'; GX, g2)G @ gz @ gz

—Bz®g" X, 2)X @ 1y @ gz + Bz @ ¢*2'; GX, g2)GX ® g ® gx
(48)
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44.1. i =0,7 = 1,k = 0,1 = 0. This corresponds to B(z ® 1g)
1 n q
Z Z Z B(g®1y;G™X", gPz?)GmX"~°
m,n,p,q=0 b=

®g”xq c ®gp+q—c+m+n—b c+1+b

+ Z ZZ 1Bz ® 1; G X", gPa)G™ X"

m,n,p,q=0 b=0 c¢=0
®ngQ*C R gp+qfc+m+nfbl,c+b
1

= Z Blz®1y;G" X", gPz)G" X" @ g’z @ 1y
m,n,p,q
where a = (c+1)(m+n—0b) and 8 = ¢(m +n — b). In view (46) we obtain
Blz@1yg;G" X", g’z =0form+n+p+qg=1
By using (49), (17), (49) and (4
Bz ®1py) =

(49)
8), a straightforward computation shows
Bx@1g;14,1g)1a®@1g+ Bz ®1g;14,92)14 @ gz
+B(z®1y,G,9)G®g+ Bz ®1y;G, )G
+[-Blz®1u;la,g2) — Blg®1u;1a,9)] X ® g
—B(g®1g;14, X)X @2+ [B(z ® 15; G, )
+B(g®1;G,15)]GX @ 1y + B(g® 151;G, 92)GX @ g

(50)
44.2. 1 =0,5 =1,k = 0,1 = 1. We compute B(z ® x).

Z ZZ D*B(g @ z;G" X", ¢"2")G" X" @ gPat

m,n,p,q=0 b=0 c¢=0

®gp+q+m+n7b7czc+1+b

q
D DD 9) NS EPeLs ST LS ST
m,n,p,qg=0 b=0 c=0
®gP+Q+m+n—b—cxc+b
1

= Z Bz @ ;G X", gPz)G" X" @ ¢’z @ g

m,n,p,q
+ Z Bx®1yg;G" X", gPz)G" X" @ ¢P2! @ x
m,n,p,q

where a = (¢ + 1)(m 4+ n —b) and 3 = ¢(m + n — b). Concerning the terms
with third component 1g, in view of (45), we get

Bz @z;G" X", gPx?) =0form+n+p+qg=0

By using (51), (19) and (47), a straightforward computation shows
Bz ® x)

(51)

=Bz®z;14,9)la®g9+Blx®x;1a,2)la Q@
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+Bz®x;G, 1) G® 1y
+Bx®z;G,92)G @ gr+ [Blx @ 1p;14,1) — B(x @ ;1 4,2)
B(g®w 1A,1H)}X®1H

+[B(z, ®1p;1a,97) — Blg ® 2514, 92)] X ® g

+[Bz @ x;G,gz)+ Blz®1g;G,9) + Blg® 2;G,9)] GX ® ¢

+[Bx®1y;G,x)+ Blg@ x;G,2)]GX @ x (52)

. (11
4.43.1 = 0, ] = 1,k = 1,1 = 0. This corresponds to B(z ® g) =
—B(1H®$) ee (42)
44.4. i=0,5 =1,k = 1,1 = 1. This corresponds to B (z ® gz) .
Z ZZ aB g®g$ GmX", pxq)Gan—b
m,n,p,q=0 b=0 c=0
®gp$q—c ® gp+q—c+m+n—b c+1+b
+ Z ZZ ®gx;GmX",gpzq)GmX”7b®gp:cqfc

m,n,p,q=0 b=0 c=0
®gp+q c+m-+n— bxc+b

1
Z Bz ® gz; G X", gPz) G X" @ ¢Px? @ 1y

m,n,p,q

1
+ Z Bz ®g;G"X", gP2)G" X" @ ¢’z ® gx

m,n,p,q
where a = (¢ + 1)(m +n —b) and § = ¢(m +n —b). In view of (46), we get
Bz ® gr;G" X", gPz?) =0form+n+p+qg=1 (53)
By using (53), (21) and (48), a straightforward computation shows

Bx®@gr)=B(x @ gr;14,1g)la @1y + B(x @ gx;14,92)(1a @ gx)
+B(z®gx;G,9)G ® g+ B(z,92;,G, )G @z
+[B(x®g;1a,9) — Bz ® gz;14,92) — Blg® gr;14,9)| X @ g
+[B(z®g;la,2) — Blg®gr;la,2)| X @

+[B(z ® g;G,gz) + B(g ® g5 G, g2)] GX @ g

+[B(z®g;G, 1)+ Bz @ gz;G,z) + B(g® g2;G,15)]|GX @ 1y

(54)

Proposition 1. Let B: H® H — A® H°P a bilinear form. Then B is nor-
malized and satisfies Casimir condition if and only if the equalities (9), (43),

(42), (44) , (18), (10), (20), (10) , (22), (50), (11), (52) , (54), (12), (31) and
(29) hold.
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5. Morphism Condition

Now, we investigate when B : H ® H — A ® H°P is a morphism in T)}@Hop-
i.e.

magnaer © (B®A® HP) =magper 0 (AR B)o(¢p®@ H)o (H® ¢)
This can be written as
B(h®@h') - (a®h") = (ap @ hY) - B(hyhay @ hih'as)
This equality can be split in
Bh@h')a®1y) = (ap @ 1y)B(ha; @ W as) (55)
Bh@h')(1a @ h") = (14 @ hY)B(h5h @ hih') (56)
In fact assume that (55) and (56) hold. Then we have
Bhah')-(a@h”")=Bhah') - (a®1y) (14 ®h")
= (ap ® 1g) - B(ha; @ haz) - (14 @ h")
=(ao®1g) - (1a®@hY) - B(h§hay ® h5h'as)

Now it is easy to show that if the equality (55) is true for a,b € A, then it is
true for the product. Similarly if the equality (56) is true for s,t € H, then
it is true for the product. Therefore we only need to compute equality (56)
for 14 ® g e 14 ® xz and equality (55) for G® 1y and X ® 1p.

5.1. Case 14, ® g
We have
B(h@h') (1a®g) = (1a®g)B(gh® gl') (57)
that is equivalen to
B(gh®gh') = (1a®@g)B(h®h')(14a® g). (58)
Now (58) can be rewritten as
i ka0 Blgh @ gh! . G'X7, g*al)GI X7 © gha!
= 3 im0 Blh@ W, GIXT, gha) G XT @ ggFalg)
=i ihi—o(~DIB(h® gh',G'X7, g*2")G'XT @ gFal.
Thus, equation (57) is equivalent to
B(gh@gh';a,f) = B(h@h';a, f) a=14,G,X,GX and f =1u,g
(59)
B(gh®gh/va7f) = 7B(h®h/aa7f) a = 1A7G7X7GX and f =,gT
(60)

Now, using the forms of the elements given in Proposition 1 it is straight-
forward to prove that these conditions hold.
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5.2. Case 14 Q =
We have
Bhoh)(1a®z)=(14®2)B(gh® gh') + B(zh ® gh') + B(h ® xh).
(61)
From (61) we get
Bh@h')(1a®x)
= (la®z)B(gh® gh') + B(zh ® gh') + B(h ® xh')
D (@) (1@ g) Bhe W) (La @ g) + Bleh @ gh') + Bh @ ah)
(la®@gz)B(h®h')(1a ® g) + B(xh ® gh') + B(h ® xh’)
Thus
Bhoh)(1la@x)=(1a®gx)B(h®@h')(14® g)
+B(zh ® gh') + B(h ® zh') (62)
The left hand side of (62) is
(Xt jwimo Bh@ I GIXI, gk a)GiXT @ ghal) (14 ® x)
=Y ikmo(—DFB(h@ W GXT, g")G'XT @ gk
The first summand of the right hand side of (62) is
(1a®g2)Bh@ W) (1a®g) =3, ;g Bh® W, G' X, g*)G' X @ g
Thus we get
i ikeo(~DFB(h@ W, GIXI, ") G XT @ gha
=Y ko Bh® W, GIXI, "G XT @ ghat
+3 k1 Blxh @ gh',G' X7, gF2")G' X7 @ gk
+ Eij,k’lzo B(h®zh',G*X7, g* 2"\ G X7 @ gka!
which is equivalent to
2B(h @ h',a,g) + B(xh ® gh',a,gz) + B(h ® xh’,a,gx) = 0 for every a
(63)
and
B(zh®gh';a, f)+ B(h®xh',a, f) =0 for f # gz and any a  (64)
Note that if these equalities hold for some h, h’ they do hold also for gh
and gh’. In fact we have
For f=1,g
B(zgh @ ggh'/,a, f) + B(gh @ zgh/, a, f)
= —B(grh ® ggh’,a, f) — B(gh ® gzh',a, f)
5 —B(zh®@ gh',a, f) — B(h®zh',a, f) 0 for any a
for f==x
B(xgh @ ggh',a, f) + B(gh ® zgh’,a, f)
= —B(gzh ® ggh’, a, f) — B(gh ® gzh’, a, f)
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© B(zh ® gh',a, f)B(h ® zh’,a, f) 0 for any a ,

for f = gx

2B(gh ® gh',a, g) + B(zgh ® ggh', a, gr) + B(gh ® xgh’, a, gz) =
2B(gh ® gh',a,9) — B(gzh ® ggh', a, gx) — B(gh ® gzh', a, gz)

L 9B I a,9) + Blzh © I, a,gx)

+B(h® zh',a,gx) @0 for any a .

Therefore we have to check the previous equality for the six elements: B(1y®
g9),B(lg ® ), B(lyg ® gx),B(z ® 1y ), B(z ® z) and B(z ® gx) mentioned
before.

5.2.1. (a) h = 1, h’ = g. In this case (63) and (64) become:

B(x® 1g;a,92) = B(lyg ® gz;a,9z) — 2B(lg ® g,a,g)for all a  (65)
B(x®1ly;a, f) = B(lyg ® gx;a, f) for f # grand anya (66)

By using (50), (44), (66) , (65) and (59), we obtain

Bx®1g) = B(lg ® gz;14,15)1a ® 1y
+[B(lg ® gz;1a,92) —2B(1g ® g,14,9)] 10 ® gz
+B(lg ® g2,G,9)G® g+ B(lyg ® go;G,2)G @ x
+[-B(lg ® gw;la,92) + B(lg @ g,14,9)| X ® g
+B(lg ®g;1a,2)X @
+([B(lyg ® g2;G,x) + B(ly ® ¢; G, 15)])GX ® 1y
+B(lg ®¢9,G,g2)GX ® gx (67)

Now

50 65
B(ly ©9,G,92) "2 Ba ® 1;GX, 92) © B(1y ® g2; GX, ga)

44)(43
~2B(1y @ 9,GX,g) L
= B(ly ® g;G, gz) = 2B(1y ® g; G, gx)
so that we get

2B(1g ® 9,G,gx) =0 (68)

5.2.2. (b) h = 1g,h’ = x. In this case (63) and (64) become:

B(z ® gz,a,9z) = —2B(1g ® x,a, g) for all a. (69)
B(z ® gz,a, f) =0 for f # gz and any a. (70)

By using (54), (69), (70), (59), (60) and (11) we obtain

Bz ®gzr) = -2B(lg @x;14,9)(14 ® gz) = 2B(1g @ 3G, gv)GX @ gx
(71)
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5.2.3. (¢) h =1pg,h’ = gx. In this case (63) and (64) become:
B(x ®@ z,a,gx) = —2B(1lg ® gx,a,g) for all a (72)
B(x ® x,a, f) =0 for f # gz and any a (73)
By using (52), (73), (72) , (67), (59) and (60) we obtain
Bz ®z) = —2B(lyg @ gz,G,9)G ® g + 2B(1y ® gx; 14, gx)
—2B(1lg ® g;14,9)] X ® gx. (74)
Cases h =z, = 1g; h = x,h' = x and h = x, ' = gx give us no more

information. In conclusion we get the new following form of the last three
elements (67), (71) and (74)

5.3. Case G Q 1y
We have
Bh@h)(G®1la)=(G®14)B(hg®h'g) (75)
Now, by computing the left side of (75), we get
B(h®h')(G® 1)
= 1 [B(h@ WG, ¢" s a+ B(he ', X, ¢*2")y] (14 ® g*2') +
k=0

1
+ > [(Bhel 1a,g*") + Bhe I/, GX,g"1')y] (G & g*a') +
k,1=0

1
- Z aB(h®h',GX,¢"z") (X ® gFa')
k,1=0
1
- > Bhel X g"') (GX @ g"')
k,1=0
Now we compute the right side of (75)
(G®1m)Blhg@g) = (G®1u) X}, 1o Blhg® W g,GiXT, g8 a!)(GIXT @ gkal)
= Z;,j,k,l:O B(hg® h'g,G* X7, g*kal) (G XT @ gkal)
— Zgl',k,zzo B(hg®h'g, X7, g*z")(GX7 ® gFal)
+ Z;,k,l:O aB(hg®h'g,GX7, gFal) (X7 ® gkal)

Comparing both sides we obtain for any f in the basis of H.

aB(hel,G,f)+vB(h@ W, X, f) =aB(hg® h'g,G, f) (76)
Bh@h, 14, f)+9Bhoh,GX, f) = B(hg®@h'g,14, f) (77)
—aB(hel,GX, f)=aB(hg® h'g,GX,f) (78)
~Bh®h,X,f)=B(hg®h'g, X, f) (79)

Assume that (76) holds for some h, h/. Let us prove it holds also for gh and
gh'.
For f = 1y, gaB(gh @ gh', G, f) +vB(gh @ gh', X, f) — aB(ghg ® gh’g, G, [)

D aBhe .G, f)+ B, X, f) - aB(hg©hg,G, f) 20
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For f = x, gz aB(gh® gh', G, f) +vB(gh ® gh', X, f) — aB(ghg ® gh'g,G. f)
O _Bhen G, f)—vBheh X, f)+aBlhga i, G, f) 2 0
Assume that (77) holds for some h, h'. Let us prove it holds also for gh and
gh'.
For f = 1m,g B(gh® gh', 14, f) + vB(gh ® gh',GX, f) — B(ghg ® gh'g, 14, f)

59 .
D Bhoh 1a,f) + 1B K, GX, f) — Blhg@ g, 14, f) ‘L0

For f = x,9xB(gh ® gh',14, ) + vB(gh ® gh',GX, f) — B(ghg ® gh'g, 14, f)

60 76
D _Bh@W 14, f) —Bh@ W ,GX, f) + Blhg® Ig, 14, f) ‘E 0

Assume that (78) holds for some h, h'. Let us prove it holds also for gh and
gl'.
For f =1py,9 aB(gh® gh',GX, f) + aB(ghg ® gh'g. GX. f)

D \B(he W, GX, f) + aB(hg @ Mg, GX, ) T 0

For f = z,g9z aB(gh® gh',GX, f) + aB(ghg ® gh'g, GX, f)

O Bhew,GX, f) - aBhgo Hg,GX, f) D0

Assume that (79) holds for some h, h’. Let us prove it holds also for gh and
gh'.
For f =1p,9 B(gh® gh'. X, f) + B(ghg ® gh'g, X, f)
D Bhon, X 1)+ Bhgowgx.5) o
For f =z, 9z B(gh® gh', X, f) + B(ghg ® gh'g, X, [)
60 79
= —Bhew X, f)- Blhge g, X, f) =0
Thus we have to consider only the usual six cases.

5.3.1. (a) h = 1y, h’ = g. In view of (43) we proceed as follows.
Equality (77) for f = g and f = x gives us

59
Hence

YB(lg ® g,G,gz) =0 (80)

2) B(ly ® g,14,2) + 7B(1ny © 9.GX,z) = Blg® 1y, 1a,2) ‘=) —B(ly ®
g,14,x) since B(ly ® g,GX, ) (4——3) 0, we get

2B(1g ® g,14,2) = 0. (81)
Now (76) for f = 1y gives us

3) aB(lH ®97G71H) +F)/B(lH ®97X,1H) = OéB(g® 1H7G71H) =
aB(ly ® g,G,1g) Thus we get, in view of (43),

YB(lg ® g,1a,2) =vB(lg ® g, X,1x) = 0. (82)
Consider now (79) for f = 1y.
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59
4) -B(lg®g,X,1g) = B(g® 15, X, 15) 22 B(lg ®g,X,1x) so that
2B(1y ® g, X, 1) = 0 which means, in view of (43), 2B(1g ® g,14,2) =0

which is true by (81) . And now (76) for f = gx
(60)

5) aB(ly ® g,G,gz) +vB(lg ® 9,X,g9x) = aB(9 ® 1u,G, gr) = =

—aB(lyg ® g,G, gx) Thus 2aB(1y ® g,G,g9z) + yB(lyg ® g, X, gx) = 0, but
B(lyg ® g, X, gz) = 0 therefore

2aB(1y ® g,G, gx) = 0. (83)
From (78) for f = g we obtain 6) —aB(ly ® ¢,GX,9) = aB(g ®
1g,GX,9) 9 aB(lg ® g,GX,g) Thus 2aB(ly ® ¢g,GX,g) = 0 by the

form of the element 2aB(1y ® g, G, gx) = 0. This is 5).
Following a procedure analogous to that of case a) we get

5.3.2. (b) h =1g,h’ = x. We get

60
(1) Bly ®2,14,2) +9B(Ly ©2,GX,2) = ~B(g ® go, 1a,2) = B(ly @
x,14,2) ie. yYB(lg ® v, GX,x) = 0 this is already known in view of (42) .

60
(2) B(ly ®,14,9) +7B(ly ©2,GX,9) = —Blg® gz, 14,9) = —B(ly ®

xa1A7g)
2B(1H®x,1A,g)+’yB(1H®z,GX,g) =0 (84)

3) aB(lg®x,G, 1) +vB(lp @z, X, 1) = —aB(g® gz, G, 1) aB(lg ®
x,G,lH)—F’}/B(lH@J),X,lH) = —OéB(lH®.’IZ‘,G,1H) QQB(1H®x,G,1H)+
’yB(lH Rz, X, lH) =0 20¢B(1H ®x, G, IH) —|—’7[1 — B(lH X x; 1,4,.23)] =0

20B(1lg ® x,G,1y) —vB(lg @ z;14,2) +7=0 (85)
The following equalities are already known.
(4) aB(ly @ 2,G, gx) +vB(ly @z, X, gx) = —aB(g @ gz,G, gz) aB(ly &
x,G,gx) +vB(lg ® z, X, gz) = aB(lg @ x, G, gx)

YB(lg @ z,X,gx) =0

(5) B(1H®SL‘,X, 1H) = B(g@gl‘,X, 1H>7 B(1H®{L‘7X, 1H) = B(1H®$,X, 1H>
(6) aB(ly ® x,GX, g) = aB(g ® gz, GX, g)

5.3.3. (c) h =1pg,h’ = gx. We get
(

(1) B(ly ® gz.14,1g) + vB(ly ® gv.GX,1i) = —B(g @ z,14.151) ‘=
—B(1H®gl’, la, 1H) so that QB(lH(X)giL’, 14, lH)—|—vB(1H®gx,GX, 1H) =0.
By considering (44), we get

2B(1g ® gx,14,15) +v[B(lg ® g2;G,x) + B(lg ® 9;G, 1)) = 0 (86)

o

(2) Blp®gx,14,92) +vB(lg @ gx,GX,gx) = —B(g®x,14, gz) )
B(lg ®gx,14,92) Thus yB(lg ® gx,GX,gz) =0 ienB(lg®¢;G,gz) =0
This is (80).

(3) aB(lg®gz,G,9)+vB(lp®gz, X, g9) = —aB(g®z,G, g) % —aB(ly®
97,G,g)
2aB(1g ® gx,G,g) +vB(lg @ gx,X,g) =0

20B(1y ® gz, G,g) +v[B(lg ® g;14,9) — B(ly ® gz;1a,g2)] =0 (87)
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(4) aB(lg ® gz, G, z) +vB(lg ® gz, X, xz) = —aB(g®x, G, x) 9 aB(lg®
gr, G, 1)
so that we get YB(lyg ® gz, X,x) = 0 i.e. yB(ly ® g;14,2) = 0. This
is true by (82).
(78)

(5) —aB(ly ® gz,GX,1g) = aB(g®grg, GX,1x) =

60
—aB(g®@x,GX,1x) & —aB(ly @ gz,GX, 1)
This is trivial. 60
(6) —B(lg ® gz, X,g9) = B(g® gxg,X,9) = —B (9@, X,9) © -B(lg ®

gz, X, g). Thus we obtain

—B(lg®gx,X,9) = —B(9g®x, X, g). This follows from (59).
(7) =B(lg ® gz, X,x) = —B(g9 ® =, X, z). This is true in view of (44) and
(20) .
(8) —aB(1y gz, GX,gr) = aB(gogeg, GX, gz) = —aB(goa, GX, gz) L’
aB(lg ® gx,GX, gx)

so that we get 2aB(ly ® gx,GX,gz) = 0. Now, in view of (44), the
coefficient of GX ® gz is B(1g ® g; G, gx) and hence we obtain 2aB(ly ®
g,G,gx) = 0. This is (83).

5.3.4. (d) h = z,h’ = 1g. By considering (50) we obtain the following.

77 60
(1) Bz ® 1g,1a,15) + 7Bz ® 14,GX, 1) ‘&) —B(gr ® g,14,15) &

*B(IZ’ X 1H7 1Aa 1H)
Hence we get 2B(x ® 1p,14,1p) = —yB(z ® 1y, GX, 1) and, in view
of (50) we obtain

60
2B(x ® 1g,1a,1g) = —y(B(z ® 1g;G,x) + B(g ® 1g;G, 1)) 2
B(lg ® g;G,1x). Using (67) we obtain (86) again.
7 60
B(:E® 1H71A7gx)
Hence by (50), we obtain vyB(1lg ® ¢; G, gx) = 0.This is (80)
76 60
(8) aB(x®1y,G.g)+7B(z® 1y, X.g) ‘= —aB(gr©g,G.9) = —aBae

1H7G7g)
so that we get, by (50), 2aB(z ® 1y,G,g9) + v(—B(x @ 1g;14,9x) —

60
B(g®1p;la,g)) = 0. Since B(g®1p;1a,g) Y B(1x ®g;14,9) we obtain
20B(x ®1g,G,g9) +v(=B(x ® 1g;14,92) — B(lg ® g;14,9)) = 0.

using (67) this becomes the already known (87) .

(4) aB(z®1py,G,z) +vB(x @1y, X, x) @ —aB(gr®g,G,x) @0 aB(z®

].H,G,IL').
Thus we get YB(x ® 1g,X,x) = 0 and hence, using (50) , vB(g ®

1g;1a,2) = 0 and since vB(lg ® g;14, ) (@) —vB(g ® 1g;14,2) we get

vB(lg ® g;14,2) = 0 which is true by (82).

(5) B olyX.2) 2 Byreg X2 D Bleoly X )
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and hence B(x ® 1py,X,z) = 0 so that we get, using (50) , B(g ®

1g;14,2) =0 and hence B(lg ® g;14, ) (6:0) —B(9g® 1g;14,2) = 0 which

is true by (81).
(78) (60)
(6) —aB(z®1y,GX,gz) =" —aB(gz®g,GX,gz) = aBz®1ly,GX, gx)
so that we get
aB(zx®1g,GX, gx) = 0 and hence, using (50) , aB(g® 1y;G,gx) =0
which holds by (83) .

(7) —aB(z ® 1y,GX,1x) @ —aB(gx ® ¢,GX,1x) 9 —aB(r ®
1y, GX,1y) which is trivial.

(79) (60) L
(8) —B(ZI:@IH,X,Q) = _B(gl:@gaXmg) = _B($®1H7X7Q)Thls 18
trivial.

5.3.5. (¢) h = &, h’ = x. By using (74) we obtain the following.

7
(1) B(z ® 2,14,2) + vB(z ® z,GX, x) (o B(xzg ® xzg,14,2) = B(gz ®

9z, 1) $) (6:0) _B(‘T R, 1A71')

so that we get 2B(z @ z,14,2) + vB(z ® z, GX, z) = 0 so that we get,
by (74),

2B(z @ 2,14,7) + 7 [Bx ® 1g;G,2) + B(g ® 2;G,x)] = 0
By using (67) and (60) and (74), this becomes
0+7[B(ly @ gz; G, x) — B(ly @ gz; G, x)] = 0

which is trivial. -
(2) Bz ® 2,14,9) + 7B(z ® 2,GX,9) ‘2 B(zg @ 2g,14,9) = Blgz ®
60
gz, ]-Avg) (:) B(.’E X x, ]-Avg)
Bz ®z,14,9) +7B(x®@2,GX,g9) = Blr®,14,9)
and hence

1Bz ®z,GX,9) =0
which holds by (74).
(76)

3) aB(z®@x,G,1g)+yB(x®x,X,1y) = aB(rg®zg,G, 1) = aB(gz®

gx,G, ]-H) (5:9) CEB(ZL’@.’E,G, ]-H)

We obtain vB(x ® x, X, 1) = 0. This follows from (74).
76
(4) aB(z ® 2,G, gz) + 7Bz ® 2, X, gz) ‘= aB(eg © vg,G, gz) = aB(gz ®
60)
92,G,92) = —aB(x © x,G, gu)
so that we get
2aB(zx ® x,G, gx) + vB(x @ 2, X, gx) = 0 and hence, by (74),

(88)
(60)

79
) (&) 2 Bz ®

(5) —B(x ® 2, X, 1
l',X, 1H)

B (zg,79,X,1y) = B(gx ® gz, X, 1)
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so that we get 2B(x ® x, X, 1y) = 0 true by (74).

79 60
(6) —~B(z®x, X, g7) "2 Blzg®zg, X, g7) = Blgz® gz, X, gz) ‘=

z, X, gx)
Trivial.

—B(z®

(7) —aB(z®x,GX,g) ® aB(gr ® gz,GX, g) 9 aB(z®x,GX,9)

so that we get 2aB(x ® 2, GX, g) = 0 this is true by (74).

(8) —aB(z®z,GX,x) ® aB(gr ® gx,GX, x) 9 —aB(x®x,GX,x)

This is trivial.
5.3.6. (f) h = x, h’ = gx. By considering (71) we obtain
A4B(lg @ x,14,9) +2vB(lg @ 2;G,gz) =0 (89)

5.4. Case X ® 1y
We have
Bh@h) (X ®1ly)=(X®1g)B(hg® h'g) + B(ha @ h'g) + B(h @ I ).
(90)
Now we compute the left side of (90).
Bh@h)(X ®1g)

=Y b0 BB(h®@ I, X, g"2l)14 @ gF2! + BB(h @ h',GX, g*2')G ® gFa!
+Bh@h, 14, 92X @ g*2' + B(ho@ W, G, g"2)GX @ gFal
Now, by computing first summand of the right side (90), we get
(X ®1y)B(hg ® W g)
=3 hi—olBB(gh ® gh', X, g*a') + vB(gh ® gh', G, g*a")]14 @ gFa!
—BB(gh @ gh',GX, ¢*")G @ gFa!
+[B(gh ® gh', 1a,g"!) + vB(gh ® gh',GX, g*a")| X @ gFa!
~B(gh® gh', G, g*2" )G X @ gral
We can summarize the equality (90) in the following form:

B(h@h, 14, f)=B(hg®h'g,14, f) +vB(hg® h'g,GX, f)

+B(hx@h' g; X, f)+ B(h®@ hx; X, f) for all f € H. (91)
Bl .G, f) = ~B(hg ® g, G, f) + B(hx © Wg; GX, )
+B(h® Wx;GX, f) for all f e H. (92)

BB(h@ W, X, f)=pBB(hg®hg,X, f)+~Blhg®h'g,G, f)
+B(hz @ h'g;1a, f) + B(h®@ h'z;14, f) (93)

forall fe H

BB(h@N,GX, f)=—-pB(hg®hg,GX, f)+ B(hz ® h'g;G, [)
+B(h® hz;G, f)
forall fe H (94)
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Assume that (91) holds for some h, k. Let us prove it holds also for gh
and gh'.

For f =1pg,9, B(ghg®gh'g, 14, f)+vB(ghg ® gh'g,GX, f)
+B(ghz @ gh'g; X, f)
+B(gh ® gh'z; X, f) — B(gh ® gh’, 14, f)

59
2 B(hg®h'g,14, f) +vB(hg® h'g,GX, f) + B(hx ® h'g; X, f)

+B(h o Wai X, )~ Blho W1, f) 20
For f = x,gz, B(ghg® gh'g,14,f)+~vB(ghg ® gh'g,GX, f)
+B(ghx @ gh'g; X, f) + B(gh ® gh'z; X, f) — B(gh @ gh', 14, )

60
D _Bhge g, 14, f) — vB(hg @ I'g,GX, f)

“B(ha @ Wg; X, f) — Blh @ Wa: X, f) + Bl i, 14, f) D

0

Assume that (92) holds for some h, h’. Let us prove it holds also for gh and
gh'.

For f =1pg,9, —B(ghg® gh'g,G, f)+ B(ghx ® gh'g;GX, f)
+B(gh @ gh'z;GX, f) — B(gh® gh', G, f)

D _B(hg® g, G, )+ Blha ® K g; GX, f)

LBh@ W e GX, f) - Bhet,a ) 2o

For f = x,gx, —B(ghg® gh'g,G,[f)+ B(ghx @ gh'g;GX, [)
+B(gh @ gh'z;GX, f) — B(gh® gh', G, [)

O Bihg @ Wg,G, f) — Blhe @ Wg; GX, f)
BheW:eX. )+ Bhan.c.f) 2o

Assume that (93) holds for some h, h’. Let us prove it holds also for gh and
gh'.
For f =1g,9, [(B(ghg®gh'g, X, f)+~vB(ghg® gh'g.G, [)
+B(ghx ® gh'g; 14, ) + B(gh @ gh'z; 14, f) — BB(gh ® gh', X, f)
59
2 8B(hg @ g, X, f) +vB(hg @ W9, G, f)
B(hae @ W gi La, f)+ B(h@ Was 1a, f) — BB i, X, £) 20
For f = x,gx, [B(ghg®gh'g, X, f)+~vB(ghg® gh'g,G, [)
+B(ghx @ gh'g; 14, f) + B(gh @ gh'z; 14, f) — fB(gh @ gh', X, f)
60
) _BB(hg@ W9, X, ) — yB(hg @ 1 g, G, f)

~Blha @ Wgi1a, f) — Bh @ Wasla ) + BB, X, £) 2o
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Assume that (94) holds for some h, h’. Let us prove it holds also for gh and
gh'.
For f =1u,9 — BB(ghg®gh'g,GX, f)+ B(ghx ® gh'g; G, )
+B(gh ® gh'z; G, f) — BB(gh @ gh/,GX, f)
59)
) _8B(hg @ hg,GX, f) + B(hz @ b’ g, G, f)
LB(he WG, f)— BB, GX, f) T o
For f = x,9r  — 3B(ghg ® gh'g,GX, f) + B(ghx ® gh'g; G, f)
+B(gh ® gh'z; G, f) — BB(gh ® gh',GX, f
D 5B(hg @ 1y, GX, 1) - Bha © 1 g;G, )
_Bhe WG, f) + BBho,cX, f) P

Therefore we have to check the previous equality for the usual six ele-
ments.

91
5.41. (a) h= 1,k =g. By ®g.14f) = Blg® 1y, 1a,f) +7B(g®
1y, GX, f)+ Bz ®1y; X, f) + B(ly ® gz; X, f)

6B(n ® 9.%.5) ® BBy ® 1m. X, 1) + vBlg ® 1u.G. f) + Baw
1g;la, f)+B(ly @ gx; 14, f)

BB(1y © 9.GX. f) Y _8B(g ® 1y, GX, f) + Bla ® 1u: G, f) + B(ly&
gx; G, f)

Now usmg (59) and (60) we get
91)(59
Bu@gia f) O LY By @914, ) + 7Bk © 9,GX, f)
+Bx@1m; X, f)+ B(lyg ® gz; X, f) and f=1p,g (95)
91)(60
+Bx@1m; X, f) + B(lg @ gr; X, f) and  f=uz,gz (96)
92)(59
+B(xz®1g;GX, f)+ B(lg ® gz;GX, f) and f =1g,¢ (97)
92)(60
By ®g.G f) "LV By 2 g.G, )
+B(z®1yg;GX, f)+ B(lyg ® gz;GX, f) and [ =z, gz (98)
93)(59
+B(x @ 1314, f) + B(lg @ gr;14,f) and f=1g,g (99)
94
680 ©9,6X, 1) PL _8B(14 © 0,6X, ) + Ba®© 11 G, f)
+B(1lg ® gr;G, f) and f=1py,g (100)

Now, in view of (43), we obtain the following.
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95
(1) B(ly®g,14,9) = B(

B(1®gr; X, g)
so that, by using (67) and (44), we get

YB(lg ® g,G, gx) + 2[—B(lg ® gx;1a,92) + B(lg ® g,14,9)] =0
(101)

B(lg ® gz; X, x)
By means of (96), we get

2B(lg ® g,14,2) =Bz ®1y; X, z) + B(lg ® gz; X, x). (102)

By using this and (67) and (44) we get 2B(1p®g,1a,2) = B(lg®g;1a,z)+
B(lg ® g;14, ) which is trivial.

97
3) Bly ©9,G, 1) D) —B(lp ©9,G.15) + Bz ®1;GX, 1y) + Bl

so that, by means of (67) and (44), we obtain
2B(1g ® gz;G,z) =0 (103)
98
(4) B(ly © g,G,g2) ‘= B(ly © g,G,g2) + B(x ® 11;GX, gz) + B(ly ®
gz;GX, gx)
so that B(z®1y;GX, gx)+ B(lg @ gz; GX, gx) = 0. By using (67) and
(44), we obtain 2B(1y ® ¢, G, gx) = 0 which is (68).

99

(5) pB(1lp ® g,X,15) g BB(lg ®g,X,1u) +vB(lyg ® g,G, 1) +
B(x®@1pg;1la,1n) + B(lg @ gr;la,1m)

so that, by using (67), we get

YB(1y @ 9,G, 1) +2B(1y @ gz;14,15) =0 (104)
99

(6) BB(1y ©9,GX.9) = —BB(1y ©9,GX,9) + Blx® 1 G.g) + B(ly &
973G, g)

so that we get 26B(1g ®9,GX,g) = B(z®1y;G,g9)+B(lg®gx; G, g).

Since B(lg ® 9.GX, g) = B(ly ® g,G, gx), we obtain, by means of

(67),

1g®g,14,9)+7B(1®g,GX,g9)+B(x®1; X, g)+

28B(1g ® g,G, gr) = 2B(1g ® gx; G, g) (105)
5.4.2. (b) h = 1g,h’ = x. By using (91) we get
B(lg ®@wx,14, f)=—B(g®gr,14, f) —vB(g ® g2,GX, f)—B(r @ gz; X, f)

(106)
Now, by using (59) and (60), we obtain
2B(1g @14, f) LD B, @ GX, f)
—B(gzr®@x; X, f) and f=1p,9g (107)
(106)(60)
Blg®x,1g,f) = " Blg®x,1a,f)+vB(lpg ®z,GX, f)

+B(gx @ x; X, f) and f=uzx,gz. (108)
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By means of (92), we obtain
Now, by (59), we have

=B(lp®x,G,f) — Blgr®z;GX, f) and f =1p,9 (110)
=—-B(lg®x,G,f)+ Blgz®@x;GX, f) and f =z, gz  (111)
In view of (42) we consider the following cases.
(1)
(107 .
2B(1lg ®@x,14,9) = —yB(lg ® x,GX,g) — B(z ® gx; X, g)By using
(71) we get 2B(1g ® 2,14,9) = —vB(lg ® 2, GX, g). This is (84).
(2) 108
B(lyg ® z,14,2) (22 Blg®@x,14,2) +vB(lg ® ,GX,z) — B(z ®
gx; X, ) using (71) we obtain yB(1g ® z, GX, z) = 0 which is trivial by (42).
®) (110)
Blpow, G, 1) "= B(ly®w,G 1) — Blgr®w: GX, 1) = B(ly @
z,G,1yg) — Blgr @ z;GX, 1) 9
1
— B(ly ®2,G,1n) — Bz ® g2:GX,1n) ‘2 B(1y @2, G, 1) This is
1

trivial.

[t

1
(4) B(lyg ® z,G, gx) = —B(lyg ® z,G,gx) + B(gr ® x;GX, gx).

Therefore we get

2B(1y ® 7,G, gz) = Blgr © 7;GX, gz) L) —B(x ® gu; GX, ga)

(7—1) 2B(1y ® x; G, gx). This is trivial.

Now, by using (93), we get
=—pBB(g® gz, X, f) —vB(g @ g2,G, f) — Bz @ gz; 14, f) (112)

(5) 6B(Ly © x, X, 1) 2O
z,G, 1) — Bz ® gx;1a, 1n)

20B(lp ®@x,X,1yg) = —yB(lg ®z,G,1g) — B(x ® gz;14, 1) and by
(71) and (42) we get

Qﬂ[lfB(lH(X):r'lA,:c)] = —B(ly ®z,G, 1x) (113)
(6) BB(1y ® z,GX, f) —ﬁB( ® x9,GX, f) + Bz ® vg; G, f) +
B(lyg ® zx; G, f) = ﬂB(g@gz GX,f)— Bz ®gx;G, f)

so that
fB(ly ® x,GX, f) = BB(9 ® gz,GX, f) — B(x ® gz; G, f) for all f (114)



19 Page 38 of 51 C. Menini, B. Torrecillas Adv. Appl. Clifford Algebras

114
and hence fB(1g ® z,GX, g) (2% BB(g®gx,GX,g) — B(zx ® gx; G, g) (6:0)
BB(lg®x,GXc,g)— B(gr®x; G, g) so that we get B(gx®z; G, g) = Bz ®
gr; G, g) = 0 which is already known by (71).
5.4.3. (¢) h = 1g,h’ = gx. By means of (91), we get
B(lg ® gz, 14, f)==-B(g®,14, f) =7B(g® 2,GX, f) =Bz ® x; X, f).
(115)
(1) By using (115), (59) , (74) and (44) we get
QB(IH ®Rgx, 1y, IH) + V[B(IH ® g; G, 1H) + B(l]—[ ® gx; G, I)] this is (86)
(2) By using (115), (60) , (74) and, (44) we obtain
YB(1y ® g,G, gz) = 2[B(ly ® ga;1a,92) — B(lg ® g, 14, 9)] = 0.(116)
In view of (92) we get
Blly ®gr,G,f) = Blg® .G, f) - Beow:GX, f).  (117)
117 60
(3) B(ly @g7,C.9) "= Blgo2.G.9) - Bow:GX.9) © By
g97,G,g) — Bz @ 1;GX, g)

and hence we get B(x ® x; GX, g) = 0 which is true in view of (74)

@) By oge, G x) L7 Bgor, ¢ 2)—Beoncx,s) @ —Baye

gr,G,z) — Bz ® ©; GX, x)
so that we get in view of (74)

2B(lg ® gz, G,z) =0 (118)
93
BB(lg ® gz, X, f) @ BB(g®grg, X, f)+vB(g®grg,G, f)+ Bz ®

92g;1a, f) + B(ly @ gzz;1a, f)
:7ﬂB(g®I,X7f)*’YB(g®$,G,f)*B(Z'®I71A,f) S0 tha‘t Weget

5B(1H®ngXaf) = _ﬂB(g(X)vaaf) —WB(9®$7G7]C)—B((E®SIJ,].A,]£)
(119)
(5) In view of (119) (59) (44) and(74), we get
2[B(1g ® g,14,9) — B(lg ® gz,14,9%)] = —vB(1lyg ® gz, G, g). (120)
(6) By using (119), (60) and (74) we get
vB(lg ® gz,G,x) = 0. (121)
Now, in view of (94), we have
122 60
so that we get B(x ® x;G,1x) = 0 which is true in view of (74)
(8) By using (122), (60), (74) and (44), we get

26B(1p @ g,G,gx) = 2B(1g ® gz, G, g) (123)
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5.4.4. (d) h = &, h’ = 1. By means of (91) we obtain
B(z®lg,1a, f)=-B(gz®g,14, f)—7B(g2 ® 9,GX, f)+B(z @ x; X, f).
(124)
(1) By using (124), (59) , (74) and (67), we get
2B(1y @ gx;14,1y) = —vB(lg ® g; G, 1x) . (125)
(2) In view of (124), (60), (67) and (74) we obtain

YB(1g ® g,G, gz) +2B(1n ® gz, 14,92) — 2B(1g ® g,14,9) = 0.
(126)
Now by using (92), (59) and (60) we get
B(x ® z; GX, f) = 0 this is know in view of (74) for f =1p,g
and
2B(x ® 1g,G, f) = Bz @ 2;GX, f) for f =z, gz
in particular
(3)B(x ® x; GX, g) = 0 which is known.
(4)2B(x ® 15,G,x) = B(z ® ;GX,z) By (67) and (74) we get 2B(1y ®
gz, G, x) = 0 which is (118). Now, by using (93) we get

6Bx® 1, X, ) L 8B ® 14, X, f) — 7Bz ® 11, G, f)

+B(x®@x;14, f) for f=1x,g.

8B @14, X, f) L) 8B(x® 14, X, f) + 7Bz ® 1, G, f)

+B(x®x;14, f) for f=2a,gx.
In particular
(5) 26B(z® 1y, X,9) = —vB(z ® 1y,G, g) + B(x @ x;14, g) By means of
(67) and (74), we get
(127)

(6) B(z®1y,X,2) =B(xz®1y, X, z)+7B(z®1y,G,z)+ Bz ®@x; 14, x)
ie.

YB(x @ 1y,G,2) + Blx @ z;14,2) =0

By (67) and (74) , we get vB(1ly ® gz, G,x) = 0 which is (121).

Now, by using (94), we get

95
BB(z @ 14,GX, f) 2 8Bz ©14,GX, f) + Bz @ 2;G, ) for f = 111, g
and

0Bz 1m,6X, ) L BBz © 11,GX, f) + Bz © 23, f) for f =z, g2

In particular
(7) For f = 1gwe get B(x ® x;G,15) = 0 which is already known by (74)
and
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(8) for f = gx and by using (67) and (74) we get
26B(1g @ g,G, gx) = =2B(1y ® gz; G, g). (128)

5.4.5. (¢) h = h/ = x.. By using (91), (59) and (60) we obtain
YB(x @ z,GX, f)=0for f =1g,g (129)
and
2B(x @ x,14, f) = —yBx @ x,GX, f) for f =z, gz (130)

so that we get

(1) vB(xz ® x,GX, g) = 0 which is true in view of (74)

(2) 2B(z®@ x,14,2) = —yB(x ® , GX, x) which is true in view of (74).
Now by using (92) we get

(59)

B(I@I,G,f) B(I®I7Gaf)f0rf:1H7g

and

B@z,G,f) D Bl /) for f=a,g0

in particular

(3) 2B(z ® x,G,1y) = 0 which is true in view of (74).

(4)B(x ® z,G, gx) = B(x @ z,G, gx) which is trivial. Now, in view of (93),
(59) and (60) we get

YB(a ® .G, f) for f = Lu,g
and
26B(x ® 2, X, f) = —B(x ©2,G, f) for f = v, ga

In particular

(5) YB(x ® x,G,1x) = 0. This is true in view of (74).

(6) 26B(z ® z,X,gx) = —yB(z ® x,G, gz) By (74) we get 262B(1g ®
g7, 14,92) = 2B(1n ® g,14,9)] = —7[-2B(1y ©® gz,G, g)] L.e.

4ﬂ[B(1H ®gx,1A,gl') - B(lH ®yg, ]-Aag)} - 27 [B(]'H ®g:c,G,g)] =0
(131)

Now, by using (94), (59) and (60), we get
28B(z @ x,GX, f) =0 for f =1p,g
and
BBz ®x,GX, f) =Bz ®x,GX, f) for f =z, gx.

In particular
(7) BBz ® ,GX,g) = —B(x ® x,GX, g)which is true by (74) and
(8) BB(x @ x,GX,x) = BB(x ® x, GX, z) which is trivial.
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5.4.6. (f) h = ¢ h’ = gx. By using (91), (59) and (60) , we get
’YB($®QSU,GX,]C) =0 for f = ]-Hag

and

2B($®g$,1A,f) = —’YB(1'®QJ},GX,f) for f =Z,gx
In particular
(1) for f =1y we get vB(x ® gz, GX, 1) = 0 which is true in view of (71).
(2) for f = gx we get, by using (71), we get

—4B(ly ©2,14,9) = 2B(1y © 33 G, g2) (132)

Now, in view of (94) and (60) we get BB(z®gx,GX, ) = fB(z®gx,GX, f)
for f = x, gx, which is trivial.
5.5. The List of Equalities
Thus we obtained the following equalities: (80), (81), (82), (83) , (83), (84),
(85) , (86), (87), (88) , (89), (101), (103), (68), (104), (105) , (113), (116),
(118) , (120), (121), (123) , (125), (126), (127) , (128), (131) and (132) .
5.6. Simplifications for Char(k) # 2

The reader can check that, by assuming char(k) # 2 we obtain the following
list which we relabel as follows.

B(lg ®g,14,2) =0 (133)
B(lg ®g,G,gx) = (134)
B(lg ® gr;G,g) =0 (135)
B(lyg ® gz,G,x) =0 (136)
B(ly ®g,14,9) = B(lu ® ga;1a, gx) (137)
2B(lg ®@ z,14,9) +vB(lg ® ,GX,g9) =0 (138)
20B(lg @ x,G, 1) —vB(lg @ x;14,2) +7=0 (139)
2B(1y ® gz,14,1y) +vB(ly ® g;G, 1) =0 (140)
2001 — B(lg @ x;14,2)] = —yB(lg ® 2,G, 1) (141)
5.7. The New Form of The Six Elements Using Last List

In the following, we set: A = B(lg ® g;14,9), B=B(lg ® ¢;G,15),C =

B(lg®xz;G,1y),D=B(1lg®x;1a,z),E=B(lg®x,GX,g). By using the
above equalities we get the new form of the six elements.

B(lp®g)=A(la®g) +B(G®1ly) (142)
B(lg®z) = —%E(1A®g)+D(1A®x)+C(G®1H)+E(G®gx)
[14—D](X®1y) +E(GX @) (143)
B(lg ® gz) = _%B (1a®1p)+A(la®gzr)+B(GX ®1p) (144)
Bz ®1y) = —53(1A®1H) ~A(la®gx)+B(GX ®1p) (145)
Bz @ x) = (146)
Bz ®gx) = 7E(1A ® gr) —2E (GX ® gx) (147)
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6. The Separability Result

Theorem 1. Let A = Cl(«, 8,7) and H = Hy. Assume that char (k) # 2.
Then the cowreath (A ® H°P,H) is separable with respect to any bilinear
form satisfying (142), (143), (144), (145), (146) and (147) and (139), (141).

Proof. In view of [4, Proposition 7.4], we have to find a bilinear form
B:H®H — A H?

which is a Casimir morphism satisfying also the normalized condition. In

view of Proposition (1) and of the morphism condition, since the last form

of the six elements (142), (143), (144) , (145), (146) and (147) was obtained

by using all the equalities in 5.6 except (139) and (141) we rewrite these two
equalities remaining equalities.

20C —yD = —v (148)

~C — 23D = —283 (149)

Note that this system has always a solution, namely C =0 and D = 1.

Thus by means of any k-linear map B : H ® H — A ® HP satisfying

all these equalities, the cowreath (A ® H°P, H) is separable. O

7. h-Separability

Now, we are going to investigate the h-separability as introduced in [12,
Theorem 5.1]. We still assume char (k) # 2. Equation [12, (3)] in our case
reduces to
B(h@h})B(hy @ h'") =e(h')B(h @ h'") (150)
for all h,h',h" € Hy.
Thus possible values of A’ in the bases we obtain four equations:

Bh®1y)B(lg @h")=B(h®h") (151)
B(h®g)B(g® ") = B(h @ h") (152)
B(h®@x)B(g®@h")+ B(h®1g)B(z @ h") =0 (153)
B(h® gz)B(lg @ h'"') + B(h® g)B(gz @ k") =0 (154)
We claim that (152) and (154) follows from (151) and (153). Multiplying

equation (151) b (1,4 ® g) on the left and on the right we get
(la®g)B(h®1g)(la®g)(la®g)B(lp @ h")(1la® g) = (14 ®g)
Bh®h")(1a®g).
By equation (58) we obtain
B(gh® g)B(g® gh"") = B(gh @ gh").
Since any h € H can be written as h = g (gh), we deduce that (152)
can be obtained from (151).

Similarly, multiplying equation (153) by (14 ® g) on the left and on the
right we get

(1a®g)Bhoz)(la®g)(la®g)B(goh")(1a®g)+ (1a®g)B(h® 1x)
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(1a®g)(la®g)Bx®@h")(1a®g) =0
so that, by equation (58), we obtain
B(gh ® gz)B(1y ® gh"") + B(gh ® g)B(gz ® gh") =0
and we get (154).
7.1. The First Equation

Here we will analyze the several occurrences of equation (151).
Whenever either h = 1y or h” = 1y, in view of (9), the equation is
trivially satisfied.

7.1.1. h = g, h” = g. By using (58), (142) and (10)
[(A’+B%a) (14 ® 1) +2AB(G®g)] =14 ® 14.
Therefore we obtain
A? +Bla=1 (155)
AB=0 (156)

7.1.2. h = g, h" = x. Proceeding as in the previous case we get, by using
(142) , (143) we obtain the first side

(1la®g)[A(la®g)+B(G®1g)| (14 ®g)
[—%E(lA ®g)+D(1s®z)+C(GR1y) +E(G o gz)

+[la-D](X @ 1) +E(GX )|

=[A(la®g)+B(G®1g))

—IE(1x®g)+D(1a®x)+C(G®1g)
[+E(G®gx)+[1A—D](X®1H)+E(GX®g)]

- f%AE(lA@)lH) ~AD (14 ®gz) + AC(G ®g) — AE (G ® z)
+A(14,-D)(X®g) +AE(GX ®1y) +
%BE (G®g) +BD(G®z)+aBC (14 ® 1) + oBE (14 ® g)
+B (14— D) (GX ®1y)+ aBE (X ® g)

- (f%AEJraBC) (14 ® 1) + (~AD+aBE) (14 ® gz)
+ (Ac— %BE) (G®g)+ (BD — AE) (G ® z)
+[eBE+A(1,-D)](X®g)+[AE+B (14 —D)] (GX ® 1x)

and by using (144) we get the second side

(1a®g) [—%B(1A®1H)+A(1A ®gr)+B(GX®@1y)| (1a®g)

- —gB(1A®1H) ~A(la®gr)+B(GX @ 1y).
In conclusion we get the following equality

(—%AE + ch) (14 ® 1) + (~AD+aBE) (14 ® gz)
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—I—(AC—%BE) (G ®g)++ (BD — AE) (G ® )
+[@BE+A (14, -D)[(X®g)+[AE+B (14 —D)](GX ® 1x)
:—%B(1A®1H)—A(1A®g.%‘)—|—B(GX®1H)

which gives us

- %AE +aBC = —%B (157)
—~AD+aBE = —A (158)
AE = BD (159)

AC = %BE (160)

7.1.3. h = g, h” = gx. Proceeding as in the previous case, by using (142)
, (144) we obtain the first side of the equation

(la®g)[A(la®g) +B(G@1ly)](la®g)
[—%B (1a®1p)+A(lys®g7)+B(GX ® 1H)}
=[A(la®g)+B(G®1g)
[—%B(IA ®1u)+A(la®gr)+B(GX® 1H)}
- —%AB (14 ®g) — A2 (14 ® 1)
+AB(GX ® g) — %BQ (G®1g)+AB(G® gx) + oB? (X ® 1x)
and by using (143) we get the second side
—JE(14©9) ~D (14 @)+ C(G & 1n) — B(G ® ga)
+(14-D)(X®ly) +E(GX®y9).
In conclusion we get the following equality
—%AB (la®g) - A*(la®2)
+AB (GX @ g) — %BQ (G®1y)+AB (G ® gz) + aB? (X ® 1x)

:_%E(1A®g)_D(1A®x)+C(G®1H)_E(G®9x)

+(1a-D)(X®1y)+E(GX ®g)

so that, in view of (156) gives us

VE =0 (161)
A?=D (162)
—%B2 -C (163)
AB =E (164)

and hence, by (156), we get
E=0 (165)
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aB?=14-D (166)
714. h=z,h" = g.

Bz ®1y)B(lg ®g) = B(z ® g) u —B(ly ® x)
so that we get the first side
[—%B(u ®1p)—A(1a®gr)+B(GX @ 1)
[A(la®g)+B(G®1y)]
:—%AB(IA@)Q)—A2(1A®x)+AB(GX®g)+
—%32 (Ge1y)— AB(G®gr) + B G@ 1y —aB?X ® 1y

(156) _ 2 la®z)+ %B2 (Go1y) —aB?*X @ 1y

and by using (143) we get
—AZ(1,®7) + %B? (Go1y) —aB2X @1y
- %E(1A®g)fE(G®gx)—E(GX®g)fD(1A®x)fC(G®1H)
+(D—14) (X ®1p)

so that in view of (162), (163), (165) and (166) we get no new information.

7.15. h=z,h"” = x.
Bz®1y)B(lgy ®z) = B(z ® x)
We get, by using (143), (145) and (165), the first side

[~3B(La® 1)~ A (L4 © g2) + B(GX © 1) | D (14 © )]
+C(G®1g)+ (la—D) (X ®1p)

= —%BD(lA ® )+ —%BC (G®ly)+ %B(D —14) (X @ 1p)
—AC(G®gx)+ (AD — A) (X ® gx)
+BD (GX ® 2) + BC (WG — aX]® 1) + BB (14 — D) (G @ 1x)

- —%BD(lA ®z) + {%BC+BB(1A -D)| (G®ln)+

n [%B(D 1) —aBC} (X ® 1) — AC (G ® ga)
+(AD - A) (X ®gx)+BD(GX ®x)
so that, in view of (146), (159), (160) , (158), (157) (165) we get

%BC—&—ﬁB = 0(167). (167)
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7.1.6. h = xz,h’ = g=x.
B(x®1y)B(1g ® gz) = B(x ® gx)
In view of (145) and (144) the first side is
1B (4 1n)— A(ls@go) +B(GX @ 1n)]
[—%B (1a®1ly)+A(ls®gr)+B(GX® 1H)]
7 g gl
= IB2 (la®1g) — 5AB(lA ® gx) — 5B2 (GX ®1g)
+%AB (l1a®gzr) — AB(GX ® gx) +

—%BQ (GX @ 1y) + AB (GX ® gz) + B3yGX ® 1 + —afB2 (14 ® 151)

156) (2
(120) (1—045)B2(1A®1H)

so that, by using (147) and (165) we get
42
(4 - aﬂ) B? = 0. (168)

7.1.7. h = gx,h" = g.
B(gx @ 1n)B(1p ® g) = B(gz @ g)
By (58) we get
(la®g)Blz®g)(la®g)B(ly @ g) = (1a®g) Blr® 1y) (14 ®g)
so that by (11) we get
—(1a®g)B(lp®@x)(1a®g)B(lp®g) = (1a®g) Bz ®1x) (14 ®g)
and hence the first side is, by using (165) and (159),
D(la®z)-C(G@1lg)+(D-14) (X ®1g)
[A(la®g)+B(G® 1)
=AD(14®gr) —AC(G®g) +A(D -14) (X ®g)+
+BD (G®z)—aBC(14®1y)+v(BD —-B) (14 ®1x)
+(B-BD)(GX @ 1p)
=AD (14 ®gz) —AC(G®g)+A(D—-1,4) (X ®g)
[~aBC—9B] (14 ® 1) + B(GX ® 1)
and the second side is
—%B (1a@1y)+A(la@gz) +B(GX @ 1p)

so that we get in view of (158), (160), (157) and (165) we do not get anything
new.
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7.1.8. h = gx,h"” = x.
B(gx ® 1g)B(ly ® x) = B(gr ® x)
By (58) we get
—(1la®g)Bly @) (1a®g) B(lp ®z) = (14 ® 9) B(z ® gz) (14 ® g)
and hence, by using (165) and (159), the first side is
[-D(la®@zg) —C(G@g)+(D—14) (X 29)]
D(la@zg) +C(GRg)+ (1a-D)(X®g)]
=DC(G®z)+ (D-D?*)(X®z)—-CD(G®z)—aC*(14®1p)
+(—C+CD)(GX®1g)+(D—-14)D(X ®@x)+ C(D —14)
(v=GX)® 1) — B(1a~D)* (La ® 1n)
= |-aC’+7C(D —1,4) — B(1a—D)*| (1a® 1)
In view of (147) and (165) second side is 0 so that we obtain
—aC*+7C(D—-1)-B(1-D)*=0 (169)
7.1.9. h = gz, h” = gx.
B(gr ® 15)B(1g ® gz) = B9z ® gx)
By using (58), (11) and (146) we obtain
(la®g)B(lp®@z)(la®g) B(lyg @ gx) =0
In view of (143), (144) and (165) we obtain
(la®g)D(la®z)+C(G@1n)+(1a—-D)(X®1p)(1a®9)
{—%B(lA®1H)+A(1A®gx)+B(GX®1H)}
=[-D(1a®2)+C(G®1y)+ (14 —D) (X ® 1x)]
1B (14 1)+ A (14 g2) + B(GX @ 1)

- %BD(1A®I) ~BD(GX @)+
—%BC (G®1y)+ AC(G® gz) + aBC (X ® 1) +
—%(IA—D)B(X®1H)+A(1A—D) (X ® gz) + B (14 — D)
(VX — BG) @ 1)
(159)16%) ~1BC(G® 1) + AC (G ® gz) +aBC (X 1) +
—IB(X®1x) + A (Ly — D) (X ® g2) + B((7X - §0) © 1)
- [—%BC—ﬁB] (G®1y)+ AC (G ® gz) +
+ [aBC - %BHB} (X ®1g) ++A (14 — D) (X ® ga).

Hence, by using (160), (158), (167) and (165), we obtain aBC 4 3B = 0
which follows from (157) and (165).
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Remark 1. By using (165) we get the new form of the following elements.
Blp®z)=D(14®@z)+C(G® 1)+ (1la—D) (X ®@1y) (170)

B(z ® gx) = 0(147) (171)
By using (159), (160), (158) and (165) we obtain
BD =0 (172)
AC =0 (173)
AD = A. (174)

7.2. The Third Equation
Here, by using the results above, we show how (153) can be deduced from
(151) . By using (151) , we get
B(h@x)B(g®h")+ B(h®1y)B(zx @ h")
=Bh®1lyg)B(lyg ®2)B(g®1y)B(ly ®h")
+B(h®1y)B(z @ 1g)B(lg @ h")
now we compute

By @n)Blge1n) D B(ly @) (1n ® 0)B(ly © 9)(1x © g)

A70)142) M(la®z)+C(G®@1ly)+ (1o —D) (X ®1p)]

(la®g)[A(la®g)+B(G®1x)|(1a®yg)
(1a®z)+C(G®1g)+ (14 —D) (X @ 1x)]
(la®g)+B(G®1y)]

172)(113)(174)A

:[D
A
( (14 ® gz) + aBC (14 ® 1) + B((y — GX) ® 157)

ZA(1A®QZ‘)+ [OéBC—FB’}/](lA@lH)—B(GX@lH)

157),(165
(157). ))A(IA®gx)+%B(1A®1H)—B(GX®1H)

145
2 _Broiy)

From this we deduce (153).

7.3. The Main Result

Theorem 2. Let A = Cl(a, 3,7) and H = Hy. Assume that char (k) # 2.
Then the cowreath (AQ H°P, H) is always h-separable. This happens whenever
the bilinear form B : H ® H — A® HP satisfies (142), (143), (144), (145),
(146) and (147) and (139), (141).

Proof. We have already seen that (150) is equivalent to (151) . In view of
(165), we know that E = 0, by taking in account of this we collect here all
the equalities we have obtained in (7.1) .

A? + B%a = 1(155)
AB = 0(156)
aBC =— %B(157)
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AD = A(158)
BD =0(159)
AC = 0(160)
A? =D(162)
—%BQ = C(163)
E = 0(165)

aB? =14 —D(166)
—aC? +4C(D—1)— (1 —-D)*> =0(169).

Moreover, we have to add the two separability equalities
v(1—D) = —2aC(148)

and
261 — D] = —yC(149).

Assume B = 0. In this case we get that all the equalities above reduce to the
following.

C = 0(163),E = 0165,A? = 1(155),D = 1(166)
and we have a solution. 0
Remark 2. In contrast note that if A = 0, we get
E = 0(165),0 = D(162),y = —2aC(139),26 = —yC(141),B%a = 1(155).
Hence « € (kx)2 and B #£0 so that from
aBC = — %3(157)

we get

_
2

so that (163) can be deduced from (155) . By substituting C inside
(169), we obtain 4a3 — v2 = 0. Therefore we are exactly in the situation of
[12, Theorem 6.1].
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